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normally expressed in percentage values, they are less suitable
Abstract—This paper proposes a new representation of than UDF for a visual Cartesian representation.
electrical circuit quantities based on three-phase dimensional  Overall, the current paper does not aim at proposing a new
space, in contrast to the conventional two-dimensional g|ectric power theory or set new definitions for power terms. It
representation. It contributes to an alternative mathematical rather offers an alternative representation for electrical

approach to display the voltage and current waveforms in three- . I h . b lied
dimensional frame, in which an unbalance displacement angle duantities. Actually, such representation can be applied to

becomes evident, and can be used as an unbalance metric. It i§lifferent power theories published in the literature, like the
outside the scope of this paper to propose a new power theory, orConservative Power TheorfCPT) [4],[5], and theCurrent
state new definitions for the power terms. In fact, such electric Physical Component€PC) [6],[7],[8].
power representation can be applied to different power theories.
Fina”y, thIS paper eXempliﬁeS the thl’ee-dimensional ” CONVENT|ONAL ELECTR|C POWER REPRESENTAT|ON
representation through numerical and illustrative case studies. o .
Periodic voltage and current quantities are commonly

Index Terms—meta-theory, power theory, electrical circuit represented in two-dimensional space, as:
quantity, power property, unbalance. n
v(©) =V, + Z Vi, - sin(wg.t + 0,)

I. INTRODUCTION k=1 )
Power theories have been subject of investigation for almost i) =1 +Zlk “sin(wy. t + i)
. . . k=1
a century [1], pursuing to precisely describe the POWEY, oh thak is thent™harmonic orderg is the angular frequency

properties of electrical C|rcu_|ts relating t_hem to the phys'cgnda\,kandeik represent the phase of each harmonic voltage and
phenomena, and mathematical expressions [2]. However, no X o -

. current, respectively. The voltage quantity is usually considered

power theory has fully succeeded, because there is always N _

as the frame of reference, so that= 0.

proof of inconsistency. In view of this complex subject of study, To simplify the presentation, all voltage and current

this paper contributes with an alternative mathematlcva\}(laveformS are assumed to have zero mean valyesig = 0).

representation of voltage and current waveforms which m . . . .
reover, there is substantial confusion on power definitions

assist in this arduous task involving the power theories. with unbalanced loads even under sinusoidal voltage

. Then, thls. baper proposes a noyel representanon qf eIeCtr(':Coar‘iditions, and it is expected that investigations increase
circuit quantities based on three-dimensional space, in contras

to the conventional two-dimensional one. It contributes ’g)radually in complexity to avoid inconsistent results, so this

display the voltages and currents in a three-dimensional fra aper is restricted just to circuits with sinusoidal voltages. It is
play 9 Worth noting that, under such assumpti@n,hereafter simply

in which a novel unbalance displacement angle becomes, Hicated as#, represents the relative displacement angle

. . i
ewdgnt as the V\./ell-kn.owr? d|splacemgnt ar?gle [3] caused tgé(tween the (fundamental) current and the corresponding
reactive power circulation in the two-dimensional space.

. - . voltage, which is also known asactive displacement (power
The unbalance displacement angle is used to define g P (P )

unbalance displacement factor (UDF) that quantifies tﬁaﬁble[g]'

- Let us define the bold variables as vectors, considering the
currents unbalance with respect to the three-phase VOItﬂgr%e-phase quantities, as represented in (2)
frame. Hence, it is a relative measure of unbalance between ' T '

three-phase current and voltage signals, and it is not primarily w(t) = z‘lgg and i(t) = i"gg (2)
intended to assess the inherently unbalanced nature of a single vi'(t) ii(t)

set of voltages or currents, as other unbalance metriggeh that the superscritmeans transpose. Then, the current
Nevertheless, UDF could also capture the inherent degreg,Qfiqr {) is decomposed into in-phasig)(and quadraturei ()

unbalance of a set of currents (or voltages) if calculated agamﬁlrent terms, and thereupon in positive (+) and negative (-)
a corresponding ideal (i.e., sinusoidal, symmetrical) set soéquence components:

voltages (or sinusoidal, balanced currents, respectively). i(6) = iy(O) + i, (D)
Furthermore, as none of the existing metrics visually show i(1) = i (1) + iy (1) ®3)
the current unbalance with respect to voltage frame, becayse . L) = 600 + () .
the' instantaneous activep)( and reactive ) power are

they are all based on a two-dimensional representation an .
y P calculated through the internal product as:
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p(t) = @ +v)o (if + i +if +i1) = such that the?, andi? are the projection of therphase
Foitd v oi- vt oi- vt oi- 4 v oit 4 1= ot m m proj P
Svehitvehtvieh tvie ity oljty ol instantaneous currents onto the andxzplane, respectively.
o) = @ )0 (i + 0 411 407) = 4) The current terms can be defined considering the power
=D o il 4D ol +D ol +D ol +D oil +D o] terms of (4) and (5) as:
S “ , i () = ==, 0] =Aiﬁm (8.2)
The variablev is the phase shifted by 90° with respect to " [lv]|? m D112 .

vectorv on the xy-plane, and can be defined as the (unbiased) i, () = ] v i) = Ip. | Dy (8.b)

-i iati iz ™™ 19112
h?m‘.’+'”teg_ra' .Pf VOlti?e .£4]' /I\-|_en(_:£e, the association terr8§ in terms off,, and ¢ with respect to the peak value of
vioil +v oiy andPT o i + ¥~ oij are zero because of

measured currentk,.

orthogonglity properties. o _ _ 2 () = I, c05(6,,) - cs(¢) - sin(wt + gy,)
According to (4), the projection df on v results in the ifm(t)=1m-sin(em)-cos(¢)-cos(wt+<pm)
average active poweP), while the projection of on% is the Ufm(t) = Iy - cos(6y,) - sin(@) - sin(wt + ¢y,) 9)

. . . i4,,(t) = I, - sin(f,,) - sin(¢) - cos(wt + @,,)
average reactive powerQj. However, the interaction of whereg,, is the three-phase displacement angle, i.e., following

voltages and currents from different sequences results in poYﬁ%rpositive voltage sequence: 0° for phasd20° for phask
oscillations, which can be split into in-phase and quadratLérﬁd 120° for phase if voltages.are symmetrically shifted.,

te;rr:) I? ;?Iit_linvt_ootgi\;?lfigi g_agf’_oﬁgifg;f;;?’ as: Then, the power terms could be defined on the basis of the

5(6) = v i + vt o 45 oil 49 ois = [lp.]lcoszory  (B)  displacement angle caused by reactive powrahd the

where||f, || and||5_ || are the power oscillation magnitudes. proposed displacement angle caused by load unbalgnce (
The apparent power is calculated as usual:

I1l. THREE-DIMENSIONAL REPRESENTATION OFELECTRICAL A=V-1 (10)
CIRCUIT QUANTITIES and the other four power terms as:
: . . . P =V -I-cos(¢) - cos(0)
Firstly, let us consider the three-dimensional space,ag)( Q =V -1-cos() -sin(9)
such thak-axis is the horizontay-axis is the vertical angaxis [7al] = V-1 - sin(¢) - cos(6) (11)

; ) ; N [5.1l = V- I-sin(¢) - sin(6)
is the depth. The proposed representation of electrical Cireith thatv and! are the collective rms values of voltage and

guantities in three-dimensional space also considers the VO“@Qﬁent P is the average active power, wheis the average
as the frame of reference, which is plotted inxpelane. So, . . power||,|| and||5, || are the power terms related to

the voltage and current expressions are defined as: . .
9 v(t)=V-5n(wt) in-phase and quadrature unbalance, respectively. Thus, an

i(t) = P sin(wt + 6) cos(¢) + jI*sin(wt + 6) sin(¢) ©)  unbalanced power term could be usedas ||z + l15.112.
in which @ is the reactive displacement angle visible inxjze
plane. Finally,l¥ and 1 are the projections of the currenA. Proposed Unbalance Displacement Factor

magnitude onto they-plane andkzplane, respectively, ang On the basis of the three-dimensional representation, the
is defined as the displacement angle between the voltage fraggtive displacement factogfRDF) could be calculated as
(i.e., xy-plane) and the current plane. Fig. 1 illustrates a h®DF = cos(f). Note that this corresponds to the traditional
cycle waveform of voltage and current based on the proposfshlacement (power) factor and also coincides with the power
mathematical approach, in which the variapleorresponds to factor, PF, under sinusoidal conditions. Here timbalance
the newly definedinbalance displacement angladd = 0 for displacement factois introduced, which can be calculated as
simplicity. Observe that the unbalance displacement angigr = cos(¢). Overall, the unbalance angperanges from 0°
provides a global information on the degree of load unbalangeego°, and consequently, UDF ranges from 1 (i.e., balanced
in the three-phase system, hence for a single-phase systemgyism) to 0 (i.e., load currents with different sequence
unbalance displacement angle is zero, and then it is identicaddenponents from the voltages).
the conventional electric voltage and current representation. |n the literature, the definition of unbalanced power is not
Then, on the basis of this representation, tiphase univocally defined [10], and then based on how the different
instantaneous currents may be mathematically expressed ing@er theories compute the unbalandgpigower, in addition

three-dimensional frame as: to active P), reactive Q) power terms, one could calculate the
__ xyplane e reactive §) and unbalancep) displacement angles as in (12)
i O =)+ =P O+ () +7(iZ () +i%. (¢ (7) : : I
im(8) = in(®) +jif (0 = 4, (O + i), @® J(lnm( )+ i )) and (13), respectively. Equations (12) and (13) are generic and
<1c any power theory that identifies unbalanced powgroan be
é 8 used to sefN. This would correspondingly change also the
=6 current projections on the xz-plane, given in (8.b). The reactive
g4 displacement angle is applied phase by phase or based on the
o2 equivalent three-phase quantities, whereas the unbalance
g9 displacement angle is strictly based on three-phase quantity.
n (9 O
> gy 6 =tan™?! (F) or 6, =tan! (E) (12)
Ay - 15 1P
Sy 0o 0= ta“_1< oy ) 13
Fig. 1. Three-dimensional representation of instantaneous voltage and current. JP%Z+Q? ' (13)
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IV. ILLUSTRATIVE CASE STUDIES C. Symmetrical Voltages with Unbalanced Load — Four-Wire

Herein, some case studies are presented to supplemenffigkThree-Wire Circuits

best understanding of the three-dimensional representation ofn this section only the CPT was used. The instantaneous
electrical circuit quantities. The graphic representation of tdeltage and current waveforms of the circuit shown in Fig. 6 are
voltage and current waveforms is a tool that can be used aglignlayed in the three-dimensional frame, as shown in Fig. 7.
unbalance quantifier irrespectively of the specific power thedipte that the reactive displacement angle is z&yo= 0, and
used to deal with unbalanced systems. So, for the sakehef unbalance displacement anglepis= 35.28°. This result
explanation, two of the most recent power theories that defindicates an unbalanced circuit but without reactive power
the required power terms are selectéjithe CPT [4] that circulation, as expected for three-phase four-wire circuits with
defines activeR.y), reactive Qcpy), active unbalanced\g) and resistive loads. On the other hand, if the load is purely inductive,
reactive unbalanced\f) powers. The unbalanced power i# is expected zero active power, and only reactive and
calculated as,,, = /NZ + NZ; 2) the CPC [7] that defines activeunbalanced power terms. The electric circuit and the waveforms
(Pcpd), reactive Qcpd, Negative-sequence unbalanceg)(and are shown in Figs. 8 and 9, respectively. The values of angles
zero-sequence unbalancéif) powers. The unbalanced poweff andg), and RDF and UDF are shown in Table I.
is calculated as, = /D% + DZ2. If the same circuit of Fig. 6 is therefore re-drawn with three

) ] o wires, as shown in Fig. 10, the phase voltage and line current
A. Asymmetrical Voltages with Balanced Resistive Load  \yaveforms in the three-dimensional representation are shown

Independently of the voltage condition, the frame @h Fig. 11. Note that ther-phase currents are not in-phase with

reference is the instantaneous voltages. Then, the sinusoidakbsil correspondingn-phase voltagesdf = —30° and 6, =
asymmetrical voltages/{= 139.720°, V, = 12724 —120°, and  30°), despite the absence of energy storage elementsnSuch
V. = 114.3£120°) are applied to the (balanced, resistive) circuhase shift is caused by the reference point of voltage
of Fig.2. The three-dimensional representation of thgeasurement in three-phase three-wire circuit, and it is
instantaneous three-phase voltage and current waveformgugntitatively analyzed in Table I.
shown in Fig. 3. As can be seen, thebalance displacement  Table | shows the values of power based on the CPT. Then,
angleis zero ¢ = 0°, UDF = 1), and the current waveforms arghe proposed unbalance displacement angle,and the
proportional to the voltage ones and lay on the saamane. conventional reactive displacement anglegan be computed
Moreover, both power theories result in the same portray. for the circuits of Figs. 2, 4, 6, 8 and 10. The values for the four-

B. Positive-Sequence Voltages Supplying Negative-SequiEg Circuit arei¢ = 35.26° and6 = 0°, while for the three-
Currents wire circuit areip = 45° and@ = 0°. These numbers result in

To highlight the meaning of the proposambalance RDF equals to zero, which means null reactive power

displacement angland the metric UDF, in Fig. 4 the loads (i_ecwculatlon in both circuits; and UDF equals to 0.816 and 0.707,

) . respectively, indicating that the three-wire circuit is more
ideal current sources) draw only negative-sequence curren

(I, = 6.8220° I, = 6.822120°, andl, = 6.82. — 120°) from the Unoalanced than the four-wire one.

supply voltage that has only positive-sequence componedts Symmetrical Voltages with Unbalanced RL Load

(Vo =12720°,  V, =12724-120°% and V. =1272120°).  This case study is the same circuit used as example in [7].
According to (11-13) such condition represents a circuit wifpnsidering the circuit of Fig. 12, the corresponding values of
only unbalanced current terms circulating in the three-phgg@yer terms are shown in Table Il applying both the selected
system, while active and reactive power are null. Fig. 5 shower theories: CPT — [4] and CPC - [7]. Therefore, Fig. 13
the voltage and current waveforms represented in the thrggows the three-dimensional representation of the
dimensional frame, where the voltage waveforms are iR#he jnstantaneous three-phase symmetrical voltages and currents.
plane and currents in thx&plane. The UDF is zero @s= 90°.

127V
=16.13Q (pos. seq.) v v 682A
. (neg. seq.)

n 0

Fig. 2. Asymmetrical voltages with balanced resistive load (case study #%Ejg. 4. Symmetrical voltages with negative-sequence currents (case study #2).
20

oo

- - om
/"1/ 100 T % _Pe(\od

Fig. 3. Three-dimensional representation of the asymmetrical voltages With 5. Three-dimensional representation of the symmetrical voltages with
balanced resistive load (case study #1). negative sequence currents, four-wire circuit (case study #2).
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Fig. 6. Symmetrical voltages with unbalanced rjg g Symmetrical voltages with unbalanced Fig. 10. Symmetrical voltages with unbalanced

resistive load, four-wire circuit (case study #3).  inquctive load, foL-wire circuit (case study #  resistive load, thre-wire circuit (case studys).
20 Voo 2C |k 20 v,
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Fig. 7. Three-dimensional representation of thEig. 9. Three-dimensional representation of thEig. 11. Three-dimensional representation of the
symmetrical voltages with unbalanced resistiveymmetrical voltages with unbalanced inductiveymmetrical voltages with unbalanced resistive

Tt
_peiiod

load, fou-wire circuit (case study #: load, four-wire circuit (case study #4). load, three-wire circuit (case study #5).
TABLE | _ _ On the basis of Table II, the conventional reactive
Power terrgs valuescbased on CPT [‘4] and power quality metrics. displacement angle, 9, and the proposed unbalance
Quantities ase ase Case #. Case #4 Case i X
#1 #2 (4-wire) (4-wire) | (3-wire) displacement anglej, can be calculated through the power
Aci[KVA] | 3.0z | 2.6C 2.45 2.45 2.1z theories using (12) and (13), respectively. Considering [4]:
Popt [KW] 3.0z | 0.0C 2.0C 0.0C 1.5C N o X T )
Qe [KVAT] 0.0C 0.0C 0.0C 2.0C 0.0C ¢ = 46.90° and 8 = 19.06 E Whlle. ConSIdefl'lng [7]¢ ='
Na[[llNA]] 0.0C | 1.83i 141t 0.0C 1.061 45.55° andé = 18.43°. Despite the difference in the numerical
Nr [KVA] 0.0C | 1.837 0.0C 1.41¢ 1.061 ; :
NKVA] oo 5 6C TA1E WAL 7 5¢ valu_es, this proves that the mthemancaI tool proposed can be
Péep [K 1.21 | 0.86¢ 1.0C 0.0C 0.7t applied to different power theories.
PEqy [KW] 1.0C | -0.43¢ 1.0C 0.0C 0.7¢
P e [K 0.81 | -0.43¢ 0.0C 0.0C 0.0C
Qécp [KVAT 0.0C | 0.0¢ 0.0C 1.0C -0.43¢ V. CONCLUSIONS
Qb [KVAr] | 0.0C | 0.75( 0.0C 1.0( 0.43¢ This paper proposed a mathematical expression of electrical
QCop gVAr obgc _06755( obgc %‘85 033‘ circuit quantities in three-dimensional frame, (6), and a voltage
RDF 1.0C | 1.0C 1.0C 0.0C 1.0C and current waveforms representation in three-dimensional
Proposed unbalance metric space, Fig. 1. Finally, on the basis of the three-dimensional
0° 90¢ 35.28 35.28 45¢ . .
. representation, the unbalance displacement apgleecomes
UDF 1.0C [ 0.0C 0.81¢ 0.81¢ 0.707 . . . '
a .. visually evident, which can be used to define an unbalance
b — . displacement factor, UDF. The mathematical and graphic

C
T representations, as well as the unbalance displacement factor,
N were exemplified through numerical and illustrative case
Fig. 12. Symmetrical voltages with unbalanced RL load (case study #6). Studies considering different power theories, i.e., CPT and CPC.
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