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Abstract

The hierarchical ensemble Kalman filter (HEnKF), introduced in |Omre
and Myrseth/ (2010), is an extension of the ensemble Kalman filter (EnKF).
By imposing a hierarchical model on the state space variables, HEnKF
has shown to yield more robust results than EnKF. However, as a con-
sequence of this, HEnKF is computationally demanding, especially for
high-dimensional systems. By imposing a Gaussian Markov random field
(GMRF) on the state space variables, we are able to reduce the computa-
tional cost of HEnKF.

In this thesis, we propose a new prior distribution for the model param-
eters of the state space variables, where we assume a GMRF. We argue
that we are able to reduce computational cost of HEnKF, by utilizing the
sparse matrix structure provided by the GMRF. Two numerical examples
are presented, where results provided by the prior distribution originally
used in HEnKF are compared to results provided by the prior distribution
presented in this thesis.

In both of the numerical examples, the prior distribution presented in
this thesis is able to provide a considerable reduction in computational
demand, compared to the prior distribution originally used in HEnKF.
The prior distribution introduced in this thesis is also able to produce
reliable results in both examples, even when the state space variable is
high-dimensional, while the quality of the results provided by the prior
distribution originally used in HEnKF decreases as the dimension of the
state space variable increases. The theory presented in this thesis suggests
that the computational complexity of HEnKF applying the presented prior
distribution is linear as a function of the dimension of the state space
variable. From the numerical results presented in this thesis, we observe
that the computational complexity is somewhat higher.
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Sammendrag

Hierarkisk ensemble Kalmanfilter (HEnKF), introdusert i Omre and
Myrseth! (2010)), er en utvidelse av ensemble Kalmanfilter (EnKF). Ved &
ilegge en hierarkisk modell pa state space-variablene har HEnKF vist a gi
mer robuste resultater enn EnKF. En konsekvens av dette er imidlertid
at HEnKF er beregningsmessig krevende, spesielt for hgydimensjonale
systemer. Ved & ilegge et Gaussisk Markovfelt (GMRF) pa state space-
variablene er vi i stand til & redusere den beregningsmessige kostnaden
ved HEnKF.

I denne oppgaven foreslar vi en ny apriorifordeling for modellparame-
terne til state space-variablene, hvor vi antar en GMRF. Vi argumenterer
for at vi er stand til & redusere den beregningsmessige kostnaden i HEnKF,
ved & anvende den glisne matrisestrukturen vi oppnar gjennom en GMRF.
To numeriske eksempler er presentert, hvor resultater anskaffet med apriori-
fordelingen opprinnelig brukt i HEnKF er sammenlignet med resultater
anskaffet med apriorifordelingen presentert i denne oppgaven.

I begge de numeriske eksemplene er apriorifordelingen presentert i
denne oppgaven i stand til & redusere den beregningsmessige kostna-
den, sammenlignet med apriorifordelingen opprinnelig brukt i HEnKF.
Apriorifordelingen introdusert i denne oppgaven i stand til & produsere
palitelige resultater i begge eksempler, selv nar state space-variabelen er
hgydimensjonal, mens kvaliteten pa resultatene med apriorifordelingen opp-
rinnelig brukt i HEnKF avtar nar dimensjonen pa state space-variabelen
gker. Teorien presentert i denne oppgaven antyder at den beregningsmes-
sige kompleksiteten for HEnKF med den presenterte apriorifordelingen
er linezr som funksjon av dimensjonen pa state space-variabelen. Fra
de numeriske eksemplene presentert i denne oppgaven observerer vi en
beregningsmessig kompleksitet som er noe hgyere.
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1 Introduction

In many cases, we wish to predict the outcome of a future event. This event
can be described by a latent variable, denoted xp.y1, where T is the current
time-step. Suppose that this latent variable is related to the latent variables
from the previous time-steps, xg, ..., xr. Further, suppose that each of these
latent variables @; give rise to an observation d;, for ¢ = 0,...,T. Our primary
objective is to assess the one-step forecasting problem, which is to predict the
latent variable x4 given the set of observations dy, ..., dr.

The state space model (Brockwell and Davis, |1991}, chap. 12.1) defines a set
of properties regarding the relationship between the observations dy, ..., dr and
latent variables @y, ..., xzpy1. By assuming a few additional properties regarding
Gaussianity and linearity, the Kalman filter, introduced in |Kalman| (1960)), is
able to produce an analytic solution to the one-step forecasting problem. This
filter was originally applied in the tracking of spacecrafts, where x; defines the
position of the spacecraft at time-step ¢, and where the observation d; defines
its velocity and azimuth at the same time-step. The relationship between the
observations and the latent variables are defined by the motion equations.

However, when at least one of the assumed properties are invalid, the Kalman
filter is analytically unfeasible, and the filter must be approximated. There
exists several approximations, such as the extended Kalman filter (Gordon et al.|
1993)), the randomized maximum likelihood filter (Oliver, |1996)), the particle
filter (Arulampalam et al.| [2002) and the unscented Kalman filter (Julier and
Uhlmann), [1997). The ensemble Kalman filter, introduced in [Evensen| (1994)),
approximates the Kalman filter when the relationship between two consecutive
latent variables is assumed Gaussian and nonlinear. Applications of the ensemble
Kalman filter includes meteorology, see [Houtekamer and Mitchell| (1997).

Although the ensemble Kalman filter has proven to yield reliable results in
many applications, the filter struggles with a few artifacts. These artifacts are
mainly related to estimation of the covariance matrix. The hierarchical ensemble
Kalman filter, introduced in |[Omre and Myrseth| (2010), manages to reduce the
impact of these artifacts, by imposing a hierarchical model on the latent variables.
This entails enforcing prior distributions on the model parameters. However, the
hierarchical ensemble Kalman filter faces some issues regarding computational
demands. These issues partially stem from the choice of prior distributions on
the model parameters, and become more severe as the dimensions of the problem
increase.

We believe that by imposing a different set of prior distributions on the model
parameters, we are able to reduce the computational demands of the hierarchical
ensemble Kalman filter, without notably reducing the quality of the results. By
assuming that the elements of the latent variables follow a Markov structure, we
are able to obtain a sparse precision matrix, i.e. the inverse of the covariance
matrix. This enables us to reduce the number of computations performed in the
hierarchical ensemble Kalman filter. The extent of this reduction relies on the
structure of the Markov structure imposed on the latent variables. Since we are
able to change the structure of the Markov chain as we choose, we are given a



wide range of options. That is, we are given more freedom to find a suitable
hierarchical model for each situation.

In Section 2] we present the theory necessary to understand the new concepts
presented in this report, which is introduced in Section [3] Section [ introduces
the setup of the numerical examples performed in this report. The results and
the discussion of these are presented in Section [5] Lastly, Section [0 gives a small
summary and conclusion of the results.

2 Background

This section presents the theory that is necessary for understanding the new
material introduced in Section Section [2.1] presents the state space model,
which sculpts the foundation of our problem setup. The linear Gaussian state
space model, which is a special case of the state space model, is introduced in
Section Section [2.3| presents the Kalman filter, while Section |2.4] introduces
an approximation of the Kalman filter, namely the ensemble Kalman filter. The
hierarchical ensemble Kalman filter is presented in Section which is an
extension of the ensemble Kalman filter. Section [2.6] introduces the Gaussian
Markov random field, while Section [2.7] discusses how Cholesky decomposition
can be applied to efficiently compute equations involving band matrices. Sections
and [2.7] are especially important, as the new material presented in Section
combines the theory introduced in these sections.

2.1 State space model

This section presents the state space model (SSM), which is the underlying
model for the problem we consider. The state space model is both defined
mathematically and illustrated visually. For more information about the state
space model, see (Omre and Myrseth| (2011) and [Brockwell and Davis| (1991)).

The state space model consists of two sequences that are linked together;
a sequence of observations, denoted do.r = (dy,ds,...,dr), and a sequence
of latent variables g.7+1 = (€o,®1,...,Z74+1). The vector d; is of length D,
d, € RP, and denotes the observation at an arbitrary time-step t. Similarly,
x; is a vector of length K, x; € R¥, and denotes the latent variable at time ¢.
Throughout this report, vectors are printed in bold, and the index ¢ is exclusively
used for denoting time-step. Also, we choose to write dy.p and xg.741 in bold,
as it is more reasonable to consider these as sequences of vectors, rather than
matrices.

Shumway and Stoffer| (2016], chap. 6.2) explain that estimating x;|dg.r is
called forecasting for t > T, while it is called filtering for t = T, and smoothing
for t < T. In this report, our main objective is to assess the one-step forecasting
problem, i.e. estimating xy; given all of the observations available at time
T, do.7 = (do,dq,...,dr). We also want to assess the filtering problem, i.e.
estimate x; given dp.; fort = 0,...,7T. Assessment of the forecasting and filtering



problems are discussed further in Section In the following, we describe the
properties of the state space model.

We first consider the sequence of latent variables, o.r+1 = (®o, €1, ..., T7+1).
Each latent variable x;41, given x;, is conditionally independent of the previous
latent variables, for t = 1,...,T + 1. That is, the sequence of latent variables
xo.7+1 follows a first order Markov chain

f(@eri|moe) = f(@era|xe). (1)

Alternatively, we can define a forward-function, denoted w(.), which specifies
the relationship between two consecutive latent variables

Tiy1 = wi(Te, vy), (2)

where v; is a noise term. This is called the forward model. Note that the state
space model makes no distributional assumptions about the noise term wvy.

We now proceed to define the relationship between the observations dg.r
and the latent variables xg.r+1. First, each observation d; is conditionally
independent of the remaining observations, given xy, for t =0,...,T. To denote
every observation in dy.; except d;, we write d_;. Similarly, we denote every
latent variable in xg.p41 except x; as _;. This enables us to describe the
conditional independence between the observations as follows

fldi|ld—¢, xo.r1) = f(de|To.r41), t=0,...,T. (3)

Second, d; is conditionally independent of the remaining latent variables
given x;. We use the term single-state dependence to describe this property.
The single-state dependence can be formulated as

f(delxo.ri1) = f(di]xe), t=0,...,T. (4)

Note that the right hand side of equals the left hand side of . These two
properties enables us to write the following expression

T

f(dorlmorin) = [] f(delzo), (5)

t=0

which we denote as the likelihood model.

Figuremillustrates the connection between the two sequences dy.7 and xg.711.
The edges indicate the causal dependencies between the latent variables and the
observations, and within the latent variables. We see that there are only edges
between a latent variable and the previous. This indicates the Markov property
between the latent variables, . We also see that there are no edges between
observations, only between a latent variable and the observation at the same time-
step. This enlightens the conditional independence between the observations,
and the single-state dependence, . Note that no distributional assumptions
are made in the state space model. In the following section, we present the
linear Gaussian state-space model, which makes further assumptions about the
likelihood and forward models.



Figure 1: A hidden Markov model. The edges illustrate the stochastic dependen-
cies between the nodes. The latent variables xy,t =0,...,7 + 1 are unobserved,
while the observations d;,t = 0,...,T are observed.

2.2 Linear Gaussian state space model

This section presents the linear Gaussian state space model, which is a special
case of the state space model. We assume the same model as in Section For
more information about the linear Gaussian state space model, see |(Omre and
Myrseth| (2011) and Brockwell and Davis| (1991]).

The linear Gaussian state space model assumes a state space model, as
specified in Section We recall that this model satisfies (1)) to , and is
illustrated in Figure [1 However, the linear Gaussian state space model makes
further assumptions about the connections between the observations and latent
variables. In the following, we present these properties.

First, we assume that the pdf of the latent variable in the initial time-step is
Gaussian, i.e.

xo ~ N (g, Xo), (6)

where p, € R is the mean vector and ¥y € RE*X is the covariance matrix of
xg. Second, we make further assumptions about the forward model, presented
in . We assume that the latent variable x4y given x;, is normally distributed
around a linear transformation of ;. That is,

Tyy1|x ~ N(Axy, Xy), (7)

for some matrix A; € RE*K  and some covariance matrix ¥, € REXE_ Since
the pdf of @;11|x; is Gaussian around a linear transformation of @, we say that
the forward model is Gauss-linear. By defining a random variable vy ~ N(0,X%,),
we are able to make an alternative formulation of the forward model

LTyl = Ata:t + vs. (8)

Second, we make assumptions about the likelihood model for d; given x;.
We assume that d; given x; is Gauss-linear as well. That is,

di|z; ~ N(Hxy, Xg), (9)

for some matrix H € RP>*¥ and some covariance matrix ¥4 € RP*P . Alter-

natively, by defining a variable u; ~ N(0,X;), we can formulate this property

as
dt:H.’Et—F’U/t. (10)



In the following section, we present an algorithm for computing f(x741|do.T).
This algorithm relies on the properties in @, and @D in order to provide
results that are analytically tractable.

2.3 Kalman filter

This section presents the Kalman filter, and explains the filter step-by-step. We
outline the presentation of the filter in an algorithm. We assume the same model
as specified in Sections [2:1] and For more information about the Kalman
filter, see [Kalman| (1960), [Shumway and Stoffer| (2016) and |Omre and Myrseth
(2011]).

The Kalman filter, introduced in Kalman| (1960), is a recursive algorithm that
creates estimates of a latent variable x;, given the observations do.; = (dy, . .., d}).
More specifically, the filter is able to provide an analytic expression for f(x¢|do.¢),
for all t =0,...,T for linear Gaussian state space models. We recall that this
is called filtering (Shumway and Stoffer}, 2016, chap. 6.2). The Kalman filter is
also able to solve the one-step forecasting problem, i.e. to compute an analytical
expression for f(xp41|do.r), which is our primary objective. Before we introduce
the Kalman filter, we present two theorems that are necessary for proving the
Kalman filter.

Theorem 1. Assume that and @D hold, and

@i|dost—1 ~ N(Hyjo:e—1, Bejo:e—1), (11)
then
xi|do:t ~ N (Ko Ztjo:t)s (12)
where
Hjosr = Bejore—1 T Krr(de — Hppyo,—1) (13)
2t\o:t = (I - KKFH)Et\o:t—l (14)

and where Kgp = Zt|0:t,1HT(HZt‘0:t,1HT +X4)"t. The matrices H and 4
are defined in @D

The full proof of Theorem []is presented in Appendix [A] In the following, we
present a sketch of the proof to give the reader a better understanding of the
Kalman filter. To derive the distribution for x¢|dg.t, we apply Bayes’ rule

f($t|d0:t71)f(dt|wt7 dO:t71>
f(d¢|do:t—1) '

Since we assume that the observations are conditionally independent, , we
have that

f(mt|d0:t) =

(15)

f(di|xe, dot—1) = f(di|xy). (16)
Thus,
f(@i|do:—1) f(di|:)
fde|do.i—1)

f(wt|d0:t) = (17)



The expression for f(x:|dy.;—1) is given in , while the expression for f(d|x;)
is given in @D By inserting these expressions into , we notice that f(x:|do.t)
is Gaussian with the parameters defined in and . Now we proceed to
the second theorem necessary to prove the Kalman filter.

Theorem 2. Assume that and @ hold, and

@i|dot ~ N (K005 Stjo:t) (18)
then
Ti1|dot ~ N(Hyy1)0:00 Ser1)0:0) (19)
where
Hittj0:e = At“t|0:t7 (20)
Yig1j0: = Bo + Ay AT, (21)

where Ay and X, are defined in ,

The full proof of Theorem [2|is given in Appendix [B|l In the following, we
present a sketch of the proof to give the reader some notion of how the Kalman
filter works. The distribution for x;11|dp.+ can be assessed by computing

f($t+1|d0:t) = /f(mt+1amt|d0:t)dxt~ (22)

By rewriting the integrand, we have

(@i |dos) = / (@1 |20, dow) f (@il dos)das. (23)

Since we assume that the latent variables follow a first order Markov chain, ,
we have

(@i |dos) = / F (@01 |20) f (@il o) decr. (24)

The first factor in the integrand is given in 7 while the second factor is given in
(18). By inserting these expressions into the equation above, we see that @1 1|do.¢
is Gaussian with the parameters given in and . The expressions for the
filtering and one-step forecasting distributions are presented in the following
theorem.

Theorem 3. Assume a linear Gaussian state space model, that is, where (1),

7 } @; and @ hOld, then

mt|d0:t ~ N(/J’t|0:t7 Et\O:t)a (25)
Tit1|do:e ~ N(Hyg1)0:0 Der1j0:6), (26)



fort=0,...,T, where

Bejoit = Bejo—1 + Krr(de — Hptgo.—1), (27)
S0t = (I — KgpH)Yy0:4-1, (28)
K100 = At#t|0:ta (29)
Y110 = ASyj0 Al + Za, (30)

where Kxp = S4j04—1 HT(HXy0.4—1 H + $q)~ ! is the Kalman gain matrixz for
the Kalman filter, pgjo._q = po and Xojo.—1 = Yo are defined in @, A and X,
are defined in @, and H and X4 are defined in @

Proof. In order to prove this theorem, i.e. to prove that and hold for
t=0,...,T, we structure the proof as a ”proof by induction”. We first prove
that the theorem holds for the initial time-step ¢ = 0. We then prove that the
theorem holds for time-step t if we assume that it holds for ¢t — 1. In the following,
we prove that and hold for ¢ = 0.

In order to prove that holds for ¢t = 0, we apply Theorem [1| Since we
assume that (3)) and (9) hold, and that @y ~ N(pg, Xo) from (6), we have from
Theorem [I] that

xo|dy ~ N(u’0|0:0720\0:0)a (31)

where
Fojo:0 = Bojo:—1 + Kxr(do — Hprgpo,—1), (32)
Yoj0:0 = (I — Kxr H)Xoj0.—1, (33)

where prgo._1 = Ho and Xgjo.—1 = Xo. That is, holds for t = 0. In order
to prove for t = 0, we apply Theorem [2| Since we assume that and
hold, we have from Theorem [2] that

x1|do ~ N(p1)0:0, Z1)0:0); (34)
where

Hij0:0 = AOH0|0:07 (35)

Y1j0:0 = AoXojo:0 A + Xe (36)

That is, holds for ¢ = 0, which means that the theorem holds for ¢ = 0.

We now want to prove that Theorem [3] holds for time-step ¢ if we assume
that it holds for ¢t — 1. We do this step-wise, by first proving that holds, and
then proving that consequently also holds. By assuming that the theorem
holds for time-step t — 1, we have from that

wt|d0:t71 ~ N(Nt\o;tfh Zt\0:1571)~ (37)
Since we assume that and @D hold, we have from Theorem [1| that
wt|d0:t ~ N(y’t|01t7 Zt\O:t)a (38)



where

Fejo:e = Hyjo—1 + Kxr(de — Hppyo-1), (39)
Yo = (I — Kxr H)X40:0—1.- (40)

This means that holds.
Now that an expression for f(x:|do.;) is accessible, we are able to prove that

also holds. Since we assume that (1)) and hold, we are able to apply
Theorem |2 to prove . From Theorem [2, we have that

$t+1|d0:t ~ N(Mt+1|o;ta Et+1\o:t)a (41)
where
Hittjo:e = At“t|0:t7 (42)
Yir1)0: = ADyjo: Al + o, (43)
which means that holds. This completes the proof of Theorem O

In Theorem [3] we see that both the filtering and forecasting distributions are
Gaussian, which means that assessing the distributions only consists of computing
the expressions for the mean vector and covariance matrix. In addition, we see
that the parameters of the filtering distribution f(a¢|dp.+), given in and
([28), are functions of Hyjor—1 and Xgjo.;—q only. Hence, f(z¢|do.+) can be assessed
through the forecasting distribution at time-step ¢t — 1, f(x¢|dp.4—1). Similarly,
we see that the expressions for the distribution parameters of the forecasting
distribution f(x¢41|do.t), given in and (30)), are functions of Fejo:e and yjo.
only. That is, the forecasting distribution at time-step ¢, f(@¢+1|do.+), can be
assessed through the filtering distribution at time-step ¢, f(@:|do.;). Thus, it is
possible to formulate the Kalman filter as a recursive algorithm.

The algorithm for the Kalman filter alternates between an update-step and a
forecast-step, which are both performed once for each time-step t =0,...,7T. In
the update-step at time-step t, we assess the filter distribution f(x|do.¢), given
in (25). In practice this entails computing and (28). In the forecast-step
at time-step ¢, we assess the forecasting distribution f(x:41|do.t), given in ,
through the distribution acquired in the update-step, f(x:|do.;). This is done
by computing and .

The three first steps of the Kalman filter, in addition to the last step, is
illustrated in Figure Figureillustrates the update-step in the first iteration,
i.e. for t = 0, where the distribution f(xo|dp) is assessed. The forecast-step
for t = 0 is visualized in Figure where f(x1|dp) is computed. Figure
illustrates the update-step for ¢ = 1, where f(x1|do.1) is assessed. Similarly,
Figure visualizes the forecast-step in the last iteration, i.e. for t = T,
where we compute f(xri1|do.r). Algorithm [1] presents the Kalman filter as an
algorithm. In the following section, we consider an approximation of the Kalman
filter, when the linear Gaussian state space model is invalid.
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(a) The update-step in the first iteration of the Kalman filter. We condition @o on the first
observation dg.

(b) The forecast-step in the first iteration of the Kalman filter algorithm. We forecast x1, given
the observation dg.

@ @ & @
D@ u- 2 L &

(¢) The update-step in the second iteration of the Kalman filter. We condition 1 on d;.

ey

(d) The forecast-step in the last iteration of the Kalman filter. We forecast @r41, given the
observations dyo, ..., dr.

Figure 2: The three first plots visualize the three first steps of the Kalman filter
algorithm. The last plot visualizes the last step. The squares indicate which
observations that each latent variable is conditioned on.



Initiate po and Xg from ()
fort=0,...,7T do

Update:
Calculate Hyjo:e USING
Calculate ;¢ using (28)
Forecast:

Calculate p; 40, using
Calculate ¥, 104 using (30)
end
Algorithm 1: Algorithm for the Kalman Filter. The pdf for the initial state,
f(x0), is assumed known. The subscripts on g and ¥ indicate which latent
variable that is considered and which observations that are conditioned on.

2.4 Ensemble Kalman filter

This section presents the ensemble Kalman filter, which is an approximation
of the Kalman filter, presented in [2:3] We first explain the background for the
development of the ensemble Kalman filter, and proceed with a presentation of
the filter. Lastly, we present the filter in the form of an algorithm. For more
information about the ensemble Kalman filter, see [Evensen| (1994) and |[Omre
and Myrseth| (2011)).

Section [2.3] presents the Kalman filter, and explains how the filter solves the
filtering and one-step forecasting problems. In the proof of Theorem [3| we notice
that all of the properties in the state space model and linear Gaussian state space
model are necessary in the Kalman filter. In the following, we do not assume
that the forward model, , is Gauss-linear, as in the linear Gaussian state
space model. However, we assume that the remaining properties of the model
are valid, i.e. , , , @ and @ hold. Thus, the Kalman filter has to be
approximated. A possible solution is the extended Kalman filter, which replaces
the nonlinear forward function with a linear approximation. However, extended
Kalman filter is unfeasible for high-dimensional systems, which is unfortunate as
we mainly focus on high-dimensional systems in this report. Another option is
the ensemble Kalman filter, which also approximates the Kalman filter, and is
well-suited for high-dimensional systems. The ensemble Kalman filter represents
the filtering and forecasting distributions through a set of realizations, rather
than through a mean vector and covariance matrix. In the following, we give a
detailed description of the ensemble Kalman filter.

The ensemble Kalman filter and the Kalman filter are structurally similar.
Both filters assess f(x¢|do.) and f(@xy1|do.t) for t =0, ..., T through a recursive
algorithm, alternating between an update-step and a forecast-step. However,
since EnKF represents the distributions through a set of realizations, the update
and forward-steps in the two filters differ. In the following, we introduce some
necessary notation before we consider the update- and forward-steps of the
ensemble Kalman filter.

Recall that the Kalman filter assesses the forecasting distribution f(x:|do.t—1)

10



by computing its mean vector p;o.; 1 and Xyo:¢—1, in and , respectively.
The ensemble Kalman filter provides a Gaussian approximation of f(x¢|do.+—1)
through a set of approximately independent realizations, which are thought to
represent the distribution. Each realization is called an ensemble member, and
we denote the jth ensemble member by x, ; € RX. For the remainder of this
report, we let the index j denote the ensemble member. The number of ensemble
members is called the ensemble size and we denote this by J. The ensemble
members are generated independently from the pdf of the latent variable in
the initial time-step, i.e. xg; ~ f(®o) for j = 1,...,J, and then adjusted
according to the likelihood and forward models, in order to represent the correct
distribution at all times. The set of ensemble members is called an ensemble,
and the we denote the ensemble representing f(@¢|do.t—1) as x¢. The ensemble
Xt is a matrix of consisting of J column vectors, where X, ; is the jth column
vector of yy, i.e. xy € REX/. The ensemble is represented as a matrix, rather
than a set of ensemble members. Representing the ensemble as a matrix enables
us to extensively simplify the expressions that are presented in Section [3] In the
following, we first consider the update-step of the ensemble Kalman filter.

As for the Kalman filter, the objective of the update-step is to assess the
filtering distribution f(z:|do.t). EnKF assesses the filtering distribution by first
approximating the forecasting distribution f(x:|dp.t—1) through the ensemble.
The approximation of f(x¢|do.t—1) is a Gaussian pdf N (g9.4—1, X¢j0:¢—1), Where
Hy0:¢—1 and Xyo.4—1 are unknown parameters. These parameters are approxi-
mated through the ensemble x;. The mean pt,.,_; is estimated by the average
of the ensemble members

J
. 1
Hijo:e—1 = i ZXt,j' (44)
j=1

Similarly, we use the sample covariance of the ensemble to estimate X;jg.4_1
1 J
Ytjoit—1 = J-1 Z(Xt,j = Pryjoit—1)(Xe,j — Bgjo:e—1)T- (45)
j=1

We denote the Gaussian pdf N(/lt‘o:t_l,f]t‘o;t,l) as f(mt|d0:t—17Xt)’ and it is
used as the Gaussian approximation of f(x¢|dp.t—1). Note that the Gaussian
approximation is conditioned on x¢, because fu;o.;_; and 2t\0:t—1 are calculated
through the ensemble.

Now that a Gaussian approximation of f(a¢|dy.:—1) is available, we are able to
approximate f(x:|dp.t). We approximate f(x¢|dp.:) by a Gaussian approximation
denoted f(:ct|d0;t7xt). As in Section we apply Bayes’ rule to derive the
expressions for the distribution parameters

Faeldos—1, x0) f(di|zs, dos—1)
f(di|dot—1) '

Due to conditional independence between observations, (3), we have that
fdilxe, dot—1) = f(di]x). We have that the prior f(x¢|do.t—1,x¢) is Gaussian

Fxildo.s, xt) = (46)
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with parameters defined in and (45), and that f(d;|x,) is defined in (9).
By inserting these pdfs into , we have that the posterior f(mt\d();t, Xt) is a
Gaussian pdf N (f,0.¢, 2t|0:t)~ The full derivation of the distribution is presented
in Appendix [C] and the expressions for the parameters are only presented here

ﬂt|0:t = ﬂt\O:tfl + KEnKF(dt - Hﬂt\o:tfl) (47)
S04 = (I — KpakrH)E40:6-1, (48)

where Kgpngr = f)t‘o:t_lHT(Hf)t‘o:t_lHT +3¥4) 7! is the Kalman gain matrix for
EnKF. Note that the expressions are identical to the expressions in and
, except that Hj0:t—1 and Xy.;—; are replaced with :at|0:t—l and Xy0:¢—1-
This completes the assessment of f(x:|do.t).

In order to ensure that the ensemble represents the filter distribution f(x|do.¢),
the ensemble members need to be adjusted to the observation in the current
time-step, d;. By the term ”adjusted”, we mean that if the ensemble is a set
of realizations from f(x¢|dg.+—1), the adjusted ensemble is a set of realizations
from f(x¢|dp.t). If the ensemble is not adjusted to d:, the ensemble Kalman
filter fails to approximate the Kalman filter. The following expression adjusts
the existing ensemble members on the current observation, d;

Xt = Xt,j + Keaxr(dy +uej — Hxy ), (49)

where u;; ~ N(0,%,;) and where the tilde indicates that the jth ensemble
member X, ; is adjusted according to do.;. Similarly, X+ denotes the ensemble
that represents f(x:|do.t). If x¢ is a set of realizations from f(x:|do.1—1),
guarantees that y; is a set of realizations from f(x;|do.;) .

An alternative approach to adjusting the existing ensemble members to d;
in , is to sample new ensemble members from f (x¢|do.t, xt). This enables
us to provide independent ensemble members that are adjusted according to
d;. However, because of the uncertainty regarding the validity of the Gaussian
approximation, we want to avoid sampling from f (z¢|do.t, x¢) at all costs. That
is, the Gaussian approximation f (x¢|do.t, x¢) 1s utilized to approximate the filter
distribution only. This completes the update-step of the ensemble Kalman filter.
In the following we consider the forecast-step.

The forecast-step in the ensemble Kalman filter resembles the forecast-step
in the traditional Kalman filter. Recall that the objective of the forecast-step
at time ¢ in the Kalman filter is to provide an expression for the forecasting
distribution f(@¢11|do.¢). In practice, this entails we compute the distribution
parameters of f(x¢11|do.t) by and . However, since the forward model
is assumed to be nonlinear, these expressions are invalid in EnKF. Since EnKF
represents f(x¢|dp.+) through an ensemble, EnKF applies the formulation of
the forward model from on each ensemble member individually, in order to
obtain an ensemble that represents f(xi11|do.t). That is,

Xt-i—l,j :wt(xthﬁvt,j)a .] = 17"'7‘]7 (50)

where v, ; ~ N(0,%;). This completes the forecast-step in EnKF. The ensemble
Kalman filter is summarised in Algorithm [2]
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Initiate X0 = {XO,j ~ f(wO)aJ =1,... ’ ‘]}
fort=0,...,T do

Update:

Calculate fiy.— using

Calculate it\o:t—l using

Calculate fi,o,, using

Calculate it\o:t using

Calculate x; ; using forj=1,...,J

Forecast:
Calculate x,; ; using (50) for j =1,...,J
end

Algorithm 2: Algorithm for the ensemble Kalman Filter. The pdf for the
initial state, f(xo), is assumed known.

2.5 Hierarchical ensemble Kalman filter

The hierarchical ensemble Kalman filter (HEnKF), introduced in |[Omre and
Myrseth| (2010), is an extension of the ensemble Kalman filter, presented in
Section[2:4] This section explains the background for the development of HEnKF,
and provides a presentation of the filter. We assume the same model as in Section
that is, a state-space model where , , , @ and @ apply.

The ensemble Kalman filter (EnKF), presented in Section has proven
to be a powerful tool for making estimates on a latent variable given a set of
observations. However, EnKF fails to account for the estimation uncertainty in
Et|0 :t—1, which is the estimate of X .;—;. In addition, Et|0 .t—1 fails to contain
the same amount of information about the distribution as ¥0.;—;. This is
because of rank deficiency, which occurs when the ensemble size J is smaller than
both K and D, which we recall are the dimensions of the state space variable
x; and the observation d;, respectively. As a result of this, Omre and Myrseth
(2010)) suggests enforcing a hierarchical model on f(x¢|do.c—1) in the update-step,
which entails imposing prior distributions for .,y and Xyjg.;—1. This enables
us to account for the estimation uncertainty in X;.,—;. By imposing a suitable
prior distribution for ¥4g.,_1, we are able to remove the issue of rank deficiency
completely. The variables p;)o.;—; and ¥y 0., are mentioned extensively in this
chapter, which is why we simplify the notation by denoting these variables as
p, and ¥, respectively, for the remainder of this chapter. In the following, we
present a detailed description of the hierarchical ensemble Kalman filter.

The structure of the hierarchical ensemble Kalman filter resembles the struc-
ture of ensemble Kalman filter. Both filters alternates between an update-step
and a forecast-step, and represent the distributions through an ensemble. How-
ever, since the hierarchical ensemble Kalman filter enforces a hierarchical model
on the state variables, adjustments has to be made for the update-step. It also
entails that HEnKF has to assign prior distributions for p, and ¥; as a part of
the initialization. In the following, we first consider the update-step.
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The update-step in HEnKF consists of deriving the distribution f (g, X¢|x¢),
and then adjusting the ensemble members to the current observation d;, as
in EnKF. First, we consider the derivation of f(u,,¥¢|x:). An expression for
f (s, el xe) can be found by using Bayes’ rule and the prior distribution f (g, 3¢)

£ S0 F (xe e, )
f(xe) .

HEnKF chooses the prior distribution f(g,, ¥;) such that deriving the expression
for f(p,, X¢|x¢) is analytically tractable. This is possible by choosing a prior
distribution such that f(g,, ;) is a conjugate prior to the likelihood f(x¢|g;, t),
i.e. the prior f(u,,>;) and the posterior f(p,,¥X¢|x:) belong to the same family
of distributions (Gamerman and Lopes, 2006} p. 50). In order to choose a suitable
prior distribution, we first need to assess the likelihood f (xelpy, Xt)-

The ensemble members are considered to be independent, thus we have that

[, Belxe) = (51)

J

f(Xt'Nt»Et) = Hf(Xt,j“l’taEt)' (52)

j=1
Each ensemble member X, ; is considered to be realizations from the pdf of
@|do.—1. Since x¢|do.s—1, g, Lt ~ N(py, X¢), we have that f(Xth %) is Gaus-
sian. That is, the joint prior distribution f(g,, ;) should belong to the Gaussian
conjugate family, see |Gelman et al.| (2003). (Omre and Myrseth| (2010) chooses
the prior to belong to the normal-inverse-Wishart distribution. In the following,
we present the expressions for the prior and posterior distributions f (g, X¢|x¢)-
We write the prior distribution as f(p,, X¢) = f(p,|Z¢) f(Z¢). The following

distributions are assigned to p,|¥; and %

K| Ze ~ N(&p, arXy), (53)
Zt ~ IW(‘I’t, Vt)7 (54)

where oy > 0 is the variance scaling parameter, and IW (U, 1) is the inverse-
Wishart distribution with matrix parameter ¥, € RX*X and v, degrees of
freedom. The expression for the posterior distributions are only presented here
(Omre and Myrseth) [2010]). The posterior distributions are as follows

Bl Zes xe ~ N (&7, a7 Ee) (55)
ilxe ~ IW(P5, vy) (56)
where

* 1 Jat ~

& = 1—|—J04t€t+ 1+Jatlu’t\0:t—17 (57)
* Qg

= 58
at 1 + Jat’ ( )

. - J R N
Uy =W +(J — I)Et\o:t—l + m(“’tm:t—l - €t)(ﬂt|o:t—1 -&)7, (59)

vi = v+ J, (60)
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where f1;)0,,_, and 2t|0:t—1 are defined in and ([48), respectively.

Note that the parameters are conditioned on x;, which means that the
distribution parameters are adjusted according to dg.;—1. That is, the distribution
parameters will be adjusted according to d; in the the following time-step,
when p,;,, and 3,4, are adjusted to x;y;. Also note that the parameters in
the posterior distributions are weighted averages of the prior parameters and
ensemble members. This means that the prior is assigned much weight when
the ensemble size J is small, and that the prior is assigned less weight when J
is large. When J — oo, the prior is assigned no weight, and HEnKF coincides
with EnKF.

Note that HEnKF adjusts p, and 3; to x: by deriving a distribution
f (e, Zelxt), as an alternative to the updating in EnKF, which is to compute
and . The HEnKF-approach allows us to combine our prior assump-
tions about p, and ¥; with knowledge about the observations dg.;—; through
the ensemble x;, as we can see in to . By imposing a sensible prior
distribution for ¥;, HEnKF is also able to guarantee that 3; remains full-rank.
Also, choosing a prior f(u;,X:) from the Gaussian conjugate family reduces
the amount of computations that has to be performed, since computing the
normalizing constant for f (g, Xt|x:) is avoided, which in many cases is difficult
to compute.

It should also be noted that the normal-inverse-Wishart distribution is
considered to be the standard choice of conjugate prior distribution when the
likelihood is multivariate normal, which is arguably the reason why |[Omre and
Myrseth! (2010) chose this distribution. Later, we shall see that the choice of this
distribution give rise to some issues regarding computability. This completes the
derivation of f(p,, X¢|x¢). In the following, we consider the adjustment of the
ensemble members to the current observation, d;.

The adjusting of the ensemble members resembles the adjusting in EnKF.
Recall that in EnKF, each ensemble member is adjusted based on 2t‘0:t,1, see
(49). However, since HEnKF considers 3; as a stochastic variable, HEnKF
generates a sample of ¥ from f(X¢|x;), in order to perform the updating of
the ensemble members. That is, HEnKF adjusts each ensemble member on a
different sample of ;. The generated sample of ¥; that is applied to updating
ensemble member number j is denoted ¥, ;, i.e. Xt ; ~ f(X¢|x¢). The updating
is as follows

it,j - Xt,j + EtJHT(HEtJ'HT + Ed)il(dt + U, — HXt,j)? (61)

where u; ; ~ N(0,%,) and X ; ~ IW(¥},v;). As in (d9), by computing the
ensemble y; through , the ensemble X; is a set of realizations from f(x:|do.+)
if x: is a set of realizations from f(@¢|do.t—1). This completes the update-step
of HEnKF', and we proceed to the forecast-step.

The forecast-step in HEnKF resembles the forecast-step in EnKF. However,
in addition to forwarding the ensemble members, the distribution parameters for
p, and X; has to be forwarded as well. For more details about the updating of
p, and X4, see|Omre and Myrseth| (2010). An important detail in the forwarding
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of the distribution parameters, is that the forecast-step preserves the distribution
families of p, and ;. This is important because it means that the distribution
families of both p, and ¥, are preserved throughout the entire filter algorithm,
since both the update- and forward-steps preserve the distribution families. This
reduces the computational demands of the filter extensively, as it reduces the
updating and forecasting of p, and ¥; to computing their parameter values, and
reassessing the distribution families of g, and 3; in each time-step is omitted.
The forwarding of the ensemble members is identical to the forwarding in EnKF,
see . This completes the presentation of the hierarchical ensemble Kalman
filter.

2.6 Gaussian Markov random fields

This section presents Gaussian Markov random fields (GMRF), which is an
important part of the new theory presented in Section [3] For more information
about Gaussian Markov random fields, see [Rue and Held| (2005]).

Before we present GMRF, we introduce the notation that is necessary to
present GMRF in a digestible manner. Consider a stochastic variable a, which
is a vector of length K, i.e. € RX. We assume that z is normally distributed
with mean vector g and covariance matrix ¥, i.e. @ ~ N (i, ). We denote the
kth element of  as z¥, i.e. © = (2t ... LI ,2%). In order to denote all
elements of & between the ith and kth element, we write &{#t1%~1} If we want
to denote all elements of &, except the ith and kth element, we write @~ {5k},
That is, if we want to denote that the ¢th and kth element of  are conditionally
independent given the remaining elements, we write

I U (62)

We let ) denote the precision matrix of &, which is the inverse of the covariance
matrix, i.e. @Q = X~!. Further, we denote the (i,k)th entry of Q with a
superscript, i.e. QF.

In the following, we define the graph associated to . The graph associated to
x consists of K nodes, where node k is associated to the kth element of . The
graph consists of a set of edges, where each edge connects two of the nodes in
the graph. The following definition determines whether there is an edge between
two nodes or not. There exists no edge between node ¢ and k if and only if

L P G (63)

That is, if 2 and z* are conditionally independent given the remaining elements
of &, then there is no edge between nodes i and k, and vice versa.

Further, we define the term sequential neighbour. Each node k has a set of
sequential neighbours, which we denote A;. We define Ay as the smallest subset
of {1,...,k — 1} such that f(2*|z{"*=1}) = f(z*|x™*) holds, where ™ is the
vector containing the stochastic variables associated with the nodes in A. From
the definition of Ag, we have that

xk L m{l:kfl}\/\kkcl\k. (64)
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That is, 2¥ is conditionally independent of &{***~1\Ax given &+, To denote the
number of sequential neighbours of node k, we write |Ag|. The set Ay is ordered
in ascending order, which enables us to enumerate the nodes in Ay, from 1 to |A]|.
We denote the Ith sequential neighbour of node k as Ax(l), and we denote the
stochastic variable associated to the Ith sequential neighbour of node k as z+(®.
If node i is a sequential neighbour of node k, i.e. i € Ay, then A,;l(i) denotes
the index of node 7 in Aj. That is, if node i is the Ith sequential neighbour of
node k, i.e. Ag(l) =i, then A, '(i) = I. This means that Ay(A, ' (7)) = 1.

We present a theorem that provides a useful connection between the sequential
neighbourhood and conditional independence.

Theorem 4. Assume 1 <i < k < K. We then have
i¢ A, andPs e {k+1,... K} :ike Ay —= o' L a¥|e 1R (65)

The proof is presented in Appendix [E] The theorem states that if either
i € Ay or there exists a sequential neighbourhood A, such that i,k € Ay, then
z* and z* are not conditionally independent given the remaining elements of x.
That is, there are two possibilities as to why there is an edge between node ¢ and
k. Either node i is a sequential neighbour of node k, i.e. i € Ay, or both nodes
are sequential neighbours of the same node, i,k € A, for some s € {k + 1, K}.
In the following, we discuss a theorem that connects the presented theory to the
sparsity of the precision matrix Q.

From Theorem 2.2 in Rue and Held| (2005), we have that Q** = 0 if and
only if the ith and kth element of & are conditionally independent given the
remaining elements,

2t Lok |le= R — QiF =0, (66)

Hence we have a useful connection between the graph associated to @, and the

structure of the precision matrix Q. If there is no edge between node ¢ and k,

then holds. This implies that Q** = 0. Conversely, if Q** = 0, then there

is no edge between node i and k. This enables us to assess the sparsity of @

through the graph. In the following, we apply this theorem on an example.
Assume that x follows a second order Markov chain,

25 1 w{l,...,k73}|w{k727k71}. (67)

That is, the kth element of  is conditionally independent of the k — 3 first
elements, given the two elements before 2¥. We can also represent the conditional
dependencies in & by a graph. Since x follows a second order Markov chain, the
sequential neighbourhood for node k is

A, ={k—-2,k—1} for k> 2. (68)

That is |[Ax| = 2 if k£ > 2, and |Agx| = k — 1 if £k < 2. Thus, there exist edges
between node k£ and the two previous nodes. Since node k is a sequential
neighbour of node k + 1 and k + 2, there are also edges between node k and the
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Figure 3: An excerpt of the graph for . There is an edge between each node
and its four closest nodes.

two following nodes. Figure [3| shows a part of the graph associated to . We
see that there is only an edge between a node and its four closest nodes. In the
following, we show how the Markov property on @ influences the structure of
the precision matrix @ in this example.

By combining and , we have that
Q" =0 for|i—Fk >2. (69)

That is, @ has the following structure

Q = ) (70)

where e represents the nonzero entries of (). That is, only the elements on the
diagonal, and the two first lower and upper diagonals are nonzero, which means
that in total 5 diagonals are nonzero. The bandwidth of a matrix @) is defined as

max{|i — k| : Q%% # 0}. (71)

In our example, @) is a band matrix with bandwidth two. In general, if x follows
an mth order Markov chain, @ has 2m + 1 nonzero-diagonals and bandwidth
m. This result is very useful, as band matrices have many beneficial properties
regarding computational complexity (Rue and Held) [2005, chap. 1.2.1), which is
utilized in the next section.

18



2.7 Applying Cholesky decomposition on band matrices

This section discusses how we in certain cases are able to apply Cholesky
decomposition to efficiently compute expressions involving band matrices. This
is a crucial part of the new theory presented in Section [3] For more information,
see |[Rue and Held| (2005)).

Let z; and zs be vectors of length K, i.e. 21,2, € REK. We assume that z;
is unknown and that z, is known. Further, assume that @ is a known symmetric
positive-definite matrix of size K x K. Our objective is to compute

zZ] = Q_1Z2~ (72)

as efficiently as possible. It is obviously possible to compute the right hand side
directly, that is, by first inverting @, and then compute Q~'z,. Another option is
to use Cholesky decomposition. In the following, we first describe how Cholesky
decomposition is applied to compute , when @ is a full matrix. Further, we
discuss how Cholesky decomposition enables us to reduce the computational
complexity of computing when we assume that @ is a band matrix.

We first utilize that @ is a symmetric positive-definite matrix. For every
symmetric and positive-definite matrix, there exists a lower triangular matrix L

such that Q = LLT. By combining this expression with , we have
21 =L TL '2,. (73)

We now want to split up the right hand side into two equations. We define a
vector zz € R¥ | such that

zZ3 :L_l,ZQ7 (74)
Z1 :LiTZ:S. (75)

Note that inserting the expression for z5 in (|74) into yields . In order
to compute z1, we first compute z3 from (74)), and then compute z; from .

In the following, we first consider the computation of .

We rewrite as
Z9 = LZg. (76)

Since L is a lower triangular matrix, L has the following structure

where e denotes the nonzero entries of L. In order to utilize the structure of
L, we compute row-by-row. That is, we compute z, recursively, by first
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solving the first row of the matrix equation zo = Lz3, and then repeat this for
every row down to the last row. In the following, we discuss this in detail.

Since L is lower diagonal, L only has one nonzero entry on the first row, see
(77). Thus, the equation for the first row of zo = Lz3 becomes

2y = LMz, (78)

where 23 and 23 are the first elements of zo and z3, respectively. Since zg is
known, we have that z3 = L1'!/z4. Now that 23 is known, we are able to solve
the second row of zo = Lzj efficiently. The Cholesky decomposition L has at
most two nonzero entries on the second row, as seen in . Thus, the equation
for the second row becomes

22 = L>' 23 + L2222 (79)
Since 23 is known, we are able to solve the equation for 22

1
Z?2> = 2.2 (Z% - L27lz?{)' (80)

Similarly, we are able to compute 23, 23, etc, recursively. In general, the
expression for the [th element of z3 becomes

-1
1 5,8
leS = Ll (Zé - ZLL 23)' (81)
s=1

Now that z3 is computed, we are able to compute z; from . We apply
the same logic to solve this equation as for solving (74]). By rewriting (75)), we
have

z3 = LTzl. (82)
As for (76), we compute row-by-row. However, since LT is upper diagonal,
we iterate in the opposite direction than for . That is, we first compute the

last row of z3 = LTz, and iterate backwards up to the first row of z;. The
expression for the [th element of z; is as follows

K
]' S S
A= i (5= > L) (83)
s=Il+1

In the following we compare the computational complexity of computing
brute-force, to the presented Cholesky decomposition-approach.

In general, we have that inverting @ has a computational complexity of O(K?).
The computational complexity of multiplying Q! with z5 is O(K?), which
means that the overall complexity of computing brute-force is O(K?). The
computational complexity of Cholesky decomposing @ is O(K?®). By computing
z3 through 7 the computational complexity is O(K?), because computing
each of the K elements of z3 has a computational complexity of O(K). Similarly,
the computational complexity of computing z; from is O(K?). Thus, the
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overall complexity of computing with Cholesky decomposition is O(K?).
Hence Cholesky decomposition is of little use when @ is assumed to be a full
matrix. In the following, we make further assumptions about the sparsity of @,
and discuss how this affects the computational complexity of computing .

We now assume that @ is a band matrix with bandwidth m, where the term
bandwidth is defined in . The computational complexity can be reduced by
utilizing the fact that Q is a band matrix with known bandwidth. Appendix [D]
shows that L only has nonzero entries on the diagonal and on the m first lower
diagonals. For example, if the bandwidth of @ is two, i.e. m = 2, L has the
following structure

where e indicate the nonzero entries of L. In the following, we show how we are
able to compute more efficiently, when @ has bandwidth m.

As previously, we compute by solving and . Recall that
is solved by computing z3 elementwise through (81). However, because of the
structure of L, we are able to simplify this expression. Since () has bandwidth
m, L has at most m + 1 nonzero entries on each row. The nonzero entries are
the diagonal entry, and the first m entries located to the left of the diagonal.
For example, we can see from that each row has at most 3 nonzero entries
when m = 2. Thus, (81) can be simplified to

-1
1 S .S
h=gmh- D0 L), (85)

s=l-m

where we notice that the sum goes from [ — m to | — 1, while the sum in
goes from 1 to [ — 1.

Similarly, we are able to compute more efficiently as well. Each row of
LT has at most m + 1 nonzero entries, and these elements are located on the
diagonal and to the right of the diagonal. Hence, can be simplified to

l4+m

1 8,08
Zi = Tl (Zé - E L 7l’zl)v (86)
s=Il+1

where we notice that the sum goes from [ + 1 to [ + m, while the sum in
(83) goes from [ 4+ 1 to K. Algorithm |3| presents a summary of computing
(72) with Cholesky decomposition when @ is a band matrix with bandwidth
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Compute Cholesky decomposition, @ = LLT.
Solve z5 = Lzj3 for z3:
fori=1,...,K do
| Compute 24 using
end
Solve z3 = LTz, for z1:
fori=K,...,1do
| Compute 2! using (86))
end
Algorithm 3: Algorithm for computing z; = Q~ 'z, with Cholesky decom-
position when @ has bandwidth m.

m. In the following, we discuss the computational complexity of the Cholesky
decomposition-approach for band matrices.

As mentioned, the computational complexity of Cholesky decomposing @
is O(K?®). However, since @ is a band matrix with bandwidth m, we have
that L has at most m + 1 entries on each row. Thus, the number of nonzero
entries in L is O(Km). Computing each entry has a computational complexity
of O(m). Thus, Cholesky decomposing @ has a computational complexity of
O(Km?). In addition, we are able to reduce the computational complexity of
computing and , by rather computing and . The computational
complexity of computing (85) is O(Km) for each element of z3, which is the
same as for computing Thus, the overall computational complexity of
utilizing Cholesky decomposition to compute is O(Km?). As mentioned,
the brute-force approach has a computational complexity of O(K3). In our
numerical examples, we have that K > m. Thus, Cholesky decomposition
extensively reduces the computational complexity.

3 Alternative prior distribution for HEnKF

In this section, we propose a new family of prior distributions for the hierarchical
ensemble Kalman filter, followed by a presentation of the corresponding posterior
distributions and the precision matrix for the latent variable ;. Lastly, we show
how the proposed prior distributions can be applied to reduce the computational
costs of the hierarchical ensemble Kalman filter.

3.1 New prior distribution for HEnKF

Recall that the ensemble Kalman filter, presented in Section [2.4] fails to account
for the estimation uncertainty in the estimation of the covariance matrix. The
hierarchical ensemble Kalman filter, presented in Section [2.5] solves this by
imposing a prior distribution on the model parameters. However, this increases
the computational cost of the update step, which is apparent by comparing
to . In the following, we aim to reduce the computational demands of HEnKF,
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while still obtaining reliable results. That is, we impose a prior distribution
on the model parameters that enables us to reduce the computational cost of
computing . We believe that this prior distribution is able to provide reliable
results by inheriting some of the beneficial properties from the hierarchical model,
such as accounting for estimation uncertainty. In the following, we apply
and Theorem [4] from Section to construct a new prior distribution.

Recall that we in Section assume that x;|dp.;—1 is normally distributed
with mean vector p, and covariance matrix X;, where the distributions for p,|%;
and 3; are defined in and , respectively. In the following, we assume
that @¢|dg.;—1 is a Gaussian Markov random field, as presented in Section
That is, we assume that there is a graph associated to x;, where the kth element
of x; is associated to node k in the graph. We assume that node k is assigned
a sequential neighbourhood that satisfies , which we denote Ag. Further,
we assume that Ay is time-invariant, which is why Aj is denoted without the
subscript ¢t. We denote the stochastic variables related to the set of sequential
neighbours of node k as wé\"‘, i.e. :c?’“ € RIA#l. In the following, we introduce
the model parameters for @;|dg.;—1.

We denote the model parameters of x¢|d.+—1 as 1, and ¢,. We assume that
¢, is a vector of length K, i.e. ¢, € RX and we denote the kth element of ¢, as
@F. Further, we assume that 7, is a collection of K vectors, and we denote the
kth vector by nF, ie. m, = (ni,...,nF,...,nK). We have that n} is a vector
of length |Agx| + 1, i.e. pf € RIAIF1 where we recall that |Ay| is the number
of sequential neighbours for node k. We denote the Ith element in n¥ as 7.
Since 1 is of length |A| + 1, the collection of vectors in 1, are generally not
of the same size. Hence, it is not reasonable to represent ), as a matrix, but
rather as a collection of vectors, which is why we denote n, in bold. Before we
introduce the prior distributions for ¢, and n,|¢,, we present the distribution
for Ty |d0:t—1a My, ¢t'

We have that

K
Fl@dldoe—1,m, d0) = [] flablal™ ™ dowr,my, 0)). (87)
k=1

Since we assume that @¢|do.1—1, 1, ¢, is a GMRF, we apply to simplify the
expression above

K
f(wt‘do:t—la 77,5» ¢t) = H f(l’ﬂ(lﬁ?k,d():t_l, nta d)t) (88)

k=1
We also assume that
Faf|et™ dos—1,my, ) = fflar™, doe1,mf, 6F)- (89)
Further, we assume that

[Akl
A k,1 Ap(l) k,l+1
x§|wtk7d0:t717n§7¢f ~ N un +thk()nt * 7¢f&€ I (90)
=1
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where nf 1S element [ 4 1 in the vector nF. By writing the mean as a dot
product of two vectors, we have

oflet docrf o ~ N (1 (a)") - mt,of) (1)

This completes the presentation of the pdf of x:|do.t—1,m;, G-

Recall that we impose prior distributions on the model parameters in Section
Similarly, we now want to impose prior distributions on ¢, and n,|¢,. We
first present the prior distribution for ¢,. We assume that the elements of ¢,

are a priori independent
K
=] £(eb). (92)

We assign the following distribution to each element ¢F
PF ~ InvGam(aF, gF). (93)

That is, ¢F is inverse-gamma distributed with parameters o and BF. In the
prior distribution for n,|¢,, we assume that

K
fnle,) = H (nt1er) (94)
k=1
and
;168 ~ N(pge, 8 Syp), (95)

for some p,; € R+ and DIS RIA%I+1D)x (1A +1) - This completes the pre-
sentation of the prior dlstrlbutlon Note that the prior f(n,, ¢,) is normal-inverse-
gamma distributed, which is in the Gaussian conjugate family. This means that
the distribution f(n,, ¢,) is a conjugate prior of the likelihood f(x¢|do.t—1, 1, D;),
which again means that f(n,, ¢;|z:) is normal-inverse-gamma distributed as
well.

3.2 New posterior distribution

In Section [3.I] we present a family of alternative prior distributions for the hier-
archical ensemble Kalman filter. In the following, we present the corresponding
posterior distributions f(¢,|x:) and f(n;|®,, xt). Note the distributions are
only presented here, while the full derivation of the posterior distributions are
presented in Appendix [F] We assume the same structure as in Section that
is, we assume a sequential neighbourhood between the elements of the latent
variable x;. Recall that in the update-step in HEnKF, we assume that each
ensemble member X, ; is distributed according to f(x¢|do.t—1,m;, ¢;). Thus

K
Fxegme ) = [T FOE, 10 dos—1,mf, 6), (96)
k=1
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where X? 3

neighbours of the kth node, i.e. XA§ € R+, We also assume that the ensemble
members are independent. Thus, the distribution for the entire ensemble y; is

is the vector containing the values of X, ; related to the sequential

<

J K
fxelng, &) = H (Xt5lm05 P0) = H f(X?,j|X2§'adO:tflanz]Sc'Qﬁ?)v (97)
j=1 =1

By , we have that

T
Xf,j|Xé\,§7d0:t—1,77f7¢f ~ N ((17 (X?,;) ) ' nfad)f) . (98)

As mentioned, the full derivation of the posterior distributions are presented
in Appendix [F] However, a brief summary of the derivation is presented here.
In order to find the distribution for ¢,|x:, we apply Bayes’ rule

f(¢t)f(Xt|¢t) -

f) = HEGEA o 1(0,) (il (99)
Further, we have that
Fé0)f (xln) = / F(0)f el &) £ (il by )i, (100)

The first factor in the integrand is given by and , the second factor is

given by and , while the third factor is defined in and . By
inserting these expressions into (100)), we get that f(¢,|x:) has the shape of a
product of inverse-gamma distributions. More specifically, we have that

K
F(@lxe) = H (05 Ixe), (101)
where ~
f(oF|x¢) = InvGam(aF, gF), (102)
ar=ak+ g (103)
Bf = (1 . (4 = (b (0F) p?))_1~ (104)
t /Btk 2 t t
where vF, pF and ©F are defined as
~1
W= (Eng) toe + ()" xF, (105)
-1 ™T
pi = (En;s) o + (lJ, (Xi"“) ) Xt (106)



o= (5) " (1 () (). o

where 1; € R7*! is a column-vector of length J consisting of ones. The vector
XxF consists of the kth element of every ensemble member. That is, x¥ is the kth
row-vector of Yy, i.e. xF € R7. The matrix Xf’“ consists of xf’“ forj=1,...J.
That is, X;\ is the jth column vector of Xt , l.e. XA’“ e RIM+IXJ Note that the
last term in OF is an outer product. From , we have that elements of ¢,
are a posteriori independent. This is advantageous, as it enables us to sample
the elements of ¢,|x; separately. In the following, we proceed to the derivation
of the distribution for n,|®,, x:.

The full derivation of the distribution for n,|¢,, x: is presented in Appendix
[F] However, a summary of the derivation is presented here. The distribution for
1.y, x¢ is derived by applying Bayes’ rule

F(eley) f (x|, my) -
f(xeloy)

where the first factor is defined by and 7 while the second factor is
defined by and (08). By inserting these expressions, we get that f(n,|d,, x¢)
has the shape of a product of normal distributions. More specifically, we have

Fldy, xi) = f(n ) f(xeldi, i), (108)

K
k=1
where . .
R (CHI R CHI R (110)

From (109)), we see that the elements of 1), are a posteriori independent. This
enables us to sample the elements of 7,|x: separately, which is advantageous.
The distribution for n,, ¢,|x: is then

K
fMe, @elxa) = F(nel Do, xo) f (el xe) = H nt“ﬁth ((ﬁ‘Xt) (111)
k=1

3.3 Precision matrix

Recall that in HEnKF, presented in Section we compute in order to
adjust the ensemble x; to the current observation. In order to compute ,
we sample X ; from f(3¢|x;) for each ensemble member X, ;, where we recall
that ¥; is the covariance matrix of x;|dg.;—1. Section presents alternative
prior distributions for the model parameters of @;|dy.—1. Consequently, X, ;
must be sampled from the posterior distribution corresponding to the new
prior distribution. This posterior distribution is presented in Section (3.2l In the
following, we show how the inverse of ¥, ; can be computed based on samples from
the posterior distributions. More precisely, we present expressions connecting
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the precision matrix Q; ; = ¥; | i to samples from f(n,|d;, xt) and f(d;|x:). W
assume the same structure as in Sections [3.1] and [3.2] That is, we assume that
x|dp.s—1 is a GMRF and that there exmts a sequential neighbourhood for each
element of @;|dp..—1. We only present the expressions for the entries of @; here,
while the full derivation is presented in Appendix [G]

Before we present the expression for the precision matrix, we need to define
a set Ak. We define 1~\k as the set of nodes that have node k as their sequential
neighbour. That is, if node k is a sequential neighbour of [ > k, i.e. k € A, then
[ € Aj. Hence Ay, is a subset of the subsequent nodes, i.e. Ay C {k+1,...,K}.
In the following, we present the expressions for the nonzero entries of the precision
matrix Q¢ ;. We first consider the diagonal entries. The (k, k)th entry of Q; ; is

l A7 (k)+1)

defined as
tJ - + Z ¢l )
t?j lEA t,j

(112)

where ¢, ; and nt j are samples from f (d)t\ xt) and f(n.|¢,, xt), respectively, as

defined in and (109), and that 77” B+ i clement number A7Y(E)+1

in the vector nl j- We now proceed to the off-diagonal entries of Q ;.
In the following, we assume k < [. By combining Theorem [] with (66), we
are able to decide which off-diagonal entries of @ ; that are zero. We have that

k¢ Ajandfse{k+1,... K}l ke, < Q) =0fork<l. (113)

That is, there are two possibilities as to why an off-diagonal element Q]l‘]; is
nonzero. Either node k € A;, or there exists a node s such that k,l € A;. It is
also possible that both are true simultaneously. The set A, N A, is the set of all
nodes that have both node k and [ as their sequential neighbours. That is, if
I,k € Ay, then s € Ay N A;. In the following, we present the expression for an
off-diagonal entry Qi]; for three different cases. The first case is when k € A;

and Ay N A; = 0. The second case is when k ¢ A; and Ay N A; # (). The third
case is when k € A; and Ay N A, # (). We consider the first case first.

If k € A; and node k and [ are not sequential neighbours of the same nodes,
ie. Ay NA; =0, then

THk)+1

1Lk Kl M,
Q; =Qy; = ———F—. (114)
b1 ;

In the second case, that is when k ¢ A;, and AN A, # (), we have

s,ATHD)+1 s, AT (k)1

k,l N5 Nt
Qt] Wt T Z ’ : ’ (115)

b3 5
SE;\kﬁj\l 2

In the third case, when k& € A; and AN A, # (), the expression for Qi’; is
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the sum of the two expressions above

LA (k)41 s, AT+ s, AT (R) 41
Lk _ okl g - .5 LY (116)
t,j Wty T d)l ) o8 )
t,j sehpnA, t,J

From we see that sparsity of the precision matrix @ ; is determined
by Ay for k =1,...,K. If we choose A, = ) for k = 1,..., K, the precision
matrix is diagonal. On the other extreme, if we choose Ay = {1,...,k — 1}
for k = 1,..., K, the precision matrix is full. Thus, by adjusting the set of
sequential neighbours for each node, we are able to modify the precision matrix
as we choose. This completes the presentation of the precision matrix. In the
following, we show how we can utilize the sparsity of the precision matrix to
reduce the computational cost of the hierarchical ensemble Kalman filter.

3.4 Reduction in computational cost

In Section @ we present expressions connecting the entries of the matrix Qy ;
to a sample from f(n,, ¢¢|x:), where we recall that Q;; = Et_]l is a sampled
precision matrix of @¢|dp.;—1 and where 1, and ¢, are the model parameters
of x¢|dp.t—1. As mentioned at the end of Section the sparsity of @, ; is
determined by the sequential neighbourhood imposed on the elements of @+ |dg.;—1.
In this section, we explain how we are able to reduce the computational cost
of the hierarchical ensemble Kalman filter, from Section [2.5] when we assume
that @ ; is sparse. This is done by combining the theory from Sections and
More specifically, we consider how the computational costs of computing
(61) can be reduced by applying Cholesky decomposition. We assume the same
structure as in Sections B.1] to

Our aim is to compute the last term in as efficiently as possible. That
is, computing

S HT(HS jHT 4 Sq)~H(dy + wej — Hx ) (117)
We denote this expression as Ay j, i.e.
AXt,j = Zt7jHT(HEt7jHT + Zd)il(dt + Ut j — th,j)' (118)

In the following, we present a procedure for computing Ay, ; that is more efficient
than the brute-force approach, i.e. computing the inverse of HY; ;HT + 34
directly.

First, we use that ¥, ; = Qt_; and ¥4 = le

Axe; = Qi JHT(HQ JH™ + Q") Mdy + uej — Hx, ;). (119)

We apply the Sherman-Morrison-Woodbury matrix identity (Woodbury, [1950)
on (HQ, JHT + %4)~".

(HQ; JH™ + Q") ™' = Qa— QuH(Qu; + HTQ4H) ' HTQq. (120)
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Thus we want to evaluate

Axe; = Qi H (Qi—QaH(Qu;+ HTQuH) " HTQq)(dy +uy j — Hx, ;). (121)
We denote 71 = di + urj — Hx,

Axij = Qi ;H (Qd— QaH(Qr; + HTQaH) "HTQq)r1 (122)
We split up the outer parentheses, and we obtain
Axrj = Qi HQar1 — Qi JHTQaH (Qrj + HTQaH) "HTQqry.  (123)

Our aim is to apply Cholesky decomposition to reduce the computational cost
of computing the expression above. In order to achieve this, we have to make
additional assumptions about the sparsity of H and Q4. That is, we assume
that H and Qg are structured such that Q;; + HTQqH is a sparse matrix with
known bandwidth. In the following, we first consider the first term in .

In order to compute Q;}HTerl, we make use of the following fact. The
computational complexity of computing AB, where A € R**? and B € RV*Y ig
O(uvw). Thus, in order to compute @, }H TQur as efficiently as possible, we
should always multiply the last two factors first, Q; ]1 (HT(Qqgr1)). In order to
prevent inverting @ ; directly, we make use of the theory presented in Section
That is, we define ro = HQgr1 and r3 = Q;}Herl, and apply Algorithm
to compute r3 = Q;jl’l"z.

In order to compute the second term of , we use the same strategy. We
define the vector r4 as

T4 =Qy  HQaH(Qu; + HTQaH) "HTQqr1. (124)

We first compute 75 = (Qy; + HTQaH) 're = (Qr; + HTQuH) 'HTQqr1. In
order to compute 75, we apply Algorithm [3] We then compute r¢ = HTQ Hrs.
Lastly, we compute 74 = @, ;rg through Algorithm (3 Algorithm |4 presents a
summary of computing Ay, ; using the presented procedure.

Compute r; = d; + ug,j — Hx,;

Compute ro = HTQqr1

Compute r3 = Q;;rg using Algorithm

Compute 75 = (Q¢; + HTQ.H) 'ry using Algorithm
Compute r¢ = HTQu Hrs

Compute ry = Q;;TG using Algorithm

Return Ax;; =13 — 74

Algorithm 4: Algorithm for computing (118]) using Cholesky decomposition.

In Section [2.7] we argue that the computational complexity of Cholesky
decomposing a K x K-matrix with bandwidth m can be reduced from O(K?3)
to O(Km?). If we assume that H and ¥, are diagonal matrices, we argue that
the computational complexity of computing Ax; ; through Algorithm E| also can
be reduced to O(Km?).
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4 Implementation and experimental setup

In this section, we first give a brief explanation of how the hierarchical ensemble
Kalman filter, from Section [2.5] is implemented with the prior distribution
presented in Section [3.1] We then present two test cases where the results
provided by our proposed prior distribution are compared against results provided
by the prior distribution introduced in |(Omre and Myrseth| (2010]).

4.1 Implementation

In this section we explain how we implement the hierarchical ensemble Kalman
filter, introduced in |Omre and Myrseth| (2010)), with the prior distribution
presented in Section [3.1] We first present some of the packages that are used in
the implementation, and how they are utilized to reduce the computational cost.
We then explain how we apply object-oriented programming to simplify the
implementation of the hierarchical ensemble Kalman filter. Lastly, we explain
how the observations in the numerical examples are generated.

We implement the hierarchical ensemble Kalman filter in Python. Several
packages are used extensively in the implementation, in order to reduce the
computational cost. The package numpy is used to represent matrices and vectors,
in addition to sampling realizations from the normal distribution. We notice
that sampling from the normal distribution is a major contributing factor to the
overall computational cost, especially for high-dimensional systems. This stems
from the way computers simulate realizations from the normal distribution. If
x ~ N(u,Y), where x, u € RX and ¥ € RE*X | we have that x is simulated by
computing

T =p+ Bz, (125)

where BBT =X and z ~ N (0, Ix). There are several ways to compute B. In
numpy, the default is computing B using singular value decomposition. However,
by computing B using Cholesky decomposition, we are able to reduce the
computational cost.

We use the package scipy for inverting sparse matrices and sampling from
the inverse-gamma distribution. This package is used in combination with
the package sksparse.cholmod to perform Cholesky decomposition on sparse
matrices. With this package we are able to utilize that the structure of the
matrix is known. Also, this package enables us to store the structure of the
sparse matrices. Hence the structure of the sparse matrices only needs to be
assessed once, which enables us to only compute the nonzero entries of the sparse
matrices.

In order to implement a Gaussian Markov random field, as presented in
Section [2.6), we construct a class Neighbourhood. Recall that in Section |2.6
we assign a sequential neighbourhood to each element of the state vector x;.
Each instance of the class Neighbourhood represents a node k € {1,..., K}
in the graph associated to x:, and stores the sequential neighbours of node k.
Recall from Section [2.4] that we approximate the one-step forecasting distribution
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f(x¢|do.+—1) by an ensemble y;. We implement a class Ensemble, in order to
represent the ensemble as a matrix. That is, each ensemble member is represented
as a vector, and the ensemble members are column vectors of the ensemble matrix.
A subclass of Ensemble is also implemented, called Ensemble_matrix_form. This
class inherits its attributes from Ensemble, and represents each ensemble member
as a matrix, rather than a vector. This means that the ensemble is represented
as a sequence of matrices, i.e. a tensor. Each instance of Ensemble_matrix_form
stores an ensemble on both matrix and tensor form. This is implemented such
that when the ensemble is updated on matrix form, the tensor representation is
updated accordingly, and vice versa. This is very useful for the Markov structure
imposed on the state-space variables in Section [4.3

Recall from Section[2.1] that the filtering and forecasting problems are assessed
through a set of observations d; in each time-step. In order to create a reference
solution in each time-step, we generate the initial reference solution xq from @,
and then compute x; using . The observations d; are then generated through
(10). In order to compare the results provided by the two prior distributions
to the same reference solution, we store the reference solutions xq, ..., zpy1 in
txt-files. In the first numerical example, presented in Section we assume
that the forward function, , is deterministic. Thus, we only need to store the
reference solution from the initial time-step, g, because the reference solutions
for time-steps t = 1,...T 4 1 can be acquired by applying the forward function

in on xg.

4.2 First numerical example

This section presents the setup of the first numerical example. This numerical
example is largely based on the first numerical example presented in [Omre
and Myrseth| (2010). The aim of the numerical examples is to compare results
provided by the prior distribution used in |(Omre and Myrseth| (2010) to the
results provided by the prior distribution presented in Section We first
present the numerical values for the constants, vectors and matrices defined in
the state space model, Section [2.1} Further, we define the numerical values for
the parameters in the prior distributions presented in Sections and

For the likelihood model, presented in 7 we set H = [ and X4 = 0‘311(,
with 0% = 20. Further, we set 7' = 10, which means that our objective is to assess

x11|dp, ..., d1o. The reference solution in the initial time-step, is simulated by
@ with gy = 0 and £ = 20C, where C'is the correlation matrix, and is defined
as

c(A) = e 38/20 (126)

where A is the interdistance between the elements of xg. The reference solution
x; is computed by , where v; = 0 and where A; is a K x K-matrix. The
forward function A; forwards the 10 elements in x; from 5t — 4 to 5t + 5 by a
”10-node sliding average”. That is,
| ks
af =— Y aj forke {5t—4,5t+5}. (127)
10 s=k—4
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Reference solution at t=0 and t=T+1

— X

— X7i1

v

o
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Figure 4: The red and black lines display the reference solutions at time-steps
t=0and t =T+ 1 =11, respectively, for K = 100. For K between 56 and 100,
the reference solutions coincide.

In the case when k < 5, we take the average of the nodes from 1 to k + 5, i.e.

1 k+5
s=1
Similarly, when k& > K — 5, we have
1 K
k s
xt-‘,—l = m S§4xt for k > K — 5. (129)

The remaining elements of x;,1 are unchanged. That is, the forward function
smooths the 10 elements in x; between 5¢ — 4 and 5¢ 4+ 5 in each iteration, while
the remaining elements remain unchanged. The reference solutions at t = 0 and
t = 11, i.e. realizations of ¢y and xq1, for K = 100 are visualized in red and
black, respectively, in Figure [df We notice that there are less fluctuations in
the reference solution at ¢ = 11 and in the reference solution at t = 0 in the
first 55 elements, while the last 45 elements are identical. That is, the first
half of the reference solution at ¢t = 11 is smoother than the second half. This
coincides with the forward function in . Also note that the forward function
is linear. Since the forward function is linear, the model assumptions in the
linear Gaussian state space model, presented in Section holds, and hence
the reference solution is Gaussian.

As also discussed above, our objective is to assess the computational cost of
HEnKF for the two prior distributions presented in Sections and Hence
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we run HEnKF for different values of K, which we recall is the dimension of
x;. We run HEnKF for a set of values of K, ranging between K = 100 and
K =10000. The ensemble size, defined in Section [2.4] is set to J = 10.

We now set the values for the hyperparameters for the prior distributions
presented in |(Omre and Myrseth| (2010). Recall that the prior distributions for
.| X and ¥, are defined in and , respectively. The values we set for the
parameters of prior distributions resembles the values set in the first numerical
example in |Omre and Myrseth| (2010). We set E(u,) = &, = 0, a; = 500, U, =
(Vt — K — 1)20 and vy = K + 30.

In Section we present the prior distributions for ¢, and n,|¢,, defined
in and (94)), respectively. We now present the parameter values for these
distributions. Recall that we impose a sequential neighbourhood Ay on each
element of x;, i.e. zF. In order to assess how the performance of the prior
distributions depends on the choice of sequential neighbourhood, we present
three different examples. In each example, we impose a different sequential
neighbourhood on the elements of ;. In the following, we present the values of
the hyperparameters in the three different examples.

In the first example, we set the following parameter values. We
set Ap={k—1}, 1ie. a first order Markov chain. We  set
Cov(ny|gr) = Zpp = Uf,;cIIAkHl’ with O’f];c =100 for k € {1,...,K}. In the sec-
ond example, we set Ay = {k—2,k— 1}7/i.e. a second order Markov chain. As
for the first example, we set Cov(nF|¢F) = Ty = Ui?I‘Ath with Jif =100
for k€ {1,...,K}. In the third example, we set Ay ={k—5,...,k—1},
Le. a fifth order Markov chain. We set ¥, . = diag(100,5,...,5), where
T € RUAIFDX(AI+1)  That is, the first diagonal element is 100, i.e.
Ei],; = 100, while the remaining diagonal elements are set to 5. Notice that we

in all three examples set the elements of ¥ to be a priori independent. In all
of the three examples we set E(nf|¢F) = Bpe =0 for k€ {1,...,K}. We also

set the same values for the hyperparameters of ¢f in all three examples. We set
af =25and B =75for ke {1,...,K}.

4.3 Second numerical example

In this section, we present the setup of the second numerical example in this
report. The aim of this numerical example is to compare the results provided
by the prior distribution presented in |Omre and Myrseth| (2010) to the results
provided by the prior distribution introduced in Section [3.1f on a nonlinear state
space model, where we recall that the state space model is defined in Section
Additionally, we represent the state space vector x; by a two-dimensional
grid. For the prior distribution presented in we apply a Markov structure
on the state space variable x; that adapts to the grid. This enables us to assess
how the run time of HEnKF increases as the bandwidth of the precision matrix
of ; increases. As in Section [£:2] we first present the numerical values for the
constants, vectors and matrices in the state space model. We then define the
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Figure 5: The grid associated to the state space vector ;. Node k in the grid is
associated to the kth element in the space vector x;. The grid is quadratic with
length and width L and enumerated from left to right, top down.

numerical values for the hyperparameters in the two prior distributions that are
compared.

In the likelihood model, from , we set H = I and ¥4 = 0(21[;( with
03 = 2, where K is the dimension of the state space variable x;. Further, we
set T'= 4. That is, our aim is to estimate the one-step forecasting distribution
f(xs5]do.4). The reference solution in the initial time-step, which is a realization
of g, is sampled from a multivariate standard normal distribution. Recall from
Section that the conditional dependencies between the elements of the state
space vector x; is represented by a graph. Node k in the graph represents the
kth element in x;, and Ay represents the set of sequential neighbours for node k.
In this example, we visualize the graph associated to x; as a two-dimensional
grid of nodes, where the length and the width of the grid are L, as visualized
in Figure [5l That is, the grid is quadratic with dimensions L x L and K = L2.
The nodes in the graph are enumerated row-by-row, from left to right. That
is, node 1 is in the upper left corner, while node L is in the upper right corner.
Node K — L is in the lower left corner, while node K = L? is in the lower right
corner. In the following, we present the forward function.

The forward function takes the K nodes in the graph, and chooses m < K
of these nodes randomly. In this example, we set m = K/10. For each of these
nodes, we denote a as the average of the nodes inside a 5 x 5-window centered
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around the randomly chosen node. As an illustrative example, the nodes inside
the 5 x 5-window around node k are colored yellow in Figure [f] We denote the
number of nodes inside this window as n. In the case when a randomly chosen
node is along one of the edges or corners of the grid, such as node 1, we take the
average of the nodes inside the 5 x 5-window that are also inside the grid. That
is, for node 1, we take the average of the n = 9 closest nodes. Further, we define
r = ay/n. We then compute u = ®(r), where ® is the cdf of the standard normal
distribution. Further, we compute s = Ft_l(u7 7), where Ft_1 is the inverse cdf
of the t-distribution with 7 degrees of freedom. In this example, we set 7 = 500.
To ensure that this variable is scaled correctly, we compute

w= (130)

VT/(r+1)

The value in the randomly chosen node is then set to w. That is, the forward
function assumes that r is standard normally distributed, and then transforms r
into a t-distributed variable with 7 degrees of freedom. The motivation behind
the choice of forward function is that the distribution for the elements of x;
becomes more heavy-tailed for each iteration, since the t-distribution has heavier
tails than the standard normal distribution. This function also enables us to
compare the two prior distribution on a nonlinear state space model. The
reference solutions at ¢ = 0 and ¢t = T + 1 = 5, i.e. realizations of xy and x5,
are visualized in Figure |7} in red and black, respectively. We notice that the
reference solution at t = 5 is somewhat more heavy-tailed than the reference
solution at ¢t = 0.

As in the first numerical example, introduced in Section [£.2] the reference
solution x; is computed by . Since the forward function is nonlinear, the
reference solution is generally not Gaussian. As mentioned in Section 4.1} we
store the reference solutions in order to compare the two prior distributions to
the same reference solutions. The ensemble size, defined in Section is set to
J =10.

We now set the values for the hyperparameters in the prior distributions
presented in |[Omre and Myrseth| (2010). Recall that the prior distributions for
@ and ¥y are defined in and (54), respectively. We set E(p,) = &, = 0,
ap = 500, ‘I’t = (l/() — K — 1)20 and V¢ = K—|— 30.

In Section we introduced prior distributions for ¢, and n,|¢,, defined
in and respectively. We now set the parameters values for these
distributions. Recall from Section that we assign a sequential neighbourhood
Ay for each node k in the graph associated to x;. We assume that this graph
is identical to the grid applied in the forward function. That is, the grid is
quadratic with length and width L. The sequential neighbourhood for node
k is defined as A, = {k — L — 1,k — L,k — 1}. We visualize a part of the grid
and the sequential neighbours of node k in Figure 8] where node k is colored
green and its sequential neighbours are colored yellow. We draw edges between
the nodes, in accordance with the theory presented in Section We draw
green edges between node k and the nodes in Ay, and we draw yellow edges
between all pair of nodes in Aj. Further, we set T = diag(100,5,...,5),
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Figure 6: Each node represents an element of the state space vector x;. The
yellow nodes represents the 5 x 5-window centered around node k.
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Figure 7: The red and black lines visualize the reference solutions at time-steps
t=0and t =T+ 1 =5, respectively. That is, realizations of &y and x5 for
K = 100.
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Figure 8: Each node represents an element of the state space vector x;. The
yellow nodes represent the sequential neighbourhood of node k, denoted Ag. The
edges indicate the conditional dependencies between the nodes, in accordance
with the theory presented in Section 2.6l That is, the green edges indicate
that zy £ xf\azt_{k’r} for some r € Ay, while the yellow edges indicate that

xp X mf|wt_{r’s} for some 7,5 € Ag.

where 3, € RUARIFD XA+ - That is, the first diagonal element is 100, i.e.
Z:],cl = 100, while the remaining diagonal elements are set to 5. Further, we set
E(n¥|of) = My =0 for k € {1,...,K}. For the hyperparameters of ¢F, we set

af =2.5and gF = 7.5 for k € {1,..., K}. Note that we set the same parameter
values for t =0,...T + 1.

5 Results and discussion

In this section, we present the results from the numerical examples described in
Section [4] Sections [5.1] and present the results from the numerical examples,
introduced in Sections and respectively. Our overall objective is to
compare the results provided by the prior distributions from |(Omre and Myrseth
(2010), which we present in Section to the results provided by the prior
distributions introduced in Section [3.1] by considering their computational costs
and the quality of the results. In both of the numerical examples, the ensemble
size is set to J = 10.

5.1 First numerical example

As mentioned, we compare the results provided by the prior distributions intro-
duced in Section to the results provided by the prior distributions presented
in Section In the following, we refer to the prior distributions presented in
Section [2.5] as the old prior distributions, while the prior distributions presented
in Section [3.1] are referred to as the new prior distributions. Recall from Section
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that we compare the results provided by the two prior distributions for
different values of K, where K is the dimension of the state space vector x;.
Also recall from Section [£:2) that we run HEnKF with the new prior distributions
for three different sets of prior assumptions. In the three examples, we assume
that the state space vector x; follows a first, second and fifth order Markov
chain, respectively. That is, we compare results provided by four different prior
assumptions in total; one using the old prior distributions, and three using the
new.

We want to compare the two prior distributions by comparing their compu-
tational cost, and by comparing the quality of the results. In order to assess the
quality of the results, we present a set of plots. In each plot, we visualize the
reference solution at time-step ¢ = 11, which is a realization from f(x1;). The
realization is displayed along with a 95% empirical prediction interval of @11 |dp.10-
This interval is based on the ensemble x11, which we recall is an approximation
of the one-step forecasting distribution f(x11|dp.10). The ensemble is created
using one of the four different prior assumptions. In the following, we present
the prediction intervals created for K = 100.

Figure [0 visualizes the reference solution at ¢ = 11 along with a 95% empirical
prediction interval created with the old prior distribution for K = 100. Figures
and [12] illustrate 95% empirical prediction intervals created with the new
prior distribution, for a first, second and fifth order Markov chain, respectively.
By comparing the four prediction intervals, we notice that all of the prediction
intervals manage to capture the fluctuations in the first half of the reference
solution quite well. For the second half, we notice that the old prior distribution
and the new prior distribution with a fifth order Markov chain provide shorter
prediction intervals that fluctuate rapidly, which seize to capture the sharp
movements in the reference solution. We observe that the prediction intervals
provided by the new prior distribution with first and second order Markov chains
are smoother, and do not capture the movements in the second half of the
reference solution. The prediction intervals seize to contain almost the entire
reference solution, nonetheless.

Figures [13] to [L6] visualize the same as Figures[9] to for K = 1000, rather
than K = 100. Note that we only display the first 100 elements, as displaying
all 1000 elements yields plots that are practically impossible to interpret. From
Figures [13] to [T6] we observe similar effects as for K = 100. That is, all four
prediction intervals manage to capture the movements in the first half, while
only the prediction intervals provided by the old prior distribution and the new
prior distribution with a fifth order Markov chain capture the movements in
the second half. However, the prediction intervals provided by the new prior
distribution with first and second order Markov chains still manage to contain
the reference solution. Also here we notice that the new prior distribution with
first and second order Markov chains provide smoother prediction intervals than
the fifth order Markov chain and the old prior distribution.

Figures[17)to[20] visualize the same as Figures[I3]to[L6] however for K = 10000.
Here we notice similar effects as for K = 100 and K = 1000. That is, all of the
four prior assumption provide prediction intervals that capture the movements in
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Figure 10: New prior, first order Markov chain, K = 100.
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Figure 11: New prior, second order Markov chain, K = 100.

95 % empirical prediction interval

) £

Node number

Figure 12: New prior, fifth order Markov chain, K = 100. The black line
represents the reference solution at ¢ = 11 for K = 100. The continuous, blue
line represents the mean of the ensemble x;; for K = 100. The dashed, blue
lines represent the bounds of the 95% e?)rsr)lpirical prediction interval based on the

ensemble.
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Figure 14: New prior, first order Markov chain, K = 1000.
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Figure 15: New prior, second order Markov chain, K = 1000.
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Figure 16: New prior, fifth order Markov chain, K = 1000. The black line
represents the reference solution at t = 11 for K = 1000. The continuous, blue
line represents the mean of the ensemble y1; for K = 1000. The dashed, blue
lines represent the bounds of the 95% empirical prediction interval based on the
ensemble. 40



the first half quite well. In the second half, the old prior distribution and the new
prior distribution with a fifth order provide shorter prediction intervals. However,
we notice that the prediction intervals provided by new prior distribution with
a fifth order Markov chain better capture the rapid fluctuations in the second
half of the reference solution. This effect is especially visible in the area around
K = 60 and K = 70. The prediction intervals created with the new prior
distribution using first and second order Markov chains do not capture the
rapid fluctuation in the second half, but still seize to contain almost the entire
reference solution. As for K = 100 and K = 1000, we notice that the new
prior distribution with first and second order Markov chains provide smoother
prediction intervals than the fifth order Markov chain.

In general, from Figures[d|to we observe that the old prior distribution and
the new prior distribution with a fifth order Markov chain provide short prediction
intervals that capture the movements in reference solution well, compared to the
new prior distribution with first and second order Markov chains. It should be
noted that this numerical example also was performed with values of K other
than the ones presented here, and that the figures from these examples shows
similar effects. A plausible explanation to this effect can be found by considering
the number of parameters in the two prior distributions. In the following, we
discuss how the number of parameters in the two prior distributions influence
the prediction intervals.

The old prior distribution has O(K?) parameters, as seen in and ,
while we see from and that the new prior distribution has O(Km?)
parameters, where m is the order of the Markov chain imposed on x;. Recall from
Section 2.5 that these parameters are adjusted to account for the information
in the observations, through the likelihood model. That is, for the old prior
distribution, there are O(K?) parameters that are adjusted, while there are
O(Km?) parameters in the new prior distribution that are adjusted. Since
m? < K in this example, there are more parameters in the old prior distribution
that are being adjusted to the information in the observations. This suggests
that the ensemble provided by the old prior distribution is more flexible to
adjusting to the observations, since the old prior distribution provides the
observations with more parameters to adjust. That is, this suggests that the
prediction intervals provided by the old prior distribution are more agile. This is
a plausible explanation to why these prediction intervals capture the movements
in the reference solution well, compared to the prediction intervals provided
by the new prior distribution with first and second order Markov chains. We
also notice from the figures that the new prior distribution with a fifth order
Markov chain provides prediction intervals that captures the fluctuations in the
reference solution. A plausible explanation is that the ensemble provided by this
distribution has a sufficient amount of parameters to adjust to the observations.

From Figures [9] [I3] and [I7] we also notice that prediction intervals provided
by the old prior distribution become shorter and smoother as K increases. These
effects are also visible in the prediction intervals created for the values of K
other than the ones presented here. A plausible explanation can be found by
considering the posterior distribution corresponding to the old prior distribution.
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Figure 18: New prior, first order Markov chain, K = 10000.
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Figure 19: New prior, second order Markov chain, K = 10000.
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Figure 20: New prior, fifth order Markov chain, K = 10000. The black line
represents the reference solution at ¢ = 11 for K = 10000. The continuous, blue
line represents the mean of the ensemble y1; for K = 10000. The dashed, blue
lines represent the bounds of the 95% empirical prediction interval based on the
ensemble. 42



Recall that we in compute U}, which is the matrix parameter in the posterior
distribution for ¥, i.e. f(3¢|x¢). In the expression for ¥}, we notice that the
expression involves 2t|0:t71a where 21‘,\0;1&71 is defined in as the empirical
covariance matrix based on the ensemble x;. If the number of entries in 2“0:&1
is much larger than the number of entries in x¢, the variance of the estimator
it|0t 1 becomes large. In this example, we have that J = 10, which means
that the ensemble is a matrix of size K x 10, i.e. x; € REX10 However, the
number of entries in Et\()t 1 is K2, since Et\()t 1 € REXK Gince K2 > 10K,
the number of entries to be estlmated is much larger than the number of entries
in x¢. When the variance of the estimator is high, there is a chance that 2t‘0:t,1
is an overestimate of the true covariance matrix of x;. This means that the
estimator 2t\o:t—1 assumes that the correlation between the elements of x; is
higher than what is inherent in the true covariance of x;. This suggests that the
elements of each ensemble member become more correlated, and that the resulting
prediction intervals become smoother. Also, if it|0:t71 is an overestimate of the
true covariance matrix, this suggests that the information contained in d; is more
spread out among the elements in each ensemble member. That is, x, ; relies
more on the information in the observations, which suggests that the prediction
intervals shrink. Note that if this effect is caused by the estimation variance of
2t|0:t71a this issue can be solved by increasing the ensemble size J, which causes

the estimation variance of 2t\0:t—1 to decrease.

From the presented figures, we do not observe that the prediction intervals
provided by the new prior distributions become shorter as K increases, as we
observe for the old prior distribution. A plausible explanation to this is that
the new prior distribution imposes a Markov chain on x;, which reduces the
chance of overestimating the correlation between the elements of @;. That is, the
Markov assumption prevents two elements of x; far away from each other to be
conditionally dependent given the remaining elements of ;. This is also visible
by considering the precision matrix @;. For the new prior distribution, most
of the entries in (); are zero, which enforces conditional independence between
most of the elements of @;. The old prior distribution, however, assumes that %,
is a full matrix, which makes it possible for the correlation between the elements
of x; to be overestimated.

As mentioned, we also want to compare the computational cost of HEnKF
using the different prior distributions. This is done by counting the CPU-time
for each of the four examples, for a set of different values of K between 100
and 10000. Figure [21] shows the CPU-time of HEnKF using the different prior
distributions as a function of K. The blue, yellow and green lines display the
CPU-time when imposing a first, second and fifth order Markov chain on xy,
respectively. The red line displays the CPU-time for the old prior distribution.
We expect the CPU-time to increase when the Markov order increases, as the
number of computations in each matrix multiplication increases. However, we see
that the CPU-time for the first and second order Markov chains are practically
identical, and that the CPU-time for the fifth order Markov chain is only slightly
larger. We also see that the new prior distribution provide a large reduction
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Figure 21: Comparison of CPU-times as a function of the dimension K. The
red line represents the CPU-time in seconds as a function of K for the old
prior distribution. The blue, yellow and green lines represent the new prior
distributions for a first, second and fifth order Markov chain, respectively.

in computational cost, compared to the old prior distribution. For K = 10000,
the CPU-time using the old prior distribution is close to 22000 seconds, while
the CPU-time when imposing a first order Markov chain is approximately 7100
seconds. It should also be noted that the CPU-time varies slightly for each run.
However, for K = 10000, this variation is small.

In Section we state the computational complexity of Cholesky decom-
posing a K x K-matrix can be reduced from O(K3) to O(Km?) by applying
Algorithm [3] when we assume that the matrix is sparse and has known band-
width m. From Section we have that the bandwidth of the precision matrix
of x;, denoted @, is equal to the order of the Markov chain imposed on ;.
Thus, Algorithm [4| suggests that can be computed with a computational
complexity that is linear as a function of K, since m is constant as a function of
K. If every computation in HEnKF could be performed with a computational
complexity of O(K) or less, we would expect the CPU-time to increase linearly
as a function of K. However, from Figure we see that the CPU-time is not
linear as a function of K, but suggests that the computational complexity is
higher than O(K). This might be due to the sampling of the ensemble members
in the initial time-step x ;, that are sampled from N(0,Y). Recall that ¥, in
, is a full matrix, and that sampling from a multivariate normal distribution
involves computing B such that BBT = Y. The computation of B can generally
not be performed with a computational complexity of O(K) or less.
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5.2 Second numerical example

As mentioned in Section [£:3] we compare the prior distribution presented in
Omre and Myrseth| (2010) to the prior distribution introduced in Section
on a nonlinear state space model, where the state space model is defined in
Section [2.1] This enables us to assess the quality of the results provided by
the two prior distributions when the assumptions of a linear Gaussian state
space model, Section do not hold. As in Section [5.1], we refer to the prior
distribution in |[Omre and Myrseth| (2010) as the old prior distribution, while the
prior distribution from Section |3.1]| are referred to as the new prior distribution.

The numerical performance of the two prior distributions are compared in the
same way as in Section That is, we compare the CPU-time for HEnKF using
the two prior distributions, and we assess the quality of the results. The quality
of the results are assessed by comparing the 95% empirical prediction intervals
provided by the ensemble at time-step t = T+ 1 = 5, x5, to the reference
solution at the same time-step. Recall from Section that x5 approximates
the one-step forecasting distribution f(xs|dg.4). We compare the results for
K =100, 4900 and 10000. In the following, we first consider K = 100.

Figure[22]displays the prediction interval provided by the old prior distribution
for K = 100. Similarly, the prediction intervals provided by the new prior
distribution are visualized in Figure for K = 100. We notice that the
prediction intervals provided by both prior distributions capture almost the
entire reference solution. In addition, we notice the new prior distribution
provides longer prediction intervals than the old prior distribution.

Figures [24] and [25] present the prediction intervals provided by the old and
new prior distributions, respectively, for K = 4900. Note that the figures
only visualize the 100 elements of x; between 2400 and 2500, as displaying all
4900 elements yields plots that are impossible to interpret. By comparing the
two intervals, we see that the prediction interval provided by the new prior
distribution better captures the movements in the reference solution, compared
to the old prior distribution. We also notice that the new prior distributions
provide longer prediction intervals than the old prior distribution.

Figures[26] and 27] display the prediction intervals provided by the old and new
prior distributions, respectively, for K = 10000. Note that we display the 100
elements between 4950 and 5050. Here we notice that the old prior distribution
fails to produce a prediction interval that captures the movements in the reference
solution. However, we see in Figure [27| that the prediction intervals provided by
the new prior distribution almost contain the entire reference solution. We also
notice that the old prior distribution provides a much smaller prediction interval
than the new prior distribution.

In general, we notice that both prior distributions provide reliable prediction
intervals for K = 100. We also observe that the new prior distribution manages to
provide reliable prediction intervals as K increases, while the prediction intervals
provided by the old prior distribution becomes shorter decreases as K increases,
which prevents the prediction intervals to capture the reference solution. This
numerical example was also performed with values of K other than the ones
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Figure 22: Old prior, K = 100. The black line represents the reference solution

at t = 5 for K = 100. The continuous, blue line represents the mean of the

ensemble x5, which is created with the old prior distribution for K = 100. The
dashed, blue lines represent the bounds of the 95% empirical prediction interval

based on the ensemble.
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Figure 23: New prior, K = 100. The black line represents the reference solution
at t = 5 for K = 100. The continuous, blue line represents the mean of the

ensemble x5, which is created with the new prior distribution for K = 100. The
dashed, blue lines represent the bounds of the 95% empirical prediction interval

based on the ensemble.
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Figure 24: Old prior, K = 4900. The black line represents the reference solution
at t = 5 for K = 4900. The continuous, blue line represents the mean of the
ensemble x5, which is created with the old prior distribution for K = 4900. The
dashed, blue lines represent the bounds of the 95% empirical prediction interval
based on the ensemble.
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Figure 25: New prior, K = 4900. The black line represents the reference solution
at t = 5 for K = 4900. The continuous, blue line represents the mean of the
ensemble x5, which is created with the new prior distribution for K = 4900. The
dashed, blue lines represent the bounds of the 95% empirical prediction interval
based on the ensemble.
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Figure 26: Old prior, K = 10000. The black line represents the reference solution
at t = 5 for K = 10000. The continuous, blue line represents the mean of the
ensemble x5, which is created with the old prior distribution for K = 10000.
The dashed, blue lines represent the bounds of the 95% empirical prediction
interval based on the ensemble.
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Figure 27: New prior, K = 10000. The black line represents the reference
solution at t = 5 for K = 10000. The continuous, blue line represents the
mean of the ensemble x5, which is created with the new prior distribution for
K = 10000. The dashed, blue lines represent the bounds of the 95% empirical
prediction interval based on the ensemble.
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presented here, and the results from these examples suggest the same effects.
A plausible explanation to this, is that the old prior distribution estimates the
correlation between the elements of x; to be higher than what is inherent in the
true covariance matrix of @;, as discussed in Section [5.1] This might cause the
prediction intervals to become shorter. A plausible explanation why the new
prior distribution provides reliable results, is related to the Markov structure
imposed on x;. First, the Markov property puts restrictions on the conditional
dependencies between the elements of x;, as discussed in Section Second,
since the Markov structure imposed on «y, i.e. Ay, ={k—L—1,k— L, k— 1},
adapts to the grid associated to x;, the new prior distribution is provided
information about the grid applied in the state space model. The old prior
distribution makes no assumptions about the grid, which might suggests that
the new prior distribution is able to utilize the information about the grid to
produce more reliable results.

As for the first numerical example, we compare the CPU-time of HEnKF for
the two prior distributions. In practice, this is done by measuring the CPU-time
for both prior distributions for a set of different values of K, ranging between
100 and 10000. Figure [28| displays the CPU-time as a function of K, where the
CPU-time for the old prior distribution is displayed by the yellow line, while the
CPU-time for the new prior distribution is the blue line. We notice that the new
prior distribution provide a considerable reduction in CPU-time. For K = 10000,
we have that the CPU-time using the old prior distribution is approximately
10000 seconds, while the CPU-time using the new prior distribution is around
3600 seconds.

In this numerical example, the new prior distribution assumes that the sequen-
tial neighbourhood for the kth element of @y is Ay, ={k— L — 1,k — L,k — 1},
where L is the width and length of the grid associated to x;, i.e. L? = K. Recall
that the precision matrix of x; is denoted @, and that the structure of Q; is
related to the sequential neighbourhood, as specified in Section Since the
sequential neighbourhood Ay changes with L, the bandwidth of @y, denoted m,
also changes with L. In Appendix [H| we prove that m = L+1 = v/ K + 1. Figure
suggests that the new prior distribution is able to provide a considerable
reduction in computational cost, even though the bandwidth m of @Q; increases
as K increases.

As stated in Section[2.7] the computational complexity of Cholesky decompos-
ing a K x K-matrix with bandwidth m can be reduced to O(Km?) by applying
Algorithm In this example we have that m = v/K + 1, which means that
the computational complexity becomes O(K (VK +1)?) = O(K?). Algorithm
then suggests that can be computed with a computational complexity of
O(K?). This suggests that if every computation in HEnKF could be performed
with a computational complexity of O(K?) or less, the CPU-time would increase
quadratically as a function of K. That is, we would expect the square root of
the CPU-time to increase linearly as a function of K. Figure [29] visualizes the
square root of the CPU-time for the new prior distribution as a function of K.
The figure suggests that the square root of the CPU-time is almost linear in
K, which again suggests that the computational complexity is approximately
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Figure 28: Comparison of CPU-times as a function of the dimension K. The
yellow line represents the CPU-time in seconds for the old prior distribution
as a function of K. The blue line represents the CPU-time for the new prior
distribution.

O(K2).

6 Closing remarks

In this report, we propose a prior distribution to be applied in the hierarchical
ensemble Kalman filter (HEnKF), as an alternative to the prior distribution
applied in |(Omre and Myrseth| (2010]). The proposed prior distribution is chosen
with the intent to reduce the computational cost of HEnKF. The aim of this
report is to compare the presented prior distribution to the prior distribution
used in |(Omre and Myrseth| (2010), by comparing the computational costs and
their numerical results.

Two numerical examples are performed. In both examples, the proposed
prior distribution provides a considerable reduction in computational demands.
In the nonlinear example, the presented prior distribution produces reliable
results that better adapts to the dimension of the problem, compared to the
prior distribution applied in |Omre and Myrseth| (2010)).

Further research on this topic could include applying the proposed prior
distribution on larger models than the ones presented in this thesis, for example
on large grids in three dimensions. In addition, the proposed prior distribution
could be applied on state space models different from the ones presented in the
numerical examples, in order to test if the computational complexity could be
reduced as suggested in thesis. Also, the proposed prior distribution could be
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Figure 29: The blue line represents the square root of the CPU-time as a function
of K, for the new prior distribution.

applied on more realistic examples, for example on real-world data, or on data
that resembles reality.
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Appendices
A Proof of Theorem 1

In this section we prove Theorem (1, That is, if and @ hold, and the prior
f(xi|do.t—1) is defined as in , the posterior distribution is

mt|d0:t ~ N(/"’t|0:t7 Zt\O:t)7 (131)
where pyo. and X¢o.4 are defined in and , respectively.

Proof. By Bayes’ rule, we have

(x¢|dot—1) f(di| e, dop—1)

Fldeldon—1) (132)

F(@ildos) = 1
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We are able to simplify the second factor in the numerator. Since we assume
that holds, the observation d; is conditionally independent of the previous
observations dy.;_1 given x;. We have that

fldelxe, doi—1) = f(di]ay). (133)

In addition, since f(d¢|dp.t—1) is not a function of x;, we have that

f(®ildo.t) oc f(ildo.i—1)f(di| ). (134)

In the following, we prove that f(x:|do.+) has the form of a Gaussian distri-
bution, and hence calculating the normalizing constant f(d:|dp.t—1) in (132) is
unnecessary. By combining the equation above with and (9)), we have that

f(wt‘dO:t) x e_%(wt—ut\o:t—l)TE:‘é;t,l(wt—#tm:t—l)e—%(dt—Hmt)TE{;l(dt—Hmt).
(135)
By expanding the parentheses and omitting the terms not containing x;, and we
obtain

1(pTy—1 T -1 Tv—1
f(wtld&t) O(efi(wt 00— 1%t T 0.1 g 00— 18t~ Ty Zt\o:t—ll‘l’t\oif/*l)

B B B (136)
) e—%((Hm,,)TEd 'Ha,—d] Y] " Hae,—(Ha,) TS, ldt)'

All of the terms in the exponents are scalars. This means that the each term
is equal to its own transpose, which enables us to transpose each term as we
choose. That is,

-1 -1 -1
/‘tT|0:t—1Zt|0:t—1mt = (H’I\O:t—lxtw:t—lmt)T = C"'tTEt|0:t—1“t|0:t—l’ (137)
di>'Hzx, = (d]X;'Hx,)T = (Hz,)™S; ' dy, (138)

where we have that Et_|é:t71 = Eiqutfl and E;l = Z;T, since covariance matrices

are symmetric. This means that (136]) simplifies to

1 -1 -1 -1 -1
f(wt|d0~t) x 67E(mzzt\O:t—lmt+(Hmt)TEd Hmt*Q”tT\O:t—1Et|o:t—1wt*2dfTEd Hmt).

(139)
By noting that (Hx;)TS;'Hz, = ] HTS, ' Hx,, the first two terms in the
exponent can be rewritten as

thZ;\c}:H-’Et + (Ha,)'S;  Hey = fvl(zﬁézp

L+ H'S H)z,. (140)
Similarly, the last two terms in the exponent in can be written as

—ZMI‘O:t_lEt_I&t_lmt—QdJEngmt = —2(u[|0:t_12t“(}:t_1+dtTEng)mt. (141)
The enables us to write as

-1 -1 -1 -1
f(il:t‘do.t> X e_%(mg(zt\O:tfl"_HTZd H)mt_2(“I\O:t712t\0:t—1+d2’2d H)xy) (142)
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We define the matrix C' and the vector D as

¢ :Eaé:t—l + HTZ;1H7 (143)
~1 ~1
D :(HJ\O:tflztm:tfl + dgzd H)T (144)
Thus, (142) becomes
Faldas) s e HEICR2DTR) _ el CatDTa: (145)

From Definition 2.2 in Rue and Held| (2005)), we have that
wt‘dO:t ~ NC(D,C), (146)

where N denotes the normal distribution with canonical parametrization. From
Rue and Held| (2005) we also have that

Ne(D,C) L N(Cc'D,c™Y), (147)

where the ”d” indicates that the two distributions are equal in distribution. By
combining the two expressions above, we have

z|do:s ~ No(D,C) £ N(C~'D,C™). (148)

That is,
Hijo:e = C™'D (149)
S0 = C (150)

In the following, we first derive the expression for g,

From (143) and (144)), we have that

Hjo:e = 7D = (Z;&tq + HTZ(;IH)_l(“tT|0:t—1Z;01:t—1 +dI; H)T (151)
By the Sherman-Morrison-Woodbury matrix identity (Woodbury, [1950), we
have

-1 —1 g\ —1
(Et|0:t—1+HTEd H)

B (152)
=Y4j0:t—1 — Sej0st—1 HT(HE )01 HT + Ta)  HEyj0:1.
By applying this matrix identity on ([151)), we have
By =(Etj0:0-1 — Bejo:e 1 HT(HE o0 1 HT + Sa) T HSj0:-1) (153)

: (“Ilozt—lzaé:t—l +dI H)T
By expanding the parentheses, we have

Hejo:t = Htjo:t—1 — Eth:tleT(Hzt\O:tleT + Zd>_1H”’t\0:t—1

+ Et\o:t—lHngldt — B0t HT(HEy40:e—1 HT + Zd)iletlo:t—lHngldt
(154)
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By rewriting the first term on the second row as

Et|0:t—1HTE;1dt

T T -1 T -1 (155)
=Y40:—1 HT(HZ4 )01 HT + Xq) " (HEy 0.1 HT + Xa) X, dy,

the expression above becomes

Hejor = Bejore—1 — Stjore—1 H T (HE 0.0 1 HT + Ed)ilHl‘ﬂo:tq
+ S0t 1 HT(HE o1 HT + 20) " (HS 01 HT + 39)2; ' dy (156)
— Yo 1 HT(HE 041 HT + Ed)_lHEﬂO:tleTZ;ldt

By expanding the factor (HXjo.;—1HT + X4) on the second row, we have
Bijo:t = Mejori—1 — Stjost—1 HT(HSyj0u—1 HT 4+ Xa) " Hptgjo 1
+ B0 1 HT(HX 401 HT + Ed)*lHqu:t_lHTE;ldt

+ Shjo  HT (HS o4 1 HT + %a) 7' 0%y dy
— S0t 1 HT(H 4041 HT + 3q) " HEy 0.1 HTE ' dy

(157)

The second and fourth row cancel. The factor EdEgl on the third row also
cancels, and we have

Hijo:t = Htjo:t—1 — Zt\O:tleT(Hzt\O:tleT + Ed)_lHNﬂo:tq

(158)
+ B4j0—1 HT(HX 401 HT + Yq) "ty
Recall from Theorem [I] that Kk is defined as
Kxr = Syjou—1 HT(HS o1 HT + Za) " (159)
Hence, the expression for p;y,; becomes
Rijo:t = Htjo:t—1 — Kyr(dy — H“t|0:t71) (160)

Which is what we set out to prove. We proceed to the expression for ¥;q.;

Sior = C ™1 = (S, + HTS H) ™ (161)
By (152)), we have
Sh10:t = Dtj0it—1 — Spjor—1 HT(HE4joq—1 HT + Zd)_lHZt\O:tfl (162)

From (159)), we have that
Yij0:t = Ltj0it—1 — KxrHY4j04—1 = (I — KxrH)%4j0:0—1- (163)

Which is what we set out to prove. This completes the proof of Theorem O
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B Proof of Theorem [2

In the following, we prove Theorem [2| That is, we prove that f(x:1|do.) is
Gaussian with parameters defined in (20 and , when and hold, and
when f(x;|do.;) is Gaussian as defined in ([L8).

Proof. We have that

f(@i41|do:t) :/f(mt+1a x¢|do.. ) dx,
(164)

:/f(l't+1\$t,do:t)f($t|do:t)d$t

Since the latent variables follows a first order Markov chain, , we have that
f(@ip1|xe, dot) = f(xiy1|@). Thus the integral above becomes

f($t+1|d0:t) = /f(mt+1|ﬂ?t)f(ﬂ?t|d0:t)d$t- (165)

The first factor in the integrand is given in , while the second factor is given
in . The expression then becomes

1
f(mt+1|d0:t) = /WWG
1

e
(2m) K/2[ 8404 | K72

— Y (@ep1—Am) TS (i1 — Arze)

(166)

—1
_%(mt—Ht\ozt)TE”g:t(mt—l‘t|o;t)dmt

We omit all factors not containing either 441 or x;, and put the factor only
containing a1 outside the integral.

F(@pi|doy) oc e 2% % @i /e—%fEIAZEglAtmt

(167)
. ef%wgzﬂé:tmt+w{+1E.;lAtzf+“fT|o:t2;|é:tmt dx;.
We define a matrix C' and a vector D
C=ATS A+ 20, (168)
D = (2], 135 A+ 10, Z0.) 7 (169)
This enables us to simplify the expression for f(a;11|dg.+)
f(mt+1|d0:t) o 67%:1:{+1Zz—1mt+1 /efém,TCwH»DTmtdwt. (170)

From Definition 2.2 in |Rue and Held| (2005), we have that the integrand has the
form of a Gaussian pdf with canonical parametrization, i.e. N (D, C), where
N¢ denotes the normal distribution with canonical parametrization. From Rue
and Held| (2005) we also have that

Ne(D,C) L N(Cc—'D,c™Y), (171)
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where the ”d” indicates that the two distributions are equal in distribution. This
enables us to rewrite the integrand as

F@iga|doy) oc e~ 2%n e @it DTCTID

/6_%(%—Cle)TC(mt—Cle)dwt. (172)

The integral simplifies to (27)%/2|C|~1/2. This factor is omitted, since it is not
a function of x;1,. By inserting the expressions for C' and D, we obtain

F(@isa]doy) oc ™3 Tmen 173

e%(erlE;lAt"'”I\U:tE;\o D(ATS lAtJ"Z;\o D7 (@12 mlAiJ"l":\o tzt\() D7 ( )
By multiplying the parentheses in the exponent and omitting the term not
containing x;1, we obtain

f(@ig1ldo.) o< e el T et el B0 AATES A ) T AT e

(174)

ATS Y A4S ) TTATS ey

“’tmt £10: t( t|0t
where we utilize that ;! = X 7. By the Sherman-Morrison-Woodbury matrix
identity (Woodbury, 1950), we have that

STANATE A+ 850, AT = B0 — (S0 + A S0 AT) T (175)

t0:¢

By replacing the left hand side with the right hand side in the expression for
f(x41]do.t) above, we obtain

f xt+1|d0*t) o e*%H:LrlE;lelJr%ZLrl(E;l*(21+At2t|0:tAfT)71)mt+1

176
“t|0t £10: t(A 2y At+2t\0 e AT ey ( )
Two of the terms in the exponent on the first line cancel, and we obtain
f(@ig1]do:) o e~ 32011 (Bat ArBion AD) T @it
P (177)
"t|0t t10: t(A b A"Jrzt\o T AIS, @
We define a matrix F and a vector F'
E = (X, + ASy04 A7)} (178)
F = (110,540, ot (ATST 1A + Zt|o DTHATETNT (179)
Thus, we have
1 T
f(wt+1|d0:t) o e—ith+1Ewt+1+F Tyl (180)
From Definition 2.2 in [Rue and Held| (2005)), we have that
mt+1|d0:t ~ NC(F7 E)y (181)
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where N¢ denotes the normal distribution with canonical parametrization. From
Rue and Held| (2005) we also have that

No(F,E) L N(E-'F,E™Y), (182)

where the ”d” indicates that the two distributions are equal in distribution. By
combining the two expressions above, we have

xi11|dot ~ No(F,E) = N(E"'F,E1). (183)

That is,
Herijor = E7'F (184)
Sig1joe = B! (185)

In the following, we first derive the expression for pt, 1o,
By inserting the expressions for E and F', we have that
Hiy1j0:t = E'F
= (3, + Atzt\O:tAtT)(H;r|o;t2t7|é;t(AgZ;1At + Zﬁé:t)_lAIE;I)T (186)
= (B0 + AZyj0a AN T AATS A + 550.,) 7 S g Beoses

t]0:t

where we utilized that

—1 —
Zt\o:t = Et\(;r:t’ (187)
(ATZ M A+ 20,) 7 = (ATS A+ 200,77 (188)

By applying the Sherman-Morrison-Woodbury matrix identity (Woodbury,|1950)),
we have

(ATZ; A, + 30 o)
= Yy0:¢ — B0 AT (A Dy 0. AT + Ea:)_lAtEﬂO:t

By replacing the right hand side with the left hand side in the expression above,
we have

Poijon =(Ze + AtSi02AT) S, A
(B0t — Do AL (A g0 AT + Zw)_lAtZﬂO:t) (190)
'Zﬂé;tlmo:t-
We see that X;o.; cancels out

Perjon =(Ba + ArSy04 A7) S, T Ay

; ; » (191)
(I = B4)0: AT (At g0 A7 +52) " Ae) Byjoue-
Further calculations yield
B0 =(Ar + ASy0 ATS T Ay) (192)

(I = S04 AT (A Dyj0:0 AT + Ez)_lAt)Nt\O:t-
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By expanding the parenthesis on the first line and the outer parenthesis on the

second line, we have

Koo = (A + At2t|0:tAtTZ;1At)Nt\0:t
— (A + ASy0:4 AT S T Ap) S0:0 AT (A4 0.0 AT + Zw)_lAtNﬂo:t-
We have that
(A + Atzt\O:tAIE;IAt)EﬂO:tAI
=(A S04 A7 + A0+ AT S " A S04 AT)
=AS404 AT (T + 7 A S0 AT).
Thus, by inserting this expression on the second line in , we have
Posrjor = Attty + ASeo: AT Arpyong
— A0 AT(I + 2,1 A0 AT (A S0 AT + 22) ™ sty
By multiplying with 3, and X! on the second line, we obtain
Hip1)0:e = Atbyjo: + Atztlo:tA;‘rZ;lAtﬂt\O:t
- At2t|0:tA;trE;1(Za: + AX410:e AT ) (ArDg04 AT + Zz>_1Atlit\o;t
The parentheses on the second line cancel out

Hyp1)0:e =Atkyjo + Atzt\o:tA;rE;lAtlJ’tm:t
- Atzt\o:tAtTZ;lAt#ﬂo:t

The last two terms cancel out, and we have

Hir1j0:c = At#t|0:t

Which is what we set out to prove. We now consider ¥; 1o
The expression for ¥, 1o is

Sit1j0 = B0 =g + A0 AT
Thus, we have that
@op1|do ~ N(Aupy)o.e, o + ASi0. A7),

which completes the proof.

C Derivation of filter distribution in EnKF

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

Our objective is to derive the expressions for the parameters of f (z¢|do.+), namely

Fyjo.¢ and 2t‘0:t, presented in and

Beejo:e = Pryjo:e—1 + Kenkr(de — Hftyo.-1),
it|0:t = - KEnKFH)i:t\O:tflv
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where fi,0.,_; and 2t|0:t—1 are the distribution parameters of f(:ct|d0:t,1,xt)
and Kenkr = X401 HT(Hy00—1 HT + Xq) !
By Bayes’ rule, we have

f(@ildo:—1, x2) f(de|e, do:e—1)
f(di|do:t—1) '
We are able to simplify the second factor in the numerator. Since we assume

that holds, the observation d; is conditionally independent of the previous
observations dy.;_1 given x;. We have that

f(@ig1ldos, i) = (203)

f(dt|$t7 dO:tfl) = f(dt|33t)~ (204)
In addition, since f(d|dp.t—1) is not a function of x;, we have that
F(@ildow, xe) o< f(me|do—1, xo) f(d0). (205)

In the following, we show that f (z¢|do.t, x¢) has the form of a Gaussian
distribution and hence calculating the normalizing constant f(d:|dp.+—1) in
is unnecessary. We have that f (:L't\do,g 1,X¢) is normally distributed
With mean fi,y,;—; and covariance matrix Eth .t—1, and from @ we have that
di|xy ~ N(Hay,Xy). Thus

5 (@i — Pejoie—1)T t‘cl);t,l(“’t_I:H|0:t—1)e—%(dt—Hwt)TE(;l(dt—Hwt,)

(206)
By expanding the parentheses and omitting the terms not containing x;, we
obtain

fladdos, xi) x e 2

~ 1(,,T$—1 0T s —1 TH—1 y
f(mt|d0-t, Xt) O(e_i(mt 20— 1Tt 0.1 X0 — 1 T T 2t|0:t—1p’i|01t*1)

2
. 67%((Hmt)"'E;letfd{EglHa:tf(Hmt)Tﬁgldt) (207)

All of the terms in the exponents are scalars. This means that the each term
is equal to its own transpose, which enables us to transpose each term as we
choose. Thus,

- - - &1
“tT|0:t 1Et|0 -1t = (”’I\O:tflztm:tflwt)-r = Et|o —1F0i—15 (208)
di>'Hzx, = (d]X;'Hz,)T = (Hz,)™S, dy, (209)
where we have that 3 tlé i XA];O t 1 and X e 4| since covariance matrices

are symmetric. This means that ( sunphﬁes to

L@l

~ 1 -1 ~ S—1 —1
f($t|d0't7Xt) xe 2 t|0:t71wt+(Hwt)TEd Hmt72“‘:\0:t712t\0:t71‘”172‘1{2(1 Ha,)

(210)
By noting that (Hact)TE;lect = sctTHTE;lect, the first two terms in the
exponent can be rewritten as

230 @e+ (Ho) TS Hey = 2] (S0, + HTS, H)z,. (211)
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Similarly, the last two terms in the exponent in (210]) can be written as

. &1 1 N &1
72“:\0:t712t|0:t71wt72d;5r2d Hx, = 72(u;r|0:t712t\0:t71

+d]Y; H)z,. (212)
The enables us to write (210]) as

~ S—1 -1 N &—1 -1
f(wt|d0't7Xt) X eié(wg(zflo:tflJrHTEd H)mt72(”:\0:t—12t|0:t—1+d22d H)x:) (213)

We define the matrix C' and the vector D as

C =35, +H'S H, (214)
D :(l:";r\o:tflztjolztfl + dthng)T- (215)

Thus, (213) becomes
f($t|d0:taXt) o e—%(m{Cmt—QDTm,,) — e—%mICmt—&-DTmt. (216)

From Definition 2.2 in |Rue and Held| (2005)), we have that
mt‘dOIt ~ NC’(D7C)7 (217)

where N denotes the normal distribution with canonical parametrization. From
Rue and Held| (2005) we also have that

Ne(D,C) L N(Cc—'D,c™Y). (218)

where the ”d” indicates that the two distributions are equal in distribution. By
combining the two expressions above, we have

x|do.; ~ No(D,C) L N(C'D,C™Y). (219)

That is,
ﬂt|0:t =C7'D (220)
S0 = C7 (221)

In the following, we first derive the expression for fu;q.,.

From (214) and (215)), we have that

Pejo:e = 7D = (2;5%—1 + HTZ(;IH)_l([‘tT|0:t—12;01:t—1 +dITH)T (222)

By the Sherman-Morrison-Woodbury matrix identity (Woodbury, [1950), we
have that

&—1 —17m\—1
(Et|0:t—1+HTZd H)

. . . . (223)
=Y410:—1 — Bpjost—1 HT(HX 041 HT + Xa) ™ HEyj0:-1-
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By applying this matrix identity on (222)), we have

o4 :(2t\0:t71 - 2t\0:t71HT(Hit|O:t71HT + Ed)_lHit\O:tq)

. \ _ (224)
: (“I|0:t712t|é:t71 +dIX  H)T

By expanding the parentheses, we have

Byt = Byjoie—1 — 2t\0:t71HT(Hit\O:t71HT + Zd)_lHﬂt|o:t—1
+ it|0:t—1HTZ;1dt - 2t\0:t—1HT(H2t\0:t—1HT + Zd)_lHit\O:t—lHngldb
(225)
By rewriting the first term on the second row as
S0 HTS; dy

R R ~ (226)
=041 HT(HEo— 1 HT + 20) " (H 0.1 HT + 30) 27 ' dy,

the expression above becomes
Byt = Byjoie—1 — it\o:tleT(Hﬁ:t\O:tleT + 34) " H fugy0. 1
+ S0t HT(H oy 1 HT + Sg) " (HSyou1 HT + Sa) S dy (227)
— S0t HT(H S0 HT + Sa) ™ HY 04 1 HTE, d.
By expanding the factor (Hf)tm:t_lHT + 34) on the second row, we have
p’t\O:t = /:l’t|0:t71 - zA:t\o:t—lﬂT(I'—ri;t\o:t—lj'p + Zd)_lHﬂﬂO:tfl
+ it|0:t—1HT (Hﬁ:t|0:t—1HT + Ed)711r1ri31t|0:t—1HT2,;1dt
+ it|0:t—1HT(H2t|O:t—1HT +3q) 182 Ny
- 2t|0:t—1HT(Hit|O:t—1HT + Ed)ilHiﬂo:tqHTE;ldn

(228)

The second and fourth row cancel. The factor Zngl on the third row also
cancels, and we have

ﬂt\o:t = llt|0:t71 - 2A]t\O:tleT(ltirit\O:tleT + Ed)_lHﬂﬂo:tq

. ) (229)
+ S0 1 HT(HE0:—1 HT + q) "' dy.
Recall that Kg,kr is defined as
Kpnkr = S04 1 HT(HS 041 HT + g) 7L (230)
Hence, the expression for fu;y,, becomes
ﬂt\O:t = [l't\O:tfl - KEnKF(dt - Hﬂt\O:tfl)' (231)

Which is what we set out to prove. We proceed to the expression for it|0:t

2t\0:t =Cc = (%,

Howa T HTEGH) L (232)
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By (223)), we have

Sejo:t = Stjost—1 — Lejoit— 1 HT (HS g0 1 HT + Ta) T HYyj0e-1- (233)
By using (230)
Si0:t = Sej0:t—1 — Kenxr H 410421 = (I — KKFH)it\o:t—y (234)

This expression coincides with the expression in (202)). This completes the
derivation of the expressions for the parameters of f(x:|do.¢).

D Proof of structure in Cholesky factorization

Section states that the Cholesky factorization of a band matrix with band-
width m is lower-triangular with nonzero entries located only on the main
diagonal and the m first lower diagonals, see . This section proves that this
is the case for all band matrices with bandwidth m.

We have that @ is a band matrix with bandwidth m. That is, we only have
nonzero entries on the main diagonal and the m first upper and lower diagonals.
This can be formulated as

Q" =0 Vik:|i—kl>m, (235)

where Q%* is the (i, k)th entry of Q. Section states that @ is positive definite
and symmetric. Hence, there exists a unique lower triangular matrix L such that
@ = LLT. We want to prove that

L% =0 Vik:l|i—k >m. (236)

Proof. This is trivial for the entries above the main diagonal, since L is lower
triangular, and hence we can omit the absolute value around ¢ — k. That is, we
assume 7 > k without loss of generality.

L% =0 Vi k:i—k>m. (237)

We prove this expression for an arbitrary row of L, namely the ith row.
Without loss of generality, we assume that ¢ > m. Rewriting (237)) yields

L% =0 Vk:k<i—m. (238)

That is, we want to prove that L** = 0 for all k such that 1 < k <i—m. In
order to prove this, we make use of the following formula for calculating the
off-diagonal entries of L

k—1
) 1 ; i
Lz,k _ W(Qz,k _ E Ll,sL"C,S)7 k< 1. (239)

s=1

In orde_r to prove that L“* = 0 for all k such that 1 < k < i —m, we first prove
that Q*F =0 for k < i —m.
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From (235)), we have that Q" = 0 when |i — k| > m. Since we consider the
entries below the diagonal, we have 7 > k. This entails that we can remove the
absolute value around |i — k|. That is, Q“* = 0 for i — k > m or equivalently
k < i —m. Hence, in the case when k < ¢ — m, we are able to simplify to

ka ZL”L’”, k<i—m. (240)

In order to prove that L»* = 0, we structure the proof as a ”proof by
induction”, by first proving that L»! = 0, and then proving that L** = 0 if
Ll = ... = [WF=2 = k=1 — 0. Proving that L®! = 0 is trivial, since the
summation in goes from s = 1 to k — 1, and hence the sum is zero when
k=1

We now assume that L' = ... = L#*=2 = [»*=1 — 0, and we want to prove

that L“* =0 for k < i —m. By writing out the summation in (240]), we have
, 1 , , .
ko A7kl 27 k,2 Jo—1 7 kk—1 .

L ka’k(—Ll Lht —pe2pk? . Lkl ), k<i—m. (241)
Since we assume L' = ... = [#F=2 = [#F~1 — (0, we have that the second
factor in every term is zero. Hence L**¥ = 0. This proves that (236]) holds, which
completes the proof. O

E Proof of Theorem 4

In the following, we prove Theorem [4] presented in Section [2.6] That is, we prove
that: Assume 1 < i < k < K. We then have

i¢ApandBse{k+1,... ., K} :ike A, — 2 LaFa0F  (242)
Proof. From Theorem 2.1 in |[Rue and Held| (2005), we have that
2 Lokl R — f(x) = gz~ n(@ Y, (243)

for some functions g and h. Since we assume that x is a GMRF, the pdf of «
can be written as

S (1:1-1} ! — g7 (@ =DM -C)?

=[[ r@!lt" )=H ! |z™) H * (244)
1=1 1=1

for some constants C; and 012 > 0, and some vector D; € R, We can rewrite

this as

(z —Djx Ak —Cy)? —*(m —DIz’s —C,)?

f(x) xe

K

11 "~z (@ =Dfatt=C)* (245)
!
1£k
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From the ﬁrst line in the expression above, we see that if i € Ay, we get a
Ma'a" , for some constant M ;é 0. Similarly, we see that if i,k € A
for some s, we obtain a factor eNe'e" for some N # 0. That is, we have
that f(x) # gz~ ) h(z—{k}), for some functions g and h. This entails that
zt ) x|z 19k} From we see that f(x) = g(z~ 1) h(z=1#}) if and only if
i ¢ A and i,k ¢ A,. That is, holds if and only if i ¢ Ay and Bs 4,k € As.
O

factor e

F Derivation of posteriors in Section

Recall that Section presents prior distributions for n,|¢, and ¢,. In the
following, we present the derivation of the corresponding posterior distributions
for m,|¢, and ¢,, which is presented in Section That is, the distributions
for n, |, x+ and ¢@,|x+, where we recall from Section that X¢ is the ensemble
representing f(x;|dg.t—1).

We first present the derivation of f(n,|¢,, x:). By Bayes’ rule, we have

Sl f (xelny, @4)
= 246
f(nt|¢tvxt) f(Xt|¢t) ( )
We omit the denominator, which is constant as a function of n,:
Fl @ xe) o< f(mele) f(xelmy, &4)- (247)

Since the elements of 1,|¢, are a priori independent, , we have

K
Sl xe) o< f(xelmys &) H (nt1y) (248)

From (94), we have that f(n|¢,) = f(n¥|#F). In addition, we have that

K
FOxilme @) = H (xtnf, oF, xi™)- (249)

Thus, we can write

K
Fil e xa) o [ FmEI68) f(xE Ik, oF x2) (250)
k=1

In the following, we consider the second factor in the expression above.

For each element in @, we have ¥ ~ N((1, (£)T) - nF, ¢¥). We assume
that the ensemble members are distributed according to f(a:|dg.t—1), i.e.
Xﬁj ~ N((1, (xfj)T) -m¥, ¢F). Since all of the ensemble members are assumed

independent, we have that x¥ ~ N (<1J, (Xf")T> -nk, quIJ), where I; is the
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identity matrix of size J and 1 is a vector of length J consisting of ones. That
is,

b L 3 (= (1 0a™)m)ml) o1~ (xd = (10,007 k)

ki, k k A
Jxg g, o, xi*) o< W'e

(251)
By expanding the parentheses in the expression above, we have

LT @ L) T X T (@ 1) T (10,0 F)T ) m

,%((1] (XAk)T) )T(¢fIJ)71((]-J,(X?k).r)q??)

1
ki ok ok A
FOXE s oF xe ™) o« |gF|772 e

(252)
Since (¢pFI;)~1 = (¢F)~11;, we can write
1 o) T+ ()T (10.06)T) -mk
ki k ok A 53F z
f(Xt|nta¢t7th)O(W'e * i
i (253)
o ((0aHT) )T (10.66)T) e
The exponent on the last row can be rewritten as
T
i (10 6d0m) ) (1 6T -k
' . (254)
= —g(m) (1, 0d7) (10 0T -k
¢
Thus,
1 ) Tk + 2 )T (10,0 9)T ) -m
k|gk 1k A oo (i kXt t t
f(Xt|ntv¢t,th)oc|¢k‘J/2'e ¢ ’t
t (255)
-e —aE T (15.06¢)7) T (10,0687 ) 0t
In the following, we consider the first factor in (250)).
We have that
ME|0F ~ N (s, S p)- (256)
That is
1 — 3 = p ) TGS, ) T (0~ par)
k| 1k Ny — MK,k t t
un ‘d)t) X |¢f‘(|Ak|+1)/2 e ? e Mt e (257)
We have that
( ) (¢t ) ! k - ( f)T(qﬁonf)_lp’nf (258)
We proceed by expanding the parentheses in (257))
1 —3(M)T(SFS, k) 0}
f(?’]k|¢k)0( e 2V t =k t
t t |¢f|(‘Ak|+1)/2 (259)

Tk 1k 1 Tk 1
.e(l"nf) (¢4 Z,]%C) U 2(/"'.,,?) (¢tz,,£c) Iv"nltc
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By inserting (255]) and ( into , we have

K
Falexe) o [T FnElof) f kg, ¢F, xi*)
k=1

K
OCHe—%mf)wznf)*m Sr DT (1,007T) T (10,067
P (260)
)T T 4 )T (10,067 i
1 —%(Mn{c)T(fbe,,;c)*lH,,f 2¢k (x)Tx;
Q| THALFD2 € ' ' :

Note that the terms in the exponent on the second line are quadratic as a
function of ¥, while the terms on the third line are linear in n¥. The terms on
the last line do not contain n¥. We rearrange the terms on each line

Sl xa) o Hf nylei) f (Xflnf,séf,xf’“)

ocﬁe b (52 (a0 ()

(261)
. e(ﬁ(unfmznfrwﬁ(xt)T~(1J,(x?’<>T))nf
. 1 . efjf(u,,@)T(Enf)’lu,,ﬁ*ﬁ(xf)Txf
|pF| T+ Ak |+1)/2 ’
In order to simplify the expression, we define
OF = (2,0 + (11, 66™)7) " (15, (67 (262)
T
pF = ()T () + ()T (10, ()T ) (263)
W= ()T () e — ) TXE (264)
Now, we can write (261)) as
F(ile, xt) o Hf |¢t (X?‘nfﬂ(b?a)(?k)
= (265)

~ H e 2d,k(ni“)T@mﬂr (p ’f)Tnffﬁ%’“
|¢k J+|Ak\+1)/2

Since 7f and the first factor not are functions of n¥, we omit these. We
notice that the expression has the form of a normal distribution with canonical
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parametrization. By rearranging the terms, we have

(@) ok (nf -0 t)T (et ) (nE- (@) ot)

A
fmildy, xe) o H e
k=1
(266)
The first term is constant as a function of n¥, and thus we can omit it. The
second term has the form of a normal distribution,

1
nfcbnwa((@f)‘lpf, (Let) ) (26)
t

Which completes the derivation of the expression for the posterior distribution
for n¥|¢p,. We now go on with the derivation of the expression for the posterior
derivation of ¢,.

We start by using Bayes’ rule

f(@) f(xeloe)
flixe) = ———=——""=. 268
( t| t) f(Xt) ( )
The expression in the denominator is not a function of ¢,, and thus we omit it,
F(@dlxe) oc (@) f(xel@r) = fxe, Do) (269)
In order to calculate this expression, we use the law of total probability
f@i) [ Fam dan. (270)
We apply the formula for conditional probability
£@xi) x [ Tl 8) @05 (@), 211)
We put the last factor outside the integral
£@) > £(@0) [ FOalme d0)fnijé)dn, (272)

In order to treat the integrand, we utilize the fact that the elements of n,|¢, are
a priori independent, , and the GMRF imposed on x;

K
Flulxe) o F(by) / / TT £, o ) F il obydnt,  (273)
k=1

where we have K integrals in the expression above. We can swap the ordering
of the product-sign and the integral-sign without affecting the result

K
f@d) 00 TT [ 1okt ob o stlobiant. (21
k=1
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We notice that the integrand is identical to the expression in (265)).

2¢k ()T OrnE+ 1k (Pt) U 2¢k’Yt

f(Dilxt) o f(y) H/ (6F) (AT +T+D) /2 dny. (275)

We put the last term in the exponent outside the integral, and rearrange the
integrand factors

K
F(@dlxe) ocf () Hm
i ( (276)

/e s(ni—©0) " 1pf)" ( I\Ak\+1>@( Gl pf)dnk

t-

k k ky—1 _k
(il)k'YteQ;ic (P)T(©F)™ Py

We notice that the integrand has the shape of a multivariate normal distribution.
Since the normalizing constant is not contained in the integral, we multiply with
the normalizing constant, and the expression becomes

~1/2
K ‘( I @ 1 k 1 k ky—1 _k
oF |Ak‘+1) ‘ T okt (P)T(OF) ™ Py
fpelxt) < f(y) | | T e 20F " e26f

(277)

We omit |©F|~1/2] since it is constant as a function of ¢,. Since ¢F > 0, we have

K (k) (Aet1)/2

(¢t|Xt 0<f¢t H—¢k (\Ak\+J+1)/26

1 k 1 kTek -1 _k
2¢?7t62¢f(pt) ( t) Py

(278)

K
1 =g o)™ (O pf
— f(¢t) H (¢?)J/2€ 2¢F 62¢k

We now consider the first factor. Since the elements of ¢, are a priori independent,
(©2), and that ¢f ~ InvGam(af, BF), we have

e~ V/(@EBY)  o=1/(¢¢BF)

K
= 1sen :H (af) @t < e 1)

The distribution for ¢,|x: is then

eTVOB) 1 ket he(ebT(eh) ek
F(@idxe) o<H T (R 20F 11 ¢ 20F
K (280)
I ;e—ﬁ(ﬁ%ﬁ—%(pfﬁ@f)”pf)
iy (gF)ei i
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We see that f(¢;|x:) has the form of an inverse gamma distribution with
parameters

ar=al + 5 (281)
3k L1y ENT (k=1 Ak -
B = (ﬁf + 5(% —(p{)T(6}) Pt)) . (282)

This completes the derivation of the posterior distributions.

G Derivation of precision matrix in Section [3.3

Recall from , that a covariance matrix ¥, ; is sampled from the posterior
f(3¢[xt), in order to adjust ensemble member X, ; to the observation d;. In Sec-
tions and and[3.2] we introduce a new prior distribution and its corresponding
posterior distribution, respectively. Consequently, >, ; must be sampled from the
new posterior distribution f(n,, ¢.|x:). In this section we derive the expressions
for the elements of the precision matrix Q¢ ; = E;Jl for @x¢|do.t—1, My, P, For
simplicity, we omit the indexes ¢t and j, since they remain unchanged and are of
little interest throughout the derivation. The precision matrix @) can be derived
by noting that the pdf of &|n, ¢ can be written in two different ways. First, we
can write

f(@ln, @) o em2 (@ Q@mw), (283)
Further rewriting yields

f(CC|’I7, ¢) ~ 67% Zfﬂ Zfil zkziQk,iixk‘uiQk,iiIi‘ukQk,i+#kHiQi,k. (284)

Alternatively, we can write the pdf as
. Lol ol A . -5 @' = (1,(@*)T)n')?
f@ln, ¢) =[] f@' ', ¢" &™) oc [Te 2™ . (285)
=1 =1

By expanding the brackets, we obtain
fxln, ¢) x o2 or @)= @MDYt + Je (1) T)n*)?

o b (@)= (1) T)n)at + e (1, (20) T)n?)?

K 286
[ b3 —HaEmms @@’ (286)
=1
Ik
l#s

By comparing the terms in the exponents of (284)) and (286) that are quadratic
in «, we are able to derive the expression for (). We first consider the terms that
contain (z¥)2.
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From (284), we have that the only term that contains (z¥)? is Q**(z*)2. In
, we see that ()2 appears in the first term on the first line, ﬁ(mk)? We
must also consider the nodes that have node k as their sequential neighbour.
If node k is a sequential neighbour of node s, i.e. s € Ay, the third term on
the second line of contains (z¥)2. Recall that the index of node k in A,
is denoted A;!(k). From 7 we see that there is a dot product between
(1, (™)) and n®. Since z* is the A;!(k)th element in z**, we have that z*
is multiplied with the AJ!(k) + 1th element in n°. Thus, we have the term
d)lg (xhnshs 1(k)‘“)2 in the exponent of . We must also take into account
that there could be several nodes in Ay. Thus, we have

(bk + Z sA LK) +1) (287)

seAk

This completes the derivation of the diagonal entries of (). In the following, we
consider the terms containing z*z*.

We assume that s > k. From Theorem {4} we have that Q% # 0 if and only
if either k € Ag or k,s € A; for some | = {s+1,..., K}, or both. Recall that
we can rewrite the statement k,s € A; as I € Ay N A That is, Ay N Ay denotes
the set of nodes that has both nodes k£ and s as their sequential neighbours, i.e.
k,seA\f =— L€ AxNAg. In the following, we consider the three cases in which
Q"** # 0. The first case is when k € A, and A N Ag = 0. The second case is
when k ¢ Ag and Ar N A, # 0. The third case is when k € A, and Ax N A, # 0.
In the following, we consider the first case.

We assume that & € A and ]Xk N ]\S = (. From , we have that zFz®

. L -1
appears in the second term on the second line, i.e. in f%ns"\s (F)+1gs 2k From

([284)), we have that x*2z* appears in the term Q¥*z*2* and in the term Q**z*2*.
Since @ is symmetric, we have Q¥* = Q**. By comparing the terms in (284)
and (286)), that contain z¥z* in the first case, we have

Qs,k: + Qk:,s _ 2Qk,s _ 2Qs,k — 778 AL 1(lc)Jrl
(288)

s,A7 1(k)+1

Qk,s — Qs,k =——n"

¢9
_ We now consider the second case, when we assume that k ¢ A and that
A N Ag # 0. We consider | € A, N As. That is, we consider the [ that satisfies
s,k € A;. The last term on the third line in (286) can be written as

1
Sy 259
_ %(nl,lﬂmu)nz,um+xA;1<Az<k>)nl,A;1<k>+1 (290)
oo O LA L g A AD p IA )2 (291)
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We have that z8% Ac() = 2k and 2% Ak(s) = s Thus, the expression above
becomes

1

g((l’ (@) T)nh)? (292)
- %(nl,l LM Mph2 4y gkl AT (R4 (293)
JrmJr‘,lcsnz,/xfl(s)+1 JrH.I,EAL(IAzI),?l,\Az|+1)2. (294)

By expanding the parenthesis, we see that the term kanl’Afl(’“)+1msnl’Afl(s)+1
appears. The factor z*z* appears in in Q%*2*z* and in Q%Fz*x*. Because
Q is symmetric, we have Q%* = @Q**. Thus, we have that Q** 4+ Q%* = 2Q%* =
2Q%*. By comparing the terms in and , we have

Qb+ QF =20t = 3T oA OrATR, (295)
le]\kn;\s

Qr=QE= 3 AT, (296)
lEAkﬂ]\S

where account for all [ that satisfies s,k € A;. . }
For the third case, we assume that k € A, and Ay N A, # (0. In this case, the
expression Q%* is the sum of the two previous cases. That is,

Qk,s _ Qs,k _ 7%175,A;1(k)+1 + Z nl*Az_l(k)+1nl’Az_l(s)+1. (297)
leALNAs

This completes the derivation of the expression for the elements of the precision
matrix Q.

H Proof of bandwidth-dimension relation in Sec-

tion 5.2l

In Section we impose the following sequential neighbourhood on the state
space variable @y, Ay = {k—L—1,k— L, k—1}, where K = L? is the dimension
of x;. We state in Section that m = VK + 1, where m is the bandwidth
of the matrix @);, the precision matrix of x;. In the following, we prove this
statement.

Proof. In order to derive the relationship between K and m, we first assess
the sparsity of @, by considering the sequential neighbourhood Aj. Figure [30]
displays some of the nodes associated to ;. The figure only displays the edges
connected to node k, and the nodes connected to node k. That is, the nodes in
the figure are the only nodes that are not conditionally independent of node k.
We divide the nodes in Figure [30]into three groups, represented by the three
colors in the figure. The yellow nodes are the sequential neighbours of node
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Figure 30: Each node represents an element of the state space vector @;. The
edges indicate the conditional dependencies between the nodes if we assume that
the sequential neighbour for node k is Ay, = {k— L —1,k— L,k —1}. The yellow
nodes represent the sequential neighbourhood of node k, denoted Ag. The blue
nodes represent the nodes that has node k as one of their sequential neighbours,
Ax. The red nodes represent the nodes that are sequential neighbours of at least
one of the nodes in Aj. Note that the only edges included in the graph are the
edges connected to node k.

k, i.e. all nodes in the set A, while the blue nodes are the nodes that have
node k as a sequential neighbour, i.e. the nodes contained in Aj. The red nodes
are the nodes that are sequential neighbours of at least one of the nodes in Ay,
i.e. the nodes r that satisfies k,r € A, for some s € {1,..., K}. For instance,
node k — L + 1 is colored red because both nodes k and k — L + 1 are sequential
neighbours of node k + 1, i.e. k,k — L+ 1 € Agyy. Similarly, node k + L — 1 is
red because k,k+ L —1 € Apyp. Also note that some of the nodes belong to
more than one of these three groups.

From Theorem 4 we have that zF / xﬂwt_{k’r}7 if and only if at least
of the three following statements are true, r € Ag, r € Ay or k,r € A, for
some s € {1,...,K}. The nodes satisfying the first statement, r € Ay, are
the yellow nodes in Figure while the nodes satisfying r € A, are the blue
nodes. The nodes r satisfying k,r € Ay for some s € {1,..., K} are the red
nodes in Figure That is, the only elements 2% satisfying af [ x§|$;{k’T},
are the elements in «; associated to the colored nodes in Figure From ,
we have that Qf’r £0 <= af | xﬂm;{k’r}. That is, if node r is a colored
node in colored in Figure then Qf " # 0. This entails that the bandwidth
of Q; is m = max |k — r|, where r is the node number for one of the colored
nodes in Figure From this figure, we see that the bandwidth of Q; is
m = |k—(k—L—1) = L+1. Since K = L?, we have that m = v/K + 1, which
completes the proof.

O
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