
The Highest Standing Water Wave

A Length Scale Approach to the Highest Standing Water Wave
Peder A. Tyvand1 and Jonas Kristiansen Nøland2

1)Norwegian University of Life Sciences (NMBU), 1432 Ås, Norway, Tlf.: +47-67231564.
2)Norwegian University of Science and Technology (NTNU), 7034 Trondheim, Norway,
Tlf.: +47-73594202.

(*Electronic mail: Peder.Tyvand@nmbu.no.)

(Dated: 25 June 2021)

The highest standing surface wave at infinite depth is a classical hydrodynamic problem, illuminated by Taylor’s ex-

cellent experiments [Taylor, G. I., Proc. R. Soc. Lond. Ser. A 218, 44 (1953)]. Based on length scale arguments, we

present a compact analytical approach to the highest standing wave. Our physical postulate is that the highest deep-

water wave has a single length scale, i.e., its wavelength. The single-scale postulate for standing periodic deep-water

waves is confronted with two distinctly different cases where zero and two length scales are postulated, as follows: (i)

No physical length scale for an isolated rogue-wave peak at deep water suggests a similarity solution. (ii) Two length

scales for the periodic peaked surface at constant depth suggest a one-parameter family of standing waves. Moreover,

the two length scales are the wavelength and average fluid depth. The deep-water limit with its single-length scale

postulate confirms Grant’s theory [Grant, M. A., J. Fluid Mech. 60, 593 (1973)], taking the highest standing wave as a

state of zero kinetic energy. The reversible motion is irrotational according to Lord Kelvin’s theorem. The acceleration

field for the highest deep-water wave has a single Fourier component according to our single length scale postulate. The

resulting free-surface shape follows from the exact nonlinear dynamic condition. Our analytical theory confirms the

ratio 0.203 for maximal wave height to wavelength, found by Grant. We test its robustness by extending the theory to a

moderate spatial quasi-periodicity. Appendix A provides a simple proof for the right-angle peak, representing a regular

extremal point of a locally quadratic complex function. Appendix B presents a quadrupole solution for an isolated peak

of stagnant deep-water rogue waves.

I. INTRODUCTION

A classical challenge of hydrodynamics is to determine

the maximal wave height of periodic progressive deep-water

waves. Stokes1 pioneered this nonlinear theory and showed

that the highest periodic waves have a peak angle of 120◦.

Already Michell2 calculated a reasonably accurate value of

H/L = 0.142 for the ratio of wave height H to wavelength L
for these peaked progressive Stokes waves. Modern numerical

computations produce the more exact value of H/L = 0.1412,

see Schwartz & Fenton3.

In the present paper, we consider the highest standing wave

on deep water. This topic is related to but distinctively dif-

ferent from the highest progressive waves. The theory on

nonlinear standing waves was initiated by Strutt5, but he did

not describe the highest standing waves. This was first done

by Penney & Price6, who showed that the maximal height of

time-periodic standing waves is higher than that of progressive

waves. They calculated the value of H/L= 0.218 for the max-

imal height of standing waves and claimed that these highest

waves have a peak angle of 90◦. This gives the surface parti-

cle at the peak zero pressure gradient, so it falls freely under

gravity at the instant of maximal height. Taylor4 investigated

the highest standing deep-water wave experimentally. Taylor

provided support for the right-angle surface peak, but it re-

mained a somewhat controversial result. The assertion of the

90◦ peak angle for the highest wave originating from Penney

& Price6 was confirmed theoretically by Grant7 and later by

Okamura8–10, among others. Figure 1 is the preview result of

this paper, comparing our work against Taylor’s experiments.

Sharp peaks are often seen in breaking processes of ocean

waves. At length scales where surface tension can be ne-

glected, a fluid particle at a sharp peak will be in free fall, since

the pressure gradient is zero there. Villermaux and Pomeau11

were able to generate free-surface accelerations above the

threshold of gravity inside a vertical tube of variable cross-

section. They speculated whether suction (negative pressure)

could take place in violent water waves to induce crest accel-

erations exceeding free fall, but they doubted that it could be

observed. We will consider a sharp crest to be released into

initial free fall, being independent of the sign of the pressure

inside the crest.

A peak angle of 90◦ for symmetric standing waves allows

a maximal slope angle of 45◦, which is a 50 percent greater

slope angle than the steepest slope of 30◦ for progressive

waves, found by Stokes1. Therefore, maximum wave height

measured by wavelength (H/L) should be approximately 50

percent greater for standing periodic waves than for trav-

eling waves. This simple estimate holds remarkably well.

For standing deep-water waves the analysis by Schwartz &

Whitney12 gave the constraint 0.204 < H/L < 0.213, while

Tsai & Jeng13 established H/L = 0.204, confirmed by Tsai

et. al.14. The earlier result of H/L = 0.203 by Grant7 still ri-

vals the recent work in explaining the classical experiments4,

as it was obtained analytically from first principles. As antic-

ipated, these results are close to 50 percent greater than the

established value of H/L = 0.1412 for traveling deep-water

waves3.

The class of nonlinear standing waves that obeys the re-

striction of strict periodicity in time needs to be based on

strict periodicity in space. Such a classification applies only

to two-dimensional flow in a rectangular container, which is

equivalent to infinite horizontal extent with a given wave-

length. When we scrutinize the highest standing wave, full
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This work

Experiments by Taylor (1953)

FIG. 1. A preliminary illustration of our analytical solution for the highest wave peak, in comparison with the classical experiments by Taylor4.

free-surface nonlinearity must be taken into account. A lasting

challenge is to make a distinction between standing waves that

are strictly periodic in time and those that deviate from strict

temporal periodicity. Only waves with a smooth initial shape

may evolve into a strictly time-periodic flow after having been

released. Standing waves close to the theoretically highest

configuration with an instantaneous sharp peak are therefore

expected to deviate from strict periodicity in time, which has

been confirmed by precise numerical work15. These authors

demonstrated lack of convergence of high-order series expan-

sions in space and time upon approaching a peaked surface of

maximal elevation.

In general, there are three basic approaches to modeling the

highest standing wave with a given wavelength, applying the

full nonlinear free-surface conditions.

(i) Restricting the modeling to strictly time-periodic flow.

This was first done by Penney & Price6, who tried to achieve

a solution that combined a peaked surface shape with their as-

sumption of strict periodicity in time. The sharp peak could

not be reached because of the Gibbs phenomena of the trun-

cated Fourier series, so a local analysis was added for the

peak. Longuet-Higgins & Dommermuth16 challenged the as-

sumption of periodicity in time with efficient numerical inte-

gration in time and full free-surface nonlinearity. They identi-

fied hysteresis loops of non-reversibility for elevation ampli-

tudes close to maximal, revealing inconsistency in the time-

periodicity assumed by Penney & Price6 for high surface ele-

vations.

(ii) To treat the highest standing wave as an initial value

problem where a deformed surface is released from rest to

flow under gravity. This is a nonlinear Cauchy-Poisson prob-

lem of the first category, where there is nonzero initial eleva-

tion combined with zero initial velocity. This approach was

introduced by Grant7, and he studied the initial acceleration

flow with the exact nonlinear dynamic condition. His work

has hardly been followed up, in spite of the fact that his cal-

culated surface shape fits better to the experiments by Taylor4

than all competing theories. Grant’s7 idea of releasing a de-

formed surface shape from rest under gravity was followed up

by Spielvogel17, modeling the ultimate stages of the run-up of

a solitary wave along a slope.

(iii) To treat the highest standing wave as a state of maxi-

mal potential energy having evolved from an initially forced

flow. This is a nonlinear Cauchy-Poisson problem of the sec-

ond category, where there is zero initial elevation combined

with a nonzero initial velocity. This approach was first applied

by Saffman & Yuen18, but their computed standing waves

showed quite large deviations from exact periodicity in time.

A similar work by Longuet-Higgins & Dommermuth16 gave

great improvements in numerical accuracy. These authors

were able to compute a fully nonlinear standing wave with

84 percent of the elevation of the idealized highest peaked

wave calculated by Grant7. They studied the evolution of en-

ergetic standing oscillations beyond the amplitude limits of

time-periodic waves. Such flows will evolve high and narrow

peaks which will fragment and break as they start their down-

ward motion.

Our present work starts with the assumption by Grant7 of

a motionless state of pure acceleration. We add the first-

principle basis of assuming only one length scale for the

peaked highest standing wave. Moreover, we will arrive at an

analytical formula for the surface shapes, where the peaked

shape is the highest member of a family of shapes. We

will provide a link to16 by comparing their highest periodic

wave with a member of our stagnant waves with the above-

mentioned 84 percent amplitude of the peaked highest wave.
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The Highest Standing Water Wave 3

The structure of the paper is organized as follows. Section 2

formulates our nonlinear theoretical model. The initial surface

shape of the highest standing deep-water wave is investigated

in Section 3. Section 4 presents physical length scales at finite

depth before general discussions and conclusions in Section

5. Appendix A provides a complex analysis for the surface

peak. Appendix B is dedicated to the highest non-breaking

rogue wave.

II. FORMULATION OF THE THEORETICAL MODEL

The early papers (Penney & Price6, Tadjbakhsh & Keller19)

indicated the existence of nonlinear standing waves with strict

periodicity both in space and time, up to some threshold

amplitude. Later work confirmed this periodicity for stand-

ing waves on deep water, see Vanden-Broeck & Schwartz20,

Schwartz & Whitney12, and Tsai & Jeng13. This strict peri-

odicity up to a certain amplitude threshold was not proven but

assumed, yet the good agreement between the different ap-

proaches makes its existence credible, as far as infinite depth

is concerned.

Strictly time-periodic standing surface waves in an inviscid

fluid need to be reversible in time, which they can only be if

the highest elevation y = η(x,0) is motionless. Any nonzero

surface velocity ∂η/∂ t(x,0) would imply that the opposite

surface flow −∂η/∂ t(x,0) was also legitimate. Such a time-

periodic standing wave with peaked amplitude would not be

unique, and a family of Fourier potentials with different phase

shifts between surface velocity and surface elevation would

be constituted. Existing work gives no indication that a fam-

ily of time-periodic surface shapes with different phase shifts

exists. Without such phase shifts, the different periodic deep-

water standing waves will be a one-parameter family of re-

versible flows, to be represented only by the flow amplitude

when the wavelength is given. Thus we consider a situation

where a free-surface flow has come to rest with a deformed

free surface. We look at the situation just before or just af-

ter the instant t = 0, where the velocity field is assumed to be

zero everywhere. The inviscid and incompressible fluid (liq-

uid) is initially at rest with a deformed free surface given by

y = η(x,0). The constant fluid density is ρ , and g is the uni-

form gravitational acceleration.

The 2D fluid domain is the vertical x,y plane. The free

surface has constant atmospheric pressure. Time is denoted

by t. The y axis is directed upwards in the gravity field, and

the horizontal x axis is parallel to the undisturbed free surface.

The velocity vector is ~v. The position of the free surface is

y = η(x, t). The elevation η(x, t) is measured with respect to

an undisturbed surface level y = 0. At the instant t = 0, the

fluid is at rest, implying

~v = ∇×~v = 0, t = 0. (1)

No vorticity is generated within the inviscid fluid, and the flow

remains irrotational according to Lord Kelvin’s theorem

∇×~v = 0, (2)

for all times when there is free-surface flow, so we take the

time derivative to get

∇× ∂~v
∂ t

= 0. (3)

This is the local acceleration at all times, but at t = 0+ it is the

total acceleration. The released flow at t = 0+ has an irrota-

tional acceleration field, with an initial acceleration potential

φ(x,y) where ∂~v/∂ t|t=0+ = ∇φ . The incompressible flow sat-

isfies Laplace’s equation

∇2φ = 0, (4)

in the entire fluid domain. The free surface is assumed to be

initially at rest

∂η

∂ t

∣

∣

∣

∣

t=0

= 0, (5)

which is equivalent to the above assumption that the entire

fluid is at rest at t = 0

~v|t=0 = 0. (6)

From the conservation of momentum, Bernoulli’s equation

follows

p− patm

ρ
+φ +gy = 0, (7)

valid at t = 0 when the convective acceleration is identically

zero. The pressure is p, and the atmospheric pressure is patm.

With zero initial velocity, the initial (nonlinear) dynamic free-

surface condition is

φ +gy = 0, y = η(x,0), (8)

neglecting surface tension. Our idealized model represents an

instantaneous state of rest where the entire energy is gravita-

tional potential energy. From a state of rest with a deformed

free surface, the early linearized flow for t > 0 is the same

(with a sign reversal for the velocity) as the late flow for small

negative values of t.
We may redefine this reference level by an adjustment

height ∆y so that the appropriate transformation y → y−∆y
allows y = 0 to represent the undisturbed free surface. This is

done by the definition

∆y =
1

λ

∫ λ

0
η(x,0)dx. (9)

The potential energy E contained in the deformed free surface

is given by

E = ρg
∫

S

η(x,0)−∆y
2

dS (10)

measured per length unit perpendicular to the vertical x,y
plane. Here (η(x,0)−∆y)/2 is the mass centre of an area ele-

ment dS = (η(x,0)−∆y)dx of fluid above the reference level
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The Highest Standing Water Wave 4

y = ∆y. The area S is limited by one wavelength −λ/2 < x <
λ/2.

Linearized theory gives an automatic mass balance at the

undisturbed level y = 0, whereby ∆y = 0, abolishing surface

adjustment. The formula for the potential energy E within a

wavelength is

Elin =
1

2
ρg

∫ λ/2

−λ/2
η(x,0)2dx, (11)

according to linearized theory. From now on, we work with

dimensionless variables. These are gravitational units, ob-

tained by putting g = 1 and ρ = 1 in the energy formulas. The

wavelength λ of the nonlinear standing wave is scaled as 2π
dimensionless units, whereby the dimensionless wavelength is

L = 2π , corresponding to a unit dimensionless wave number

in the x direction. Thus we have the general transformations

( x
λ
,

y
λ

)

→ 2π(x,y), (12)

from the coordinates with dimension to the dimensionless co-

ordinates. The horizontal unit wavelength that we study will

thus appear as −λ/2 < x < λ/2 in coordinates with dimen-

sion and −π < x < π in dimensionless coordinates.

We will model the highest wave with a sharp surface peak.

The peak itself has no length scale since its radius of curvature

is zero. Thereby, it is possible to have only one length scale

for the highest standing deep-water wave.

III. THE INITIAL SURFACE SHAPE

Since Lord Rayleigh’s early work5, many approaches have

aimed at describing the highest standing wave, in combina-

tion with its time dependence. We will consider the highest

wave as an initial surface shape released from rest under grav-

ity, taking advantage of reversibility through the instant t = 0.

We will start with some elementary geometric considerations

based on dimensional analysis. Our basic postulate is that the

highest standing deep-water wave has only one length scale.

A. The primitive model with one single length scale

The idealized peaked surface shape has a single precise

length scale. When we disregard the constraints on the in-

stantaneous acceleration flow field, the radius of curvature for

the surface contour presents itself as the single length scale.

Thus the primitive model for the surface is the circular arc

with constant dimensionless radius R, illustrated in Figure 2.

We consider two neighboring circle arcs with centers in the

points

(x,y) =

(

± R√
2
,

R√
2
+ηmax

)

, (13)

Two circle arcs from these centers will compose two wave-

lengths of this idealized periodic peaked surface. Each peak

has a right angle, which we will substantiate in the Appendix.

The three neighbouring highest peaks are located in the points

(−L,ηmax), (0,ηmax) and (L,ηmax). The fixed peak angle of

π/2 sets the geometric constraint

R =
L√
2
= π

√
2. (14)

The ratio
√

2 between the wavelength and the radius of curva-

ture is consistent with our postulate of one joint length scale

for the surface contour.

The constraint of zero average water level implies the rela-

tionship

ηmaxL =

(

π

4
− 1

2

)

R2. (15)

implying that

ηmax =

(

π

8
− 1

4

)

L =

(

π

4
− 1

2

)

π, (16)

with dimensionless units. The elementary estimate for the to-

tal wave height of the peak is H = R(1− 2−1/2). Thereby,

we have the simplest possible estimate for the relative wave

height

H
L

=

√
2−1

2
= 0.2071. (17)

Remarkably, this simple estimate differs less than two per-

cent from the established results mentioned in the introduc-

tion. This reasonable agreement serves as a qualitative con-

firmation of our above postulate of a single length scale for

the stagnant surface peak. Figure 3 compares our primitive

circle estimate for the surface elevation with the exact peaked

surface shape calculated by Grant7. Subfigure 3 (a) shows

how the primitive circle estimate of the surface elevation de-

viates from the exact surface contour. Subfigure 3 (b) shows

the radius of curvature R(x)/L, which has to vary continu-

ously in order to satisfy Laplace’s equation according to exact

nonlinear theory, while it has the constant value 0.7071 in the

primitive circle estimate. The two subfigures reveal that the

primitive circle model overestimates the peak height as well as

the curvature around the peak. We also note that the average

surface level and the average radius of curvature in the exact

model are fairly close to the respective values from the prim-

itive circle estimate for the surface contour. Here Laplace’s

equation appears to be an agent of averaging, in agreement

with Green’s identities of potential theory. This apparent av-

eraging may be interpreted as taking care of our single length

scale postulate. In Figure 3, we anticipate our own analytical

formula for the surface shape, and also Figure 8 below, where

we will compare the circle estimate with other approximations

from the literature.

We realize that a strict single-length-scale postulate can be

posed only for the horizontal direction since the initial flow

field must be allowed to satisfy Laplace’s equation for the

acceleration potential. The right-angle peak of the primitive
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The Highest Standing Water Wave 5

0

R

x

y

H
L

+,

R

2-

( (

FIG. 2. An illustration for our elementary estimate (primitive model) where the highest stagnant wave surface is represented as a quarter circle

arc. This is the simplest possible version of postulating one single length scale for the highest wave. The relevant parameters are included in

this figure. The wavelength is L = 2π . The constant radius of curvature is R =
√

2π . The total wave height is H. The peak elevation is ηmax.

x/L

y/
L

-2

-1

0

1

2

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

This work

(a) (b)

Circle estim
ation

Peak

x/L
-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

R
(x
)

Peak

This work

Circle estimation
(i.e., constant radius)

1/ 2

FIG. 3. Two comparisons between the elementary circle estimate (primitive model) for the peaked surface and our single Fourier component

solution below coincide with Grant7. (a) A subfigure for the surface elevation η(x,0). The blue curve shows the deviation (in the vertical

direction) of the circle from the Fourier component solution. The wavelength L represents the length unit in this plot. (b) A subfigure for the

radius of curvature R(x)/L. It varies continuously according to the exact theory. In the elementary circle estimate, it has the constant value

R/L = 1/
√

2 = 0.7071.

model sets the exact circle radius R = L/
√

2 once the wave-

length L is given, leaving no flexibility for solving a bound-

ary value problem to determine the free surface shape. More-

over, we include one single Fourier term horizontally to solve

Laplace’s equation exactly and avoid compromising our pos-

tulate of a single length scale.

The primitive estimate in Eq. (17) for the relative wave

height can be put in perspective by carrying out the same ar-

guments for the peaked Stokes wave with slope angle π/6.

Thereby the circle arc radius is equal to the wavelength (R =
L), which immediately gives H/L = 1 −

√
3/2 = 0.13397.

This crude approach leads to a value for the relative wave

height, which differs by only five percent from the established

value H/L= 0.14123. Replacing the highest Stokes wave pro-
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The Highest Standing Water Wave 6

file with a circular arc is an oversimplification. Nevertheless,

it gives a simple analytical result for the wave height ratio

between standing Stokes waves (present problem) and propa-

gating Stokes waves

Hstanding

Hpropagating
=

√
2−1

2−
√

3
= 1.5459, (18)

comparable with other estimates from the literature. The

Fourier series solutions by Penney & Price6 gave the first pre-

diction of 1.53 for this ratio. The work by Grant7 leads to the

ratio

Hstanding

Hpropagating
=

0.20347

0.1412
= 1.4410, (19)

when it is combined with the established result3 for propa-

gating waves: Hpropagating/L = 0.1412. The primitive circle

estimate in Eq. (18) over-predicts this ratio by merely seven

percent.

B. Analytical solution for the surface profile

The dimensionless version of the dynamic condition in Eq.

(8) is

φ + y = 0, y = η(x,0), (20)

valid at the initial instant t = 0. In Appendix A, we formulate

a complex version of this condition. By a simple, complex

analysis for the peaked surface, we show that the instanta-

neous surface of a periodic standing wave has a right angle at

its highest peak. Thereby we support Penney & Price6 in their

claim of a right-angle surface peak, recalling the reservation

that their assumed time-periodicity is not proven.

Like Grant,7 we search for the highest standing wave with a

surface peak. In the main text, we consider the instantaneous

acceleration potential at t = 0, which will have the general

form

φ(x,y,0) =
∞

∑
n=1

An(0)cos(nx)eny. (21)

The leading term (with n = 1) in this Fourier series has

wavenumber 1 in the horizontal direction, setting the dimen-

sionless wavelength L = 2π as a length scale. The flow field

in the vertical direction is a potential flow adjusted to the si-

nusoidal variation in the horizontal direction. The only way

of maintaining our strict postulate of one length scale only is

to take a single horizontal Fourier mode as the exact solution

φ(x,y,0) = Acos(x)ey. (22)

We neglect all terms n ≥ 2 in the Fourier series of Eq. (21)

to suppress all shorter length scales. Our single length scale

postulate for the peaked surface does not make any assump-

tion concerning the peak angle. Its zero radius of curvature

prevents the peak from having a local length scale of its own.

Our postulated exact solution in Eq. (22) loses its link to

the level y = 0 as an undisturbed water level, which is a relict

from linear theory. This is because the dynamic condition of

Eq. (20) is essentially nonlinear. Therefore, we are free to

adjust the water level by an amount ∆y for setting the average

water level, knowing that ∆y = 0 applies only to linearized

theory. This is a subtle departure from the approach by Grant7,

where he tried to save y = 0 as a reference level also for his

finite-amplitude solution. Then he had to perform a pragmatic

adjustment of his zero elevation level, which he did by cali-

brating the peak point to experimental data from Taylor4.

Our single-length scale postulate is supported by the fact

that no physical causes are known for generating competing

length scales. Mathematical models or methods that do not al-

low a sharp surface peak cannot avoid producing other length

scales in addition to the wavelength, which is exemplified

by Wilkening21. Nevertheless, it is not a physical argument

against our single length scale that a chosen mathematical de-

scription does not allow it. A narrow surface peak that is math-

ematically rounded instead of sharp surrounds itself with sur-

face undulations that tend to be mathematical artifacts since

they lack satisfactory causal explanations.

The only acceleration potential consistent with our postu-

late is, therefore, the single Fourier mode. The complex ver-

sion of Eq. (22) is

Φ(z,0) = Ae−iz, (23)

analytically extending the real acceleration potential φ into the

complex z plane where z = x+ iy. The imaginary unit is i.
We insert the potential of Eq. (22) into the dynamic free-

surface condition of Eq. (20), where we let the amplitude

A obey the condition 0 < |A| ≤ |Amax|. Thereby, we de-

fine a one-parameter family of finite-amplitude stagnant free-

surface shapes with A as their parameter. For each legal value

of A, applying φ +y= 0 using Eq. (22), we then have the stag-

nant surface contour y = η(x,0), given by the inverse func-

tional relationship

x = arccos
(

− y
Aey

)

. (24)

We have not adjusted the surface level, y = 0, and it does not

represent the undisturbed water level in Eq. (24). Further-

more, we provide the peaked free-surface shape, y = η(x,0),
by the implicit analytical solution of the non-adjusted y for

Eq. (24) as follows

y =−W
(

Acos(x)
)

. (25)

In this formulation, the Lambert W function, W (z) = w, is

defined by the equation

wew = z. (26)

Thus we express a standing Stokes wave by the Lambert W-

function, while Jordan22 applied this function to a traveling

Stokes wave. The dimensionless adjustment height can now

be found from Eq. (9) using Eq. (25) as follows

∆y =
1

2π

∫ π

−π
η(x,0)dx =− 1

2π

∫ π

−π
W
(

Acos(x)
)

dx, (27)
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Grant
This work

1.0 A
max

0.8A0.8Amax

y

H

max

ymin

max
max

max

0.6A
0.4A

0.2A

FIG. 4. Family of stagnant surface profiles with different amplitudes. The acceleration amplitudes are given as fractions of the maximal

amplitude |Amax| = 1/e. Negative values of the acceleration potential amplitude A are chosen for locating each surface crest at x = 0. Each

surface level is here adjusted by an amount ∆y so that y = 0 is the undisturbed free surface. A similar plot by Grant7 is included on the left-hand

side for the peaked surface, but it had to be shifted vertically to match our work. Both axes scaled by the wavelength L = 2π .

TABLE I. Dimensionless parameters for the stagnant wave for different acceleration potential amplitudes A, given as fractions of the maximal

amplitude Amax, where |Amax|= 1/e is the amplitude of the peaked highest wave. The lengths are measured by is the dimensionless wavelength

2π . The highest and lowest surface levels, the adjustment height ∆y and the maximal wave height H = ymax−ymin are calculated. The predicted

wave height Hlin according to linear theory is Hlin/L = A/(Amaxπe). The dimensionless potential energy E is calculated and compared with

its value Elin according to linear theory. The maximal slope angle |θmax| and its horizontal coordinate are tabulated.

A ymax/L ymin/L ∆y/L H/L Hlin/L E Elin |x|θ ,max |θmax|
1.0Amax 0.14063 -0.06284 0.01852 0.20347 0.11710 0.42906 0.21258 0.0000 45.0000◦

0.967Amax 0.10584 -0.05873 0.01556 0.16457 0.11324 0.34689 0.19879 0.0735 31.7743◦

0.8Amax 0.06669 -0.04548 0.00837 0.11217 0.09368 0.18154 0.13605 0.1350 20.6985◦

0.6Amax 0.04320 -0.03331 0.00408 0.07652 0.07026 0.08801 0.07653 0.1727 13.9178◦

0.4Amax 0.02610 -0.02238 0.00180 0.04849 0.04684 0.03601 0.03401 0.2013 8.7628◦

0.2Amax 0.01240 -0.01121 0.00027 0.02361 0.02342 0.00862 0.00850 0.2264 4.2544◦

but it must be evaluated numerically for each given amplitude.

Therefore, we choose to keep the non-adjusted level y = 0 in

all our analytical formulas. Without adjustment, the horizon-

tal coordinates that give η(x,0) = 0 are x/L = ±0.25, which

follows from Eq. (24) and is identical to the value from linear

theory. Our numerical value for the adjustment height of the

peaked highest wave is ∆y/L = 0.01852, and it displaces the

points of zero elevation to their supposedly correct locations

x/L = ±0.2047. In Figure 4, we take the curve from Grant7

and corrects it by adjusting it by our value ∆y = 0.01852L,

not by his own pragmatic fit to the highest experimental point

by Taylor4. Grant7 did not report his chosen value for ∆y,

but from his plot we estimate the value x/L = 0.24 where the

surface elevation is supposedly zero. It is not even close to

providing a mass balance between the deformed free surface

and its undisturbed reference level.

The peaked surface obeys the dynamic condition of Eq.

(20), with an additional constraint

d
dz

(Φ− iz) = 0, (28)

at the peak point (see Appendix A). Thereby, we determine

the maximal amplitude |A|max. We choose A < 0, so there is a

central peak point z = iη(0,0), where we have

dΦ

dz
− i =−iΦ− i = 0, z = iη(0,0) = iηmax, (29)

according to Eq. (28). At the peak point, (x,y) = (0,ηmax), we

thus have Φ =−1, constraining the initial acceleration ampli-

tude

A =−e−ηmax . (30)

The minus sign means that the peak falls freely under grav-

ity. The surface peak obeys the dynamic condition, Eq. (20),
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FIG. 5. Comparison of this work assessed against linear theory (red dotted line) as function of amplitude A. a): Dimensionless potential energy

E calculated by eq. (41). b): Dimensionless wave height relative to wavelength (H/L) calculated by eq. (36).

where we insert A to get

ymax = η(0,0) = 1. (31)

Plugged back into Eq. (30), this gives 1 = −W (A) with the

acceleration amplitude given as follows

|Amax|=
1

e
= 0.367879. (32)

Choosing the negative value Amax = −1/e will give a single

central surface peak at x = 0. If we instead choose the positive

value A= 1/e, we get two half peaks completing a wavelength

at x = ±π . We will present figures with each of these sign

options.

Choosing a central peak with A = −1/e, the troughs with

the minimum value ymin = η(0,π) obey the relationship

|ymin|+ log |ymin|=−1, (33)

in agreement with Eq. (25). This trough elevation ymin is

evaluated as

ymin = η(π,0) =−W (−A) =−0.278465. (34)

The adjusted levels of crest and trough for the highest wave

are then

ymin =−W (−A)−∆y, ymax =−W (A)−∆y, (35)

where ∆y is found from Eq. (9). This adjustment is needed

to redefine y = 0 as the undisturbed free surface. The height

difference is independent of ∆y, yielding

H = ymax − ymin =W (−A)−W (A). (36)

The insertion for the maximum amplitude into Eq. (36), nor-

malized by L = 2π , yields

Hmax

L
=

W (−Amax)−W (Amax)

2π
=

W
(

1
e

)

−W
(

− 1
e

)

2π
≈ 0.20347.

(37)

The steepness |dy/dx| of the free surface is found from Eq.

(24)

∣

∣

∣

dy
dx

∣

∣

∣
=

√

A2e2y − y2

y−1
, (38)

where y is non-adjusted. The surface slope angle is θ =
arctan(|dy/dx|). To find the inflection point with maximum

steepness, it follows from implicit differentiation that

d2y
dx2

=
A2e2y (y−2)+ y

(y−1)3
= 0. (39)

The non-adjusted value of y as functions of A, at maximum

steepness, can be found from

A2 =
y

(2− y)e2y . (40)

Table 1 represents five stagnant surface contours correspond-

ing to equal increments in the amplitude |A|. This family of

surface contours is also plotted in Figure 4. These surface

shapes are not snapshots of oscillating waves but a set of stag-

nant surface shapes for a simple Fourier potential obeying the

exact nonlinear dynamic condition at the free surface.

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
5
7
4
2
5



The Highest Standing Water Wave 9

L-H&D 1.0 A
max0.967A

max

FIG. 6. The highest wave profile among those computed by Longuet-Higgins & Dommermuth16 that gave an evolution close to periodic

time dependence is here reproduced (from their Figure 1, here marked with L-H&D). We include our peaked highest wave, coinciding with

the profile found by Grant7, after adjusting its average water level zero. For direct comparison with these reproduced numerical results16,

a member of our family of smooth wave profiles is added, hand-picked with a flow amplitude A = 0.967Amax. Here Amax is the reference

amplitude for the acceleration potential of the peaked highest wave. The numerical value 0.967 is determined by requiring that our smooth

wave profile has a maximum elevation coinciding with the profile found by Longuet-Higgins & Dommermuth16.

Each isobar that belongs to the peaked highest wave can be

reinterpreted as a free surface, since the flow is not changed by

adding a uniform pressure everywhere. The family of stagnant

surface shapes in Figure 4 corresponds to the set of isobars,

with vertical displacements being added so that the average

surface level is zero in each case. We find no indication that

a suction (negative pressure) can be present for the potential-

flow acceleration fields with a free surface, so we rule out the

possibility of super free fall from rest11.

The left-hand side of Figure 4 includes the graph obtained

analytically by Grant7. It can be shown that our exact solution

of Eq. (25) is identical to the solution by Grant7. However,

he did not consider his solution as exact, only as a one-term

Fourier series truncation horizontally. Moreover, he did not

compute the adjustment height, which is what we do by Eq.

(27). Grant7 was aware that his plotted solution did not fix the

undisturbed water level, but he made the choice of calibrating

his theoretical peak point to the peak height found experimen-

tally by Taylor4. We see no advantage in a compromised mass

balance for benchmarking with a single experimental point,

so we will compare Taylor’s experimental surface shape with

the adjusted theoretical curve with zero average elevation.

Note that our underlying postulate of a single horizontal

length scale applies only to the peaked highest wave. The

other surface shapes in Figure 4 are merely members of the

same one-component Fourier family of shapes, constituted by

the peaked highest wave. Each stagnant wave with smaller

amplitude possesses several length scales due to the finite cur-

vature at their smooth peaks. The sharp right-angle peak that

we calculate has no length scale of its own. Our arguments

in favor of a single length scale contrast the sophisticated nu-

merical simulations by Wilkening21. He approached the limit-
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The Highest Standing Water Wave 10

ing behavior of large-amplitude deep-water standing waves by

identifying small-scale phenomena coupling instabilities with

nonlinear free-surface effects.

Table 1 shows the levels, ymax and ymin, for the peak and

trough of these stagnant surfaces. The induced wave height,

H = ymax − ymin, calculated from Eq. (36), is tabulated, to-

gether with its prediction (Hlin) according to linear theory.

Figure 5 compares the exact wave height with linear theory,

which is the reference case with the oscillation frequency

given by the standard deep-water dispersion relation. The

peaked wave is almost twice as high as its predicted value

according to linearized theory. The peak and trough eleva-

tions ymax and ymin are calculated in Table 1 from Eq. (35),

including the adjustment ∆y. Eqs. (38) and (40) are used to

calculate the magnitude (|θmax|) and the position (x|θ ,max|) of

the maximum steepness angle. Figure 5 also compares the ex-

act potential energy E with its approximation Elin according

to linearized theory,

In addition, Table 1 provides the dimensionless potential

energy E, measured relative to the adjusted zero level of the

undisturbed free surface. E is defined by the dimensionless

version of Eq. (41)

E =
1

2

∫ π

−π

(

η(x,0)−∆y
)2

dx, (41)

and it represents the dimensionless potential energy contained

in one wavelength λ . A column with the energy Elin accord-

ing to linearized theory is added to Table 1, showing good

agreement with the exact theory for the lowest flow ampli-

tude A/Amax = 0.2. The unit of energy is 8π3ρgλ 3, given per

length unit perpendicular to the x,y plane.

Table 1 includes results for the special case A = 0.967Amax,

which refers to the smooth wave shape included in Figure 6 for

close comparison with the highest time-periodic wave com-

puted by Longuet-Higgins and Dommermuth16. Their com-

puted maximal slope angle of 32◦ is in excellent agreement

with our value 31.77◦. Our result is exact as far as it is ana-

lytically based, but it rests on the numerically estimated flow

amplitude A = 0.967Amax to fit with the highest elevation for

almost-periodic waves included in16.

The linearized version of the surface elevation is simply

η(x,0) = |A|cos(x). (42)

The dimensionless version of the linearized energy formula of

Eq. (11) is

Elin =
1

2

∫ π

−π
η(x,0)2dx =

π

2
A2 =

π

2e2

(

A
Amax

)2

. (43)

Our peaked surface profile of the highest wave amplitude

is assessed graphically against the experiments of Taylor4 and

competing analytical models. Figure 7 depicts the surface pro-

files, whereas Figure 8 assesses the local height difference of

the other work measured relative to the present model. It is

worth noting that one set of the experiments of Taylor4 agrees

better than the second set. The second set seems to have a

greater deviation in precision.

C. Deep-water waves with quasi-periodicity in space

Traditional approaches to standing deep-water waves as-

sumed periodicity in space and time. While periodicity in

space could be taken as a constraint for the mathematical

model, periodicity in time remained an uncertain assumption

for large standing waves. Since the pioneering work6, clar-

ifications concerning the validity of periodicity in time had

been in demand. A final breakthrough came with the work by

Longuet-Higgins and Dommermuth16, who settled that stand-

ing waves with amplitudes near the legal maximum do not

give time-periodic motion. This is of course also true for the

peaked stagnant wave. It nevertheless remains a physically

valid initial condition, which we investigate along the lines

of Grant7. The precise work by Williams et al.15 confirmed

that standing waves close to a peaked shape cannot be peri-

odic in time. The early behavior of these extreme standing

waves after being released from rest was not addressed by

these authors15.

Taylor4 limited his laboratory work to a single wavelength.

However, an experimental standing wave that covers several

wavelengths cannot be exactly periodic is space. It is there-

fore of interest to perform a deviation from the strict require-

ment of spatial periodicity, referring to the recent work by

Wilkening and Zhao24 on traveling Stokes waves with quasi-

periodicity.

As an extension of our model for standing Stokes waves, we

will for a moment replace the single Fourier mode in eq. (22)

with a combination of two Fourier modes for the acceleration

potential

φ(x,y,0) = Acos(x)ey(1+ ε cos(x/4)ey/4), (44)

where ε is of order smaller than one. We thus consider a

spatial carrier wave with a small modulation. We handpick

the modulation wavelength to be four times that of the carrier

wave. Thereby we let the single length scale postulate retain

approximate validity locally, which means that we disregard

all higher harmonics of the carrier wave.

In Figure 9 we plot one example of this quasi-periodic stag-

nant standing wave. We choose ε = 0.2, and compute the

maximal amplitude |A|max = 0.293 that gives a peaked surface

at x = 0. We plot the initial free surface and some of the sub-

surface isobars for a full wavelength −4π < x< 4π . There are

lower (smooth) surface crests surrounding the central sharp

peak. The surface crests and troughs are approximately (not

exactly) located at x = nπ , where n is an integer. Due to the

chosen symmetry, the central peak is located at x = 0, and the

lowest crests are located at x =±4π .

The position of the central peak is (0,η(0,0))) =
(0,0.95163). It is surrounded by two neighboring troughs

at (±3.1125,−0.25686). Their positions deviate somewhat

from x = ±π due to the quasi-periodicity within a full wave-

length 8π . In Figure 9 we do not adjust the surface level to

provide mass balance. It is not needed for extracting a key

result: The wave height to wavelength ratio for the modulated

wave around its peak at x = 0

η(0,0)−η(±3.1125,0)

2×3.1125
=

1.20849

6.225
= 0.194. (45)
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This work
Lagrangian third-order solution
Penney & Price
Experiment
Experiment

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
x/L

FIGURE 8

FIG. 7. Three sets of theoretical predictions for the highest standing wave, plotted together with experimental points from Taylor4. Taylor

reported two sets of experiments, marked with different colors. The theoretical graphs follow the set-up from Chen et. al. (2009)23. Their

third-order Lagrangian solution is given by the dotted line. The 5th order Eulerian solution from Penney & Price6 is given by the solid blue

curve, while our present theory is shown by the black solid curve. The light blue envelope will be exported to Figure 8. Axes scaled by L = 2π .

We note the small deviation that this chosen quasi-periodicity

gives from the value 0.20347 of strict periodicity7. It contrasts

the fact the the peak height 0.95163 is much greater than the

other crests with heights 0.46963 and 0.31456. It illustrates a

robustness of the greatest relative wave height with respect to

moderate deviations from spatial periodicity.

IV. ON PHYSICAL LENGTH SCALES AT FINITE DEPTH

Our basic postulate is that the highest standing periodic

wave on deep water has only one physical length scale. In Ap-

pendix B, we pursue these physical arguments to argue that a

single deep-water stagnant wave peak does not have a physical

length scale. It sets its own length scale, leading to a similar-

ity solution for a finite-amplitude stagnant rogue wave peak at

deep water.

Let us briefly consider the finite-depth version of stagnant

periodic water wave, based on the postulate that it has two

length scales. The wavelength is one length scale, while the

water depth sets a second length scale. As before, we require

that the exact acceleration potential is the single Fourier com-

ponent

φ(x,y,0) = A1 cos(kx)cosh(k(y+1)), (46)

in a finite-depth version satisfying the kinematic bottom con-

dition at y = −1. This acceleration potential in Eq. (46) is

inserted into the nonlinear dynamic condition in Eq. (20) to

get

A1(k)cos(kx)cosh(k(y+1))+ y = 0, y = η(x,k), (47)

prescribing a peaked shape η(x,k) for the stagnant free sur-

face, with the appropriate maximal amplitude |A1(k)|. The

hyperbolic cosine term introduces the wavenumber k as a sec-

ondary vertical length scale, while there is already a unit ver-

tical length scale by the dimensionless gravitational term y.

Further elaboration of the two length scales is achieved by re-

defining the dimensionless variables

(kx,ky,kη) = (x̃, ỹ, η̃), (48)

with the dynamic condition in Eq. (47) reformulated as

A1(k)cos x̃cosh(η̃ + k)+
η̃

k
= 0. (49)

Now we have a family of peaked surface shapes η̃(x̃,k) de-

pendent on the parameter k, with the appropriate amplitude

A1(k). We introduced a unit wave number in the redefined co-

ordinate system, similar to the deep-water problem in the main

text above. The fixed length scale of the wavelength is there-

fore in place, while the other length scale due to gravity now

appears as the parameter k and constitutes a one-parameter

family of surface shapes.

In Figure 10 we display the surface shape for infinite depth

(here represented as k → ∞), together with one finite value
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This work & the circle est.
Lagrangian third-order solution
Penney & Price
Experiment
Experiment

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
x/L

y/
L

0.025
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0.015
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0
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-0.015

-0.02

-0.025

-0.03

FIG. 8. Error assessment of previous work, imported from Figure 7 (light blue envelope). Now we take our predicted peaked surface elevation

η(x,0) as the norm, represented by the black line of horizontal zero level. We show the local deviations of earlier work in comparison with

our surface contour, measured vertically in length units of the wavelength. The two sets of experimental points from Taylor4 are marked with

different colors. The 3rd order Lagrangian solution from Chen et. al.23 is represented by the dotted line. The 5th order Eulerian solution from

Penney & Price6 is represented by the solid blue curve. We also add our present elementary circle estimate, represented by the dashed blue

curve. Both axes are scaled by L = 2π .

1.0

-10 -5 0 5 10

0.5
0.0
-0.5
-1.0

-2.0
-1.5

FIG. 9. Stagnant quasi-periodic free surface with a central peak, based on eq. (44). We choose ε = 0.2 and determine numerically the amplitude

A = −0.29307613 which gives a peaked free surface, where the pressure is zero. Four initial subsurface isobars are included in this figure.

The peak point has the coordinates (x,y) = (0,0.951625), with surrounding crests located at (±6.22725,0.46935755), (±12.566,0.3145638).
Between these crests, there are two sets of troughs with local minimum values for the elevation, being located at (±3.1125,−0.25686088) and

(9.3860,−0.20652876).

k = 0.5. This value is slightly above the minimum admissible

value for k, when we require a periodic and continuous free

surface, not intersecting the lower boundary ỹ =−k. The ref-

erence level ỹ = 0 is chosen according to linear theory. The

reference level is not the undisturbed water level for a stand-

ing wave of finite amplitude since the focus is on displaying

and comparing a family of surface shapes.

Prescribed by Eq. (49), Figure 10 shows peaked surface

shapes η̃(x̃,k) displayed as a one-parameter family of shapes

depending on the parameter k, ranging from 0.5 to infinity.

Moreover, two length scales are illustrated in the figure. The

first one is the horizontal length scale 2π for the wavelength,

and the second one a vertical length scale k. Rescaling of

the coordinates makes the parameter k reappear as a depth in-

stead of its original definition as a wavenumber. Represented

are only the two cases k = 0.5 and k → ∞, since the varia-
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The Highest Standing Water Wave 13

FIG. 10. Plots of two members of the rescaled family of peaked periodic surface contours at uniform depth, based on a single Fourier component

η̃(x̃,k), where −π < x̃ < π shows one wavelength. Blue line represents the deep-water limit where k → ∞, with amplitude A1 =−0.3678796

and surface peak at (x̃, ỹ) = (0,1). Red line represents the wavenumber k = 0.5, with amplitude A1 =−0.853621 where its associated bottom

(dashed) is located at ỹ =−k =−0.5.

tion of shapes within this family is quite small, apart from

the thinning of the layer near the bottom ỹ = −k as k is re-

duced. The position of the peak does not vary much with k,

confer the magnified marked circle. The lowest peak position

is η̃(0,∞) = 1.

Figure 10 does not give an exhaustive picture of possible

peaked surface shapes at a constant depth. At least two length

scales exist, which implies that we cannot in general limit the

Fourier solution to one term only, which is an underlying re-

striction in Figure 10. Admittedly there may be more than two

length scales for the highest standing wave at a uniform depth.

Therefore it is no surprise that the literature does not offer any

consensus concerning the shape of the highest standing peri-

odic wave for a given average depth.

V. FURTHER DISCUSSIONS AND CONCLUSIONS

In their seminal theoretical work for standing waves, Pen-

ney & Price6 claimed that the highest wave surface has a right-

angle peak. The experimental results by Taylor4 supported

Penney & Price6 in their sketched stagnant wave with a right-

angle peak, to fall freely under gravity. However, Taylor4 did

not accept the arguments for the right-angle peak from Penney

& Price6, as he remarked that any peak angle could be a valid

initial state released from rest. Taylor rightfully hinted that a

strictly time-periodic flow cannot produce a peaked surface.

The peaked shape of the highest periodic standing wave

avoids artificial undulations when the acceleration potential

has only one single Fourier term in the horizontal direction,

contrasting the truncated solution by Penney & Price6, which

we highlight in Figure 8. Chen et. al.23 elaborated a La-

grangian description to get a smooth stagnant surface. Their

type of theory cannot avoid mass defects, also having to cope

with false inflection points and an overshoot around the sur-

face peak.

By the Lambert W function, we have derived the analytical

formula H/L = [W (e−1)−W (−e−1)]/(2π), equal to 0.20347

with five digits, which is the result by Grant7 with improved

accuracy. Tsai & Jeng13 reported a value H/L = 0.2040 very

close to Grant’s prediction7. The value H/L = 0.1974 was

predicted both by Mercer & Roberts25 and Wilkening21. Fur-

thermore, Okamura9 derived H/L = 0.1996 for the relative

wave height of the highest standing deep-water wave.

With a chosen quasi-periodicity to create different neigh-

boring crest heights, we found a local peak height to wave-

length ratio equal to H/L = 0.194. This number fits in with

the established values around 0.2. We have thereby shown

that the relative peak height is robust with respect to devia-

tions from spatial periodicity.

Our minimalist theory for the instantaneous peaked shape

of a single Fourier component coincides with the work by

Grant7. He used a Stokes expansion and performed a one-term

truncation horizontally, with an unnecessary series expansion

for the dynamic condition in the vertical direction. It had no

consequences with respect to numerical accuracy, but made

Grant’s good work less accessible.

Most work on nonlinear standing waves is based on pe-

riodicity in time, with extensions to stability analysis25,26.

Saffman & Yuen18 pioneered the modern approach of a fully

nonlinear free-surface simulation, generating standing deep-

water waves by a sinusoidal pressure of finite duration, ap-

plied on an initially flat surface. The waves that were gener-

ated failed to be strictly time-periodic, becoming steeper and

reach higher elevations than time-periodic waves.

The initial forcing of a standing wave from a flat sur-

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
0
5
7
4
2
5



The Highest Standing Water Wave 14

face was modeled with high accuracy by Longuet-Higgins

& Dommermuth16. We share their basic assumption of only

one length scale for the initial flow, which is the wavelength.

While we picked the highest standing wave as a state of pure

acceleration with a sharp peak, these authors confronted the

great challenge of picking the highest wave with full periodic-

ity in time. They determined a maximal initial amplitude for

the forced flow to be almost periodic in time.

The study of impulsively forcing of a nonlinear Cauchy-

Poisson problem16 is a more causal physical approach than a

conventional stability analysis. In spite of this excellent work,

it is not yet settled whether a strict amplitude threshold ex-

ists for exactly periodic standing waves with full nonlinearity.

The simulations by Longuet-Higgins & Dommermuth16 did

not repeat the initially flat surface exactly after one period, a

finding that they linked to Penney & Price6. An irreversible

hysteresis loop emerged for the steepest slope angle, evolving

differently during the second half oscillation period compared

with the first half period of oscillation. The steepest slope an-

gle of 32◦ reported in these simulations16 is in excellent agree-

ment with a handpicked member of our one-parameter family

of smooth surface shapes, where the acceleration amplitude is

A = 0.967Amax with Amax defined as the maximum possible

value representing the peaked surface.

A challenge for future work is to perform fully nonlinear

simulations of smooth free surface shapes released from rest,

belonging to in the amplitude range 0.967Amax < A < Amax
beyond the reported simulations16. Recently, Aurther et. al.27

have developed relevant tools for mathematical modeling of

free surface evolution at the edge of peak formation. The

sharp peak itself is mathematically troublesome as an initial

shape, see Constantin28.

Large-amplitude standing waves on uniform depth are

richer phenomena than the classical deep-water case discussed

here. The oscillation frequency as a function of the depth

and wave steepness has been studied by Vanden-Broeck &

Schwartz20, Tsai & Jeng13 and others. With finite depth, any

stagnant free-surface acceleration flow will have more than

one length scale. In the absence of a single length scale, there

is no longer a unique stagnant standing wave. We have ex-

emplified a family of finite-depth solutions with two length

scales and a peaked surface.

A general picture of physical length scales is emerging for

peaked stagnant water waves with full nonlinearity. (i) The

single stagnant wave peak at infinite depth is the only case

with no physical length scale. (ii) The spatially periodic stand-

ing peaked wave at infinite depth has only one length scale,

which is its wavelength. (iii) The periodic standing peaked

wave with a horizontal bottom allows several length scales.

Our one-parameter family with two length scales does not pre-

tend to cover all configurations.

Compared with free modes of oscillation with finite depth,

a privilege of infinite depth is that all higher spatial modes are

also higher modes in frequency since the linearized disper-

sion relation gives a wave number proportional to the square

of the frequency. This synchronization of the higher modes

makes exact periodicity in time much more plausible for in-

finite depth than for finite depth, illustrated by the pioneering

work by Penney & Price6. These authors raised doubts on

whether a strictly periodic standing wave exists at high wave

steepness, to be supported much later by Longuet-Higgins &

Dommermuth16.

Our single length scale postulate leads to a one-term Fourier

component obeying the exact dynamic condition for the stag-

nant highest standing deep-water wave with periodic surface

peaks. On the contrary, Wilkening21 discovered a richness of

small-scale phenomena by numerical simulations, but he gave

no causal explanation or dimensional analysis. Wilkening21

pretended to abolish the self-similarity of the surface peak

advocated by Grant7 by computing much richer structures

around the peak. In response, we support Grant Grant7 by

maintaining our postulate of a single length scale, as we see

no physical cause for the emergence of a second length scale.

Appendix A gives a proof for the right angle peak of the

highest wave released from rest under gravity, consistent with

the theory by Grant7. We introduce the complex function

χ(z) = Φ(z)− z for describing the surface peak. The real part

of χ(z) is zero along the free surface, and the peak point is de-

fined by dχ/dz = 0. The peak angle is decided by the leading

term in the local Taylor series around the peak point. With a

leading term of order N, the peak angle becomes π/N. Under

the regular constraints for a released free surface, this Tay-

lor series should have a quadratic term as its leading order,

implying a peak angle of π/2. In Appendix A we show that

this the case for our single-term Fourier solution for a periodic

standing deep-water wave.

DATA AVAILABILITY

The data that support the findings of this study are available

from the corresponding author upon reasonable request.
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Appendix A: Complex analysis concerning the surface peak

We introduce the complex variable z = x+ iy, where i is

the imaginary unit. The dimensionless dynamic condition is

found by putting g = 1 in the dimensionless version of Eq.

(8). We extend the acceleration potential φ analytically by

introducing the complex potential Φ(z, t), where φ(x,y, t) is

its real part. This enables us to extend the dynamic condition

analytically at t = 0 to be written as

Φ− iz = 0, z = x+ iη(x,0), (A1)

We introduce a new complex function χ = Φ− iz. The free

surface represents an isoline for the real part of this complex

function χ in the vertical x,y plane. These isolines are usually

smooth, perpendicular to the corresponding isolines for the

imaginary part of the same complex function χ . The highest

standing wave has a set of surface peaks ẑn given by

ẑn = ẑ0 +2nπ, (A2)

where n is any integer. Two neighboring surface peaks are

thus one wavelength L = 2π apart, measured in the horizontal

direction. The central peak is denoted by ẑ0. It is by defi-

nition located at the y axis, and y = 0 represents the average

water level (undisturbed free surface). A sharp surface peak

can only exist at an extremal point for the complex potential

χ , so we have

dχ

dz

∣

∣

∣

∣

z=ẑn

= 0. (A3)

Around each extremal point for the complex function χ(z) we

can make a local Taylor expansion

χ = B(z− ẑn)
2 +O(z− ẑn)

3, (A4)

where B is a complex amplitude. By Eq. (A3) the first-order

term in this Taylor series vanishes, together with the trivial

zeroth-order term. The peak angle for the surface is deter-

mined by the leading order of the Taylor expansion in Eq.

(A4).

The theory in the main text is based on the single Fourier

component potential φ = Acos(x)ey, which provides an ex-

plicit expression for χ(z)

χ = Φ− iz = Ae−iz − iz, (A5)

with a real amplitude A to ensure that the flow that it represents

is periodic in the x direction. The Taylor expansion in Eq.

(A4) for χ has the second derivative

d2χ

dz2

∣

∣

∣

∣

ẑ0

=
d2Φ

dz2
=−Φ =−iz =−iẑ0 = ŷ0. (A6)

Here we inserted the deep-water Fourier component potential

in Eq. (A5), and evaluated it at the central peak point z = ẑ0 =
iŷ0. By Eq. (A4) we have

d2χ

dz2

∣

∣

∣

∣

ẑ0

= 2B = ŷ0 > 0, (A7)

since the central peak point has a positive elevation ŷ0. Thus

the highest standing wave represents a local quadratic function

near its peak, with nonzero amplitude B. From the complex

analysis, we know that a quadratic function z2 has its isolines

meeting at a right angle in the origin, both for its real part (the

free surface) and its imaginary part. This completes our proof

that the highest standing wave has a right-angle peak. The

symmetric potential φ around the peak implies that two slope

angles ±π/4 meet in this peak point.

Our proof for the right-angle peak depends on d2χ/dz2 6= 0

at the peak. This constraint is met by our single-term Fourier

solution in Eq. (A5) for the acceleration potential Φ = χ − z,

but it is admittedly satisfied for many other acceleration po-

tentials. Thus the right-angle peak is a result that has broader

validity and does not depend on our single length scale postu-

late. On the other hand, we proved the right-angle peak with

our single-term Fourier solution to verify that this peak angle

is consistent with our postulate of a single length scale.

Grant7 performed a more complicated proof for the right-

angle surface peak. He allowed a singularity at the peak, even

though his leading-order solution had no singularity. Our sim-

ple analysis exposes a complex function with quadratic behav-

ior around each local surface peak, without local singularities.
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Appendix B: On the highest non-breaking rogue wave

This appendix will relate the highest spatially-periodic

standing wave in the main text to isolated wave peaks without

periodicity. A single stagnant peaked wave at infinite depth

does not have a physical length scale. It has to set its own

length scale as its starts to flow under gravity, and by doing

so, it defines a similarity solution. A physical length scale

needs a cause to come into existence, and a similarity solu-

tion emerges in the absence of a cause. Any local surface

heap released from rest is an initial legal state if it satisfies the

asymptotic far-field condition

η(x,0)→ 0 as x →±∞, (B1)

with finite surface slope ∂η(x,0)/∂x everywhere.

Physical candidates for the highest stagnant single wave

with a sharp peak can only be found among flow potentials

that do not have length scales of their own, which is the basic

assumption to be pursued in this appendix. The highest stag-

nant peaked rogue wave in deep water should have no physical

length scale, whereby it becomes a similarity solution for free-

surface flow released from rest. The acceleration potential for

this initial gravitational flow is the real part of a complex po-

tential Φ(z,0) where z = x+ iy. This complex acceleration

potential has its singularities outside the fluid domain. A can-

didate for the single peak acceleration potential can only have

one single multipole located in one single point, chosen as

z = Hi. Only one singularity in one singular point is legal, for

avoiding that singularities have their own length scale. H can

be arbitrary but positive (H > 0) in order to satisfy the far-field

condition in Eq. (B1).

A stagnant standing deep-water wave with one single peak

is a rogue wave, according to the classification by Kharif

et al.30. The alternative notion of freak wave indicates that

the highest rogue waves in the open sea are breaking waves.

However, only a non-breaking rogue wave may achieve a state

of rest where the entire energy is potential energy in the grav-

ity field, which is admittedly a highly idealized state. A com-

pletely motionless state with a sharp peak must be regarded as

a theoretical upper limit for a single rogue wave. It is much

less realistic than the corresponding model of periodic waves

by Grant7. We will now investigate the highest non-breaking

rogue wave generated by a single multipole, which we place

at a height H above the undisturbed free surface.

The source potential Φ = log(z−Hi) is not a legal candi-

date for the acceleration potential because it gives a nonzero

mass flux at infinite depth. The simplest acceleration potential

to be considered is therefore the vertical dipole potential

φ(x,y,0) = A
y−H

x2 +(y−H)2
. (B2)

It represents the derivative of the source potential, and is here

written as a flow potential in real form. We choose the unit

height H = 1 for computation of the free-surface shape, see

Figure 11 (a). This initial free surface is given by inserting the

acceleration potential in the dynamic condition of Eq. (20),

and the surface level goes to zero as |x| → ∞. We note that the

surface elevation goes very slowly to zero in the far-field for

the single dipole. This is a peculiarity due to infinite depth,

while a horizontal bottom would imply a quadrupole far-field

behavior from a single dipole plus its image dipole located

below the horizontal bottom. For achieving a realistic far-field

with infinite depth, we therefore need to discard the dipole and

choose the next order multipole, which is the quadrupole.

In Figure 11 (b), we show the initial free surface due to the

symmetric quadrupole acceleration potential

φ(x,y,0) = A
x2 − (y−H)2

(x2 +(y−H)2)2
. (B3)

Again we choose H = 1 for this plot, where the decay of

the surface elevation towards infinity is satisfactory. A sign

change occurs at |x|= H, where the surface elevation is posi-

tive inside the domain −H < x < H and negative outside it.

The symmetric surface shape is of primary interest, but we

also want to see an asymmetric case that sets its own length

scale. If we rotate this quadrupole potential an angle π/4, the

resulting antisymmetric potential has the form

φ(x,y,0) = A
x(y−H)

(x2 +(y−H)2)2
, (B4)

and the resulting free-surface shape has the strongest asymme-

try possible generated by a single quadrupole. The resulting

surface shape is plotted in Figure 11 (c). Because of the anti-

symmetry of the potential around x = 0, the surface elevation

is zero at this point, while the surface shape is not at all anti-

symmetric around x= 0. This has to do with the distance from

each surface point to the quadrupole singularity, as the nonlin-

earity at the free surface tends to get stronger the shorter the

distance from the singularity. In Figure 11, we have extended

the surface contour outside the fluid domain, as a reminder

that these mathematical curves are closed loops intersecting

the singular point z = iH.

Our above considerations have led us to the symmetric

quadrupole as the best candidate for a peaked stagnant rogue

wave in the open sea. Since it has no physical length scale, no

estimate of its highest possible physical wave height comes

from this peaked surface shape. An isolated rogue-wave peak

may be released as a Cauchy-Poisson problem in order to link

it to the physical wavelengths of oscillatory waves.

In Figure 12 we compare this peaked rogue wave with the

corresponding stagnant wave peak of periodic waves studied

in the main text. We must normalize these waves properly

in order to make them directly comparable with one another.

This is done by requiring that the surface peak has a unit

height in both cases.

(i) For the periodic wave, the definition of the zero wave

height for the periodic wave is taken to be the wave trough,

which means to upscale the value of H/L = 0.20347 (Grant’s

result) to H = 1, magnifying the length unit in Figure 4 by a

factor of 1/0.20347 = 4.9147 = 2×2.4573.

(ii) For the single wave peak, the natural level of zero wave

height is the far-field level y = 0, which is used already in Fig-

ure 11 (b) but resulted in a peak height of 0.33205, with H = 1

referring to the quadrupole position. We, therefore, magnify
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(a)

(b)

(c)

FIG. 11. Acceleration potentials with one singularity point in (0,1). The initial peaked free-surface shapes η(x,0) are shown, together with the

undisturbed free surface y = 0. a) Vertical dipole potential: φ(x,y,0) = A(y−1)/(x2 +(y−1)2), where A = 0.25. b) Symmetric quadrupole

potential: φ(x,y,0) = A(x2 − (y− 1)2)/(x2 +(y− 1)2)2, where A = 0.1481. The peak point is (0,0.33205). c) Antisymmetric quadrupole

potential: φ(x,y,0) = Ax(y−1)/(x2 +(y−1)2)2, where A = 0.45615.

the length unit in Figure 11 (b) by a factor of 1/0.33205 =

3.0116, so that the length unit H no longer represents the lo-

cation of the mathematical singularity, but instead it represents

the height of the peak above the undisturbed level at infinity.

In Figure 12 we have achieved a visual comparison be-

tween one wavelength (−2.4573 < x/H < 2.4573) for the

peaked periodic wave and the inner region of positive eleva-

tion −3.0116 < x/H < 3.0116 for the peaked isolated wave.

These two rescaled solutions now share the local quadratic

flow potential around their common peak, which we observe

from the figure. The two surface contours start to deviate from

one another, where the local Taylor series for both these solu-

tions involve more than two terms. The caption of Figure 12

includes numerical calculations of the areas above y = 0 for

the periodic wave and the single isolated wave, showing that

the latter area is about 20 per cent greater than the area for the

periodic wave (with blue color).
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FIG. 12. The periodic highest wave from the main text is rescaled with unit wave height. The dimensionless area above the undisturbed surface

y = 0 is 1.518, with blue color. The height is 1 with one wavelength width 2π/1.2785, implying that one wavelength is contained within the

domain −2.4572 < x < 2.4572. The red curve shows the surface shape of a single-peak stagnant rogue wave from one symmetric quadrupole,

with singular point at y = H = 1.2785, and with unit height of the peak. Its dimensionless area is 1.83748968, within the domain of positive

surface elevation −3 < 3x < 3.
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