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INSTABILITY OF THE SOLITARY WAVES FOR THE GENERALIZED
BOUSSINESQ EQUATIONS

BING LI, MASAHITO OHTA, YIFEI WU, AND JUN XUE*

ABSTRACT. In this work, we consider the generalized Boussinesq equation
Otu — 02u + 02(02u + |ufPu) = 0, (t,z) e R xR,
with 0 < p < oo. This equation has the traveling wave solutions ¢, (x — wt), with the
frequency w € (—1,1) and ¢, satisfying
—0put + (1 — w?)d, — @5 = 0.
Bona and Sachs [2] proved that the traveling wave ¢, (z — wt) is orbitally stable when
0<p<4, i< w? < 1. Liu [9] proved the orbital instability under the conditions 0 < p < 4,

w? < Borp>4, w? < 1. In this paper, we prove the orbital instability in the degenerate

case 0 <p <4,w?=1.

1. INTRODUCTION

In this paper, we consider the stability theory of the generalized Boussinesq equation
0P — 0*u + 0X(0%u + |ulPu) = 0, (t,z) € R xR, (1.1)
with the initial data
u(0,2) = up(x), w(0,2) = uy(x). (1.2)
Here 0 < p < .

The Boussinesq equation was originally derived by Boussinesq [3]. It arises from studying
an approximation to the evolution of the free surface of a water wave.

Equation (1.1]) has the solitary wave solution u(x,t) = ¢, (z —wt), where ¢,, is the ground
state solution of the following elliptic equation

—0peb0 + (1 — Wb, — P =0, w| < 1. (1.3)

The ground state solution ¢,, is an even function and it has the property of exponential decay;,
that is, |¢,| < Cre~ %l for some Cy,Cy > 0 and |9,¢,| < Cse~¢4#l for some Cs3, Cy > 0.
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Equation (|1.1)) has the equivalent system form

{W:%’ (1.4)

v = (—Ugy + u — |ulPu),.

Then the system ([1.4]) has the following solitary wave solution

( . ) (t,z) = ( —iﬁ;f&) ) '

For the H! x L?-solution (u,v)T of (1.1)—(1.2), the momentum Q and the energy E are
conserved under the flow, where

Q(ﬁ):émm; (1.5)

U _1 2 2 2 . 1 p+2
E<U)—2/R(|u$| luf? + o) de p+2/R|u| . (1.6)

There are several related results for the generalized Boussinesq equation. For a local
existence result, Liu [9] proved that the system is locally well-posed in H'(R) x L*(R).
For the stability theories, Bona and Sachs [2] proved that when 0 < p <4, ¥ < w? <1, the
solitary wave solution is orbitally stable. Liu [9] proved the orbital instability if 0 < p < 4 and
w? < Porp>4and w? < 1. Liu [I0] proved that when the wave speed w = 0, the solitary
wave solution is strongly unstable by blow-up. Liu, Ohta, and Todorova [I1] showed that
when 0 < p < oo and 0 < 2(p + 2)w? < p, the solitary wave solution is strongly unstable by
blow-up. For the abstract Hamiltonian systems, we refer the readers to Grillakis, Shatah, and
Strauss [0}, 6] for the stability /instability theories, in which the Vakhitov-Kolokolov stability
criteria of the solitary waves were confirmed except the degenerate cases. In the degenerate
cases, it was also proved by Comech and Pelinovsky [4] (see also [I4]) that the solitary
wave solution is orbitally unstable under some regularity restrictions in the nonlinearity (for
example, p should be suitably large in our cases). In this paper, we consider the stability
theory on the solitary wave solutions of the generalized Boussinesq equation and aim to show
its instability in the degenerate cases without any regularity restriction. It is worth noting
that none of the above two frameworks of Grillakis, Shatah and Strauss [5], [6] and Comech
and Pelinovsky [4] are available in our cases, either because of the degeneration or because
of insufficient regularity of the nonlinearity.

Before starting our theorem, we give some definitions. Let vy = ffoo ui(y)dy, 4 =
(u,v)T, iy = (up,vo)T, and QT)M = (P, —we,,)T. For € > 0, we denote the set U, (<I>_>w)

U.(0,) = {i € H'(R) x LX(R) : inf | — Do — )|z < b (1.7)
Yy

as

Definition 1.1. We say that the solitary wave solution ¢, (x—wt) of (1.1) is orbitally stable
if for any € > 0, there exists 6 > 0 such that if ||y — Pu||gixr2 < 9, then the solution u(t)

of ([L.1) with @(0) = ty ewists for all t € R, and u(t) € U.(D,,) for all t € R. Otherwise,
oo (x — wt) is said to be orbitally unstable.

Then the main result in the present paper is the following.

Theorem 1.2. Let 0 < p < 4, w € (—1,1) and ¢, be the solution of (1.3). If |w| = \/g,
then the solitary wave solution ¢, (x — wt) is orbitally unstable.
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The main method that we use in the present paper is from [19], in which the instability
of the standing wave solutions of the Klein-Gordon equation in the degenerate cases was
proved. Instead of construction of the Lyapunov functional, the argument in [19] is to use
the monotonicity of the virial quantity to control the modulations. However, the details of
this argument depend sensitively on the problem, and the key ingredients of our proof are
the following.

(1) The nonstandard modulation and coercivity properties are given. More precisely,
define the functional S, as

S, (@) = E(u) + wQ().
Inspired by [12, [13, [18], we establish the following nonstandard coercivity properties. We

— —
prove the existence of suitable directions T,,, ¥, € H'(R) x L*(R) such that the following
coercivity properties hold. Suppose that 7 € H'(R) x L*(R) satisfies

— —
<ﬁa Fw> = <ﬁa \ij> = 0;

N\ o o |2
<SZ(<I>M)77,77> 2 HanlleT
— — =
The choices of T',,, ¥,, play important ro_lc)es _1r_1> our estimation. W, can be regarded as_;;he
negative direction, which satisfies <Sx (@w)\llw,\lfw> < 0. However, we remark that T',, ¢

%
Ker(S"(®,)), which is much different from the standard. Moreover, by suitably setting the
translation and scaling parameters y, A\, we can establish the modulation by writing

= (i7+ 0 ) (= y(®)

— — — —
such that 77 verifies similar orthogonal conditions above (by replacing I, ¥, with I'y, ¥,
respectively).

then

(2) A subtle control on the modulated translation parameters is obtained. Instead of
the rough control of the modulation parameter y as §y — A = O(]|7]||g1xr2), we obtain the
following finer estimate:

i =2 =lloalE Q@) — (@] — a2 [ — Q®2)] + Ol o).

— —
The subtle estimate benefits from the choices of I',,, ¥, in the first step and the dynamic of
the solution. This estimate has great effects when we set up the structure of virial identity
I'(t) in the following.

(3) The monotonicity of the virial quantity is constructed. The key ingredient here is to
suitably define a quantity /(¢) and obtain its monotonicity. To this end, the crucial issue is
to prove the following structure of I'(t) as

I'(t) = p(to) + h(A) + R(u),
where
p(uy) > Cra, Cy > 0;
h(A\) > Co(A — w)? + Csa(A — w)® + o(A —w)?, Cy>0,C5 >0,

and R(%) is an easy remainder term which can be dominated by p and h. Here a is the
difference between the initial data and the soliton. The obstacles in the proof come from
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nonconservation terms among I’(t) and how to eliminate the first-order terms about 7 and

A. These make much technical complexity. By a delicate analysis and the utilization of the

estimates above, we overcome all difficulties and finally obtain the monotonicity of I(¢).
The rest of the paper is organized as follows. In Section [2, we give some preliminaries.

In Section , we show the coercivity property of the Hessian S (<I>w). In Section |4}, we show
the existence of modulation parameters. In Section [5 we control the modulation parameters
obtained in Section [l In Section [6], we show the localized virial identities. Finally, we prove
the main theorem in Section [Tl

2. PRELIMINARY

2.1. Notations. For f,g € L*(R) = L*(R,R), we define

(f.g) = /f

and regard L2(R) as a real Hilbert space. Similarly, for f,§ € (LQ(]R))2 = (L*(R, ]R))Q, we
define

(7. = [ fla" g de

For a function f(z), its Li%-norm || f| s = ( |f(x)|qdm> " and its H'-norm ||f||z =
R

(1132 + 192£132)2. For f'= (f,9)7, its H' x L*norm || fllas.rz = (|13 + llgl32)?.

Further, we write X <Y or Y 2 X to indicate X < CY for some constant C' > 0. We
use the notation X ~ Y to denote X <Y < X. We also use O(Y') to denote any quantity
X such that | X| <Y and use o(Y) to denote any quantity X such that X/Y — 0if Y — 0.
Throughout the whole paper, the letter C' will denote various positive constants which are
of no importance in our analysis.

2.2. Some basic definitions and properties. In the rest of this paper, we consider the

—>
case of 0 < p < 4, and w, = w = tw.. Let @ = (u,v)", &, = (¢, —w¢,)T. Recall the
conserved equalities,

Q) :/Ruvdx,

—

1
E(id) = S (lullze + luallze + o)) - —|| [y

47

First, we give some basic properties on the momentum and energy.

Lemma 2.1. Let |w| = \/g; then the following equality holds:

2Q(®3)| =0,

A=w
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Proof. Note that for A € (—1,1), we have
H
Q(®x) = —AlloallZ--

By rescaling, we find
ox(x) = (1= Aoy (VI No).
This implies that
Q®) = ~A1 = X)F ol
By a straightforward computation, we have
QE) = —(1= X3 (1= 23 ol

Finally, we substitute A*> = £

Now we define the functional S, as

Su(@) = B() + wQ(q).

2

et + u — |u|Pu )

Then we have

—Ugy + u — |ulPu+ wv
U+ wu ’
%
()

into the equality above and thus complete the proof.

(2.1)

(2.2)

(2.4)

(2.5)

Note that SL( w) = 0. Moreover, for the real-valued vector JF = (f,9)T, adirect computation

shows

and for any vector E, 7,

Then a consequence of Lemma is
Corollary 2.2. Let A € (—1,1), |w| = w,; then
Sy (®3) = 53 (B5) = o((A — w)?).
Proof. From the definition of S, (%) in (2.3)), we have
S3(®3) — 53 (B2) = 5,(B3) — 5.(82) + (A — ) (Q(B) - Q(22) ).
Recall that S/ ((IT:) = (; then we use Taylor’s expansion to calculate

Sy (@) — Sy (@)

(2.6)

(2.7)
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= (su(@0) (81 - 82), (% - &)
+ (=0 (QE)) — Q&) +o((A - w)?). (2.8)
Note that

then we find

where we have used equality (2.7)) in the second step. Using Lemma , we have
%
NQ(Dy) ’A_ =0.

Hence, -
Q(®3) — Q(®.) = o(A —w),
and — =\ (= =
(su(®; )(@ ~0), (8- 22)) = o((A —w)?).
Taking these two results into , we obtain the desired estimate. 0]

3. COERCIVITY

%
In this section, we prove a coercivity property on the Hessian of the action S (@w).

—)
First, we study the kernel of S (CIDW) in the following lemma. The proof is standard, and it
is a consequence of the result from [17].

Lemma 3.1. The kernel of S/ (@T:) satisfies that
Ker(SZ((I)—:)) = {C’@z(IT: :C e R}.

> —
Proof. First, we need to show the relationship “2”. For any f € {C’Ox@w :C e R}, using
(1.3), we have

_ )2 _ Ap+1 .
S”( )f S"( w) (C’@x(l)—:) - ( 8:(:( axx¢i:¢(/1+5¢2¢w wa ) ) =0. (3‘1)

Then (3.1]) implies that f is in the kernel of S (P ( ) and we have the conclusion

Ker(S1(82)) > {C0,8.: C € R},
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- —
Second, we prove the reverse relationship “C”. For any f € Ker (SZ(@@), by the
H
expression of S’ ((I)w) in ([2.6)), we have
_amcf + (1 - w2>f - (p + 1)¢£}f =0,
g+wf=0.
By the work of Weinstein [17], the only solutions to (3.2) are
f = Oaac¢w:
g = _Cwam¢w7
- —
This implies that f € {C 0,0, :C € R}, and we have

Ker(S1(80)) © {C0,8.: C € R},

(3.2)

C eR.

Finally, combining the two relationship gives us
Ker(s5(85)) = {C0,0.: C € R},
This gives the proof of the lemma. O
The second lemma is the uniqueness of the negative eigenvalue of S (CIT:)
o,

Lemma 3.2. S/ (®,,) exists only one negative eigenvalue.

Proof. Tt is known that the operator —0,, + (1 —w?) — (p+1)¢P has only one negative eigen-
value (see [17]), and we denote it by A_;. Then there exists a unique associated eigenvector
¢ € H'(R) such that

—0al 4+ (1 = w?)C — (p+ DPEC = A1l (3.3)

—
Using the expression of S”(®,,) in (2.6]), we have
"
(su@2)3.,a.)

— [0t = (o 000" = P ) (D)o
R w

= — pliguljrt: < 0.
This implies that SZ(CIT:) has at least one negative eigenvalue, say, jo. Assume its associated
eigenvector 7y = (&, m0)T, that is,
SU(D0Yiio = pol.
Using the expression of SZ(CI)—(Z) in (2.6) again, the last equality yields
020 + &0 — (p + 1)BL&o + wio = pobo,
{ Mo + w&o = foMo-

From the second equality, we have 1y = —lfmfo. Then we substitute it into the first equality
to get
2

1 —po

~Oyabo + (1= )0 = (p+ Do = o 1—— + 1) .
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Hence, by (3.3)), (0, 7o) is exactly the pair satisfying

1 ¢
Ho = 5 (A_l +wr+1— \/)\31 +2(w? — DA+ (w2 + 1)2>, =1\ w¢ |. (34
po — 1
—>
This implies that S/(®,) has exactly one simple negative eigenvalue. This completes the
proof of Lemma (3.2} U
%
The next lemma gives one of the negative direction of S” (@w).
Lemma 3.3. Let
N 1 aw¢w = o ¢w
%—%(—wamw)’ ‘I’“‘( 0 )
Then
— - =
S (¢w)¢w =V,. (3.5)
Moreover, we have
T N
(SU®)br ) < 0.
Proof. Taking the derivative of (1.3]) with respect to w, we have
~0(0utu) + (1= )0 — (0 + 1) @000 = 2wy (3.6)

Using the expression of S (CIT:) in , we have
"niEN 7 1 _8x:paww+1_ Qaww_ +1 5aww
Sw(q)w)ww:2_< ( (b ) ( wg) ¢ (p )(b (b )
w
This combined with gives
0T\ T _ wa o =
su@i - () - (3.7)
Now we show <SZ (Q)Jw,ﬁw> < 0. From (3.7)), we have
niTIN T T o = _ i 8w¢w
(SL(®2) T sy = (Wi i) = /Rm,m o ( o ) d
1 1 9
— 55 [ 00ude = Al (3

Note that, by (2.2),

2_1
[pull7z = (1 = w?)? 2| pol|72
Hence,
4 w
aw”¢w”%2 = _(]_9 - 1) 1 — w2 HQSWH%2 < 0.

This completes the proof. 0

Now we prove the following coercivity property.
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Proposition 3.4. Let |w| < 1. Suppose that 7= (,n)T € H'(R) x L*(R) satisfies
<ﬁ, 8xi)> = <ﬁ, @i> =0, (3.9)
where \ITW> = (¢,0)”. Then
(S(®2)7.77) 2 3

— —
Proof. From the expression of S (@w) in (2.6), we can write S” (wa) as

SI(@)) =L+,
— — D
axzjul w),andV:( (p+1)g? 0

where L = 1 0 0

of the self-adjoint operator L.
—>
Step 1. Analyse the spectrum of S (@w).

) . Hence V' is a compact perturbation

We first compute the essential spectrum of L. Note that for any f: (f,9)F € HY(R) x

L*(R),
e A=%D (1))

R 9

= 10:f 1172 + 11172 + 2w(f, ) + llgll7-

= | fllinxze +20(f. 9). (3.10)
For the term 2w(f, g), applying Holder’s and Young’s inequalities, we have

20(f, ) < |wlll 71 cr2-
Taking this estimate into ((3.10)), we have

(LF, ) = (U= 1Dl Il e

Since |w| < 1, we get

(LF ) 2 N 1l e
This means that there exists § > 0 such that the essential spectrum of L is [§, +00). By
Weyl’s Theorem, S ((i,)) and L share the same essential spectrum. So we obtain the essential
spectrum of S/ (<I>—w> . Recall that we have obtained the only one negative eigenvalue py of
Sy (<I>_w>) in Lemma [3.2{ and the kernel of S/ (<IT:) in Lemma . So the discrete spectrum of
S (@w) is pg, 0, and the essential spectrum is [d, +00).
Step 2. Positivity.
The argument here is inspired by [I, B]. By Lemma [3.2] we have the unique negative

eigenvalue 1y and eigenvector 77y of S’ ((]?w). For convenience, we normalize the eigenvector 7
such that ||7o||2xz2 = 1. Hence, for vector 17 € H'(R) x L?(R), by the spectral decomposition

theorem we can write the decomposition of 77 along the spectrum of S (CI%J),

o . -
n= %770 + bnaxq)w + gm
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— — —
where a,, b, € R, 0,®, € Ker <S£J’ (<I>w)> and g, lies in the positive eigenspace of S/ (@w),
that is, g, satisfies

— — — —>
<g777 770> = <gna 8acq)w> =0,
and there exists an absolute constant ¢ > 0 such that

<SH( )9n7gn> > 0 |Gyl z2x g2 (3.11)

—>
Since 77 satisfies the orthogonality condition <ﬁ, 8Z(I>w> =01in (3.9) and <770, 8$<I>w> =0, we
have b, = 0, and thus

7 = ayio + Gn- (3.12)
Substituting into <S”( )T, ﬁ>, we get
(U@, 7) = (S8 il + Gy): ol + G )
<5"( )7707770> + 2H0an<gn,?70> + <SZ(<ITW>)§77,%>.
Due to the orthogonality property of eigenvector (g,,7) = 0, we have
(S(®@2)717) = a2( SL (@Yo, o) + (S1(®2) . G )

= oty (7o, 7o) + <S”(<IT:)§777§777>

= poa? + ( SL(®2) 5. 3 ) (3.13)
To 7,;“}, by spectral decomposition theorem again, we may write

o = aijy + b&pa + g,

where a,b € R, and ¢ lies in the positive eigenspace of S”( ) We note that <1/)w, 0,P > = 0.
Indeed, since ¢,, is an even function, we have that d,¢,, is even and 0,¢,, is odd. Hence, we

get
<Jw,8x<17§> Hw /c‘mw Dy, d = 0.

Then b = 0, and thus
1/140 - aﬁO + g .
Therefore, a similar computation as above shows that

(SU(@2) b ) = (SL(B2) (@il + 7). all + 7)
= (SL(02) (aib), ailo ) + (S1(92)7.9)
= poa® + (S1(82)7, 7).

—> — —
For convenience, let —dy = <SZ (@w)ww,¢w>. Then by Lemma we know that dy > 0.

Moreover, we have

—00 = proa® + (S1(92)7.5)- (3.14)
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Using the orthogonality assumption <ﬁ, @z> =0in and , we have
0= (1T = (o + iy SLE)L)
<%m+%ﬂ% 2) (i + 7))
(o @ o) + (5,518
—Moaan 1o, o) < ( )§§>

- MOaan <S”( )ﬁ, _’n

ée*i +

\/

So we get the equality

ée*l

)3.4, )

0 = poaa, + <S”(

By the Cauchy-Schwarz inequality, we have

(moaa)? = (S(22).5,)

This gives
A
(—p00®)(—poay) < <S”( )7, g><S"((I>w)gn,gn>. (3.15)
The last equality combining with (3.14]) implies that

,_(su@)gg)(su®)a,a) _ (Su(®)8.9)(S1(¥)d5)
—Holy > —NOCLQ = <SZ (qT:)g,g* T b )
that is,
w(Pw)g,9) + 00
Inserting into , we obtain
S1(22)d.§
() i e
)
Recalling that g, satisfies , we have
W<M®<M£Z%$M@maw' (317)

From the expression of 77 in (3.12) and the inequality (3.16]), we have

17122 22 = Nl + GullZz 2 = ay + 1GullZz 2
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(st@aa)

Lodo

< <5”( W) 77>

—5 .
<5L'(<I>w)nﬂ7> + 13,1172 2

Therefore, this gives
<SZ(<I>_Z)77, ?7> > 1l o (3.18)
To obtain the final conclusion, we still need to estimate
(SU(®)7.7) 2 I3
o,

Using the expression of S‘Z( w) in (2.6)), we have
(SLE)ED = [ (-0ut+€~ (p+ D2 +amn+wg)- (&) do

—10u€ s+ Tlcrz + 20 [ gndo =+ 1) [ foulré?a.

Thus by Holder’s and Young’s inequalities and m, we get

L@~ 2 [ ndot (o4 1) [ lope do = 17
< (SL(®2)77) + 2wl l€llezllnllze + (0 + 1)l gullho< IE]13-

0@2)7,7) + (ol + 0+ D6l ) 17222

<s"( ) + 1lere S (S(®2)7.7). (3.19)
Therefore, together (3.18)) and (| -, we obtain
7022 = 10u€ 22 + 13 sze S (S(B2)7.7).

Thus we obtain the desired result. 0

Applying Proposition |3.4], we obtain the following corollary, which is the nonstandard
coercivity property and one of the key ingredients in our proof Corollary [3.5] shows that we

%
can replace the element 0,P,, in the orthogonal condition (3.20]) by a suitably defined vector
_>
F The new orthogonal condition <77, r, > = 0 has an essential effect on the estimates of
the translation parameter y and A in Section [5

Corollary 3.5. Let |w| < 1. Suppose that 17 € H'(R) x L*(R) satisfies
(7o) = (7,92) =0, (3.20)
where IT; € H'(R) x L*(R) and &EF_: = \f: = (4w, 0)T. Then

(S2@2)17) 2 Il o (3.21)
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Proof. We define

£—ij+b0,0,, Ec H'(R) x L2(R).

(7.02.)

b: T

If we choose

100 P72 2
then
(£0.85) =0
Moreover, by , we have
<§, ?> <n+ bo, w\flz> _ <*\Tfj> n b<ax<iu>,ifz>. (3.22)

Note that

b<ax<1>_£,ﬁi> - b/ (axd)w,(—w)amw) - ( %J ) dz = b/axd)quw dz = 0.
R R

o — -
Hence, <£ Y > = 0. Therefore, ¢ satisfies the orthogonality condition (3.9)) in Proposition
. Then using the conclusion of Proposition and S”(® )0 <I> =0, we get

<S”( 07y = (Su@d) (€~ 10.®2) (é’— 0,.))
- (EEE) LT ) {1 0T
= (SL®DEE) 2 sz

_>
where we have used the self-adjoint property of the operator S”(®,,) in the second step.

Now we claim that ||£]|2 2iwre 2 I3, 2 Indeed, using the orthogonality assumption
(13.20)), we have

(E0) = (+ 00,80 T0) = b [ (6= ( i ) = —bllgulz=

Thus, by Hélder’s inequality, we have

o=
L lem)

1Pz

S N€llmee. (3.23)

Now from (3.23)),

HlxIL2

. - —
i1 = [[€ = b0, 2.

g S €l xe

This completes the proof. O
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4. MODULATION

We now suppose for contradiction that the solitary wave solution is stable; that is, for
any € > 0, there exists 0 > 0 such that when

. —
||U0 — (I)wHH1><L2 <0,
we have
—>
i€ U.(Py). (4.1)

Then the modulation theory shows that by choosing suitable parameters, the orthogonality
conditions in Corollary can be verified. The modulation is obtained via the standard
implicit function theorem.

Proposition 4.1._(>M0dula,tz'0n). Let |w| = w.. There exists eg > 0 such that for any
e € (0,e9), U € Us ((IDW), the following properties are verified. There exist C*-functions

y:R—R, N:R—RT
such that if we define 17 by

5 5 —
ity =a(t,-+yt) — Paw), (4.2)
then 1 satisfies the following orthogonality conditions for any t € R:
L T L T
<77>F)\(t)> = <77, ‘I’A(t)> =0, (4.3)

— e
where Ty € HY(R) x L*(R) and 9,Ty = ¥, = ( %\ ) . Moreover, the following estimate

verifies that
HﬁHHIXL2+ ’)\—W| 55. (44)

Proof. We use the implicit function theorem to prove this proposition. Here we only give the
important steps of the proof and refer the reader to [17, 18], 12} [13] for the similar argument.
Define
5 -
b= (uv)\uy>7 bo = (q)wvwao)
_>

Let € be the parameter decided later, and define the functional pair (F}, Fy) : U (CIDM) x R x
RT — R? as

Fi(p) = <77F_§> Fy(p) = <ﬁ\17§>

We claim il;lat there exists 9 > 0, such that for any € € (0,¢g¢), there exists a unique C*
map: U.(®,) — R* x R such that (Fi(p), F»(p)) = 0.

Indeed, firstly we have
Fi(po) = Fa(po) = 0.

Second, we prove that
(‘%Fl 8yF1

0F oF | 70

Pp=Ppo

|J|=\

Indeed, a direct calculation gives that

ONFL(p) = 6A<ﬁ, r_i> _ 8,\<1I(t,x +y(t)) — Bagy, r_§>
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5 —— g — =
= <'Lb(t, x -+ y(t)) — CI))\(t), 3>\FA> — <8,\®,\(t), F)\>

—
When p = py, we observe that o (t, x+ y(t)) — @) = 0, and the first term vanishes. For the

second term, we note that I'y is an odd vector and 0\®,) is an even vector, so we get

= 0.

Pp=po

OF1(p)

A similar computation shows that

- = — =
oFm)|  ={(oa+y. T =(08LT)] = e
p=po P=po P=po
— — 1 1
O F: :—8@)’\11 = {0 , ‘ E— ) 2 _ wz;
©\Fo(p) - < © P )\> . < P ¢/\> - 5 DAl 72 - 2w\|¢ 172
—
or0)|  —(0B.0) = [aneu| -0
p=po P=po R P=po
Then we find that

’ OFL 0,F

1 4
= —||¢u 0.
8)\F2 ang . 2wH¢ HL27é

Therefore, the impli_)cit function theorem implies that there exists ¢y > 0 such that for any
e € (0,e9), u € Us ((IDw), there exist unique C'-functions

y:U(By) =R, A:U.(Dy) — RY,
such that

(i T3) = (7, 03) = 0. (4.5)

DA DN\ _ ;1 (051 O
auy avy N 8uF2 81)172 ’

Furthermore,

This implies that
_>
|A — CU| SJ ||ﬁ— q)wHHlXLQ <e.

This finishes the proof of the proposition. O

5. DYNAMIC OF THE PARAMETERS

In this section, we control the modulation parameters y and A. The effect of giving a
precise control on modulation parameters is to obtain the structure of I’(¢) in Section[7] The
main result is the following.
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H
Proposition 5.1. Let @ = (u,v)T be the solution of (1.4) with v € U€(<I)w), where € is
obtained in Proposition . Let y,\, 7= (&,n)T be the parameters and vector obtained in
Proposition [{.1]; then
— —
) )

§ =2 = o3 [Q(®)) — Q(02)] — loall[Qa) — Q(®2)] + Ol «.2)
and
A= Ol xr2).
The proof of the proposition is split into the following two lemmas. The first lemma is

Lemma 5.2. Under the same assumption in Proposition 5.1, we have

§— A= —[all72(n, 62) + O (1721 xs2)

and

A= Ol mrxr2).

Proof. Recall the definition 7j(t) = @(t,- + y(t)) — ®xp) in (4.2), that is,
v(t,x) = =)Aoy (m — y(t)) + n(t, T — y(t)).
Using the first equation of the equivalent system (|1.4]), we have

(5.1)

— =
We recall the definition of I'y in Proposition and denote v, as the first component of Ty.
Now we multiply both sides of equality (5.2]) by ~, and integrate to obtain

(Aadam) = (5 = N)Dadr, )
= (=&, ) + (I = A0:E, 1) + M€, 1) + (0um, 1) (5.3)

We know that ¢, is an even function and ~, is an odd function, so <)'\8Agb>\, ) = 0. By the
orthogonality condition (4.3]), we have

<8ZD£7 7A> = _<ﬁ7 @) = 07
so we get
<€77)\> = at<£7fy)\> - <£7 atrY)\> = 8t<777 IT)\>> - <€7 8tf7)\> = _<£7 at7A> = _)\<€? 8A7A>'
Thus, we simplify equality to obtain
(¥ — )\)H¢AH%2 - A(ﬁ, M) = —(n, ). (5.4)

%
Next we multiply both sides of equality (5.2) by the first component of W, and integrate to
obtain

(AOAGA D) — (§ — A){(Duor, D)
= (=& B2) + (§ — N){(0:&, dr) + (A&, B2) + (0um, D) (5.5)
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Now we consider the term in (5.5) one by one. From Lemma , we have 9, ox|7. =

loall2,
Uy

. : 1. A
(10rm,0n) = 4 [ ondhin = 530rl = =5l
R

The term —(y — \)(0:0x, ¢») vanishes as ¢, is an even function. By the orthogonality
condition (4.3]), we have

(€, 63) = OE, ba) — (6, 0102) = DT, W3} — (£, rn) = —(€, D).
Thus we simplify equality to obtain
A = Silloalss — (€ 00n)] + - N Bea) =~k n 0. ()

— = =
Since Wy, "y, ®, are smooth functions with exponential decay, combining ((5.4)) and (/5.6)), we
get

(1 = Noallz: — ME Oama) = —(n, da),

\ 1 2 . o (5.7)

A= 351631 = (€ 0560)] + (5 = N, 0uta) = Ol ssz)
We denote

. ( —(&,0Am) [N )
—s5lloalliz = (&, 0002) (€,0u01) )
Then by a direct calculation, we get
< A ) _ 4 < —(n, d») > _ ( Ol 122 )
y—A O (171l 1 x2) —loall 2 (m, ox) + O(il12 . p2) )

This proves the lemma. Il

The second lemma we need is the following.

Lemma 5.3. Under the same assumption in Proposition |5.1], we have
. — — —» .
/ norde = |Q(@0) — Q(®2) | + [Q(®2) = Q@Y)] + Ol «2).
R

Proof. Using equality (5.1) and the expression Q(@) = [, uvdx, we have

am-o( 2E)

:/R—Nﬁidx—)\/R&mdij/Rn@der/andx.

%
Now we analyse the last equality one by one. By (2.1)), we have Q(@ ,\) = fR —\¢3 dz. Recall
o
that we have the orthogonality condition <ﬁ, v A(t)> =0 in (4.3), then

—
—A/ﬁ@dxz —A/ﬁ- U da = 0.
R R
The final term gives [, énda = O(||77]|%1, ;2). Therefore,

Qi) = Q&) + / néa da + O(i72 . 12).
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From the conservation law of momentum, we know

/R néxde = Q@) — Q@) + Ol se)
& —

= [@@) - Q(@l)] + [Q(®2) = Q(@)] + Ol .2)-

This proves the lemma. ([l
Now we are ready to prove Proposition 5.1
Proof of Proposition[5.1 Combining the estimates obtained in Lemmas[5.2]and [5.3] we have

§— A= —[loall;2 / néadz + O(lifl2n . r2)
= lloall 2 [Q(®3) — Q@) ~ loalz2 [ @) — Q(E2)] + Ol «2)-

This gives the proof of the proposition. OJ

6. LOCALIZED VIRIAL IDENTITIES

The following lemmas are the localized virial identities. One can see [11] for the details
of the proof.

Let v is a H?-solution of 9,v = u, and

Li(t) = / vow dz.
R
Lemma 6.1. Let @ € H'(R) x L*(R) be the solution of the system (1.4]), then
L(t) = ol Ze — llullZe — lluallZ + llullf; 2.
Let
L(t) = / o(z —y(t))uvdz,
R
then we have the following lemma.

Lemma 6.2. Let ¢ € C3*(R), @ € H'(R) x L*(R) be the solution of (1.4)), then

50 =3 [ ¢ - yo)wd—3 [ 2p+1)

"o 2., 2. 2 +2
¢ (z —y()) <3|ux| + v +u ) |ul? ) dx
/ ¢" (z — y(t))u* dz.
R
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7. PROOF OF THE MAIN THEOREM

This section is devoted to prove our main theorem.

7.1. Virial identities. Let ¢(x) be a smooth cutoff function, where

z, |z| <R, -
Plz) = {0, lz| > 2R, (7.1)

0<¢ <1, [¢"| < gz for any z € R. Moreover, we denote

I(t) = (% - 2) I, (t) + 2L (t).

Then we have the following lemma.

Lemma 7.1. Let R >0, y, \, 7= (£,m)T be the parameters and vector obtained in Propo-
sition[{.1. Then

() =— 2(% +1) B(d) - <4A? +22) Qo) + (2 - Py G ) loall2:
4- 4-
=2(3 = A) Q) + (22— F ) el + 27ws ol + R(@), (7.2)
where
R(u0) = Q/R [1 — ga’(a:—y(t))] (yuv + ;ux + % + %"02 — ;%;Mp“) dx
+ / ¢" (z — y(t))u* dz. (7.3)
R

Proof. From Lemmal6.2and the conservation law of momentum, we change the form of I5(t)
as

I(t) _—y/R [gp’(m—y(t)) —1—|—1]uvdx+%/Rgom(x—y(t))uzdx
1

— 5/]& [gp’(:v —y(t)) =1+ 1] [3]ux\2 + 0?4+ u? — %]u\p”} da

2

) 3 1 p+1

1—’—t]( 2, |2 Lo 1, ptl

—|—/R[ ¢ (z —y(t)) yuv+2|u\—|—20+2u )
Then a direct computation gives

I'(t) = (% - 2) Ij(t) + 2I4()

4 4 4 2(p+4) +2
=— —+1> ux2—|—<——3)v2—|—<———|—1)u2 7]
(p [z 72 p o]z 5 [llz2 + Y )|| [

3 1 1 1
™ Q/R [1 — ¢/ (- ?J(t))] (?ﬁw + §|Uw|2 + 51)2 + §u2 — %WV’H) dz

T / o — y(t))u? dz — 24Qi).

S 1 2 1
= Q) — 3 [Bluale + Julle + ol — 22 uze] + 5 [ (o - ) as

|u]p+2) dz.
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From the conservation law of energy, we have
. 2 2
2B (tho) = lluall7> + lvliZ2 + [Jull72 — mHquﬁ;z-

Then

4 4 4 2(p+4) 2
- —+1> ux2+<——3>v2+<——+1>u2+ ul??
<p luellze + {2 =3 )lvilzs 5 ) lellze p(p+2)H [y

2(4 —
BB 2l + ol

204 — p)
5

— 2(% + 1)E(a‘0) +

4 -
=—2(5 + 1) @) + Wl + o] +2(1 - ¥ 22 Jul

- _26 + 1)E(ﬁ0) + 2(4p_p)

By orthogonality condition (4.3) and using formula (5 , we have the following two equalities:
lullZ2 = lloallze + 2{ex, &) + 1I€]1Z2
_>
= loallze + 2000, ) + 1€l 72 = [loallz2 + €122,

4 —
o + s — 4>\—Q( o) +2(1- ==t ; D).

[o+ Xull72 = [| = Ada + 1+ Ada + AE[72 = [N + 7|
Hence, using the equalities above, we obtain
4 2(4 — 4 —
1'(t) ==2(= + 1) B(d) + St OV VA A—Q( o) +2(1 = 2L Jull3.
p p p
3 1 1 1
+ Z/R [1 — ¢ (z— y(t))] (yuv + zux + 22} + Su u® %]u\p“) dx

n /R O (x — (1)) u? dz — 25Q (o)
2(4 —p)
P

B 4 . 9 4—p
~2(0 1) Bli) + I+ A€l — A=L Qi)

4 —
+2(1=X=F) (loall3: +lillz2)

3. 1, 1., p+l
[ vte- o] Y
+/R ¢ (z —y(t)) yuv+2uw+2v +2 ij2|u| T

n /Rgpm(x —y())uEdz — 205 — A+ N)Q(o)
=23+ 1) B - 2 (2L + 1)t +2(1- ¥ L) ol

. 4— 4 — L,
=205 = NQUi) +2(1 = X L) el + 2= LN+l + R
This proves the lemma. 0

Now we consider R(#) in ([7.3)).

Lemma 7.2. Let R(u) be defined in (7.3); then
1

- -2 -t
R(@) = Ol x> + 7).
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Proof. Using the definition of the cutoff function ¢ in ([7.1)), we have

ST ()

3 1 1 1
(yuv + Sug? + su? + Z0® — p=- ] \p“) dz + / " (z —y(t))u’ dx
2 2 p+ R

2"

1
s/ (116 (= @) (1llullo] + el + u® + 02 4 ) dz + —.
{lz—y(t)|>R}

By Holder’s inequality, |¢'| < 1, and |g| < 1 (from Lemma [5.2)), we have

. 1
|R(@)| 5/“ - (|u$|2+u2+vz+|u|p+2) dx—i—ﬁ
z—y(t)|>

S/W U@¢*+@®2+Wu+§V+CWu—m2+MA+5“2dx+3?
{lz|>R} R

where we have used equality (4.2)) in the last step. Further, using the property of exponential
decay of 0,¢,, we have

/ @mfmgc/ e~ Clldg
{lz|>R} {|z|>R}

Then Young’s inequality gives

/' (Ouor + 046)? da
{lz|>R}

< 836)\2 ax2dl’
N4$mﬁ¢>+<o]
1

:o_| Q

< =+ 0l (7.4)
Using a similar method, we can prove
[ orepde <o+ e, (75)
{lz|>R}
[ 0en—np <O+ i), (7.6)
{lz|>R}
[ e epan < og - ). (7.7)
{lz|>R}

Thus, we combine ([7.4)-(7.7]) to obtain

. Lo
[R(@)] < C(5 + 1Tl x2)-

This implies that

S . 1
R(@) = Ol <22 + 3).

This proves the lemma. ]
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7.2. Structure of I’(t). Our purpose is to control the difference between u and the mod-
ulated solitons and the modulated scaling parameter. Note that the quantities involved in
I'(t) are nonconserved; the main issue is to analyse the quantities in detail. In particular,
we structure I’(t) as follows.

Denote

(i) = — 2(% + 1) [E(ﬁo) . E(qTf,)] _ m(z? + 1) [Q(ﬁo) _ Q(cITj)}

+ 2ol 3Q0) | Q) — Q(@2)] (7.5)
h(\) = — 2(% +1)E(8) - 2)\<2% +1)Q(®0) +2(1- A2?> loal2:

=2 olQ(@) [Q(®3) - Q(e2)]. (7.9)
R@) =R(@ +2(1 - 22 el + 27— ¢ + i

- z@(%){@ N = [0@) - (@)

+ |l 2 [Q(ﬁo) — Q@z)] } (7.10)

Now we rewrite I'(t) as follows. In particular, we remark that there are no one-order terms
with respect to 177 and .

Lemma 7.3.
I'(t) = p(id) + h(\) + R().
Proof. We will make a direct calculation. From (7.2)), we know that

') = —2(% + 1>E(170) - 2)\<2$ + 1>Q(u0) + 2(1 _edze )||¢A||L2

- 205 - NQa) + 2(1- L )\|5HL2+24—HA5+77HL2+R< i

_ _2(% +1)[B(a) - B®)] - 2A(24T +1) Q) - Q(&2)]
)]

+ 26x 1 Q(d0) | Q) — Q(®2)

—2(3+1)B@)) -2 (2L 1) Q@l) +2(1- ¥ ol

p p
— 26l Q@ >[Q(¢A) Q(a.)]
+ R +2(1= ¥ L) el + 22 Iag + i

- 2@(%){@ =) = el [Q(®)) - (@0)] + el Q@) - (a2)] }
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This completes the proof. O

By Lemma and Proposition [5.1], we obtain

~ N 1
R(a@) = O (7«2 + E>' (7.11)

7.3. Positivity of the main parts. The main parts of I'(t), p(iy), and h(\) are considered
in this subsection. We shall prove their positivity in the following.

Lemma 7.4. Let iy = (1 + a)CITw> for some small positive constant a. Then
1) p(ty) > Cia,  for some C) > 0;
2) h(\) > Co(A — w)® + O(a(X — w)?) + o((A — w)?)  for some Cy > 0.

Proof. 1) Recall the definition of p(i) in (7.8):
plin) = =2(; + 1) [Bi@) - E®)| - 20(22 + 1) [@(@) - Q(E)
+ 20 2Q(0) [Q(ﬁo) - Q(a)). (7.12)

First, by Taylor’s type expansion, we have

E(iig) — E(®,) = <E’(<I> ). iy — o) + O (|| — TolZpr, 1)

= a(E'(82),80) + O(a?).
o,

Using the expression of E’ ( w) in , we have
%

E(ty) — E(®w) = a/R(—amaﬁw + g — 0, —w) - < _(f;;bw > dz 4 O(a?)

B a/]R(_amgbw + (1 - W2)¢w - ¢£+1 + w2¢wa —woy) - ( _ZSJL;SUJ ) dz + O(a2>
= 2aw?|| ¢, |72 + O(a®), (7.13)

—>
where we have used equation (1.3)) in the last step. Next, we compute the term Q(uy)—Q ((IDw)

in (7.12)):
Qi) — Q(®.) = (@ (8.), ity — 85 ) + Oy — B3 12)
= a(Q'(82), 85) + 0(a).
Using the expression of () ((IT:) in ([2.4), we have
Qi) = Q@) ~a [ (i i) (%, ) a0
= —2aw||¢, |72 + O(a?). (7.14)
Then we put and into the expression of p(j):
Ly 4 . = 4—p .
plido) = — 2(]; +1) [B@) - B(®)| - 2)\<2T +1) Q@) - Q(@0)]
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_ . . —
+ 2l Q() | Q) - Q(2.)|
4 4 —
_ 2(5 + 1) [QanHgwa%g + O(az)} - 2)\(27p + 1) [— 2aw|po 22 + O(a?)

+ 20631 3Q() | — 20603 + Oa?)]

4 4 — |2
= — 4aw?(= + 1) 60l + daw (27— +1) 1632 — 4awQ(do) 9,112
p p [ pall7
+ O(a?). (7.15)
For the term 4awA (2% + 1) | w72, we have
4 — 4 —
4aw/\(2—p + 1) bull2> = daw? (z—p 1) ull22 + O(alA — w)). (7.16)
p p
2
For the term —4aw@ () Hﬁw”;z, we use the expression ¢, (z) = (1 — wQ)%qﬁo (V1—w?z) in
All 2
(2.2)) and Taylor’s type expansion again to calculate
B 12, - 1—w2%_%¢ 2 B 1 — w22
_4CMQ<UO)HZZ ”5 = —4an(u0)( 2)2_1H OHQL = —4an(uo)%
ML (1= A2)7 2| bol| 7 (1—A%)r2
— —4awQ(iio) (1 — )2 73 (1 = w2 + O(|A - w))]

= —dawQ(tio) + Q(io)O(alA — wl).
From the definition of Q () in (L.5]), we have
. —
Qi) = Q((1+a)®S) = —w(1 +a)?l|e|E=

Combining the last two estimates, we obtain

| ¢0|7 2
H@HQL = daw?|| ¢, |72 + O(a*) + O(a|\ — w)). (7.17)
L2

Finally we put ((7.16) and (7.17)) into (7.15)) to obtain
. 4 8 —
pliio) =~ daw” (1 +1) 16w 7 + daw” Lol

+ 4aw?||¢u||7> + O(alA — w|) + O(a?)

—dawQ(tp)

4_
:4aw27p|]¢w|]%2 +O(a)A — w|) + O(a?).

Choosing a and ¢y small enough, where ¢ is the constant in Proposition , and by (4.4)),
we obtain conclusion 1) of this lemma.
2) Recall the definition of h(\) from (7.9):
4 — 4 — 4 —
PN = —2(=+1) B(32) - 22 (27p +1)Q(@.) +2(1 - AQTp) loal12:

p
— 2ol 2Q(@) [Q(E)) - Q(e)]. (7.18)
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First, we consider the last term and claim that

—2leallEQU) [Q(23) - ()]
= 2w [Q(‘E\)) - Q(q)—:})] +o((A = w)?) + O(a(X —w)?). (7.19)

To prove (|7.19), we need the following equalities, which can be obtained by Taylor’s type
expansion and Lemma [2.1}

Q) - Q(32) =0xQ(B)|  (A—w) +O((A - w)?)
—O((A—w)), (7.20)
Qi) — Q(2) = O(a), (7.21)
l6allz2 = 16wl 22 = O(A = w)). (7.22)

Using —, we obtain
2l Q) [Q(E5) - Q(®.)]
= =2l Q(22) [Q(®3) - Q (&2
Further, from , we get
~2llel3Q(82) [Q(®)) - Q(®.)]
= 2l (wllould) - [Q(®) - ()]
)]

= 20[Q(®)) - Q(a2)].

)| +ol(h = w)?) + Oa(r - w)?).

Thus, we obtain
2l Q) [Q(25) - Q(®.)]
= 2[Q(83) = Q(®2)] +o((A = w)?) + O(a(r — w)?).

This proves ([7.19).
Inserting ([7.19)) into ([7.18)), we get

h()) = —2(% +1)B(%) - 2>\<24%p + 1)@(55) +2(1- AQ%) 1672

g

+20[Q(®) - Q(B2)] + o((A — w)?) + O(a(A - w)?).
Let

hi () = — 2(% +1)E(8]) - 2>\<2? +1)Q(@.)

24;}3 9 " =\ A7
+2(1-2 ; Mioal +20]Q(33) - Q(32)] (7.23)
Then
h(A) = hi(A) + o((A = w)?) + O(a(X — w)?). (7.24)
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Now we claim that
hi(w) =0, hi(w)=0, hjw)>0. (7.25)
We prove the claim by the following three steps.
Step 1. hy(w) = 0.
By the definition of hy()\), we have

4 — 4 — — 4 —
m(w) ==2(= + 1) B@0) — 202~ +1)Q(@) +2(1 —*—L) gl
p p p
By (2.1) and F (CIT:) in ((1.6)), we have

() = —2(% +1)(5 / (100l + 100l + | = wal?) do — —— / 07 de)

(2 1) ([ cwstao) +2(1-w T)HMIH

8
- _5“2”%”%2 +2[|¢u 72 =0

where we have used w? = £ in the above computation. Therefore, we have hy(w) = 0.

4
Step 2. hi(w) = 0.
Using the expression of hy(A) in ((7.23), we have

h/l()‘) _ 2(22 + 1)@((1?) — 4/\—||¢)\HL2

+2< A24p )aA(HQb)\HLZ)"‘Qwa)\Q((I))\) (7.26)

By and Lemma we have
PN ofod D 4—-p 24—y 5
B (w) = 2@—;—+1ﬁ%¢)+4——*ﬂcd+20 “'7T>@w¢m“)h

— o4
= ~2Q(®) +2(1 -« ) a(Ioll32)] (7.27)
Now we compute the term 9 (||¢x[|72) R Note that
ﬁ
AQ(Px) = AA(=Aoallz2) = —lloallze — Ada(lldallZ2);
then Lemma gives
1
NS R T (7.28)

Taking ([7.28]) into ((7.27)), we get

4—0p 1
M) = 20l6ul3e +2(1 - *=L) (= 2l %)
D w
2 4—p
:_Qﬁ_1+w%;—ywm;

W

2,4,
2 (56 - 1)l
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Thus, we prove the result b} (w) = 0.
Step 3. h{(w) > 0.
Taking the derivative of ([7.26} m ) with respect to A\, we have

" 4— p 4—]9
hl(A)——4—H¢wHLz—8A 5 O (leall72)

+2<1—4pp ) (\|¢A|IL2)+2w8AQ(<I>A).

Since
%
03Q(25) = =03 (Aall72)
= =20\ ([l¢all72) — AR (lall7z),
we have
" 4 —D
B = =47 L6l ~ 4(2=Ex+ ) ar(I6al)
4 2 2 2
+2<1 - Py2 Aw)@A(H@HLg).
Hence,
) = = 4Ll —40=—Lor(loa )| __ +2(1 - 7)ol
L D L), _ P L2, _
Using (7.28) and w? = £, we have
" 4—p 16
hi(w) =— 4Tll¢wHL2 LaBP Pllgu)i2. = ?H%Hiz >0

Thus, we prove the result 2] (w) > 0. This proves the claim ((7.25).
Using ((7.25) and Taylor’s type extension, we get
1
hi(N) = (@) + W (@)(A = w) + Sh (@) (A = w)* + o((A —w)?)
> Oy(\ — w)? + o\ — w)?,

where Cy = $h{(w) > 0. Putting this into (7.24), we obtain the conclusion 2) of this
lemma. U

Hence, combining Lemmas and and ([7.11)), we have

’ 5 1
I'(t) > Cra+ Cy(N — w)* + O<||77H%{1><L2 +aA—w)?+ §> (7.29)

7.4. Upper control of ||7]||g1xr2. From (7.29), to prove the monotonicity of I'(t), we only
need to estimate ||77]| g1xz2. In this subsection, we give the following estimate on ||77]| g1 2.

Lemma 7.5. Let 17 be defined in ; then
1717122 S O(alA = w| + a®) + o((A = w)?).
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. . o - .
Proof. First, since o = (CID,\ + 77) (x —y) in (5.1]), we have

, = PO 1 =\ o S -
S\(@) = S(B3) =(S3(@2),7) + 5 (SUBN T 7) + o312
— R
Using S/, (@w) = (0 and Taylor’s type extension, we have

(i) — 5:(23) =5 (SU@7) + o131 1)
Then by the estimate in Corollary we get
S (@) = S1(®3) 2 Il cre
Second, note that
SA(i0) — Sa(@2) = Sa(iio) — S (B0) + Sr(B2) — Sa (@),

and Taylor’s type extension gives

Sy(iiy) — Sy (B0)) = E(idy) — E(3,) + A(Q(W -« @)))
)+

— S, (i) — S. (P, w) Qi) - Q(®2))
, — — L o=
- <S (<1> )i~ @) + O(Huo , HHW) + (=)0 = 2
= O(a® + a|\ — w|).
By Corollary 2.2] we have
— —
S)\(q)w) - SA((I))\) = O((/\ - w)Q).
Finally, we get the desired result:
— — — —
70112 S Sa(@) = Sx (@) = Sx(do) — Sx(Pu) + Sr(Pu) — Sx(®»)
= O(alA — w| + @) + o((A — w)?).
This completes the proof. ([l

%
7.5. Proof of Theorem [1.2| As in the discussion above, we assume that u € U, (@w), and
thus |\ —w| S e. First, we note that from the definition of I(¢) and Young’s inequality, we
have the time uniform boundedness of I(t):

%
sup I(t) < R(H@wuiﬁw + 1). (7.30)
teR

Now we estimate on I'(t). From (7.29) and Lemma
1
I'() 2 Cra+ Co(A = w)* + Ol 2) + O (alr = w)? + )
1 1
> §Cla + Co(A —w)? + O(a|X —w| + a®) + o((A — w)?) + O(E)

By (4.4), choosing R satisfying }lz < a?, and choosing ¢, ag small enough, we obtain that for
any a € (0, ap),

I'(t) > %C’la + Cy(A —w)* + O(a* + a|lA — wl|) + o(XA — w)?



INSTABILITY OF SOLITARY WAVES 29

1
> —Cia+ 5020\ - w)2.

> =

This implies I(t) — +o0o when ¢t — 400, which is contradicted with (7.30). Hence we prove
the instability of the solitary wave ¢, (x — wt) and thus give the proof of Theorem .
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