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Abstract—With the introduction of massive renewable energy
sources and storage devices, the traditional process of grid
operation must be improved in order to be safe, reliable, fast
responsive and cost efficient, and in this regard power flow
solvers are indispensable. In this paper, we introduce an Interior
Point-based (IP) Multi-Period AC Optimal Power Flow (MPOPF)
solver for the integration of Stationary Energy Storage Systems
(SESS) and Electric Vehicles (EV). The primary methodology is
based on: 1) analytic and exact calculation of partial differential
equations of the Lagrangian sub-problem, and 2) exploiting the
sparse structure and pattern of the coefficient matrix of Newton-
Raphson approach in the IP algorithm. Extensive results of
the application of proposed methods on several benchmark test
systems are presented and elaborated, where the advantages and
disadvantages of different existing algorithms for the solution
of MPOPF, from the standpoint of computational efficiency, are
brought forward. We compare the computational performance
of the proposed Schur-Complement algorithm with a direct
sparse LU solver. The comparison is performed for two different
applicational purposes: SESS and EV. The results suggest the
substantial computational performance of Schur-Complement
algorithm in comparison with that of a direct LU solver when
the number of storage devices and optimisation horizon increase
for both cases of SESS and EV. Also, some situations where
computational performance is inferior are discussed.

Index Terms—Multi-Period ACOPF, Interior Point Method,
Energy Storage Systems

I. INTRODUCTION

L ARGE-scale introduction of Renewable Energy Sources
(RES), Stationary Energy Storage Systems (SESS) and
Electric Vehicles (EV) will influence the way the electricity
grid is operated. In the planning and operation of the electricity
network, power flow analysis toolboxes that are reliable,
computationally fast, and tractable are indispensable.

The optimal power flow is a non-linear and non-convex
problem which was introduced in the sixties [I] for the first
time. Although it is considered to be a classic power sys-
tems problem among researchers, depending on the technical
applications and operational dimensions, it may be adapted
to various versions such as the Multi-Period AC Optimal
Power Flow (MPOPF), introduced by [2]], and may become
intractable and computationally very demanding even after
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about 60 years [3,/4].

Many researchers have been trying to either simplify MPOPF
by linearising the main problem [5H/]], or by making it more
reliable by finding the global optimum point with different
convex relation approaches such as [5]], semidefinite pro-
gramming (SDP) relaxations [9,[I0] and second-order cone
programming [ []. Moreover, MPOPF is being suggested as a
potential online operational tool [[12]] for use in the near future.
Since the non-linear nature of full ACOPF problems requires
non-linear solvers to be called, several Non-Linear Program-
ming (NLP) solvers are used to solve MPOPF problems; these
are primarily developed based on IP methods, such as MIPS]
(T3]}, IPOPTE [[T4]] KNITRO® [[T3]], and recently BELTISTOS®
[16], of which the only tailored algorithm to solve MPOPF
problems is BELTISTOS. An extensive review of both MPOPF
problem formulations and solution methods can be found
in [3}|!/]. With more and more penetration of renewables
into the system, it becomes imperative to rely on SESS to
overcome the variability of these renewable energy resources;
MPOPF becomes a pivotal tool in this context for system
operators, and as such better solvers need to be designed
from the point of view of computational ease and efficiency.
Though reliability is the most critical factor when it comes
to the global optimum solution, computational performance is
pivotal for the implementation and application of an algorithm
for online operational purposes. It is well-known from the
literature [|18,|19] that solution of linear Karush—Kuhn-Tucker
(KKT) systems and calculation of gradients are the two
most computationally expensive aspects in solving a MPOPF
problem. Thus, we propose a solver to exploit the sparsity of
a MPOPF structure (both KKT systems and gradients) and
speed the solution up.

Although considerable efforts have been undertaken in order
to solve the MPOPF problem, no currently available work
extensively elaborates the complex mathematical details of the
problem, because of which it is difficult to compare the various
solution algorithms in a systematic (same platform, same
programming language, single-thread environment) manner.
MATPOWER [ 13] does have a complete implementation of a
single-period ACOPF with function evaluations and solution
of KKT systems with MIPS. However, there is no package for
the MPOPF function evaluations and for handling the sparsity
structure of the first and second gradients, as introduced in
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this proposed package. Reference [|1 0] introduced a fast multi-
period KKT solver, Beltistos, as an extension of the IPOPT
solver, and specifically for the MPOPF KKT structure, using
the PARDISO solver. However, reference [10]] does not: 1)
consider the sparsity structure of first and second gradients,
and 2) discuss the dynamic behaviour of energy storage
systems in two different forms of SESS and EV in MPOPF.
Moreover, there are several ways to model storage devices
within a time-period. Meyer-Huebner et al. [20] formulated
three different storage device models as: (A) an inequality
for the entire optimisation horizon, (B) an inequality and
a variable for the entire optimisation horizon, and (C) T
number of equalities for each timestamp within the entire
optimisation horizon. They concluded that option (C) has
more efficient computational performance than options (A)
and (B); therefore, we use option (C) formulation to apply the
most efficient mathematical formulation with respect to the
implementation of storage devices. Note that option (A) has
recently been implemented in the Beltistos solver [|16]. Finally,
the size (number of rows and columns) of KKT systems
considered to be solved in [16] is almost double the size of
KKT systems we solve here. Reference [21] has developed
a computationally fast solution to the MPOPF problem and
applied it on a small-scale SESS and test system. Here, in this
paper, we expand our work in [21]], and propose a new solver
for large-scale integration of SESS and EV with consideration
of full AC power flow equations.

The main contributions of our paper could be summarised
as follows: a) New input matrices are introduced in order to
capture the full dynamic of a multi-period system including
SESS and EV. b) The first and second analytical (hand-
coded) derivatives of linear and non-linear equality constraints,
inequality constraints and objective function, w.r.t. variables
are extracted in the multi-period form. c) Sparsity structure
of analytical derivatives is extracted in order to increase the
performance in terms of memory requirements and sparsity
calculations in different loops. d) A new re-ordering format is
introduced to exploit and reveal the multi-period structure of
KKT systems for both SESS and EV. e) A high-performance
and memory-efficient sparse Schur-Complement algorithm is
introduced in order to solve the multi-period structure of
the KKT systems for both SESS and EV. In this paper,
we compare the Schur-Complement algorithm, tailored for a
specific structure, with a direct sparse LU solver to shed light
into a systematic comparison (same implementation platform
(MATLAB), single-thread controlled environment, similar PC)
to only compare the algorithmic complexity differences.

The structure of this paper is as follows: in the next section, the
formulation of MPOPF problem in the presence of SESS and
EV is elaborated. The solution proposal, and the mathematical
algorithms for speeding up the solution proposal, are presented
in the subsequent sections. Next, the performance of the Schur-
Complement algorithm is compared with that of a direct sparse
LU solver for multiple numbers of storage devices and time
horizons for two different cases: performance of SESS on stan-
dard mesh transmission benchmarks, and the performance of
EV on radial distribution benchmarks. Finally, we summarise
the paper in the last section with some concluding remarks.

II. FORMULATION OF PROPOSED SOLVER[]

In general, a given power system can be represented with the
following input matrices in ACOPF: BUS matrix with n, € N
number of buses. These buses are connected to each other
through the total number of n; € N lines represented by the
BRANCH matrix. The matrix consists of connecting buses,
ie., BUS™™ ¢ R *1 and BUS'™ e R™ *! and physical line
parameters € R™* 1, such as resistance, reactance, susceptance
and their apparent power capacities (MVA). The GEN matrix
specifies the connection bus of n, € N generators with
their dispatch limits and voltage references. The GENCOST
matrix is the associated cost functions of generators in GEN.
These matrices have been already defined by MATPOWER
[22] and are now extensively used by many researchers in the
subjects of power economics and power system analysis.
Here, in addition to the above input matrices, we propose
new input matricesﬂ which can be seen in Appendix El of
this paper. These new input matrices are designed for the
integration of large-scale SESS and EV to capture the dynamic
behaviour of storage devices over the optimisation horizon.
The input BAT'T represents the properties of energy storage
systems and more importantly ties single-period optimal power
flow equations through a positive integer parameter, called
time period, T € N; ¢ is a time in the interval of ¢t € {1,...,T'}.
The differences between the representation of a SESS and an
EV are concentrated in the binary input matrices of AVBP,
CONCH, CONDI and AVBQ. Storage i is considered
stationary if the availability condition (Ta) holds, otherwise
it has a dynamic behaviour over time and can be considered
as an EV, while charge, discharge and reactive power provi-
sion conditions could be considered as secondary or optional

conditions (TB)-(Td).

AVBP| ,_ =AVBP| ,=..=AVBP| _ =1 (1a)
CONCH|,, , =CONCH|,,_, =..=CONCH| , , =1 (Ib)
CONDI|,, , = CONDI\M;2 =..=CONDI|,, . =1 (lo)
AVBQ[,, ,=AVBQ|,, ,=..=AVBQ|, =1 (1d)

In order to elaborate the mathematical formulation of the
MPOPF incorporating the BATT matrix, we first present
single-period power flow equations for a time ¢, and subse-
quently expand the equations to represent MPOPF.
Considering the above types of inputs, we have an object-
oriented programming (OOP) package that constructs different
types of constraints according to the input matrices and feeds
the mathematical formulation of the MPOPF to the solver
designed under this package.

A. Single-Period Optimal Power Flow

With the input matrices introduced above, BUS,
BRANCH, GEN and GENCOST, we show the
mathematical formulation of a single-period ACOPF in this
subsection.

Consider the vector of complex bus voltages in rectangular
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coordinates as illustrated by V € C™*! where C is a
complex set. The voltage vector comprises complex elements
as: v; |vi|e?%, where v, € C, {v;,0;} € R are the
voltage magnitude and angle of the corresponding bus
in polar coordinates, where R is a real set. Moreover,
{V,0} € R"*! can be defined as vectors of real magnitude
and angle of bus voltages. In vector form, the relationship
between rectangular and polar coordinates is shown as:

V = diag(V) exp(j©) @)

Line Connectivity matrices of {CT,C%*} ¢ Bn*xm» can be
extracted from BUS™™ and BUS" vectors, such that ¢t =
1 if bus k is connected to line ¢, and otherwise c = 0, and the
same holds for C**. {V" V*} e C*! are the vectors of
complex bus voltages at line terminals, including “from” and
“to” nodes, correspondingly. These vectors can be extracted
using the connectivity matrices explained above shown in Egs.

(@) and @).

fr — Cer (3)
v = clov 4)
and therefore:
CLinc
in Vfr Cfr
KL €= |:Vto:| = |:Ct0:| X (5)
— 2n;x1 2n; Xny

In order to obtain the entire network flow, the vector of
complex voltages V has to be determined. This can be done
using the well-known Kirchhoff’s current law: the sum of
external current injections at a bus " e Xl s equal
to the sum of internal - through lines - current injections to
the same bus I"™ = YV, where Y " € C™*™ is the bus
admittance matrix. The same principle is applied to compute
the complex line current using complex bus voltages of line
terminals, and line admittance matrix Y""¢ € C27*"  This

is shown in (@)

XLme

—~
. IfI‘ Yfr
ILlne — {to] — {to] X (6)
l 2n; X1 X 2np Xny

The relation between bus admittance and line admittance
matrices is defined by (7).

Xbus — (Cfr)TXfr + (CtO)TXtO +Xshunt (7)

{Xfr,XtO} € Cmxme gnd YSP € € X ig the matrix

of shunt admittance. Finally, the external complex power

injections into a bus i can be computed as sP" = v, (i?"™)*,

whereas the complex power flow over a lme at the terminal

k can be calculated by spi*® = (CE"°V)(i;°)*, where
Line

{sbus :bus 55 Llne} c (D and CLme c [lenb is the kth
element of CLme matrix. In summary, power injections into

a bus and into a line can be extended in the form of vectors
using ().

Sbus — diag(X)(IbuS)* c ([:m’XI (8)

SLine — diag(yLine) (lLine)* c (]:an x1 (9)

Here we define generator connectivity matrix C& € B"**"s
which is a binary matrix of 0 and 1. C§, = 1 if generator i
is connected to the bus k and otherwise 0. S € C"s*! and

€ C™*! are the complex vectors of generation units and
loads The first set of non-linear equality constraints for the

ACOPF problem, can be defined as:

g(x) =8"" +8" - C*sF =0 (10)

In this article, ~ is the sign for a non-linear equation. In the
literature on power systems, (]E[) has been divided into two
parts, power balance of active and reactive power as indicated
in Egs. (TTa) and (ITD), respectively. Therefore, non-linear
equality constraints take the form of g(z) € R"n~*! and
Ngn = 2ny.

cepe — P = R[CESE] — R[S
CcEQ8 — Q= J[CES?) — (8

where {P? Q®} € R"™*! are the vectors of active and
reactive power generations, {’Pd, Qd} € R™*1 are the
vectors of active and reactive power consumption. If we take
(|Skine|)2 ¢ R2m X1 a5 the squared vector of apparent power

flow limits, then apparent line power flow constraint can be
defined as:

h(x) =

— %[gbuﬂ
— (\}[SbUS}

(11a)
(11b)

[(SLine)*gLine o (|SL1ne )2} S = |Rnh"><1

max

12)

where ny, = 2n;. Another type of constraint is the linear
equality constraint §(x) = 0 where — is the sign for a linear
vector. Voltage angle is kept equal to zero 8%k = 0 € R
which is a linear equality constraint for the slack bus. The last
set of constraints is that of linear inequality, related to upper
and lower bounds variables called box constraints [[I6] with
vectors @M < @ < @WaX ¢ R —1)x1 ypmin £y <
vmax c [R2nb><17 {(Pg)min S /Pg S (rpg)max’ (Qg)min S
Q8 < (Q#)max} ¢ R2m9*1  All the box constraints could be
put together and represented with one vector h(x) € R"»*1
where np; = (4np — 1) + 4n,.

Thus, if the objective function f(x) is an arbitrary linear or
non-linear function related to the cost of power generation, the
general optimisation framework could be:

min f(x)
E(X) _ Nge X1
gt = |E] =0 e (13)
_ E(X) Mg X1
h(x) {h(x)} <0 eR
where ng, = ng, + ng Nhe = Nhn + nhﬂ and
x=[0V P Q] eRx! (14)

and n, = 2n;+2n,4. With the discussed input matrices and use
of 001 we construct an instance of an object called MP
which incorporates all the introduced network variables and

* ngn is the number of nonlinear equality constraints and mg; is the

number of linear equality constraints

"Ny, is the number of nonlinear inequality constraints and 7y is the
number of linear inequality constraints

*object oriented programming



constraints in the formulated problem. In the next subsection,
we come up with a new input matrix, and make a generalised
case for storage devices.

B. Multi-Period Optimal Power Flow

“BATT” is the main introduced matrix here in this sec-
tion, to optimally operate an electricity network over a time
horizon of 7" which defines the number of time-steps in the
optimisation. Therefore, multiple single-period optimal power
flow problems are coupled together over a given time horizon
to determine the optimal combined operation schedule for
energy storage systems. The coupling constraints over time are
introduced by linear equality constraints of storage devices in

Pig At
e’L t—1 — 1/)Chp1 tAt + wi‘lch

and {soc, p*, p® ¢, e,9} € R representing storage device
variables connected to bus ¢ at time t. The presence of: 1)
cost minimisation objective function, and 2) the efficiency of
charge and discharge helps to avoid the simultaneous charging
and discharging. However, charging and discharging might still
occur at the same time in some cases, although this is outside
the scope of this paper.

To extend the vector notation, for n,, storage devices, we have:

€it — = 0, where soc; ; =

€4
max
ema

dch
‘ At
g(r) =B B, e PPary TL Ao )
where SOC, = $oto and {SOC,, P, P/ Q) €
R™>*1. Moreover, 7, = {x4_1,%x} and T =
{ri,72,.. 71} {{Xl} 17X2} Axr-o1,xr}} =
{x1,X2,...,xp}, thus G (T} G (X) Thus, four vectors

above representing n, are added to the variables shown in
subsection [[I-A] Note that initial state of charge of each
storage ¢ at time ¢ is defined as e; ;1 = €]"**SOCi, ; where
SOC:i is the input matrix introduced in [II] such that an initial
value of SOCi, ; is allocated if one of the arrival conditions
are satisfied: 1) AVBP,; ,—; = 1. 2) AVBP; ;1 = 0 and
AVBP;;: =1

The procedure to initiate a MPOPF problem is as follows:
First, we read information on storage devices such as bus
location, charge and discharge efficiencies, capacities and
initial state of charge from BATT matrix, and save them
in the MP instance, previously initiated by other input
matrices as introduced previously. Then, we construct the
above-mentioned storage variables and their linear equality
constraints in the current MP instance.

Furthermore, four new three-dimensional connectivity
matrices of {C°, Cdh Cs} € B xmxT  and
Ce ¢ B™*"s*T are constructed. The first two are built
based on: 1) bus connectivity matrix BATT, 2) active power
provision AVBP, and 3) whether charge or discharge options
are available from CONCH and CONDI matrices, such
that C$l, = 1 if both the following conditions are satisfied:
(a) battery ¢ is connected to bus k at time ¢, and (b) charge
of battery i at time ¢ is activated, otherwise 0. C§p = 1 if
both the following conditions are satisfied (a) battery j is

“Note that 7 and 7 are representations of two sets such that 7 € T

connected to bus k at time ¢, and (b) discharge of battery j
at time t is activated, otherwise 0.

Connectivity matrix for reactive power provision C*° is
constructed by: 1) bus connectivity matrix BATT, 2)
reactive power provision AVBQ such that C5 ,, = 1 if
both the following conditions are satisfied: (a) battery m is
connected to bus k at time ¢, and (b) reactive power injection
or absorption of battery m at time ¢ is activated, otherwise 0.
Similarly, a generator connectivity matrix C#& is built with:
1) bus connectivity matrix of generators GEN, 2) active
and reactive power provision AVG such that C%,, = 1 if
the generator n is connected to bus k is running at time £,
otherwise 0. Thus, Eqgs. (ITa) and can be re-formulated

now to Egs. (T6a) and (T6D) respectively.
CePS — P — CHPt 4 Ccichpich =0 (16a)
CiQf — Qf + C1Q; — 8[8"] =0 (16b)

where, ’P? = PD;. and Qd = QD, In summary, the total
number of variables for each time-step becomes:

[0 Vi Pf QF sOC P" PI* Q)]

N, = ng + 4n,. Subscript ¢ stands for a specific time-
step in this paper. In addition to box constraints defined in
we define more box constraints corresponding to the new
defined storage variables. {SOCMi; < SOC; < SOC™*,
(Pch)min < ,Pgh < (Pch)max (deCh)mm < ’PdCh <
(Pchymax and (QF)mn < Q@3 < (@°)™) € R™*! The
vector of total variables in the MPOPF problem X € RN=x1
where N, = TN,,, is shown in (T8):

RIS

Xt =

a7)

X = [xl X9 ... X XﬂT (18)
Finally, a general MPOPF problem can be formulated as:
ngn F(X) (19a)

st G(X) = |G(X) G(X) GS(X)]T —0eRN*! (19b)

H(X) = I

(X
where F(X) = fi=1(x1) + fi=2(x2) + -
G(X) € RNonx1 G( )

.
) HX)| <0eRMXL (19c)
+ fi=r(x7),
c IRNngI’ GS(X) c |RNHS><1,

H(X) € RMm*1 and H(X) € RV»*1 are as shown:
G(X) = [§<xl> E(x2) ... Blxr)] | (202)
G(X) = [g(x1) glx2) ... Blxr)] (200)
GX) =[gr)g(r) ... €°(rr)] (00
H(X) = [Rx1) Bxs) . Bxr)]| (20d)
H(X) = [B(a) B(x2) ... Blxer)] (20e)
where Ny = Ny, + Nyt 4+ Nys, Ny = Tiign, Nyt = ngi,_, +

Ngl,_y + -+ Ngl,_r, Ngs =Tny, Np = Npp+ Npi, Npn =
Tonn, Nn = Phie_y + Nhiyey + oo + Dty + T(Sny),
71 = {x1}. Furthermore, g(x;) contains the two new defined
constraints of (T6a) and (I6b). g(x:) includes @1a)-21€) plus
any other upper and lower bounds of variable x; such that

Pt = x**, which can be user defined, and as such can



be removed from the list of box constraints in (2Z0¢) and is
introduced here as a new linear equality (2Ig).

f;*k =0 (21a)
p{i =0, if {AVBP;;vCONCH,;} =0 (21b)
pih =0, if {AVBP;;V CONDIL,;,} =0 2lc)
¢,=0, if {AVBP;;VAVBQ,,} =0 (21d)
pS, =0, if AVG;; =0 (2le)
¢, =0, if AVG;; =0 @1f)
Ty = x?“n =z if :z:mm = g% (21g)

g8°(x¢) is defined from (T3), h(x,) is the non-linear inequality
constraints for time ¢ and is similar to (T2). Finally h(x;) is
the set of box constraints of all variables except the slack bus.
Our proposed formulation through the instance of MP is fed
to the solver that is introduced in the next section.

Note that the number of linear equality constraints of ng,
and the number of linear inequality constraints of mp,, in
each time t = {1,...,T}, are dependent on the availability
matrices AVBP, CONCH, CONDI, AVBQ and AVG
introduced in [[I] These numbers play an important role in the
Jacobian structure of solution proposal and the follow-up re-
ordering section, which will be explained in [[V-B] In brief,
they are constant numbers over time ¢ = {1,...,7T} in the
optimisation, if all the storage devices and generators have
similar input availability matrices over time ¢, as shown in ()
(if all storage devices are SESS).

III. SOLUTION PROPOSAL
A. Primal-Dual Interior Point

The problem formulated in Section[[I-B] can be solved using
primal-dual interior method [[13]]. This can be implemented by
converting the inequality equations to equality in (I3) using
slack variable of z; € R, where ¢ denotes the number of
inequality equation {i|¢ € N,1 < ¢ < N} and applying
barrier function for slack variables:

mln{ - Z In(z; ] (22a)
st. GX) = O7 (22b)
HX)+Z=0 (22¢)
Z>0 (224d)

where Z € RNo*1 is the vector of slack variables and 7 is
the perturbation parameter which reduces to zero when the
problem approaches to optimal point. Lagrangian function of

the sub-problems (22a)-(22d) becomes:

= f(X)+ATG(X)
Ng
- Vzl”(zi)

where A € RNa*1 1y € RV»*1 are the vectors of Lagrange
multipliers for equality and inequality constraints. To write

E’Y(X7 Za Aa “)

+p (H(X) +2) =

Karush-Kuhn-Tucker (KKT) conditions, partial differentials of
(23) can be extracted with respect to the all variables:

LY(XZAp)=fx+ATGx +p Hx =0  (24a)
E%(X,z,w) —verlag( )7h=0  (24b)
L)(X,Z,, u) ( Y+ZT =0 (24d)

where fx € RV=*1 Gx € RNo*Ne and Hx € RN»*Ne
are partial differentials of objective function, equality con-
straints and inequality constraints with respect to X, and

e € {1}"nx1 Eqgs. (24a)-@4d) can be written as (233) in

a matrix form.

fx +A'Gx +pu Hx

Q(X,Z, A\, p) = dlag(é)#&)_ e o 2sa
H(X)+2ZT

Z>0 (25b)

u>0 (25¢)

We applied Newton-Raphson method [
equations in (234), and hence we have:

] to solve sets of

[Qx Qz Qx Q) [AX AZ AX Ap]T" = —Q(X, Z, A, p)* (26)
where k is the iteration number in each step. In order to use
Newton-Raphson’s method to solve equation, partial differen-
tial equations of Qx, 2z, 2 and €2, must be calculated as

shown in 7).

i, o e HL 1'rax1t (e
0 diag(p) 0 diag(Z)| |az| |}’
Gx 0 0 0 AX| gt
Hx I 0 0 Ap ‘ZZT
(27)

where Ly« (X,Z, A\, 1) = fxx + Gxx(A) + Hxx(p).
Looking at the structure of the coefficient matrix in (17_7[), we
are able to eliminate two of the rows. In the second row of
(27), we have the equation as diag(u)AX + diag(Z)Ap =
—diag(p)Z + e, where A can re-written as a function of

AZ as in 28).

Ap = —p + diag(Z)~'(ve — diag(p)AZ)  (28)
The same holds for the fourth row of (27) which can be
replaced by AZ as a function of AX as in 29).
AZ = —H(X) - Z - HxAX (29)
Thus, two rows of matrix (27) are taken out of the sets of
equation and can be calculated by substituting AX in (29) and
then AZ in (28). After the eliminations of above mentioned
rows and several stages of simplifications, can finally be
written as :
Tk k k
M Gl fax]® _[ N 30)
Gx 0] [Ax ~G(X)



M € RN=*Nz and N € RN=*1 are defined as:

M = L}y + Hxdiag(Z) 'diag(p)Hx (31a)
N = fx + GxA +Hyp

+ HYdiag(Z) "} (re + diag(HX))
Lix = [xx + Gxx(A) + Hxx () (3lc)

Solving (30) numerically results to the locally optimum point
X*. By replacing AX* into Eq. 9), AZ* is obtained and
subsequently AZ* into Eq. 28) finally Ap* is computed.
Therefore, X*+1 = X* + aAXF, AP = A% 4 aANF,
ZHl = ZF 4 aAZF and pFtt = pF + aApF, where o
is the step-control parameter which can be chosen arbitrary
or based on a optimal multiplier method, which is beyond the
scope of this paper[24]. The detail of numerical solution in
Newton’s method can be found in [25]].

It is common to construct Jacobian matrix of (30) using
numerical derivatives and solve the KKT equations using LU
factorization[26]]. However, note that M is an asymmetric
matrix even though it is structurally symmetric, The reason
is the term Hydiag(Z) 'diag(p)Hx in Eq. (3Ta) which
makes it asymmetrical. Therefore it is not possible to apply
the LDLT factorization technique [26].

IV. SPEED UP OF THE SOLUTION PROPOSAL

In terms of both memory allocation and computational
operations, a MPOPF problem can be attributed to two parts:
1) Input datd] preparation, and 2) Core optimisation solver
which itself consists of: (a) function evaluation, which is the
calculus of partial differentials of constraints and objective
function w.r.t. all variables in the solution proposal section,
(b) computing the inverse of Newton-Raphson Jacobian (30),
and (c) computational efforts regarding the update of step-
control parameter in each iteration. It is well known that step
(b) is the most computationally expensive step of an interior
point (IP) algorithm with a large-scale number of variables and
constraints [18}[27]]. In this section, first, we mathematically
derive the analytical derivative of partial differentiation of
constraints w.r.t. all existing variables which, in turn, is the
fastest way to solve step (a) [28]], and then, we tailor an
algorithm to exploit the structure of KKT systems, specifically
using a Schur-Complement approach to accelerate step (b) of
the IP method. In the following subsections we will elaborate
these two steps.

A. Analytical Derivatives

In this subsection, the first and second analytical deriva-
tives of H(X), G(X) and F(X) will be extracted. These
derivations will be used to construct and consequently solve
Eqgs. (31a), (310), and finally (30). Details of equations
regarding the extraction of analytical derivatives can be found
in Appendix [B] .

Furthermore, to exploit the sparsity structure of each block
of Gx = 98, Hx = 9 Fx = &, Gxx = 5% (Gx),
Hxx = 55 (HxA), Fxx = %(F;(r ) and their subsequent

*14 input matrices for BATTPOWER solver, see Appendix E

sub-blocks according to (20a)-(20¢), a robust and simplified
form of structure is developed in order to use highly efficient
mathematical operations and matrix substitutions to form
(30). The general format of these structures can be found in
Appendix [C] of this paper.

B. Structure Exploitation and Following Re-Ordering

Theoretically, the concept of MPOPF is several snapshots of
OPF coupled in time. Each snapshot is a dispatch operational
problem with its own variables introduced with (I7). If we
exploit the structure of the Hessian matrix in (30) with
ordering of constraints and variables as shown in @, then,
the detailed structure of M and Gx can be seen as:

[ M, R
GX : :
_—— MT_ A)’ET *NT
Gy, AN —g(x1)
i éxT A:S\T _E(ZXT)
_ T = 32
Gy, o AXy —8(x1) (32)
s éXT AE{ *E<XT)
G, AN | |-
Al wGL) ] ax] e

where M; € RNe:eXNoy, G;E € RN=*Ng ig the transpose
of the left bottom block in the coefficient matrix of (32) ,

O € ONoxNa_ (set of zeros: 0), Gy, = c%gt € RNeXngn

Gy, = OB—E € RNeXmgi. . As defined in section I—Bl for

the sake of simplicity of notation we take éi = agb =
_ t Tt

98" __ ¢ RN:Xngs If we reorder the current variables
O(xt—1,%¢)

and consequently re-construct the coefficient and righthand
side matrix such that all variables corresponding to time ¢
are assembled together except the variables of inter-temporal
constraints, then the vector of variables with its corresponding
righthand side and coefficient matrix could be written as (333)),

(33b) and (B3¢, respectively.
- - e T
[Ax; AN AX, . Axp Adp AXr, AX]AX;| G3w)

-[N1 B(x1) B(x1). Nr g(xr) Blxr). 8 (r1). 8 (7)) |
(33b)
T, :| CSTT
{ Tr * (33¢)

GST :|
71 — ST OT
r GTT

M |Gl G
where Y, = éx,,
o

Nu, + ngn + ng,, O™ € Olentna]xnontng,l and
—sr [GY
rfl - ésr:| € [RNWXNgsr, Ngs’r = N‘rt=1 +

Gx =
Tr

Ny,_, + -+ Ny,_,, O" € ONo=XNoz_ In order to il-
lustrate the re-ordering more clearly, we define: dw; =
T

[AxAXAX] € RV o = [AX] AX]
[RNgsxl’ Ct —

o’ € [RNTtXNTt’ NTt, =

€

- T
- [NiGGu| € R T ana T =



-
— [g°(71)...8°(77)] € RNo=*1. Therefore we can convert
(33) to (34) which is a well-known “arrowhead” structure that

can be found in the literature [[29,30].
T Pl 0w ¢1
T, ps | | ows ¢2
: : =|: (34)
Yr pj| |dwr ¢r
p1 P2 pr O Y r

where the coupling matrices of p; € RNos XN+ are:

s

. 0 0
0 G, 0

pr=1| 0 |[,p2=| 0 |,pr=1| O (35)
0 0 0
0 0 G,

Fig. [I] illustrates the reordering of Hessian matrix of Egs.
(32) to B4). In the next subsection, we propose a Schur-
Complement technique tailored for the reordered structure

of Eq. (3% to save computational time. Considering Egs.
KX t=1 ?
N s
N
QN t=2 .
W g
g
M £
N N ¢
S W oy N £
| % - d |
R W
? RANNE
Reor: Iering\\\ g(;k Y

=0 |ntertemporal constraint

Fig. 1. Structure of Jacobian of the Newton-Raphson’s algorithm before and
after reordering.

(33) and (Z9), it should be kept in mind that in the intro-
duced re-ordering structure, there are some vectors which
could have a different length in each time ¢ as discussed in
Section [[I-B] when the availability of either storage devices,
charge, discharge, reactive power provision, and generators
would alternate over the optimisation horizon (AVBP’ iy T
AVBP|t:2 #* .. # AVBP|t:T), and consequently, n4;, and
np; are not constant through time ¢ = {1,...,T'}. Therefore,
specific indices are introduced to keep track of them at each
time and over each iteration k, in Eq. @)

C. Schur-Complement Technique

The sparse arrowhead structure of the coefficient matrix
of (34, is suited for block elimination using the Schur-
Complement technique [26]. The algorithm is tailored for
solving any problem featured with repeatable matrices and
coupling constraints between them, such as: (a) multi-period
systems as this paper presents, and in the literature [16], (b)
stochastic problems with a large number of scenarios [29,[30]],
and (c) security constrained problems with a large number
of contingencies [21]]. Algs. [I] and 2] are proposed to solve

for a generic multi-period KKT system with a structurally
symmetric structure. Alg. [I]is for Schur-Complement factori-
sation and Alg. 2] is for forward and backward substitution.
The substructures of (34)) are inputs to both Algs. [I] and [}

1) Alg. [I} Schur-Complement Factorisation: Alg. 1 starts
with finding a permutation matrix of Q™ € BNy *Nxi
generated in order to capture the sparse structure of Y; to
reduce the number of non-zeroes in LU factorisation in L[IQ0
Permutation matrix Q7™ is produced based on an approximate
minimum degree permutation method [32]. It should be kept in
mind that the structure of Q¢ is dependent on Y; which, in
turn, is dependent on the structure of input matrices and the
conditions of (Ta)-(Td). If these conditions hold (all storage
devices are SESS), then N, is constant through time {.
Therefore, Y; and Q7™ have constant structures over time and
L[ will not be executed; in other words Q{™ = Q3™ = Q¢™.
If these conditions do not hold, which in turn mean dynamic
storage devices (EV), then L|Z| is not executed and instead,
LA will be executed. The factorisation here is based on an
incomplete augmented factorisation technique [|10] in order to
compute the Schur-Complement of each augmented matrix of
Al = |:Tt Pl

47
tion technique in L[T0| and afterwards, the Schur-Complement
of each block of A% is computed as S; = —p, X, 'p] €
RNss*Ngs in L[12] in each iteration and summed together in
o¢ € RNss>*Nos 1]13|to shape the main Schur-Complement of
arrowhead structure of Eq. (34).
With almost the same procedure explained above, in order to

. Permuted Y, factorises with LU factorisa-

Algorithm 1: Schur-Complement Factorization

1 Function SchurComI ({Y4, pt, (4,
Vt=1,...,T}:

2 [Q¢™ ]=ApproxMinDegrPermut(X1)// If - hold
3 g¢=0

4 | =0

5 for t=1:T do

6 [Q?]=ApproxMinDegrPermut(Y;)

7 // 1f ([ - ({Ic] does NOT hold

8 IT = SparsePermute([[Q¢™] T Y, Q¢™])

9 [Léu’ Ulu’ Piu’ iu’ Ré’u,]

10 = SparseL.UFactorize(II)

11 inftT =struct(Li“, Ué“, Pi“, é“, Rff“, Q™)
12 S; = —pt‘I';lptT // SchurCompAuxiliary A$
13 0¢=0°+S; // MainSchurCompArrowhead
14 = = *pt'rt_14t // SchurCompAuxiliary AI;
15 ol =0+ 5,// righthand side Alg 2,L.
16 End for

17 [Lid pldl pldl gldl] =SparseLDLFactorize(o®)
18 inf¢ = struct (L', Dldl pldi gidly

19 return {o’, inf°} and {inf’, Vt=1,...,T}
20 End Function

compute £ which is the righthand side of the main Schur-
Complement equation in [o°|[§A] = [£], (refer to Alg 2, L]D),



we define another auxiliary block matrix of A? = [

o Ct]

pt 0
and consequently compute its Schur-Complement as =; =

—p,X;'¢, where Y, ! is factorised in previous step L
Thus, we only recall the stored “struct” of inf} L{11| from
memory. Value of Z, is aggregated in each iteration with o
in L[T3] o€ is the Schur-Complement of arrowhead structure
of Eq. (39) and has an interesting pattern that can be exploited
further, and it is dependent on the input matrices of AVBP,
CONCH and CONDI.

a) Static  Schur-Complement  Structure:  SESS: If
{AVBP,CONCH,CONDI} € {1}"™*T holds, then all
the storage devices are considered as SESS. As elaborated
above, o¢ is the aggregation of Schur-Complement of
each auxiliary block of A¢, therefore, in each iteration
St =—-p: Y, 1ptT . 0¢ is a sparse bandwidth matrix such that
{Vi,j of ; = 0if [i — j| > n,} where the number of non-zero
matrix elements is only dependent on the number of storage
devices n, and simulation horizon 7', and not on network
properties. More precisely, each element of s;;; is computed
through s;;; = —pi X, 1pjTt considering the only non-zero

part of p; is Git which moves from top to bottom while ¢
moves from ¢ = 1 to t = T as illustrated in Eq. (33) and
in the for loop of Alg. [T} with the essential assumption that

the condition AVBP = CONDI = CONCH = []l]n T

holds, which intuitively means that éf_t has a constant
structure over optimisation horizon. p/ also has the same
pattern through a loop from ¢ = 1 to ¢t = T'. Therefore, S;
moves in a bandwidth structure as shown in Fig. [2] from the
top left corner to the bottom right. Each block of S;.7 is
constructed by two sub-blocks of wa the blue rectangular
sub-block with P" and P9" variables and the light green
sub-block with SOC variables at each time. The structure of
Si—r is different since éiT is the last linking equation over
time, and therefore, SOC is no longer linked to a next time,
but P" and P still exist.

nnz=340

Fig. 2. Overall structure of the main Schur-Complement: €. The structure
of S; is shown with red dots, and S;_ with black dots, for a network with
ny =5and T = 10.]

b) Dynamic Schur-Complement Structure—EV: If con-
ditions of (Ta)-(Tc) do not hold, the structure shown in Fig.

*nnz = 340 stands for number of non-zero elements

[2] would change depending on the dynamic behaviour of the
input matrices of AVBP, CONCH and CONDIL. Fig.3]il-
lustrates the sparse Schur-Complement pattern of ¢, made by
input matrices shown in Eqgs.(36a)-(36b). Each colour/legend
shows the non-zero elements of S; for each time ¢t = 1,..., T,
which show up in the main Schur-Complement structure o°.
As presented in Alg. [I] LT3] the structure of o, and also as
shown in Fig.[3] is constructed inside a for loop from ¢ = 1 to
t = T. The non-zero elements of S; have overlaps with non-
zero elements of S;_; and Sy, 1, see Fig. El Therefore, they are
added together in the for loop while ¢ progresses from ¢ = 1
to ¢ = T. In this algorithm, it is important to allocate a size
of memory proportional to the number of non-zero elements
of S; and o° to achieve high performance. It should be noted
that the number of non-zero elements in S; and o€ (and the
size of allocated memory) for each time ¢ = 1,...,7T are in
turn function of input matrices and they can be predetermined
before the starting of operation of Alg. [I]

00 11111100
00011 11000
AVBP=CONCH=(0 0 1 1 1 1 0 0 0 0| (36a)
0000111110
000011100 0
CONDI = [0] (36b)

(ny=5)x (T=10)

There is no EV in the system at time ¢t = 1, 2; two EV appear
at time t = 3, full EV connected system at t = 5, 6; similarly,
corresponding structures alter, as can be seen in Fig.2J} The

Sghur—CompIement Structure of a set of EV, nnz =202
o . . . : "

nnz(t=1)
nnz(t=2)
nnz(t=3)
nnz(t=4)
nnz(t=5)
nnz(t=6)
nnz(t=7)
nnz(t=8)
nnz(t=9)
nnz(t=10) 1

e x0e>+0

» b e

ny, x T

Fig. 3. Overal structure of the main Schur-Complement: o€, for a network
with ny = 5 and T' = 10, corresponding to input matrices of (36a)-(36b) El
Number of non-zero elements of S¢ changes through time ¢ = {1,...,T'}.

reason for the different structure shown Fig. P] is the same
reason elaborated in Section [[V-CIa] The only non-zero part
of p; is éf_t which moves from top to bottom while ¢ moves
from ¢t = 1 to t = T illustrated in Eq. (33) and in the for loop
of Alg. éj_t is the first derivative of energy storage systems
in the time ¢ and its structure alternates over time, due to the

dynamic behaviour of input matrices of AVBP, CONCH

fnnz = 202 stands for number of non-zero elements, different value for
each time



and CONDI. Therefore, the Schur-Complement structure of
o ¢ gets more sparse than that of SESS and could be factorised
even faster than that of SESS.
In the rest of Alg.[I} ¢ is factorised by sparse LDL factorisa-
tion technique, since it is a sparse symmetric matrix. Finally
Alg.returns o' matrix, and inf® and infgr structs containing
factorisation information to be called in Alg. 2}

2) Alg. 2] Forward and Backward Substitution: Inputs are

matrices of T',a',p;,(;, and structs of inf®, inf;f. Alg.

is to solve dA through sparse LDL forward and backward
substitution, and further, to compute dw; through a for loop
with the help of sparse LU forward and backward substitution.
First the righthand side of the main Schur-Complement equa-
tion of 3¢\ = &, which is €, is computed in Alg 2, LIZI Using
the “struct” of inf®, the sparse LDL forward and backward
substitution is performed in L[3] and §X is cleared. Second,
in a for loop, a slack variable called k; is constructed with
ki = C; — p OX in L and recalled to solve for the sparse
LU forward and backward substitution using the “struct” of
infgr in each t and thus, dw; is cleared. Finally, Alg. returns
vectors o\ and dw;.

Algorithm 2: Forward and Backward Substitution

1 Function SchurcomII ({T',a’, inf}, {p;, (s, inf},
Vt=1,...,T}:
£=T-7'
dA=SparseLDLForBackSolve(inf®, &)
for r=1:T do
ki =Cr— p; OA
dwy= SparseLUForBackSolve(inf 2( ,K¢)
End for

return {A} and dwy, Vt=1,...,T}
9 End Function
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D. Computational Performance and Memory Efficiency

1) Sparse Matrix Operations: Since most of the operations
here are done in sparse format efficiently, sparse indexing and
libraries are developed to construct and handle re-ordering
explained above. Sparsity is a method to save significant
memory in large-scale simulations.

2) Function Evaluation: First and foremost, analytical
derivative functions, known as hand-coded functions, are im-
plemented here, and are the fastest possible way to compute
all partial derivatives of the first and second order of objective
function and constraints w.r.t. all variables, especially when
it comes to large-scale optimisation systems [2&]]. Efficiently
exploiting and handling the operations of sparse matrices and
subsequently updating their indices over the optimisation time
horizon accelerates the computational performance.

3) KKT Systems: The computational complexity of sparse
matrix operations is proportional to the number of non-zero
elements in each sparse matrix and independent of the size
of matrices [|33]]. Note that the number of non-zero elements
of Jacobian matrix for each case and per row is almost
constant and is similar to the number of non-zero elements

of a coefficient matrix obtained from discretisation of finite
element methods in three-dimensional meshes.

Therefore, the only possible way to assess the performance of
a solution proposal for KKT systems is through the estimation
of sparse matrix operations. Factorisation L[I0] in Alg. [I] is
the most computationally expensive step in the loop when
ny < K, where K o< Ny, = Ny, + ngn + ng, = 2np +
2ng + 4ny + ngn + ng, [] Note that the rest of Alg. [I] and
Alg. [] are dominated by this step and can be ignored in this
case. If the number of non-zero elements per row of coefficient
matrix of (33) is approximately similar to Laplacian matrices
discretised by finite elements, then LU factorisation of L@
has the complexity of O(NZ, ). Consequently, the complexity
of factorisation for all blocks of Y, will be O(TN%, ).
However, for n,, > K the complexity of Alg. Elis dominated by
(a) L (b) L since the size of matrix p; € RNosXN7: gets
larger where Ny, = T'n,, and (c) LDLT factorisation of o¢,
in L[I7} this is because the main Schur-Complement structure
of 0¢ becomes dense and therefore, the complexity of LDLT
will be O(4(T'ny)?). Note that overhead of factorisation of o
is more dependent on n, than on 7' since non-zero elements
of each sub-structure of S; are {nnz(S;) = ny(n, +3) | t #
T, nnz(Sy) = ni}. Note that these arguments are only
valid when AVBP = CONDI = CONCH = []l]n T
holds, which in turn would lead to a static Schur-Complenylent
structure discussed in Section [V-CTa] On the contrary, the
complexity of dynamic Schur-Complement structure shown in
Section has even less overhead than the static one.

4) Memory Efficiency:

a) Input Matrices: BATTPOWER has 14 input matrices
in total, as described in the Appendix [A} Four are similar
to MATPOWER (BUS, BRANCH, GEN, GENCOST)
and ten new matrices to capture the mulitperiod formulation
and energy storage. Except the mentioned MATPOWER ma-
trices and the new matrises PD and QD, which are all dense
matrices, the rest is stored in a memory-efficient manner,
either binary or spare format matrices. AVBP, CONCH,
CONDI, AVBQ, and AVG matrices are the binary ones.
Finally, SOCi and SOCMI are neither dense nor binary, so
these are stored with sparse format.

b) Core Optimisation Solver: As noted in Section [[V]
the solution of the linear KKT system (30) is the most
computationally expensive step in an IP algorithm. This step
attributes also to the highest peak memory footprint, since the
Newton-Raphson Jacobian (30) is the largest structure builﬂ
The solution of the multi-period KKT structure of (30) through
Schur-Complement breaks it into smaller Y; blocks in (34,
and thus, significantly less memory allocations. In fact, the
line with peak memory allocation is located in Alg. [TJL[TT]
where struct infgr stores info to be called in Alg. LE

*In other words, Factorisation Lis the most computationally expensive
step, when the number of storage devices are smaller than a certain number,
where this number is proportional to size of blocks of Y in Eq. (34)

In general, both sparse matrix size (m x m) and density have a direct
relationship with the size of allocated memory in a computational program.



V. CASE STUDY AND RESULTH

In this section, we present the results of benchmarking,
obtained from implementations of different algorithms on
similar platforms and workstations. The aim is to show
the computational differences among mathematical algorithms
when implemented on similar platforms.

In this respect, standard case-files are adopted, Case9 [34],
IEEE30 [35], IEEE118 [36]] and PEGASE1354 [37,38] are
chosen for the study of SESS. Moreover, three distribution
networks are considered for the simulation of EV: Case85 [3Y]],
Casel4l1 [40], and a case study based on a real distribution
grid in Mid-Norway [41]]; except for the last case study, the
other cases can be found in the MATPOWER data folder
[22]). Details of these benchmarks are shown in Table [l The
transmission networks are considered in order to simulate
the SESS and consequently the performance of static Schur-
Complement structure that was discussed in Section [[V] The
distribution networks are considered to simulate and compare
the performance of dynamic Schur-Complement algorithm on
arrival and departure of EV in one 24-hour period.

For all simulation results, both transmission and distribution

TABLE I
POWER GRID BENCHMARK MODELS

Type case study np ny ng
Case9 9 9 4
Transmission IEEE30 30 41 6
Grid IEEE118 118 186 54
PEGASEI1354 1354 1991 260
Distribution Case8> 85 84 !
Grid Casel41 141 140 1
Mid-Norway 974 1023 2

networks in the next two subsections, BUS, BRANCH,

and consequently e = 0 MWh. Charge and discharge
limits are considered as (P{")™in = (Ptymin — o MW
and (PPymax — (pichymax — 10 MW. All charging and
discharging efficiencies are taken as ¥$* = 0.95 and " =
0.97, respectively. Moreover, the initial status of storage de-
vices is taken to be zero for all cases: SOCi = [@]n T Fig.
[] shows a typical optimisation outcome where the case study
is Case9. Summation of loads and generations in each hour is
depicted here with the operational strategy of energy storage
systems with n, = 3. Storage devices are located at buses 1,
2 and 3, where generators are located originally in the case-
file. Since the objective function is a quadratic cost function,
the storage devices are charging when the sum of loads is at
the minimum and discharging when at the maximum. Fig. [j]
is only for illustration of the optimisation outcome and does
not provide more insight.

1
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Fig. 4. Scaling factor multiplied by vector of consumption of active load P94
in order to simulate one period of 24 hours
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GEN, and GENCOST matrices are taken from the original
test-cases and are not modified. Moreover, the flat initialisation
;X ) is taken for all results presented in

N
o
S

Power (MW)

strategy (XX

this paper. Vector of bus active load is obtained through
P = ¢P(t).P, and P(t) is illustrated in Fig. E which
fluctuates similar to a base load of households. Vector of bus
reactive load is simulated as Q% = c1(t).Q with a constant
scaling factor shown in Fig. [f] by a red line. Note that the
objective function of the optimisation problem in this paper
includes only active power minimisation. P and Q are taken
from the original values in BUS matrix. All simulations codes
are developed in MATLAB environment. They are performed
on a computer with Intel(R) Xeon(R) CPU E5-2690 v4 @ 2.60
GHz and 384 GB RAM, and controlled with the single-thread
environment to compare the computational differences in only
the single-thread mode.

A. Transmission Network with Stationary Storage

For transmission networks, the time-step is taken to be At =
1 hour. The capacity of storage devices is e*** = 100 MWh,

“Please note that, the efficiency of calculating analytical derivatives and
their structures is illustrated in Appendix [D] of this paper
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Fig. 5. IEEE Case9, ny = 3, T = 24 and ny = 3. Total loads and generation
vs operational variables of batteries—SOC, P" and Pdch

1) Independency of Distribution of Storage Devices and
Computational Performance: Optimisation problems are
solved for different distribution of storage devices at buses.
Various types of scenarios are tested in order to verify that
the distribution of storage devices does not have an impact
on the overall computational time of each benchmark for
convergence. In this respect, Table [[I] illustrates the iterations
and overall time spent in solving each case study with specific
strategies for the distribution of storage devices. In Table
First-Last strategy is for the one with distribution from first bus
number to the n;h bus number when n, < ny. If ny, > ny,




then First-Last strategy repeats until all storage devices are
located at the buses. For the Last-First strategy, the starting
point is from the last bus gradually to the first bus. The Load-
Bus strategy is for locating the storage devices at the buses
that only have non-zero load in their original case-files: bus
i adopts one storage if p¢ # 0; this process repeats until all
storage devices have been located. The last strategy is Fair-
Dist, which uniformly distributes the storage devices among
the buses. For instance if we have n;, = 100 and n, = 10
then every tenth bus adopts a storage device. Table [[I] shows
that the time spent for each iteration, and for each scenario
explained above, is very similar.

TABLE I
STRATEGIES ON DISTRIBUTION OF STORAGE DEVICES

Case  Distribution (pez;o d) ny NI(:;::f Time (s) Tlér;e
A" First-Last 240 10 69 145 2.10
AT Last-First 240 10 90 190 2.11
A" Load-Bus 240 10 67 141.9 2.11
AT Fair-Dist 240 10 81 170 2.10
B Rirst-Last 24 50 43 338 7.86
B | ast-First 24 50 43 338 7.86
B®  Load-Bus 24 50 44 348 791
B Fair-Dist 24 50 43 342 7.95

a A:JEEE118
b B:PEGASE1354

2) Reported Time in the Benchmark: All the reported time

values in this paper are shown in Appendix [D] (Table [VII) and
Figs. [0} [7} [Bl P} [[3} [[4] and [[3] show the total time taken for dif-
ferent benchmarks, which is the elapsed time to execute an al-
gorithm until the optimum point is found. In other words, total
time is TotalTime = No.of Iter. x TimePerlter. It should
be kept in mind that the same number of iterations is con-
sidered for benchmarks reported and compared in Appendix
(Table [VII) and Figs. [6} [7] [8] B} [[3} [[4] and [I3} Moreover,
the selected strategy is First-Last distribution for all the above
benchmarks.
Lastly, it should be noted that different distribution strategies
have a different impact on the outcome of optimum operational
values, such as objective function, generator scheduling, total
losses, and voltage fluctuations in the grid.

3) Linear Algebra Overhead of SESS AX = B: As we
stated in Section the most computationally expensive part
of the IP algorithm is the solution of linear algebraic equations
of the KKT system, which is similar to AX = B, where A is
the coefficient matrix, and B is the right-hand side vector. In
order to assess the computational performance of the Schur-
Complement technique, here we compare the performance of
the tailored algorithm with direct sparse LU factorisation of
complete structure of Eq. (34) (well-known arrowhead struc-
ture) and consequently the forward and backward solution,
to present the computational time for the two algorithms
implemented in the same platform. Note that most of the
current IP-based solvers such as IPOPT, MIPS and KNITRO
embed a direct solution method (LU/LDL). The main focus

of the numerical results in this section is short-term horizon
T < 240 for IEEE30, IEEE118 and PEGASE1354 since full
ACOPF would be more application oriented within short time-
periods.
Fig. [f] depicts the computational time needed to solve Eq.
(34 of Case9 with Schur-Complement and a direct sparse-
LU solver for number of storage devices n, = 1,5, 10, 20, 50
and 100; each case takes into account time horizons of 7" =
24,240, 1440 and 8760. Direct sparse-LU solver outperforms
in all cases as n, and T increase. This informs us that
the Schur-Complement method is not efficient in comparison
with a direct sparse-LU solver when the case study is a
comparatively small network.

However, results for IEEE30, IEEE118 and PEGASE1354
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Fig. 6. Total time (TotalTime = No.of Iter. x TimePerlter) for solution
of the linear KKT systems of (34) solved by Schur-Complement algorithm
vs direct sparse LU solver, applied on Case9

suggest that the Schur-Complement method outperforms the
direct sparse-LU solver when 7' significantly increases. Since
very large time-periods 7" > 240 would not be considered as
applied cases, we do not include them here. Moreover, for rel-
atively small number of time periods 7' < 24 direct sparse-LU
solver outperforms the Schur-Complement method in almost
all cases [10]; therefore, we focus our results for IEEE30,
IEEE118 and PEGASE1354 when the 24 < T < 240. It
can be seen that when number of storage devices increases
ny > 10, then the Schur-Complement method provides a more
computationally efficient outcome.

Fig. [7] illustrates the comparative computational performance
of the Schur-Complement solver and direct sparse-LU solver
in order to solve the IEEE30 case study. As n, > 10 the Schur-
Complement solver has higher performance which increases
considerably when 7" > 24. Note that the direct sparse-LU
solver is dominant again when n, > 300, due to the reason
that n, > KC where K oc Ny, = 2np+2ng+4ny, +ngn +ng,,
where ny, ng, ny, ng, and ng;, are respectively the number
of buses, generators, storage devices, grid non-linear equalities
and grid linear equalities at time ¢. Put simply, when n,, > 300,
the number of storage devices is larger than a certain number
which is proportional to the size of blocks of Y; in (34).
Therefore, the computationally demanding terms would be
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Fig. 7. Total time (TotalTime = No.of Iter. x TimePerlIter) for solution
of the linear KKT systems of (34) solved by Schur-Complement algorithm
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the calculation of Schur-Complement auxiliary blocks of A¢
and A? as, respectively, in terms of S; = —p,X; 'p/ and
B = —p Xy ¢ in Alg. [
Numerical results of IEEE118 follow approximately a similar
pattern as for IEEE30 when n, and T increase, cf. Fig. El It
can be observed that the difference between the direct sparse
LU method and Schur-Complement method gets larger in
IEEE118, which in turn, proves that the latter outperforms
when size of Y, blocks in (34) becomes larger.

Fig. ] shows the performance of the Schur-Complement
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Fig. 8. Total time (TotalTime = No.of Iter. x TimePerlter) for solution
of the linear KKT systems of (34) solved by Schur-Complement algorithm
vs direct sparse LU solver, applied on IEEE118

method in comparison with the direct sparse LU solver where
the case study is a large-scale optimisation of PEGASE1354.
As expected, the Schur-Complement method outperforms the
sparse-LU solver considerably when n, > 10 and T" > 24.
The simulation shows that computational time is highly
dependent on the number of battery energy storage devices in
the grid and the time-period. The Schur-Complement method
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Fig. 9. Total time (TotalTime = No.of Iter. X TimePerlter) for solution
of the linear KKT systems of (34) solved by Schur-Complement algorithm
vs direct sparse LU solver, applied on PEGASE1354

1000
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S0

is an efficient method to accelerate the MPOPF solution time
when n, and T' are large numbers in optimisation.

B. Memory Efficiency

In order to back the statement in subsection [[V-D4B] the
maximum memory consumption is tested. Therefore, the peak
memory usage of Schur-Complement method is compared
with that of sparse LU solver. Fig. [I0] presents the peak
memory consumption to solve IEEE118, where n, = 1,
n, = 10, and n,, = 50. In each n, four different time horizons
T=24,T =48, T = 96, and 1" = 240 are tested. Moreover,
each simulation test € {1,..,24} is repeated 10 times, and
the results are shown as box plots in Fig. [I0] The results
show that the average peak memory consumption of Schur-
Complement method is more than 7 times less than sparse
LU solver. It should be noted that increase in both 7' and
n, would result in higher maximum memory usage. Lastly, a
larger variation of the peak memory usage is observed in the
case of direct sparse-LU solver. It should be noted that LU
solver is an internal MATLAB library.

C. Distribution Network with EV Storage

In this section, three distribution networks are considered
for the benchmarking study: Case85 [3Y], Casel41 [10]], and
a real Mid-Norway distribution grid.

References report that the average driving distance is
52 km and as per reference , the standard deviation is 22
km. EV fleet’s arrival and departure are derived from the work
hour lifestyle survey results presented in [5]. A summary
of the data for EV charge profile generation is provided in
Table [T} Note that the departure times of the EV owners are
calculated as 9.5 hours after their arrival time by considering
8 hours of working and 1.5 hours for total commuting time.
The number of EV, departure time, and arrival time are
selected as an input and solved for one period of 24 hours.
One full EV optimisation period is applied for the entire
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Fig. 10. Peak Memory (K B) for solution of the linear KKT systems of (34)
solved by Schur-Complement algorithm vs direct sparse LU solver, IEEE 118,
where ny = 1, ny = 10, and ny = 50.

TABLE III
DATA FOR EV CHARGE PROFILE GENERATION

Mean daily drive distance 52 km
Standard deviation of daily drive distance 22 km
Standard deviation of daily drive distance distribution 10% !
Percentage of EV population that consume < 18 kWh/100km  80%
Percentage of EV population that consume > 18 kWh/100km  20%
Mean arrival time for the EV population 17:00
hours
Standard deviation of arrival time for the EV population 90 min
Standard deviation of daily arrival time for individual EV 15 min
Percentage of 230V, 10A chargers 70%
Percentage of 230V, 16A chargers 20%
Percentage of 230V, 48A chargers 10%

! of daily drive distance

simulation from 12:00 PM until 12:00 PM the next day.
Time resolution in each profile can be seen in Table [[V]
Three types of charger power capacity are chosen and shown
in Table Discharge is considered to be inactive for all
optimisation senarios: CONDI = [0] . input matrices
of AVBP and CONCH are considered to be similar, i.e.
AVBP = CONCH, which are derived from arrival and
departure distribution functions. The initial state of charge
input SOCi is calculated according the distance each EV has
traveled such that [SOCi;]dan = [emax — Energy(x)]**"",
where Energy(x) is a function that calculates the energy
roughly consumed. Lastly, the departure state of charge is
controlled through the last input matrix SOCMIi, which
is the minimum state of charge, cf. the box constraint in-
troduced as SOCMi, < SOC; < SOC™**, such that
SOCi,;; = SOC;"™ if {AVBP,; = 1ANAVBP, ., =
0} V{AVBP, ;-1 = 1}.

1) Standard Distribution Cases: Case85 and Casel41 are
open-source radial distribution cases in the MATPOWER
data folder; they are 11 kV and 12.5 kV medium voltage
distribution grids, respectively. They are each fed by only one

TABLE IV
TIME RESOLUTION IN DIFFERENT OPTIMISATION SESSIONS

T At

96 15 min
192 7.5 min
288 5 min
1440 1 min
2880 30 sec

feeder, cf. Table [} Linear cost functions are chosen for both
of them such that f(P?) = pu'P? where p € RT*! is a
vector of marginal price from 12:00 PM until 12:00 PM the
next day, randomly selected from the Nordpool [46] spot price,
Pe € RT*! is the power bought from the upstream network,
and 7T is the optimisation horizon. P4 and Qd of Case85 and
Casel41 are calculated similar to the procedure in Section
Arrival and departure timetables of EV are calculated
according to the description in Section

2) Local Mid-Norway Distribution Grid: The real-case
Mid-Norway distribution grid is a large distribution case study,
shown in Fig. [[I] which is a 22 kV medium voltage to 230
low voltage grid, fed by: 1) a high-voltage 66 kV feeder, Point
of Common Coupling (PCC), shown as red circle dot, and 2) a
local generator, shown as light blue circle dot. Cost functions
of PCC and generator are similar and are a linear function of

PCC gen PCC gen

fPe ,PE ) =pn"(P®  +P% ) where p € RT*1 is
the marginal hourly spot price (NOK/MW). We assumed that
the feeder and generator have similar hourly cost functions.
The network has 32 MV/LV transformers (shown as dark blue
squares in Fig. [[T) and feeds 856 registered consumers in
the low-voltage area. P and QY for Mid-Norway grid are
acquired from the local DSO and are hourly real consumption
data of 856 consumers.
Fig. [12] depicts the optimisation outcome for an EV period

\ =66 kV to 22 kV
\ —22 kV
\ —22kV to 4 kV

Generator "]

856 Consumers, |
32 medium voltage transformers,;‘
2 feeders (generator and 945)

Fig. 11. Local distribution grid located in Norway with 856 costumers. using
the visulaisation technique from [4/]

of 12:00 PM Feb 1, 2012, until 12:00 PM Feb 2, 2012, where
optimisation resolution is 15 minutes, and thus 7' = 96. Fig.
[12] a) shows the overall picture of a day with the base load
of consumers, and optimal production from the generator and
PCC as well as optimal charging. Fig. [[2] b) provides more



insight into the optimisation results, where the optimum is
a middle ground between: 1) placing all EV chargings with
highest capacity of charge for the lowest price (shown in
Fig. @ ¢)), and 2) minimising losses at the same time. The
compromise outcome is a pick of charging EV distributed
between the time index of 45 until 68 and in a relatively sharp
manner. It should be kept in mind that if the same optimisation
formulation is run with DCOPEF, then the charging pick would
be sharp (all in the lowest price timestep), such that the loss
would not be seen. Fig. [[2]d) and e) illustrate the charge and
state of charge profile of each EV owner, which total 856.
Lastly, Fig. [I2] f) shows the voltage variation of 974 buses
over 24 hours and 96 timesteps.

3) Linear Algebra Overhead of EV AX = B: Similar
to Section [V-A3] the computational performance of Schur-
Complement algorithms of Algorithm 1 and Algorithm 2 are
compared with that of a direct sparse LU solver. Despite
the fact that the Schur-Complement structures of SESS and
EV are different, the main difference could be that EV have
lower number of coupling constraints and some simulation
hours could be completely decoupled; it is more efficient to
solve them separately from coupled times. Here in this paper,
we solve one EV period completely, both with the Schur-
Complement solver and the direct sparse LU solver.

Figs. [T3]and [T4] show the computational time to solve a similar
structure of (34) with the Schur-Complement algorithm vs the
direct sparse LU solver, where number of EVs n,, are increased
from 1 to 1000 in the benchmark case study of Case85, with
the strategy of First-Last as shown in Table [} The results
follow the same pattern as that of optimisation of SESS in
IEEE118 shown in fig.
In small time horizons when n, increases the efficiency of
computing of Schur-Complement algorithm surpass that of the
direct sparse LU solver until a certain point, and then decreases
with a slope again. This is more evident when 7' = 96 and
ny > 100. Furthermore, it can be seen T = 192 and n,, > 200.
The Mid-Norway case study is an interesting case where
the direct LU solver mostly performs better. This is due to
the fact the 7' times LU factorisation of the block Y; in
Alg. 1 of the Schur-Complement algorithm is more compu-
tationally expensive than the solution of the entire coefficient
matrix of (34). This is due to the fact that the number of
coupled blocks of Y, is reduced, which in turn is because
of input matrices, defined by the arrival and departure of

EV. In fact the ratio of coupled blocks can be calculated

as [average of dep time [stepsfaverage of arrival time steps] — 0.52 which
otal time steps .

shows that only 52% of blpocks are coupled. One more in-

teresting aspect is the clear observation of the turning point,
when n, = 100 for two time horizons of T" = 1440 and
T = 2880, such that when n, < 100 the direct sparse LU
solver performs better, and when n, > 100 then the Schur-
Complement is supreme.

VI. CONCLUSION AND FUTURE WORK

A high performance and memory-efficient multi-period
ACOPF solver based on a primal-dual IP method is proposed

a) OPTIMAL SOLUTION
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Fig. 12. Outcome of optimisation of large local distribution grid in mid-
Norway, Data for 12:00 PM Feb 1, 2012, until 12:00 PM Feb 2, 2012, with
highest pick of electricity price in the year of 2012: a) General perspective
of optimisation, total hourly consumption profile, shown as Base Load and
optimal production profile of PCC and generator, plus accumulated charging
power of 856 EV, 1 EV per costumer. b) accumulation of total generation vs
base load and in between two curves, losses in red and charging power in
green c) hourly spot price, 8:00 am of Feb 2, 2012, is highest price of the
year 2012 d) charging profile of 856 EVs. Outcome of optimisation suggests
charging times and power values such that to compromise between total cost
and total loss. e) state of charge of 856 EV, f) voltage fluctuations of 974
buses.

in this paper. In order to boost the computational performance,
two mathematical approaches have been investigated. Partial
derivatives of linear and non-linear constraints, objective func-
tion, and KKT conditions have been extracted analytically and
consequently their sparse structures have been explored and
exploited. A tailored algorithm has been suggested, using a
new re-ordering format, in order to solve the sparse multi-
period structure of Newton step in the IP method, with high
computational performance. From the numerical results, the
performance of the proposed Schur-Complement method is
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distribution grid

compared with a general sparse LU solver. Numerical results
suggest that a tailored Schur-Complement algorithm could be
computationally supreme in a problem with certain specifica-
tions, such as (1) large networks (large number of bus and
branches) (2) different optimisation horizon (T), and (3) large
number of storage devices. In future works, we propose a
parallelised Schur-Complement algorithm and benchmark it
thoroughly.
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APPENDIX A
BATTPOWER INPUT

BATTPOWER input matrices are introduced and elaborated
in this section. The main introduced input is matrix of BATT,
which represents a connection matrix of n, € N energy
storage devices. It contains charge and discharge rates and
efficiencies of storage devices along with their maximum and
minimum energy capacities. Moreover, it includes initial points
of the charge, discharge, and state of charge variables. Table
summarises the input matrices fed into the BATTPOWER
solver. Note that 7" € N is the time period is optimisation and
t is a time in the interval of ¢ € {1,...,T}.



TABLE V
DEFINITION OF INPUT MATRICES

Size of Matrix

Input n m Description

BUS g ! Examples can be found in

BRANCH ng 1 Examples can be found in

GEN ng ! Examples can be found in

GENCOST ny 1 Examples can be found in |

BATT ny 1 BATT_BUS, SOC_OPT, PCH_OPT, PDICH_OPT, Q_INJ_OPT, SOC™™, SOC™Mr (Qsymax (Qs)min
MBASE, (Pch)max (pdehymax gpp cy (®h) grr_DICH (Pdoh)

AVBP Ny T AVBP < B"v*T (B is a binary set.)> which is the availability matrix of active power provision of storage devices,
such that AVBP; ; = 1if the ith storage at tt" time is available and connected to the grid, otherwise AVBP; ; = 0,
where T is the optimisation horizon.

CONCH Ny T CONCH € B"v*T is the charge connectivity matrix in which CONCH, ; = 1 if the i*" storage at t*" time
has a charging option, otherwise CONCH; ; = 0.

CONDI Ny T CONDI € B™v X7 is the discharge connectivity matrix such that CONDI; ;, = 1 if the ith storage at t* time
has the available discharging option, otherwise CONDI; ; = 03.

AVBQ Ny T AVBQ € B™ X7 is the availability matrix of reactive power provision of storage devices such that AVBQ,; ;=1
if the *" storage at t*" time has the available option for reactive power provision, otherwise AVBQ;; =0.

AVG ng T AVG € B"9*T which is the availability matrix of generators within the optimisation time horizon and consequently
AVG;; = 1if the it generator at t!" time is available to inject power in the grid.

SOCi Ny T SOCi € R™v X7 is the matrix consisting of initial state of charge of n, storage devices over time t € {1,...,T}. A
value for initial state of charge {0 < SOCi; ; < 1} is allocated for the 7" storage device at time ¢ if and only if one
of these conditions is satisfied: 1) AVBP; ;—1 = 1. 2) AVBP;;_; = 0 and AVBP;; = 1 (arrival definition),
otherwise SOCi; ; = 0.

SOCMi Ny T SOCMi € R™*XT matrix which includes the minimum state of charge of n, storage devices through time t €
{1,...,T}. The state of charge of the ith storage device at the departure time of ¢ can be settled if one of these two
conditions is satisfied: 1) AVBP; ; =1, AVBP; ;1 =0.2) AVBP, ;7 = 1.

PD ny T Time series of active loads.

QD ny T Time series of reactive loads.

! User Defined.

2 B is a binary set.
3 Note that AVBP;; = 0 means that the ith storage\EV at time ¢ is not available; therefore, the same element in charge and discharge connectivity
matrices must be zero: CONCH; ; = 0 and CONDI; ; = 0. The converse logic is not valid.



APPENDIX B
EXTRACTION OF FIRST AND SECOND PARTIAL DERIVATIVES

In general, if we assume a complex scalar function f :
IR"™ — C of a real vector such as (I8), the first derivative can
be calculated as:

_or _[or o o5 of
fX o 8X o 8X1 8X2 8Xt “.8XT (373)
hy
OF 01 01 Of _0f _0f Of iy g
®, 0V, 0P 0Q; 0(SOC,) 87>§h 6P?Ch 09;
’f 0% f
ox32 Ox1Xnp,
Pf 9 Of 7 S .
2*f *f
Oxp X1 ox2

Egs. (374), and (38) are the basic forms of first and
second derivatives of objective function which is f : IR"™ — C.
However, constraints G(X) and H(X) are vector functions
f :IR™ = R™ and therefore:

G(X) = [g1(X) g(X) gN, (X)]T1x1vg

First derivative of this complex vector function can be written
as:

(39)

rogi g1 dg1 7
8G 6:-c1 8?(1 oxr
Gx = x| : : (40)
gk gk ogr
L Ox1 Oxy Ox - Nyx N,
'8h1 8h1 3h1 T
oH 6:.c1 Ox¢ oOxr
Hx =& = . i (41)
X : : :
ohy ohy Oh;
LOx1 T Ox¢ 7T OXT - Np XN,

Calculation of second derivatives might be somewhat con-
fusing since the three-dimensional set of partial derivatives
will not be calculated here [23]]. The reason is fairly simple
and straightforward. In this context, we are using a Newton-
Raphson method to find where the partials of a Lagrangian
are equal to zero. It is the Hessian of the Lagrangian function
in (23) that we need to compute and we always compute it
with a known lambda vector. Therefore, it is only the partial
derivatives w.r.t. X of the vector resulting from multiplying
the transpose of the Jacobian by lambda that are needed in
this context, which means:

0

G G 42
XX = 8X( xA) (42)
G 0 —(GxA) (43)
XY = 5y X

The same types of derivatives can also be written for H(X).
More details regarding the first and second partial differentials
of F(X), G(X) and H(X), and the arrangement of their
matrices can be followed in the Appendix [B| of this paper.

Partial differentials of equality and inequality constraints are
elaborated here in this appendix. According to Egs. (374),
(376), and (B8), first and second derivatives of F'(X), and

based on Eqs. @0), @I), @2) and @3) first and second

derivatives of G(X) and H(X) can be extracted. As we
introduced the structure of G(X) and H(X) before reordering
as (T9b) and (19¢), in the subsections below the first and
second partial derivative of F(X), G(X) and H(X) are
analytically extracted.

A. First Partial Derivatives of Equality Constraints Gx

~ . 1T

Gx=[Gx=9% Gx=2§ Gx-2] (44a)

~ o~ o 17

Gx = [gxlzT)i xQ:Tng Exr= ang} (44b)

. _ T

Gx [g)q é%cgl 8x,= (‘%gz 8xr= %} (44c)
.

ok —s Jg® —=s og*® ogs

Gx=[g,-% .- .. g,-05] @

Recall from Section and Egs. (16a)-(T6b); thus, the

expression of gx, in @4B) can be expanded as:

98 _ [%{éxt}}

% [3{8x}

_ |R{ge. 8v. &P, 8o, 8s0c, Epy Bpyn 8o}
S{ge, 8v, &P, 89, 8soc, Bpsn Bpin Bo:}

gxt -
(45)

In Section[lI-A] V., V and © are defined as vectors of complex
bus voltages, bus voltage magnitudes and angles respectively.
In addition, let F = diag(V)~'V, therefore @3) can be
extended as:

go, = jdiag(V,)(diag(I"*;) - Y"** diag(V})) (46a)
= diag(V,) (diag(I""*))

— Y"" diag(V}))diag(V;) ! (46b)
gpy = —Cf (46¢)
gos = —JC} (46d)
gsoc, =0 (46¢)
Epen = —Csh (46f)
gpyer = Ci (46¢)
go; = —JC; (46h)

It was noted in Section that linear equality constraints
consist of: (a) #5123k = (, (b) any user-defined custom linear
constraint, and (c) binding upper and lower bound variables
such that xmi“ = P Thus, it can be written in general
format as g(xt) = A4 x, — B® and subsequently,
= A% The same could be extended to equality

gxt axt
constraints regardmg the energy storage constraints.
g'(m1) = [A3,] [x] - [B,] =0 (47a)
As =10 0 Em> —whAr AL] (47b)
SOCiy
B3, = | SOCij € R™ ! (47c)

SOCiny,t:I



Xt
g = [ar] ] - B3] =0 @
t
A =
0...0 —E™> 0...0 E™> WAt Hh] (47e)
SOCi,
B3, = | SOCi,, € R™ ! (471)
SOCi,, .

Therefore, é.s,_t =A%,

B. Second Partial Derivatives of Equality Constraints—éxx

Second partial derivative of equality constraints w.r.t vari-
ables are called in (ZIc), and can be computed analytically
with the format shown in Egs. (@2) and (@3). In detail, they
are expanded as shown below.

o GIA
Goox = Gx( X ) (48)
Therefore
~ . * us*—r . .
Boo(N)| = diag(vy) (""" diag(V,)diag()
t
— diag(Y"™" ' diag(V,)\))

+diag(A)diag(V,) (Y™ diag(V;) — diag(I;"""))

B
Ry ——(8oA) = jdiag(V,)™!

((diagw:)(Yb“”diagwt)diag(x)

(49a)

gve ()

~ diag(Y""" ' diag(V,)x))

—diag(\)diag(V,)(Y""" diag(V}) — diag(lb“*))> (49b)

gov(A) = <§ve()\) t)T (49¢)
gvv(A) = diag(V;) ™
(diag(k)diag(vt)Yb“S*diang‘)

+diag(V} )Xbus* Tdiag(XJdiag(A)) diag(V;)~! (49d)

All other partial second derivatives are zero, since the first
partial derivatives calculated before were also zero as shown
in Eqs. {@6a)-@6h). In addition, second derivatives of linear
equality constraints are zero, as shown here.

|0 A

=, = oo )], =" (302
I -

gxxt_ 8x( ox )t (50b)
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C. First Partial Derivatives of Inequality Constraints Hx

. - o _ 1T
~ ~ ~ -~ ~ - ~ 1T
_ oh oh h
Hx = [ =22 hy=f2 . hy=22]  GIb)
— _ _ _ _ LT
Hx = [h TR TS B, af’ih} (51¢)

H(X) is derived in (T2). As elaborated in Section [lI-A S™
fr

can be extended as S = {Sm} . With the same procedure,

h(x;) can be extended as:

Sy [Bea) | [(8™) (ISmanl)
h(xt) - [“’ ] - |:(St0)*st (|SL1ne :| (52)

htO(Xt) max )2

Therefore, first derivative of the h(x;) can be written as:

~ 9h _ |hf
hy, = 9% [ﬁgl (53a)
- hir
B = 2 o(m{diag(ST)}R(ST )
t aXt t
+ S{diag(S")}3{SL } (53b)
I_to aflto . to to
x = = 2(R{diag(S™)}R{S }
t aXt t
+ 3{diag(8")}3{S; } (53¢)

where S and §£ft can be written as follows (note that these
equations can be extended for 8" and §f§ with the same
format):

S = diag(V)I} (54)
lgr — Xert (55)
86, = j(diag(If")C" diag(V,)

— diag(C"V,)Y" diag(V7)) (56a)
S}, = diag(I]")C"diag(F,)

— diag(C™"V,)Y"" diag(F}) (56b)
§§gtg =0 (56¢)
gfrf =0 (56d)
Skoc, =0 (56¢)
Spe =0 (56f)
§’f’r3?Ch =0 (56g)
85: =0 (56h)

h(x;) = [ABOX x, - BBOX] <0 (57)

Thus, th = ABOX,



D. Second Partial Derivatives of Inequality Constraints Hxx
For hf

XX

t
equations can be extended to hi5

in general it can be written (note that these
with the same logic):
C0x Ox

T fr
hxx

t

= 82 <Sf’r Tdiag(S"™ ) + Sﬁr diag(Sfr)u>

{Sfr

t
(58)

t

diag(S™ ) + S Sf’r diag(p )Sfft*}

Eg@(#) .

= 2%{82,@ diag(S"")p +S%Tdiag(u)sfé*} (59)
t

ﬁ%@(ﬂ) .

— s ding(s" )u-+ 55 diag(ush | (590
t

hfév(ﬂ) .

= 29}%{823\) diag(S™")p +sfc.3Tdiag<u)S§§*} (59)
t

h@v(#) .

- Qm{sﬁgv diag(S™ ) + S@Tdiag(u)sis*} (59d)
t

All other second partial derivatives are zero, since the first
partial derivatives calculated before were also zero as shown in
Eqs. [@6a)-@Eh). ST o, STe, S, and SL,, can be extracted
as formulated in Eqs (]@ @ Note that these equations
can be extended to S§g, Sy, Swy and S{9y, with the same
logic.

Second derivatives of linear inequalities are zero

T
_ o ho A
= 9 A (60)
. 8x( 0x ) . 0
kT, " 1
See(n)| = diag(V;)Y" diag(u)C"diag(V,)
t

+diag(V,)C" ' diag(p)Y"™ " diag(V})

~ding (Y diag(u)C"V, ) ding (V)
—diag (C“Tdiag(u)Y“*VZ‘ ) diag(V,) (61a)

SYe(p)| = jdiag(V,) ™

t

* T
(diagw:)Yff diag ()" diag(V,)
~diag(V,)C" ' diag()Y" " diag(V;)

~ding (Y diag(u)C"V, ) diag(V)
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+diag <Cferiag(u)Yf‘”*VZ‘ ) diag(Vt)> (61b)

Sév(n)| = She  (w) t 61c)
Sy (k) = diag(V;)~!
(diagwr>Yfr”diag<u>cffdiag<vt>
ding(V,)C" diag ()Y diog(V))
diag(V;)™* (61d)

E. Partial Derivatives of Objective Function F(X)

Since MATPOWER case files are used for the sake
of benchmarking the solution proposal, we introduce only
quadratic cost functions and their first and second partial
derivatives here. Moreover, no operational costs for storage
devices are considered. Thus, we can assume the following
function as the total operational cost.

FX)=Fi+F+-+F+---+Fr (62)
where Fy = Fy = F; and F, = f{(P{) + f1(Q}). Therefore
first partial derivatives of F'(X) w.r.t. x; can be extended as
Fy, =0 (63a)
Py, =0 (63b)

off /
Fps = 8,,;% =ff (63¢)
off /
Fos = = f2 63d
Q agtg t ( )
Fsoct =0 (636)
F»P(tlch =0 (63g)
Fo: =0 (63h)

and subsequently, the second partial derivatives of F(X) w.r.t.

x,; can be extended using (63a)-(63g).

ofe

Fpeps = aiﬁg =1 (642)
t
aofy

Forer = 5or = 11" (64b)

and the rest of the partial derivatives w.r.t. the other variables
are Zzero.

APPENDIX C
SPARSITY STRUCTURE OF PARTIAL DERIVATIVES

In this section, the sparsity structure of computed partial
derivatives is illustrated. These structures have a great im-
portance since they contribute to the efficient computational
operations when it comes to reordering steps as described in
Section [V-Bl The number of non-zero elements in matrices
are accurately estimated and the specific amount of memory
is pre-allocated to these structures and blocks for further
computational purposes.



A. Sparsity Structure of Gx and Gxx

Overall structure of (~}xt is

Gy,
Gx = G,
Gy, =

R{ge}|, R{ev}, -Cf
S{ge}|, Stavl, O

G |
0 0 Csh
-C{ 0 0

—CgCh
0

0
-C3

(65a)

} (65b)

In matrix format, Gx and é; can be simply written as:

[Agid g 0
o grid
Gx — 0 AY 0 (66)
: 0 0
L 0 0 Agi
[AS, 0 0
Gy=| 0 An 0 (67)
: 0 0
0 0 Al

According to (@2), the second derivatives of G and H can be
written as:

Bxx
1
Gxx| = 5%(3%)| = 2 (68a)
t t .
[
L T
geeo(A)| Bev(A)| 0 0
t ¢
Bxx gve(A)| gvv(A)| 0 0 (68b)
t t t
0 0 0 0
0 0 0 0
B. Sparsity Structure of Hx and Hxx
_EXI -
Hx = h,, (69a)
I B, |
i yf@sit {1%5||t 0 0
~ h hto hto 0 0
hx, = -— el Vi 69b
X o, 0 0 00 (696)
0 0 00
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Finally, we can extend Hxx as in (70a).
0  HxA

Hyx = — (—=X7) =
xx = 5x ox )

(hix +higx)
1
(Hfr +}~1t0 )
. (70a)

hio(n)| hgy(w)| 0 0
t t
i = 2 (B ey | hYe(u)|  hhy(u)| 0 0
t t
' ' 0 0 0 0
0 0 0 0
(70b)
Hfr ivlto _
(hxx +h¥x)| =
t
he (1], + BSe (W), h&y (W), +hgy(w)], 0
hie(1)|, + hise ()], Dy ()], +hisy,(w)], 0]  (700)

0 0 0

C. Sparsity Structure of Fx and Fxx

First derivative of the objective function has the following
structure

Fx=[0 0 f f 0 0 0 0 (71)

Second derivative of fxx also can be written as (72a)
according to (38)

Jrx
1
Joex
fxx = 2 (72a)
Jax

L 74

0 _
Fux| = {f PPH (72b)

t
{f QA |t]
I : 0
APPENDIX D

FUNCTION EVALUATION

The efficiency of calculating analytical derivatives and their
structures is illustrated here. Table [VII] shows the total compu-
tational time in order to calculate Fx, Gx, Hx and L} until
the algorithm converges with the corresponding iterations,
where description of each term can be seen in Table[V]} As can
be seen, hand-coded derivatives outperform significantly faster



than numerical methods. For large networks, numerical deriva-
tives are intractable. The numerical derivatives are computed
using central finite differences. Since analytical derivatives are
the accurate model of partial derivatives of functions, further
accuracy comparison with the finite numerical method applied
here is neglected.

TABLE VI
FIRST AND SECOND PARTIAL DERIVATIVES

Term Description

Fx Fx =98

Gx Gx = 2§

Hx Hx = &2
Lyx Lxx = Fxx +Gxx(A) +Hxx(u)

23



TABLE VII

ToOTAL TIME (TotalTime = No.of Iter. x TimePerlter) ELAPSED TO CALCULATE: 1) ANALYTICAL (HAND-CODED) DERIVATIVES, AND 2)

NUMERICAL DERIVATIVES

24

Analytical Numerical

Case T ny iter Fx(s) Gx+ Hx(s) LY (s) Fx(s) Gx+ Hx(s) LY (s)

Case9 2 5 13 0.03 0.13 0.14 0.43 0.98 140.07
Case9 10 5 23 0.08 0.36 0.37 11.32 30.62 22815.29

IEEE30 2 5 12 0.04 0.25 0.18 1.01 2.16 682.70
IEEE30 10 5 16 0.05 0.24 0.25 16.73 49.12 79712.78
IEEE118 2 5 22 0.04 0.19 0.20 7.41 18.07 24557.09
IEEE118 10 5 37 0.09 0.62 0.82 158.21! 572.09 ! 4599735!
PEGASE1354 2 5 23 0.05 0.61 0.78 85.54! 496.18 ! 7185888 !
PEGASEI1354 10 5 33 0.10 3.77 5.15 588.06! 3530 ! 515509411

! Estimated total time: The time elapsed for one iteration multiplied to the iteration that would take to converge
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