
Intrinsic thermoacoustic modes in an annular combustion chamber

Philip E. Buschmanna,∗, Georg A. Mensahb, Jonas P. Moecka

aDepartment of Energy and Process Engineering
Norwegian University of Science and Technology

Trondheim, Norway
bCAPS Laboratory

Department of Mechanical and Process Engineering
ETH Zurich

Zurich, Switzerland

Abstract

Thermoacoustic instabilities originate from the interaction of unsteady heat release rate associated with
flames and the acoustic modes of a combustor. A feedback loop not involving the natural acoustic modes
has been observed in single-flame configurations with anechoic terminations: an acoustic wave emitted by the
flame travels upstream, and the associated velocity fluctuation again excites the flame. This feedback cycle
gives rise to thermoacoustic modes intrinsic to the flame (ITA modes). An analytical model for an annular
thermoacoustic system is formulated, and the existence of intrinsic modes of various azimuthal orders is
demonstrated. The spectrum of an annular combustor is computed with a three-dimensional thermoacoustic
Helmholtz solver. The configuration resembles those commonly found in gas turbines. In addition to the
observations in previous studies, numerous intrinsic modes are found, with frequencies close to the lowest
acoustic modes. All of the intrinsic modes can be grouped into clusters, at frequencies corresponding to
multiples of the inverse flame response time delay. It is demonstrated that the newly observed intrinsic
modes belong to the same mechanism that has recently been studied in single-sector/flame configurations.
An analysis of the evanescent character of cut-off azimuthal modes explains the pattern in the spectrum.
The underlying physical mechanism is generically present in any annular combustion chamber and a possible
source of instability.

Keywords: thermoacoustic instabilities, combustion dynamics, annular combustor, intrinsic
thermoacoustic modes

1. Introduction

Modern combustion systems with high power
densities, such as rocket engines and gas turbines,
are prone to an unstable coupling between acous-
tic waves and the fluctuating heat release rate gen-
erated by one or multiple flames. In particular,
annular combustion chambers enable high power
densities in a compact fashion [1]. This combina-
tion is especially advantageous in aerospace appli-
cations where weight reduction is essential, but it is
also favored in many stationary applications since

∗Corresponding author
Email address: philip.e.buschmann@ntnu.no (Philip

E. Buschmann)

the small surfaces in the combustor require mini-
mal cooling. A positive feedback loop between the
fluctuating heat release rate and the acoustic waves
causes a growth in amplitude of the pressure os-
cillation: a thermoacoustic instability (TAI) man-
ifests in the system. Combustion instabilities re-
sulting from thermoacoustic interaction cause sig-
nificant mechanical wear and potentially result in
catastrophic failure of the combustion system [2].
Avoiding this undesirable unsteady phenomenon is,
thus, crucial for gas turbine operation.

Numerical modeling tools are essential in iden-
tifying designs that are susceptible to TAIs at
an early stage. Modeling of TAIs can be con-
ducted based on large-eddy simulations (LES) [3,
4], linearized Navier–Stokes/Euler equations [5, 6],
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thermoacoustic Helmholtz models [7] or low-order
acoustic networks [8, 9, 10]. Solving the three-
dimensional thermoacoustic Helmholtz equation
has been successful in predicting TAIs in realistic
configurations [11, 12, 13], with significantly smaller
numerical cost than LES, but having fewer mod-
eling assumptions than network-based approaches.
Linear stability analysis of the thermoacoustic sys-
tem solves for the thermoacoustic modes, the com-
plex eigenfrequencies ω with associated mode shape
(or eigenfunction) p̂, and determines whether these
are amplified or attenuated in time. In the present
work, we refer to a pair (ω, p̂) as a mode. The
design of the system is geared towards achieving
thermoacoustic stability by ensuring that all modes
are damped. Evidently, this requires computing all
ω ∈ C in a relevant frequency range.

1.1. Thermoacoustic feedback mechanisms

Fluctuations in the heat release rate of the flame
in a combustor emits pressure waves. These are re-
flected at the boundaries and travel back to cause
a new perturbation of the flame [14]. This feed-
back loop is usually related to the natural acous-
tic resonance frequencies of the combustion system.
From a modeling perspective, the Helmholtz equa-
tion describing the purely acoustic system is ex-
tended with a feedback term accounting for the
active flame effect. This feedback term is com-
monly expressed in terms of the flame transfer func-
tion and, thus, depends nonlinearly on the eigen-
frequency, but linearly on the mode shape. The
flame feedback causes a shift in frequency and am-
plification or attenuation of the resonant modes. If
the flame feedback is considered as a perturbation
of the purely acoustic system, the thermoacoustic
modes of acoustic origin are expected to be in the
vicinity of the purely acoustic resonance frequen-
cies.

In recent experiments, Hoejimakers [15] intro-
duced anechoic terminations to a single-flame setup
and observed the manifestation of a TAI. This ex-
periment is surprising in the sense that an increased
damping at the boundaries, due to the anechoic ter-
minations, renders the system unstable – a situa-
tion that appears paradoxical.

As Hoejimakers [15] interrupted any acoustic
feedback via the boundaries, an independent mech-
anism must be responsible for the onset of the
TAI. Analysis of network models by Hoeijmakers
et al. [16], Bomberg et al. [17], and Emmert et
al. [18] showed that another feedback loop exists

that does not require acoustic wave reflection at the
boundaries. Instead, this so-called intrinsic feed-
back loop rests on the velocity fluctuation associ-
ated with the flame-emitted acoustic wave traveling
upstream. Thus, the mechanism does not require
acoustic reflection at the boundaries, as demon-
strated by [19] based on an explicit solution and is
solely a property of the flame response to acoustic
perturbations. Consequently, the thermoacoustic
modes associated with this mechanism are termed
intrinsic (to the flame). Courtine et al. [20] gave a
physical explanation for the intrinsic thermoacous-
tic mechanism based on a DNS study. Courtine et
al.’s study in time-domain clearly shows how the
intrinsic feedback loop is confined locally to the do-
main of the burner mouth.

Previous work [15, 16, 18, 19] showed that in a
one-dimensional Rijke tube with anechoic termina-
tions, thermoacoustic modes, which must be intrin-
sic for this kind of system, have the analytical so-
lution1

ω =
π (2j + 1)

τ
− i

τ
ln

(
n̄

1 + ξ

)
, j ∈ N+ , (1)

with ξ = ρcoldccold
ρhotchot

. τ is the time delay associated
with the flame response to acoustic perturbations;
n̄ is the interaction index describing the gain of the
response; ρ and c are mean density and mean speed
of sound, respectively. The analytical solution ex-
hibits two properties. First, high attenuation for a
weakly interacting flame:

Imω →∞, as n→ 0, (2)

and, second, an equidistant frequency spacing ∆f
on the real line between adjacent modes (of orders
j+1 and j), proportional to the inverse of the flame
time delay:

∆f = Re
(
ωj+1 − ωj

)
/2π = 1/τ . (3)

Recently, Mukherjee et al. [19] revisited McManus
et al.’s model of the Rijke tube with reflective
boundary conditions [21]. In the limit of a van-
ishing interaction index (n → 0) Mukherjee et al.
showed that strongly damped intrinsic modes have
solution Eq. (1), in spite of the fact that the model
does not feature anechoic terminations.

1We use a Fourier transform such that a time derivative
∂tp′ is mapped to +iωp̂ in frequency domain, see Section 2.
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It will be demonstrated in Section 3 and Sec-
tion 5 that intrinsic modes of azimuthal type ex-
ist in annular combustion chambers with reflective
boundary conditions. These modes interact with
their respective cut-off frequencies. Strongly cut-
off modes show an equidistant frequency spacing
on the real line (Eq. (3)) even for non-vanishing n.
This is a peculiarity of annular combustors, since
in the single-flame setup with reflective boundary
conditions Eq. (1) only holds for intrinsic modes if
n → 0, as shown by Mukherjee et al. [19]. More-
over, the acoustic resonance frequencies serve as no
indicator for the intrinsic modes and cut-on intrin-
sic modes are observed in close proximity to modes
of acoustic origin.

Orchini et al. [22] and Buschmann et al. [23] re-
port intrinsic modes in annular chambers but do
not explain their occurrence. To the best of the
authors’ knowledge, the connection of the intrin-
sic mechanism with azimuthal cut-off frequencies
has not yet been investigated in annular combus-
tion chambers.

Recent studies focused on the intrinsic mecha-
nism in single-flame configurations, where it was
established that intrinsic modes can be the cause of
TAIs and need to be taken into account by numer-
ical tools [24, 25, 26]. Our findings imply an equal
importance for the computation of ITA modes in
annular combustors.

1.2. Numerical solution of nonlinear eigenvalue
problem using contour integration

Previous studies in similar settings of annular
combustors [11, 27, 28, 29, 30, 31] exclusively iden-
tified modes as belonging to the acoustic feedback
mechanism. It is possible, though, that intrinsic
modes were computed but not identified as such.
In a recent review article [13] on thermoacoustic in-
stabilities in annular combustion chambers, intrin-
sic modes were not mentioned as potential sources
of instabilities; however, the general relevance of in-
trinsic modes to annular chambers is pointed out in
the review article [1].

The eigenfrequencies ω are obtained as solutions
to a nonlinear eigenvalue problem (NLEVP). In
general, NLEVPs cannot be cast into a form that
permits an explicit solution. In thermoacoustics,
these are usually solved by employing a locally con-
vergent fixed-point strategy, initially proposed by
[7] for Helmholtz solvers. This approach requires
adequate initial values, such as acoustic resonance

frequencies for the modes associated with the con-
ventional feedback mechanism; however, suitable
initial guesses for intrinsic modes are more diffi-
cult to provide. In the present work, a numer-
ical solution strategy for the NLEVP was cho-
sen that is fundamentally different from the com-
monly employed iterative techniques. This alter-
native method is based on contour integration and
was suggested by Beyn [32]. It is a global strategy
and determines all eigenfrequencies in a specified
domain in the complex plane – inside a defined con-
tour. In related work [23], the fixed-point method
[7] and Beyn’s method based on contour integration
[32] are compared in detail with respect to their
application to NLEVPs arising in thermoacoustics.
A combination of Beyn’s global solution algorithm
and subsequent iterative local refinements2 is used
to solve all NLEVPs considered in this article. We
emphasize that this strategy was essential in finding
the intrinsic modes that are the main topic of this
report. Incidentally, it was the interest in Beyn’s
global algorithm for the solution of NLEVPs that
led the present authors to the discovery of the pat-
terns of intrinsic modes discussed in the remainder
of this article.

1.3. Outline of this work

The thermoacoustic Helmholtz equation, which is
the basis for an analytical study and the FEM for-
mulation, is introduced in Section 2. In Section 3 an
analytical model of an annular cavity with a flame is
formulated. This elementary model exhibits intrin-
sic modes of various azimuthal mode orders, which
form a distinct pattern. A model of the MICCA
combustor is formulated in Section 4. A qualita-
tively similar pattern of intrinsic modes is observed
in the numerical study of the MICCA combustor,
Sec. 5. It is explained how the intrinsic modes in
the MICCA combustor originate from the intrinsic
mechanism observed in axial systems. In Section 6,
implications of intrinsic modes for stability analysis
in annular combustion chambers are discussed.

2. Thermoacoustic model

The transport equations for mass, momentum
and entropy can be linearized and then recombined

2For network models, this iterative local refinement is
based on numerical solutions of the characteristic equation;
for the FEM models, traditional fixed-point iteration is used
for this purpose.
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into a wave equation for the pressure fluctuation
p′, see [7]. Transforming the wave equation for the
pressure fluctuations into frequency domain (with
the convention ∂tp

′ 7→ +iωp̂ for the Fourier trans-
form) yields the thermoacoustic Helmholtz equa-
tion [7]:

∇ ·
(
c2∇p̂

)
+ ω2p̂ = −iω (γ − 1) q̂ , (4)

where c is the field of the speed of sound and γ
the ratio of specific heats (which is assumed to be
constant). The Fourier transforms of the pressure
and the heat release rate fluctuations are denoted
by p̂ and q̂, respectively. Stability of the thermoa-
coustic system is determined by the eigenfrequen-
cies ω ∈ C, where the real part of ω corresponds to
the angular oscillation frequency and the negative
imaginary part to the growth rate of the mode. A
mode is, hence, linearly stable if Im (ω) > 0, and the
perturbation associated with this mode experiences
exponential decay. Overall thermoacoustic stabil-
ity requires all modes to be damped. Since modes
corresponding to higher oscillation frequencies typ-
ically experience increasingly stronger damping due
to visco-thermal effects, practical stability analysis
is usually restricted to modes below a threshold. A
reasonable choice for a threshold is highly problem-
specific and the selection of which remains at the
engineer’s discretion.

The equation is closed by relating q̂ linearly to
a velocity fluctuation û at an upstream reference
position xref via a flame transfer function (FTF)
F (ω):

q̂ =
Q̄

ubVf
F (ω) ûref · nref . (5)

Here, Q̄ denotes the global average heat release rate
and ub the bulk flow velocity. In Section 3 the frac-
tion Q̄/ub is expressed by an analytic expression in
terms of a volumetric flow rate and flame-induced
temperature jump, while in Section 4 values from a
measurement of Laera et al. [30] are employed. In
the discrete model a domain of volume VF is speci-
fied which represents the flame and where the FTF
acts as a volume source. The linearized impulse
balance permits to express û in terms of p̂:

−iωû =
1

ρ0
∇p̂ , (6)

and, thus, Eq. (4) can be expressed in p̂ alone, if
F (ω) is known (e.g. from measurements, large-eddy
simulations or an analytical expression).

In the present study, the n–τ model, initially pro-
posed by [33], is employed:

F (ω) = ne−iωτ , (7)

where the interaction index n and time delay τ have
to be specified. With suitable acoustic boundary
conditions, Eqs. (4)–(7) form a closed problem that
can be solved numerically; this is the subject of
Sec. 4.

3. Theoretical analysis of an elementary
model problem

In this section, we show that intrinsic modes of
different azimuthal mode orders exist in an analyt-
ical model of an annular combustion chamber and,
strikingly, exhibit a pattern which is encountered in
the 3D model of Section 5. This elementary model
shows that intrinsic modes generally exist in annu-
lar combustion chambers.

A model for an annulus is formulated with a pres-
sure node at the outlet and a pressure anti-node at
the inlet, see Fig. 1. Network models for annular
combustion chambers were studied by [8, 34, 35];
however, the present model is considerably simpler.
An active flame that is distributed homogeneously
around the circumference is placed at some axial
position. For an azimuthal wavenumber m = 0, by
setting xref = L/2 and by neglecting the effect of
heat-release on mean flow quantities, this model re-
duces to the well-known one-dimensional thermoa-
coustic resonator, the Rijke tube studied in [21, 19].

3.1. Analytical model for a thin annulus with cir-
cumferential flame zone

Consider an annulus of radius R and length L
with a centrally positioned flame zone over the en-
tire circumference that separates the annulus into
a cold and a hot zone, see Fig. 1. The ideal gas
law for the speed of sound c =

√
γR̄T with γ = 1.4

and R̄ = 288.68 J kg−1 K−1 is used in the hot and
cold zones. The radial dimension is neglected, and
the flame response is modelled by the n–τ model
with the location of the reference position xref in
the cold zone left arbitrary.

In both zones, the problem is governed by the
purely acoustic Helmholtz equation:

∇2p̂+
(ω
c

)2

p̂ = 0 , (8)
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which motivates a separation ansatz in each zone:

p̂1 (x, θ) = X1 (x) Θ (θ) , x ≤ L/2 (9)

p̂2 (x, θ) = X2 (x) Θ (θ) , L/2 < x ≤ L . (10)

The azimuthal coordinate spans the right-open in-
terval θ ∈ [0, 2πR). It is assumed that the flame
induces a jump in the axial component alone and,
thus, the azimuthal function Θ (θ) is identical in p̂1

and p̂2. The matching conditions at the flame loca-
tion xF are the jump (denoted by square brackets)
in acoustic velocity:[

c2
dp̂

dx

]∣∣∣∣L/2+

L/2−
= Q (ω) , (11)

with the response given by the n–τ model:

Q (ω) =
γp0

ρ0

(
T2

T1
− 1

)
︸ ︷︷ ︸

Q̂

ne−iωτ dp̂

dx

∣∣∣∣
xref

, (12)

and continuity in p̂:

p̂1|L
2

= p̂2|L
2
. (13)

Note that the interaction index here is defined dif-
ferently compared to McManus et al. [21]:

n̄ =

(
T2

T1
− 1

)
n , (14)

where n̄ corresponds to the interaction index “n”
in McManus et al. [21], which has also been noted
by [19]. The formulation in Eq. (12) is consistent
with the definition in Eq. (7), which is employed in
the FEM model later on.

Inserting Eq. (9) and Eq. (10) into Eq. (8) al-
lows a separation of variables. The axial wavenum-
bers kj and the azimuthal wavenumber kθ are in-
troduced to formulate the solvability condition as:(

ω

cj

)2

= k2
j + k2

θ , j = 1, 2 . (15)

The ansatz Eq. (9) and Eq. (10) for every half j =
1, 2 takes the form:

p̂j =
(
Aje

ikjx +Bje
−ikjx

) (
Eeikθθ + Fe−ikθθ

)
.

(16)

The constants A1, B1, A2, B2 and an expression for
the azimuthal wavenumber kθ are determined by
evaluating the boundary- and matching conditions.

The constants E and F in the ansatz for the az-
imuthal component cannot be determined for eigen-
frequencies of azimuthal type due to their degener-
acy. The solution has to be 2πR periodic, hence:

kθ =
m

R
, m ∈ Z , (17)

wherem is the azimuthal wavenumber, which has to
be specified. Equation (15) needs to be re-arranged
to obtain expressions for kj as functions of ω and
the parameter m. One of the two branches of the
square root needs to be selected. The negative
choice

kj = −i
PV

√(m
R

)2

−
(
ω

cj

)2

, j = 1, 2 , (18)

guarantees that evanescent waves have Im (kj) ≤
0 and decay exponentially, which is the physical
choice. The principle value (PV) of the complex
square root is employed, since the argument is
complex-valued and would yield two solutions. The
present choice yields the solution with positive real
part, i.e. in the right half plane. For further details
see [36, p. 47].

With the chosen boundary conditions and the
matching conditions, the homogeneous linear sys-
tem of equations is defined through the matrix 0 e−ik2L eik2L

e−ik1
L
2 + eik1

L
2 −e−ik2

L
2 −eik2

L
2

L31 (ω,m) −c22 (ik2) e−ik2
L
2 c22 (ik2) eik2

L
2


︸ ︷︷ ︸

L(ω,m)

.

(19)

The element

L31 (ω,m) = −c21
[
(−ik1) e−ik1

L
2 + (ik1) eik1

L
2

]
−Q̂ne−iωτ

[
(−ik1) e−ik1xref + (ik1) eik1xref

]
(20)

contains the active flame effect. The linear system
of equations for the coefficients B1, A2, and B2 thus
reads

L (ω,m)

B1

B2

A2

 = 0 . (21)

with A1 = B1 due to the pressure anti-node at
the inlet. It is interesting to note that the matrix
in Eq. (21) is identical to the 1D case [19]. The
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Figure 1: Schematic depiction of the annulur model. A flame
zone at xF = L/2 spans the entire circumference and splits
the domain into a cold and a hot zone: with c1 and c2. The
reference position for the n–τ model is assumed to lay in the
cold zone xref < xF.

only difference is the relation between the eigenfre-
quency ω and the axial wavenumbers k1 and k2,
which now involves the azimuthal wavenumber m.
The 1D formulation is recovered for m = 0.

For fixed m, Eq. (21) exhibits non-trivial solu-
tions only for certain values of ω, the eigenvalues,
which are computed numerically in the next section.

3.2. Numerical solution of the analytical model

Eigenvalues ω of the annular model are computed
by solving the dispersion relation detL (ω,m) = 0.
The physical parameters are chosen similar to the
numerical study of the MICCA combustor in Sec.
4, viz. τ = 1.54 ms, T1 = 300 K, T2 = 1200 K; see
Figure 1 for the geometrical dimensions. The ana-
lytic model is not meant to represent the MICCA
quantitatively.

Figure 2 shows eigenvalues of Eq. (21) for differ-
ent azimuthal mode orders m in the complex plane.
The mode order m can be selected arbitrarily high,
but for the sake of presentation only modes up to
azimuthal order m = 10 are shown. The interaction
index is set to n = 0.05 (n̄ = 3n), to remain close
to the limit of a weakly interacting flame. Only the
part of the complex plane with high damping rates
is depicted to focus on strongly damped modes.
Later on it is demonstrated that these modes are

of intrinsic origin and will, hence, be termed intrin-
sic even though non-anechoic boundary conditions
are employed throughout this work. Any mode of
a model with an active flame (n > 0) is gener-
ally referred to as thermoacoustic. This work clas-
sifies thermoacoustic modes by their behavior as
n → 0 into either acoustic (Im (ω) → 0) or intrin-
sic (Im (ω)→ +∞). This definition will be further
explained in the next section. A precise definition
of the terms intrinsic, acoustic and thermoacous-
tic modes, and the degree to which these overlap
is outside the scope of this work (but see [37] and
[22] for a more detailed discussion of these terms).
Eigenvalues of acoustic origin are located close to
the real axis due to the small interaction index.

A clear pattern is visible: modes of increasing
azimuthal order line-up at certain real frequencies,
forming clusters. These clusters are separated by
approximately ∆f = 1/τ , consistent with Eq. (3).
The exact value between clusters 1 and 2 (2 and
3) is τ12 = 1.510 ms (τ23 = 1.508 ms), measured
between modes of highest azimuthal order shown.
The first cluster is at 329.70 Hz, which is close to the
value of the first intrinsic mode 1/2τ = 324.68 Hz
according to Eq. (1). In addition, the lower the
azimuthal mode order, the further offset a mode is
from the rests of its respective cluster.

Figure 3 shows a peculiarity between models with
different geometries: modes of lower order differ be-
tween configurations, but modes of higher order are
(nearly) identical. Thus, for an intrinsic mode the
mode order plays a role in the independence on the
acoustic properties of the system. The discussion of
the peculiarities of the eigenvalue pattern observed
here are postponed until Section 5, where they are
observed in the 3D MICCA combustor.

4. Numerical calculation of intrinsic modes
in the MICCA annular combustor

The MICCA configuration, an annular model
combustor at Laboratoire EM2C (CentraleSupélec)
consists of 16 burners. It is now analyzed numeri-
cally for the presence of intrinsic modes.

4.1. Model of the MICCA combustor

The geometry and experimental data of Laera
et al. [30] are used for the numerical model. Fol-
lowing Laera et al. [29], two geometric changes are
made to the discrete model as compared to the ac-
tual experiment: an end-correction is added to the
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Figure 2: Intrinsic modes in the stable half-plane for xref = L/2 − 0.05 m and n = 0.05 (n̄ = 3n). The intrinsic modes of
different azimuthal mode orders fan out. For every azimuthal mode number, there exist also thermoacoustic modes of acoustic
origin in proximity of the real axis (not depicted here). The clusters are separated by a distance of ∆f ≈ 1/τ , when the modes
of highest azimuthal mode order are compared. Cluster 1 is 5 Hz off from the value f = 1/2τ of Eq. (1) for j = 0. Cut-off
frequencies in plenum (PL) and combustion chamber (CC) are computed according to the analytic expression in [14, p. 138]
and drawn as vertical gray dash-dotted lines.
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Figure 3: Eigenvalues of cluster 1 depicted in Fig. 2 (tri-
angles) and of a longer model (squares) of twice the length
with the flame zone at 1/8 of the total length (instead of
half). All other parameters identical. The location of the
flame zone and the length of the acoustic resonator have no
effect on intrinsic modes of higher azimuthal mode orders.

combustor outlet, and the burner is modeled in a
simplified manner, as a stack of two cylinders. Fig-
ure 4 shows the geometry and indicates the speeds
of sound, which are set as constant in their respec-
tive cavities. Table 1 lists cut-off frequencies for the
azimuthal modes of first, second and third order in
the combustion chamber.

A pressure node p̂ = 0 is prescribed at the
outlet, all other boundaries are set as rigid walls.
The active flame parameters n and τ are taken

from the experimental flame-describing function of
[28]. From data for the lowest forcing amplitude
(u′/u0 = 0.1), the average gain is approximately
n = 0.9. Linear regression of the phase gives τ =
1.54 ms. The reference points for the n–τ model
are positioned just at the inlet to the lower cylinder
in the central axis of each respective burner. The
flames are modeled as a flat zone spanning the floor
of their individual segment with height lF = 4 mm.
An average heat release rate of Q̄ = 1.44 kW per
flame and mean bulk flow velocity ub = 0.49 m/s
are set according to [29].

To ensure that the discrete model exhibits the
discrete rotational symmetry of the actual combus-
tor, the mesh of a half cell of a single combustor is
first mirrored and then copied around the circum-
ference. The mesh of the full discrete model has
38.7 k degrees of freedom.

4.2. Nonlinear eigenvalue problem

The terms in Eq. (4), closed with Eq. (7) are dis-
cretized using linear finite elements in the solver Py-
Holtz [38], to yield a (sparse) matrix-valued equa-
tion:

Kp + ωCp + ω2Mp + ne−iωτQp = 0 , (22)

K,C,M,Q ∈ Cd×d ,p ∈ Cd×1 .

Matrices K and M are the stiffness- and mass ma-
trices, respectively, while C is related to the bound-
ary impedance Z (here Z = 0 for the pressure node
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Figure 4: Cut view of a single burner in the MICCA com-
bustor, including all geometric dimensions. The dashed line
is the symmetry axis. All boundaries are set as rigid walls,
except for the outlet where a pressure node is prescribed.
The subscripts refer to: combustion chamber (CC), end cor-
rection (corr), flame (F), perforated plate (pp) burner (b)
and plenum (PL). Temperatures are set as constant in com-
bustion chamber and plenum.

at the outlet; rigid walls enter the FEM formula-
tion as natural boundary conditions) and Q is as-
sociated with the acoustically active flame. The
complex matrices have dimension d, the number of
nodes in the mesh. Equation (22) contains the pa-
rameters, boundary conditions and flame response,
which were listed in the previous section for the
MICCA combustor.

The purely acoustic modes (or passive modes) are
computed as solutions to Eq. (22) when n = 0 but
there is still an increase in the mean temperature
across the location of the flame. For the MICCA
combustor, these modes are listed in Tab. 1. Solu-
tions with n > 0 are referred to as active modes.

Equation (22) constitutes a nonlinear eigenvalue
problem (NLEVP), which is commonly written as:

L (ω)p = 0 . (23)

The solutions are the eigenpairs (ω,p); at the eigen-
values ω, L (ω) is not invertible. The set of all eigen-
values of L is referred to as the spectrum. Proper-
ties of and solution strategies for general NLEVPs
arising in disciplines outside of thermoacoustics are
reviewed in [39] and [40].

In the following L (ω) is also considered as a
function of the parameter n, hence written as
L (ω;n)p = 0. Since L (ω;n) depends continuously
on n, see Eq. (22), the eigenvalues are also contin-

Table 1: Acoustic resonance frequencies of the MICCA com-
bustor below 1700 Hz. The azimuthal mode orders m
are given, and it is specified in which cavity the modes are
dominant. The plenum-dominant modes are of Helmholtz
type (approximately constant in axial direction), while the
CC-dominant modes exhibit an axial quarter-wave structure.
The ninth mode exhibits a minor radial variation but is still
of radial order zero. In addition, the first three azimuthal
cut-off frequencies fcm in the combustion chamber are given
according to the analytic expression in [14, p. 138] for an
annular geometry.

Index f in Hz m Dominant in

P1 332.09 0 Plenum
P2 471.35 1 Plenum
P3 730.70 2 Plenum
P4 816.64 0 CC
P5 1018.72 3 Plenum
P6 1028.00 1 CC
P7 1316.86 4 Plenum
P8 1499.78 2 CC
P9 1618.79 5 Plenum

f cm=1 633.60 1 CC
f cm=2 1266.78 2 CC
f cm=3 1899.04 3 CC

uous functions of n, see [41, p. 65 and p. 116]. This
property permits a nearest-neighbour continuation
of the eigenvalues as functions of n and a defini-
tion of the origin of a mode as acoustic or intrinsic,
depending on whether the mode trajectory param-
eterized in n tends to an acoustic or and intrinsic
mode when n→ 0.

5. Results and Discussion

The MICCA combustor exhibits 9 distinct acous-
tic resonance frequencies below 1700 Hz, see Tab.
1. Since the boundary conditions are ideal (fully
reflective) and no damping is included, L (ω) is
self-adjoint, and all passive modes are purely real-
valued.

5.1. The complete spectrum below 1700 Hz

Figure 5 shows the spectrum below 1700 Hz, and
Table 2 contains the full list of active modes. The
active flame effect (n > 0) induces a shift in fre-
quency and causes amplification/attenuation of the
passive modes. Consequently, the eigenvalues de-
part from the real axis and enter the complex plane
as active modes. This behavior is tracked by gradu-
ally increasing n ∈ [0, 0.9] with a nearest-neighbour
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(NN) continuation and shows which modes are of
acoustic origin for the final value n = 0.9. The
stable and unstable half-planes are considered in
the range Im (ω/2π) = ±240 s−1. No modes im-
mediately outside this range of growth/attenuation
rates were observed. The numerical methods and
employed parameters are detailed in AppendixA.

In total, 34 distinct modes (not counting multi-
plicity) are computed – a significantly higher mode
density than previously reported in similar stud-
ies. Via NN-continuation, modes of acoustic origin
are identified. In addition, a complementary set of
intrinsic modes is observed. Azimuthal mode or-
ders are counted from m = 0 to m = 8 in order to
group the intrinsic modes into three clusters. As an
additional criterion for grouping the modes, the in-
teraction index n is decreased towards zero, and it
is determined whether all modes originate from the
same region in the stable half-plane (not depicted
here); for details, see Fig. 6. The latter criterion
also serves as a test to exclude the possibility that
a mode originates from an acoustic resonance fre-
quency outside the considered frequency window.

At the chosen operating conditions, experiments
by Durox et al. [42] show that the MICCA combus-
tor exhibits an unstable spinning mode at 457 Hz.
The FEM result is consistent with this by pre-
dicting an unstable azimuthal mode at 449 Hz, see
Fig. 5. For different operating conditions a su-
perposition of two unstable modes was observed
by Bourgouin et al. [43] in the form of a slanted
mode. The slanted mode originates from an interac-
tion between the unstable azimuthal mode and the
neighboring unstable axial mode [44]. The compu-
tation predicts additional unstable acoustic modes
at higher frequencies, with slightly larger growth
rates. These growth rates are likely overestimated
since the model does not account for damping ef-
fects, which typically increase with frequencies. A
further potential source of discrepancy is the fitting
of the original FDF of [28] to an n–τ model. Un-
stable intrinsic modes are predicted but these have
comparatively low growth rates. The experimen-
tally observed instability reported in [42] is, thus,
due to the acoustic feedback mechanism.

The three clusters are separated by a real spacing
of ∆f = 1/τ (within almost 1 Hz for the modes of
highest azimuthal order). This is precisely the real
spacing predicted in Eq. (3), which is also observed
in the model problem of Section 3. The surprisingly
ordered pattern initially sparked the investigation
into the origin of these modes. Modes of the first

cluster line up in an orderly fashion. For the sec-
ond cluster, this is only the case for the upper half
of the modes, and for the third cluster, only the
two modes of highest azimuthal order do so. If a
mode is offset from its cluster, it also no longer ad-
heres to the spacing of ∆f = 1/τ and consequently
to the 1D result of Eq. (3). Next, it is explained
how azimuthal cut-off frequencies affect the offset
of intrinsic modes from their respective clusters.

5.2. Azimuthal intrinsic modes of evanescent type

In acoustic waveguides, such as ducts of circular
or annular cross section, plane waves, whose ampli-
tude is constant over the duct cross section, always
propagate. However, transverse waves propagate
along the duct only at frequencies above their re-
spective cut-off frequency; otherwise, these waves
experience exponential decay in the axial direction
– they are evanescent. The cut-off frequency for
a given transverse mode is a function of the cross-
sectional geometry and the speed of sound [36]. For
the combustion chamber in the MICCA configura-
tion, the cut-off frequencies for the first and second
azimuthal mode are given in Tab. 1 and plotted in
Figure 5 as dash-dotted lines. Below 1700 Hz, only
the two modes of lowest azimuthal mode order are
cut-on in the combustion chamber. However, in-
trinsic modes of much higher mode orders are ob-
served.

The modes of the first cluster depicted in Fig.
5 are all below their respective cut-off frequencies.
These modes are confined to the immediate vicinity
of the flame, as illustrated on the basis of the modes
of azimuthal orders 3 and 8 in Figure 7. A subse-
quent cut through the modes reveals their evanes-
cent character which increases with mode order, see
Fig. 8a.

The axial decay of an evanescent wave in the
CC starts just downstream of the flame zone (lF).
Based on Eq. (18) and with the eigenvalues ω
from Tab. 2, the axial amplitude distribution of an
evanescent wave downstream of the flame takes the
form

p̂ (z) ∼ e−ik(z−lF) , (24)

where k is given by Eq. (18). Figure 8b shows that
the modes of high azimuthal order agree well with
the evanescent result of Eq. (24). At a given clus-
tering frequency, the higher the azimuthal order of
a mode, the further away it is from its associated
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Figure 5: Intrinsic and acoustic modes in the spectrum of the MICCA combustor below 1700 Hz. There are three types of
acoustic modes: axial (white squares), azimuthal plenum-dominant (circles) and azimuthal CC-dominant (diamonds). Three
clusters of intrinsic CC-dominant modes are observed: 1, 2 and 3 (5, C and 4). The color of the modes corresponds to the
respective azimuthal mode order, starting with m = 0 (white, axial mode) then m = 1 (yellow) and up to m = 8 (darkest
purple). The dash-dotted boxes mark the windows in the complex plane which are shown enlarged as insets. The paths of the
intrinsic modes as functions of n are not depicted here but in Fig. 6.

Table 2: List of active modes depicted in Figure 5, sorted by increasing oscillation frequency. Only azimuthal mode orders m
are listed. Except for the m = 8 modes, all azimuthal modes (m > 0) are degenerate, with multiplicity two. Plenum modes are
labeled with (PL) and all other modes are dominant in the CC. The two azimuthal CC modes of acoustic origin are highlighted
with a gray background. Intrinsic modes belong to one of the three clusters (symbols 5,C and 4 in Fig. 5.). The azimuthal
modes m = 1, 2 of cluster 3 are not in the considered frequency range. Between modes #9 and #21 (mode #21 and #32) a
real spacing of ∆f = 650.37 Hz (650.12 Hz) is observed, which is approximately 1/τ = 649.35 Hz.

No. f in Hz Im
(
ω
2π

)
in s−1 m cluster No. f in Hz Im

(
ω
2π

)
in s−1 m cluster

1 138.15 +82.79 0 1 18 974.97 +127.47 5 2
2 266.07 +83.11 1 1 19 975.47 +142.86 6 2
3 321.80 +65.91 2 1 20 975.57 +152.81 7 2
4 324.62 +87.27 3 1 21 975.58 +156.23 8 2
5 325.08 +111.46 4 1 22 1039.63 −33.67 3 (PL) acoustic
6 325.19 +131.94 5 1 23 1250.93 +69.63 0 2
7 325.21 +157.21 7 1 24 1298.73 −0.04 1 2
8 325.21 +147.46 6 1 25 1301.47 +0.29 4 (PL) acoustic
9 325.21 +160.55 8 1 26 1490.70 −114.07 2 acoustic
10 384.05 −125.01 0 (PL) acoustic 27 1590.47 +109.23 5 3
11 449.32 −80.62 1 (PL) acoustic 28 1622.36 +136.42 6 3
12 686.37 +8.49 2 (PL) acoustic 29 1622.91 −3.59 3 3
13 830.47 −148.97 0 acoustic 30 1623.78 +55.92 4 3
14 910.64 −129.42 1 acoustic 31 1625.35 +144.46 7 3
15 924.93 +93.36 3 2 32 1625.70 +147.69 8 3
16 971.71 +110.15 4 2 33 1638.85 −4.72 5 (PL) acoustic
17 974.11 −34.66 2 2 34 1668.24 +97.61 0 3
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Figure 6: Intrinsic modes of cluster 2 are tracked by decreas-
ing n from 0.9 towards zero. Intrinsic modes are colored by
their value of the interaction index n, while acoustic modes
are colored by their azimuthal mode order as in Fig. 5. The
solid gray lines represent the eigenvalue loci as functions of
n. The dash-dotted box marks the window which is shown
in the enlarged inset. The modes move to Im f → +∞
for n → 0. For decreasing n, the eigenvalues correspond-
ing to different azimuthal mode orders move closer; in fact,
as n tends to zero, all eigenvalues in a cluster merge. This
is explained in Section 5.3. For comparison the frequency
for j = 1 in Tab. 3 is included as a small vertical red line.
Cut-on intrinsic modes exhibit complex paths, e.g., m = 0, 1
of cluster 2 span a wide range of oscillation frequencies as
a function of n, while cut-off intrinsic modes only move to
higher damping rates. The acoustic (yellow diamond) and
intrinsic (left pointing white triangle labelled with m = 2)
modes do not intersect for a certain n. Both modes pass the
same point but for a different n.

Table 3: Frequencies according to Eq. (1) for a 1D Rijke
tube with anechoic terminations and the frequencies of the
intrinsic modes in the MICCA combustor with the strongest
evanescent character (highest azimuthal mode order in their
respective cluster) from Tab. 2.

j = 0 j = 1 j = 2
π(2j+1)

τ 324.68 Hz 974.03 Hz 1623.38 Hz

cluster 1 cluster 2 cluster 3
m = 8 325.21 Hz 975.58 Hz 1625.70 Hz

cut-off frequency and the stronger is the axial at-
tenuation. This is visible in the mode shape as a
strong exponential decay in longitudinal direction.
If the longitudinal decay is sufficiently strong, the
mode is unaffected by the outlet boundary condi-
tion, see the modes of high azimuthal order in Fig.
8b. This is an environment somewhat similar to
anechoic boundary conditions that were shown to
facilitate ‘pure’ intrinsic modes [16, 45, 18, 19].

Table 3 lists the observed frequencies and the val-
ues predicted by Eq. (1). A strong similarity is
evident, even though the cut-off modes experience
very different boundary conditions. The stronger
cut-off a mode is, the closer its frequency is to the
one-dimensional result for anechoic terminations of
Eq. (1). The difference in boundary conditions does
not appear to affect the frequencies. However, am-
plification/attenuation rates do not agree: Eq. (1)
gives Im (ω/2π) = +10.89 s−1 while all clustered in-
trinsic modes in the MICCA combustor are damped
much stronger.

Figure 5 shows that the mode of azimuthal or-
der m = 1 is visibly offset from the first cluster
of intrinsic modes. In the second cluster, modes
m = 1, 2, 3 are offset and mode m = 2 is even cut-
on. The relation between the degree of the cut-off
and offset from a cluster can be explained by con-
sidering the cut through the mode shapes in Figure
9. Modes m = 2, 3 are cut-off but the exponential
decay is not strong enough: the modes still have
to fulfill the outlet boundary condition. Modes of
higher order than m = 3 have essentially decayed to
zero before the outlet. Even though a mode is cut-
off, if its mode shape is affected by the boundary
condition, then so is its frequency. A shift in the
frequency away from the cluster then occurs, and
the eigenvalue expression from the one-dimensional
case, Eq. (1), does no longer hold. The modes ex-
perience acoustic reflection at the outlet and are,
thus, not purely intrinsic anymore. Most clearly,
the cut-on mode m = 1 of cluster 2 shows a dis-
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tinct quarter-wave structure, very different from the
evanescent modes of higher azimuthal order in its
cluster. For the third cluster, more modes exhibit
this behavior, since even more modes are close, or
even above, their respective cut-off frequencies.

The spectrum also contains three intrinsic modes
of axial type. These are always cut-on and, hence,
offset from their respective cluster.

The pattern in Fig. 6 for n = 0.05 is qualitatively
similar to the pattern observed in the results from
the analytical model (Fig. 2). In the latter case, less
offset of individual modes from their respective clus-
ter is observed and grouping is straightforward.

5.3. The limiting case of an acoustically weak flame

As discussed in Section 1.1 on the basis of Eq. (1),
the frequency spacing between two intrinsic modes
in a Rijke tube with anechoic boundaries is ∆f =
1/τ . One can furthermore deduce from Eq. (1) that
Imω → +∞, as n → 0. Figure 6 shows that
all modes of non-acoustic origin exhibit increas-
ingly higher damping rates as the interaction index
tends to zero, consistent with the theoretical pre-
diction. Consequently, every mode not originating
from a passive acoustic mode is considered of intrin-
sic origin. Figure 6 also shows that intrinsic modes
close to or above their respective cut-off frequency
(m = 0, 1, 2 in the figure) exhibit non-trivial tra-
jectories as functions of n. Cut-off intrinsic modes
remain close to one frequency for all values of n and
only show a change in their imaginary part.

In each intrinsic cluster, only modes up to az-
imuthal order m = 8 are observed. In contrast,
in the analytical model, modes of arbitrarily high
azimuthal order can be found.

Modes of acoustic origin (or purely acoustic
modes in systems without flame response) in an an-
nular combustor can have much higher azimuthal
orders than half the number of burners; in fact,
the azimuthal order can be arbitrarily high. Bloch-
wave theory ascertains that all modes can be repre-
sented with Bloch wave numbers up to ±8. But the
equivalence between Bloch wave number and az-
imuthal mode order holds only for small azimuthal
mode orders (see Mensah et al. [12]). Modes of any
azimuthal order can still be represented with Bloch
wave numbers up to ±8 because waves can form on
the sub-unit-cell scale. For example, a mode of az-
imuthal order 9 can be represented as a Bloch wave
with Bloch wave number 7; the part of the solution
that is periodic on the unit cell then hosts one wave
length on the cell.

The maximally observed mode order is explained
by considering the limit n → 0 for the intrinsic
modes in one cluster. As we know from previous
studies on intrinsic modes, and as also our results in
the present work show, the growth rates of intrinsic
modes tend to negative infinity as n → 0, see Fig.
6. In this limit, the modes are infinitely confined to
the immediate vicinity of the flame, as they are in-
finitely damped (Imω → ∞). But then the flames
do not affect each other and become effectively un-
coupled. This situation is conceptually similar to 16
identical but isolated combustors. Such a configu-
ration must exhibit a 16-fold degeneracy because
each combustor has the same eigenvalues (as they
are identical and uncoupled). This degeneracy is
semi-simple, i.e. it has a full eigenspace with finite
eigenvalue sensitivity. It is easy to see that these
eigenvalues are not defective; in fact, an obvious
basis for the degenerate eigenspace is the set of the
16 individual flame modes. An alternative basis is
given by a set of 16 Bloch waves that recombine
the 16 individual flame modes by modulating them
according to the 16 sixteen-point discrete Fourier
modes. It is the latter basis into which the degen-
erate eigenspace unfolds when n is perturbed from
zero. As soon as n > 0, the intrinsic modes exhibit
only finite damping (Imω < ∞) and the flames
start communicating so that the system becomes
fully coupled. The only degeneracy that remains is
that generally associated with 16-fold discrete ro-
tational symmetry, i.e. modes of azimuthal order 0
and multiples of 8 being simple and all others being
two-fold degenerate. However, the sum of all alge-
braic multiplicities of all eigenvalues in one cluster
must be conserved (i.e. it remains 16 for all values of
n) because the eigenvalues are continuous functions
of the parameter (here, the interaction index n), see
[41, p. 65 and p. 116]. Assuming that the lower-
order azimuthal modes are populated first, the to-
tal algebraic multiplicity of 16, originating from the
n→ 0 limit, is only sufficient to go up to azimuthal
order m = 8 (because modes with m = 1 . . . 7 are
two-fold degenerate).

5.4. Proximity of intrinsic modes to acoustic modes

Figure 5 shows that intrinsic modes are located
in close proximity to modes of acoustic origin. The
two right insets in Fig. 5 depict the two cases with
the modes being closest. Evidently, modes of intrin-
sic origin can appear not only at non-acoustic reso-
nance frequencies, but also very close to the passive
acoustic modes. As a consequence, the nature of a
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(a) Mode #4 (5,m = 3) (b) Mode #9 (5,m = 8)

Figure 7: Real part of the azimuthal modes m = 3, 8 of cluster 1, see Fig. 5 and Tab. 2. Mode #4 is degenerate, but only one
mode in the degenerate pair is depicted. The modes are dominant at the inlet to the combustion chamber. Mode #4, with
lower azimuthal order, extends further into the CC than #9, which is of higher mode azimuthal order. This trend is confirmed
for the remaining modes of cluster 1 (m = 2, 4, 5, 6, 7).

mode cannot be established by its frequency only
but requires analysis of the mode shape or its locus
in the complex plane as a function of the interaction
index n (or another suitable parameter).

5.5. Unstable intrinsic modes

Three intrinsic modes are unstable for n = 0.9,
see Table 2. Figure 10 contains the values of n for
which all intrinsic modes depicted in Fig. 5 become
unstable. NN-continuation is conducted to obtain
the unstable n values, but the computation is not
continued for modes that remain stable for n < 10.
The majority of modes of intrinsic origin become
unstable for sufficiently high n. In addition, it can
be observed that modes of higher frequencies, closer
to or below their respective cut-off frequencies, be-
come unstable for lower values of the interaction
index than modes of lower frequencies.

Two unstable intrinsic modes of special interest
can be seen in Figure 6 for n = 0.9. Both modes
originate from the same cluster. One mode (m = 1)
is cut-on and marginally unstable, while the other
(m = 2) is unstable in spite of being cut-off. Some-
what unexpectedly, the mode of higher azimuthal
mode order is encountered at a lower frequency and
exhibits a larger growth rate.

6. Conclusion

The intrinsic feedback mechanism in annular
thermoacoustic systems is illustrated on the basis

of an annular laboratory model combustor. Modes
originating from the intrinsic mechanism form clus-
ters, with frequencies that correspond to those of
intrinsic modes in a simple single-flame Rijke tube.

The clustering of the eigenvalues is related to the
acoustic cut-off mechanism for non-planar modes.
In fact, it is demonstrated that the evanescent char-
acter of cut-off azimuthal modes provides an envi-
ronment similar to non-reflective boundary condi-
tions, hence the concurrence with intrinsic modes in
an anechoic single-flame setup. This environment
allows intrinsic modes of different azimuthal orders
to exist at very close frequencies and, thus, to form
clusters. However, not all intrinsic modes are clus-
tered. Those that are too close or even above their
cut-off frequency are affected by the outlet bound-
ary condition. This is visible as a marked offset
from the intrinsic eigenvalue cluster.

The intrinsic mechanism scrutinized in this work
is not new per se. It is of the same origin as in
single-flame systems, where it has been studied in
detail over the last 5 years. In the present work,
it was shown how the very same mechanism mani-
fests itself in an annular geometry in the form of in-
trinsic azimuthal modes, and the crucial role of the
cut-off mechanism was highlighted. In the present
configuration, the modes with the largest growth
rates are not intrinsic and would not be observed
in experiments. An increase of acoustic losses at
the boundaries could dampen the acoustic modes
to a point at which an intrinsic mode is the most
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Figure 8: Cluster 1: normalized absolute value of the pressure p over the axial coordinate along a burner axis for azimuthal
modes.. The colors correspond to the colors in Fig. 5. Left: All modes are cut-off and a higher mode order corresponds to
a stronger cut-off. The mode with m = 1 is just barely cut-off. Right: FEM result (solid line) and ansatz for evanescent
waves Eq. (24) (dots). The ansatz matches well for strongly cut-off modes. Modes of low azimuthal mode numbers are weakly
cut-off and experience the pressure node boundary condition at the outlet: the mode shapes deviate from the purely evanescent
character as Eq. (24) does not account for reflective boundary conditions.
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Figure 9: Cluster 2: normalized absolute value of the pres-
sure p over the axial coordinate along a burner axis for in-
trinsic modes of different azimuthal orders. Mode m = 1 is
cut-on and exhibits a distinct quarter-wave shape. Modes
m = 2, 3 are cut-off but the exponential decay is not suffi-
ciently strong so that they are affected by the pressure node
at the outlet. Both modes deviate from the purely evanes-
cent character and are consequently offset from their cluster,
see the spectrum in Fig. 5 and for more detail Fig. 6.
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Figure 10: The values of the interaction index, for which the
intrinsic modes enter the unstable half-plane. Markers and
colors chosen according to Fig. 5. The red line corresponds
to the value n = 0.9. Modes #1 (5,m = 1), #14 (C,m = 3)
and #26 (4,m = 5) did not become unstable for n < 10 and
are, thus, not depicted. For these modes the computation
was not continued further. Note that the modes of clus-
ter 3 with m = 1, 2 are outside of the considered frequency
range and not investigated here. The axial intrinsic modes
(not depicted here) become unstable for n = 2.613 (mode
#23), n = 3.140 (mode #34) and mode #1 did not become
unstable for n < 10.
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unstable one; this would potentially facilitate ob-
serving a thermoacoustic mode of intrinsic origin
experimentally.

For the first time, a systematic and complete de-
scription of the thermoacoustic spectrum of an an-
nular combustor was given. Previously, this has
only been available for single-flame configurations.
The intrinsic mechanism explored in this paper can
be expected to be generically present in all annular
acoustic configurations with flame response. We
conjecture that earlier numerical studies of ther-
moacoustic modes in annular combustion chambers
did not observe intrinsic mode clusters because they
are challenging to find numerically with iterative
methods. In the present work, the non-iterative
method of Beyn [32] was utilized for the solution of
the nonlinear eigenvalue problem associated with
the thermoacoustic Helmholtz equation. This was
essential in determining all eigenvalues of acoustic
and intrinsic origin.
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AppendixA. Numerical solution of the non-
linear eigenvalue problem

The problem size of L (ω) in Eq. (23) prohibits
the use of root-finding algorithms to the deter-
minant detL (ω). Two applicable solution strate-
gies are briefly described in this appendix: a non-
iterative strategy based on contour integration due
to Beyn [32] and a Newton-based iterative algo-
rithm.

Both methods are part of the NLEVP-solution
routines of PyHoltz [38]. The parameters employed
in both methods to obtain the results of Section 5.1
are listed in Tab. A.4.

AppendixA.1. Beyn’s method based on contour in-
tegration

The original work of Beyn [32] extensively cov-
ers the technical details of his method. A con-
cise and less technical description of the theoreti-
cal background and guidelines for the application
to thermoacoustic problems are given in [23]. We
refer to both papers for details and only summa-
rize the main ideas of the technique here. Beyn’s
method returns all eigenvalues and corresponding
eigenvectors in a user-specified contour in the com-
plex plane.

In short, two variants of the inverse L (z)
−1

of
Eq. (23) are numerically integrated along a closed
contour Γ in the complex plane, specified by the
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user:∮
Γ

zpL (z)
−1

V̂ dz ≈
N−1∑
j=0

αjz
p
jL (zj)

−1
V̂ (A.1)

= Ap , p ∈ {0, 1} .

Gauss–Legendre integration with N sampling
points zj and corresponding weights αj is used for
computing the moment matrices A0 and A1. The
contour Γ is the window of interest, spanning the os-
cillation frequencies and amplification/attenuation
rates to be considered. The algorithm avoids com-
plete inversion of L (zj) to reduce numerical cost by

solving the linear equation system L (zj)
−1

V̂ at ev-

ery sampling point. The random matrix V̂ ∈ Cd×l
is chosen s.t. the number of columns l is smaller
than the expected sum of the geometric multiplic-
ities of all eigenvalues inside Γ. The parameter l
needs to be chosen with care to limit computational
cost. A discussion of an adequate choice for ther-
moacoustic applications can be found in [23]. From
the Ap matrices all eigenpairs inside the contour Γ
are obtained following an advantageous decomposi-
tion, see [32].

Simple, semi-simple and even defective eigenval-
ues can be computed. This technique is, thus, suit-
able for systems with spatial symmetries and for the
recently discussed exceptional points [46]. Beyn’s
method can be employed as a black box solver for
arbitrary NLEVPs but requires L (ω) to depend
analytically on ω, which is fulfilled in the present
formulation due to the n–τ model and the chosen
boundary conditions.

AppendixA.2. Iterative method

In Beyn’s method the matrices Ap have to be
computed with an increase in the number of sam-
pling points N (or l) to establish convergence,
which is a costly step. Instead it is less costly
and quicker to perform Beyn’s method once and
enter the result into a locally convergent iterative
method. A Newton method that is known as gener-
alized Rayleigh quotient iteration [47] is employed
for this purpose. The method reformulates the
problem as a linear eigenvalue problem

L(ω)p = λMp (A.2)

in the auxiliary eigenvalue λ. Finding ω such that
λ = 0 solves the original eigenvalue problem Eq.
(22). First order perturbation theory is used to

compute the derivative dλ
dω and, thus, facilitates a

Newton iteration to solve the problem. With good
initial values the Newton method converges in a
hand-full of iterations.

To establish convergence, two criteria are
checked: a tolerance on the residual following [32]
(with p normalized in ||·||2), and the relative change
in the eigenvalue:

||L (ω)p||2 < tolresidual , (A.3)

|ωi+1 − ωi|
|ωi|

< tol∆ω . (A.4)

Iterative algorithms require good initial values.
The acoustic resonance frequencies are a suitable
choice to compute the modes of acoustic origin.
The results in this paper demonstrate that the in-
trinsic modes can appear seemingly anywhere in
the complex plane. Therefore, a suitable initial
value is hard to come up with for intrinsic modes.
Here, Beyn’s method is the ideal tool to compute
these. As a double check, eigenvalues from Beyn’s
method are entered into the Newton method, be-
cause Beyn’s method can return numerically spuri-
ous eigenvalues, see [23] for details and a discussion.
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