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Abstract

Let A be an abelian category, and H be the abelian heart of a ¢t-structure
over D’(A). We show that we can always construct a realization functor
D(H) — D*(A), whose restriction on H is equal to the identity functor.
We will further give sufficient conditions for this functor to be a derived
equivalence. Lastly, we will use the realization functor to construct the
derived equivalence from the HRS-tilting D®(B) to D°(A)






Sammendrag

La A veer en abelsk kategori, og H veer det abelske hjertet til en t-struktur
over D°(A). Vi vil da vise at vi alltid kan konstruere en “realization
functor” DY(H) — D’(A), som restriktert til H vil veere lik identitets-
funktoren. Videre vil vi gi tilstrekkelige kriterier for at funktoren vil bli en
derivert ekvivalens. Til slutt vil vi bruke denne funktoren til a konstruere
en derivert ekvivalens fra HRS-tiltingen D°(B) til Db(A)

Vil
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Chapter 1

Introduction

In the study of triangulated categories, the notion of t-structures some-
times arises. First introduced by Beilinson, Bernstein and Deligne [BBD83],
a t-structure is a certain pair of full subcategories of a triangulated cat-
egory T, whose intersection (often named the heart, H, of the given t-
structure) is an abelian subcategory of 7. A natural question then arises:
Can the category T be recovered from the heart H of a given t-structure?

As often in mathematics the answer is: sometimes. We will show that
if the t-structure is bounded, the heart generates the category 7. Then
another natural question to ask is how does the bounded derived category
D*(H) over the heart compare to the category 77 We will construct a
functor F': D*(H) — T given some conditions on 7, and prove that this
becomes an equivalence under relatively mild conditions. The functor is
called a realization functor, and was also first introduced in [BBD83], and
then generalized by Beilinson in [Bei87]. We will study how this functor
can be used to create derived equivalences. An important example of the
realization functor is the HRS-tilting, first introduced by Happel, Reiten
and Smalg [HRS96], which induces a certain derived equivalence.

The thesis will start by introducing the Yoneda extension groups in
Chapter 2; an important tool that will be used throughout the whole
thesis. In particular we use the fact that in an abelian category a short
exact sequence induces a long exact sequence of Yoneda extension groups.
In Chapter 3 we will introduce the notion of ¢-structures on triangulated
categories, and investigate properties of the heart and its connection to
the Yoneda extension. Another important tool introduced in this chapter
will be a cohomological functor from the triangulated category to the
heart of the t-structure. The culmination of these two chapters will be
the first section of Chapter 4; the construction of a special realization
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functor and one of the main theorems of the thesis:

Theorem (Theorem 4.10). Let A be an abelian category, and let D°(A)
be the bounded derived category equipped with a t-structure (DY, D=°)
with heart H. There ezist a t-exact functor

real : D'(H) — D(A)
such that real|y; = idy

Section 4.3 consist of quite surprising, immediate consequences of the
realization functor. It is in general not known if realization functors are
unique, however we get an especially surprising result:

Theorem (Corollary 4.10.3 and Theorem 4.11). Let F : D*(H) — T be
a realization functor. Then the following are equivalent

(1) F is full

(2) F is dense

(3) F is an equivalence

(4) Any other realization functor G : D*(H) — T is an equivalence

Lastly, in Chapter 5, we will introduce the notion of torsion pairs, and
observe how torsion pairs induce t-structures. We will look at an import-
ant example of a realization functor, namely the HRS-tilting [HRS96].

We will arrive at a derived equivalence F : D*(B) = Db(A) between the
bounded derived category over an abelian category A and the bounded
derived category over a certain full abelian subcategory B C D°(A).

It is assumed the reader has prior knowledge in homological algebra,
in particular in the study of triangulated categories and localization. For
a recap of the notation used, and what is assumed known one is advised
to read the lecture notes on Homological Algebra by Steffen Oppermann
[Oppl6] and the lecture notes on Derived categories, resolutions, and
Brown representability by Henning Krause [Kra07]. We will only look at
bounded derived categories in this thesis.

It is worth noting that in order to keep the thesis as self-contained
as possible no proofs have been omitted. Thus, wherever a theorem and
proof is similar or identical to one in a previous paper there is a reference
to the original proof in the title of the theorem. At the end, there is also
an appendix that gives some basic results found in neither of the above
mentioned lecture notes, but that still is assumed known, and will be
used throughout the text.



Chapter 2

Yoneda extensions

Recall that if an abelian category A has enough injectives and projectives
the functor Ext"(—, —) can be defined. Yoneda gave an alternative defini-
tion of the functor using extensions without assuming enough projectives
and injectives [Yon54]. The new functor, YExt"(—, —), sometimes called
the Yoneda extension, does not require enough projectives and injectives,
however when Ext"(—, —) are defined the two functors coincide. In this
chapter we will define the Yoneda extension, and prove that it induces a
long exact sequence applied to a short exact sequence.

2.1 Extensions

We will begin by defining extensions in an abelian category, and proving
some basic properties of the extensions.

Definition 1. Let A be an abelian category, and X,Y € A. Then an
n-fold extension, E, of Y by X is an exact sequence

E:-0X—>FE —---—FE, >»Y —>0

where E; € A
If E,F are two n-fold extensions of X by Y, then amap f:E — Fis a
sequence of maps f;, i =1,---,n

0 > X y Fy y B, > Y > 0
P T
0 » X > I y F, > Y > 0

such that the diagram commutes.
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Lemma 2.1. Let E and F be two n-fold extensions of X by Y. If there is
a map E — F then there exist a n-fold extension G and mapsE < G — F
where G — F is an epimorphism.

Proof. Let E — F be given by

E 0 y X 2 B -2 B, -2 ... L B Sy > 0
| I O N
F 0—s X s p g Py T g oy Ly

We construct the exact sequence F

(6) (86) (86) (86)
0—)F1—)F1@F2—>F2@F3—>"'—>

Now let G =EQTF

01)

Fn—Q@Fn—l(_—_)Fn—léo

0 > X2porn S EBoReoRh 2. .. " EoF Y —0

where
e 0 €En— —
w= (5 0= (]) o= (550 =)

and

Clearly the direct sum of the exact sequences, with the maps defined
above is again exact. Thus G is an n-fold extension of X by Y.

Denote F; @ F;_1 ® F; in G by G;. Then we have a diagram

e1 0 6200>
€0 01 001 en—100
0 X <0)>G1 (00)>G2(000,---(0 19>Gn (enO),Y . 0
H l(al 1) l(OZQ fl 1) J/ l(an fnfl) H
0 X o h = e e e o Y > 0
where the vertical maps G; — Fj are (ei fi-1 1) fori =2,--- n—1. Note

that all maps are epimorphisms (to see the rightmost epimorphism apply
the five lemma), and since f;a; = a;116; and fiyqfi = 0 the diagram
commutes.

By taking the projection G — E we have have maps E < G — F. O
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The next lemma is a horizontal extension of the regular 3 x 3 lemma,
which will be useful when studying at extensions of length bigger than
1.

Lemma 2.2. Let

)

A\
L
A\
L
A\
L
A\

Zn—
z2 . n2\

0 0 0 0

be a commutative diagram in an abelian category, where the two bottom
rows are exact and all the columns are short exact sequences. Then there
exist maps

0 X1 —=Xo—---—= X, 1> X,—0

and the sequence 1s exact.
Proof. We have for each i = 1,--- ,n short exact sequences
0— Im(y;—1) = Y; = Im(y;) — 0

since Im(y;_1) = ker(y;) and Im(y;) = Y;/ ker(y;) = Y;/ Im(y;_1).
By the universal property of images we get commutative diagrams

0 — Im(y;—1) > Y, > Im(y;) —— 0
0 —— Im(zi,l) > Zl > Im<21> — 0

where the dashed arrows are epimorphisms. We then have, for each i a
commutative diagram

0 > ker > X; > ker > 0
0 —— Im(y;_1) s Y, > Im(y;)) —— 0

N
—
B
—~
N
~—
[a=)

0 —— Im(ZZ'_1) >
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where the top row exist and is exact by the 3 x 3 lemma. We obtain the
exact sequence

0—-Xi—=Xo—=-- =X, 1 —»X, =0

by the splicing of all the short exact sequences in the top row of the
diagrams above. O

The following two lemmas concerns the construction of new extensions
from existing ones by taking pullbacks and pushouts.

Lemma 2.3. Guven the following commutative diagram with exact rows

0 > X4 > Xo > X, > 0
0 > Y] > Y5 > Y, > 0
0 > /1 > Lo > Zn > 0

If Z; — Y, is an epimorphism for every v then we have an exact sequence
0—+PBy —-PBy,—---— PB, =0

where PB; denotes the pullback X; HYi Z;

Proof. Note that, from [Oppl6, Proposition 13.4], given a pullback dia~
gram

Lo

X, — Y]
where Z; — Y is an epimorphism, we have a short exact sequence
0—>PB —-X,oZ; >Y;, =0
We then have a commutative diagram with exact rows and columns

PB; PB, e PB,

[ [ | |

(@]
5
®
N
&
@
N
e
@
N
o
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Thus by Lemma 2.2 we have an exact sequence

0—PB, —-PBy—---— PB,, —»0

Lemma 2.4. Given a commutative diagram

0 >X1‘ )Yi Z1

RN

0 y Xy < s Yo Zy

with exact rows. Then, by taking the pushout of the left square, there exist
a commutative diagram with exact rows:

0 > X1 © > Y] A
0 >X2" )XQHX1Y1—>21
0 > Xo > Yo > Lo

Dually, given the commutative diagram

X4 > Y] » 7

L

X5 > Yo » Lo s 0

2\
S

with exact rows. Then, by taking the pullback of the right square, there
exist a commutative diagram with exact rows:

X1 s Y] s 74 s 0

s
5
=
&
N
N
o

X5 > Y5 » Lo > 0

Proof. We only prove the first part; the second is dual. Pushout preserves
monomorphisms, and the cokernel of X; — Y] is equal to the cokernel
of Xo — X HX1 Y;. Since Y] — Z; factors through this cokernel the
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middle row is exact and the top two squares commute.

By the pushout property the map X5 [ x, Y1 — Y exist and the bottom
left square commutes. What is left to show is that the bottom right square
commutes. Since the outer square commutes we have a commutative
diagram

X ——Y

) |

Xo — X HX1 Yy Zy
\ \\\A l
Yo —— 2

Showing that there is a unique map X [ | X Y], — Z5 and the lower right
square commutes. O

2.2 The Yoneda extension group

We are now ready to define the Yoneda extension groups, and showing
the abelian group structure.

Definition 2 (Yoneda extension). Let A be an abelian category. For
two objects X, Y € A and n > 1, let & be the collection of all n-fold
extensions of Y by X.

E:-0—-Y—FE —---—>FE,—>X—>0

We consider two exact sequences, E and F to be similar if there is a map
from E to F

E: 0 > Y y Fy y B, > X > 0
I A N
F: 0 > Y > I y F, > X > 0

We consider two exact sequences E and F equivalent if there exists a
commutative diagram

E: 0 > Y y Fy y F, > X > 0

~ N

E: 0 > Y E > B, > X > 0
I A A

F: 0 > Y F > B, > X > 0
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where E is also exact. That this forms an equivalence relation will be
proved in Lemma 2.5

The (n-th) Yoneda extension group, YExt(X,Y), of X and Y is
the group whose elements are the equivalence classes [E] € &/ ~.

Lemma 2.5. The equivalence in the definition of the Yoneda extension
group s an equivalence relation.

Proof. The reflexive- and symmetric property is trivial, so what needs to
be proven is the transitive property. Assume E is equivalent to F, and F
is equivalent to G. We then have a commutative diagram

E 0 > Y >€1 En > X > 0
E 0 > Y >E1 > >En > X > 0
F 0 > Y >}:{1 > X > 0
F 0 s Y s Fy S s F, > X s 0
G : 0 > Y >51 Gn > X > 0

and from Lemma 2.1 there exist an n-fold extension H and maps E +
H — F. By using Lemma 2.3 on the maps H — I <— F we get an exact
sequence of pullbacks, PB. Since, given A € A, the pullback of
A
A | ee— A
is again A, PB is an n-fold extension of Y by X. We have the maps

E+E+H+PB—-F—G

and thus a commutative diagram
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E: 0 > Y y Fy y E, >y X >
T 7T 1 |

PB : 0 > Y > PBy > PB, >y X >
T A

G: 0 y Y y (G y G, y X g

We conclude that E is equivalent to G and the transitive property holds.
O

Ezample 1. In YExt',(X,Y) if E is equivalent to F we have a commut-
ative diagram

E 0 > Y s B > X > 0
E 0 > Y s I > X > 0
F: 0 > Y > F > X > 0

and the five lemma forces £ =~ E = F.

The Yoneda extension group is indeed an abelian group. To see this
we first need to define what the Yoneda extension does on maps in A

Definition 3. Given a function f :Y; — Y5 we define
YExt" (X, f) : YExt'} (X, Y1) = YExt (X, Y2)

by taking the pushout as shown in the following diagram:

0 Yi > B > By > B, > X >
| | T
0 Y, » Vo[ Iy, En > By s B, » X 5

where the first row is an element in YExt"; (X, Y]) represented by E and
the second row is the element represented by YExt’y (X, f)(E). It is an
easy observation to see that the bottom row is exact and the diagram
commutes. Thus the class [YExt’y (X, f)(E)] € YExt(X,Y2) and the
definition makes sense. One usually writes f - — for YExt"y (X, f)(—)
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Similarly, for a map ¢ : X; — X5, we define the map
YExt"(g,Y) : YExt}(Xs,Y) — YExt"(X;,Y)

by taking the pullback as shown in the following diagram:

~
~

0 > Y > B > B — E ][ Xs — X4 —— 0
|1 "
Fy

0 > Y > y K1 y E, » Xo —— 0

One usually writes — - g for YExt"(g,Y")

Lemma 2.6. The maps YExt"y(X, f) and YExt"(g,Y") in the definition
above are well-defined.

Proof. Let E represent an element in YExt" (X,Y]) and let F be equival-
ent to £ as shown in the diagram

E: 0 > Y] > B > > B, > X > 0

G: 0 > Y] > (31 > Gy, > X > 0

I 0 > Y] > I > b, > X > 0

Then, given f :Y; — Y5 we have a commutative diagram

0 > Y, >Y2]_[Y1E1 s By b s B, » X > 0
| ! [

0 > Y, >Y2]_[Y1G1 > Gy s G, » X > 0
| J, [ ] ]

0 > Y, >Y2]_[Y1F1 > I > F, > X > 0

showing that fIE is equivalent to fTF. m

Lemma 2.7. Let E represent an element in YExt4(X,Y), and let f :
Y =Y and g: X — X be two maps. Then (fE)g = f(Eg)

Proof. The statement is trivial for all n > 1, so we only need to check
for a sequence E € YExt!(X,Y). We have a commutative diagram
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Eg : 0 »Y —— E[[ X > X > 0
R

E: 0 > Y > B » X > 0
1 1

fE: 0 Y —— Y[, E » X » 0

Look at the composite Eg — fE and from the pullback variant of Lemma
2.4 we get a commutative diagram

Eg : 0 » Y s BTl X > X > 0
| | |
(fE)g : 0 » Y s Y1y E) 1 X y X > 0

From the pushout variant of Lemma 2.4 we get the commutative diagram

Eg : 0 »Y » B[ X » X » 0
| l |
f(Eg) : 0 » Y s Yy (BT X) y X > 0
(fE)g : 0 » Y s Y1y E) 1 X y X > 0
and we conclude that
(9E)f = f(Eg)
We therefore can omit the parentheses without ambiguity. O]

Lemma 2.8. Let Vi % Vo 5 Yy and Xo B X1 5 X be maps in A. We
then have (fa)E = B(aE) and (Ed)y = E(d7)

Proof. We have a commutative diagram

Yi > By > By > > B, » X
Yo ——— Y[y, By > By 5 s B, » X
| l I R
Yy —— Y3]1,, (Y211, F1) > Ey : > B, > X
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and from [Oppl6, Exercise 1.14] we know that the “iterated pushout”

vl e) =]l &
Y1 Y1

Yo
proving (fa)E = B(aE). The proof for (Ed)y = E(d7) is similar. O

What is left to show that the Yoneda extensions have a group struc-
ture is to define the addition operator.

Definition 4 (Baer-sum). Let E and F represent two elements in YExt"; (X, Y).
Then we denote by E @ F the exact sequence

with the canonical diagonal maps. Now the addition (Baer-sum) in YExt"; (X, Y)
is defined to be

E+F=(11)-EaF-(!)e YExt?y(X,Y)

Theorem 2.9. Yoneda extension YExt"y(X,Y') with Baer sum is a abelian
group. The zero element in YExt'y(X,Y) forn =1 is

0O—-Y =YX —-X—=0

Forn > 1 the zero element is defined to be

1R
IR

S
S
(@]

0 > Y > Y > 0 > 0

This group structure defines an additive functor
YExty(—,—): AP x A — Ab
to the category of abelian groups.

Proof. Since direct sum is commutative, the Baer-sum is commutative.
Further, we have, given E;, Eo, E5 € YExt";, that

B+ B+ B = (111)(E 0 F; 0 E) (1)

is independent of brackets so the Baer-sum is associative.
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We have a commutative diagram

E: 0 Y E, B, B, x 0
o LT 1 1]
(1)E: 0—=Yaeyvy PO By B, X 0
| | [ i |
ESE)(!): 0—=YQY - E6E — E®0E, — - PB X 0
| H [ 0
EQE: 0 —YeY -E&®FE — FE&FE — - —E,6E, —X&X —0

where the dashed arrows exist by the pushout- and pullback propery.
Thus

(DE= EB&E)(})
Then

It is an easy observation that 0-E =0 and E-0 =0 so
E+0=1-E+0-E=(1+0)-E=E

and
E4+(-1)-E=(1-1)-E=0-E=0

2.3 The long exact sequence

The last tool we need to prove the long exact sequence of Yoneda exten-
sion groups is the following definition.

Definition 5. Let [F] € YExt";(X,Y) and [E] € YExt"; (Y, Z). Then the
Yoneda product or cup product [E]U[F] € YExt","™(X, Z) is defined
to be the class represented by the splicing of E and F.
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E 0> —>FF —>---—FE,—>Y —0
I 0O—Y >F—>--—=F,—>X—>0
EUF: 02—k —-—>FE, —---- >y — - > F, - X =0

We are now ready for the first half of the proof of the long exact
sequence.

Proposition 2.1. Let 0 — X Loy % 7 0 be a short exact sequence
in an abelian category A. Then given A € A, there is an exact sequence

0 — Homy (A, X) — Homy(A,Y) — Homy(A, Z)

2 YExth (4, X) L5 YExtY (4,Y) £5 YExtY (A, 2)

where, given ¢ € Hom (A, Z), a(y) is defined to be the top exact row in
the following commutative diagram.

0 » X —— AJ[,Y » A > 0

l v

0 » X « > Y > 7

2\
@)

To show the exactness in Homy(A, Z) in the proposition we use the
following lemma

Lemma 2.10. Given an element in YExtY(Z, X) represented by a se-
quence E, and a diagram on the form

A

s

E: 0 » X «© > Y > > 0

Then E - a = 0 if and only if a can be factored through' Y — Z.
Dually, given a map diagram on the form

E: 0 » X «© > Y > > 0

|

B
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Then b-E = 0 if and only if b can be factored through X —Y

Proof. We only prove the first part, the second is dual.

7 =7 Assume E - a = 0 then we have a commutative diagram

0 >

X— XPAT—FA—0
0 > X ¢ > Y y 7 > 0

where X & A — A is split epi, so we have A > X DA —-Y — 7
is equivalent to A — Z. Thus A factors through Y

7«7 Assume h : A 5 Y — Z we can then form the commutative
diagram

0 > X s XD A

A

0 > X

=}

¥

> 0

¥

Then from Lemma 2.4 we have the following diagram

0 s X s XD A s A > 0
0 » X » Y[, A y A » 0
0 s X > Y y Z > 0

Showing that E-a =0
m

Proof of proposition 2.1. We know Homy (A, —) is left exact, and from
Lemma 2.10 we have that the sequence is exact in Hom 4(A, Z). Therefore
we only need to show exactness in YExt!, (A, X) and YExtY;(4,Y) in the
sequence

Hom (A4, Z) & YExtY (A, X) 15 YExtY (4,Y) £5 YExtY (4, Z)
(2.1)
To show exactness in YExt! (A, X) let ¢ € Hom4(A, Z) Then we have
the following diagram
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0 > Y > YL (YTI,A4) > A > 0
1 ] |
0 » X » Y[, A » > 0
| l |
0 > X < > Y » Z > 0

We see that X — Y factors through Y [] A, and from Lemma 2.10 we
have that f - a(p) =0 and Im(a) C ker(f - —).
Now let

0O=-X—=E—-A-0

be in the kernel of f-—. Then we have the following commutative diagram

0 y X < > Y » > 0
H [

0 y X < > B » A > 0
o |

0 — Y& VYA » A > 0

Where £ — Y is the composition £ — Y & A — Y making the top
left square commute. Since A is the cokernel of the map X — FE by the
cokernel property there exist a map A — Z making the top right square
commute. We have then shown that ker(f-—) = Im(a) and the sequence
2.1 is exact in YExtY (4, X).

Lastly we need to check exactness in YExt}(A,Y). Let E be a short
exact sequence in YExt! (A, X) We have ¢fE = (¢f)E = 0-E, and thus
tn(f - —) C ker(g - —).
Let

0O=-Y—>E—-A-0

be in ker(g - —). We then have a commutative diagram

X A
[ |

0 y Y < > B » A > 0
| | |

0 —— Z = 7ZdA » A > 0

We want to show there exist an element B and a map B — FE such that
we get a short exact sequence 0 - X — B - A — 0. Let p : F —
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Z @& A — Z. Note that by the five lemma E — Z @ A is an epimorphism,
so ¢ is an epimorphism. We then get a commutative diagram

~ v l

0 —— X ——--- » B = ker(p) ----- » A—— 0

0 0 0

L
S
L
S

0 S c S s A > 0
‘ |

0 —— 7 A > 0 > 0
0 0

Where all the columns, and the two bottom rows, are exact. By the 3 x 3
lemma the top exact row exist making the diagram commute. Thus we
have shown that ker(g-—) = Im(f-—) and the sequence in the proposition
is exact. O

Because of this proposition we define YExt% (A, —) := Hom4(A, —)
and YExt" (A, —) = 0 for n < 0. We are now ready to prove the general
result that using the Yoneda extension functor on a short exact sequence
leads to a long exact sequence of Yoneda groups. First we need a useful
lemma.

Lemma 2.11. Let
0O—-Y—-FE—--—F, —>X—=0

be a ezact sequence in YExt'y(X,Y') then the following are equivalent

(1) The sequence is equivalent to zero
(2) There exist a commutative diagram

s Y > By > Ey . E,
1T 1t 17 1 |
0 H,

> Hy > Hy

2\
2\

2\
2\

2\
2\

~

with the bottom row exact
(3) There exist a commutative diagram
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0 > Y > E > By > B, > X > 0
0 > Y > > I > e > F, > 0
with the bottom row exact
Proof. We only prove that 1 is equivalent to 2. The proof for 1 equivalent
to 3 is similar.
(1) = (2) : Assume the sequence is equivalent to zero. Then there exist
a commutative diagram
0 > Y > B > By > B, > X > 0
0 > Y >}~11 > H; > H, > X > 0
0 s Y — 5 Y > 0 sy X — X > 0
and we note that Y — H; is a split monomorphism. We can then write
the middle row as
0O=-Y—=YepH - Hy—---—H,—-X—=0
We then have the commutative diagram
0 > Y > By > By > B, > X > 0
0 > Y > Y @ Hy > Hy > H, > X > 0
0 > Hy < > Hy >I:[n > X > 0

Since Y is isomorphic to the kernel of the map Y & H; — Hj the map

H, — H, is a monomorphisms.
(2) = (1) : Assume we have a commutative diagram

0 s Y 25 B s By SEEE s I, s X 3
[ T
0 > H; 5>H2 > - > H, > X >
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We can then extend the diagram to the commutative diagram

0 s Y * B > By S » B, s X S
| )T 7 1

0 > Y (1)>H1€BY (50)>H2 > . s H, > X 5

0 > Y — Y > 0 > y X —— X ;

showing that the sequence is equivalent to zero. O

Theorem 2.12. Given a short exact sequence X : 0 — X Ly %z 50
in A we get a long exact sequence

C o YExt (A, X) L5 YExt? (A, V) L5 YExt (4, 2) 25, YExt (4, X) — -

Proof. The proof is similar to the proof of the proposition above. We need
to check for exactness in YExt’4(4,Y), YExt" (A, Z) and YExt"{™ (A, X).

To show exactness in YExt"(A,Y), let E represent an element in
YExt"; (A, X). We then have gfE = (¢gf)E = 0 and Im(f-—) C ker(g-—)

Now assume
0O—-Y—>F —---—FE —-A—=0

represents an element in ker(g - —) we then, from Lemma 2.11, get a
commutative diagram

0 > Y > 4 > Foy > B, > A > 0
0 >£ > PO >JQ H >Jn >1U1 > 0
I e
0 > 4 y Hy » Hy > H, > 0 > 0

where PO denotes the pushout. Now by using Lemma 2.1 we can con-
struct an n-fold extension E such that we have the following commutative
diagram where every vertical map is an epimorphism

E : 0 > Y

y By
|l
> H

o

y B,
!
y H

3> e e
7

~

0 A

~

§

n
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Then we have a commutative diagram

0 — X ----- > kery ----- > kerg ----- -+ ----=> ker,, ----- > A —— 0
.

0 > Y > Fy > Fo > B, > A >
A

0 > / > H; > Hoy > . > H, > 0 y

From Lemma 2.2 the top row is exact and represents an element in
YExt" (A, X), and we have proved Im(f - —) = ker(g - —)

To show exactness in YExt" (A, Z) Let
0O—=Y—>FE —--—FE, -A—=0

represent an element in YExt"(A,Y’). Then we have a commutative dia-
gram

~
~

5
~
i

)El

0 > Y
0 /Z s Z11y B E, A

Moo T

0 > X > Y > Z 11y Er

~

~
~

i
.

and from Lemma 2.11 the bottom row is equivalent to zero showing that
Im(g - =) € ker([X]U[-])

Now assume a sequence

E:-0—-Z—-F—--—F,—-A—=0

represents an element in the kernel of [X]U[—]. We then have a commut-
ative diagram
0 » X — Y > Fy > > B, > A > 0
9 /
0 > Hy > Hy > > H, y A > 0
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where the bottom row can be seen as an element F in YExt'y (A, Hy). We
then have g¢FF = g - (¢F) = E, where [¢FF] € YExt(A,Y), and we have
proved ker([X] U [—~]) = Im(g - —)

To show exactness in YExt'{"' (A, X), first let

O=-Z—->E—---—E,—-A—=0

represent an element in YExt; (A, Z). We then have a commutative dia-
gram

0 > 7 > Iy s B, s A 5

0 > X >I’ >Jl H >f‘7‘n > A >
I | ||

0 > Y > Y[ Y » By s B, s A 5
T e R

0 > Y — Y > 0 > A —— A >

where the dashed arrow exist by the pushout property, making Im(f -
—) € ker([X] U [])

Now let
E:0-X—->E—-E —-—E, -A—=0

represent an element in ker(f - —) We then have a commutative diagram

0 > X > > By > B, > A > 0
I T

0 > Y > PO > By > E, > A > 0
N
0 > Hy > Hy > H, > A > 0

where PO denotes the pushout Y [[y Ey. Note that this diagram can be
extended in the following way:
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0—Y — PO > Iy > By > e s E, s A
/r
[ | T T
O——+POC—+}%H]% 1 > H, o s H, s A
0 s Hy s H, s Hoy > s H, » A
showing that we can replace the sequence
0= Hy—H —--—H, 5 A—=0
with
0O0—-PO—-H —-Hy—---—H,—-A—=0
We then end up with the following diagram
0 s X <45 By —— E S s I, s A s 0
ol
0 y Y <25 PO % B > s B, y A s 0 (22)
PO — H; > e > H, y A > 0

Since the top left square is a pushout, and the maps X — Eyand X — Y
are monomorphisms, we have from [Oppl6, Proposition 13.4] that the
sequence

U, oy “= po —

0 > X

is short exact. We have a new diagram

N
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where the only square we need to check commute is

E();)El

ol

Eay “ po

We have
do(c-b)=dc—db

And from diagram 2.2 we have that db = 0 and dc = e so the diagram
commutes and we have proved

Bl=[X =Y > ZJU[Z— Z][[H — H, — - = H, > A
PO

and ker(f - —) = Im([X] U [-]) O

Remark. A similar proof shows that

o YExt(Z, A) =% YExt'y (Y, A) =L YExt? (X, A) 2 vExtn (2, 4) -

is a long exact sequence, where YExt (—, A) := Hom4(—, A) and YExt"(—, 4) =
0forn <0



Chapter 3

t-structures

An open question in the study of triangulated categories is if and when
two derived categories can be equivalent as triangulated categories. Rick-
ard developed a morita theory to give a sufficient and necessary condition
for two derived categories over module categories to be equivalent [Ric89].
However the genereal question of when two derived categories over dif-
ferent abelian categories are triangle equivalent stands unanswered. A
natural approach to begin finding derived equivalences is to find abelian
subcategories of triangulated categories, and then building the derived
categories. In [BBDS83] the notion of ¢-structure was introduced to recover
various abelian subcategories of triangulated categories. In this chapter
we will introduce t-structures, and study relationships between the tri-
angulated categories and the underlying abelian subcategories.

3.1 t-structures

Definition 6. Let € be a triangulated category. A t-structure (=9, €=°)
on € is a pair of full subcategories of € such that the following condi-
tions holds for
Czn = C20—n], €=":=€¢="[—n], neN.

(1) Hom(X,Y) =0 for all X € =% and Y € ¢=".

(2) €=0 C €=! and €=' C €=°. (ie. if X € =0 then X[1] € €=,

and if Y € €2° then Y[—1] € €=9)
(3) For all X € ¢ there is a triangle

X' =X = X" — X'[1]
such that X’ € €<% and X" € €=}

For a t-structure (=", ¢=°) we denote by H the full subcategory =% N
€20 of €. H is called the heart of the t-structure

25
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Theorem 3.1. The heart, H = €= N €=, of a t-structure (€=, €=")
s an abelian category.

In order to prove the theorem, we will need a very useful lemma

Lemma 3.2. A ¢-structure is closed under extensions. l.e. let € be a
triangulared category, and (€=, €=°) be a t-structure. If

X =Y =7 X[1]

is an triangle in € with X, 7 € €= (resp. in €=°) then Y € €= (resp.
in €=°).

Proof. Assume X,7Z € ¢<° From the third condition of a t-structure
there exist a triangle
A=Y — B— All]

where A € €=° and B € ¥='. Thus we have a diagram

We then have a long exact sequence
-+ = Homg(Z, B) — Homg (Y, B) — Homy (X, B) — - -

and from condition 1 of ¢-structures we have Homy (Z, B) = Homg (X, B) =
0 forcing Home (Y, B) = 0. We have another long exact sequence

-+« = Homg(A[1], B) — Homg (B, B) — Homg (Y, B) — Homy (A, B) — - -
and from the same condition Homy (A[1], B) = Homy (A, B) = 0, forcing
Homy (B, B) = Hom¢ (Y, B) =0

We conclude that Y = A. In particular Y € <. The proof for X, Z €
¢=Y is similar. O]



Chapter 3: t-structures 27

Proof of Theorem 3.1. First note that
A1 — Al @AQ — A2 — Al[]_]

is a triangle and by Lemma 3.2, since Ay, Ay € H, A1 & Ay is in H, the
subcategory is additive.
To show that H is abelian we let f : A; — Ay be a map between A;

and A, in H. We want to show that the map A; i> As has a kernel and
cokernel in H and that Im(f) = Coim(f).

Look at the triangle A; — Ay — Cone(f) — A;[1]. From condition 3 of
a t-structure there is a triangle

X — Cone(f)[—1] =Y — X][1]

where X € €<" and Y € ¢='. Thus we obtain a diagram

X X[1]
Cone(f)[—1] —— Ay —L5 Ay —— Cone(f) —— Au[1]
% e
X[ X[2

Since Ay € H we have that 4, € €2° C ¥=~! by condition 2 of
a t-structure. Then since A;[1] € ¥=' we have by Lemma 3.2 that
Cone(f) € =71, Further, since Ay € €<% and A;[1] € €=7' C €=, we
have Cone(f) € €=". Thus Cone(f) € €<°N&¢=""1.

Since Cone(f) € €= and X[2] € €=72 C €= we get that Y[1] €
%<Y. We also have that Y[1] € ¢=°, and thus Y[1] € H. We want to
show that Y[1] is a cokernel of the map f. First we show that Y[1] is a
weak cokernel:

Let T' € H. We then have an exact sequence

Homy (X[2],T) — Homy(Y[1],7) — Homy (Cone(f),T) — Homy (X[1],T")

Since X[1] € €=7!, X[2] € €= 2 and T € =" we have from the first
condition of a ¢-structure that

Homy (X[1],7) = Homy(X[2],T) =0
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and we get Homy, (Cone(f),T") = Homy (Y[1],T).

Since Cone( f) is a weak cokernel we then get that Y'[1] is a weak cokernel.
To show the uniqueness in the universal property of the cokernel we look
at the following exact sequence

Homy (A[1],T) — Homy(Cone(f),T) — Homy(As, T) — Homy(A1, T)

Since A[1] € €=~ we have that Homy, (A[1],T) = 0. This, together with
the isomorphism above, gives us the exact sequence

0 — Homy (Y[1],T) < Homy(As, T) — Homy (A, T)

showing that Y[1] is indeed a cokernel of the morphism f.
Dually one can verify that X is the kernel of the map f

Then what is left is to show Im(f) = Coim(f). We can embed Ay —
coker(f) into the triangle

Ay — coker(f) — I[1] — As[1]

where, from Lemma 3.2 and the second condition of a t-structure, I[1] €
¢="'. Especially we have I € ¥=°. We then use the octahedral axiom
to get a commutative diagram

AQ[—]_] E— Cone(f)[—l] > Al > A2

H ~

Ag[—1] ——> coker(f)[—1] .

~ v l

ker(f)[1]

Cone(f) —— A44[1]

We then have the triangle
ker(f) — Ay — I — ker(f)[1]

and by Lemma 3.2 I € €=°. Thus I € H.
We can define triangles

ker(f) 2 Ay — coker(p) — ker(f)[1]

ker(¥)) — Ay 5 coker(f) — ker()[1]

Thus we have the commutative diagrams
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ker(f) > Ay > 1 > ker(f)[1]

f
ker(f) —— A, > coker(p) — ker(f)[1]

coker(f)[—1] > 1 > Ag » coker(f)

coker(f)[—1] —— ker(v)) » Ay s coker(f)

and
Im(f) := ker(Ay — coker(f)) = I = coker(ker(f) — A;) =: Coim(f)
Thus we conclude that Im(f) = Coim(f) € H O
An immediate consequence is the connection between short exact se-
quences in the abelian heart and triangles, as explained by the following

corollary.

Corollary 3.2.1. A sequence

0sXxLySz50

in the heart H of a t-structure over € is a short exact sequence if and
only if it gives rise to a triangle

xLy %z xq
in E.
Proof. 7=" Embed X I v into the triangle
X =Y — Cone(f) — X[1]
Then from the triangle
ker(f)[1] — Cone(f) — coker(f) — ker(f)[2]

from the proof above we get, since ker(f) = 0 and coker(f) = Z,
that Cone(f) = Z



30 Malkenes, J.: Realization functors and HRS-tilting

7" Assume
Z-1] =X Ly % 725 X[
is a triangle in € with X, Y, Z € H. Given T € H, using Hom(7T, —)
on the triangle we get an exact sequence
Hom(T, Z[—1]) = Hom(T, Z) — Hom(T,Y) — Hom(T, Z) — Hom(T, X[1])
where from the axioms of a t-structure Hom(7T', Z[—1]) = Hom(T, X[1]) =
0 making
0xLyLz50

an exact sequence in H.
O]

Given the bounded derived category D?(A), the next example illus-
trates how we can recover the underlying abelian subcategory A through
the notion of ¢-structures.

Ezample 2. Let A be an abelian category, and D?(A) be its bounded
derived category. Then the pair

DY(A)=" = {X°*|H'(X®*) =0, for i > n}
DP(A)=" = {X°*|H'(X®*) =0, for i < n}

defines a t-structure on D?(A). We need to check the three conditions for
a t-structure:

1. Let X* € DY(A)=°, Y* € D°(A)=! and ¢ € Hompy 4(X*,Y").
Then ¢ can be represented by the roof

X.
qy \‘
X* Y*

Since Y* € Db(A)=!, Y* is quasi-isomorphic to a complex on the
form

> 0 > 0 > Y] > Yo > Y3

we can assume Y'* is of this form. Now since X*® is quasi-isomorphic
to X* we have that X* € D°(A)=C. We therefore have that X* is
quasi-isomorphic to a complex Z°, on the form

s 772 s 71 A » 0

~
)
~

and we can represent ¢ by the roof
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and we see that f o7 must be zero.
2. Clearly D?(A)=" C D°(A)=! and DP(A)=! C D(A)=°
3. Given X* = (X' d%) € D°(A) we have a complexes

ve=... > X2 y X1 —% ker(d%) > 0

~

XV =i — 50— 0 — X/ker(d}) —%s X' —— ...

where d is the map in the canonical factorization

‘XO

T S

ker(d%)

and d is the canonical composite

X%/ ker(d%) = Im(d%) — X"
It is clear that Y* € D*(A)=°, and since d is injective X*/Y* €
Db(A)=! and that we have a short exact sequence in the complex
category over A

0—=-Y* > X*"—>X°/Y*—=0
and from [Oppl6, Example 34.9] this induces a triangle

Y*—= X* = X*/Y* = Y]
in D*(A)

Thus (D°(A)=°, D°(A)=%) forms o t-structure on D°(A). We also have

that the heart is D°(A)<°ND°(A)=0 = {X*|H(X*) =0, for i # 0} = A.
This is called the Canonical t-structure on the derived category D°(A)
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There is a very important connection between the hom-functor in a
triangulated category and exact sequences in an abelian heart. To see this
we use the Yoneda extension from Chapter 2. The rest of this chapter is
dedicated to explain this connection.

Construction 1. Let E : 0 — Y i> E 2% X — 0 be a short exact
sequence in H. From 3.2.1 this fits uniquely into a triangle

0 v (B)

f

Yy S5 ESLX Y [1]

and we can define a map
0%y : YExty,(X,Y) — Home (X, Y[1])
This can be generalized in the following way: Let E € YExt},™ (X, Y).
E:0—-Y—>E,;;—>-—E —-X—=0
Then we can let [E] = [E,] U [Ey] with [E,] € YExty,(Z,Y) and [Ey] €

YExt2, (X, Z).

0O —Y —FE, ;1 — 2 —0

[
0 > 4 y F, » B4

v
<
A

o

From here we define 03 (E) = (0} (E1))[n] 0 0% ,(Es).
[Zn] > Y[n+1]]o[X — Z[n]] = [X — Y[n+1]]
Thus we arrive at the following definition

Definition 7. Let % be a triangulated category with t-structure (4=, ¢'=°)
with heart H. For X,Y € H and n > 1, let the canonical map 0™ be
defined by

0" = 0%y : YExt3(X,Y) — Homg (X, Y(n])
[E] — 6"(E)

Note that we will just write 6" instead of % ;- in the cases when it is
clear which Yoneda extensions we are working over.
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Lemma 3.3. The canonical map 0™ is well-defined.

Proof. For n = 1: Assume [E] € YExty,(X,Y) is represented by the
extensions E; and E,. Then 6'(E;) and '(E;) can be represented by the
diagram

Y > By > X > Y[1]
.
Y — B —— x 28y

And we see that 0'(E;) = 0'(E,)
For n > 1 let [E] € YExt7,(X,Y) be represented by the extensions

E:-0—-Y—FE —---—>FE,—>X—>0

F:-0-Y—>F—---—>F,—>X—>0

We then know that there exist an extension G such that there exist
a commutative diagram

E: 0 > Y > By > B, > X > 0
I N

G : 0 s Y > Gy s (3, s X > 0
R R A

F: 0 > Y y I > I, > X > 0

As in the construction above let

o [E] = [E,|U[Ey] with [E;] € YExty,(Z,,Y) and [Ey] € YExt},(X, Z;)
¢ [G] = [G1]U[Gy] with [G,] € YExt;,(V3,Y) and [Go] € YExt}, (X, V4)
o [F] = [F1]U[F,] with [F1] € YExt;, (W;,Y) and [Fy] € YExt}, (X, W)).

From Corollary 3.2.1 E;, G; and F; corresponds to the triangles

Y > By > 74 > Y1)

R

Y G

I

Y y I > Wy

2\
=~
2\
h<

=

2\

~
~
=
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where the dotted arrows exist by the axioms of triangulated categories.
In particular, by shifting, we have a commutative diagram

Zin—1] —— Yn]

I

|
Viln — 1] —— Y[n]

l |

|
Wiln — 1] —— Y[n]

Now look at [Es], [Gs] and [Fs]. We have a commutative diagram

0 > 21 y Fo y E, > X > 0
[

0 > V1 > Us > U, > X > 0
A

0 > Wi > Iy > B, > X > 0

again as in the construction let

® [EQ] = [@Q]U[Eg] with [Eg] € YEXtL(ZQ, Zl) and [Eg] € YEXt% (X, ZQ)

o [Gy] = [G2]U[G3] with [Gs] € YExty,(V, V1) and [G3] € YExt}, (X, V2)

o [Fy] = [Fo]U[Fs] with [Fy] € YExt), (Ws, W;) and [F3] € YExt}, (X, Ws).
and by the same argument as above we have a commutative diagram

Zoln — 2] —— Zijn — 1]

I I

Vo[n — 2] —— Vi[n — 1]

| |

By continuing this process we compose and end up with a commutative
diagram

X —— Z,1[1] > Ziin—1] —— Y
o7 T
X —— Vo[1] > > Vi[n — 1] Y

T S R

—
X —— W,1[1] > Win—-1 — Y

~
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and we conclude that 0"(E) = 0"(F) = 6"(G). Thus 0™(E) is well defined
and is independent of the choice of [E; and E; in the construction. O

Lemma 3.4 ([CHZ18| Lemma 2.1). Let € be a triangulated category
with t-structure (€=, €=°) with heart H. Then for the canonical map 6"
the following holds:

(1) 6' is an isomorphism, and 0% is injective.

(2) Assume that 0% y are isomorphisms for all objects X, Y € H. Then
O™t is injective

(3) Forn > 2, a morphism f: X — Y(n] lies in the image 0% y if and
only if [ admits a factorization X — Xy[1] — -+ = X, _1[n—1] —
Y[n] with each X; € H

Proof.

(1) By the previous lemma the homomorphism 6 is well defined and
we can then define ¥ : Homy(X,Y[1]) — YExty(X,Y) which sends
1 € Homg (X, Y[1]) to the unique extension class corresponding to the
unique triangle associated with 1. Thus ¥ is an inverse of #' and 6' is
an isomorphism. §? being injective is a special case of (2).

(2) Assume [E] € ker(6"1) for [E] € YExt}, ' (X,Y). Let
E,=0->Y—>EL 70

such that [E] = [E;] U [Ey] where [Es] € YExtY, (X, Z). We then have a
commutative diagram.

YExt}, (X,9) [E1]U[-]

YExt} (X, E) YExt}, (X, Z) YExt},(X,Y)

lesz,E lesz,z l@?ﬁ;

—og[n —of!
Homy (X, Eln]) ——2" 5 Homg (X, Z[n]) —2 2, Homy (X, Yn + 1))

We know the bottom row is exact, and from Lemma 2.12 the top row is
exact. By diagram chasing we see that since 0% ([Eq] U [Ey]) = 0 and
0% , is an isomorphism there is an element ¢ € Home (X, Z[n]) such
that 0% ,(¢) = Ey and ¢ is sent to zero in Homeg (X, Y[n + 1]). Since
the bottom row is exact we can lift ¢ to an element ¢» € Homg¢ (X, E[n|)
which can be lifted further to an element Eq € YExt}, (X, E') that is sent
to Es. Since the top row is exact Eo must be in the kernel of [E,]U— and
E = 0. Thus ker(§"™) = 0 and 6%} is injective.

(3) We use induction to prove the statement.
For ¢ =2
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“=” Assume f: X — Y[2] lies in the image of 6% . Then there exist
short exact sequences

E,:0-Y—F —-X,—0andEy: 00— X; > FEy; —> X =0

such that E = E; UE; and f = 6%, (E) Then from the definition
of 8" we have

0*(E) = (0 (E1))[1] 0 0" (Ez)
=Xl = Y2 o [X — Xy [1]
=[X = Xi[1] = Y[2]]

“<” Now assume f : X °5% X([1] 2 Y[2], with X, X|,Y € H. Then
there exist short exact sequences Ey, where [E,] € YExty, (X, X))
and E;, where [E1] € YExty,(X1,Y). From (1) we know 65 ;- is an
isomorphism; in particular it is surjective and we can assume

(0" (E1))[1] = [Xa[1] = Y'[2]
and
01 (Es) = [X =5 Xu[1]]
Then let E =E; UE, and
0*(E) = (0"(E1))[1] 0 0" (En) = [X = X[1] = V2]
Now assume the statement hold for i =n

“=” Assume f : X — Y[n + 1] lies in the image of 6% . Then there
exist extensions

E,:0-Y —=FE, 1 —X,—0

and
Ey:0=-X, - b= =L, —+X—=0

such that E = E; UE; and f = 0% (E) Then from the definition
of " we have

0" H(E) = (0'(E1))[n] 0 0" (E>)
and from the induction assumption we have
0"(Eq) = [X — Xq[1] = -+ = X, [n]]
and

0" H(E) = (6" (1)) [n] 0 0" (E,)
=[Xun| > Y[n+1]]o[X — Xq[1] = -+ = X, [n]]
=X = Xi[l] = = X,[n] = Yn+1]]
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“<” Now assume f : X 5% Xi[1] 2 . 2% X,[n] =5 Yo + 1],
with X, X;,Y € H for ¢« = 1,--- ,n. Then there exist short exact
sequences E,, where [E;] € YExt} (X, X,) and E;, where [E,] €
YExts,(X,,Y). From the induction assumption we have

0" (Bp) = [X =5 Xy[1] =5 -+ =5 X, [n]]
and from the surjectivity of 6! we have
(0" (E))[n] = [Xaln] =5 Y0+ 1]]
Then let E =E; UE, and

0" (E) = (0'(Eq))[n] 0 6"(Es,)
= [X 2 X122 Xo[n] 25 Vi + 1]

3.2 Cohomological functor

Given the derived category D’(A) a triangle induces a long exact se-
quence of homologies in A. The object of this subsection is to generalize
this to get a functor that maps triangles in a triangulated category to
a long exact sequence of objects in the abelian heart. First we need an
important proposition about maps of triangles

Proposition 3.1. Let € be a triangulated category. Given the solid part
of the diagram

X —>Y >y 7 > X[1]
' lg h )
X' y Y —2s 7/ s X'[1]

where the rows are distinguished triangles, the following are equivalent:

(1) bga =0

(2) There is a morphism f such that the left square commutes
(3) There is a morphism h such that the middle square commutes
(4) The diagram is a morphism of triangles

If any of these conditions are satisfied, and in addition Homg (X [1], Z") =
0 then f and g in condition (2) and (3) are unique.
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Proof. (1) = (2) If bga = 0 then X — Y” factors through X’ — Y’ and
there exist a f : X — X’ such that the left square commutes.

(2) = (3) If f and g exist, and the diagram is commutative, we can from
the axioms of triangulated categories find a h : Z — Z’ such that the
diagram commutes.

(3) = (4) By shifting the triangles, and using the same argument as in
(2) = (3) the maps in the diagram exists and form a triangle morphism.
(4) = (1) If the diagram is a triangle morphism, by the commutativity
bga = 0.

We have an exact sequences
Homg (X (1], Z') — Homy (Z, Z") — Homg (Y, Z') — Homy (X, Z')
Homg (X[1], Z'") — Home (X 1], X'[1]) — Home (X [1], Y'[1]) — Home (X [1], Z'[1])
We have that Home (X, Z’) = 0. If we assume Home (X [1], Z") = 0 then
Homg(Z,7') = Homg (Y, Z')
Homg (X [1], X'[1]) & Home (X [1], Y'[1])
showing that the maps f and h are unique. O

We draw two immediate corollaries that shows the uniqueness of the
triangle in the third axiom of ¢-structures.

Corollary 3.4.1. Let € be a triangulared category, and (€=°,€=°) be a
t-structure. Let X, Y € € and f : X — Y then there exist a commutative
diagram of triangles

X' > X > X > X'[1]

LoD

Y’ > Y > Y > Y'[1]

With X', Y' € €=° and X",Y" € €= where the maps X' — Y’ and
X" =YY" are unique.

Proof. This follows immediately from the previous proposition O

Corollary 3.4.2. Given X € € the triangle
X =X = X" — X'[1]

with X' € €=° and X" € €=' is unique up to unique isomorphism.
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Proof. Assume
X' =X = X" — X'[1]

YV - X =Y = Y'[1]

both are triangles from the third condition of ¢-structures. We then have
from the previous lemma a commutative diagram

X' > X > X" > X'[1]

f1 g1

1;’ > X > };” > Y;m
f2 g2

X s X s X7 —— X[
f1 g1

-

Y’ > X > Y > Y'[1]

In particular we have two commutative diagrams

X' X » X' —— X'[1] Y’ > X > Y > Y'[1]
lf20f1 H lgzogl l lfwfz H lgwgz l
X’ X » X' —— X'[1] Y’ > X > Y > Y'[1]

By the uniqueness of the maps fyo fi = idxs and fi0 fo = idy. Therefore
X' 2Y’. Similarly X" 2Y” O

~

~

We can then formalize the triangle by the following definition

Definition 8. Let € be a triangulated category, and (=%, ¢=°) be a
t-structure. Let X € ¥, and

X =X = X"=>Y[]

be the unique triangle from the previous corollary. We define X< := X’
le = X
and

X=" = X[n]=°[-n] and X=" := X[n — 1]Z'[1 — n]

Indeed this definition induces a functor, commonly called the trun-
cation functor on a triangulated category with a t-structure, which is
explained by the following lemma and corollary
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Lemma 3.5. (—)2": ¢ — €=" and (—)=" : € — €=" define functors.

Proof. We only prove that (—)=" defines a functor. The proof for (—)="

is similar. Note that X=" = X[n — 1]2}[1 — n] € €='[1 — n] = €=". So
the functor is defined on objects. We need to check what (—)=" does on
morphisms.

Without loss of generality we can let n = 1. Let X — X’ be a map in %.
From Corollary 3.4.1 We have a diagram between triangles

X=0 y X y X=1 > X =[]
X'=0 y X! y X/21 > X'=9[1]

where in particular X=! — X’2! is unique and (—)=! defines a functor.
By shifting we get the general result. O

Corollary 3.5.1. Given X € € we have a triangle
X5 5 X — X2t XS]
Proof. Look at X[n] we then have a triangle
X[n]=0 — X[n] —» X[n]=' = X[n]="[1]
Now if we shift the triangle by [—n] we get
X" = X — X2 XS]
[

To understand where the name truncation functor comes from we
look at the following example in the derived category with the canonical
t-structure.

Ezample 3. Let D*(A) be the derived category, over an abelian category
A, with the canonical t-structure (D?(A)=°, D°(A)=9). Let

dy? dy' 9 d}

Xe=-.. X5 x1 X, x0_ X, xl

d2
X>X2_X>...

Be an element in D°(A). From Example 2 we know that X* fits in a
triangle
Y*— X*— X°/Y* - YV*[1]

where

ye=... y X2 y X1 —— ker(d}) —— 0 —— -+
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Xy =--. > 0 > 0 > X0 /ker(d%) X1

2\
2\

From the uniqueness of the triangle we have (X*)<% = Y*® and (X*)=! =
X*/ye = X*/(X*)=0. We then have (X*)=" = (X*)[n]=9[—n]

(X)) =... —— X"2 — 5 X" — ker(dy) > 0 o

with ker(d%) in the n-th degree, and (X*)=" = (X*)[n — 1]2}1 — n| =
X®[n—1] [1

T Et]

n—1
(X)2h = s 0y XLy
ker(d’y ")

with X™ in the n-th degree. The above complexes (X*)=" and (X*)="
are called the (good) truncations, above and below n respectively, of a
chain complex X*. The trucations are often denoted as ,_ X*® and .. X°*
respectively. [Wei95, Truncation 1.2.7] )

T>n

We actually get an adjoint pair of the inclusion functor and truncation
functor

Lemma 3.6. Let i : €<" — € be the inclusion from €=" to €, and
J €= — € be the inclusion from €=" to €. Then (—)=" and i, and
(=)=2" and j are adjoint pairs respectively:

Homg<n(—, (—)=") = Homg (i(—), —)
Homg>n ((—)=", —) = Homg (—, j(—))

Proof. We only prove the first isomorphism, the second is similar. Given
X €%, and Y € €=" we want to show

Homg <. (Y, (X)=") = Home (i(Y), X)
Note that Y[n] € €="[n] = €=". Let Y’ = Y[n] and X’ = X|[n]. Given

the triangle
X'V X X2 XS0

look at the exact sequence

Home (Y, X'2![~1]) — Homy (Y', X'<) — Homy (Y, X') — Homy (Y’, X'=1)
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And note that from the third condition of ¢-structures that, since X'2![—1] €
¢=1, we get Homg (Y, X'21[—1]) = Homy(Y’, X'2!) = 0 and
Homey (Y, X'=%) = Homy (Y, X')
Shift X’ and Y’ back and we get
Homyen (Y, X[n] [ —n]) 2 Hom (¥, X)
[

We actually get the following general relationships, which are obvious
in the case of the canonical t-structure over the derived category.

Corollary 3.6.1. If m < n then:

(i) (-)=)=m = (-)=m)=" = (-)=m
(ii) (=)2m)2" = ()22 = (—)2"

Proof. We will only prove the first part, the second is similar. Given any
Y € =™ we then have from Lemma 3.6

Homg<m (Y, (X=")=™) = Homg (Y, X=") = Homgy<. (Y, X=")
=~ Homg (Y, X) = Homy<m (Y, X=")

Therefore we have X =™ 2 (X<")S™ Let Y € €=" then we have
Homy<n (Y, (X=")=") 22 Home (Y, X=™) = Homy<n (Y, X=™)

where the last isomorphism comes from the second axiom of ¢-structures.
Thus X=m & (Xsm)sn, O

Lemma 3.7. ((—)S")2" = ((—)=")="

Proof. We can construct the diagram

(Xgn)gn—l y Xgn y (X§n>2n (X§n>§n—1[1]
| ! : |
Xsn-t > X y X2 XSnolf]
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and observe from the previous corollary that (X=")sn—1 o xsn=1 g9 the
vertical equalities makes sense. Therefore, by the octahedral axiom, the
dashed arrows form a triangle. We then have triangles

PEoE P ELpu—' SN

| F

(XZM)En —— X210 —— (X220 s (X271

Where, from the last corollary, the third arrow is an isomorphism. Thus
the dashed arrows exist and are isomorphisms. O]

Observe that if n = 0 we have ((—)=0)20 = ((—)20)=0 € ¥='N¥=0 =
H. We can therefore define a functor from 4 to H

Definition 9. We define a functor
H% 1 —H

from a triangulated category % to the heart H of a t-structure (=", €=)
by
H(X) = (X=0)20 = (X20)=°

We let HJ(X) = HY(X[n])
We get the following immediate lemma

Lemma 3.8. Let € be a triangulated category with t-structure with heart
H. Let X € H then X = HY(X).

Proof. For X € H there exist a triangle
X=0 5 X - x=2t - X1

Since X € H the map X — X=! is zero. Thus we have the isomorphism
X=0 =~ X Similarly X=° = X and we have the isomorphism

Hy(X) = X=02" = X
O

This is indeed the functor we are looking for, what is left to show is
that any triangle in a triangulated category induces a long exact sequence
through this functor. The following two results shows this.
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Lemma 3.9. Let € be a triangulated category with t-structure (€=°, €=°)
and heart H. Given A, B,C € € we have

(i) If there exist a triangle A — B — C=° — A[1] then we have an
exact sequence

0 — Hy(A) — HY(B) — HY(C)

(ii) If there erist a triangle AS® — B — C' — A=C[1] then we have an
exact sequence

HY/(A) — HY(B) — HY(C) — 0

Proof. The proof for the second part is similar to the first, so only a
sketch will be provided for (ii)

(i) Let T € €<~'. We have an exact sequence
Home (T, C=°[~1]) — Homg (T, A) — Homy (T, B) — Homy (T, C=")
and we see that Homg (T, C=°[—1]) = Homg (T, C=°) = 0 and
Homy (7', A) = Hom¢ (T, B)

From Lemma 3.6 we then have

Homy< 1 (T, AS™!) = Homy (T, A) = Home (T, B) = Homy<1 (T, BS™)

in particular
AS—1 e gs-1

We then have the commutative diagram

AsT1 y A > A=0 > ASTH1]
B=-1 » B » B=Y » B=~1[1]
20 —— (=" ——— A[1]

Afl] —— 4201

where the dashed arrows form a triangle by the octahedral axiom.
Let M € H. We then have an exact sequence
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Homg (M, C=°[—1]) — Homg (M, A=) — Homg (M, B=°) — Homg (M, C=0)

By the first condition for a t-structure we have Homg (M, C=[—1]) =
0, and from Lemma 3.6 it follows that

Homy (M, AZ°) = Homy<o (M, (A2°)=%) = Homy (M, Hy,(A))
By the same argument on B and C we have an exact sequence

0 — Homy (M, HY,(A)) — Homy (M, H,(B)) — Homy (M, HY,(C))

and in particular
0 — Hy(A) — HY(B) — HY(C)

1s exact.
(ii) Similar to the first proof we can show that given a triangle

A=Y — B — C — A=[1]

we have that
B2l &~ (21

Then we have the diagram

B >y C > ASY[1] —— BJ1]
T
B > B=1 » B=Y[1] —— BI1]
4 v
1] — c='[1] — C[1
\ v

and from the octahedral axiom there exist a triangle

AS0 — B=0 5 XS0 xS0
Given N € H we have an exact sequence

HOm(g(ASO,N) — HOm(g(BSO,N) — HOm(g(CZO, N) — HOng(ASO[ ],N)
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where Homg (AS°[1], N) = 0. Similarly to (i) we then get an exact
sequence
HY (A) — HY(B) — H(C) — 0

O
Theorem 3.10. The functor HY, is cohomological, i.e. given a triangle
X =Y —>7Z— X[1]
in €, we have a long exact sequence
Hy(X) — Hy(Y) — Hy(2)
in H.

Proof. We have a composite map ¥ — Z — Z2° Embed this into the
triangle
W =Y — Z=° - W[l]

and from the previous lemma we get an exact sequence
0— HY (W) — H(Y) — Hy(Z)

Now we have the following diagram

Y > 7 » X[1] —— Y[1]

|
I
I
+ N

and from the octahedral axiom we have a triangle
Z5H-1] = X =W — z=71
Since Z=71[—1] € €= we have from the previous lemma we have that
HY(X) — Hy, (W) =0

is exact and by splicing the sequences
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HY(X) — H)(W) ——— 0
I

0 — HY(W) —— HY(Y) —— HY(2)
we get that the sequence
H3(X) — Hy(Y) — Hy(2)
is exact. [l

To justify that this is a generalization of the induced long exact se-
quence of homology on triangles in the derived category, we note the
following example

Ezample 4. Let D°(A) be the derived category, over an abelian category
A, with the canonical t-structure (D°(A)=?, D*(A)=°). The heart of the
t-structure is A. Let X* € D°(A).

Look at H}(X*®) = H3(X*[n]) = ((X°[n])=%)=0 = ((X*[n—1])='[1])=* =
(M[l])go We then have

Xe[n—1))<0
n—1 <0
Hi(X)=(->20— — s X" = X" & ...
00 = ker(d5) )
n—1
== 0—=2 —— = ker(dy) - 0— ---
( ker(d% 1) er(d) )

with ker(d%) in degree 0. Note that an—fl =~ Tm(d% ') C ker(d%) so

er(d}fl)
the image of the non-trivial map in the bottom complex is still Im(d’y ).
Therefore H'j(X*) is quasi-isomorphic to the stalk complex of the regular
homology H™(X*).

We can now prove the following well known result

Theorem 3.11. Let A be an abelian category, and D°(A) be its bounded
derived category. Let (D°(A)=°, D*(A)=°) be the canonical t-structure on
D*(A), with heart A. Let X,Y € A Then the map

0" : YExt)(X,Y) — Homps4) (X, Y[n])
s an isomorphism for n > 1

Proof. We use induction to prove that 6" are isomorphisms for all n > 1.
We know from Lemma 3.4 that ' is an isomorphism, so assume 6° are
isomorhpisms for all ¢ = 1,--- ,n. From the second part of Lemma 3.4
we then know 0" is injective, so we need to show the surjectivity.

Let
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E.
qy K

X Yin+1]

denote an element in Homps(4)(X,Y[n 4 1]), With E* = (E;, dy). Note
that since E*® is quasi-isomorphic to X, E*® is exact in every non-zero

degree. Let ,__ E*® denote the brutal truncation
oe Bt =1 —— E_(ny1) y E_, > 0 > 0 >
where (,._ E*)" = (E*)" for i < —n and (,__,E®)" = 0 for i > —n

[Wei95, Truncation 1.2.7]. Note that H"(,._ E®) = E~"/ Im(d];(nﬂ)) ~
E~"/ker(d;") € A. We then have a quasi-isomorphism r : ,__ FE* —
H™(,._ E*)[n] since ,._ E* is exact in every degree # —n. We then
have roof equal to the roof f - ¢ !:

e
. / \RnE.
X H (. E*)[n] Yin+1]

Since 6" is assumed to an isomorphism, we have from Lemma 3.4 that
X — H (5., E*)[n] admits a factorization

o<~

X—=>Xil] ==X, an—-1—H "(,._, E*)n]

with X; € A. Thus X — Y[n + 1] admits the factorization

X=Xl == X,un—-1—H "(,._ E*)[n] > Y[n+1]

and again from the third part of Lemma 3.4 §"*! is an isomorphism. [

Observation 3.11.1. In the derived category D?(A), given X,Y € D’(A),
the extension groups (given enough injectives and projectives) are defined
as Ext’y(X,Y) := Homps4)(X, Y[n]). (Observe that Ext’y(X,Y’) = 0 for

n < 0). A consequence of the previous theorem is therefore YExt'y (X,Y) =
Ext"(X,Y) for n > 1 in the bounded derived categories.
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3.3 t-exact functors

In our quest to understand a bit more about triangulated equivalences
between derived categories, we need a way of going between the abelian
subcategories of different triangulated categories. To do this we introduce
the concept of t-exact functors.

Definition 10. Let 4 and Z be triangulated categories. Then a trian-
gulated functor from % to Z is a pair (F,n) consisting of an additive
functor F' : € — 2 together with natural isomorhpism

n: F(=[1]) = F(=)[]

such that for every triangle X Ly %zh X[1] in €, then

F(g)

Fx) 2% pey) F(z) 20 poxon)

is a triangle in . Now if ¥ and & have t-structures, then a triangulated
functor (F,n) from € to 2 is called a t-exact functor if F(¢<") C 9=V
and F(¢=°) C 2=20.

We have the following two immediate consequences of this definition
Lemma 3.12. F(¢=") C 2=" and F(€=") C 9="

Proof. Let X € =" then X[n| € €="[n] = €=". Since (F,n) is triangu-
lated we have

F(X) 2 F(X[n][-n)) = F(X[n])|-n] € 2=°|—n] = 9="
Similarly F(€=") C 9=". O
Lemma 3.13. F(X=") = F(X)S" and F(X=") & F(X)="

Proof. WLOG we can assume n = 0. We have a triangle
F(X=%) = F(X) —» F(X=Y) = F(X=)[1]

Where from the t-exactness F(X=) € =<0 and F(X=') € 2='. We also
have a triangle

F(X)=" - F(X) = F(X)"' = F(X)="[1]
with F(X)=0 € 2=0 and F(X)=! € 22'. Thus by Corollary 3.4.2
F(X=") = F(X)=% and F(X=") = F(X)=!
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The following lemma gives us a relationship between the hearts of
two triangulated categories through a t-exact functor

Lemma 3.14 ([CHZ18, Lemma 2.3]). Let F' : € — 2 be a t-exact
functor as in the definition. Then:

(1) The restriction F|y : H — G is ezact.
(2) Given X € € we have isomorphisms

Hy (F(X)) = Flu(Hy (X))

forn e Z
(3) If F is an equivalence then so is the restriction F|y

Proof. (1) Let 0 = X — Y — Z — 0 be a short exact sequence in H.
Then from Corollary 3.2.1 the sequence gives rise to a triangle

X =Y —Z— X[1]
in €. Then since F' is t-exact we have a triangle
Fl3(X) = Flu(Y) = Flp(Z) = Flu(X)[1]

with F|yu(X), Flu(Y), F|y(Z) € G. Then again from Corollary
3.2.1

is a short exact sequence.
(2) We have isomorphisms

Hg(F(X)) = Hg(F(X)[n]) = (F(X)[n])="=" (3.1)
= F(X[n])=" (3.2)
= Fly (X [n]=°27) (3.3)
= Flu(Hy (X)) (3.4)

where the isomorphism (3.2) comes from the fact that F' is a t-exact
functor. The isomorphism in (3.3) comes from Lemma 3.13. Note
further that since X[n]<2° = HP(X) € H we can restrict the
functor to H without changing anything. The last isomorphism,
(3.4), comes from Lemma 3.8.

(3) Since F' is an equivalence F|y is clearly fully faithful. What is left
is to show the denseness. Assume Y € G. Then, since F' is an
equivalence, we have Y = F(X) for some X € €. Then we use the
isomorphism from (2) and Lemma 3.8 to get

Y = P(X) 2 HY(F(X)) & Flu(Hy(X))
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Thus for every Y € G there exist a X := HY(X) € H such that
Y = Fly(X)
[

Again there is a connection between the Yoneda extension of the
hearts of two different triangulated categories and the Hom-sets

Proposition 3.2 ([CHZ18, Proposition 2.4]). Let (F,n) : € — 2 be a
t-exact functor as in the definition. Then the following diagram commutes

Fly

YExt},(X,Y) ———— YExt4(F(X), F(Y))

l@? l
Homg (X, Y[n]) — s Homy (F(X), F(Y)[n)])
For any XY € H and n > 1.

In the diagram above 67 and 6% are the canonincal maps associated
with the ¢-structures on ¢ and 2. F|y on the top row is defined to map
an exact sequence

E:0—-Y—F —---—FE,—-X—>0

to the exact sequence
Flpy :0=-FY)— F(E) — - — F(E,) - F(X)—0

(F,n) on the bottom row is defined to send a morphism f : X — Yn|
to ny[n] o F(f) : F(X) — F(Y)[n]

Proof. We prove the statement for n = 1, the general case is shown by
induction similar to the proof of Lemma 3.4.

For n = 1: First look at 63 o F|y

Let [E] € YExt;,(X,Y) be represented by the sequence

0YLES X S0

then we have the sequence

£(f) F(g)

0— F(Y) F(B) 29 pxy =0

in YExt§(F(X), F(Y)). By embedding this into the unique triangle

0L (F(E
F(f) F(g) > (F(E))

F(Y) F(E) F(X) FY)[]
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we obtain the map (63 o F|y)(E)
Next look at (F,n) o f}. Embed E into the triangle

vy Loe g x 2%y
to get map 61 (E) Use (F,7n) to get

F(g)

) 29 pepy 29 pex)

1y oF (01 (E))

By FY)[]

and we see that ny o F'(61(E)) = 6} o F(E) making the diagram commute.
[

3.4 Bounded t-structures

A question we have not yet asked is if we can recover a triangulated
category from the abelian heart of a t-structure. It is well known that the
bounded derived category D°(A) is generated by the abelian subcategory
A. We will see that with an extra assumption on t-structures, we can
generalize this result to see that the heart will generate the triangulated
category.

Definition 11. Let % be a triangulated category. We say the t-structure
(¢=°,%=") is bounded, if

¢ =] (@ ne)
1,JEL

Lemma 3.15. Let € be a triangulated category with bounded t-structure.
Then the heart H generates €, and

€ = U’H[—j] -k H[—1]
i>j
fori,) € Z
Proof. Since ¢ is bounded, € = |, ;c,(¢=' N €=). Fix i,j € Z, and
look at €' N €=7. If i < j then it is clear that €' N €=/ = 0, and
if i = j then €' N €27 = H[—i]. Let i = j + 1. We then show that
€SN E=I = H[—j] * H[—i]. We show this for j = 0 and i = 1, the

general result is analogous. Given X € H * H[—1], we have a triangle

H— X — H[-1] — H[1]



Chapter 3: t-structures 53

for some H,H € M. From the definition of t-structure, we see that
H e ¢="C %' and H[-1] € €>' C €>°. Thus we have H, H[-1] €
¢<'N¥€=°, and since t-structures are closed under extensions we see that
X e€s'NE=" and H+H[-1] C = nE=".

Now let X € €=<!' N €=2°. We then have from the definition of t-
structure that X fits in a triangle

X2-1] = X=0 = X — X2 — X=[1]

We have X='[—1] € €2* C ¢=° and X=[1] € ¥="! C ¥='. Thus,
since X € €' N€=Y, we see that X< € H and X=! € H[-1], and we
conclude that H * H[—1] = €< N €=°.

An easy induction proves that for i > j we have €='N%€=7 = H[—j] *
H[—(j + 1)] *--- * H[—4]. Thus in conclusion

¢ = J (@ ne) = H[-j] -« H][-i]

i,JEZL (2]
]

The next example illustrates why we can view this as a generalization
of the special case with the bounded derived category and canonical ¢-
structure.

Ezample 5. Given the canonical t-structure on D?(A) we see that since
Db(A) is bounded, we have H'(X*®) = 0 for small- and large enough 4,
and the t-structure is bounded. Thus, by the previous lemma, D®(A) is
generated by the heart A.

The next lemma shows that if we assume that ¢-structure are bounded,
a t-exact functor can be an equivalence under certain restrictions.

Lemma 3.16. Let € and Z be triangulated categories with bounded t-
structure, and let (F,n) : € — 2 be a triangulated functor. Let H be the
heart of the t-structure on € .

(1) If Homg (X, Y [n]) = Homg(F(X), F(Y)[n]) for all X,Y € H and
alln € Z. Then F' is fully faithful.

(2) If further F(H) is equal to the heart of the t-structure on 2, then
F s also dense.

Proof. First observe that since % has a bounded t-structure, we know
¢ = U5, Hl=3j] * -+ = H[—i]. Given an object A € H[—j] - x H[—i]
we define [(A) =1 — j.
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To prove the first part, we must show that there is an isomorphism
Homy(X,Y) = Homg(F(X), F(Y)) for all X,Y € €. We do this by
double induction on {(X) and I(Y).

fI(X)=0=1(Y), we can assume X € H[—i| and Y € H[—j]. Since
the shift functor is an autoequivalence, ([1],[—1]) forms an adjoint pair
and we have isomorphisms

Homy (X, Y) = Home (X, Y[i][—i]) = Home (Xi], Y[i])

We observe that X[i] € H. We further observe that Y[j][—j + i] = Yi]
with Y[j] € H and from the assumption we have the isomorphism

Homg (X1i], Y[i]) = Homg (F(X)[i], F(Y [j]))[=j+1]) = Homg (F(X), F(Y)[i][-])

Now assume the assertion is true for all X with [(X) = n, and Y with
[(Y)=0. Given X € H[—j]*---xH[—i], with [(X) = j—i =n+1 there
is a triangle

H— X — H — H[l]

with H € H[—j] % --- x H[—i — 1] and H € H[—i]. Thus we have that
I(H),1(H),1(H[1]),I/(H[-1]) < n. Applying the cohomological functors
Homy (—,Y) and Homg(—, F(Y')) we get a diagram with exact rows (we
write €' (—, —) for Homg(—, —))

C(H[-1],Y) —— €(H,Y) ——— €(X,Y) ——— €(H,Y) ——— €(H[1],Y)

S

Z(F(H)[-1],F(Y)) » 2(F(H),F(Y)) » 2(F(X), F(Y)) » 2(F(H),FY)) » 2(F(H)[1], F(Y))

and we see from the induction hypothesis that by the five lemma the
middle vertical row must be an isomorphism. To complete the double
induction a dual argument is used on [(Y).

To prove (2) we let X € D, and proceed by induction on [(X). If
[(X) = 0, then we can assume X € F(H)[—i] = F(H[—i]) and we
are done. Now assume the assertion is true for [(X) < n, and let Y €
F(H)[—j] %+ x F(H)[—i] with [(Y) =i — j =n+ 1. Then there exist a
triangle

H—Y — H — HJ[l]

with H € F(H)[—j] *--- x F(H)[—i — 1] and H € F(H)[—i]. We also
observe that [(H[—1]) <n, and let f: H[—1] — H. From the induction
hypothesis there exist a triangle X; < X — Z — Z1[1] where F(X;) =

(H[-1]), F(X2) = H and F(a) = f. We then get a map of triangles
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Fx) MO px,) —— F(Z) —— RO

ook

H[-1] L . H » Y s H

~

and we see that F'(Z) 2 Y, and we conclude that F' is dense.
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Chapter 4

Realization functors

In our quest to construct derived equivalences to a derived category
D*(A), we will look at the heart of t-structures, and study the rela-
tionship between the derived categories over the hearts and D°(A). It
turns out that it is always possible to construct a t-exact functor from
the bounded derived category over the heart of a t-structure back to
D*(A), where the restriction to the heart becomes the identity functor.
This construction is called a realization functor, and was first introduced
in [BBD83|. We will first start by introducing filtered derived categories,
and then show how we can construct a realization functor as a compos-
ition through the filtered derived category. Lastly we will give sufficient
criteria for the realization functor to become an equivalence.

4.1 Filtered derived categories

Definition 12. Let A be an abelian category. The category of finite
filtered objects F(A) is the category of objects X € A together with
a finite filtration F. We denote an object in F/(A) by (X, F'). Note that
F(A) is an additive category. The bounded category of filtered chain
complexes C°F(A) is the category of bounded complexes of objects in
F(A). Pictorially a complex (X*, F') € C°F(A) looks like

o7
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X! > F X' DO EkRX' 2> RKRX!' D
X > FL,X° O FRX° 2> RX° DO
X! > F X' D EKRX' D> RKRX' D

where the finite filtration implies that for every X there exist an a € Z
such that F, X" = X? for all n < a, and there exist a b € Z such that
F,, X" =0 for all m > b. Unless it is necessary to describe the filtration
we will just denote an object in C*F(A) as X*. Note that C*F(A) is an
additive category.

There are certain canonical maps that will be useful in the study of
filtered derived categories.

Definition 13. For each i € Z we define a functor
gr' : C°F(A) — C*(A)
by gri(X®) = F;X*/F;;1X*, and a forgetful functor
w: C’F(A) — C°(A)
by w(X*) = X°, forgetting the filtration on X*.
Lemma 4.1. Given an exvact sequence
0=>X*"=Y*"—>2°"=0
in C°F(A). Then the sequences
0— gr(X°®) —gr(Y*) - gr(Z°®) -0

0= wX®) 2wl®) sw(Z®) =0

are exact
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Proof. w is exact by definition. We have the commutative diagram

0 — F,X° > Y y F,Z7° ——— 0

| | J

0 — > FX* ——— s Fp Y — s F 72— 0

| | J

maw =et(XY) R =at (YY) g = e(2Y)

with exact columns and rows. Thus by the 3 x 3 lemma the bottom row
is exact. L

As the derived category is defined as the localization of the chain com-
plex category with respect to quasi-isomorphism, we want some sort of
analogous definition of a ”quasi-isomorphism” in the filtered chain com-
plex category. The following definition and lemma gives us a definition
that makes sense.

Definition 14. (1) We say a map f : X* — Y* in C’F(A) is a
filtered quasi-isomorphism if F,(f) : F,(X°®) — F,(Y*) is a
quasi-isomorphism for all n € Z.

(2) If gr"(X*) is acyclic for all n € Z we say X* is filtered acyclic.

Lemma 4.2. Let f: X* — Y* in C°F(A) The following are equivalent:
(1) F.(f): Fo(X®) — F,(Y*) is a quasi-isomorphism for alln € Z
(2) gr™(f) : gr™(X*®) = gr™(Y*) is a quasi-isomorphism for alln € Z
(3) Cone(f) is filtered acyclic

Proof. (1) = (2) Note that one can construct the commutative diagram
with short exact rows

0 — FupX® —— F,X* —— DX

=g
0 —— F,Y* —— EY* —— Ffzf,:, ~g

0

"(X®) —— 0

"(Y®) —— 0

we then take homology and get a commutative diagram with exact rows

H{(F, ;1 X*) — HY(F,X*) — Hi(gr"(X*)) — HTY(F,1X*) — HTY(F,X*)

FooF ok

Hi(F,1Y*) — H(F,Y*) — Hi(g"(Y*)) — H*Y(F,,,Y*) — HY(F,Y*)
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and from the five lemma we get that gr™(f) is a quasi-isomorphism for
alln e Z
(2) & (3) We have a short exact sequence in C*F(A)

0— Y*® — Cone(f) = X°*[1] = 0
use the the gr™ functor to get an exact sequence
0 — gr"(Y*) — gr"(Cone(f)) — gr"(X*[1]) = 0

Taking homology we get a long exact sequence

H'(gr"(X*®)) — H'(gr"(Y*)) — H'(gr"(Cone(f))) — H™H(gr"(X*)) — H™(gr"(Y*))

Thus we have that gr”(Cone(f)) is acyclic, i.e. Cone(f) is filtered acyclic,
if and only if gr™(f) is a quasi-isomorphism for all n € Z.

(2) = (1) Assume gr"(f) is a quasi-isomorphism for all n € Z. Since
C’F(A) has finite filtration, there exist a N such that F,X* =0= F,Y*
for all n > N. Then we have gr¥(X*®) = Fy(X*), gr™¥(Y*) = Fx(Y*)
and H(FxX*) & H'(FyY*). We then have a commutative diagram of
short exact sequences

0 —— FyX®* —— Fy_ 1 X* —— gV }(X*) —— 0

l ! !

0 —— FyY®* —— Fy  Y* —— gtV (V) —— 0

and as above we take homology to get a diagram

Hi7 gtV 1(X*)) — H (FyX®) — HY(Fy_1X®) — Hi(grV1(X*)) — H(FyX®)

EE oL

H (grV=1(Y*)) — Hi(FNY*) — Hi(Fy_1(Y*)) — Hi(gV1Y*) — H*(FyY*)

and Fy_1(f) is a quasi-isomorphism. Inducting this process we get that
Fn_,(f) is a quasi-isomorphism for all n € Z O

Observation 4.2.1. Since F(A) is an additive category, we can lift C*F(A)
to the homotopy category, which will be aptly named the bounded
filtered homotopy category K°F(A). Since the homotopy category
is triangulated, and since gr® and w are additive functors they will be
lifted to triangulated functors in the homotopy category [Oppl6, Obser-
vation 33.7]
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Lemma 4.3. The class of filtered quasi-isomorphisms form a multiplic-
ative system compatible with the triangulation on K°F(A)

Proof. Since gr' preserves triangles the functor H" o gr® is homological
for all n,7 € Z. Then from Lemma 4.2 we have that H"(gr’(¢)) is an iso-
morphism if and only if ¢ is a filtered quasi-isomorphism. From [Kra07,
Lemma 3.1] this is a sufficient condition for a multiplicative system com-
patible with the triangulation. O]

Now we are ready to define the bounded filtered derived category
analogously to the definition of the standard derived category

Definition 15. The bounded filtered derived category, D°F(A),
is the localization of the bounded filtered homotopy category, K*F(A),
with respect to the class of all filtered quasi-isomorphisms.

We will denote objects X*® in D’F(A) by a bullet-notation when it is
necessary to remember the chain complex structure of the given object,
otherwise we will just denote the object as X.

Observation 4.3.1. Observe that
KbF(A) g;_lr’> Kb(.A) localization Db(A)

sends every quasi-isomorphism to an isomorphism. Further, since F"™.X*
eventually stabilize to X*® the composition

KbF(.A.) i> Kb(A) localization Db(A)

also sends every quasi-isomorphism to an isomorphism. From the defini-
tion of localization (see [Kra07]) each of the above compositions factors
uniquely through two maps D°F(A) — D’(A). By abuse of notation we

denote the two unique maps as ¢gr® and w. Since ¢gr¢, w and the localization
functor are triangulated, the induced maps will also be triangulated.

The rest of this section is dedicated to introducing necessary tools to
study the filtered derived categories.

Definition 16. Let (X*, F') be an object in C*F(A) Define
a(X®) =sup{a € Z|F,X* = X°*}

b(X*®) =inf{b € Z|F,X* =0}
We can then define the length of the filtration as.

[(X7) = [b(X®) — a(X*)]



62 Malkenes, J.: Realization functors and HRS-tilting

If X* = 0 we say the length is undefined. We say (X*, F') has trivial
filtration if /(X) = 1. We can define truncation on the filtration,
(X*)7" and (X*)5 " where the filtration on (X*)Z' is defined by

; F,X*, foralln<i
Fn X. 2@ — 7 9 —~
((X)F) {FnX°, for all n > 1
We define the filtration on (X*)5" " to be
Fu(X9)F 1) = Fa(X*) [ Fu((X)F)

Observe that a(X*)7) = i, b((X*)7) = b(X*) and a((X*)F'™) =
a(X®), b(X*)F ) =i

FExample 6. Let X be an object with filtration
= X=X X2 DX D DR X DX =0="--
such that a(X) = a and b(X) = b The filtration on (X)7' is

=R X=FXDOKXD - -DF  XDFKEX=0="---

We see that a((X)z') = 1 and b((X)Z') = b(X) = b The filtration on
(X

X  FX 5 Fo X 5 5 o X 5 "X

- — —0=---
X RBRX ™~ KX — T FX T FRX

We see that a((X):") = a(X) = a and b((X)3") = 1 Given a complex
X* observe that in D°F(A) we get a triangle

(X)F = X = (X7 = (X")F[1]
Indeed for each n € Z we get a triangle
(XF" = X = (X)F" " = (X")F"[1]

Lemma 4.4. If Hompsa)(w(X*),w(Y®)) = 0 then Hompyp 4y (X, Y*®) =
0

Proof. Let f € Hompe4)(X*®,Y*). Then since Hom ps(4)(w(X*),w(Y*))
0 we will eventually have that F),f = 0 for all n < a for some a € Z. We
have the map of triangles
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FoX® —— F,X* — gr%(X*) —— F,11X°[]]

lFaHf lo l l

FoY* —— FY* — g(Y*) —— F,1Y"*[1]

and we see that the commutativity of the diagram forces F,, .1 f = 0. By
induction we see that F,, f = 0 for all n € Z and Hompp(4)(X*,Y*) =0
O

Lemma 4.5. Given X*,Y* € D°F(A) with trivial filtration, if a(Y®) <
a(X*) then Hompp4)(X*,Y*) = 0.

Proof. Let f : X®* — Y* be represented by the roof X* 5 ge T,y
where ¢ is a filtered quasi-isomorphism. Let a(Y®) = a, then pictorially
the map looks like

pu— X. pu— X. pu— X. pum X. =

[ [ [ [

2 Fa—lz. 2 FaZ. 2 Fa+1Z. 2 Fa—i-lZ. 2
= Y = Y* D 0 = 0 =

Since ¢ is a filtered quasi-isomorphism, F},q is a quasi-isomorphism for
all n € Z. We can then construct a Z*® with filtration

75— FuxyZ* forn <a(X)
"\ E.ze for n > a(X)

such that we have a composite quasi-isomorphisms AN NS 'C)
Then f is also represented by the roof X® <= Z* 25 Y* with ¢s and rs
being maps in C®F(A). Pictorially the maps looks like

_ e _ e _ e _ e _
| | | |

= FyxZ2* = Fux4* = FxZ® = FuxZ® =
| | | |

- Y = Y 2> 0 = 0 =

and from the commutativity of the diagrams we see that the map rs must
be zero. [
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Lemma 4.6. Let T be a triangulated category, and let

X —“25Y

o

a

X Yy

be a commutative diagram in T. Then this can be extended to a 3 x 3

diagram
X ——Y > 7 > X[1]
f g
X —< Ly A > X'[1]
A);:// >};// N é’// N Z/;’[l]
©
X|1] > Y1) > Z[1] —— X|2]

where the bottom right square is anti-commutative (indicated by © ). Each
row and column are distinguished triangles.

Proof. Complete each map in the square to the triangles

X ——Y y 7 > X[1]
f g

X —< 5y y 7' y X'[1]
)\(:// };://

X[1] V1]

also complete the map X a/f—:ga> Y’ to the triangle
X —Y —A— X[

Now from the octahedral axiom we get commutative diagrams and two
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new distinguished triangles:

X —Y > Z — X[1]
X —Y y A — X[1]
-
V" =— Y" — Y]]
Y[1] — Z[1]

X — X' —— X" — X[1
X — Y y A y X[1]
v
7' —7 — X'[1]
X'[1] — X"[1]

Observe that if we combine the diagrams above we get commutative

diagrams

X’ > X y X[1] Y y 7 > X[1]
Lol Lol

Y’ y A y X[1] A1)y y A y X[1] (42
Lo L]
Y/ ——Y" —— Y]] 7 —= 7 —— X'[1]

Now we can complete the map X" LN

Y” into the triangle

X" —Y"— 7" — X"[1]

Again use the octahedral axiom on the new triangles to get the commut-

ative diagram and the new triangle

X" > A > 7' > X'[1]
|
XM YT s 77— XOI]
v
Z\[fl] — va — A[l]
i*b’[l}a[l}
Al — 271)

Combining all the triangles we get a diagram

65
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S
i
<
"
N
i
<
=

£
=l
IS]
)
<
S
!
N
3
!
£
=

X[1] — Y[1] — Z[1] —— X[2]

We see that the squares (1) and (2) commutes from diagram 4.2, and the
squares (3) and (4) commutes from diagram (4.1). Since both Y — Z’
and Y’ — Y factors through A, the middle square commutes. From
the octahedral diagrams above we see that the map ¢ factorizes as both
Z" — X'[1] - X"[1] and Z" — Z" — X"[1], and the map c factorizes as
both V" — Z" — Z[1] and Y" — Y[1] — Z[1]. Thus the middle right
and bottom squares commute. Observe that we have a map of triangles

X// N Y// N Z/I N X// [1]
I N
A sy s z[1] Uy ap

From the commutativity of the last square and the fact that X"[1] —
X[2] and Z[1] — X|[2] both factor through A[l] via the maps a and
a’ we conclude that the bottom right square in the diagram is anti-
commutative. [

4.2 Filtered derived t-structure

As we have seen, the filtered derived category is closely connected to the
derived category. A natural question to ask is whether a ¢t-structure on the
derived category induces a t-structure on the filtered derived category,
and if so, is there a relation between the abelian hearts of the ¢t-structures?
As we shall see, the answer is all that we could hope for.

Definition 17. Let D’(A) be the bounded derived category with ¢-
structure (D°(A)<Y D?(A)2°), and D°F(A) the filtered derived category.
We define two subcategories of D°F(A) by

D'F(A)=° = {X € D°F(A)|gr"(X) € D*(A)=" for alln € 7}
D'F(A)Z° = {X € D'F(A)| gr"(X) € D*(A)=" for alln € Z}
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We can further define the subcategories
DYF(A)S" .= D"F(A)=°[—i] = {X € D"F(A)| gr"(X) € D*(A)="" for all n € Z}
DYF(A)Z" .= D'F(A)=°[—i] = {X € D"F(A)| gr"(X) € D*(A)="" for all n € Z}

Proposition 4.1. Let D*(A) be the bounded derived category with t-
structure (D°(A)=°, D?(A)=Y), and D°F(A) the filtered derived category.
Then (D*F(A)=°, D*F(A)=%) defines a t-structure on D*F(A).

The proof of the proposition is divided into the following three lem-
mas, proving each of the three axioms of ¢t-structures

Lemma 4.7. Let D'F(A)=° and D°F(A)=! be defined as above, and let
X € D'F(A)=° and Y € D"F(A)='. Then Hompsp4)(X,Y) =0

Proof. Let f € Hompep4)(X,Y). Assume X has filtration
= X=FXDF XD DF  XDFRX=0=---
We truncate on the filtration to get a triangle

(X)F = X = (XOF " = (X))

where 1((X)7 ) =1 and I((X)5"") = I(X) — 1. Observe that
(X)Z,(X)3"" € D'F(A)=°. Using Hom po g4y (—,Y') we get a long exact
sequence

-+ = Hom((X)3"™,Y) = Hom(X,Y) — Hom((X)7", V) — - --
and we get Hom(X,Y") = 0 provided that

Hom((X)7",Y) = 0 = Hom((X)3""',Y)

Truncating again on (X)3""' we can by induction on the length of the

filtration show that Hom(X,Y) = 0 provided that Hom(X,Y) = 0 for
every X € DPF(A)=" where X have trivial filtration. A similar induc-
tion argument on Y shows that we can reduce the problem to showing
Hom(X,Y) =0 for all Y € D’ F(A)>!, X € D'F(A)=° where Y and X
has trivial filtration.

Without loss of generality, we can assume that a(X) = 0. Then

ny oy X, ifn=0 ) — Y, ifn=al)
o <X>—{o, oy E (Y)_{o, i

Now we have two cases



68 Malkenes, J.: Realization functors and HRS-tilting

e Ifa(Y) > 0then HomeF( )(X Y) Home(A)(gr (X), gr*¥)(Y)) =
0 since gr’(X) € D*(A)=° and gr*™)(Y) € Db(A)Ze(Y) C Db(A)>!
o If a(Y) < 0 we have from Lemma 4.5 that Hompsp(4)(X,Y) =0

We conclude that f = 0, and therefore Hompsp(4)(X,Y) =0 n

Lemma 4.8. Let D'F(A) and D°(A) be defined as above. Then D°F(A)<°
D*F(A)S! and D'F(A)=! C D'F(A)=°

Proof. It X € DYF(A)=° then, for all n € Z, gr*(X) € D(A)=" C
D(A)="* and X € DPF(A)<!. Thus D°F(A)<° C D*F(A)=!. Similarly
one shows Db(A)=! C Db(A)=° O

Lemma 4.9. Let D*F(A) and D°(A) be defined as above. Then given
any X € D°F(A) there exist a triangle

X =X = X"— X'[1]
with X' € D*F(A)=° and X" € D°F(A)=!
Proof. We prove the statement by induction on [(X).
If I(X) = 1 we can without loss of generality assume a(X) = 0, b(X) =
Given n < 0, for each F,, X = X we can find a triangle in D°(A)
(X)=0 = X — (X)=' = (X)=°[1]

Now equip (X)=" with the trivial filtration and a((X)=%) = 0, b((X)=%) =
1 and similar for (X)2!. Then the triangle above becomes a triangle in
D*F(A) and we have for all n € Z

X)<0, ifi= X)2, ifi=
gr”((X)<0):{é> i gr”((X)>1):{(()) i

Thus (X)=? € D'F(A)=? and (X)=! € DF(A)='. We also see that
w((X)=1) € Db( )=0 = DA and w((X)*!) € DY(A)*!
DP(A)Ze0+

Now assume for all X such that {(X) < n we can find triangles

(X)=" = X = (X)=! = (X)=°[1]

in D*F(A) where w((X)=%) € D*(A)=t()~1 and w((X)=21) € Db(A)Ze(X)+1,

Let X be such that I(X) = n + 1. Without loss of generality we can as-
sume a(X) < 0 and b(X) > 0. By using the truncation on filtration there
is a triangle

(X)F = X = (X)F = (X)F 1]
where 1((X)Z"),1((X)3") < n. Note that b((X)3") = 1 = a((X)z"). We
can then, from the induction hypothesis, find the diagram

C



Chapter 4: Realization functors 69

(X)F)=[-1] — (XOF[-1] — (OF)Z 1] — (X)F)=°

!

(X)F)= —— (X7 —— (0F)* — (OF)=[]

where the rows are triangles. By the assumption, and from the fact that
w is triangulated, we have that

W(((X)E0)20) € DAY= = Dh )=

W(((X)F)=[-1)) = w((X)F)=)[~1] € DP(A)=HOF L[] = DP(A)=!
W(((X)F)?") € DA (IEIH = Dh(A)=>
From Lemma 4.4 we then have that

Hompoca) ((X)5)=[-1], (X)7)=") =0

Homps ey ((X)5°)=7, (X)F)=") =0

Thus, from Proposition 3.1 there exist a unique map ((X)3")<°[—1] —
((X)7")=° such that the induced left square in the diagram above com-
mutes. Then from Lemma 4.6 we can find a unique commutative diagram
where the rows and columns are triangles

((OF)2[-1 — (D7) —— 4 —— (0F)=
(R[] —— (0F —— X ()7
(R 1] — (XF)2 —— B —— (07"

©
(072 —— (0F)= — Al — (=[]

We claim that A = (X)=Y and B = (X)=!. Since gr" is a triangu-
lated functor we see that gr™ applied to each row is a triangle in D’(A).
Since t-structures are closed under extensions by Lemma 3.2, we see that
gr"(A) € D*(A)=Y for all n € Z and therefore A € D*F(A)=". Similarly
B € D'F(A)Z'. What is left to show is that w(A) € DP(A)<tX)=1 and
w(B) € DY(A)zoX)+1,

We have w((X)7")=0) € Db(.,él)gb((X)%l)_1 = DP(A)=O~Land w((X)3")=0 €
Db(A)Sb((X)l%O_1 = DY(A)S'! C DY(A)=X)~1 where the last inclusion
comes from the fact that b(X) > 0 and the second axiom of ¢-structures.
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Thus, since w is a triangulated functor, w(A) € D°(A)=*X)~1. Similarly
one shows the statement about w(B). O

The next proposition shows the relationship between the hearts of
the two t-structures.

Proposition 4.2. Let D°(A) and D°F(A) be equipped with t-structures
as above. Denote by H and Hp the respective hearts. Then there is an
equivalence of categories

E:Hpr = C'(H)

Proof. We construct E as follows: Let F(X)® be the complex defined by
(E(X))" = gr"(X)[n] € H. Given the two triangles

FonnX — F, = gr™(X) = F, 1 X[1]

FrioX = Fop1 — gr" (X)) — Fi0X[1]

we define the differential d” to be the composition
gr" X[n] = F, 1 X[n+1] — g™ n + 1]
Observe that d"™! o d” is the composition.
gr" X[n] = F, a1 X[n+1] = gt n+ 1] = F,[n + 2] — gr"[n + 2]

and since the two middle map are two consecutive maps in a triangle,
the composition is equal to the zero map. Thus d"*! o d” = 0 and we
have indeed a chain complex over H

BX)* = — g (X)n—1 25 er"(X)[n] L g (X)[nt1] — - --

Since X has finite filtration gr™ = 0 for n < a(X) and n > b(X), and

E(X)* is a bounded complex. We have to check E is fully faithful and
dense:

(faithful) If we can show that E is an exact functor, and reflects 0-objects,
then we can use Lemma A.4 to show that E is faithful.
Consider a short exact sequence 0 - X — Y — Z — 0 in Hp.
From Corollary 3.2.1 this gives rise to a triangle X — Y — Z —
X[1] in DF(A). Since gr" is a triangulated functor we have a
triangle

gr"(X)[n] = gr"(Y)[n] = gr*(2)[n] = gr"(X)[n + 1]
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(full)

in D’(A) for all n € Z. Again from Corollary 3.2.1 we have that
0 — gr"(X)[n] = gr"(Y)[n] — gr"(Z)[n] = 0

is a short exact sequence in H for all n € Z. We conclude that
0— E(X)— E(Y)— E(Z) — 0is a short exact sequence, and E
is exact.

Let X be such that E(X)®* =0, i.e. gr"(X) =0 for all n € Z. As-
sume X # 0, and look at 0 = gr®¥)—1(X) = Fj’ﬁb’:j(;;x = Fb(Xé’lx =
Fyx)-1X which contradicts the definition of b(X). Thus we con-
clude that X = 0. We then have from Lemma A.4 that F is a
faithful functor.

Let X,Y € Hp, and ¢* € Homee ) (E(X)®, E(Y*)). Visually »*°
looks like

= g N (X)n -1 — g™(X)[n] — " X)n+1] — -
= g V) n—1] — g"(YV)[n] — g (Y)n+1] — -

Now we want to construct a map 1 such that E(¢)® = ¢°*. We
do this by constructing F,1 for smaller and smaller n. Let b =
max{b(X),b(Y)}, and define F,ip) = 0 for n > b. We then have a

commutative diagram of triangles
X — B X — g (X)) 2= EX[1]
lo i l(pb_l [—=b+1] lO
BY — Fy Y —— g 1(Y) —2 FY[1]

And we complete this to a map of triangles and define the dashed
arrow as Fj,_11. Using this map we get a new map of triangles

Fy 1 X —— I, 2 X —— grb*Z(X) — Fb_lX[l]
lFb—ﬂll i l@b_z[*lﬁ?] lFb—1¢[1}
F_1Y —— F Y —— grb*Q(Y) E— Fb_1Y[1]

and we define the dashed arrow to be F, 5. Inducting this process
we get maps F,v for all n € Z that forms commutative diagrams

F,X — F, 1 X

anib an—liﬁ

EY —— F,1Y
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By gluing these maps we get a map ¢ : X — Y such that E(¢)® =
©* and F is full.

Civen a complex X* € C*(H) we need to find an object X € Hp
such that F(X) = X*. Let X* be a bounded chain complex in
C®(H). Without loss of generality we can assume X" = 0 for all
n < 0. X* is then of the form

db

0 X0 D T X g

We induct on the brutal truncation, ,_, (X*) (See Theorem 3.11).

o We let f(g be the complex with X %in degree 0 equipped with
trivial filtration such that a(Xg) = 0.

X% n=0

Then we have gr*(Xg) = . Since X° € H, we see
0, n#0
that X¢ € Hp, and
EX)=[=0-X"50— ] =,,(X"

o Let X} be the complex with X! in degree 0 equipped with
trivial filtration such that a(X3) = 1. Then, by abuse of nota-
tion, there is a map d° : X — X where

d, n<o0
Fald?) = {0 n>0

We can then complete this map to a triangle in D*F(A)
Xe D XL A X2
define Xt := A[—1]. Note that X5[—1], X3 € Hp so X! € Hp.

Now we have the following observations:

— gr’(X}) = 050 gr(Xg) = gr(X7) = X°

— gr'(Xg) = 050 gr'(X}) = gr' (X})[-1] = X'[-1]
—FlX'—OsoFlX'NF( =1 = X'-1]

— F, X3 =0=F,XAL[—1] for all n > 2, so F,X? = 0 for all
n>2

We have two triangles
BRX: - FXr S ol (X)) - B[]
Xy = BX; — g(X]) S FXT[]
and by definition dQE(X,) .= B[1] o a. Since F,X? = 0 we have
1 ~ ~
Bl1] = idx1 . From the map X7 — X§ we get a map of triangles
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XY —— B Xt —— a%(X?) —— FX[1]
| | /]2 |
FiX§ —— RX; —— et’(X3) —— RX[]

Since, in particular, the middle square commutes we get a
commutative diagram

which we can complete to a map of triangles, and in particular
we see that a = d°. Thus

E(X) [ 202X D X 505 ] =, (X*)
o Now assume we can find X* such that E(X?) = oo (X®) then

we have the following observations
. Xi[—i], for0<i<n
— (X)) = =
0, else
— F, Xy = X, [-n]
— F,+ X, =0forallt>0
Let Y2 ! be the complex with X™*! in degree 0 equipped with

trivial filtration such that a(Y2 ') = n. Now given F(X?) and
E(YZ#™[-n])) there exist a map

B(X2): o —22, xnm1 U0, xn > 0 :
A
E(Y T =n])):--- > 0 y X — 50— -

From the construction in the proof of E being full, there exist
amap ¢ : X% — YpH[—n] such that F,p = d"[—n]. Now let
X [—n] be the complex with X™*1[—n] in degree 0 equipped
with trivial filtration such that a( X" [~n]) = n+1 then there
exist a map ¢ : Y2 [—n] — X [—n] where

E(L) _ ianJrl[_n}, Z S n
0, 1>0
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By abuse of notation define d"[—n] := top : X8 — X2+ [—n],
and observe that in particular F,(d"[—n]) = d"[—n]. We com-
plete this map to a triangle

Xe L x4 X0

and define X2, = A[—1]. Observe that since X2, X! [—n —
1] € HFp we have that X;LH € Hp. By a similar argument as
before we conclude that d’;;(f(, )[—n] = d"[—n], and

n+1
E(X2,1) =, (X*). Thus given our original complex X*
we see that E(Xg) = ,_, (X*) = X* and E is dense.

= o<h

]

4.3 The realization functor

We are now ready for the main results of the thesis. We have defined the
tools to construct the realization functor, and to prove when this functor
becomes an equivalence.

Theorem 4.10. Let A be an abelian category, and let D°(A) be the
bounded derived category equipped with t-structure (D°(A)<°, D*(A)=°)
with heart H. There exist a t-exact functor

real : D'(H) — D(A)
such that real|y, = idy

Proof. Let E be the equivalence from the lemma above, then we have
the composition

real : C*(H) 25 Hp < DPE(A) % DY(A)

Let f : A* — B*® be a quasi-isomorphism in C®(H). Then we have a short
exact sequence

0 — B®* — Cone(f*) — A°®[1] = 0

where Cone(f*) is acyclic. From Corollary 3.2.1, that E~! is exact, and
the fact that w is triangulated, the short exact sequence will be sent to
the triangle

real(A®) — real(B*) — real(Cone(f*)) — real(A*)[1]
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Further, given the cohomological functor H3, from Theorem 3.10, we see
that Hj, oreal is equal to the canonical homology functor. In particular

Hj,(veal(Cone(f*))) = H"(Cone(f*)) =0

for all n € Z. Thus every quasi-isomorphism is sent to an isomorphism.
And from the definition of localization we get a commutative diagram

C*(H) real > DP(A)

//?
localizam //// Ell

D*(H)

where the unique map is the map we are looking for. We name the new
functor the realization functor, or just real. Since the diagram com-
mutes we see that real is triangulated. Given an object X € H, X is
isomorphic to the stalk complex in C®°(H) with X in degree 0. In partic-
X, ifn=0
ular H"(X) = o nn=a
0, else
Thus, since we have HQL(@(X)) ~ H™"(X) = X we conclude that
real|y = idy. Remember the the canonical t-structure on D°(H) is given
by
DY(H)=0 = {X°*|H(X*) =0, for i < 0}

DP(H)=° = {X°*|H(X*) =0, for i > 0}
It is clear that real is t-exact with respect to the canonical t-structure. [

Remark. Given a triangulated category 7 with t-structure (7=° 7=0)
with heart H, it is possible to generalize this construction to get a real-
ization functor real : D°(H) — T provided that 7 can be lifted to a
filtered triangulated category; See [Bei87, Appendix| and [PV17]. It
is further possible to show that 7 can be lifted to a filtered triangu-
lated category provided that 7 is algebraic; see [Han20, Appendix]|. The
uniqueness of such a realization functor is in general not known.

Now that we know the existence of such a functor, we can combine
everything previously shown in the thesis to arrive at a few very im-
portant results, particularly we will show sufficient conditions for the
realization functor to be an equivalence.
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Corollary 4.10.1. Let F : D°(H) — T be a realization functor to the
triangulated category T. Then given X € D*(H) we have
(1) isomorphisms
3 (F(X)) = H"(X)
forn e Z

(2) If X is such that F(X) € H then X € H and consequently F(X) =
X

Proof. (1) Since the realization functor is t-exact we have from Lemma
3.14 the isomorphisms

Hy (F(X)) = Fly(Hy (X))

By definition of the realization functor we have that F'|y = idy
and from Example 4 we see that H},(X) = H"(X). Thus we have

Hy (F(X)) = H"(X)

(2) If X € H then H},(X) = 0 for n # 0. Combining this with the first
part we conclude that F(X) € H and F(X) =idy(X) = X
[

Corollary 4.10.2. Let F : D°(H) — T be a realization functor to the
triangle category T, and let X,Y € H then the following diagram com-
mutes

Ext? (X,Y) i » Homy(X,Y[n))

on /eg

YExt2(X,Y)

forn >1 and F : Extl(X,Y) — Hom7(X,YT[i]) is an isomorphism for
t =1 and an injection for i = 2.

Proof. From Proposition 3.2 we have a commutative diagram

Fly

YExt2, (X,Y) s YExt(F(X), F(Y))

[ [

Hom py 3 (X, Y [n]) ——— Homr(F(X), F(Y)[n))

Since F' is a realization functor we have F'|y = idy. This fact combined
with Theorem 3.11 gives us the diagram. Then from Lemma 3.4 part (1)
F : Ext},(X,Y) — Homy(X,Y][i]) is an isomorphism for i = 1 and an
injection for ¢ = 2. O
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Corollary 4.10.3. Let T be a triangulated category with bounded t-
structure with heart H. Let F : D*(H) — T be a realization functor
to the triangle category T, and let 0" : YExt7,(X,Y) — Homy (X, Y[1])
be the canonical map from Definition 7. Then the following are equivalent

(1) The realization functor F is full,

(2) The realization functor F is an equivalence,

(3) The canonical maps 0" are isomorphisms for alln > 1
(4) The canonical maps 0" are surjective for alln > 1

Proof. 7(1) = (2)” Assume F is full. Let X € ker F', then F(X) € H,
and from Corollary 4.10.1 part (2) we get that X = 0. Thus from Lemma
A.5 we have that F' is faithful. Further, since F' is a realization functor,
F(H) = H. Thus, by the boundedness of the ¢-structure on 7 we have
by Lemma 3.16 part (2) that F' is dense.

7(2) = (3)” If F'is an equivalence then from the commutative diagram
from the previous corollary we see that 6™ must be an isomorphism for
alln >n

7(3) « (4)” If 0™ is an isomorphism then it is clearly surjective. If 6" is
surjective for all n > 1, then inductively using Lemma 3.4 part (1) and
(2) it is clear that 6™ is an isomorphism for all n > 1.

”(3) = (1)” Observe that F' in the diagram an isomorphism for n = 0,
and Ext} (X,Y) = 0 = Homy(X,Y[n]) for n < 0. Since 7 has bounded
t-structure we have from Lemma 3.16 part (1) that F'is fully faithful. O

Observation 4.10.1. Since 6" is constucted independently of the realiz-
ation functor, we see that if part (3) is satisfied then every realization
functor is an equivalence. In other words if one realization functor is an
equivalence, then all realization functors are equivalences.

Theorem 4.11 ([CHZ18, Theorem 2.9]). Let T be a triangulated cat-
egory with bounded t-structure with heart H, and let F : D*(H) — T be
a realization functor. If F' is dense, then F' is an equivalence.

Proof. From Corollary 4.10.3 part (4) it suffices to show that the map
0" : YExt},(X,Y) — Homy(X,Y[n]) is surjective for all XY € #H
and n > 1. We prove this by induction on n. Observe that by Lemma
3.4 part (1) the assertion is true for n = 1. Now assume it is true for
i < n —1. Then by Lemma 3.4 part (3) it is enough to show that any
f € Hom7(X,Y[n]) with X, Y € H admits a factorization

X = Xpaln—1] = Y[n]
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for some X,,_; € H.
First note that f can be embedded in a triangle

XxLym% 7z xp

and since F is dense there exist a complex Z* € D°(H) such that F/(Z*) =
Z Applying the cohomological functor HY, we get a long exact sequence

c > Hy'(Yin]) » Hy (F(Z%)) » Hy(X) » Hy(Y[n]) = -

Since Hi (X) = 0 for all 4 # 0, and H4,(Y[n]) = 0 for all i # —n we
get Hi/(F(Z*)) =0 for all i £ —n, —1. In particular we get that H,"(g)
is an isomorphism. From Corollary 4.10.1 part (1) we have H'(Z*) =
H:(F(Z*)) =0fori+# —n,—1, and Z* is quasi-isomorphic to a complex

of the form
e 0= s s 0

Therefore we may assume Z°® is of this form in D*(H). Let m : Z° —
Z~™[n] be the canonical projection. Note that since Z=" € H we have
from Lemma 4.10.1 part (2) that F(Z~") = Z~". We then have a map
hin] : Y[n] — Z~"[n] given by the composition

Yinl % F(z9) 2% pzrn)) S F(Z27)n]) 2 270

Now H~"™(m) is a monomorphism, therefore by Corollary 4.10.1 part
(1) the map H,"(F(m)) is mono. Thus we conclude that, since H;,"(g)
is an isomorphism, the map

Hz"(h[n])=h

Y & Hy (Y [n]) Hy (27" [n]) = 27"

is a monomorphism. We then have a short exact sequence in H
0-Y Lz coker(h) — 0

This embeds uniquely into a triangle in 7 by Corollary 3.2.1 and we have
a diagram of triangles

X L Y] —— F(Z) ——— X][1]
: H ;

coker(h)[n — 1] —— Y[n] —
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Since go f = 0, and from the definition of h[n] we see that ho f = 0 and
the dashed arrows exist by Lemma 3.1 making the diagram into a map
of triangles. Thus we see that f : X — Y'[n] admits a factorization

X — coker(h)[n — 1] — Y[n]

with coker(h) € ‘H and we are done. O






Chapter 5

HRS-tilting

An important example of the application of the realization functor is
the HRS-tilt. This was developed by Happel, Reiten and Smalg in 1996
[HRS96], and is an important tool in representation theory of quasi-
tilted algebras, and in the study of derived equivalence [Huy06]. We will
first define torsion pairs, and then describe how this induces a certain ¢-
structure on the derived category. Lastly we will show that if the torsion
pair is tilting, the realization functor on the induced ¢-structure becomes
an equivalence.

Definition 18. Let A be an abelian category, and (7, F) be a pair of
full subcategories in A. We say that (7, F) is a torsion pair in A if the
following conditions are satisfied:

(1) Hom(T,F)=0forall T € T and F € F
(2) For all X € A there exist a short exact sequence

0—=tX)—= X = X/t(X)—0

such that t(z) € T and X/t(X) € F
If (T, F) is a torsion pair, then

T is called the torsion class

T € T is called a torsion object

F is called the torsion free class

F € F is called a torsion free object

Observation 5.0.1. It is clear that 7 and F are closed under extensions,
T is closed under taking quotients and F is closed under subobjects.

81
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Lemma 5.1. Let A be an abelian category with torsion pair (T, F)

(1) If X € A, and Hom (X, F) =0 for all F € F, then X € T.
(2) If X € A, and Hom(T, X) =0 for allT € T, then X € F

Proof. We prove part (1), the second is dual. Given X € A there is a
triangle

0—=tX)—= X — X/t(X)—0
with t(X) € T and X/t(X) € F. If Hom4(X, F) = 0, then in the above
short exact sequence we see that ¢(X) = X and X € T O

We can now show that a torsion pair induces a t-structure on the
derived category

Proposition 5.1 ([HRS96, Proposition 2.1]). Let (T,F) be a torsion
pair in an abelian category A.

Let D=0 = {X* € D*(A)|H'(X*) =0, i >0, H(X®*) e T}

and D=0 = {X* € D*(A)|H (X*) =0, i< -1, H(X*) e F}

Then (D=°, D=%) is a bounded t-structure on D*(A).

Proof. We verify condition (1), (2) and (3) of the definition for a t-
structure.

(1) Let X* € D=0 and Y* € D! = {X* € DY(A)|HI(X*) = 0 for i <

0 and H°(X*®) € F}. Assume there exist 0 # f € Homps(,/)(X*,Y*).

So f can be represented by the roof

X* /X.\ Ye

where f*® is given by a morphism of complexes not homotopic to
zero. Using the truncation, and Proposition 3.1 we obtain the fol-
lowing map of triangles in D°(A)

Following Example 3, since X* € D=0, we have that H/(X*) = 0
for i > 0. Then H*((X*)>') = 0 for all i € Z. Thus (X*)=! = 0
in Db(A), and a® is an isomorphism in D°(A). In particular, this
makes (f*)=Y # 0.

Again using trucation we get the map of triangles
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(X*)=0)=7! —— (X*)=0 —— ((X*)=9)20 —— ((X")=)=""[1]

l((f')§°)§*1 l(f’)fo l((fwf")zo l

(Y5 —— (Y*)=) = (Y*)<0)2" —— (Y*)=)='[1]

Since Y* € D=Y we have that H(Y*) = 0 for i < —1, and
(Y*)=9="1 = 0 in D°(A). We then get that b* is an isomorph-
ism. Since (()N(')SO)ZO = HO(X") ~ HY(X®) € T, (Y*)=0)20 =
H°(Y*) € F and since (T, F) is a torsion pair this forces ((f*)=9)=% =
0 which again forces (f*)=° = 0 which is a contradiction. Thus

fe=0.
We have

D=0 = {X* € D"(/)|H(X*)=0fori< —1and H(X*) € F}
D' = {X* € D"(/)|H(X*) =0 for i <0 and H’(X*) € F}
D= = {X* € D"(/)|H(X*) =0 for i >0and H'(X*) € T}
D= = {X* € D(/)|H(X*)=0fori>1and H(X®*) € T}
In D=° we have H'(X*) = 0 we have that H'(X*®) € 7. Thus
D=0 C D=!. A similar argument shows D= C D=
Let X* = (X' d") € D°(«). Since (T,F) is a torsion pair in A we
have an exact sequence

0—t(H(X*)) = H(X*) 5 HY(X*)/t(H°(X*)) — 0

where t(H°(X*)) € T and H*(X*)/t(H°(X*®)) € F.
We also have a short exact sequence

0 — Im(d™") — ker(d’) — H°(X*®) — 0
Taking the pullback, PB, of the diagram

tH(H(X*))

|

ker(d) —— HO(X*)

we get from [Oppl6, Proposition 13.7] a commutative diagram with
exact rows and columns
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0 0
0 — Im(d™!) <P » t(HO(X®) —— 0
0 — Im(d™') ——— ker(d®) » HO(X®) ——— 0

Let d~! be the composite X! £ Im(d~") 2 X0 Let ' = ap :
X! — PB. We can then construct X*, as the following subcomplex
of X*:

S
¥

~

|

—

IS
~
)—U
vy

o
~
]
~
(]
~

with PB in degree 0. Then H°(X) = PB/Im(ap) = PB/Im(d™")
t(H(X*)) € T and X* € D=0
Let X”* be the quotient complex X*/X’®. Thus we obtain a triangle

1%

X" = X*— X" — X"[1]

in D°(7). We have to show that X”* € D=1,
Note that HY(X"®) = 0 for i < 0. Now X" = X°/PB and X" =
X1 We get a commutative diagram with exact columns:

X" ... » X1 > PB > 0 > 0 S
H [ [

X® ... » X1 » X0 y X1 y X2 >
| | [

X7 > 0 » X°/PB » X1 y X2 S

In particular we have a diagram with short exact rows and columns
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PB ker(d®) ker(d?)
0 » PB »y X0 ——— X°/PB —— 0
0 > 0 » X1 » X1 > 0

and from the 3 x 3 lemma we get H°(X""*) = ker(d°) = ker(d°)/PB.
From the first diagram we know that ker(d®)/PB = H°(X*)/t(H°(X*)) €
F and X" € D='. Hence the assertion holds.

]

In order to construct a derived equivalence, we need one more defin-
ition
Definition 19. Let D°(A) be the bounded derived category over an

abelian category A, and let (7, F) be a torsion pair over 4. The abelian
heart,

B={X*cD'(A)H(X*) e F,H(X®*) € T,H (X®*) =0 fori #0,1}

of the t-structure defined in the previous proposition is called the HRS-
tilt of A with respect to the torsion pair (7, F).

Definition 20. Let (7, F) be a torsion pair in an abelian category A.

(1) We say a torsion class 7 is a tilting torsion class if 7 is a co-
generator for A (Le. if for all X € A, there exist an object Tx € T
together with a monomorphism puy : X — T)

(2) Dually we say a torsion free class F is a cotilting torsion free
class if F is a generator for A.

Lemma 5.2. Let A be an abelian category with a torsion pair (T, F). If
T is tilting then every X* € D*(A) is quasi-isomorphic to a complex T*
where every T" € T

Proof. Let X* € D*(A). Since D*(A) is bounded we can without loss of
generality assume X' = 0 for ¢ < 0 and 7 > n for some n > 1. Since T
is tilting there exist a T% and a monomorphism X° < T%. Taking the
pushout we then construct a complex as the bottom in the diagram

> 0 y X0 y X1 s X2 > ..
| [ |
0

» TS > TO T XY . X2
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Observe that since the map X° — T% is mono, the pushout square is also
a pullback square. Thus by [Oppl6, Proposition 13.7] the complexes are
quasi-isomorphic. Again taking the pushout and using the fact that 7T is
tilting we construct a further complex as the bottom row in the diagram

~

OO

TS > T [T X! > X2 y X3 ——
| / I |
> TS

\
7

The complexes are again quasi-isomorphic. Continuing this process we
get a quasi-isomorphism X*® — T% where every T% € T ]

Now we are ready to construct a derived equivalence and state the
main theorem of this section:

Theorem 5.3. Let A be an abelian category with a torsion pair (T ,F),
and let B be its corresponding HRS-tilt. If T is a tilting torsion class then

there exist a triangle equivalence F : DY(B) = DY(A), where F|g = idg

Proof. From Theorem 4.10 there exist a realization functor F : D*(B) —
D*(A) where F|g = ids. To show that F is an equivalence it is enough
by Theorem 4.11 to show that F is dense. Let X® € D’(A). Since T is
tilting, we get from the previous lemma a quasi-isomorphism X*® — T,
where T% € T. T is on the form

dn72 n—1 dn dn+1
et e T et

Observe that each T" is in B, thus F/(T*) = F|g(T") = idg(T") = T" and
F(dy) = F|s(dy) = idp(dy) = di.
We conclude that F(T*) =T* = X* and F is dense. O

Remark. In the original construction and proof of the derived equivalence
of the HRS-tilt, [HRS96, Theorem 3.3], it is assumed enough injectives
and projectives, however as we have seen this is unnecessary.

> Ty > Ty [[ X2 —— X3 —— -+
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Appendix A

Basic results

Lemma A.1 (Yoneda Lemma). Let € be a category, let and C € €,
and let F : € — Set be a covariant functor. Then the map

{natural transformations Homg(C, —) — F)} — F(C)
o = Oéc(lc)

s a bijection.
Corollary A.1.1. Let
a : Homg (A, —) — Homg (B, —)
is a natural transformation. Then, for all C € €
ac = [—o f] : Homg (A, C) — Home (B, C)
with a unique f : B — A.

Proof. Let ¢ € Homg (A, C) Then from the naturality of « the following
diagram commutes

Homg (A, A) —2~ Homy (B, A)

|#e- J#e-

Homg (A, C) —~ Homy (B, C)

In particular po (a4(la)) = ac(p) From the Yoneda lemma we have the
bijection

Homy,, (Homy (A, —), Homg (B, —)) — Homg (B, A)
o — OéA(lA)
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So define f := a4(14) € Homg (B, A), and we get
ac(—) =[—o f] : Homg (A, C) — Homg (B, C)
O]

Theorem A.2. Given a locally small category €, i.e. given XY € €,
Homg (X,Y) forms a set. Let A,B,C € €. Then the sequence A —
B — C — 0 is exact if and only if 0 — Homy(C, —) — Homg (B, —) —
Homg (A, —) is exact.

Proof. Given the sequence 0 — Homg (C, —) LN Homg (B, —) = Homg (A, —).
We have from the previous corollary that, for all M € €, ay = [— o f]
and By = [— o g] for unique f : A — B and g : B — C. For any M

we have, given two ¢g,1¥g € Homy (B, M), if ¢g = g then by the in-
jectivity of [ there is a unique object ¢ such that ¢pog = pg = 1g. Then

@ = ¢ =1 and ¢ is an epimorphism. So there exist a unique sequence

ALBS% o0
First let M = C, we then have
acfe(le) =ac(lecog) =1lcogo f=0

so gf =0 and Im(f) C ker(g).
Now let M = coker(f), and let w : B — coker(f) be the projection. Then

Qlcoker(f) (71-) =To f =0

so by the exactness of the sequence there exist a ¢ € Homy (C, coker(g))
such that Beoker(q)(p) = m. We see that 7 = ¢ o g. Since coker(f) =
B/Im(f) we have by the first isomorphism theorem that B/ ker(w) =
B/Im(f) and in particular ker(m) = Im(f). We conclude by seeing that
ker(g) C ker(m) = Im(f).

For the converse, see [Opp16, Theorem 16.2] ]

Corollary A.2.1. If Homg (B, —) = Homy (A, —) then A= B
Proof. If Homg (B, —) = Homy (A, —). Then it fits in an exact sequence
0 — Homy (B, —) — Homg (A, —) — 0
and from the previous theorem there exist a unique exact sequence
0—+A—=B—=0
and A= B O
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Observation A.2.1. Every statement above has a dual. In particular The
sequence 0 -+ A = B — (' is exact if and only if

0 — Homy(—, A) — Homg(—, B) — Homy(—, C)
and if Homy (—, A) = Home(—, B) then A= B

Definition 21 (Cohomological functor). An additive functor F': € — A
from a triangulated category % to an abelian category A is called a
cohomological functor if for any distinguished triangle X — Y —
Z — X[1] in €, the sequence

F(X)—= F(Y)— F(Z)
is an exact sequence in A.

Observation A.2.2. By the rotation axiom of triangulated categories the
definition of a cohomological functor F' is equivalent to for any distin-
guished triangle X — Y — Z — X[1] the sequence

-+ —= F(XIn]) = F(Y[n]) = F(Zn]) = F(X[n+1]) = ---
is long exact.

Lemma A.3. Let € be a triangulated category, and T € €. Then
Homg (T, —) and Homy(—,T) are cohomological.

The proof of the lemma can be found in [Opp16, Theorem 32.4].

Lemma A.4. Let F' : o — P be an exact functor between abelian
categories. If F' reflects 0-objects (i.e. F(X) =0 implies X =0), then F
15 faithful.

Proof. Let ¢ € Hom, (A, B) such that F(p) = 0. We know ¢ factors
through the image

A L B

Im(p) = A/ ker(p)

where 7 is an epimorphism, and ¢ is a monomorphism. Since F' is assumed
to be exact F'(m) is still an epimorphism, and F'(¢) is a monomorphism.
Thus 0 = F(p) = F(¢)F(m) which implies that F(:) = 0 since F(m)
is an epimorphism. Since F(¢) is mono we have F(A/ker(¢)) = 0 and
thus from the assumption that F reflects 0-objects we conclude that
A = ker(p) and ¢ = 0. Thus the kernel of the map Hom, (A4, B) —
Homg(F(A), F(B)) is zero and F is faithful. O
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Lemma A.5. Let € — Z be triangulated categories, and let F' : € — 9
be a triangulated functor. If F' is full and ker(F) = 0 then F' is faithfull.

Proof. Let XY € €, and let f : X — Y be a morphism such that
F(f) =0. We can complete f to a triangle

xLyv %z x
Since F'is triangulated we get a triangle

£(f) F(g)

F(X) FY)— F(Z) — F(X)[1]

where F(g) is an isomorphism. Then, as F' is full, there exist a map
h:Z — Y such that F(hg) = idpy). Now we complete Y’ "9 ¥ to the
triangle

Yy 5 75 Y[
Then F(Z) = 0, and since ker(F) = 0 we have Z = 0, and hg is an
isomorphism. Thus we can conclude that g is a split monomorphism,
and in particular f = 0. Thus F' is faithful. O
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