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Abstract
We define a kinetic and a potential energy such that the principle of station-
ary action from Lagrangian mechanics yields a Camassa—Holm system (2CH)
as the governing equations. After discretizing these energies, we use the same
variational principle to derive a semi-discrete system of equations as an approx-
imation of the 2CH system. The discretization is only available in Lagrangian
coordinates and requires the inversion of a discrete Sturm—Liouville operator
with time-varying coefficients. We show the existence of fundamental solutions
for this operator at initial time with appropriate decay. By propagating the fun-
damental solutions in time, we define an equivalent semi-discrete system for
which we prove that there exists unique global solutions. Finally, we show how
the solutions of the semi-discrete system can be used to construct a sequence
of functions converging to the conservative solution of the 2CH system.
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1. Introduction
The Camassa—Holm (CH) equation
Uy — Upee + Sttty — 2Uslyy — Ul = 0, (1.1)

is first known to have appeared in [25], although written in an alternative form, as a special
case in a hierarchy of completely integrable partial differential equations. The equation gained
prominence after it was derived in [8] as a limiting case in the shallow water regime of the
Green—Naghdi equations from hydrodynamics, see also [18]. Since then, the CH equation has
been widely studied due to its rich mathematical structure: it is for instance bi-Hamiltonian,
admits a Lax pair and is completely integrable. The solutions may develop singularities in finite
time even for smooth initial data, see, e.g., [12, 13].
The so-called Camassa—Holm system (2CH)

Up — Upeye + 3utty — 2Uyllyy — Ully + ppx = 0 (1.2a)
pr+ (pu)x =0 (1.2b)

was first introduced in [41].

This is not the only two-component generalization which has been proposed for the CH
equation. For instance, in [9, 23] the authors showed how similar systems are related to
the AKNS hierarchy. However, we will here only consider (1.2), which similarly to (1.1)
can be derived as a model for water waves. Indeed, the system was derived in [20] from
the Euler equations in the case of constant vorticity, while different derivation based on the
Green—Naghdi equations can be found in [14]. The 2CH system shares many properties with
the CH equation: the equation is bi-hamiltonian [41], admits a Lax pair and is integrable [14].
Results on the well-posedness, blow-up and global existence of solutions to (1.2) are provided
in [21, 22, 33, 34].

Both the CH equation and the 2CH system are geodesic equations, see [15—17, 21]. The
CH equation is a geodesic on the group of diffeomorphisms for the right-invariant norm

ool 1
EXin — EHMH;I - 5/]R(u2 + u?)dx. (1.3)

To clarify this statement, we introduce the notation y : R* x R — R for a path in the group
of diffeomorphisms, meaning that y(#, £) denotes the path of a particle initially at &, and the
Eulerian velocity is given by u(t, x) = y,(t,y~'(x)). The geodesic equation is then obtained as
an extremal solution for the action functional

1 . 1 I3 yz
AQ) = / EN"(ndt = > / / vive+ 5 | dg dr.
1o 2 1) R yf

The momentum map, as defined in [2], is given by the Helmholtz transform m(u) = u — u,,
in Eulerian coordinates. Then we may write the energy as EX" = % me(u)u dx. For the
2CH system in [21], the diffeomorphism group is replaced with a semi-direct product which
accounts for the variable p. Then the 2CH system is a geodesic for the right-invariant norm
: HuHiIl + 3 p||i2. However, we will not follow this approach here, but rather use the fact that
(1.2) can be derived as the governing equation for a different variational problem, where the
action functional includes a potential energy term and the variation is performed on the group
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of diffeomorphisms only. This point of view enables us to derive a discretization which mimics
the variational derivation of the continuous case. In this approach, we consider the variable p
as a density entering the action functional through a potential term

1
B =5 / (p— poo)” dx, (1.4)
R

where p_, > 0 is the asymptotic value of p. The mass conservation equation p, + (pu), = 0
is not a result of the variational derivation, but is instead a given constraint of the problem.
Equation (1.4) can be interpreted as an elastic energy: it increases whenever the system deviates
from the rest configuration given by p = p.. In the beginning of section 2, we present the
derivation of the 2CH as the critical point for the variation of EX® — EP®', This approach follows
the classical framework, see [1], and the potential term EP* depending on the density is added
in the same way as in [40], see also [27, 39, 44] for applications to more complex fluids. In
Lagrangian variables, the mass conservation equation simplifies to the expression

0
5P YYe) = 0. (1.5)

To derive a discrete approximation of the 2CH system, we propose to follow the same steps
of the variational derivation in the continuous case. First, we discretize the path functions
¥(t, &) by piecewise linear functions, y,(f) = y(1,&;) for &, = iA&, i € Z and A > 0. Then, we
approximate the Lagrangian using these discretized variables. Finally, we obtain the governing
equation for the discretized system from the principle of stationary action, as in the continuous
case. In our opinion, the advantage of using this variational approach as basis for our discretiza-
tion is that we need only take variations with respect to a single discrete variable, rather than
two. This reduction is achieved by the use of the identity (1.5). Note that the group structure
of the diffeomorphisms is not carried over to the discrete setting, as the composition rule is not
defined at the discrete level. In practice, this means that that our discretized equation will not
have a purely Eulerian form and should be solved in Lagrangian variables. We retain two sym-
metries though, the time and space translation invariance. As a result, we have conservation of
discrete counterparts of the integrals fR(u2 + ui) dx and fRu dx, see section 2.

We rewrite the 2CH system (1.2) in Lagrangian variables following [31]. We first apply the
inverse of the Helmholtz operator Id — 0,, to obtain

1 1
u; +uu, = —Py, P—P,=u"+ Eu% + Epz. (1.6)

We rewrite the second equation above as a system of first-order equations,

—9, 11 _[P] o
o) efel =) a
forQ = P,and f = u® + Ju? + }p*. In Lagrangian variables we have P(¢) = P(y(¢)), and the
system (1.7) becomes

2 2aJelol =[]
ol=|=1%1, 1.8
{ ye =0 (O f (1.8)
for f = f oy. In (1.8), the operator denoted by e corresponds to pointwise multiplication

by y¢. The matrix operator corresponds to the momentum map in Lagrangian coordinates and
must be inverted to solve the system. In contrast to its Eulerian counterpartin (1.7), the operator
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evolves in time. This significantly complicates the analysis, especially in the discrete case. In
section 4, we introduce the operators G and K which define the fundamental solutions of the
momentum operator,

9 ye] [K G]_[5 0
e 2aJels &b 5 a9

Note that the operator becomes singular when y, vanishes. In the discrete case, the momentum
operator and its fundamental solution are given by

oo S i1 ) 10

where D denotes forward and backward difference operators, see section 2. This is a form
of Jacobi difference equation, cf [43]. To establish solutions of (1.10), we shall invoke results
from [24, 42] which generalize the Poincaré—Perron theory on difference equations. Section 3
is completely devoted to this analysis.

The CH equation and 2CH system can blow up in finite time, even for smooth initial data.
The blow-up scenario for CH has been described in [11, 12, 19] and consists of a singular-
ity where lim,_;, u,(t, x.) = —oo for some critical time ¢, and location x.. However, since the
H'-norm of the solution is preserved, the solution remains continuous. In fact, the solution
can be prolongated in two consistent ways: conservative solutions will recover the total energy
after the singularity, while dissipative solutions remove the energy that has been trapped in
the singularity, see [5, 6, 30-32, 36, 38]. If p > 0 initially, no blow-up occurs and the 2CH
system preserves the regularity of the initial data, see [31]. We can interpret this property
as a regularization effect of the elastic energy: the particles cannot accumulate at a given
location because of a repulsive elastic force. The peakon—antipeakon collision is a good illus-
tration of the dynamics of the blow-up. We present this scenario in figures 1 and 2. In the
peakon—antipeakon solution, which corresponds to p, = 0, we observe the breakdown of the
solution and the concentration of the energy distribution into a singular measure. At colli-
sion time, u> + u? = 0 and the energy reduces to a pure singular Dirac measure, which natu-
rally cannot be plotted. For the same ug, but p, = 1, the potential energy prevents the peaks
from colliding, which is clear from the plot of the characteristics in figure 1. The potential
energy grows as the characteristics converge and results in an apparent force which diverts
them.

The global conservative solutions of the 2CH system are based on the following conserva-
tion law for the energy,

(;oﬁ it (p— pocf)) + <u;<u2 it (p— pocf)) -

X

(1.11)

where R = P — %uz — % p% for P in (1.6). This equation enables us to compute the evolution
of the cumulative energy defined from the energy distribution as

y(t.8)
HO = | / @+ 12+ (p— p))dx

—0oQ
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Figure 1. Plot of the characteristics for peakon-antipeakon initial data uo with p, equal to
0 and 1. We observe the regularizing effect of p, > 0 which prevents the characteristics
from colliding.

in Lagrangian coordinates, for which we obtain % = —(uR) o y. This evolution equation is
essential to keep track of the energy when the solution breaks down. To handle the blow-
up of the solution, we need also to have a framework which allows the flow map & — y(¢, &)
to become singular, that is where y, can vanish and the momentum operator in Lagrangian
coordinates become ill-posed. In [31], explicit expressions for P and Q are given. Here, we
adopt a different approach where we propagate the fundamental solutions /C and G from (1.9)

in time. Introducing U = u o y, the equivalent system for (1.2) is given by

Ve = U3 Ut = _Qa Ht = _URa (1123)

with the evolution equations for K and G given by

0 0
&QZ[U,/C], &IC: [U,G]. (1.12b)

Here [U, K] denotes the commutator of U and /C, see section 4. In the case where p., = 0, R
and Q in (1.12a) are given by

o[ 3

The derivation of (1.12) can be carried over to the discrete system, and this is done in section 4.

The short-time existence for the solution of the semi-discrete system relies on Lipschitz esti-
mates. At this stage, one of the main ingredients in the proofs is the Young-type estimate for
discrete operators presented in proposition 5.1. For the global existence, we have to adapt the
argument of the continuous case and complement it with a priori estimates of the fundamental
solutions (g, k, 7, k). These estimates follow from monotonicity properties of these operators,
see lemma 4.1. Section 5 is devoted to establishing existence and uniqueness for global solu-
tions of the discrete 2CH system. In section 6, we explain how the solution of the semi-discrete
system can be used to construct a sequence of functions that converge to the solution of the

1
_U?
2

H

(1.12¢)

3
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(C) u(t,z) for po =1 (D) u?(t,z) + u2(t,z) for po = 1

(B) (p(t,2) = poo)? for po =1

Figure 2. Solutions for peakon—antipeakon initial data. For p, = 0 we plot « in (a) and
W+ ui in (b). We observe the blow-up of u, at 7. ~ 1.5 and the concentration of energy.
For the same initial ug, but p, = 1, we plot the corresponding solution in (c)—(e) and
observe that u, does not blow up. In (e) we plot the distribution of the potential energy
given by (p(t, X) — pso)?, and observe how it grows when the peaks get closer to each
other.
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2CH system (1.2). Finally, in section 7 we present how to construct appropriate initial data for
the semi-discrete system in order to achieve the convergence in section 6.

2. Derivation of the semi-discrete CH system using a variational approach

As a motivation for our discretization, we will here outline how the system (1.2) can be derived
from a variational problem involving a potential term, as indicated in the previous section. In
a standard way, see, e.g., [1], the Lagrangian L is defined as the difference of a kinetic and
potential energy

L = ENn — pPot, 2.1

where the energies are given by (1.3) and (1.4). The governing equation is then derived
by the least action principle, also called principle of stationary action, on the group of
diffeomorphisms.

A first step in this direction is to introduce the particle path, denoted by y(t, &). Then, we
rewrite EX" and EP in Lagrangian variables. For the kinetic energy, we obtain

) 1 2
Emm:2/<ﬁw+“>@@%. 2.2)
R Ye

From the principle of mass conservation for a control volume, the density satisfies

The definition of p given by (2.3) is equivalent to the conservation law (1.2b). We can check
this statement directly:

0
E(W, Vye) = (pi(t,y) + pe(t, YIut, y) + p(t, Yu(t, y))ye = 0.

We introduce the Lagrangian density r defined as r(#, §) = p(z, y(1, §))y,(t, §), and by requiring
it to be preserved in time, we impose the definition of the density p in the system. The identity
(2.3) allows us to reduce the number of variables in our Lagrangian. Indeed, we rewrite the
potential energy (1.4) in terms of the particle path y only and obtain

o n 1 0.9\’
EP(1) = 5 /R (po(y(O, 5))—y£( 5 poo) ye(t, §) d€. (2.4)

Combining (2.1) with (2.2) and (2.4) one can derive

SL(y, LG, L(ve 7
(0, 1) = Yoy, — (yﬁ) , O-3) _ Ve + <y—’§ -2, @
¢ ¢

oy Ve dy 2\ye ¥

which must satisfy the Euler—Lagrange equation

Q(S[—"(y,yt) — 5£(y,))t)
ot oy, yy

(2.6)

Now, from the relations (p o y)ye = (po © Y0)(YVo)e, ¥, = U 0y, y,¢ = (ux © y)ye, and y,, = (u; +
uu,) o y which implies y,¢e = ((u; + uu,), © y)ye, we can write
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0 6L(y,y) i
57@ S ye): — (Jﬁ> = YuYe + YiVie — e _tzf
t Oy Ye /e Ye o Yo/,

= ((; + 2uuy) 0 y)ye — (U + uny)x — u3) 0 y)e

= ((ut — Upx + 21414_,( — UxUxx — uux_xx) © )’))’E

and

5£(y,)’z)

1
Sy = ((—utte + ettee) 0 Y)ye = 5 ((poy?),

= ((—utty + uxtyy) 0 ¥)ye — (PPx © Y)Ye.

Inserting the above identities in the Euler—Lagrange equation (2.6) we get
((ur — Uy + 3utty — 2Uxlty, — Ul + ppx) 0 Y)ye = 0

which is exactly (1.2a) when y, # 0.

For the remainder of this section we give details of how we discretize the variational deriva-
tion outlined above. Let us start by discretizing the kinetic and potential energies given by (2.2)
and (2.4), respectively. First we divide the line into a uniform grid by defining §; = jAE for
some discretization step A > 0 and j € Z. We approximate y(z, § ;) with y (1) for j € Z, and
the spatial derivatives y.(z, & ;) with the finite difference D y;. The finite difference operators
D and D_ are defined as

Diy] + y]ilAg Yi (27)

and they satisfy the discrete product rule
Di(vjwj) = (Divj)wjil + ’Uj(Di’LUj). (28)

When we later encounter operators in the form of grid functions with two indices, such as
g;; for i, j € Z, we will indicate partial differences by including the index in the difference
operator, for instance D 1. g; ; = (g; ;41 — &;;)/ AE. We use the standard notation £” and £ for
the Banach spaces with norms

laller = | A |ayl? and  ||al|pe = sup lajl, (2.9)
je

jez.

with 1 < p < 0.
Turning back to the energy functionals, we discretize the kinetic energy (2.2) using finite
differences and set

i (D4y))?
ER = *Aﬁ > (@,)2(D+y]) 4 @iy (2.10)
JEZ +yf
The Lagrangian velocity is as usual defined as U; = y; and, using this notation, (2.10) becomes
in 1 (D+ U ‘)2
£ = Lo (s + Q2.

jez D.1y;
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The discrete counterpart of (2.4) is similarly defined as

1 Do, :
ENe = - A¢ ( . ”po~—poc> (Dyy), (2.11)
Ag 2 ;é; I)+yj \J J

where y, ; = yo(§;) and pg ;= py(yy;)- Now we define the Lagrangian as the difference
between the kinetic and potential energy,

Lais = ER} — EXe-

Now we compute the Fréchet derivatives of L with respect to y and y. This derivative is given
in £%, the space of square summable sequence using the duality pairing defined by the scalar
product,

(v,w)p = AﬁZvjwj, v,w € £,

Jjez

Formally, we have

. D.U:
SER: = ALY (Uj(éU)j(D+y,~) + D* . D+(6U)j>
ez +Yj
1 D, U\’
+5A¢) | (WU)'D <6y)<—< ’) D (dy);
2 Jezz ( P\ Dy ) T
D, U;
= A¢ (U»<D+y )—D_ (—’)) 6U);
% ! ! D.y; !
1 ,  (DyU°
—AY D (W)~ (W) 6y))»
JEL +i
where in the final identity we have used the summation by parts formula
ALY (Dyapb;+ ALY ai(D b)) = duy1by — dubm-1. (2.12)
J=m Jj=m

This leads to the Fréchet derivatives

in 2
5E]Zg _ —lD_ U, — <D+Uj)
Sy ; 2 Dy

SESn D.U; 0Lg;

) =u; ) — st R dis 21

( oU ) ViD= D- <D+yj> ( ou )j’ @19
J

where the rightmost equality in (2.13) is a consequence of EX’; being independent of U. For
the potential term we find

and
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AL D yo,; D yo
SERY = —> (—2 (HPO i = P ! poD4(0y);
A¢ 2 jzez: D+yj 5] D+yj L+ J
D yo ?
+0.j
+ pO,‘_poc> D, (0y);
( DJ,»yJ J + J
D yo, :
+
= Afzz (( jﬂo,;‘) - Pé) 0yj,
JEZ
which gives the Fréchet derivative
SER 1 Doy : 2
dy ; 2 D.yy;
The Euler—Lagrange equation is then
0Lgs  d 0Ly
- — =0, 2.14
oy dr U ( )

see, e.g., [1]. From (2.14) we then have

d 5l:dg d [)4_l]j
a5, a (om0 (5:32)

. D, U, D, U;\*
= Uj(D4y) — D- <>+U<D Up+D. ( ) :
A D.y; ’ Dy,

which leads to the following system of governing equations

yi=U, (2.15a)
and
D, U;
(DyypU;—D_ ( 5 ’) = —Ui(D4 U))
+Vj

1 D UN’ | (Divoy )’
— =D (W) + ( f) + ( Jpos) |, (@2.15b)
2 ( ! D.yy; D.y; "

for j € Z. Note that we have omitted p2_ on the right-hand side in (2.15) as D_ maps constants
to zero.
We can use the Legendre transform to define the Hamiltonian

0 Lis
s = LU — Lais. 2.16
Hais < SU >£2 d (2.16)
Writing out the above Hamiltonian explicitly we have
U; Do, :
Hais = A&Z ((U) + ( . ) + ( Diyy“i’po,j - pw) ) (D). (2.17)
JEZ J
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We observe that the Lagrangian Lg;s does not depend explicitly on time. Then it is a classical
result of mechanics, which follows from Noether’s theorem, that Hg; is time-invariant,
dHais
dt

The Lagrangian Ly is also invariant with respect to translation so that an other time invariant
can be obtained. We denote by 1 : £* x R — €7 the transformation given by the uniform trans-
lation (¢(y,€)); =y ;+ €. For simplicity, we write y°(f) = 1(y(f), €). From the definition of 1),
we have

V(@ =y and Diy*(t) = Dyiy().

Hence, the Lagrangian Lg is invariant with respect to the transformation . Then

Noether’s theorem gives us that the quantity <5§ldj5, %>£2 is preserved by the flow. In our

case, (%) =1 and (%) =UjDyy) —D_ (gﬁ]j), see (2.13). Thus, we obtain that
j j
the quantity
D, U;
1=Ag) (Uj(ij) ~D- (#)) = ALY Uj(D4y), (2.18)
jez +Yj jez

is preserved. Note that I corresponds to a discretization of

/(u—uxx)dxz/u dx
R R

in Eulerian coordinates, which is preserved by the 2CH system.

Let us return to (2.15), and in particular to the left-hand side which contains U > but
not in an explicit form. For a given sequence a = {a;}jcz € £ and an arbitrary sequence
w={wj}jez € 22, we define the operator A[a] : £* — £* by

(Ala]w);==aw; — D_ <M> , jez. (2.19)

aj

When a = Dy, (2.19) corresponds to the momentum operator m in Lagrangian coordinates,
and takes the form of a discrete Sturm-Liouville operator. This operator is symmetric and
positive definite for sequences a such that a; > 0, as we can see from

1
ALY “vj(Alalw); = ALY (ajwjvj + w(D+wj)(D+vj)> :
JeZ JeZ J

where we once more have used (2.12). When A[D, y] is positive definite, it is invertible and
we may formally write (2.15) as a system of first order ordinary differential equations,

yi="Uj

1 D, U;\*
Uj=—-ADyy] ' | UD,U) + -D_ (Uj)2+<+’>
2 Dyyj

4 (Do \’ (2.20)
Dy PO . '
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When solving the above system, we obtain approximations of the fluid velocity and density in
Lagrangian variables, U (1) ~ u(t, y(1,§)) and p, ; /(Dyy (D) = p(t, y(1, ).

We conclude this section with some comments on the Hamiltonian form of the equations.
Hamiltonian equations in generalized position and momentum variables follow from the
Lagrangian approach in classical mechanics, see, e.g., [1]. The generalized momentum is
defined as p = %“}S(y, U). When we express the Hamiltonian Hg4;s given in (2.17) in term of y
and p, the Hamiltonian equations are then given as usual by

. 0Hais . O Hgis
y fr— fr—

— . 2.21
op 5y 2.21)

)

From (2.18), we get that the momentum s p; = (A[Dyy]U);. Hence, U; = (A[D+y]*1p)j, and
the Hamiltonian (2.17) is

1 _ o
Hais = EASZPJ(A[DH] 'p); +EPAE~

e

If we introduce the fundamental solution g; ; of the operator A[D.y], see section 3, the
Hamiltonian can be rewritten as

1 1 o
Hais = EAgzijgzgi,jpi = EZ(Afpi)(Aij)gi,j + EPAQ

JEL i€Z i,jEL

In the case p = 0 (that is EX’; = 0), we recognized the similarity of this expression with

N
1 iy
Hup = EE :Pipje [vi—yj]

ij=1

given in [8]. The Hamiltonian H,,, defines the multipeakon solutions, which can be seen as
another form of discretization for the CH equation, see [37] for the global conservative case.
Then, the two discretization appear as the results of two different choices of discretization for
the inverse momentum operator: g; ; in the case of this paper and g; ; = e iyl in [8]. We
note that a numerical study of discretizations of the periodic CH equation considering both
multipeakons and the variational method presented in this paper can be found in [26].

3. Construction of the fundamental solutions of the discrete momentum
operator

In this section we construct a Green’s function, or fundamental solution, for the operator
defined in (2.19). Note that when a = Dy coincides with the constant sequence 1 = {1} jcz
we have from (2.19) that A[1] = Id — D_D., which corresponds to the operator used in the
difference schemes studied in [10, 35]. As the coefficients are constant, the authors are able to
find an explicit Green’s function g which can be written as

»—;<1+A—§2+§\/4+A§2>ﬁ 3.1)
ANz 2 T2 '

and fulfills (Id — D_D)g = do. Here 8y = {do,} jez for the Kronecker delta §; ;, equal to one
when the indices coincide and zero otherwise. In our case, the coefficients appearing in the
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definition of A[D.y] are varying with the grid index j, which significantly complicates the
construction of the Green’s function.

Let us consider the operator A[a] from (2.19) and the equation (A[alg); = f;. We want to
prove that there exists a solution which decreases exponentially as j — 4-co. To this end, we
want to find a Green’s function for the operator A[a], and the first step is to realize that the
homogeneous operator equation (A[a]g); = 0 can be written as

DL?’ = Adajg; + Diﬁl_l~
J -

This can again be restated as a Jacobi difference equation, see [43, equation (1.19)],
1 1 1 1
——8j+1 + ( + — +aj(A§)2> gi——8-1=0,
a; a; aj—1 aj—1

or equivalently in matrix form

8j-1| _. 5 |8j-1
[gj] 'A’[g,l' (3.2)

Observe that A ;j1s not symmetric and always contains positive, negative and zero entries under
the assumption a; > 0. Moreover, A is ill-defined when a; | = 0, which corresponds to the
occurrence of a singularity in the system. We want to allow for this in our discretization in
order to obtain solutions globally in time. If we go back to the first restatement of the operator
equation and introduce the variable

. 0 1
T = aj aj 2
Lﬁl] Ta Ta, T@ho

- Digi _ gi+1-8

: , 33

/ a; ajAf ( )
we get the following characterization of the homogeneous problem

-—D+ a; 8il 0

L 4 —D—] {%‘ o) G
or equivalently

[gjt1] _ 1+ (@887 ajAS] { 8j } _ A { 8 } 15

L ] [ JTANS I 7Y R T 3-3)

Here A is a symmetric matrix with positive entries whenevera; > 0, and it reduces to the iden-
tity matrix when a; = 0. We will use (3.5) rather than (3.2) to construct our Green’s function,
and it will also significantly simplify the analysis of the asymptotic behavior of the solutions.

Lemma 3.1 (Properties of matrix A;).  Consider A; from (3.5) and assume a; = 1+
Dyb; > 0 where Db € £2. Then detA; = 1 and there exist M, > my > 0 depending on
Dy b|| 2 and A such that the eigenvalues X; of A; satisfy

mhé)\;<1<)\f<M;, (3.6)

uniformly with respect to j when a; > 0. Moreover there is the obvious identity )\f = 1 when
a; = 0. Asymptotically we have lim;,.., A; = A, where A is given by A; after setting a; = 1,
and the eigenvalues \* of A satisfy

m< AN <1<t <M 3.7
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for M > m > 0 depending only on AE. Moreover, as the eigenvalues are strictly positive it
follows that the spectral radius of A;, spr(A ) .= max{\)\jr | [Aj [} satisfies [|A;|| = spr(A)) =
AT, Al = spr(A) = AT, and both matrices can be diagonalized: A; = RjAjR], A = RAR'.

Proof of Lemma 3.1. To see that detA; = 1 one can compute it directly, or see it from the
eigenvalues

A9 a;AE
=1 @ +
A + > >

1 2
_ Z(mi“jA£> ,

which shows that A} is invertible irrespective of the value of a;. As A; is real and symmetric,
it can be diagonalized with orthonormal eigenvectors rji as follows

4 + (a;A6)?
(3.8)

1 1
A7 0 1+ AF 1+ X7
Aj=Ri\R], A,:{d AJ, R = \/ L \/1 S I X)

_\/1+>\; \/1+>\j+

Since Dy b € £2, for any j € Z we have the bound

N\ 172
VAED byl = (AgD1b) T < IDsb]l
which leads to
0 < a;AE < AL+ AE|DLD|| 2 =t Ky,

meaning a; is bounded from above and below. Then it follows that

2 2
\/4+ K — K, \/4+ K + K,
o< | <A<I<A <[ | <U+K),

2 J 2

corresponding to (3.6). Furthermore, since D b; € £%, we have lim; .., a;AE = A¢. We
denote by A, A, R, and AT the matrices and eigenvalues given by A;, A;, R;, and Af after
replacing a; by 1. From the preceding limit, (3.8) and (3.9) we obtain

Jim (A), A R)) = (A, A, R). (3.10)

Bounds for A* are obtained similarly to the bounds for )\jF. As Aj, A are symmetric and hence
normal, their norms coincide with the spectral radius spr(-) which here coincides with the
largest eigenvalue. (]

Note that (3.5) corresponds to a transition from (gj, yj,l) to (gj_H s %‘), so that A can be con-
sidered as a transfer matrix between these two states. Thus, solving the homogeneous operator
equation (Afa]g); = 0 bears clear resemblance to propagating a discrete dynamical system, and
this is also the idea employed in the analysis of Jacobi difference equations in [43, equation
(1.28)]. However, in making the change of variable to obtain (3.5) we lose the symmetry of the
difference equation, and so the results in [43] are no longer directly applicable. On the other
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hand, our system can be regarded as a more general Poincaré difference system, and our idea
is then to apply the results [24, theorem 1.1] and [42, theorem 1] to the matrix product

A1 ...14], k> j,
O =41, k=, 3.11)
Ao~ A k<j

which is the transition matrix from (g;,7;_) t0 (¢, 7¢—1). Note that in the lemma below, the
norms can be taken to be the standard Euclidean norm, but one could use any vector norm.

Lemma 3.2 (Existence of exponentially decaying solutions). Consider the matrix
equation

Uﬂ = ((I)n,O)'UO, Un = |: g” :l ’ (3.12)
Tn—1

coming from (3.5) with ®, as defined in (3.11). Then there exist initial vectors vy = véE such
that the corresponding solutions v satisfy

lim (/||vof||=A". (3.13)
n—Foo
That is, there exist solutions v, with exponential decay in either direction, owing to the
Lyapunov exponent A~ < 1. Moreover, the initial vectors are unique up to a constant factor.

Proof of Lemma 3.2. We begin with the case of increasing n, and we want to apply
[24, theorem 1.2] which states that for sequences of positive matrices {A,} satisfying
lim,, 4+~ A, = A for some positive matrix A we have

AuAn_i ... ArA .

lim = vw (3.14)
nt20 [[ApAy 1 .. ArAo

for some vectors v and w with positive entries such that Av = spr(A)v. As mentioned in [3,
remark 4], there is in general no easy way of determining the vector w explicitly.

We recall that our A, has positive entries, unless a, = 0 in which case we have A, = I.
Because of (3.10), there can only be finitely many n > 0 for which A, reduces to the identity.
If we instead consider the sequence of positive matrices consisting of our {A,} where we
have omitted the finitely many identity matrices, they clearly still satisfy (3.10) and so (3.14)
holds with spr(A) = AT and v = rt from (3.8) and (3.9). However, as the matrices we omitted
were identities, it is clear that the limit in (3.14) for both sequences coincide. Hence, [24,
theorem 1.1] holds for our nonnegative sequence as well.

Now, as A, > I entrywise it follows that the entries of ®, are nondecreasing for n > 0,
which means that || @, || is also nondecreasing for such n. Therefore, by (3.14) we have that
any initial vector v, such that w vy # 0 leads to a solution v, with nondecreasing norm, and
which then by [42, theorem 1] must satisfy

0= nllflo Vvnl] (3.15)

with o = AT > 1, i.e., an asymptotically exponentially increasing solution. Indeed, the non-
decreasing norm rules out the possibility of v, = 0 for n large enough. It follows that (3.15)
holds for g equal to either A or A~ but if it were A\~ < 1, then ||v, || could not be nondecreas-
ing. However, choosing instead a nonzero v such that w vy = 0, we obtain an asymptotically
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exponentially decreasing solution v, satisfying (3.15) with p = A~ < 1. This follows by once
more excluding the scenario of v, = 0 for large enough n, since v is nonzero and each A, has
full rank. Then the only remaining possibility is v, satisfying (3.15) with o = A~. An obvious
choice of vy given w = [wy, w,]" is then vy = [wa, —w;]".

For decreasing n, we will be able to reuse the arguments from above. From (3.11) we find
that @, is a product of inverses of A, for n < 0, and by (3.5) we have

)0 5] Lo 28]
Vj-1 ! Vi —a;AL 1+ (a;A8°] | v

Since (A,)! contains entries of opposite sign, it would appear that we may not be able to use
our previous argument. However, a change of variables will do the trick for us. First recall (3.3)
which shows that 7 ; corresponds to a rescaled forward difference for g ;, hence its sign indicates
whether g is increasing or decreasing at index j. For an increasing solution in the direction of
increasing n it is then necessary for g, and ,_, to share the same sign as n — +o00. On the
other hand, for an increasing solution in the direction of decreasing n, the forward difference
for ~y,_, should have the opposite sign of g, as n — —oo. Therefore, a change of variables
allows us to rewrite the previous equations as

g ] :{ 1 a;A¢ ] {gm] B, {gm], (3.16)

vet) AL T+ @A | = —
and
En :Bn...B_l{go}, n<0
| = Vn—1] —7-1

and for this system we may use the positive matrix technique from before. The eigenvalues
of B; in (3.16) are the same as those of A;, but they switch positions in the corresponding
eigenvectors 7, compared to r; of A;:

1 1
+
| YA N IRVA R DY
ry = 1 ’ ry = 1
- +

VI+AT NIy

The same argument as in the case of increasing n then proves the existence of vy giving
exponentially decreasing solutions as n — —o0.

The uniqueness follows from the uniqueness of limits in (3.14), which for a given eigen-
vector v of A means that w is unique up to a constant factor. But then again, since we are in
IR?, the vector orthogonal to w is unique up to a constant factor. (]

Remark 3.3 (Signs of the initial vectors). Here we underline that the form of @,
implies that the entries of v(jf in lemma 3.2 must be nonzero, with opposite signs for v, and
same sign for vy . Indeed, by (3.12) and (3.13) we have

lim|(@)v; | = 0.

Let us then assume v, # 0 with nonnegative entries of the same sign, namely v, > 0 (v, < 0)
understood entrywise. From the definition (3.11) and A, > I, it is clear that (®,0)v, >
vy (Pr0)v, < v, ) forn > 0, and so it is impossible for the norm to tend to zero. Hence, the
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entries of v, must be nonzero and of opposite sign. For n — —oo, we can use (3.16) and the
same argument to arrive at the same conclusion for [go, —v_1]", implying that vy = [go,v-1]"
has nonzero entries of equal sign.

Theorem 3.4 (Existence of a discrete Green’s function). Assume {a;}cz to be a
nonnegative sequence such that aj = 1 + D_b; with D, b € 0%, Then, for any given index i,
there exists a unique sequence g; = {g; j} jez, such that

5

Alalg); = L. 3.17
(Alalgd; = R ¢ (3.17)
Proof. Our strategy follows the standard approach for constructing Green’s functions: we
first construct solutions of the homogeneous version of (3.17) with exponential decay, and then
we combine them in order to obtain a delta function at a given point. We start by constructing

8o,; centered at i = 0.
Choosing v from lemma 3.2 we set

Mo +
591] =1y, {gS’r] =, (3.18)

and define the sequences

& } =y {gO],
[ Vn—1 V-1
where by construction g*,7* have exponential decay for n — Foo. Then, applying the
operator A[a] to g% we find

Vn—1 ~1

+ +
[gf, } =D, {gg}, nez, (3.19)

(Alalgh);=ajg; —D-7; =0, jeZ

by construction of g* and ~*. Let us then define

20j=C {g;g{;, IO e {Vj_gg’ = (3.20)
A — . hJ T — . '
gjg() s ,] < Oa ’7]+g0 s .] < 0

for some hitherto unspecified constant C, and observe from the homogeneous equation that
a;go,; — D-7y,; = 0 for j # 0. Moreover, we have D g, ; = a;7, ; for all j by construction.
Now we would like to show that the constant C can be chosen to obtain Alalg,, = 1/A¢.
From (2.12), we get

AEY gl (Alalg ) — ALY (Alalgh)jg; = Wilg 8" — Wui(g .87, (3.21)

j=m j=m

where we in the spirit of [43, equation (1.21)] have defined a discrete Wronskian

Wag . gD =g — &t =g — & (3.22)

and the last equality follows from the identity g,f = gF + Afa,~*. Since the left-hand side
of (3.21) vanishes by definition of g*, we have W,,(g ", g") = W,,_1(g",g") forany n,m € Z.
That is, the Wronskian W,(g™, g") is a constant W(g~, g™) for the constructed sequences g™
and g~
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Next, we want to show that the Wronskian is nonzero. Considering
W(g .8 =Woi(g™.8) =870 — 89771 =871 +8 (7))

and the definition (3.18), we use the sign properties stated in remark 3.3 to conclude that the
two terms in the final sum are always nonzero and of the same sign, implying W(g™, g™) # 0.
Finally, we will determine the constant C by considering the backward difference

D, _ 08 —780 _ W8 ~ V18 718 — V&
Jj—10,0 A§ Ag
_ AWaigTg) W(g,g")
= Copaogy = C7 g = dogon = C72 07
which leads to
W(g . gh)
(Alalgo)o = a0800 — D00 = Cngg.

Consequently, setting C~! = W(g~, g1) in (3.20) gives the desired Green’s function.
Note that there is nothing special about the index i = 0 where we centered the Green’s
function. We can simply use the sequences (3.19) from before and define

1 {gfgi, iz, 1 {Vfg,-, j=i

= T Yij = -
W(g—.g") g;g;", Jj<i, Y WgT,gh) ’yj_gj', j<i

8ij
to obtain a Green’s function g, ; centered at an arbitrary i.

The uniqueness of g; ; follows from the vectors voi in lemma 3.2 being uniquely defined
up to constant factors. Indeed, when constructing the Green’s function in (3.23) these factors
disappear since we are dividing by the Wronskian W(g~, g™), and so we have no degrees of
freedom left in our construction of g; » hence it is unique. O

Note that A[a] is not the only way to discretize the operator

o 1 0
- o2
“OM = 5¢ a(6) o

with first order differences, we may also consider

D_k;
(Ii[a]k)j:::ajky —-1)4_ ( a"]> . (3.24)
J

In fact, we will need the Green’s function for this operator as well to close our upcoming system
of differential equations. Fortunately, the existence of Green’s function for (3.24) follows from
the considerations already made in theorem 3.4.

Corollary 3.5. Under the same assumptions on {a;},cz as in theorem 3.4, for any given
index i there exists a unique sequence k; = {k;. j} ez such that

5i
(Blalk); = A’é. (3.25)
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Proof of Corollary 3.5. Manipulating the homogeneous version of (3.25) we find it to be

equivalent to
D_kj1 D_k;
——J = A&ajkj + J .
ajt+1 aj
Introducing
D_k; kj—kji
K= it j—1

aj AN

the previous equation can be written as

K] _ [L+ @A aAg| [w;] _ [ 5
kj o ajA§ 1 kj—l - kjfl ’

where we recognize the matrix A; from (3.5). Going backward we find

_I*ij_ _ [ 1 —ajA§ | I*ij_H_
kio] T [mai AL 1+ (@A | k|7
or equivalently
_—lij_ _ [ 1 ajA§ ——lﬁj+1_ —B. —Rjt1
k] @ A8 14 (@A |k Tk

with B; from (3.16). Hence, we get the solution for free from (3.4). Indeed, choosing

R S A e R Y
Ky Yoo1] k;r—l _72_—1

we know that these sequences have the correct decay at infinity. Defining

PR SRS L2 S S SR G
TOWGeh) Kk, <, Weheh |y
TOWeeh) sk, < Weeh) g

(3.26)

(3.27)

it follows from (3.4) that (B[a]k;); = ajk; j — D+ k;; = Ofor j # i. Moreover, by the constancy

of (3.22) we find (B[alk;); = 1/AE in the same way as for (A[alg;);.

O

Remark 3.6. Note that we may observe directly from (3.23) and (3.27) that g; ; = g

kij=kj;, and k; j = —y i Moreover, the eigenvalues

AE = % (2 FAL AT A§2)

are exactly those found in (3.1) for the operator Id — D_D_ . In fact, for a; = 1 the sequences
g and k coincide since D_D; = D_D_, and their explicit expression (3.1) can be recovered

from the columns of A"R~! in the diagonalization A” = RA"R~".
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Figure 3. Sketch of g; ., ;. ki, and k;, for A = 0.2, = 0,4 and a, = a(nAg) for
a(€) defined in (3.30). Note the jump of size —1 + O(AE) at n = i for both v and k.

Observe that by (3.3) and (3.26) we can rewrite (3.17) and (3.25) in the compact form
aj

LR
aj =Dy |8, kil A0 by

Lemma 3.7 (Sign properties of the discrete Green’s functions).  Assume a; > 0
for j€Z, and let g, v, k, and k be solutions of (3.28) which decay to zero for |j — i| — +oc.
Then the following sign properties hold,

(3.28)

(a) g;; > 0and k;j > 0 for j € Z,
(b) sgn(v;;) = sgn(i— j—1/2)and sgn(k;;) = sgn(i— j+1/2).
In particular, this leads to the monotonicity properties

lim 8i,j \‘ O,

lj=ilo0

lim ki,j \‘ O,

lj=ilo0

max g;; = &ii, maxki~:k,-,-, 3.29
jezg’J &i, e K , ( )

where the arrows denote monotone decrease.

In figure 3 we have included a sketch of g; ,, 7v;,,» kin» and x;, for A =0.2,i=0,4 and
a, = a(nAf) given by

2, -1 <£<05,
0, 05< &<,
a(§) = (3.30)
4, 1<¢<15
1, otherwise.

We say sketch, as they have been computed on a finite grid n € {—20,...,20} with boundary
conditions y; 5 = g;»; = 0 and k; 21 = k;21 = 0, and consequently we find that neither of
8205 Vi20» Ki—20 OF kjpo are exactly zero. However, the exponential decay makes them very
small and the qualitative behavior indicated in lemma 3.7 is still the same. Note how a(¢) being
zero on the interval (0.5, 1] leads to constant kernel values in that neighborhood, even at the
peaks for the kernels centered at £, = 0.8.

Proof of Lemma 3.7.  We prove this only for g and  as the proof for k and  is similar. The
proof relies on the reasoning in remark 3.3.
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As a first step we want to show that the properties (a) and (b) hold for g; ;, g;;+1, Vi1, and
7,;- To this end, we recall from the proof of theorem 3.4 that since g; ; and v, ; satisfy (3.28),
they must also satisfy

8ij | —p....B 8ii i<i—1
[—%’,jw] ! o {—%‘,m] C IS
and

ngjl} =Aj1 A h“} L jzit2,

with A; and By as defined in (3.5) and (3.16). By our assumptions, the Green’s functions
must tend to zero asymptotically, and we recall from remark 3.3 that a necessary condition for
this is for the vectors [g;;, —vi;_1]" and [g;i11,%ii]" to have entries of opposite sign. Hence,

&iiVii—1 > 0and g;;,17;; <0, where we stress the importance of a; > 0 for this argument to
hold. Using only (3.28) we calculate

0> giiv17ii — &iiVii-1

(8ii+1 — &ii)Vii + &ui(Yii — Yii—1)

1
= A¢ |:Cli7i,i7i,i + 8ii {aigi’i B A_f”

= Aa; [(8i0) + (1i)’] — gia-

Sincea; > 0, itfollows that g;; > 0. Recalling that g;; must be nonzero according to the sign
requirements, we necessarily have g;; > 0, and then~y;; | > 0 follows. Moreover, multiplying
the identity g;;, | — Aa;y;; = g, by &+ and using a; > 0, g;; > 0, and g;;,,7;; <0, we
must have g;;,; > 0, which then implies ~;; < 0.

Next we must prove that (a) and (b) hold for the remaining values of j, and this will be
achieved with a contradiction argument. We define the vectors

vl = [ 8ij } . U= [g"’jﬂ}
! Vij—1 J —Vij

such that fo and v,_, both have positive first component and negative second component, and
satisfy

1}}:122141‘1};'_ for j>2i+1, v;_lzszv; for j<i—1.

If we can prove that they retain the sign property under the above propagation, then we are
done. Let us consider

ot ::Ajvf, jzi+ L

Assume that v;r does not retain the sign property, then there is some k > i + 1 which is the first
index such that v,iH does not have a positive first component and negative second component.
We consider the two possible cases.

The first case is v, | > 0 (), < 0) considered entrywise. First of all, v7, ; cannot be the
zero vector as Ay has full rank, since then v,j would also have to be zero which contradicts k + 1
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being the first problematic index. Otherwise, the entrywise inequality Ay > I leads to v,j;z =
Ay 2 vf (f, <ol s and thuslim, o v > 0, (imysyoe v < v, Thisis
however impossible, as it contradicts the assumed decay of the Green’s functions.

The remaining case is that the entries interchange sign from v;" to v, ,. However, then we
would have

_ 1 —a;A
o =00 = | a1 e
Since a; > 0, v,j would also have negative first component and positive second component,
which contradicts k 4 1 being the first problematic index. Hence, vj“ always has positive first
component and negative second component for j > i, thus for j > iit follows that g, ; is always
positive, while v, ; is always negative which shows that g; ; is decreasing in this direction.

A similar argument holds in the other direction when considering v; and B;. Then —v; ; is
always negative for j < i, which means that g; ; is increasing with j for these indices. Thus, (a)
and (b) hold for {giJ}jeZ and {’yi,j}jEZ- O

4. An equivalent semi-discrete system for global solutions in time

We now return to the initial value problem (1.2). We use the Lagrangian formulation intro-
duced in earlier works, see [31], but reformulate the governing equations by propagating the
fundamental solutions of the momentum operator.

4.1. Reformulation of the continuous problem using operator propagation

The 2CH system can be written as
uy + uuy + P, =0, pr + wp)e =0

for P implicitly defined by

1 1
P =Py =1+ Jui+5p% @.1)
Let us introduce p = p — p to ease notation. Note that most expressions simplify when we
consider p,, = 0. We have chosen to cover the case of arbitrary p_, to allow for the initial
condition p(0, x) = ¢, for any € > 0. Such initial data lead to solutions without blow-up, see
[29]. In the case of the 2CH system, the conservation law for the energy is given by

<;(u2 +u? + p2)> + (u;(ﬁ +u? + p2)> + (uR), = 0, (4.2)

where we have used P from (4.1) to define

1 1
R=P— Euz — Epio. (4.3)

We can check that the first order system
-0, 1] _[R]_ Uk
1 _ax Q N

1 4.4
S+ )+ poch @9
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is equivalent to (4.1). Hence,

u +uu, +Q =0, (4.5a)
pr+ (up)y =0 (4.5b)

and (4.4) is yet another form of the 2CH system.

We introduce as before the Lagrangian position y(z, &) and velocity U(t, £). Moreover,
we define the Lagrangian density r(z,§): = p(t, y(1, §))y,(t, &), and the cumulative energy H
given by

V(1.8 €
HeO =5 [ 6 et = [ @l P omsendn @6)

—00

as well as the Lagrangian variables Q = Q oy and R = R o y. From (4.5), we get U, = —Q
and r; = 0, while the conservation of energy (4.2) yields H, = —UR. Finally, we rewrite the
system (4.4) in terms of the Lagrangian variables. To simplify the notation, we replace Q by
Q, and similarly for R. The equivalent system in Lagrangian variables is then given by

y, = U, (4.72)

U = -0, (4.7b)

H, = —UR, (4.7¢)

r =0, (4.7d)
with

{yfg _yéé] ° [g] B [Hg +poi](lr]£— Pocye)| (4-8)

In (4.8), we use the same notation for the variable y, and the operator for pointwise multipli-
cation by y.. We will use this convention for the rest of the paper. The equivalence between
(4.4) and (4.8) holds only assuming the that Ve = 0 and all the functions are smooth enough to
do the manipulation.

Note that we need to decompose the variables y and r in (4.7) to give them a decay which
enables us to define them in a proper functional setting. We define ¢ and 7 as

5,8 = ¢, + & and  r(t,&) = F(1,8) + pooye(t, §).

The Banach space which contains ¢ and H is the subspace of bounded and continuous functions
with derivative in L?,

V={f € GR) | fr € L*(R)}, (4.9)
endowed with the norm || f||v = || f|lL= + || fe|l;2- Then we let

E:=VxH' xVxL? (4.10)
be a Banach space tailored for the tuple X = (¢, U, H, 7) with norm

1Xlle = lI<lv + Ul + [1H]lv + [I7ll2- (4.11)

The unique solution of (4.7), as studied in [31], is then completely described by this tuple.
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An alternative viewpoint of the equivalent Lagrangian system is the following. Let us define
the operators G and KC as the fundamental solutions to the operator in (4.8), meaning that they

satisfy
—85 ye K g o 6 0
{yg —agog cl =lo sl (4.12)
As we mentioned in the introduction, the operators /C and G can be computed explicitly, using
the fundamental solution of the Helmholtz operators in Eulerian coordinates. If we define

| BRI
g(’]’], é-) = Ee_‘y(é)_y(”)‘ (4133)
and

1 U
k(n, &) = ) sgn (€ — n)e—\)’(f)—)’( 1)\’ (4.13b)

then we can check that the operators defined as G(f)= ng(n, &f(mdn and
K(f)= [prn, &) f(n)dn are solutions to (4.12), again assuming y is monotone increasing in
£. This means that we can obtain explicit expressions for R and Q given by

R= /R k(n, UM Us(ndn + /R &1, )(He(n) + poc(r(m) — pocye(m)))dn, (4.14a)

0= /R g, UM Ue(n)dn + /]R K(1, )(He(1) + poc(r(1) — pooye()))dn. (4.14b)

In [31, 36], the authors prove that the right-hand side of their respective versions of (4.7) is
locally Lipschitz, and consecutive contraction arguments yield the existence of a unique short-
time solution. In the same manner, we would like to prove that there exists a unique short-
time solution for our semi-discrete system, but the explicit forms for g and « in (4.13) are not
available in the discrete setting. As a remedy, we propagate the kernel operators corresponding
to K and G by incorporating them in the governing equations. Given the evolution of y, that is,
y, = U, we can derive evolution equations for G and K. Let us see how this can be done in the
continuous case before dealing with the discrete case. Formally we have

0 1[0
- — — | 2 byl
590 =5 [ e papay
1 ) (t
=5 /R sgn(y(t. §) — y(t. MO, ) — yi(t. e P fapdy

1 "
- _E/R sgn(y(t, &) — y(t, MU, &) — U(t, m))e e fap)dy.

Here we assume again that we know a priori that y remains a monotone function with respect
to £. Then, we can rewrite the last equality as

0 1 16—y
590 =—5 /]R sen(€ — MU €) = Ult,m)e P20 fapdy.— (4.15)

For a function U, we can associate a pointwise multiplication operator which we denote by /.
That is, we may write U(f)(&) = U(§)f (¢) for any function f and any point £. The integral
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kernel of U would be singular and equal to U(£)d(§ — n). Using this notation, we can rewrite
(4.15) as

0
Eg(f) = U K)Sf) — (KolU)()).
This can equivalently be stated as

0 0
—G=1[UK], —K=1[U,G] 4.16
6tg U, Kl o (U, G] (4.16)
where the evolution equation for C is derived analogously. An equivalent system of equations
for the 2CH system is then given by

Y = Ua Ul - _Q, Ht - _UR, rr = 0, (4'17a)

0 0
&g =[U,K], &IC =[U, 4], (4.17b)

with R and Q given as

R = kg o UU£
[Q] N {g ’C] l:H5+pOO(r_pooy£) (4.18)

For all initial conditions we will consider, the new system (4.17) and (4.18) gives rise to the
same solutions as the one given by (4.7), (4.13) and (4.14). It can be shown that the evolu-
tion equation (4.17) for G and /C can be obtained directly from the product identity (4.12) by
differentiating it and using integration by parts.

4.2. Reformulation of the semi-discrete system

Turning back to the formal expression (2.20), we use the the Green’s functions from theorem
3.4 and corollary 3.5 to write out the right-hand side explicitly. Considering (3.28) where we
now havea; = Dy, we observe that they correspond to the discrete versions of (4.12). Indeed,
we have the following identity

-Dj- (D+yj‘)} {%j k,-,,] 1 P‘J 0 }
- 4.19
{(ij) Dy | gy mig] T ALLO 4y 19

which has to be compared with (4.12) in the continuous case. Thus, the second equation in
(2.20) can be rewritten as

. hi T
l]j ZZ——ngjg::ghj (lL(I)%LL) +D_ <1)+)G +>pool)41Yi>l> ’ (4'20)
i€’

where we have defined

7i = poi — Poo(Dyyi) 4.21)
and

1 1(DLU)? 1 P
hiFZ = lﬂ'z D i = = L,
U D)+ 35—+ S5

(4.22)

From the expressions in (4.20) and (4.22), it seems that, if Dy, goes to zero for some index i
and time ¢, then U and h; blow up. However, it turns out that these quantities remain bounded,

2244



Nonlinearity 34 (2021) 2220 S T Galtung and X Raynaud

which allows us to extend the solution globally in time. To obtain a well-defined system, we
are going to remove the explicit dependence on 1/D_ y; by adding 4 to the set of variables of
the system.

With the discrete kernels g, k, v, and ~ from section 3 we are able to express A[Der]‘l
in (2.20) to obtain (4.20). However, since we do not know their explicit form as functions of
D.y;, we derive a system analogous to (4.17) by introducing g, k, 7, and « as variables. To
compute the evolution of g, k, 7, and «, we repeat the procedure from the continuous case. By
differentiating (4.19) and using the fact that y; = U;, we get

vkl [y ok L0 DUy k
g k| |g k| |DsU 0 g K
which in explicit form yields

&ij = —Kmj * (DLUp)Vim) — &mj * (DL Un)gim),
;Yi,j = _km,j * ((D—i- Um)’Yi,m) — Ym,j * ((D+ Um)gi,m),

(4.23)

and
kijj =~k % (D4 Upnkim) — Ymj * (D Un)biim)s
Kij = —Fmj * (DLUpkim) — gmj * (D1 Up)Kim)-

(4.24)

Here we denote by (g * f); the action of the operator g; ; as a summation kernel on a sequence
f;» defined as

(g*xf);= Afzgi,jfi~
€7

Moreover, we introduce the following norms for the operators,

1

Igller = sup ||giller = sup | AED eil” |
' ' Jez (4.25)

[g[le= = sup (suplgiﬂ) :
i j

We establish in the next lemma some important properties for the fundamental solutions.

Lemma 4.1 (Preservation of identities). Ler T > 0, and assume that, for t € [0, T],
(D1yi(®) = DL Uj(t) for j € Z, and that g, k,, k and DU are bounded in P -normin [0, T1.
Then, fort € [0, T] the sequences giJ(t), kij(1), WiJ(f), kij(t) satisfy the following identities:

(a) The Green’s function identities (4.19),
(b) The symmetry identities

gj,i = gi,j and kj,,' = k,’,j, (426)
and the antisymmetry identity
Vji = —FKij. (4.27)

Proof of Lemma 4.1. Recall from remark 3.6 that these identities are satisfied for z = 0 by
construction. The rest of the proof then relies on Gronwall’s inequality.
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(a) We introduce the four operators z; for / = 1,2, 3, 4 defined as

5 5
21ij = (Dyydgij — Dj—vij — Ké, 2,j = (Dyypkij — Djikij — 72,

23,0, = (Dyy)vij — Djygijs 240, = (Dyyprij — D)k j.
Using (Dy;(1)); = DL Uj(?) and (4.23) we find that

(z1i)e = D4y )igij+ Diy)gij —Dj—Aij
=Dy Upgij — (D+)’j)AfZ(D+ Un) (8im8m.j + Yimbm.j)

meZ

+ Dj— AgZ(D+ Um) (gi,m’)/m,j + ’Yi,mkm,j)

mez

={D+U)gi;— ASZ(DJr Un)8im (DY )&mj — DjYm,))

meZ

— ALY (D4 Un)im ((D4y)kimj — Dk )

mez

= —AEZ(D-s- Un)(8imZam,j + YimZam,j)-

mez

Similarly, one shows that

(22 = —AE Z(D+ Un)(kimzam,j + KimZ3m.j)s

mez

(z3,0)r = —A§Z(D+ Un)(&imZ3mj + VimZom,j)

mez

and

(Z4,i,j)t = _A£Z(D+ Um)(ki,mz4,m,j + /{i,mzl,m.j)~

mez

Integrating the first of these, taking absolute values, applying Holder’s inequality and
taking supremum over i we obtain

t
sup [21,,0] < sup 100 + [ (|D+U<s>|ez (ng(s)n,ﬂ SUp [21.m 9
i i 0 m

T h)le sup a,m,j(sn)) ds

Treating the three other relations similarly and defining
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4

Zt) =Y [la@llex

=1

we may add the four inequalities to obtain an inequality of the form
t
20 <20+ | cozss
0

where
C(s) = 2D+ Ull2 (gl 2 + lIkll 2 + V]l + 5l 2) ()

is bounded by assumption. Since Z(0) = 0, Gronwall’s inequality yields Z(t) = O for t €
[0, T'], which proves the result.

(b) We prove the symmetry of g. From (4.19) we have (D4.y,,)8im — Dp—Yim = ﬁéi,m, such
that summation by parts shows

8ji = AEZ [(D+ym)gi,nl - Dm—’Yi,m] 8jm

mez

= Agz [(D+ym)gi,mgj,m + 7i,mDm+gj,m] .

mez

Then, we use the identity D1 g;,, = (D+y,,)7;,, from (4.19) twice, first for j and then for
i, to obtain

8ji = Aﬁz (D4 Ym)8im8& jm + Vi Ym)Vjom]

mez

= Agz [(D-‘rym)gi,mgj,m + (Dm—i-gi,m)’}/j,m] .

mez

After summation by parts and using (4.19) once more, we end up with

8ji = Agzgtm [(Derm)gjm + Dmf’yj,m] = &i,j»

mez

and the symmetry of g is proved. A similar procedure shows the symmetry of k; ;. For the
antisymmetry we also use (4.19) and summation by parts to compute

Yii = Agz [(D—i-ym)ki,m - Dm+ K/i,m] Yjm

mez

- Afz [ki,mDergj,m + ’{i,mDmf’yj,m]

mez
= —Agz [(Dmfki,m)gj,m - ’ii,mDm*’y]«m]
mez
= —Afz&i,m [(D—i-ym)gj,m - Dm—rYj,m]
mez
= —Ki,;-
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Returning to (4.20), the second term in the right-hand side of the governing equations can
be simplified as follows,

h; T Ditgji ,
—A8> giD- ( + Poo > =AY 2 (i + pocF)
Z ! Dy Dy %Z: Dy

i€Z !

= AfZ%‘,i (hi + pocTi)

i€Z

= —Agzﬁi,j (hi + pocTi) 5

i€Z
where we have used (4.19) and (4.27). We define
Q=AY giUiD U + ALY ki (hi + pocFi) - (4.28)
i€z, i€z,
Then, the evolution of U is given by
Uj=-0; (4.29)
The form of Q in (4.28) motivates the definition
Rj:=AEY 5 jUiDLUp) + ALY kij(hi + pocFy) - (4.30)
i€z, i€z
Indeed, with these definitions we have
[R] [y &k § (UMD, U)
0] g K] |AHpor]’
meaning R and Q satisfies
[—D_  (Dyy)] |:Rj:| {UJ(D+ Uj)}
o = . 4.31
(D+yp) =Dy | Q) hj+ poot (3D

We recognize thi_s as the discrete version of (4.8).
The relation U; = —Q; shows that we have a differential equation for U in the variables y,
U,H, 7, g, and k. From (4.21) we obtain

7j=1Tj= pxcDiyj= —pocDyUj. (4.32)

Next, we introduce the cumulative energy H; as

Jj—1
Hy=AEY by, (4.33)

i=—00

so that 1; = D H . To obtain the evolution equation of H, we first multiply (4.22) by D_y,
and differentiate the result with respect to time to obtain

d

5 ((Dy)hi) = —UiQi(D4y)* + UF(D1y)(DUy)

— (D1 U)D1 Qi) — poctiD 1 Ui,
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after using (4.29) and (4.32). Then, we use the relation between Q and R given in (4.31) to
obtain

@ ((D1y)hi) = (D Uphi — (D4 y)[U(D_R;) + Ri(D4. Uy)]

Simplifying further, we obtain
hi = — [U(D-R) + R(D1.Up)] .

This leads to
j—1

Hy=—AY ) [U(D-R)+R(D U = ~URj 1. (4.34)

i=—00

where in the last equality we have used the decay at infinity together with (2.12).
Collecting all the equations and applying the relations (4.26) and (4.27) we obtain the closed
system

(=1, (4.35a)

Uj=-0; (4.35b)

H;j=-UR;,, (4.35¢)

7j = —pecDiUj, (4.35d)

8ij= _A£Z(D+ Un) (gi,mgm,j + 'Vi,m/‘ﬁm,j) s (4.35¢e)
meZ

].(i,j - _A§Z(D+ Um) (ki,mkm,j + K/i,m’}/m,j) s (435f)
meZ

Yij = —A§Z(D+ Un) (Vinkm,j + &imYm.j) » (4.35g)
mez

Rij = —A§Z(D+ Un) (Kim&mj + Kimbom,j) » (4.35h)
meZ

where y; = jAE + (;, and we recall

R; = AfZ’Yi,jUi(D+ Uy + Aﬁzki,,‘ (hi + pooTi) s

ieZ iz
Q;= Agzgi,jUi(D+ U + Aﬁzﬁi,j (hi + pocti) -
€7 €7

5. Existence and uniqueness of the solution to the semi-discrete 2CH system

In this section, we show that the semi-discrete system (4.35) has a unique, globally defined
solution. Let us first introduce the functional setting for the analysis. We define the discrete
analogue of the H' (R)-inner product,

(a,b)yr = AEY " [ah; + (Dya(Dyb))] (5.1
JeZ

2249



Nonlinearity 34 (2021) 2220 S T Galtung and X Raynaud

which induces a norm in the usual manner. The discrete Sobolev-type inequality
1
lallex < ﬁllallhl (5.2)

can be proven in a very similar way as its continuous version, see, e.g., [7]. We introduce the
subspace Va¢ of £ defined as

Vag:={a € £°|Dya € £}, lallvae = llallee + [Dall 2. (5.3)
We define the discrete version of the space used in the continuous setting, namely

Eaci=Vae x h' x Vag x £2, (5.4)
with norm

1 U H Pl = ICva + 1Tl + v + 7

Since we have included the operator kernels as solution variables in (4.35), we have to introduce
a space for them as well. To account for that the kernels are well-behaved, we choose their space
tobe £*:= £' N £ withnorm || - [|g = || - || + || - ||, with £”-norms defined in (4.25). We
note that £* C €7, since we have the inequality

1
1/2 1/2
Islle < 28Ny < S Clgles + gl 55)

Thus, we will consider solution tuples of the form

X =(CUH.Tgk~.r) €Exe x (£) =EX,

where E]er denotes the space E ¢ augmented with the space for the kernel operators £*. More-

over, for the kernel operator g we have that the transpose g' of g is given by (g');; = gj.-
Then, the following result, reminiscent of Young’s convolution inequality, will prove useful.

Proposition 5.1 (Young’s inequality for general operators)

q T 1-4
lg* flle < lgllzallg llea "1 1lers (5.6)
for
1 1 1
1+7:7+7, paq,re[15oo]'
rp q

Above, we use the convention g/oo = 0 for ¢ < 0o, and co/oo = 1. Note that the standard
Young’s inequality is usually given for a translation invariant kernel where g takes the form
gij = &i—j for some sequence g. For an operator of this form, we can check that g =Togor,
where the operator T inverts the indexing, thatis 7(f); = f_;. Since the operator 7 is an isometry
in all £7-spaces, the expression (5.6) simplifies to

8% fller < llgllea [ [ler-
Proof of Young’s inequality. Below we will use the following discrete version of the

generalized Holder inequality,

n
[Ja
k=1

" 1 1
<[Iladlen for > —=-. q.p €l 0l (5.7
k=1 — Pk 4

24
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where the jth component of a product of sequences is interpreted as (HZ:lak)j =11i-, @;
We note that the proof of (5.7) follows that of the continuous case, see, e.g., [7, exercise 4.4].
Letus denote i = g x f. Note that r < oo = p, g < 0o, which shows that some configurations
are impossible and can be excluded. We deal with the three remaining cases:

(a) r < oo: from the generalized Holder inequality we obtain

md < AEY" (I£1¥lgil? ) 1A' F gl

i€l

AsZ(|f,-’-r’gi,j‘-f)"] F [MZ()‘H’—:) ] .

i€Z, i€Z,
A§Z<|gi,j|l_%)rq]
i€Z.
=
AEZ\fz\"|gu|q A§Z|f,1’]
i€Z i€Z
! -
X Sup(AfZ|g,j|>
i€Z
which implies
_ -
q
A Inil < £ 1lp” sup (AfZgl, ) AEY AEY Ifil”lgil”
=4 i€Z, jez. i€
_ -
q
<|Ifllw” sup(AfZgu> AEY IfIPAEY il
i€, | i€Z. =4
Ly7 !
< £l sup(AsZgl,> sup | ACYJai | | -
i€Z JEZ

where we have used Fubini’s theorem in the second inequality. Taking rth roots we obtain
the result.
(b) r =00, g < oo: we find
1

Il < AEY leillfil < |f||gP<A£Zgi,jq>,

i€l i€Z

and taking supremum over j this corresponds to (5.6) where g/co = 0.
(¢c) r =g = oco: we find

|h | < Afz‘glefl Afz‘fl (sup|g,,|> sup (supg,]> Afz‘fl

i€Z i€Z i€Z

2251



Nonlinearity 34 (2021) 2220 S T Galtung and X Raynaud

and taking supremum over j this corresponds to (5.6) where co/oo0 = 1. ([

To prove the short-time existence of (4.35), we consider an auxiliary system which corre-
sponds to (4.35), except that we have decoupled ¢, U and H from their discrete derivatives
D4 ¢, DU and D H by introducing the sequences «, § and A. The reason for this is that we
cannot take for granted that the kernels satisfy (4.19) for # > 0, and then we cannot use (4.31)
when estimating the right-hand side of (4.35b) in h'-norm. Once the short-time existence of
solutions to the auxiliary system is established, we will prove that the coupling between y, U,
H and their discrete derivatives is indeed preserved if it holds initially. The auxiliary system
reads

¢i=Uj Uj=-0,, Hj=-UR; i, (5.82)

Fj=—pBi, a; =B (5.8b)

Bj=—Ri(1+a))+hj+ pwrj, (5.8¢)

hy = ((U)* = R)) B; = U;Q;(1 + ), (5.8d)

and

gi,j = _A§Z/6m (gi,mgj,m - ryi,mfyj,m) B (586)
meZ

kij ==Y B (Kimkjm — Kimbijm) - (5.8f)
mez

Yij = —A525m (’Yi,mkj,m - gi,mfij,m) 5 (5.8g)
mez

"%"i,j = _A§Zﬁm (K/i,mgj,m - ki,m’}/j,m) s (5.8h)
meZ

where we have momentarily redefined R and Q as

R _ |7 k . ug
0 g K| |h+pr]”
The evolution equations (5.8c) and (5.8d), and the second equation of (5.8b) have been obtained

formally by applying D to (4.35a), (4.35b) and (4.35c¢), in combination with (4.31). We collect
all the variables in a tuple

Y =(U.H,roBhgkyr) €L x (£2NL7) x €2 x () x () = EX}
and introduce the corresponding norm
1Y [leses = [[Clle + Ul + [Ulles + [Hl[ee + Il 2 + el + 1Bl + [IAll2
+ llglle + [Iklles + lIvller + llsler-

Note how we require U € £ to account for the fact that the decoupling of U and DU
deprives us of the continuous inclusion h' € £
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Lemma 5.2 (Short-time solution for (5.8)).  Let Yo € EX} be such that 1 + a; > 0 for
all j, and with initial auxiliary variables g, ko, v, ko constructed according to theorem 3.4
and corollary 3.5 with a; = 1 + «. Then, there exists a time T > 0 depending only on || Y0||Eer

such that (5.8) has a unique solution Y € C'([0, T}, A¢) with initial data Y.

Proof of Lemma 5.2. We are going to use the symmetry and anti-symmetry identities
(4.26) and (4.27) in our estimates and we explain now why it can be done. First, we note that
these identities hold initially by the construction of (3.23) and (3.27). Then, from the evolution
equations (5.8e)—(5.8h) one can check that the symmetry identities are preserved by the Picard
fixed-point operator which we will use here to prove the short-time existence of (5.8). Then,
by establishing local Lipschitz regularity of the right-hand side, we can prove the existence of
a short-time solution in the closed subset of 2“2 where (4.26) and (4.27) hold.
Let us consider two functions in EZ“Z,

Y= (U H,rafB hgk~r and f/:(E,D,ﬁ,f,a,ﬁ,ﬁ,g,%,ﬁ,@).

For the Lipschitz estimates, we first treat the right-hand sides of (5.8e)—(5.8h). We only provide
details for (5.8e) as (5.8f)—(5.8h) can be treated similarly.
We start by considering the £°°-norm using the following splitting,

‘_A£Zﬂm (gj,mgi,m - 'Yi,m'Yj,m) + Agzgm (gjmgtm - &zm'?jm)

mez meZ

<

A52:/8mgj,mgi,m - Agzgmgj,mgi,m

mez mez

+ AfZﬂm%’,m'Vj,m - Agzgmﬁ/zmi’jm

meZ meZ

We estimate the first term as follows

AgZﬂmgj,mgi,m - Agzgmgjmgtm

meZ mez

< llgllexllgllell8 = Blle + llgllelBllealle — &lle + 1512181218 — 8lle

and the second term has a similar estimate. For the £' -norm, use the same splitting and consider
again only the first term. We make use of the symmetry properties of the kernel operators, as
given in lemma (4.1), to switch between indices and obtain

A

i€Z

< llgllellgllell? = Blle + lglallBllelle — glle + 115lelglells = &l

AfZBmgj,mgi,m - Agzgmgj,mgi,m

mez mez

From (5.5) we can then conclude that the right-hand side in (5.8e) is locally Lipschitz-
continuous with respect to the EXg-norm.
Let us consider Lipschitz properties of R and Q. We decompose Q in Q; + Q, where
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(Q1);=A&Y g UiDL Uy, (5.92)
i€l

()= Afzfﬁi,j (hi + pooti) - (5.9b)
i€l

Similarly, we decompose R in R; + R, where

(R);= AgZ%‘,]‘Ui(D+ U, (5.10a)
ieZ

(Ry);:= Afzki,j (hi + pooti) - (5.10b)
i€l

We have Q> = k * f for f = h + p_r so that
1flle = lh+ poorll e <Rl 2 + poclirll -
Starting with Q,, we have
102 = Oallg = o +f —&xfllp < ltw = Ry +fllg + IF*(f = Pl

For the first term above, applying the Young’s inequality (5.6) withr = p=2and g = 1, we
get

1 it
s =By« fllp < I = Ellz I = Rl £l

T

Using the antisymmetry property (4.27) of  and &, namely " = —y and & = —7, we get
il ik
15 =Ry fll < llw = Ellpully = Al llf 1l
Hence, we obtain the following estimate in £>-norm,
2 17 = Al + ll5 = &l [Fllgr + [l "
102 — Qa2 < £ Elflle + ——5—5Nf = flle-

2 2

For the £°°-norm, we use the same splitting
102 — Qalle < [[(5 = &) fllex + |55 (f = F)lle-

Applying (5.6) for r = co and p = ¢ = 2, and the symmetry property of x, we obtain in a
similar way as before that

102 = Q2lle < Iy = Allelflle + 72l f = Flle-
In a similar fashion as for Q, we find
IR2 = Rellp < Ik = Kllrl|f Nl + KLt [1f = Fll 2
IR2 = Rl < [lk =Kl 2l Nl + Ikl 2Lf = Fllo-
Furthermore, analogous applications of (5.6) and (4.27) produce

101 = Qill> < llg = &l UBlly + 112l 21 UB = TBllp,
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101 = Qullex < llg = Elle< |UBN g + lE8lle< | UB — TBpr,
IRy = Rill2 < llv = Al 2lUB N + 1151l 2| UB = TBll
IRy = Rulle < [lv = Fllex 1UB g + 7]l |UB — TS| -
For the £'-norms above we then apply the Cauchy—Schwarz inequality to obtain

OBl < 1Ul2lIBle.  1UB—TBllg < [Ull8 = Blle + 1012118 — Ble.

which contain the relevant norms.

From the preceding estimates on Q; and Q, the local Lipschitz property of the right-hand
side of the second equation in (5.8a) in the £% N £*-norm is clear. Furthermore, since U € £,
the previous £°°-estimates on R and Q also show that the right-hand sides of (5.8¢) and (5.8d)
are locally Lipschitz in the £>-norm. For the last equation in (5.8a), we introduce the right-shift
operator (TR); = R;_; and we have

IUGR) = U(R)|| e < [|U = Ulle< TR ]l + | Ul | 7R = Rl
< U = Ulle<|[Rllex + [[Ullex |[R = Rllex,

The remaining right-hand sides of (5.8a) and (5.8b) are linear in the solution variables, and
thus Lipschitz in their respective norms. Hence, for (5.8) written as ¥ = F(Y) we have

IFQY) = FOleas < CAY [z, (1Y [l 1Y = Yy

which is what we set out to prove. (|

The final step in obtaining short-time existence for (4.35) from the auxiliary system, is to
show that if the initial data for (5.8) satisfy

—Dj, (1 + ij) Yi.j k,’,j 1 5,;]‘ 0
= A1
(I+a;) —Djy ] ° L’i,j Kij AE|LO 6 (5.11a)
a=D,(, B=D,U, and h=D,H, (5.11b)

then these identities are preserved in time by the solution. The result for (5.11a) has been
proved in lemma 4.1, as it only depends on the identity (D_y), = D U, which is replaced here
by & = f3. Using (5.11a), we infer from (4.31) that

D+ _[R]_[ UB }
(1+a) -D; ] {QJ = {hﬁ-poorj : (5.12)

From the definition of (5.8) we get

d
E(aj_D-‘er) :ﬁj—D+Uj, (5133)

while the expression for D Q; from (5.12) yields

d
$B;-DyUy =0, (5.13b)

and from the expression for D_R; we obtain
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d
4~ D+H) = —R;(3; = D..U). (5.13¢)

Hence, the equation (5.13) give us that (5.11b) holds for all time if it holds initially. Then we
have proved the following theorem.

Theorem 5.3 (Short-time solution for (4.35)). Given X, € E‘Xr£ suchthat1 +D,(; >0

and g, ko, Yo, and kg are constructed according to theorem 3.4 and corollary 3.5 with a; =

1 + D (. Then, there exists a time T depending only on || X, ||Eer such that (4.35) has a unique
¢

solution X € C'([0, T], Ek&) with initial datum X,.

The next step is to prove that there exists a subset, denoted by B, of Ek& which is preserved
by the evolution equation. For this subset, the solution exists globally in time. The subset B is
defined as follows.

Definition 5.4. The set 5 is composed of all ({, U, H, 7, g,k,~, k) € Ek& such that

(a) g.,k,, K satisfy the properties listed in lemma 4.1 fora = Dy,
(b) (D4y,DLU,D4H,7) € (£,

(©) 2(D1y))(DyHj) = (UpA(D4y,* + (D4 U + 7 forall j,

(d) Dyy; 20,D1H;>0,Dyy; + DiH; > 0forall j.

Lemma 5.5 (Properties preserved by the flow).  Given initial datum X, € B, let
X() € CY([0,T], E’XE) be the corresponding short-time solution given by theorem 5.3. Then
X(t) € Bforallt € [0,T).

Proof of Lemma 5.5. Property (a) follows from lemma 4.1, since the solution variables
in X(7) satisfy D, y; = D, U;and DL U € £2, where we as usual have Diy; =14 D4(;. The
proof of property (b) essentially follows [31, lemma 3.3], and so we omit it. The proof of (c)
is similar to the proof of [31, lemma 3.5], while the proof of (d) is analogous to that of [36,
lemma 2.7], and they are also omitted here. |

For the rest of the paper we will only consider X € BN Ekgg, as solutions in this set contains

all the relevant solutions to the original 2CH system (1.2). Lemma 5.5, and in particular the
preservation of the identity

2Diyph; = Ui(Dyy)* + (DU + 7 (5.14)
allows us to prove useful estimates for the solutions in 3. We have
A US| DL US| < Hool1), (5.15)
JEL

where H.(f) = lim,,+~ H, is the total energy of the discrete system. This quantity cor-
responds to Hgjs in (2.16). Indeed, the Hamiltonian (2.17) is conserved for ¢ € [0, T], that
is Hoo(t) = Hx(0) < oo for t € [0, T]. We denote the preserved total energy H..(f) by H.
Turning back to the inequality (5.15), it can be proved as follows,
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AEY (US| ID4 U < AEY U] /(D 43)I2h; — UAD 3]

JEZ JEZ
1 1
< FAEY UiDiy) + SAEY [2h; — Ui(Dyy))]
JEZ JEZ
::fLwa
where in the first inequality we have used (5.14), and in the second inequality we have used
D.y; = Otogether with the Cauchy—Schwarz inequality. An immediate consequence of (5.15)

is that ||U]|g=~ can be uniformly bounded by a constant depending only on H,. To show this,
we add and subtract in (2.8) to find the identity

D_(U))* = 2U(D.U;) + AEDLU) .

Taking advantage of the decay of U at infinity, we may then write

U)* = —2A§Z Ui(D+.U;) — (Af)ZZ(DJrUi)Z < 2A§Z |Ui| |ID4Ui| < 2H,

i=j i=j i€Z
from which the bound

sup U < v/2Ha (5.16)
T

0<i<
follows. From (5.16) and (4.35a), we then obtain the estimate
[CO e < NICO)][ e + /2Hoot. (5.17)

Another useful estimate coming from (5.14) is

[7j] < /2(Dyy))h;. (5.18)

Now that lemma 5.5 has established Dy j(t) > 0 in the short-time solution for ¢ € [0, T], we
can apply lemma 3.7 with a; = D y;. Indeed, the sequences g, 7, k, and « solve (4.19) and
belong to £ for t € [0, T], and so they correspond to the unique decaying solution. These
properties contained in lemmas 3.7 and 4.1 are essential to establish the a priori estimates
contained in the next lemma.

Lemma 5.6 (A priori relations and inequalities for the kernels). Asa consequence
of establishing the preservation of the summation kernels and their sign properties over time,
we have the identities

ALY Dyl = A | IDjrgil = 2llgll e (5.19a)
JEZ JEZ
ALY (Dyylsijl = AL Dy kij| = 2k e (5.19b)
JEZ i€Z
as well as
AEY (Dyyjgi;= ALY (ADyylg,; =1, (5.20a)
JEZ JEZ
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ALY (Dyypki;= ALY (BIDyylky),; = 1, (5.20b)

i€Z JEL
and the bounds

18l Ikl Iyl Il < 1, (5.:21)

I8l < T+2[Cllees [kl <14 2[|Cle,

(5.22)
¥l 2 [0+ [IClee] s Msllg <2 [0+ [ICllee] -

Proof of Lemma 5.6. To prove (5.19a) we use D.y; > 0 and (4.19) for the leftmost equal-
ities, while for the rightmost equalities we use the monotonicity properties of (3.29) to write

i—1 0
AEY T IDjgisl = ALY Djrgij— ALY Djigij =28 = 2[jglle-

JEZ Jj=—00 Jj=i

We obtain (5.19a) in the same way. To obtain (5.20), we use the definitions of the operators
A'in (2.19) and B in (3.24), and apply telescopic cancellation to the differences D;4; ; and
D;_r;; in the identities (4.19). In the same manner, telescopic cancellation applied to (4.19)
yields

J
AEYT Dyyilgim  J<i—1,
Vij = e
ALY Dyyn)gim iy
m=j+1

Using the fact that Dyy; > O and g; ; > 0, the triangle inequality and (5.20) yield (5.21) for ~.
We proceed similarly for «. For g, observe that, using (4.19), we can rewrite them as

8ij = thm(sjm = Agzglm [(Derm)gjm - Dmf’yj,m]

meZ meZz
= AEZ(D—H’m) [gi,mgj,m + ryi,mfyj,m:l . (523)
mez

Using the decay at infinity we can then write

+o0o +o0o

@ =Y [@imr1)” = @n)] = AEY . [gimst + &im) Dt &im
+o0 ¥
= Aﬁz [gi,m+l+gi,m] D4 ym)[Yim| < 2A5Z 8im (DY) YVium|

+oo
<AL Oy [@im) +(im)?] < AE (D ym) [(im)* +(im)’]

m=i mez

= &i.i»
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where we have used (3.29) for the first inequality, and (5.23) for the final identity. The bound
gi; < 1 follows, and we use 0 < g; ; < g;; from (3.29) to conclude. A similar procedure can
be applied to prove that k; ; < 1. Furthermore, we have

ALY gij=A>  [Dyy;— Dy gis
JEZ JEZ
=14+ A ¢11(Djg:)), from(5.20),
jez
=14+ A ¢p1(D1y,)vij, from(4.19),
jez
<1+ ([l AL> Dyl

jez.

and the result on the £' bound of g follows from (5.19) and (5.21). A similar procedure proves
the bound on |[|k|[ 1. For the bound on ||7||,1 we find

A&Z\ml = Afz [Dyy; — D4¢j] il

JEL JEL

i—1 —+00
=21 — ALY D4y + ALY (D4

Jj=—00 Jj=i
i—1 “+o0
= 2|gllee — 261 + ALY (D) — ALY (D, i)
j=—00 j=i

o1
=2|lglle + (1 = 2793-1)G + Aﬁz sgn (l —Jj- 5) G(Dyy))gi;

Jjez

< 2[glles + [I€llee |11 = 2i-1] + AﬁZ(DH’]‘)gi,,‘ ,
Jez

where in the second equality we use lemma 3.7, the third equality uses summation by
parts (2.12), and the fourth is due to the kernel definition property (4.19). Then the result
follows from (5.20), (5.21), and 0 <~;; ; < 1. A similar procedure proves the bound
on ||k, O

A direct consequence of (5.21) is that the £°°-norms of the kernels remain bounded by 1 for
all time. Moreover, combining (5.22) with (5.17) we find that the £'-norms remain bounded
for any finite 7, namely

le@llo Ik < 1+2 [ICOllex +v/2Hot]
(5.24)

IvOllas IOlla <2 [14 16O e + v/2Het] -

Furthermore, lemma 5.6 allows us to find a bound similar to (5.16) for ||R||¢~ and || Q|| ¢=.
Indeed, for Q we find
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19l < [lg * (UMD U~ + || 5 (h =+ pocF)||e

|
gl IUDL )|t + (|5 lle[|Bll gt + ool [F] e (5.25)

NN

Using (5.18) and the Cauchy—Schwarz inequality, we have

_ 1 1
Poc| e x [F| [l < Epioll [l # D4 Pl + S K]+ @R)le
which by (5.19) and (5.21) simplifies to
_ 1
Poc| kx| [l < §P§C(2llkllzm) + &l 12l < P2 + Heo
Using (5.15), we get ||[UD4.U||, < Hx. Hence, from (5.25), we get

10lle~ < 3Hs + .

An analogous estimate for R can be obtained so that we can conclude with the bounds
1
sup R < 3Hoo + 5% sup [[QOlex < 3Hoo +p%. (5.26)
0<I<T 0<I<T
Now we are set to prove global existence for solutions of (4.35).

Theorem 5.7 (Global existence). Given initial datum Xy in the set BB from definition 5.4,
the system (4.35) admits a unique global solution X € C! ([0, 00), Ea¢), such that X € B forall
times. In particular, for t > 0, the norm ||X(1)||g,, is bounded by C|X(0)||g, for a constant
C depending only on t, the total energy H,, the asymptotic density p,,, and ||C(0)||g.

Proof. The solution has a finite time of existence T only if
1XNese = IClvae + 1Ullp1 + [1Hlva + 1171l 2

blows up as ¢ approaches 7. Otherwise the solution can be prolonged by a small time interval
by theorem 5.3. Let X be the short-time solution given by (5.3) for initial datum X,. We will
prove that supy,<7 [|X[[g,, < oo

From the definition of the h'-norm and (5.2) we find that the right-hand side of (4.35a) is
bounded in the Va¢-norm by % ||U|],y1» while the right-hand side of (4.35d) is bounded in
£2-norm by p.. ||U||,,1. Next, we estimate the right-hand side of (4.35b),

Ol + D12l < [[Qlle2 + IR(I+DC) = h — poo| 2

12l <
<@l + IRl 2 + [1R[le [D4-Cll g2 + 12 + pooT| g2,

|
|
where we have used the definition of the h'-norm, (4.31) and the decomposition D,y =1+
D (. Then, recalling the definitions (5.9a) and (5.9b) and applying the Young inequality (5.6)

to the final expression above we see that it is bounded by

1 1 1 1
18la UMD+ Dl 2 + 7l g1l i Va4 pocll 2 + 71 15l UMD U] 2

+ IRl [ID4-Cll g2 + [kl [|2 4 pocFll 2 + [[h+ pocTll 2
1 1
< |llglle + IVl NIl [ 1Tl D+ Ulle + [[Rllex D+l 2
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1 1
(14 I 0 | D+ ).

Then, applying (5.15), (5.16), (5.24) and (5.26) and the definitions of the V A¢- and h'-norms
we obtain that || Q|| is bounded by

(3 -+ 4LICOlle + V2ol Ul + | llva, + poc 7]

+ (3t 302 K€l
Finally, the Va¢-norm of the right-hand side of (4.35¢) can be estimated as
[U(R)|lvy, = IUCR) ||~ + [[[U* = RI(D+U) — UQ[1 + D (|| 2
< Rle=|Ulles + TIU7= + [Rlle<1ID1 Ul 2
+[1Qlle<[Ull2 + [ Qllex | Ul e [D+C |2
. (2 +v2

5 GH +pio)+2Hoo> U],

1
2H.,. <3Hoo - §p§o> 1< Nvae
where we again use the notation (TR); = R;_;. In the first identity above we have employed
(4.31), while in the final line we have used the definitions of the Va¢- and h'-norms together
with (5.2), (5.16) and (5.26).
Gathering all the above estimates of the right-hand sides, writing (4.35) in integral form,
and taking norms we obtain the following inequality for X(r) = ((, U, H, 7)(¢),

IXO)ls < (X5 + CHoc, [CO] . pr0) / (1+ )Xl ds,

for ¢ € [0, T] and some constant C(Ho, ||((0)]|¢>, p~) depending only on H,, ||((0)||¢~ and
Poo- Gronwall’s inequality then yields

XOlles; < Xy, xp{ (O |1+ 3] | 1€ 101,
which shows that [|X(T)|[g,, is bounded, and we may according to theorem 5.3 extend our
solution indefinitely.

In retrospect, with the estimates (5.16) and (5.26) in hand, we can apply a Gronwall estimate
to the evolution equations for «, 3, h, and 7 in (5.8). From this we find that the £°-norms of
D,y, DU, h, and 7 at time ¢ € [0, T] are bounded by their £>°-norm at time r = 0 times a
factor exp{C(H ., p;)t}, where the constant C(H ., p..) depends only on H, and p.. |

As mentioned in the introduction, if p > 0 initially for the 2CH system (1.2), then the
smoothness of the initial data is preserved, see [31]. This is because the characteristics do
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not collide in this case, and y, remains positive for all time. In the discrete case, this property
takes the form of a lower bound on D_y. For any given time 7', there exists a constant C > 0
depending on maxye(o7) [ X()[[g 5+ Poo» and T such that

2
p .
D)0 > -2, (5.27)
for all jand ¢ € [0, T]. This follows from property (c) in definition 5.4. Thus, if p, ; > 0, we
will have y(r) < y;(¢) for all time.

6. Convergence of the scheme

In this section we interpolate the solutions of the semi-discrete scheme analyzed in section 5,
with initial data constructed in section 7. We shall then show that these interpolated functions
converge to the solution of the 2CH system as written in (4.7) and (4.8). Let us in this section
use Y a¢ to denote the tuple of grid functions obtained in theorem 5.7 for ¢ € [0, T,

Yae(t) = (C, U, H,7)(1) € Eac. 6.1)

Since these functions also belong to the set 53 in definition 5.4, we will augment the Ex¢-norm
(5.4) as follows:

[Yaells = [Yaclea + [D+Cllex + D4 Ullee + D4 H|leo + [[7]|e-

In order to ease notation below, we will write || ¥ a¢|| for supyc <7 [|Yac(9)||5. We define the
interpolated functions as follows

Vat,©) =Y Vi) + (€ = DLV xi(©),  Falt,©) =Y FiOx ),
JEZL JEZL

RA(,€) = > [Ri(1) + (& = &1)D-_R;(1)] x,(),

jez.

(6.2)

where V is a placeholder for ¢, U, H, and Q, while x j(§ ) denotes the indicator function for the
interval [£, £ ;1 ). We also introduce the functions

ayA(t’ é-)
26

Observe that the interpolated functions above are piecewise linear and continuous, except for
ra, A which are piecewise constant. In particular we note the identity

yA(t’ é-) ::£+<A(I’ 6)’ VA(I, é-) = ?A(t’£)+poo (63)

Ri+(E =&+ D)MD RY)y=R; 1 +(E—-EHMD-R), Eel&&1l,

which shows RA(t, & j) = R;_;. Let us also recall the definition of the space E in (4.10). A
consequence of theorem 5.7 is that tuple of interpolated functions

XA = (Calt, ), Ua(t, ), HA(t, ), TA (2, ) (6.4)

satisfies XA (1) € C'([0, T1, E) for any fixed 7 > 0 and A¢ > 0. Let us now consider a given
initial datum Xy = ({o, Uy, Hp, 79) € E for the equivalent 2CH system (4.7). We assume there
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exists a sequence of discrete initial data YA¢o € Ea¢ such that the interpolation of YA,
denoted X a o, converges to Xy, i.e.,

13293) H)(pr — )ﬂﬂ|E =0. (6.5)

We will explain how to construct such sequence in the next section. For T > 0 and each
Y Ac0, let Y a¢ be the corresponding solution given by theorem 5.7. Furthermore, we denote by
X € C([0,T],E) the solution to (4.35) with initial data X,, while XA € C([0,T],E) is the
function interpolated from Y A¢ using (6.2). Then, we have the following convergence result.

Theorem 6.1 (Convergence). The approximation Xa converges to the solution X to the
2CH system (4.7) in C([0, T], E).

Proof of Theorem 6.1. The strategy of the proof is to show that our interpolated functions
a,Una,Ha,ra) satisfy (4.7) and (4.8), where we allow for a small error of order O(A¢). For
(4.7a), (4.7b), and (4.7d), we observe that, by construction, we have

Oya oUa ora

o Uy e T

dueto (4.31), (4.35a), (4.35b), and (4.35d). Thus, the three linear equations in (4.7) are satisfied
exactly by our interpolants. The next step is to control the evolution of the error for the variable
HA. We find

=0

OH
a—f = —UaRa + %(5 — )€ — E)DLUHD_R))x;.

This identity then implies

OH
<6—tA + UARA> =Y 26— &= & )DLUND R,
€ jez

almost everywhere. Combining the above identities we can estimate the error in the V-norm

as follows,

OHA
—— + UAR
’6% + UaRA

Vv

=

< ALY DU DR+ [ A AELDL U’ D R
JEZ JEZ

< ALD1 U2 [D-R[ 2 + A|Dy Ulle< ID-R][ 2
< AL(ID1Ullg + D1 Ullex) [I(D1)Q — UMD U)|l 2
<AL (DUl + D1 Ulex) (ID4yllellQlle + 1UNlex D+ Ull2) - (6.6)
Now, for the relations (4.8), we measure the error in L?-norm. From (4.31), we obtain the
relation

3y_A ORA OUA

ge a7 “Usage = > (€= &) [(D1y)D10) — (DL U] X

ez
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and find

dya ORA oUA
HasQA o U

L2
< AL (|ID4ylle D+ Q|2 + (D1 Ul D1 Ul 2) - (6.7)
Finally, using (4.31) once more, we have
oya OSA  OHa _
S Ra— - — 0 —peFa =) (€= Er1)D-RH(D1ypx;
aé- ag ag %Z: Jt1 J +Yi)XJ
which can be estimated as
dya OSA  OHa N
—RA — — — — — P < A€||D < ||ID_R]| 2. 6.8
|%ana— T2 - T —oers| < acDDIn DRI 68

The estimate (6.6) is exactly as we want it, (4.7¢) is satisfied in the appropriate norm up to
some small remainder. However, the estimates (6.7) and (6.8) require some more work, as we
shall see next.

Let us estimate the E-norm of the difference between XA (T) and the exact solution
X(T):=(C¢,U,H,7)(T). From the above estimates and (4.7) we find

T
Ia — Oy < IIa — OO, v + /0 |(Ua = U)E, )y dr

T
[(Ua — UXT, )|l < [[(Ua = UXO, )y +/O 1(Qa — O, )| dt

r (6.9)
|(Ha — H)(T,)|lv < ||[(Ha — H)(O, -)|lv +/0 [(UARA — UR)(t, )|y dt

+ AECH(||YaeDT

oUa - U)X, ")
23

where we have used that the final expression in (6.6) can be bounded by A{Cy(]|Y a¢|) for
some constant Cy depending only on || ¥ A/l

From (6.9), it is clear that we need estimates of [|Qa — Q| 1. ||[Ra — R[>, and
H(RA — R)£HL2 in terms of

dt,

T
||(?A - ?)(T’ ')HLZ < H(?A - ?)(O’ ')HLZ + poo/
0 L2

1Xa = Xlle = l[¢a = Cllv + [[Ua = Ullg + |Ha = Hlly + [[Fa = 712,

and by definition of the H'-norm and the Sobolev inequality || f [t < 5|1 f [l it will be

sufficient to bound ||Qa — Q||yp and ||[Ra — R||y- To this end, we note that by the estimates
(6.7) and (6.8), it follows that

=0 ad| [Ra| _ | UalUn VA
{Q’A)& —65] [QA} B [(HA)g +pocrA] +Ag [wA] (6.10)

for some functions va, wa € L? which are bounded by a constant depending only on the norm
||Y acl| of (6.1). Recalling (4.14) and the operators defined in (4.12) we know that R(z, &) and

2264



Nonlinearity 34 (2021) 2220 S T Galtung and X Raynaud

O(t, £) can be written as

R(t,8) = /Rff[t](n, OUUe(t,m) dn + /Rg[t](n, OLH: + pocr](t,m) dn
=K (UU¢) + G (He + pocr) ,
0.9 = [ sliln. VULt dn+ [ WA OUHe + 71,10 d
=G (UU¢) 4+ K (He + poe)
with kernels
gl(n. &) = %e*"’(”@’y(””)‘, K1, €)= — sgn (€ — Mgl &)
Due to the obvious similarities between (6.10) and (4.18) we would like to generalize the
operator identity (4.12) by replacing y(z, &) with any function b(¢, ) such that b(¢,-) —Id € V

and b¢(t,§) = 0, in particular this holds for our y (£, ) in (6.3) by virtue of lemma 5.5. This
is can be done, and the unique H'-solution of

{ —0c  be(t, 5)} [qs(t, 5)] _ [w, 5)}
bf(t’ 5) _af ¢(f, 5) w(t’ 5)

for v(t, -), w(t,-) € L? is then
(1,6) = /R S OB [ ) — sgn( — ] o
01,6 = /R SO (ot ) — sqn(e — myut,m)] i

Consequently, we can generalize G and K from (4.12) to be operators from V x L* to H' as
follows,

1t €1~ 14, £):= [ 500200 (6.11)
R

KL €1 — 1d, f) = — / sen(€ — ) e MO ) iy, 6.12)
R

Using these operators, we may write the general solutions ¢(t, £), ¥(t, £) as

o(1,&) = Klt,£1(b — 1d, v) + G2, £1(b — 1d, w),
Y(t,8) = Gl §1(b — 1d, v) + K[1, £](b — 1d, w).

An argument analogous to [31, lemma 3.1] then proves that the operators
and

RZ[L ] : (C’ v, 'LU) = IC[ta ](C’ 'U) + g[h ](C? 'LU)
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are locally Lipschitz as operators from E — H! and V x (L?)?> — H' respectively, and the same
is true for

Ql[t’ ] : (C’ U? H’ 7‘) = g[ta ](C’ UU{) + IC[I’ ](C?HE + poo?)
and

lt,1: (¢, v,w) = Gz, - 1(¢, v) + K[t, -1(¢, w).

Finally turning back to the functions we are interested in, we note that, since our interpolants
RA and Q, are solutions of (6.10), they can be written as

RA(1,) = Ril1,£1(Ca, Un, HA, TA) + AERL[1, E1(Ca, va, wA),
QA(I, 5) - Ql [t, g] (CAa UA,HAa ?A) + Ang[t, g](CAa VA, wA)
These should then be compared to R and Q for the exact solution, which now can be written as
R(t’ é-) = RI [t’ f](f, U’ H’ ?)a
Q(t’ E) - Ql [ta g](g’ U’ H’ 7/.)
Then, we write
Oat,8) — 0,8 = Q1 (Ca, Un, Ha,7A) — Q1 (¢, U, H,7)
+ ALDs[1,£](CA, vA, wA)
and it follows from the Lipschitz property that
10a(t, ") = O, gt < Coi([Xa® . [XO)|e)||Xa(?) — X(®)||&
+ A&Cox([Yacl)

for constants Cg,1, Cp2, and an analogous estimate holds for |[Ra (7, -) — R(z, ~)HH1 .
From the above estimates, the obvious inequality ||fellj2 < |||, and ||f|lv <

#Hfﬂﬂl coming from || f ||~ < %”fHHI, we may add the equations in (6.9) to obtain

IXA(T) — X(D)||e < ||IXa(0) — X(O)||g + AEC (| Yac DT
T
+ Co([| Yacl. IXID / 1Xa() — X0 dr,

where we have used || X]| := supo<,<r [|X(®)||g and supo<,<r |Xa|le< C(||Y a¢||) are bounded
by constants depending on 7 and the E-norm of their initial data. In particular, by theorem 5.7
we know || Ya¢ || is bounded by a constant depending only on 7, H, ||C(0)||¢~, and p...
Gronwall’s inequality then yields the estimate

IXa(T) = X(Dle < Cs (1Y acll I1X]]) [IXa(0) = X(O)|& + AECi([|Yae|DT] -

Combining this estimate with (6.5), we obtain the desired result. O

Since convergence in Lagrangian coordinates implies convergence in the corresponding
Eulerian coordinates, see [28] for details, this shows that interpolated solutions of the discrete
two-component Camassa—Holm system can be used to obtain conservative solutions of the
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2CH system (1.2). In particular, as conservative solutions of (1.1) are unique according to [4],
our discretization of the CH equation corresponds to the unique conservative solution of the
CH equation.

7. Construction of the initial data

In this section we consider initial data for the continuous system given by uy € H', pp = po —
pse € L2, and a measure s, which corresponds to the energy distribution, see [31]. To ease
notation we omit the subscript 0 and the dependence on ¢ for the rest of this section, as we are
always considering ¢ = 0. The absolutely continuous part of the measure p satisfies

1
[ac = E(u2 +u? + pP)dx,

and may in general contain singular parts. Here we will restrict ourselves to the case where
the singular part is purely atomic, and construct corresponding initial data for the discrete
scheme. The ability to handle singular initial data was one of the motivations for the effort put
into section 3 to allow for D1 y; = 0. From [31, Thm. 4.9], we know the functions (y, U, H, r)
defined as

y(§) = sup{x : p((—o0,x)) +x < &}, (7.1a)
U =uoy®), HE=E—y& and #&) = (poy(&)ye(&). (7.1b)

give us the initial data for the equivalent system (4.7) which provides us the global conservative
solutions of (1.2) with initial data (u, p).

We define the discrete initial data y; = y(§;) and U; = U(y;). For the L>-function 7 we
define

- 1[S00 4
rj_A_f/sj F(1)dn.

The discrete identity (5.14) is essential to obtain global existence of solution to the semi-
discrete system. The identity reflects the strong connection between the energy variable H;
and the other variables. To fulfill (5.14), we set h; as follows: if Dy, > 0, we define i; = 0
such that it satisfies (5.14), that is

(D U)? 72
2h:=UD.v: o4 _J 7.2
J J +yJ + D+yj D+yj ( )

and if Dyy; =0 we set h; = % Then we define H; = AgZﬁ;‘_m hy, to ensure Dy H; = h;.
Note that in the norms below we will use U to denote both the continuous-case function U()
and the discrete function {U,} jcz. However, the norm used will indicate which of them we are
considering: £” and V Ac¢ are used for discrete functions, and L” and V are used for continuous-

case functions.

Theorem 7.1. We consider the initial data of the two-component Camassa—Holm system
(1.2) given by uy € H', py such that py — ps, =: po € L? for some p,, >0, and a positive
finite Radon measure 1, whose absolutely continuous part satisfies 1o o = (U3 + u(z),x + p3)dx,
while its singular part may be an atomic measure (the singular continuous part is zero). By
definition, the global conservative solution of 2CH is obtained by solving (4.7) for the initial
datum X, € E constructed from (uo, py, t4), where Xy is given in (7.1). For this Xy, we can

2267



Nonlinearity 34 (2021) 2220 S T Galtung and X Raynaud

construct sequences of initial data for the semi-discrete scheme, Xo,, = (Con> Uons Hons Ton) €
Ea¢ such that each element of the sequence belongs to the set B defined in definition 5.4 and
the interpolation sequence defined in (6.2) converges to X in E.

Proof. Let us start by verifying that these initial data satisfy properties (a)-(d) in
definition 5.4. Clearly, from (7.1a) it follows that Dy y j > 0, and so the construction in Section 3
gives fundamental solutions satisfying property (a). Properties (c) and (d) have already been
satisfied through our definition of 4;. To verify (b), we need to show that the discrete initial
data are uniformly bounded. Following [31, 36] we have |y(§) — £| < u(R), and since the total
energy j(R) is bounded, we have [y —Id||lL~ < u(R). Since y; = y(§)), this carries directly
overto our setting, |y; — &;| < p(R), meaning ||¢[|;~ < p(R). Moreover, in the aforementioned
works, the authors prove that £ — y(&) is Lipschitz with Lipschitz constant 1, which yields

V(1) = YENI < [§j11 — &l = AL = Dy < 1.

Hence, Dy € €. They also prove {— || fg u>(x)dx to be Lipschitz with Lipschitz constant
1. Then, we have the estimate

\UEj1) — UE)| =

V(1)
/ u(x)dx‘ (1.3)

(&)

V(1)
<V &) / o (7.4)

and from the aforementioned Lipschitz properties we obtain |U, — U;| < A¢, implying
[D.Uj| <1 and DU € €*. In addition, since u € L™ it is clear from U; = u(y;) that
[Ullee < ||ullr. From our definition of 7; we have the estimate |r;| < sup; [F(€)] < I,
where the final inequality comes from [31, equation (4.7)], and thus 7 € £, For h j» when
Dy, > 0, we estimate /1; as follows. From (7.3), we have |U;y 1 — Uj| < JAE\/yji1 — v, or
equivalently D, U;| < y/D,y;. For 7; we have

1 §it1
rj= Af /5 ,- py(m)ye(n)dn

1 i1
S Ag\/ /5 PPOMyemdny/y(Ejen) = ¥(&E))-

Applying once more the continuous-case inequality (p o y)y: < 1, the above estimate yields
7; < 4/D4y;. From the preceding estimates, D+yj < 1, and (7.2) we find

D+U)* 7

2h;=UiDyy;+ Doy, T Diy,
J J

SUF+ 1T+ 1< JJullix +2.

Hence, h € £°. We have

§jt1 2 i1
€& — &P = | /E 7 G| < a¢ /5 e,
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or equivalently
2 s 2
AP < [ iGoPae
J

Summing over j in the above equation we obtain ||D.¢ H < 1€ ||L2, andso ¢ € Va¢. A com-
pletely analogous procedure shows ||[D Ul < || UgHLz. For the L*-norm of U we estimate

2

A U Z/

u) - / Ue(s)ds

JEL JEZ
St g
ZZ/ u©? d§+22/ / |Ue(s)|ds | dé¢
JEL JEZ

§jt1
<2l 2388 [ U ds

JEZ &

which translates into HUH%2 < ZHUHi2 + 2A&2||Ug||y2, and so U € h'. For 7; we use Jensen’s
inequality to estimate

1 §jt1
P < / POpdn,
IS AL :

and multiplying with A¢ and summing over j we obtain [|7||7, < [[7]|],. Then it remains to
check that H(0) € V¢, and from (5.14) we estimate

2h; = UD4y;+ (D1 Up* + 7} = 2hD4¢;

S U2+ (D U + 7 + hj+ hy|D Gl (7.5)
Now, summing over j we find ||| < [|U|]%, + [|7]| 2 + Htho||D+CHiZ, where the right-hand
side is bounded by our previous estimates. Since h; > 0, it follows from our definition of
Hjthat H; < Hji and H; < ||h|| s, which yields ||H||¢ = ||h||,. Finally, we have |||, <
l|A[[¢=||h|,1, s0 H € Va¢. Thus, we have proved that X ; belongs to 5.
Let us now prove that the interpolants for these initial data defined by (6.2) converge to the
continuous initial data in E-norm. We start with ¢ in L*°-norm,

&[St
1€ = Call> = supz e éh/ Ce(mydn — ngl Cg(n)dn‘xi(ﬁ)
i€Z & &
it
<sup /5 Cetmldn < Ag]Cell> 2250,

Next, we consider the L>-norm of U,
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i

St (6 — € (€ E—& [5t :
||U—UAHi2:§ /5 (*& /E Uetndn — 5z /5 Us(n)dn> d¢

it it 2 5 , A0
<[ wenlan) s < Ao 20
&i i

i€Z

Then, for the L*-norm of Uy, we have

Sit1
IUa)e = Ui = 2 / D, Ui — Ue(9)|” d¢

icz,” &
Z/EH-l ( 1 /§i+1 -~ 2 i
= ~ (Ue(n) — Ue(E)) )
P R4S Ag & < ¢ !
Jensen €it 1 Cit1 2
5 /5 Y /£ WUt~ U©)? an e
€7 S 4
> e+ 9 - U©)? d e
< — Ucd&+2—U V4
icz /i Af -Ag ‘ ‘
Tonelli 1 A / S+t 2
= Ue(&+2)— U, dé d
Ag/_M% [ Wi - v ae e

1 A 5
- 22 / U= U0l ae

AE=0
< 2 max ||Ue(- +2) — Ue()|2 =225 0,
2 <A

where in the final limit we use [7, lemma 4.3]. A completely analogous estimate holds for the
convergence of (¢ in L. Considering 7a we find

it1 1 it1 - - 2
5 (A—g /5 (r(n)—r(f))d77> e

TN /
i

i€Z

Jensen

it 1 it
< A~ r —r 2 d d 5
2% /5 Y; /E (F() = 7(€))* dn dg

and following the proof for U; we find that this also converges. It remains to prove Ha — H
in V. We shall first prove that 2 converges to 4 in L!, and we do it as follows. For a given n €
{1,2,...}, we consider the partition of R defined by the points §;,, = i2™", which corresponds
to A¢ = 27", In this way, each partition is a subdivision of a coarser partition. We denote ia by
ha,, and similarly for all the other variables. We consider the sets B = {& € R s.t. y¢(§) = 0},

B, ={{ € R : thereexistsi € Z, st §€ (En&ir1n)  and  y(Eip10) = (&)}

Let us also define B° as the union B° = U,,>0B,. Since y is increasing, we have B,, C B. More-
over, as partitions for larger n are obtained by further subdivision, we have B, C B,,;. Let L be
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the set of Lebesgue points for y.. We know that the set of Lebesgue points have full measure,
that is m(L) = 0. We have, for some i,

1 Sit1n 1 §+AS
¥2,£() = (O] < I/ ye(€) — ye(m|dn < K/ ¥¢(§) — ye(m)| dn,
5 fi,n é‘ 3

N

which tends to zero for any Lebesgue point £ € L. We consider a measure j such that the
singular part does not contain any singular continuous part, that is of the form

Hs = :;f: aiaxi; (7'6)
i=1

for a sequence a; > 0 such that ||aj||,1 < co. When i takes this form, the set B can be
written as

B = U Vi, Vi + ai),
i=1

for some values ; € R, for which we do not need explicit expressions in this proof. In this
case, we have

m(BN(B°)) =0. (7.7)

Indeed, this is a consequence of m((~y;, v; + a;) N (B°)°) = 0, which can be proved as follows.
We have

(> vi +a) N By, C (i, %i + AG) U (i + ai — A&y, i + ai),
and therefore m((;, v; + a;) N B,) < 2A¢E,, which yields

m((yisYi 4 ai) N (B°)) = lim m((;, % + ai) N By) = 0.
Then, by countable additivity of the measure, we conclude that (7.7) holds. This implies
lim, o XB, = XB 1N L'. The value of h, is given by

1 (Una, )

ha,(§) = > X8y &+ ((UAK)ZYAn,s + T)(f)XBﬁ,(g)’

ns

while an analogous expression defines #. We have

Una ¢)* U?
Jim <(UA,,)2yAn,£ + %)(ﬁ) = (Uzys + y—§>(€)

1>

for every £ € (U2, B,)° N L, that is almost everywhere in B because of (7.7). Now, for any
€ > 0, there exists a compact K; such that

HhHLl(Kf) SeE.
On the other hand, from (7.5), we get that
ha, < szyAn,g + (Ung)* + ?zAn + C(la, )%

for C such that 1o < C for all n. This means that

n

2271



Nonlinearity 34 (2021) 2220 S T Galtung and X Raynaud

hl&" < fh

for some positive f,. We have already proved that the sequence f, is convergentin L', and we
denote by f its limit. For any € > 0, there exists K, such that f K¢ fdx < % Then
2

9
[ hrax <= fl+5.
K

so that for n large enough we have
HhAnHLl(Kg) e
We take K = K| U K>, and we have
|ha, = Al = |lha, — h“Ll(K) + [lha, — hHLl(Kﬁ) < lha, — hHLl(K) + 2e.

Since h,, is uniformly bounded in L™, by the dominated convergence theorem we have
lim, , [|ha, — Al Lik) = 0 for any given compact K. Hence, lim, s ha, = h in L'. Since
Hag¢ =ha, and He = h, the above convergence implies Ha, — H in L. Moreover,
the uniform boundedness of ha, together with the estimate |ha, — ;2 < (||ha,|jL> +
\|h|[e)||ia, — h||y1 proves that ha, — hin L? as well. O

In the special case where the initial data of (1.2) is smooth, that is, u € H' and u,, p — p,, €
L> NL*, we can choose y ;= &;- Then, ¢; = 0 and the initial conditions for (4.35) can be
chosen as U; = U(§;) and p; = p(§;). Then we define initial values for the auxiliary variables
through

j—1
Fi=pi— e Hi=AE Y [UL+ (DpUn) + )] -

m=—0o0

Moreover, since in this case g; » k; j are Green’s functions for A[1] = B[1] = Id — D_D, they
can be computed explicitly. Indeed, for D1 y; = 1 we have

)il
8ij = ki,j = 72@,

with A" defined in (3.1). Thus, initially we have the Eulerian Green’s sequences as computed
in [35].
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