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INTRODUCTION

This thesis is concerned with the nonlinear variational wave (NVW) equation
(1) ug — c(u)(c(u)ug)e =0,
where the function u = (¢, z) is such that v : [0,00) x R - R, and ¢ : R — R is

a given function depending on u. The equation was first introduced by Saxton in
[29], where it is derived as the Euler-Lagrange equation for the variational integral

/0°° /Z(“tz — A(u)ul) dz dt.

The equation appears in the study of liquid crystals, where it describes the director
field of a nematic liquid crystal, and where the function ¢ is given by

(2) (u) = asin®(u) + B cos?(u),

where o and [ are positive physical constants. We refer to [24] and [29] for informa-
tion about liquid crystals, and the derivation of the equation. From a mathematical
point of view it is possible to study (1) with other choices of the function ¢. Com-
monly it is assumed that ¢ is continuous, strictly positive and bounded. In addition,
one often requires some smoothness on the derivatives of c.

The study of the Cauchy problem, i.e., solving (1) with initial data

uli=o =up and w0 = wy

has been of interest ever since the derivation of the equation. A key property of
(1) is that solutions can loose regularity in finite time, even for smooth initial data.
The loss of regularity is due to the formation of singularities in the derivatives of
u. A singularity means that either u, or u; becomes unbounded pointwise while u
remains continuous. Therefore, one has to consider weak solutions of (1).

For smooth solutions of the NVW equation, the energy

1/(uf—‘—cz(u)u;)dac
2 )2

is independent of time. The singularities in the derivatives are characterized by the
fact that u, (¢, ) and w,(t, -) remain in L?(R) after they become pointwise unbounded.
In other words, we have concentration of energy at points where the derivative blows
up. Thus, it is reasonable to look for weak solutions with bounded energy. This
naturally leads to the two following notions of solutions. For conservative solutions
the energy is constant in time, while for dissipative solutions the energy is decreasing
in time. The difference between these solutions is in the continuation after the
formation of a singularity. For dissipative solutions the energy decreases at the
blow-up time, while for conservative solutions the energy remains unchanged.

The fact that singularities may appear complicates the study of existence, unique-
ness and stability of solutions to the NVW equation. Moreover, there are no known
explicit solutions of (1) that exhibit the singular behavior of the derivative. When
¢ is equal to a constant we have the classical wave equation whose solutions are
known, but does not have singularities.
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2 INTRODUCTION

This is in contrast to for example the Camassa—Holm equation, which has sev-
eral known solutions with singularities that have served as illuminating examples.
The lack of explicit solutions for the NVW equation means that one has to draw
inspiration from other equations whose solutions exhibit similar phenomena as (1).
Therefore, the study of (1) has been closely related to the Camassa—Holm equation
and the Hunter—Saxton equation.

BACKGROUND

An asymptotic equation for (1) has served as a rich source of inspiration in the
study of the NVW equation. The asymptotic equation

(3) (ug + uug )y = %ui
was first derived by Hunter and Saxton in [24], and is known as the Hunter—Saxton
(HS) equation. The equation describes small-amplitude and high-frequency pertur-
bations of a constant state of (1). In [24] it is shown that smooth solutions of (3)
break down in finite time, meaning that at some finite point in time, the derivative
u, becomes unbounded pointwise. Therefore, one has to consider weak solutions.
Next, the authors construct weak solutions which remain continuous after the spa-
tial derivative blows up, which comes from the fact that w, is square-integrable.
Their construction of weak solutions reveals that they in general are not unique.
The non-uniqueness of weak solutions suggests that one should introduce admis-
sibility criteria for selecting weak solutions. Motivated by the fact that the energy

/ui dz
R

is bounded for weak solutions, Hunter and Zheng introduce the concept of conser-
vative and dissipative solutions for (3) in [25, 26]. For conservative solutions the
energy is constant, even after the solution looses regularity. For dissipative solu-
tions, the energy is nonincreasing, and decreases when singularities appear. The
authors establish global existence of weak solutions of both types, for initial data
where ug, has compact support and is of bounded variation. They prove the inter-
esting property, which was observed for the constructed solutions in [24], that both
types of weak solutions remain continuous after the derivative blows up.

An important contribution to the study of the NVW equation is [17], where
Glassey, Hunter and Zheng prove the corresponding singularity formation for (1).
They show that the first order derivatives u; and u, can become unbounded point-
wise in finite time, even when starting from smooth initial data. This corresponds
to concentration of energy in a single point. Hence, global smooth solutions of (1)
does not exist.

Moreover, a bounded traveling wave solution is constructed, corresponding to the
function ¢(u) in (2). The constructed wave is a weak solution, which is continuous
and piecewise smooth. In particular, the smooth parts are monotone and at their
endpoints cusp singularities might turn up, i.e., the derivative is unbounded while
the solution itself is bounded.

The authors also point out the difficulty of concentration of energy at points where
d=0.
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In a series of papers [30, 31, 32], Zhang and Zheng strengthen the well-posedness
results obtained for the HS equation. They establish global existence and uniqueness
of conservative and dissipative weak solutions with initial data wg, belonging to
L?*(R) and with compact support. The authors apply methods from the theory of
Young measures.

Using similar methods, the same authors study the NVW equation in [33, 34,
36, 37], where they obtain global existence of weak dissipative solutions u of the
NVW equation with the following assumptions on the initial data: uy € H'(R),
uy € L*(R) and ¢(up) > 0. It is also assumed that ¢/(u) > 0 for all u. The functions
u(t,-), ue(t,-) and wu,(t,-) belong to L*(R) for all ¢ > 0.

As observed for the constructed weak solution in [17, p. 70|, singularities at
points where ¢ = 0 are particularly challenging. Because of the expression (2) for
the function ¢(u) appearing in the context of liquid crystals, it is of interest to study
(1) with a sign changing ¢’. It turns out that the first order asymptotic equation (3)
is not appropriate for studying these type of singularities.

In the derivation of the HS equation in [24] it is assumed that ¢ # 0 at the
constant state which is perturbed. The NVW equation allows for a second order
asymptotic equation

(4) (uy + vy ), = uu?,

which was also introduced in [24]. Here, one requires that ¢ = 0 and ¢’ # 0 at the
constant state which is perturbed.

In [35], Zhang and Zheng studied the second order asymptotic equation. The
authors show that the derivative of the solution blows up in finite time, starting
from smooth initial data. From initial data such that wg, has bounded variation
and compact support, they obtain existence of weak dissipative solutions, where the
solution and the first order derivatives belong to L2 (R) for all times.

To further study the challenging singularities of (1), Bressan, Zhang and Zheng
studied in [13] the more general equation

1
(5) (ue + f(u)s)z = Ef”(u)uia
where f is a function belonging to C?(R). With f(u) = "72 we get the HS equation,
and with f(u) = % we end up with the second order asymptotic equation (4).

The authors construct a semigroup of both conservative and dissipative solutions.
A fundamental problem in such a construction is the fact that the derivative of
solutions to (5) can become unbounded pointwise in finite time. This corresponds
to energy concentrating in a single point. To overcome this problem, the authors
consider, in addition to the solution itself, a nonnegative Radon measure p whose
absolutely continuous part corresponds to the classical energy. The singular part of
the measure contains information about energy concentration. With this framework,
one can prescribe singular initial data. Under certain assumptions on the function
f, it is shown that there exists a semigroup of global, weak, conservative solutions.
The solution u(t,-) is locally Holder continuous, and depends continuously on the
initial data. The corresponding result holds for dissipative solutions provided that
the function f is convex. For both solutions, uniqueness is shown under certain
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conditions. The conservative solutions are constructed by a change of coordinates
based on the characteristics, and the solution is obtained by a contraction argument.

A semigroup of global, dissipative solution of the HS equation is constructed in
[5].
With a similar approach, in [6, 7] Bressan and Constantin construct a semigroup
of global, conservative and dissipative solutions of the Camassa—Holm (CH) equation

(6) Up — Upgg + 26Uy + UL — 2UgUpy — Upgy = 0,

where k is a constant. In [6] a set of independent and dependent variables based on
the characteristics are introduced, which transforms the equation into a semilinear
system of equations. In the new variables, the time variable is still present. Existence
and uniqueness of solutions of the semilinear system is obtained by a contraction
argument. These solutions exist globally, even after the formation of singularities.
By returning to the original variables, the authors obtain a semigroup of global
conservative weak solutions.

The idea of rewriting the equation into a system of equations based on the charac-
teristics, is used for the NVW equation in [14] by Bressan and Zheng. A fundamental
difference from the HS and CH equation, is that the NVW equation, like the classical
wave equation, has two families of characteristics: forward and backward charac-
teristics, while the HS and CH equation has one family of characteristics. Loosely
speaking, singularity formation may occur in both families, and one must take this
into account in the new coordinates. A consequence of this is that the time variable
is not present in the new coordinates. By introducing dependent and independent
variables based on the characteristics, (1) transforms into a semilinear system of
equations. Existence and uniqueness of solutions to this system follows by a con-
traction argument. Returning to the original variables, the authors obtain a global
semigroup of conservative solutions of (1).

In [22], Holden and Raynaud construct a semigroup of weak, global, conservative
solutions of the NVW equation. The approach is related to [14]. As in their work
on the CH equation in [21], the equation is rewritten into Lagrangian variables. In
the next section, we will describe the method developed in [22].

Dissipative solutions of (1) have been studied by Bressan and Huang in [9]. The
corresponding semilinear system of differential equations in the new variables now
have discontinuous right-hand side. Existence of solutions to this system follows by a
compactness argument. By mapping the solution back to the original variables, the
authors show that it provides a dissipative solution of the NVW equation, assuming
that ¢/(u) > 0 for all u.

Uniqueness of weak solutions to the NVW equation is a delicate subject, as the
characteristics in general are not unique. The uniqueness of conservative solutions
is studied in [1, 4], where uniqueness is established for the solutions constructed in
[14] given that certain conditions hold, which yield unique characteristics.

A result on the regularity of conservative solutions to (1) has been established by
Bressan and Chen in [2]. For initial data satisfying certain smoothness conditions,
it is shown that the solution u is piecewise smooth and that the derivative u, can
become pointwise unbounded at finitely many characteristics. An asymptotic de-
scription of these solutions in a neighborhood of the singularities is shown in [10] by
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Bressan, Huang and Yu. Moreover, in this setting a Lipschitz metric for conservative
solutions has been constructed by Bressan and Chen in [3].

OUTLINE OF THE USED METHOD

The main article of this thesis uses the framework from [22]. We therefore give a
short description of the method.
We assume that ¢ belongs to C*(R) and satisfies

(7) % <clu) <k

for some x > 1. In addition, we assume that

/ '
(8) I&&ﬁdc(uﬂ <k; and rquleaﬂédc (u)] < ks

for positive constants ki and ks.
In the study of (1), the functions R = w; + c(u)u, and S = u; — c(u)u, are often
introduced. Then, for smooth solutions the energy rewrites as

1
f/(RQ—i—Sz)da:.
4 Jr

The functions R? and S? are the left and right traveling part of the energy density,
respectively. In contrast to the classical wave equation, where ¢ is constant, the right
and left part of the energy can interact with each other. That is, energy can swap
back and forth between the two parts, while the total energy remains unchanged, in
the case of conservative solutions.

To take into account energy concentration in both directions, two positive Radon
measures 1 and v are added to the solution and the initial data. The absolutely
continuous part of the measures are equal to the left and right traveling part of the
energy in the smooth case, i.e., poc = $R*da and v, = 5% du.

By considering the tuple (u, R, S, u,v), one has a complete description of the
solution u and possible energy concentration at any time. Thus, one considers these
five elements as a solution to (1). The set of all solutions is denoted by D, in which
the functions u, R and S belong to L*(R).

As for the classical wave equation, the NVW equation has two families of char-
acteristics: forward and backward characteristics. The backward characteristics
transport the energy described by the measure p, while the forward characteristics
transport the energy described by the measure v. We interpret the characteristics
as particles. At points where the measures are nonsingular there is a finite amount
of energy, and there is exactly one forward and one backward characteristic starting
from that point. This particle is mapped to one point in the new coordinates (X,Y).

At a point where one of the measures is singular and the other is not, there is an
infinite amount of energy. There are infinitely many characteristics corresponding to
the singular measure starting from that point, while the nonsingular measure yields
one characteristic. This single point is mapped to a horizontal or vertical line in the
new coordinates, depending on which measure is singular.

The situation where both measures are singular at a point, means that there is
an infinite amount of both backward and forward energy at that point. Infinitely
many characteristics of both types start out from that point, and all these particles
correspond to a box in the (X, Y)-plane.
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The derivation of the system of equations corresponding to (1) in the new co-
ordinates is illustrated by assuming that w is smooth, and © and v are absolutely
continuous. Then, the method of characteristics yields solutions X and Y of the
equations

9) Xi—c(uw)X, =0 and Y;+c(u)Y, =0.
The operators acting on X and Y are the two factors % — c(u)a% and % + c(u)a%

corresponding to the highest order derivatives in (1). This defines new coordinates

(X,Y). The characteristics for the equations in (9) are given by

(10) x(t) = —c(u(t,z(t))) and x(t) = +c(ult, x(t))),

respectively, for some starting value x(0) = xy. Note that X and Y are constant

along characteristics, meaning that particle paths are mapped to straight lines.
Considering the original variables ¢ and z as functions of X and Y, we de-

fine U(X,Y) = u(t(X,Y),z(X,Y)). We introduce functions J and K, where J

corresponds to the energy distribution in the new coordinates. Denoting Z =

(t,x,U, J, K), we end up with the identities

(11a) xx = c¢(U)tx, xy = —c(U)ty,
(11b) Jx =c(U)Kx, Jy = —c(U)Ky,
(11c) 2Jxrx = (c(U)Ux)?, 2Jyay = (c(U)Uy)?,
and a semilinear system of equations

(12) Zxy = F(Z)(Zx, Zy),

where F(Z) is a bilinear and symmetric tensor from R® x R® to R®. From (11) it
is clear that the vector Z consists of dependent and independent elements. A fixed
point argument is used to prove existence of solutions to the system. This requires
a curve (X(s),Y(s)) parametrized by s € R in the (X,Y)-plane that corresponds
to the initial time ¢+ = 0. In the smooth case, the set of points (X,Y) € R? such
that ¢(X,Y) = 0 defines this curve, which is monotone. For general initial data
this set is the union of strictly monotone curves, horizontal and vertical lines, and
boxes. In the case of a box there are in principle infinitely many possible ways of
choosing the curve. One has to take this into account when defining initial data in
the Lagrangian coordinates.

The initial data in D is mapped to the Lagrangian variables in G, in two steps.
First we define a map L from D to the set F, consisting of elements ¢ = (¢, 5)
where 11 (X) and (Y are five dimensional vectors.

Loosely speaking, the map L yields the value of Z and its derivatives in each
characteristic direction, i.e., in the X and the Y direction. Linking the values of
11 and 1y yields the set of points in the (X, Y)-plane where time equals zero. For
instance, in the case of initial data where both measures are singular at the same
point, this set is a box.

The next map picks one curve (X, )) from the set where time equals zero, and sets
the value of Z and its derivatives on the curve. This map is denoted by C and maps
F to the set Gy, which is the set of elements © = (X, Y, Z,V, W) corresponding to
time equals zero. An element © consists of the initial curve (X', )) parametrized by
s € R, and yields the value of Z, Zy and Zy on the curve. This means that Z(s) =
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Z(X(5), Y(s)), V(X) = Zx(X, (X 1(X))) and W(Y) = Zy(X(Y1(Y)), V), and
we denote this by © = Z e (X, )). In the case of a box, the map C picks the curve
consisting of the left vertical side and the upper horizontal side of the box. We
consider curves (X,)) of a certain type. The functions X and ) are continuous,
nondecreasing, and have finite distance to the identity. Moreover, the functions
satisfy X 4+ = Id. The set of such curves is denoted by C. The functions Z, V and
W belong, with some modifications, to L>(R).

Existence and uniqueness of solutions to (12) with initial data © follows from a
fixed point argument. The solution is first constructed on small rectangular domains
Q2 in the (X,Y)-plane, where the initial curve (X,)) connects the lower left corner
with the upper right corner of the rectangle. Here, a solution basically means that
Z, Zx and Zy are pointwise bounded in the box, and that (12) is satisfied almost
everywhere in 2. We consider solutions satisfying some additional properties, i.e.,
they satisfy the identities in (11) and some monotonicity conditions. The set of such
solutions is denoted by H(€2). For the initial data © € Gy we have V5 + V, > 0 and
Ws + W, > 0 almost everywhere. This property is preserved in the solution and is
important in proving that the solution operator from D to D is a semigroup.

A pointwise uniform bound on the functions Z, Zy and Zy in strip like domains
containing small rectangles allows us to prove, by an induction argument, existence
and uniqueness of solutions in H(2) on arbitrarily large rectangular domains {2.

If a function Z in H(?) is a solution on any rectangular domain €2, and there
exists a curve (X,)) € C such that Z e (X,)) € G, we say that Z is a global
solution to (12). Here, G is the analogue of Gy, corresponding to time ¢ different
from zero. The set of global solutions is denoted by H. The functions Z, Zx and
Zy are, with some modifications, pointwise bounded globally. In particular, the
Lagrangian counterpart to the energy is bounded.

A global solution can be constructed by using local solutions in boxes. The
procedure is as follows. First we construct solutions on rectangles with diagonal
points that lie on the initial curve (X,Y) € C. These solutions are then used to
construct initial data for adjacent rectangles, and we obtain solutions there as well.
Continuing like this one obtains a global solution. We denote the solution map that
to any initial data © € G yields a unique solution Z € H by S.

Having constructed a global solution Z € H, the goal is to map it back to Eulerian
coordinates D for any time 7' > 0. As addressed before, the points (X,Y) € R? such
that ¢(X,Y) = T may contain boxes. In order to use the sets previously defined for
time equal to zero, we shift time to zero, i.e., for Z € H we define Z € H where
t(X,Y) = t(X,Y) — T. The other elements of Z are identical to Z. We call this
map tr.

In the case of a box, the curve (X,)) corresponding to time T is defined as the
left vertical side and the upper horizontal side of the box. The element © € Gy is
then defined as © = Z o (X, )), and we denote the map by E : H — G,. Because of
the monotonicity of the function ¢, the curve corresponding to time 7' is below the
initial curve. For any © € Gy we define a map D that associates an element 1 € F.
The operator

Sr=DoEotroSoC
that for any initial data in F yields a solution in F corresponding to time 7T > 0, is
a semigroup. The remaining step to Eulerian coordinates is the map M : F — D,
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and yields an element (u, R, S, u, v)(T) € D at time T > 0. Thus, the map
Sr=Mo SpoL

yields an element in D given any initial data in D. If Lo M = Id, it follows
from the semigroup property of Sp that also Sy is a semigroup. However, this
identity does not hold in general. This is because for any element ¢ € F we have
x;+J; € G, where the group G is given by all invertible functions f such that f—1Id,
[t —1Id € WL°(R) and (f —Id)’ € L*(R), while the element ¢ € F given by the
map L satisfies #; + J; = Id. Therefore, in general one has 1) # 1).

To overcome this problem, one considers the following approach. Assume that
x1+J; = f and xp+ Jy = g where f, g € G, and consider 1 defined by #; = z;0 f 1,
Ji=Jiof ™ Zy=a90g" and Jo = Jyog L. Tt follows that #; + J; = Id, i = 1, 2.
We denote ¢ = (f,¢g7") and ¢ = 1 - ¢. This defines an action of G* on the set F.
Moreover, the transformation of ¢ to ¢ defines a projection II from F on the set

.7‘-0:{1/}:(’(/11,1[12>€]:|I1+J1:Id andxz—l—Jg:Id}.

Thus, we have ¢ = TI(¢). It turns out that the map Sy : F — F is invariant under
the group acting on F, i.e.,

St(v - ¢) = 51(¢) - ¢,
where ¢ € G2. This is a consequence of the fact that the maps which Sz is composed
of, are invariant under the group action. The action of G2 on the set of curves C
and G naturally follows from the definition of the action on F. On the set of curves
C, the action corresponds to stretching of the curve (X,Y) € C in the X and Y
direction. For the set H, the action is defined such that it commutes with the e
operation.

A key result is that the map M satisfies M = Moll, and that Fy contains exactly
one element of each equivalence class of F with respect to G2. This implies that to
each element in D there correspond infinitely many elements in F, all belonging to
the same equivalence class. The mapping L : D — F; on the other hand picks one
member of each equivalence class, but we could also pick a different one. Applying
the solution operator to all elements belonging to the same equivalence class yields
infinitely many solutions in F, which form an equivalence class. Using the mapping
M : F — D on all of these solutions yields the same element in D. Since we get the
same solution in the end, we can think of each member of the equivalence class as
a different ” parametrization” of the initial data in F, which are connected through
relabeling. Hence, the map Sy is a semigroup. Moreover, the solution produced by
the map is a global weak solution of (1). It is conservative in the sense that for all
T >0,

u(T)(R) + v(T)(R) = po(R) + vo(R),
where p(T) and v(T) are the measures at time T, and po and vy are the initial
measures. This is a consequence of the fact that the energy function J in Lagrangian
coordinates is such that the limit

Jim_J(X(s),9(5))

is independent of the curve (X,)) € C. Thus, the same limiting values of J are
obtained for curves corresponding to different times.
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Paper I: A Regularized System for the Nonlinear Variational Wave
Equation

The main part of this thesis is the study of a regularizing system for the NVW
equation. This is the content of Paper I, which is an extended version of an article
that will be submitted for publication, see [19]. The system reads

(134) s — ew)(euu,)s =~ (4 o).
(13b) pe — (c(u)p). =0,
(13c) o+ (c(u)o), = 0.

We study (13) by adapting the method used in [22] for the NVW equation, which
is described in the previous section.

Asin [22], we consider initial data with measures to allow for energy concentration
at time equals zero. In the smooth case, the energy associated to (13) is

i / (R* + c(u)p® + S* + c(u)o?) dx.

R

Here, R? + c(u)p? and S? + c(u)o? are the left and right traveling part of the energy
density, respectively. The functions p and ¢ are added to the set D. Now D consists
of elements (u, R, S, p,0, ju,v), where u, R, S, p and o belong to L?(R), and the
measures y and v satisfy pac = +(R? + c(u)p?) dz and vy = 1(S* + c(u)o?) dz.

In the new coordinates (X,Y") we introduce P(X,Y) = p(¢(X,Y),2(X,Y)), p =
Pryx, QX,)Y)=0c(X,Y),2(X,Y)), and g = Qzy. We denote Z = (t,z,U, J, K)
and obtain the same identities as in (11a) and (11b), while the third identity (11c)
now takes the form

(14) 2Jxxx = (c(U)Ux)? +c(U)p* and 2Jyxy = (c(U)Uy)? + c(U)g>.

Moreover, we get the same system of differential equations (12), and two additional
equations

(15) py =0 and ¢x =0,

which correspond to (13b) and (13c). Note the difference between (11c) and (14),
which shows that the solutions of (12) corresponding to (1) and (13) are not iden-
tical. In particular, from (14) we see that the solutions ¢, z, U, J, K of (12) are not
independent of the solutions p, g of (15).

The construction of a semigroup of weak, global, conservative solutions of (13)
follows to a large extent the procedure for the NVW equation. We add two func-
tions, describing p and o, to the sets that correspond to the solution in Lagrangian
variables. The mappings between the sets are modified accordingly.

Our main results are the following. We consider smooth initial data ug, Ry, So, po
and oy, and absolutely continuous measures o and vy on a finite interval [z, z,]. If
po and oy are strictly positive on this interval, then for every time ¢t € [0, ﬁ(wr f:rl)] ,
the solutions p(¢, ) and o (¢, x) will also be strictly positive for all x € [z;+kt, x,.—Kt].
The strict positivity of pg and oy is preserved by (15). This has a regularizing effect
on the solution at time ¢ in the sense that u(t, x), R(¢,x), S(t, x), p(t,x) and o(t, x)
are smooth, and the measures p(t) and v(t) are absolutely continuous.



10 INTRODUCTION

t To (t) z (t)

x Ty

F1GURE 1. Characteristics of the NVW equation. The forward char-
acteristic x;(¢) starting from z; is given by z1.(t) = c(u(t, z1(t))),
21(0) = z;, and the backward characteristic z2(t) starting from z, is
given by xq:(t) = —c(u(t, x2(t))), z2(0) = z,. Because of (7), they
intersect at a time ¢ such that 5-(z, — z;) <t < §(z, — xy).

¢

nl (1)

xy Ty

FIGURE 2. Characteristics of the CH equation. The characteristic
x1(t) starting from x; is given by z1,(¢) = u(t, z1(¢)), z1(0) = x;, and
the characteristic 22 (t) starting from z, is given by 2 4(t) = u(t, x2(t)),
22(0) = ;..

The region where regularity holds comes from the characteristics in (10), see
Figure 1.

Next, we consider a sequence of smooth solutions (u", R, S™, p™, o™, u™, V™) with
initial data satisfying uf§ — ug in L*°([z, z,]), Ry — Ro, S§ — So, pg — 0, 0§ — 0
in L?([z;, z,]), where ug, Ry and Sy are smooth, and the associated measures g
and vy are absolutely continuous on [z, 2,]. Then, u™(t,-) — w(t, ) in L*([z; +
kt, x, — kt]) for all ¢ € [0, 5= (z, — 2;)], where u is a solution of the NVW equation

? 2K
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with initial data (ug, Ro, So, fto, ¥0)- A central ingredient in the proof is a Gronwall
inequality in two variables, see [15].

We point out that these are local results. The main reason for this is that we
require the initial data py and oy corresponding to the equations (13b) and (13c) to
be bounded from below by a strictly positive constant and to belong to L2, which
is not possible globally.

We hope that further studies of the smooth approximations will be helpful in the
understanding of singularities to (1).

The motivation for studying (13) comes from the two-component Camassa—Holm
system

(16a) Up — Upgy + Ky + Uy — 2Uplpy — Ullgey + Npps = 0,
(16b) pr+ (up), =0,

where k € R and 7 € (0,00) are given numbers. In [18], global, weak, conservative
solutions of (16) are constructed. It is shown that the solution of (16) is regular
if initially pg is strictly positive. Moreover, a sequence of regular solutions, with
pe — 0, converge in L°(R) to the global conservative weak solution of the CH
equation.

Loosely speaking, since the CH equation has one family of characteristics, see
Figure 2, an extra variable p is needed to preserve the positivity of py in the char-
acteristic direction. Since the NVW equation has both forward and backward char-
acteristics, we need two extra variables p and o to preserve the positivity of py and
0p in each characteristic direction.

We mention that a regularizing system has been studied for the HS equation in
[28].

Paper II: Traveling Waves for the Nonlinear Variational Wave Equation

The second part of this thesis deals with traveling wave solutions of the NVW
equation. Paper II is an extended version of an article that will be submitted for
publication, see [20].

We consider traveling wave solutions of (1) with wave speed s € R, i.e., solu-
tions u(t, ) = w(x — st), where w denotes some continuous and bounded function.
Classical traveling wave solutions of (1) satisfy the equation

[s° — (w)]wee — c(w)d (w)wf = 0.

We assume that the function ¢ belongs to C?*(R) and that there exists 0 < o <
[ < oo, such that

= mi d g= :
e Ilrtlelﬂrgc(u) and [ Iilea]é(c(u)

Moreover, we assume that (8) holds.

We study whether we can glue together local, classical traveling wave solutions
with wave speed s € R to obtain globally, bounded, continuous traveling waves.
Our main result is that we can only glue at points £ € R where |s| = c¢(w(£)) and
d(w(€)) # 0, where w denotes the traveling wave composed of the local solutions.
At the point &, w has a singularity, meaning that the derivative we is pointwise
unbounded and w is bounded. Near singularities, the traveling wave is a monotone,
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classical solution. Moreover, denoting u(t, z) = w(x — st), we prove that u is a weak
solution of (1).

There are three possible ways of gluing at the singular point £. The derivative
of w can have the same sign on both sides of the singularity, in which case there is
an inflection point at £. Another possibility is that the derivative has opposite sign
on each side of the singularity. Then the traveling wave is either convex or concave
on both sides of ¢, and the singularity is a cusp. The third possibility is that w is
constant on one side of the singularity and monotone on the other side.

If | s| does not belong to the interval [, /3], then w is a monotone, classical solution,
which is globally unbounded.

The approach we use is similar to the derivation of the Rankine-Hugoniot condi-
tion for hyperbolic conservation laws, see e.g. [23]. Applying the method of proof
to the CH equation, we recover a well-known result by Lenells on traveling wave
solutions, see [27]. Classical traveling wave solutions of (6), where k = 0, satisfy
(17) w(w — s) — wi(w — s) = 2aw + b
for some constants a and b. Gluing two local, classical traveling wave solutions with

speed s together at a point £ to obtain a bounded, continuous wave w can only be
done if s = w(§), and the constant a corresponding to the two solutions are identical.

Paper III: Competition Models for Plant Stems

The final article [8] of this thesis deals with models for plants competing for
sunlight. It was written during a research stay at Penn State University the academic
year 2018/2019, where Professor Alberto Bressan was visited.

We consider a large number of similar plants, uniformly distributed in the plane.
Moreover, we assume that each plant consists of a single stem, which is described by
a curve y(s) = (z(s),y(s)) parametrized by arc length. We consider the situation
where sunlight comes from the direction of the unit vector n = (nq, ny), where ny <
0 < ny. We denote by 6y € (0, 5) the angle such that (—nz,n;) = (cos(6y), sin(6p)).

A functional describing the amount of sunlight captured by each stem is to be
maximized, subject to certain conditions. The functional depends on the intensity
of light, which we assume is a given nondecreasing function I(y) depending on the
height above ground. The derivation of the sunlight functional follows the procedure
described in [12].

We analyze two models. In the first one we assume that all stems have the same
given length [ > 0 and thickness x > 0. Then, the optimization problem for a single
stem consists of finding the height & > 0 of the stem and angle 6(y) between the
stem and the z-axis that maximizes the gathered sunlight

/Oh I(y) (1 — exp {COS(@(Z;—%)}> cos(0(y) — 6y) dy.

We prove that under certain conditions on the light intensity function, there exists
a unique optimal solution (h*,8*). The solution satisfies 8*(h*) = 6y, i.e., the tip of
the stem is orthogonal to the light rays. Next, we assume that we have a continuous
distribution of identical stems given by the optimal solution. We use this to compute
the new intensity of light at height y. Given this intensity function, we can continue
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the procedure of finding a new optimal stem. We prove that there exists a unique
competitive equilibrium provided that the density of vegetation is sufficiently small.

In the second model we give no constraint on the length I > 0 of the stem, and
we allow the density u(s) > 0 to be variable along the stem. Now the optimization
problem is to maximize the sunlight gathered by the stem,

/OOO I(y(s)) (1 — exp {m(;(zgsieo)}) cos(0(s) — Bo) ds.

among all admissible (6,u), subject to a cost of transporting water and nutrients
from the root to the leaves, given by

/Om(/s“’u(t)dt)“ds

for some 0 < a < 1. We prove that an optimal solution (8*,u*) exists, which
corresponds to a stem of finite length. The optimization problem can be formulated
as an optimal control problem with both initial and terminal constraints. The
Pontryagin maximum principle, see [11, Section 6.5] and [16, Chapter II, §5] leads
to a two-point boundary value problem for a system of ordinary equations for the
adjoint variables. By analyzing this problem, uniqueness of the optimal solution
is established provided that the density of external vegetation is small. Moreover,
the tip of the stem is orthogonal to the vector n. For the second model we also
prove that there exists a unique competitive equilibrium, provided that the density
of stems is sufficiently small.

We would like to mention that there is an ongoing project with Bressan on the
optimal design of a marine reserve.
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ABSTRACT. We present a new generalization of the nonlinear variational wave
equation. We prove existence of local, smooth solutions for this system. As a
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1. INTRODUCTION

The nonlinear variational wave equation (NVW) is given by
(1.1) uy — c(u)(c(u)ug)e =0,
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2 K. GRUNERT AND A. REIGSTAD

where u = u(t, x), t > 0 and = € R, with initial data
(1.2) uli=o = up and  uyli—o = ug.

It was introduced by Saxton in [11], where it is derived by applying the variational

principle to the functional
/ / (u? — A (u)u?) dz dt.
0 —o0o

It is well known that derivatives of solutions of this equation can develop singu-
larities in finite time even for smooth initial data, see e.g. [8]. The continuation
past singularities is highly nontrivial, and allows for various distinct solutions. The
most common way of continuing the solution is to require that the energy is non-
increasing, which naturally leads to the two following notions of solutions: Dissi-
pative solutions for which the energy is decreasing in time, see [3, 12, 13, 14], and
conservative solutions for which the energy is constant in time. In the latter case a
semigroup of solutions has been constructed in [4, 10].

In this paper we modify (1.1) by adding two transport equations and coupling
terms. The resulting system is given by

(1.3a) u — c(u)(c(v)ug)y = _c’iu) (p*+7°),
(1.3b) pr— (e(u)p)s =0,
(1.3¢) v+ (c(u)o). = 0,

with initial data
(1.4) uli—o = o, Ugli—o = U1, Pli=o = po, Tli=0 = 0.

It is clear that when p = o = 0 we recover (1.1). We assume that ¢ € C*(R) and
satisfies

1
(1.5) —<clu) <k
K
for some x > 1. In addition, we assume that
(1.6) Iililea]é(|cl(u)| <k, and rileaﬂé<|c"(u)| < ky
for positive constants ki and ks.
We are interested in studying conservative solutions of the initial value problem

(1.3)-(1.4) for initial data wg, uoz, u1, po, 0o € L*(R). For smooth and bounded
solutions such that wu, u;, u,, p and o vanish at £o0o the energy is given by

(1.7) E(t) = %/R (uf + A (u)u? + %c(u)p2 + %C(u)(T?) dx,

and independent of time. One way to see this is to consider the quantity

1
K(t):f/ufdx,
2 Jr

which we can think of as the ”kinetic energy”. We compute K’(t) and find by using
(1.3a),

K'(t) = c(u)ug(c(u)ug )y — 1c’(u)ut(p2 +0?)) dx.
. 4
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For the first term we get, by integration by parts,
d 1
/ c(u)uy(c(u)uy), do = —/ (P (u)ugtige + c(u) (Wuul) do = —— | =P (u)ul dz,
R R N dt Jg 2 -

and for the second term we obtain from (1.3b) and (1.3c),

/]Rc’(u)u,g(p2 +0?)dr = % Rc(u)(p2 +0?) dx — Q/R{c(u)(ppt +o0y) dx

= % ]RC(U)(p2 + 02) dr — /R ((62(u)p2)x _ (c2(u)02)x) da
= % . c(u)(p?* + 0?) d.

Therefore we get

K'(t) = —CZ( /R %cz(u)ui de + i /R c(w)(? + 0?) dx),

which implies that E(t) is constant. In particular, we have
B() = 5 [ (1 + Hun)u + el + olun)ot) do.
Next, we introduce the functions R and S defined as
=y + c(U)Uy,
(1.8) { Z = uz i— ch;uT

Note that R and S are smooth by assumption. Using (1.8) we can express the energy
in (1.7) as
1
(1.9) E(t) = Z/ (R* + c(u)p® + S* + c(u)o?) du.
R
As we shall see, we can think of R? + c¢(u)p? and S? + c(u)o? as the left and right
traveling part of the energy density, respectively. Indeed, from (1.3a) we have

' (u) d(u)

Ry — c(u)R, = Te(w) (R? — S?) — T(p2 +0%),
(1.10) ) ),
S+ c(u)S, Te() (R*—S5%) 1 (p° + o%).

Multiplying the first equation in (1.10) by R and the second by S, using

(c(u)R?), = ;C((Z)) RY(R — 8) + c(u)(R),.,

and

(c0)$?): = 5k SR = )+ c)(57)n

yields

(B), (e R2), = S

(R*S — RS®) — @R(;ﬁ +0%),

—
£

(R?S — RS?) — dé—u)S(pQ + o).
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Moreover, using (1.3b) and (1.3c) we get

()= () = 0 (R - )5
(0®): + (c(u)o?), = _20;((7;:)) (R— 9)o?

which implies

This leads to
(R + c(w)p?)s = (c(w)(R + c(w)p?))

(R?S — RS?) + #(ﬁs —o’R),

T

(1.11)

From (1.11) we get

- _20'2(“) (R*S + RS?) — 20'(“) (PS +0°R),
(112) 1 (u) c(u)
(c(u)(SQ +c(u)02)> 4+ (S? + c(u)o?),

_ (u) 2 2 d(u) , 5 2
__2c2(u)(RS+RS)_ (p°S +0°R).

Combining (1.11) and (1.12), we finally obtain
(R2 + c(u)p* + 5% + C(U)J2)
t

- (c(u) (R* + c(u)p® — 5% — c(u)aQ)) =0,

T

19 (c(lu) (R* + c(u)p® — 5% — c(u)oZ))t
- <R2 + c(u)p® + S + c(u)oQ)w =0.
Let
v=R*+c(u)p® + S* + c(u)o® and w = L(R2 + c(u)p® — 5% = c(u)o?),

c(u)
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then (1.13) rewrites as

(1.14) (;’})t - <CQ(;‘)“’>I =0,

which is a system of conservation laws, see [4, (2.4)-(2.6)] for the NVW equation.
Conservation of v and w here means that

d [*2
(1.15) @/ v(t, ) dr = (P (w)w)(t, 29) — (*(u)w)(t, z1)
and P
a/ w(t,x)dr = v(t,xe) — v(t, z1).
Note that we have, by (1.9)

E(t) = i/ﬂ{{v(t,x) dzx.

So far we assumed that w, u;, u,, p and o are smooth and bounded functions that
vanish at +00. Under these assumptions we get by letting 1 — —oo and x5 — +00
in (1.15),

o0

p _wv(t,x) dx =0

and we recover the condition E'(t) = 0.

In the view of (1.11), we interpret R? + c¢(u)p® and S? + ¢(u)o? as the left and
right traveling part of the energy density, respectively. Moreover, the right-hand
sides of the two equations in (1.11) are equal with opposite sign, which means that
the right and the left part can interact with each other. That is, energy can swap
back and forth between the two parts, while the total energy remains unchanged
because of (1.13).

In contrast to the linear wave equation, solutions to (1.1), and hence also to
(1.3), can develop singularities in finite time, even for smooth initial data, see e.g.
[8]. Here, a singularity means that either w, or u; becomes unbounded pointwise
while u remains continuous, and u(t,-),u,(t, ), w(t,-) € L*(R) for all ¢ > 0. This
means that the energy densities $(R? + c(u)p?) and 1(S? + ¢(u)o?) may become
unbounded pointwise. In other words, the energy density measures +(R*+c(u)p?) dx
and i(S 2+ c(u)o?) dx can have singular parts, meaning that energy concentrates on
sets of measure zero. Thus if we want to obtain a semigroup of solutions of (1.3) we
must be able to deal with both singular initial data and singularities turning up at
later times. Assume that we have a singularity at time t = t5. A central question
is: if we want to solve the equation for ¢ > ty, how do we prescribe initial data at
t = t? By computing (R* + c(u)p?)(to, ) and +(S? + c(u)o?)(to,-) in L*(R), we
cannot conclude whether or not energy has concentrated. On the other hand, the
presence of singularities in the initial data greatly affects the analysis of the equation
and this is information we need to have available at the initial time. The solution
to this problem is to add to the initial data two positive Radon measures py and
Vg, such that the absolutely continuous parts equal the classical energy densities,
Le., (o)ac = (RE+ c(ug)pd) dz and (vp)ac = 5(S3 + c(ug)o]) dz. The singular parts
of the measures on the other hand contain information about the concentration of
energy.
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Next, we illustrate the formation of a singularity with the following example. We
consider a function f(¢,z), where f? should be thought of as either 1(R? + c(u)p?)
or 1(5%+ c(u)o?). The function f(¢,-) belongs to L*(R) for all ¢ > 0. At ¢t =0, f is
smooth and bounded for all . At a later time ¢ = ¢35 > 0, f becomes unbounded at
the origin and f?(t, z) dz converges weak-star in the sense of measures to the Dirac
delta at zero as t — tp.

Let to > 0 and consider the function

2 i 1 ,(L)Q
ft) = (2) e,
T/ /|t — 1ol

where ¢t > 0. We have f(t,-) € L*(R) for all t > 0 since

(1.16) /f2 (t,x)

Note that f(¢t,x) — 0 for 2 # 0 and f(¢,0) — 400 as t — t;. Moreover, direct
calculations yield

tlg{(l)/gb dr =0 and hm/¢ )F2(t, x) doz = ¢(0)

for all ¢ € C®°(R). In other words, f(¢,-) — 0 and f2(t,z)dx = &, where &, is
the Dirac delta at zero. Also note from (1.16) that f(¢,-) does not converge to zero
in L*(R), and since f(¢,z) — 0 almost everywhere it means that f(¢,-) does not
converge in L*(R). In fact we have

0, 1<p<2
lim/fp(t,x)dmz 1, p=2,
t—to R

00, 2<p<oo,

and since f > 0 this implies that f(¢,-) = 0 in LP(R) for 1 < p < 2.
2. EQUIVALENT SYSTEM

In this section we introduce a change of coordinates based on the method of
characteristics. As a motivation for the approach we use for (1.1) and (1.3) we start
out with the linear wave equation.

2.1. The Linear Wave Equation. Consider the linear wave equation

(2.1) U — gy = 0,

where c is constant. We factorize the wave operator and can write the equation
either as

22) 7 = <5l L el =0
or
23) 5+ o] o ~cagle o

In both cases we find that the characteristics are given by = 4 ¢t = constant, and
that every solution is of the form

(2.4) u(t,z) = F(z + ct) + Gz — ct),
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for some functions F' and G. In other words, the solution consists of a left and right
traveling part.
Let X(t,2) =z + ct and Y (¢,2) = & — ct. Then the functions X and Y satisfy

(2.5) X, —cX, =0 and Y, +cY, =0.

Note that the operators acting on X and Y are the two factors of the wave operator.
We consider the mapping from (¢, z)-plane to (X,Y)-plane defined by the above
equations. To make sure that the transformation is non-degenerate we compute

Xt X:r o
det({Yt YJ>_2C’

which implies that we must have ¢ # 0. We observe that the characteristics x +ct =
constant and x — ¢t = constant are mapped to horizontal and vertical lines in the
(X,Y)-plane, respectively. Let U(X,Y) = u(t(X,Y),z(X,Y)). We compute the
derivatives of u(t,z) = U(X (¢, x),Y (t,z)) and get

(2.6a) uy = Ux Xy + Uy Ys,

(2.6b) uy = Uxx X2 + Ux Xy + 2Uxy X1 Y; + Uyy Y2 + Uy Yy,
(2.6¢) u, = Ux X, + UyYy,

(2.6d) Upy = Uxx X2 + Ux Xpo + 2Uxy XYy + Uyy Y2 + Uy Yy,

Inserting (2.6) in (2.1) yields
0= uy — Py,
= Uxx(X] — AX2) 4+ Ux(Xu — & Xua) 4+ 2Uxy (XiY, — X, Y;)
+Uyy (Y = Y2) + Uy (Yy — *Yay)
= -4’ X, Y, Uxy,

where we used (2.5). The functions X, and Y, are nonzero and finite, as X, = 1
and Y, = 1. Furthermore, since we assume ¢ # 0, we get

(2.7) Uxy =0.
In particular, we have U(X,Y) = F(X) + G(Y) and once again we obtain (2.4).
2.2. The Nonlinear Variational Wave Equation. Now we turn to the nonlinear
variational wave equation

gy — c(u)(c(u)ug)e = uy — c(u)d (w)u? — (u)uy, = 0.

We first note that a factorization of the operator like we did in (2.2) and (2.3) is
not possible because of the function c(u). Instead we look for a factorization of the
terms containing the highest order derivatives. We compute

(2.8) [% - c(u)(%} [% —|—c(u)é%} u = uy —c(u)(c(u)ug), + ¢ (wuu, = +¢ (u)ugu,
and
(2.9) [%Jrc(u)%} {%—c(u)%} u = uy—c(u)(c(u)ug) s — (W), = —c (u)uguy,.

Both these factorizations take care of the higher order derivatives, and we end up
with a lower order term on the right-hand side. Note the difference in sign of this
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term depending on which operator is used first, showing that the operators do not
commute. Therefore it is natural to consider both equations corresponding to the
two factorizations. Note that (2.8) and (2.9) are the equations for R = u; + ¢(u)u,
and S = u; — c¢(u)u, and we see once more that it is convenient to work with these
functions. Note that R and S are the directional derivatives of u in the directions
(1,c(u)) and (1, —c(u)), respectively. From (2.8) and (2.9) we see that the directional
derivative of R in the direction (1, —c(u)) and the directional derivative of S in the
direction (1, c(u)) are equal with opposite sign.

In the following we assume that u is sufficiently smooth and bounded.

We consider the characteristics corresponding to the highest order derivatives, i.e.,
the characteristics corresponding to the two factors & — c(u)Z and 2 + c(u) 2 of
the nonlinear variational wave operator. More specifically, we Con51der the functions
X(t,z) and Y (¢, x) satisfying

(2.10) Xi—c(uw)X, =0 and Y;+c(u)Y, =0.

First, we want to solve the equation for X (¢, z) with the method of characteristics.
Let t and x be functions of parameters s and £&. We compute

(2.11) 25X (8(5,6),2(s,€)) = Xt + Xoas

which is equal to zero if

(2.12) ts(s,€) =1 and x4(s,&) = —c(u(t(s, &), x(s,§))).
We assume that ¢(0,£) = 0 and z(0, &) = & for all £ € R. Then we get
(2.13) t(s,) =s and xz4(s,&) = —cl(u(s, z(s,£))).

We integrate the last equation in (2.13) and get

(2.14) x(s, &) =& — / u(r,x(r,€))) dr

Recalling assumption (1.5), we get —x < x4(s,&) < —= and

:&\»—‘

1
¢~ ks <a(s,6) <E— s
K
for all s > 0 and £ € R.
For fixed £ we consider the differential equation in (2.13). Assuming that u,(t,-) €
L*>®(R), the right-hand side is Lipschitz continuous with respect to the z-argument,
ie.,

|c(u(s, z2)) — c(u(s, z1))| < K bup [tz (t, )| oo @) 22 — 21

for all z1, zo € R. Thus, there exists a unique local solution z(-,£) with initial data
x(0,£) = £. This means that only one characteristic starts from the point given by
t=0and x =&

Now we can have three scenarios:

If 0 < xe(s,€) < oo for all s < sg, then the solution X (s, z(s,§)) is well-defined
and there is at least a chance of continuing X (s, z(s, &)) for s > s.

If z¢(s0,€) = 0 at some point (sg,&) with sp > 0, characteristics starting from
different values of £ may intersect at s = s and it is not clear that X (s, z(s,£)) is
well-defined for s > s;.
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If z¢(s,£) — oo as s tends to some point so > 0 and some &, then the solution
x(s,€) is not defined for s > s.
Differentiating the last equation in (2.13) with respect to £ gives us
.1’55(5, f) = —C/(U(S, .T(S, 5)))”96(57 I(S7 5))%’5(8, £>>

which we integrate to get

@15) (5.6 = o { - [ et atr)ustr ot 9) dr}.

Since u, is bounded we have 0 < z¢(s,§) < oo for all 0 < s < co and all . This is
because

exp { = k1s sup [[ualt, iz} < we(s,€) < exp {kus sup Jlualty )l e }-
te(0,s] te(0,s]

Thus, in the smooth case we do not end up with the two challenging scenarios
described above.
We compute the determinant of the Jacobian corresponding to the map (s,§) —

(t,z) and get
det < [iz ij ) =152 — lels = T,

Since 0 < z¢(s,£) < 0o we have from the inverse function theorem that the Jacobian
corresponding to the map (¢, z) — (s, &) satisfies

sp 8o _ L [ @me —tg
é-t gr Tg — s ts '
From (2.13) we get

s 1
(216) St = L Sy = Oa gt = _£7 gx =
Le 73
so that
s(t,z) =t
and

&t o) = —xg(t,E(t, @) (t, ) = c(u(t, &(t, x))) (L, x).
Furthermore, (2.10)—(2.12) imply that

X(t(s,€), (s, €)) = X(0,£) = g(S),
for some strictly increasing function g € C'(R). Differentiation, combined with
(2.12) and (2.16) yields

(2.17) X, =g ()& =—g()= and X, =g(6)& =¢(6)—

T ze
which implies 0 < X; < oo and 0 < X, < o0.
Next, we study Y (¢, z) with the method of characteristics. We obtain

d
%Y(t(‘g: 5)7 33(5, 5)) =0

with the characteristics given by

(2.18) ts(s,€) =1 and z4(s,&) = c(u(t(s, &), x(s,£))).
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%("Er — )

X Ly

F1cURE 1. Characteristics of the linear wave equation, i.e., ¢ is con-
stant. The forward characteristic x1(t) = x; + ct starting from z;, and
the backward characteristic zo(t) = x, — ct starting from z,, intersect
at t = - (z, — 1)

Assuming that £(0,&) = 0 and x(0,£) = £ for all £ € R we get

(2.19) t(s,€) = s and  wy(s,§) = c(uls, 2(s,8)))-
If Y(0,€) = h(€) for some strictly increasing function h € C*(R), then

Y(s,z(s,£)) = h(S).

As in the computations above we find

(2.20) 7e(5,€) = exp { [ ¢ttt st atre) dr},

and since u, is bounded, 0 < z¢(s,&) < oo for all 0 < s < oo and all {&. We also find
that (2.16) holds with z¢ as defined in (2.20), and
T 1

(2.21) Yy =1 (§)& = —h'(f);‘E and Y, =N(§)& = h'(f)x?
so that —co <Y; <0 and 0 <Y, < o0.

Figure 1 and 2 show the characteristics for the linear wave equation and the NVW
equation, respectively.

Now we consider the mapping from the (¢, z)-plane to the (X,Y)-plane. The
determinant of the Jacobian of this map reads

_ X Xo| ) _ . 22X,
(2.22) d = det ( [Yt YI] ) = X\Y, — X,.Y; = 2c(u) X, Y, = — o)

and once again we see that we must assume that c(u) is strictly positive and finite.
Since 0 < X, < oo and 0 < Y, < oo, we have 0 < d < oo. The inverse function
theorem then implies that the Jacobian corresponding to the map (X,Y) — (¢, )

satisfies
tx ty| _ 1Y, =X,
rx wy| d|-Y: Xy |’
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t To (t) z (t)

x Ty

F1GURE 2. Characteristics of the NVW equation. The forward char-
acteristic x;(¢) starting from z; is given by z1.(t) = c(u(t, z1(t))),
21(0) = z;, and the backward characteristic z2(t) starting from z, is
given by xa:(t) = —c(u(t, z2(t))), 22(0) = z,. Because of (1.5), they
intersect at a time ¢ such that 5-(z, — z;) <t < &(z, — x)).

From the above equality many identities can be read off, and we only mention some
of them. By using (2.10) and (2.22), we obtain

(2.23) 2e(u)tx X, =1, —2c(uityY, =1, 2zxX,=1, 2yY,=1,
which imply
(2.24) rx =c(u)tx and zy = —c(u)ty.

We observe from (2.23) that ¢y, ty, xx and zy are nonzero and finite.
Let U(X,Y) =u(t(X,Y),z(X,Y)). We insert the derivatives of u(t,z) =
U(X(t,z),Y(t,x)) from (2.6) into (1.1) and get

(2.25) 0= uy — c(u)(c(w)uy)y
=Uxx(X? — (W)X + Ux(Xy — A(u) Xpa)
+2Uxy (XY, — A(u) X, Y,)
+ Uyy (V7 = ()Y7) + Uy (Y — ¢(u) i)
— c(u)d (u) (U3 X2 + 2UxUy XY, + UZY?).

Due to (2.10) all second order derivatives of U drop out except for the term con-
taining the mixed derivative Uxy. We compute the remaining terms. From (2.6)
and (2.10) we have

R =u + c(u)u, = Ux(X; + c(u)X,) + Uy (Vi + c(u)Yz) = 2¢(u)Ux X,
and
S =u —c(u)u, = Ux( Xy — c(u) Xy) + Uy (Y, — c(w)Yy) = —2¢(u)Uy Yy,
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and after using (2.23) we get

U
(2.26) R= C(u)—X
rx
and
(2.27) S = —c(u)&.
Ty
By differentiating (2.10) and using (2.23) we obtain
Xi— ()Xo = ¢ () X,R = L Yi— (1) Yo = ¢ (u)Y,S = — = (WS
X 2xy

From (2.10) and (2.23) we have

2
XY, — EW)X,Y, = —22W)X,Y, = — )
Yy — ¢ (u) c(u) Qx Ty
Thus (2.25) is equivalent to
d(u) 5 d(u)
(228) UXY = 4637(16)(1% TxTy + S' Iyxx) — mUny.
Let
1o I o
(229) JX = §R rx and Jy = QS Ty,

which we think of as the left and right traveling part of the energy density in the
new variables, respectively. Now (2.28) yields

_ ) c(u)
Uxy = QCS(U) (Jxl"y + Jyl‘x) — QC(U) UxUy.
Using (2.26), (2.27) and (2.29) we get
(2.30) 2uxJx = A(U)UE and 2wy Jy = A(U)UE.

We find it convenient to introduce the function K defined by

1
R?’zy and Ky =-———

2¢(u) 2c(u) Sy,

(2.31) Kx =

which satisfies

(2.32) Jx =c(U)Kx and Jy = —c(U)Ky.

In view of (1.12) and (1.13) (with p = ¢ = 0) we can think of Kx and Ky as the
left and right traveling part of the second conserved quantity Tlu)(RQ — S5?) in the
new coordinates, respectively.

Next, let us derive the equations for txy, rxy, Jxy and Kxy. We have zxy =
Zyx, which by using (2.24) is the same as (¢(U)tx)y = (—c(U)ty)x. This leads to
dU)
txy = ——=(Uyt Uxty).
Xy 2c(U)( ytx + Uxty)
zx

We find the equation for zxy by using (2.24) in txy = tyx, which yields (C(U))y =

(—Z7)x and finally

(Uyl’X + UX:L'y).
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USng JXY = Jyx, KXY = KYX and (232) we get

(U
Ixy = 20(((]))(UYJX + UxJy)
and )
C
ny = _QC(U) (UyKX + UxKy).
Finally we end up with the following system of differential equations
(U
(2.333) txy = _2(,‘(([])) (Uth + Uxty),
(U
(233b) Xy — 20((U)) (nyx + Uxfﬂy)7
c/(u) c/(u)
(2.33¢) Uxy = 23(U) (Jxzy + Jyxx) — mUXU}G
()
2. =
(2.33d) Jxy 2e(0) (UyJx + UxJy),
dU
(2.336) ny = _26((U>)(UYKX + UxKy)

2.3. The Regularized System. We derive a set of equations corresponding to
(1.3) in the new variables. We consider characteristics X (¢, ) and Y'(¢,z) given by
(2.10). We assume that u, R, S, p, and o are smooth and bounded. As above we
get that ty, ty, xx, and zy are nonzero and finite.

Denote u(t,z) = U(X(t,z),Y (t,z)). By calculations like those that led to (2.28)
we find

c(u) 2 2 2 2 c(u)
Uxy = m((R + c(w)p?)zxey + (S° + c(u)o )acyxx) - mUny.

We introduce

1 1
(2.34) Jx = §(R2 +c(u)p®)rx and Jy = 5(52 + c(u)o?)zy-.
Using (2.26) and (2.27) we obtain

_ d(u) (u)
Uxy = 23 (Jxzy + Jyrx) — 2e(u) UxUy.

Accordingly, we define
1 1
~ 2¢(u) 2¢(u)

The derivation of the system of equations is similar to the one in Section 2.2 for
the NVW equation (1.1). In fact, we obtain the same equations as in (2.33). In
addition we get two equations corresponding to (1.3b) and (1.3c). Let p(t,z) =
P(X(t,x),Y(t,z)). By (1.3b) we get

0=pr = (c(u)p)e
= Px(X; — c(u)X,) + Py (Y — c(u)Yy) — () P(Ux X, + Uy Yz).

(2.35) Kx (R* + c(u)p®)rx and Ky = — (S + c(u)o?)zy.
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From (2.10) and (2.23) we have

/
U
C(U)Pyl‘x + ‘ (2 )P(UX{IJY + UyIX) =0
and from (2.33) we see that this is the same as
nyEX +P£EXY = (Pfrx)y =0.

We define p = Pz, so that
py = 0.
Let o(t,x) = Q(X(t,x),Y (¢, x)). From (1.3c) we have
0=0;+ (c(u)o),
=Qx(Xi + c(u)X,) + Qy (Y + c(v)Ys) + ¢ (w)Q(Ux X, + UyY,).
Using (2.10) and (2.23) we get
(U
o(U)Q@xzy + ‘ (2 )

and by (2.33) we find

QUxzy +Uyzx) =0

Qxry + Qrxy = (Quy)x = 0.
We define ¢ = Qzy, so that

gx = 0.

By (2.26), (2.27) and (2.34) we get
(2.36) 2uxJx = A(U)UE 4+ c(U)p? and 2zyJy = E(U)UE + c(U)g?.
Furthermore, we note that the relations
(2.37a) zx = c(U)tx, xy = —c(U)ty,
(237b) JX = C(U)Kx, Jy = 7C(U)Ky
hold. To summarize, we obtain the following system of equations

d(U)
2. t = ——= t t
(2.38a) Xy QC(U)(UY x + Uxty),
JU
(2.38b) Txy = 20( U)) (Uyzrx + Uxzy),
(U dU

(2.38C) UXY = 26‘5((])) (.’L“yJX + Iij) — 26(([])) Uny,
(2.38d) Jey = L9 0y gy + Uy

. XY—ZC(U) yJx xJY),

)

2. Kyxy =— K K
(2.38¢) Xy 2e(0) (UyKx + Ux Ky),
(2.38f) py =0,
(2.38g) qx = 0.

We introduce the vector Z = (¢, z, U, J, K'). The system (2.38a)-(2.38¢) then rewrites
as

(2.39) Zxy = F(Z)(Zx, Zy),
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where F(Z) is a bilinear and symmetric tensor from R® x R’ to R%. Due to the
relations (2.37a), either one of the equations in (2.38a) and (2.38b) is redundant:
one could remove one of them, and the system would remain well-posed, and one
retrieves ¢t or x by using (2.37a). Similarly, either one of the equations (2.38d) and
(2.38¢) becomes redundant by (2.37b). However, we find it convenient to work with
the complete set of variables, i.e., Z = (¢,z,U, J, K).

We observe that the equations (2.38a)-(2.38e) are not coupled with the last two
(2.38f)-(2.38g). Furthermore they are identical to the set of equations (2.33) found
for the NVW equation. However, we see that (2.30) is different from (2.36), so the
solutions will not be identical. Also, from (2.36) we see that the solutions ¢, z, U, J, K
of the five first equations are not independent of the solutions p, ¢ of the last two
equations.

To prove the existence of solutions of (2.38) we use a fixed point argument which
is similar to the one found in [10]. In order to do so we need a curve (X(s),Y(s))
parametrized by s € R in the (X, Y)-plane that corresponds to the initial time, i.e.,
it consists of all points (X,Y") € R? such that ¢(X,Y) = 0. We will admit curves of
the following type.

Definition 2.1. We denote by C the set of curves in the plane R? parametrized by
(X(s),V(s)) with s € R, such that

(2.40a) X —1d, Y —1Id € W'°(R),

(2.40D) X>0,Y>0

with the normalization

(2.40¢) %(X(s) FV(s) =5 forallseR

We set

(2.40d) (X, D)l = 12 =1 ooy + 11V = 1d][ oo g -

In the above derivation where we assumed that the solutions are smooth and
bounded we found that 0 < tx < oo and —oco < ty < 0. This implies that
both X(s) and Y(s) are strictly increasing functions. Indeed, by differentiating
t(X(s),Y(s)) = 0 and using (2.40c) we get

2t - 2t
— Y and Y = X ,
Ix —ty ix —ty
which implies X > 0 and J > 0. Thus, in this case (X(s),)(s)) is a strictly
monotone curve.
For general initial data the set

Do = {(X,Y) e R? [ #(X,Y) = 0}

will be the union of strictly monotone curves, horizontal and vertical lines, and boxes.
We define this set implicitly in Definition 3.4 and 3.7, and the examples following the
definitions show how the set 'y depends on the initial data (ug, Ry, So, po, 00, tto, Yo)-

The idea is the following. The backward characteristics transports the energy
described by the measure pg, while the forward characteristics transports the energy
described by the measure vy.

X =
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At points (0, zg) where the initial data is smooth and bounded and the measures
are absolutely continuous, there is a finite amount of energy, and there is exactly
one forward and one backward characteristic starting from (0,z0). This point is
mapped to one point in Lagrangian coordinates. An interval of such points yields a
strictly monotone curve in Lagrangian coordinates, like we showed above.

At points (0, 29) where only one of the measures is singular, say i, there is a finite
amount of forward energy and an infinite amount of backward energy. Thus there
are infinitely many backward characteristics, but only one forward characteristic
starting from (0,x¢). If we think of characteristics as particles, then the infinite
amount of backward energy at (0, x) is distributed over infinitely many particles.
To label these particles, we map this point to a horizontal line in the (X, Y)-plane.

If only vp is singular at (0,z0), the point is mapped to a vertical line in the
(X,Y)-plane.

At points (0, z¢) where both measures are singular, there is an infinite amount
of both forward and backward energy. Thus there are infinitely many forward and
backward characteristics starting from (0, zo). If we think of characteristics as par-
ticles, then the infinite amount of both forward and backward energy at (0,x)
is distributed over infinitely many particles and we need a rectangular box in the
(X,Y)-plane to label all these particles.

From the set Ty we have to choose a unique curve (X,)) € C. In the case of a
box there are in principle infinitely many possible ways of doing this. We define the
curve in Definition 3.7, where we in the case of a box roughly speaking define it to
be the union of the left vertical side and the upper horizontal side of the box.

Having defined the curve (X, )), we have to assign the values of Z, Zx, Zy, p and
g on it in order to solve (2.38). In addition we require that several properties derived
in this section for the smooth case hold on the curve, see Definition 4.7. Later we will
prove that solutions of (2.38) satisfy the same properties. In Section 3 we explain
how to define the functions on the curve for general initial data wug, Ry, So, po, 00 €
L?*(R) and measures po and 1. Here we present how to proceed for initial data
such that the functions ug, Ry, So, po, 0o are smooth and bounded, and such that
the measures o and 1y are absolutely continuous. We have to specify the values of
19 functions. Let us see how many equations we have available to determine these
values. Let

(2.41) t(X(s),Y(s)) =0,
and
(2.42) U(X(s),Y(s)) = uo(z(X(s), Y(s))).
From (2.26), (2.27) and (2.34) we have
() )
(2.43) Ux(X,Y) =zx(X,)) o@(X.))
() )
(244) Uy(X,y) - Y(X7y)C(1LQ(l’(X,y>))7
(2.45) T2, 9) = 5ox (X V) + clun) ) a(X. D)),

(2.46) Iy (X, V) = %xy(?ﬁy)(Sg + c(uo)ap) (x(X, ),
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(2.47) p(X,Y) = ax(X,Y)po(2(X,D)),

(2.48) q(X,Y) =2y (X, V)oo(2(X, D))

and from (2.37a) and (2.37b) we have the relations

(2.49) Ex(X,9) = clunle(X, V)tx (X, V),
(2.50) 2y (X, 9) = —cluna(X, D)ty (X, ),
(2.51) Tx(X, V) = c(uo(x(X, V))) Kx (X, D),
(2.52) Iy (X, V) = —c(uo(z(X, V))) Ky (X, V).

We also want to use the fact that Zy and Zy are derivatives of Z to assign values
of t, x, U, J, K, and we can write this condition as

(2.53) Z(X(s), Y(s)) = Zx(X(5), Y(5) X (s) + Zy (X(s), V(5)) V(s),

where the notation means Z(X(s), Y(s)) = 4 7(X(s),Y(s)). We have 19 unknowns
(X,Y,p,q,Z, Zx, Zy) and 17 equations, given by (2.40c) and (2.41)-(2.53). We use
the two remaining degrees of freedom to obtain Zx, p, Zy and g bounded. We set

(2.54) 2ex(X(s), V(s)) + Jx(X(s), V(s)) = 1,
(2.55) 2y (X(5),Y(s)) + Jy(X(s), V(s)) = 1.
In view of (2.36), xx and Jx have the same sign, so that (2.54) implies that they
are non-negative and bounded. Similarly we find that xy > 0, Jy > 0, and that
they are bounded from above. From (2.49) and (2.50) it then follows that tx, Kx,
ty and Ky are bounded and tx > 0, Ky > 0, ty < 0 and Ky < 0. The relation

(2.36) also implies that Ux, p, Uy and g are bounded.
Using (2.45) and (2.46) in (2.54) and (2.55) yields

2
(2.56) ox06.9) = ( g s ) X9
(2.57) ry (X, Y) = (ZHSQEC(UOM(Q)) ((X, D)),

which implies by (2.49) and (2.50) that

( c(uo) (4 + RO T c(uo)po))(l'()(7y))7

ty(X,Y) = (c(uo)(él + 52+ C(uo)o§)> (z(X,))).

Now (2.43)-(2.48) take the form

2R,
) = (e ) )
25
20 3) = (e o e ) )

RS + c(uo)pp
4+ Rf + c(uo)pf
S2 + c(ug)op
4+ 52 + c(ug)a?

sty = ( )

wix) = ( )t
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pD) = (s ) D)),

20’0
XY =[(—1=0
a(&, ) <4 + S2 + c(up)o?
and from (2.51) and (2.52) we get

)@y

(Bt culsd
D) = (it ety ) D)
_ Sg + C(’U,())O'g .
0. = = (i S i) )

It remains to determine (X', ) and the value of z, J and K on the curve.
Differentiating (2.41) with respect to s yields

Ex (X (), Y(5))X () + by (X(s), Y(5))V(s) = 0
and after using (2.49) and (2.50) we get
2x(X(s), V()X (5) = 2y (X(s), V() V(s).
Using this in (2.53) implies
(2.58) (X (s), V(s)) = 2ux (X (s), Y(5)X () = 22y (X (s), V() V(s)-
We use (2.58) then (2.56) and (2.57) in (2.40c), and get
2= X(s) + Y(s)

1 1 1 .
2 (xx(?f(s),y(s)) " xy(X(s)7y(s))>x(2{(s)’y(5))

= (2 U+ clun) + 52+ clun)od) ) (X9, VNN (3), Vo).

We define (X (s), Y(s)) implicitly as

| (Y6
(2.59) 2x(X(s),V(s)) + 7/7 (RS + c(ug)pg + S5 + c(up)op)(2) dz = 2s.

4

Note that the left-hand side is a strictly increasing function with respect to z, so
that (2.59) uniquely defines z(X(s), Y(s)).
From (2.58) and (2.56) it follows that

260 &) = (14 108 4 cluo)gd) ) (X6, V)X, 905
and we define
z(X(s),Y(s))
X6 =al@X@Ye) g [ (Bl
Similarly, by (2.58) and (2.57), we get

260 I = (14 15+ o) ) @ (6) PR Y)
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and we set

z(X(5),Y(s))
Y(s) = (X (5), Y(5)) + = / (82 + c(uo)o?) (=) dz.

4 ]
From (2.54), (2.55) and (2.40c) we have
(2.62) J(X,Y) = Jx (X, V)X + Jy (X, V)Y
= (1 = 2zx(X, V)X + (1 — 22y (X, D))V
=2 - 2i(X,)),
so that

22(X(s5), Y(s)) + J(X(s), V(s)) = 2,
which combined with (2.59) yields

1 z(X(s),Y(s))
J(X(s),V(s)) = 7 / (R§ + c(uo)py + S + c(uo)og)(2) dz.

—00

From (2.51) and (2.52) we have

Ix (X, V)X — Jy (X, )Y

R(X.9) = Kx(X. D)X + (X, )Y = Z528m 250,

Multiplying (2.54) by X and (2.55) by Y, yields
I (X, VX =X =25 (X, D)X and Jy (X, V)Y =Y — 22y (X, V).
Using (2.58), we get
Ix(X, V)X = (X, V)Y =X -,
which implies by (2.60) and (2.61) that
(RS + c(uo)pg — S§ — cluo)ap) (x(X,Y))
Ae(uo(z(X, D))

K(X,Y) = #(X, V).

We define
K(x =
e = [
In Section 6 we prove the existence of global, weak, conservative solutions of (1.3).

Our approach follows closely [10]. The solutions we construct will be conservative
in the sense that for all t > 0,

p(@)(R) + v(t)(R) = uo(R) + vp(R),
where we denote the solution at time ¢ by (u, R, S, p, o, u,v)(t), see Theorem 6.2.

This is a consequence of the fact that the energy function J in Lagrangian coordi-
nates satisfies that the limit

HX(HV6)

(RS + c(uo)pg — S5 — c(uo)g)(2) dz.

Jim (X (5),V(5)

is independent of the curve (X,)) € C. Thus, the same limiting values of J are
obtained for curves corresponding to different times, see Lemma 4.14. We do not
address uniqueness of conservative solutions.

The main results of this paper is contained in Section 7, where we first prove that
under certain conditions we have local smooth solutions of (1.3). More specifically,
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on a finite interval [z;, z,] we assume that the initial data satisfies the following:
ug, Ro, So, po, 09 are smooth and bounded, py and vy are absolutely continuous, and
the functions py and oy are strictly positive. Then we prove that for every time
t € [0,5(z, — a;)], the functions p(t,x) and o(t,x) are strictly positive for all
x € |z + kt, z, — kt]. This has a regularizing effect on the solution in the sense that
the solution at time ¢ will then satisfy the same regularity conditions as the initial
data does on the interval [x; + kt, z, — kt], see Corollary 7.2. Roughly speaking, the
variables p and ¢ contain information about py and oy, respectively. In particular,
since py = 0 and gx = 0, the strict positivity of p and ¢ is preserved in the
characteristic directions. The identities in (2.36) then imply the strict positivity of
zx and zy.

In Theorem 7.3 we prove that we can locally approximate weak solutions of (1.1)
by smooth solutions of (1.3) in L*°, provided that certain regularity and convergence
conditions hold, see Section 7.

3. FrROM EULERIAN TO LAGRANGIAN COORDINATES

We first define the set D which consists of possible initial data corresponding to
(1.3) in Eulerian coordinates.
Definition 3.1. The set D consists of the elements (u, R, S, p, o, i, v) such that

u7R7S7p7J E LQ(R)7

(31) (R~ S)

. Uy = ——— — ,

2¢(u)

and i and v are finite positive Radon measures with

1 1
(3.2) Hac = E(RQ +c(uw)p?)dr and v, = 1(52 + c(u)o?) dx.

Note that this definition allows for initial data with concentrated energy. The
next step is to map elements from D to a set F which is defined as follows.

Definition 3.2. The group G is given by all invertible functions f such that

(3.3) f—1d and f~' —1d both belong to W'>(R),
and
(3.4) (f —1d) € L*(R).

Note that if f, g € G, then also £, g7! and f o g belong to G.
Definition 3.3. The set F consists of all functions b = (1,1s) such that
1(X) = (21(X), U1 (X), L1 (X), K1(X), i(X), H1(X))
and
VoY) = (22(Y), Ua(Y), J2(Y), Kr(Y), Va(Y), Ha(Y'))
satisfy the following reqularity and decay conditions
(3.5a) vy —1d, zo —1d, Jy, Jo, Ki, Ky € WHe(R),

(3.5b) ) =1, oy —1, J), Jb, K, K}, Hy, Hy € L*(R)N L>(R),
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(35C) Uy, U, € LQ(R) N LOO(R),
(3.5d) i, V5 e LZ(R) N L>®(R),
and the additional conditions
(3.6) zh,ah, Ji, Jy > 0,
(3.7) Ji = c(W)Ky, Jy=—c(Uz)K.
(3.8) 2 J) = (c(U)N)? + (U HE,  ahJy = (c(Ua)Va)® + c(Uz) H3,
(39) xr1 + Jl, To+ Jo € G,
(3.10) lim Ji(X)= lim J(Y)=0.
X——0 Y —>—o0

Moreover, for any curve (X,Y) € C such that
1 (X(s)) = x2(V(s)) for all s € R,

we have

(3.11a) Ui(X(s)) = U (Y(9))

for all s € R and

BIb)  SUX() = - UV(5) = VX)) + Va(D(5)I(s)

for almost all s € R.

Condition (3.9) will be important in Section 5.4 where we prove that the solution
operator from D to D is a semigroup. In the proof we use z; + J; for i = 1,2 as
relabeling functions.

For any strictly monotone curve (X,Y) € C we introduce

X(Y)=XQ7(Y)) and Y(X)=Y(X(X)).

In the context of the previous section where we derived the system (2.38) for smooth
solutions (Z,p, q), the elements (t1, 1) should be thought of

1(X) = 2(X, Y(X)), 1Y) = 2(X(Y),Y),
U1(X) =U(X, Y(X)), Us(Y) = U(X(Y),Y),
X Y
Jl(X):/ I (ZY(Z))dZ :/ W (X(2),2)dZ,
L(X) / Kx(2,9(2))dZ L(Y) :/ Ky(X(2),2)dZ,
VA(X) = Ux (X, D(X)). VoY) = Uy (X(Y),Y),
Hi(X) = p(X, V(X)), Hy(Y) = q(X(Y),Y)
and
21(X) = 22x(X, Y(X)), 25(Y) = 22y (X(Y),Y),

J(X) = Jx (X, Y(X)),
Ki(X) = Kx(X, (X)), K5(Y) = Ky (X(Y),Y).
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We define the map from D to F.

Definition 3.4. Given (u, R, S, p, o, u,v) € D, we define y = (x1, Uy, J1, K1, V1, Hy)
and Y = (22, Us, Jo, K3, Va, H) as

(3.12a) z1(X) =sup{z € R | 2’ + p((—o0,2)) < X for all ' < z},

(3.12Db) 2(Y)=sup{z e R | 2’ + v((—o0,2")) <Y for all 2’ < x}

and

(3120) Jl(X) :AX—*.CCl()()7 JQ(Y) :Y*xz(Y),

(3.12d) Ui(X) = u(z1(X)), Us(Y) = u(z2(Y)),

iz 0 =am it ) - s 2
Y RE B

(3.12f) K (X) = /_Oo mo im0 =- /_Oo Rl

(512) LX) = Sp@m(X)a(X),  Ha(Y) = Sola(Y)ab(Y)

We let L : D — F denote the mapping which to any (u, R, S, p,o, u,v) € D asso-
ciates the element 1 = (Y1,19) € F as defined above.

As mentioned before solutions can develop singularities in finite time and energy
can concentrate on sets of measure zero. If this is the case one has to put some extra
effort into understanding (3.12¢) and (3.12g) since they might be of the form 0 - oo,
when 2/ (X) = 0. One has, in the smooth case for X; < X5 that

Pt g % R@(R) oo [
x)dr = 7~$le)(: Vi(X)dX
me>%@() Al%wau»>() o )

@1 (X2)  p
él(xl) 2¢(u) (z) do
< /21 (X)) — 21 (X)) V(X)) — T (Xy).

If we now consider the nonsmooth case, (3.13) still holds and the above calculations
imply that V1(X) exists and is bounded. Furthermore, if 27 (X) = 0, we must have
that V1(X) = 0.

In the case of initial data (ug, Ro, So, po, 0o, to, ¥o) € D such that pg and vy are
absolutely continuous with respect to the Lebesgue measure, we check that we end
up with the same expressions as at the end of Section 2. By (3.2) we have

po(—oe,2)) = 1 [ (B + cun)(z) dz

—0o0

and

(3.13) < kV/21(Xa) — 21 (X1)V tac (21 (X1), 21 (X))

and

n((—o0.0) = 1 [ (S8 clunjod)() =

—00
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Since the functions @ + po((—o0, ) and z+vy((—o0, x)) are continuous and strictly
increasing, we get from (3.12a) and (3.12b),
1

z1(X)
(045 [ W+ () ds = X

and
L 2
xg(Y) + 1/ (SO + C(’LL())O'O)(Z) dz=Y.
We add these equalities and since z1(X(s)) = 22(Y(s)) = (X (s), V(s)) and X (s) +
Y(s) = 2s we get
| . ,
20(2(6).(6)) + 5 | (B2 + c(uo)pd + S2 + clug)od) (=) dz = 25
and we recover (2.59). In a similar way we can show by using Definition 3.4 that we
get the other expressions that we derived in Section 2.

We illustrate the mappings in this section with a series of examples. We study
three possible situations where the initial measures are absolutely continuous and
discrete. We want to illustrate how the region where z1(X) = z2(Y) and ¥ = 25— X
in the (X,Y)-plane looks like in each situation. This is important in (3.28), the
definition of the initial curve (X, )).

Example 1. We first consider the case where both py and vy are absolutely
continuous. More specifically, let

to((—o0, z]) = vo((—00, z]) = arctan(x) + g
The measures are absolutely continuous. Let f(x) = arctan(x) + = + 7, which is
strictly increasing and continuous. We have z;(X) = f~1(X) and zo(Y) = f~1(Y).
By differentiating the identity f(f~1(X)) = X we obtain
1 1
1(X)

= 1 Zfa
e 2

and similarly we get 24(Y) > 1, so that both z; and x5 are strictly increasing
functions.

Example 2. We consider the case where one of the measures is absolutely con-
tinuous and the other is not. Let

(00, 2)) = {0’ r=0

1, x>0
The measure p is not absolutely continuous with respect to the Lebesgue measure,

C sones( AP (o)

n=1

Using Definition 3.4, we find that

and vo((—o0,z)) = arctan(x) + g

X if X <0,
(X)) =40 ifo<X <1,
X—1, if1<X

)
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and as in Example 1 we have x5(Y) = f~1(Y).
Example 3. We consider the case where both measures are singular at the same
point. Let (ug, Ry, So, po, 00, fto, Vo) € D be such that

po((—00, 2)) = {

From Definition 3.4 we get

0, <0,
1, >0

0, <0,
1, >0.

and  1p((—o0,x)) = {

X if X <0, Y if Y <0,
z1(X)=4¢0 if0<X <1, and 22(Y)=10 ifo0<Y <1,
X1, if1<X Y -1, if1<Y.

Proof of the well-posedness of Definition 3.4. We only show that ¢, as defined above
satisfies the conditions in the definition of F. The corresponding proof for s is
similar. First we prove that the derivatives of x; and J; are well-defined. Let us
show that x; is Lipschitz continuous. Consider X, X’ € R such that X < X’ and
21(X) < x1(X’). The definition of x; implies that there exists an increasing se-
quence, 2/, and a decreasing one, z;, such that ZILI?O 2 = 21(X') and z1;1101o 2 = x1(X)

with 2] + p((—00,2})) < X' and z; + p((—00,2;)) > X. Combining these two in-
equalities gives
(=00, 20)) — (00, 2)) + 2 — 5 < X' — X,

For sufficiently large i, we have z; > z;, so that u((—o0,2})) — u((—o0,z)) =
w([zi,2))) = 0. Hence, 2z} — z; < X' — X. Letting ¢ tend to infinity, we obtain
21(X') —21(X) < X' — X and x; is Lipschitz continuous with Lipschitz constant at
most one. Thus, z; is differentiable almost everywhere. Then, by (3.12c) it follows
that J; is Lipschitz continuous with Lipschitz constant at most two, so that J; is
differentiable almost everywhere.

Next, we show (3.5a)-(3.5d) and that K is well-defined and differentiable almost
everywhere. It is clear from (3.12a) that x; yields a nondecreasing function. For
any z > x1(X), we have z 4+ p((—o00,2)) > X. Hence, X — z < u(R) and, since
we can choose z arbitrarily close to x1(X), we obtain X — z1(X) < u(R). Since
x21(X) < X, we have

(3.14) | X —21(X)] < u(R)

and x; —Id € L>*°(R). Since z; is nondecreasing and has Lipschitz constant at
most one, we have 0 < 2 < 1 almost everywhere, so that 2} — 1 € L>°(R). From
(3.14), we obtain |J;(X)| < u(R) and J; € L>°(R). We have J| = 1 — z} a.e. and
therefore 0 < J; < 1 a.e., which implies that J; € L*(R). Thus, J; € L'(R) as
LXOO Ji(X)dX < ||Ji]|r=(r). By Hélder’s inequality, we obtain

2
T2y < Nl ooy 111 ey < N1l ooy < 1(R).

Hence, J; € L%(R) and since J; = 1 — 2} a.e., we have that #{ — 1 € L%(R). Note

that, by the above, the inequalities for 2} and J] in (3.6) are satisfied. The fact

that J] is integrable also implies that K is well-defined and differentiable almost

everywhere. By differentiating (3.12f), we obtain K| = c(JTil)v so that K; € WH(R)
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and K| € L*(R) N L*°(R). By a change of variables and, using the fact that 2} <1
a.e., we get

1
/le(X)dX < f/pQ(ar) dx < o0
R 4 Jr
and )
/Vf(X) dX < i/RZ(x) dz < oo,
R 4 Jr
so that H; and V; belong to L*(R).
Next, we prove that Uy is in L*(R). Let By = {X € R | 2{(X) < $}. Since
Ji=1-2a}, By={X e R| J{(X) > i}, and J{ € L*(R), we obtain meas(B3) < oo
after using Chebyshev’s inequality. We have, since x| > % in BS,

/ U(x)ax = [ Ux(x)dx + / U2(X) dX
< meas(Ba) ulf sy + 2 [ u?(an(X))a}(X) ax

B¢

B3

3
2 2
< meas(Bs) HUHLm(R) +2 HUHLQ(R) .

Since u € H'(R), we have that u € L*(R) and we conclude that U; € L*(R) N
L*°(R). It remains to show that H; and V; belong to L>°(R). In order to prove this
and (3.8), we have to compute the derivative of x;. Following [7], we decompose
w1 into its absolutely continuous, singular continuous and discrete part, denoted
by fiac, tse and pq, respectively. The support of pg consists of a countable set of
points. The function G(z) = p((—o0, z)) is lower semi-continuous and its points of
discontinuity coincide exactly with the support of pq. Let A denote the complement
of 27! (supp(pa)), that is, A = {X € R | 21(X) € supp(pa)¢}. We claim that for
any X € A, we have

(3.15) pl(=00, 21 (X)) + 21 (X) = X.

By (3.12a) there exists an increasing sequence z; which converges to x1(X) such
that G(z;) + z; < X. Since G is lower semi-continuous, ll)m G(z) = G(z1(X)) and
therefore o

Assume that G(z1(X)) + z1(X) < X. Since z;(X) is a point of continuity of G,
we can find an x such that x > z1(X) and G(z) + ©+ < X. This contradicts the
definition of z1(X) and proves our claim (3.15). Let

Bi={reRr] 15182*15“((’5 —erte)) = E(R%) +e(u()p ()}

Since %(R2+cp2) dx is the absolutely continuous part of 1, we have from Besicovitch’s
derivation theorem that meas(B{) = 0. The proof can be found in [1]. Given
X € z74(B)), we denote * = z1(X). We claim that for all i € N, there exists
0<e< % such that x — ¢ and x + ¢ both belong to supp(uq)¢. Let us assume
the opposite. Then, there exists ¢ € N such that for all 0 < ¢ < %, r — ¢ and
x + € both belong to supp(pa). Since the set (0, %) is uncountable, this implies
that uncountably many points belong to supp(uq). This is a contradiction, and
our claim is proved. Hence, we can find two sequences X; and X/ in A such that
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$(21(X5) + 21(X])) = 21(X) and 0 < X} — X; < 1. We have by (3.15), since X; and

2

X/ belong to A,
(3.16) p([z1(X5), 21(X7))) + 21(X]) — 21 (Xs) = X] — X,

Since x1(X;) ¢ supp(ua), we infer that p({z1(X;)}) = 0 and u([z1(X;), 21(X])))) =
pw((21(X5), 21(X]))). Dividing (3.16) by X| — X, we get

71 (X5) — 21 (Xo) p((21(X0), 71(X7))) | 21 (X)) — 21(X0)

=1
X —Xi 21 (X7) — 21(X5) X=X
and letting ¢ tend to infinity, we obtain
1
(3.17) J;’l(X)z(R2 + c(u)p?) (21(X)) + 24 (X) =1

for almost every X € x7'(B)). Since R = z(B;) U a;(BY), it remains to study
the behavior of z} in 27 (B{). We proved above that meas(B§) = 0, which does not
imply in general that meas(x; " (B§)) = 0.! Therefore, we need the following result.

Lemma 3.5 ([9, Lemma 3.9]). Given an increasing Lipschitz continuous function
f: R = R, for any set B of measure zero, we have f' = 0 almost everywhere in

f7H(B).

We apply Lemma 3.5 and get, since meas(B{) = 0, that 2} = 0 almost everywhere
in 27'(BS). From (3.17), we get

7 (X)J1(X) = IS(X)%(RQ(M(X)) +c(U1(X))p*(1(X)))

= (c(Ui(X))Vi(X))* + c(U1(X)) HY (X)

and (3.8) follows. The relation in (3.7) follows by differentiating (3.12f). Now we
can prove that H; and Vi belong to L>(R). By (3.8), we have

o< (Lwir+ )
S\ zn NG 1
< (U)W + V/e(UD)| Hul)’
S 2(02((]1)‘/12 + C(Ul)le)
=2x1J] <2
since a7, J; € [0,1]. This implies that Hy,V; € L°(R).

Since z; + J; = Id, all conditions in Definition 3.2 are satisfied and hence also
(3.9).

The function J; vanishes at —oo since Jj is non-decreasing and non-negative and
z1(X) < X. Hence, (3.10) is satisfied for J;. Let us verify that (3.11a) and (3.11b)
hold. Consider a curve (X,Y) € C such that z;(X(s)) = z2(Y(s)). By (3.12d), we
have

Ui(X(s)) = u(z1(X(s))) = u(z2(Y(s))) = U2(V(s)).
We obtain
Ui (X(5)) —Ui(X(s)) = uy(2) dz
(X(5)) - Ui (X(5)) /WS» («)
f p = 8y, then B¢ = {0}, but 271 ({0}) = [0,1].
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_ /Il(X(g)) (R _ S) (1-) i

ey 2e(w)
z1(X(3)) 22(V(5))

:/ ul (:L')dxf/ i(z)d:p
m(x(s) 2c(u) w(s)) 2¢(u)

= [[B@& v ar

where we used that u, = ﬁ(R —5) and z1(X) = 22(Y). Dividing both sides by
5 — s and letting § — s yields (3.11b). O

Given an element in F we want to define a curve (X,)) and the values of ¢ on
that curve. We define the set G which consists of curves (X,Y) and five functions
Z,V, W, p and q, next. Recalling Section 2 the idea is that these functions in the
smooth case are given through

and

V(X(s)) = Zx(X(s), V(s)), W((s)) = Zy(X(s), V(s)),

p(X(s)) = p(X(s), V(s)), a(Y(s)) = q(X(s),V(s)),
and hence motivate some of the regularity conditions that are imposed in the defini-
tion of the set G. For example, from the derivation in the previous section we know

that the function z(X,Y") is increasing with respect to both its arguments and is
therefore unbounded. However, from (2.59) we get

[2((5), V() — 5| < 3 (ol R) + wo(R))

which belongs to L®(R). Therefore, we require that Z5 — Id belongs to L®(R).
It is convenient to introduce the following notation: to any triplet (Z,V, W) of
five dimensional vector functions we associate a triplet (£%, V% W*%) given by

1 1 1
1 Zl=2— —(X -1 “—_) - — a _ -
(3.18a) 1 1 0(0)( d), V=W 20(0)" Wi W1+2C(0),
1 1
(318b) Zg = ZQ - Id7 Vg = VQ - 5, Wg = W2 - 5,
(3.18¢) 2" = Z, Ve =y, WE =W,

for i € {3,4,5}.
Definition 3.6. The set G is the set of all elements © = (X, Y, Z,V, W, p,q) which
consist of a curve (X(s),Y(s)) € C, three vector-valued functions
Z(s) = (Z1(s), 22(s), Z3(s), Zu(s), Z5(5)),

V(X) = (Vi(X), Va(X), V3(X), Va(X), V5(X)),

W(Y) = Wi(Y), Wa(Y), Ws(Y), Wa(Y'), Ws(Y)),
and two functions p(X) and q(Y). We set
(3.19) ||@Hé = ||Zs||iZ(R) + HV‘I”iZ(R) + HWGHQLZ(R) + ||p||iz(ua<) + HUI”iZ(JR)
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and

1 1
(3.20)  [I®lllg = [I(X; V)l + ’

Vo +Vy Lo (R) ’ Wy + Wy Lo (R)
N2 ooy + IV ooy + IV ooy + 1P oo ) + 11l Lo )
The element © belongs to G if

(i)
(3.21) [Bllg < oo and [[]lg < oo;
(i)
(3.22) Vo, Wa, Vi, Wy > 0;
(i11) for almost every s € R, we have
(3.23) Z(s) = V(X ()X (s) + W(P(s)V(s)
(i)
(3:212)  Vo(X(9)) = c(Zo((X()),  Wh((s)) = —(Zs(s)WM(D(s)),
(3.24b)  Vi(X(s)) = c(Z3(s))V5(X(s)),  Wa(V(s)) = —c(Za(s))W5(V(s))
and
(3210)  A(X()VAA(S) = (e Z5(5)Vs(X () + e Zo()p?(X(5))
(3.24d) 2Wa(V(s))W2(V(s)) = (c(Z5(s))Ws(V(5))* + e(Z5(5)a*(V(s));
(v)
(3.25) lim Z,(s) =0.

S5——00

We denote by Gy the subset of G which parametrize the data at time t = 0, that is,
goz{geg | 21:0}
For © € Gy, we get by using (3.23) and (3.24a), that

(3.26) V(X ()X (5) = Wa(V(8))V(s)-
This implies that
(3.27) Zy(s) = 2V5(X(5)) X (5) = 2Wa(V(5))V(5)-

Note that for an element © € G we have Vo +V, > 0 and Wy, + W, > 0 al-
most everywhere. As we shall see, this property is preserved in the solution and is
important in proving that the solution operator from D to D is a semigroup.

Definition 3.7. For any 1 = (1,1¢) € F, we define (X, Y, Z,V,W,p,q) as

(3.28) X(s) =sup{X e R | x1(X') < 22(25s — X') for all X' < X}
and set Y(s) = 2s — X(s). We have

(3.20) 1(X(5)) = 22((5))

We define

(3.30a) Z(s) =0,

(3.30b) Z5(s) = 21(X(5)) = 22(V(s)),
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(3.30c) Z5(s) = Ui(X(s)) = Ua(V(s)),
(3.30d) Zy(s) = Ji(X(s)) + J2(V(s)),
(3.30e) Z5(s) = K1(X(s8)) + K2(Y(s))
and

1 , B 1
(3 313‘) V1<X) = 2C(U1(X)>$1(X)’ Wl(Y) - _2C(U2(Y))x2(y)’
(B31)  W(X) = (), Wa(Y) = Sa(Y),
(3.31c) V3(X) = Vi(X), Ws(Y) = Va(Y),
(3.31d) Vi(X) = Ji(X), Wi(Y) = Jy(Y),
(3.31e) Vs(X) = Ki(X), Ws(Y) = Ky (Y),
(3.31f) p(X) = Hi(X), q(Y) = Hx(Y)

Let C : F — Gg denote the mapping which to any ¢ € F associates the element
(X, Y, Z,V,W,p,q) € Gy as defined above.

Example 1 continued. The function X(s) is given as the unique point of
intersection X between z;(X) and z2(2s — X), i.e.,

21 (X (s)) = w2(25 — X(s)),
which implies that

X(s)=s and JY(s)=s.
Hence, (X,)) is a strictly monotone curve.

Example 2 continued. For s < 7, X'(s) is given implicitly as the solution of
the equation X = x9(2s — X), or

arctan(X'(s)) + 2X(s) + g = 2s.

By differentiating, we get
1

)

)= —
( ) 1+ 2+2?1((5)2

so that % < X(s) < 1 which implies that y(s) > 1. Hence, for s < T (X,)) is a
strictly monotone curve.
For%ﬁsS%Jr%,wehave

m
X(s) =25 — ~
(s)=2s— 3

and Y(s) = 7, that is, Y(s) is constant.
For s > + 1, X(s) is given as the solution of the equation X — 1 = x5(2s — X),
that is -
arctan(X(s) — 1) +2X(s) — 1+ 3= 2s.

We differentiate and get
1

)

X(S) = 1
L+ ss@me—ne

so that 2 < X(s) <1 and Y(s) > 1. Hence, for s > %+ 1 the curve (X,)) is the
graph of a strictly increasing function.
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We conclude that the curve (X, Y) consists of two strictly increasing parts (when
s < % and s > % + %) which are joined by a horizontal line segment (when % <s<
£+

Example 3 continued. In order to compute X as defined in (3.28) we study
the region (X,Y) such that Y = 2s — X and z1(X) = 25(Y). We have

2s— X —1 if X <2s—1,
22(2s — X) =<0 if2s — 1< X < 2s,
2s — X, if 2s < X.

If 25 < 0, the two functions intersect at only one point X = s. The same holds for
2s — 1 > 1, where they intersect at X = s.

If 0 < 2s < 1then z1(X) = 25(2s — X) for all 0 < X < 2s. Since Y = 25— X this
corresponds to straight line segments in the (X, Y')-plane with endpoints in (0, 2s)
and (2s,0). When we consider all 0 < 2s < 1 we therefore get a triangle in the
(X,Y)-plane with corner points at (0,0), (1,0) and (0, 1).

If0 <2s—1 <1 then z1(X) = z5(2s — X) for all 2s — 1 < X < 1. Since
Y = 25 — X this corresponds to straight line segments in the (X,Y)-plane with
endpoints in (2s — 1,1) and (1,2s — 1). When we consider all 0 < 2s —1 < 1 we
therefore get a triangle in the (X, Y')-plane with corner points at (1,0), (1,1) and
(0,1).

Therefore, for 0 < s < 1 the region in the (X,Y)-plane where x1(X) = 2o(Y) for
Y =2s — X is a box with corners at (0,0), (1,0), (1,1) and (0, 1).

In principle we could pick any curve (X(s), Y(s)) in the box which satisfies Defini-
tion 2.1. This is because for any such curve in the box we have 21 (X (s)) = z2(Y(s)).
From (3.30a) we would then have Z;(s) = 0 so that t(X(s),Y(s)) = 0 for any such
curve. Hence, ¢(X,Y) = 0 for all (X,Y) = [0,1] x [0,1]. In other words, time is
equal to zero in the box. In order to proceed we must pick one of these curves, and
from (3.28) this curve consists of the straight line between (0,0) and (0, 1), and the
straight line between (0,1) and (1,1), that is,

S if s <0, s if s <0,
0 ifo<s<i 2s fo<s<i
X = - _2’ d = - _27
()= 92 1 ifl<s<1, Y(s) ifl<s<l,
S ifs>1 s ifs>1,

see Figure 3 and 4.

We mention that if the measures are not discrete at the same point, we do not get
boxes. Instead, the region in the (X, Y)-plane where x1(X) = xo(Y) for Y = 2s— X
is a curve consisting of the graph of strictly increasing functions and horizontal and
vertical line segments.

Proof of the well-posedness of Definition 3.7. Let us verify that (X,)) belongs to

C. We first prove that X is nondecreasing. Let s < § and consider a sequence X;

such that lim X; = X (s) with X; < X(s). By (3.28) and since x5 is nondecreasing,
1—00

we have
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Y

x2(2s — X) 21(X)

2s — 1 2s 1

FIGURE 3. The functions z;(X) and x5(2s — X), from Example 3,
for some s < 0. The functions intersect at X = X(s). As s increases,
the graph of 24(2s — X) moves to the right. Eventually, the functions
will intersect on intervals, which correspond to the box in Figure 4.

Y

N | —
IN
w
IN
—_

N[ —

— X)), from

FIGURE 4. The set of all X such that z,(X) = z5(2s
), Y(s)) is marked

Example 3, for different values of s. The curve (X(s
in blue.

Hence, X; < X(5). By letting i tend to infinity, we conclude that X' (s) < X(3).
By the continuity of x; and x5, we obtain (3.29). We show that X is differentiable
almost everywhere. We claim that X is Lipschitz continuous with Lipschitz constant
bounded by two, that is,

(3.32) |X(5) — X(s)] < 2[5 — s|.
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We may assume without loss of generality that s < 5. Assume that (3.32) does not
hold, so that
(3.33) X(3) — X(s) >2(5—s)
for some 5§ > s € R. Thus, Y(s) > Y(5). Then, since x5 is nondecreasing,
11(X($)) = V() > 1(V(E) = 0(X(5)).
This implies that z1(X(s)) = 21(X(3)) because z} > 0 and X(s) < X(5). Hence, x;

is constant on [X(s), X(5)]. One proves similarly that x5 is constant on [Y(3), Y(s)].

Consider the point (X,Y) given by ¥ = Y(s) and X = 25 — Y(s). We have
X(s)=2s—Y(s) < X <25—Y(3) = X(3),

so that (X,Y) € [X(s),X(5)] x [V(5),V(s)]. It follows that z1(X) = x1(X(s)) =

x29(Y(s)) = 22(25 — X) and X < X(5), which contradicts the definition of X.

Therefore, (3.33) cannot hold and we have proved (3.32). Then, by Rademacher’s

theorem, X is differentiable almost everywhere. Let us prove that X —Id € W1>°(R).
This follows since

X(s) = 5 = 5(X(s) = V(s) = 5 (X(s) = 11(X(5)) + 22V (5)) — V(s))

and z; — Id, zo — Id € WH*(R). Since X < 2, it follows that Y =2 — X > 0. As
above, one can show that ) —Id € WH*(R). Hence, (X,Y) € C. We prove that
[|©]]g and |||©]||g are finite. In order to prove that Z3 € L*(R) we define the set

B={scR|X(s)>1}.
Since X + Y = 2, we have Y > 1 on B°. Thus,

[ zas = [ vrxeyas+ [ v s
< [ v st [ BEEI6 s

2 2
SNUllzewy + 102l 72 Ry

and Z3 € L*(R). The fact that Z¢ € L>°(R) follows from Uy, Uy € L*(R) N L=(R).
Next we show that the components of V* belong to L?(R) N L>(R). By (3.18) and
(3.31a), we have

a _ 1 / 1
VO = | 0 - 5
e 4O =i (X))
= e 0~ 0+ o)
< Sl (0) = 1]+ S1e(0) = c(Uh (X))
K, , K? 0 33 7
=S -1+ 5| [ cwyal

K K2k
§|$,1(X) -1+ 5 U (X1,

IN
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which implies that V¢ belongs to L?(R) N L>(R), as 2} — 1,U; € L*(R) N L>(R).
We have
a 1 1 /
Vs :V2_§:§(@"1—1)a
so that V§ € L*(R) N L*®(R). Since V§ = Vi, V§ = J; and V¢ = K/, we conclude
that all the components of V* belong to L?(R) N L>(R). Similarly, one shows that
the components of W* belong to L?(R) N L>(R). Since p = H; and q = Ha, we
have p,q € L*(R) N L=(R). We have that Z¢ € L>(R) because
23(5) = Za(s) — 5 = 1a(X(s)) — 5 = 21(X(s)) — X(5) + X(s) — 5
and z; — Id, X — Id € L*(R). Since Z; = 0, we have
“ 1
Zi(s) = —@(X(S) —s),
so that Z¢ € L*°(R). From the relations Z§ = J;(X) + Jo(Y) and Z¢ = K;(X) +

K5(Y), it follows from (3.5a) that they belong to L>°(R). To check that m and

m are bounded, we need the following result.
Lemma 3.8 (9, Lemma 3.2)). If f € G satisfies ||f — Id||wree@w) + [[f7' —
Id||wrem) < a for some a > 0, then 11%1 < f" < 1+ a almost everywhere.

Conversely, if f is absolutely continuous, f —Id € L>®(R), f'—1 € L*(R) and
there exists ¢ > 1 such that % < f' < ¢ almost everywhere, then [ belongs to G and
satisfies || f —1d |[wreo@) + || f 71 = Id ||wieo @) < v, where o > 0 only depends on ¢
and ||f —1Id ||Loc(]R).

Since 1 + J; € G, Lemma 3.8 implies that for some o > 0, 1/(14+ ) < 2} + J] <
1+« almost everywhere and it follows that VZ}FW € L>(R). Similarly, one can show

that m € L>(R). Hence, (3.21) holds. From (3.31b), (3.31d) and (3.6), we can

check that (3.22) is satisfied. We verify that (3.23) holds. By differentiating (3.29),
we obtain z} (X)X = z4(Y)Y, which after using (3.31b) yields (3.26). It follows that

: 1 1 . . .
Zy = 50 (X)X + 505(V)Y = V(X)X + Wa(Y)Y-
By (3.30a), we have 2, = 0, and by (3.31a), (3.30b) and (3.30c), we obtain
. : 1 . . 1 . -

Using (3.30c), (3.11b) and (3.31c), we find
| 1 : . : . .
23 = U)X + SU()Y = Vi(X)X + Vo)V = Vs(X)X + Wa (D).

The relations for Z, and Z5 in (3.23) follow by differentiating (3.30d) and (3.30e),
respectively. The two identities in (3.24a) follow from (3.31a) and (3.31b). Using
(3.7), we can verify that (3.24b) holds. The last two identities (3.24c) and (3.24d)
follows from (3.8). It remains to prove (3.25). Since Z4(s) = J1(X(s)) + J2(V(s)),
Em X(s) = —oo and Em Y(s) = —o0, it follows from (3.10) that Em Z4(s) =0,

so that (3.25) is satisfied. O
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4. EXISTENCE OF SOLUTIONS FOR THE EQUIVALENT SYSTEM

4.1. Existence of Short-Range Solutions. In the following we denote rectangu-
lar domains by

Q= [X,, X,] [V}, Y]
and we set s; = %(Xl +Y) and s, = %(XT +Y,). We define curves in rectangular
domains as follows.

Definition 4.1. Given Q = [X;, X, | x [V}, Y;], we denote by C(Q) the set of curves in
Q parametrized by (X (s),Y(s)) with s € [s;, s.] such that (X(s;),V(s1)) = (X1, Y1),
(X(sr), V(sr)) = (X, Y7) and

(4.1a) X—1d, Y-IdeW"(s,s,]),
(4.1b) x>0, y>o,

(4.1¢) %(X(s) +Y(s))=s forallsé€ s, s,
We set

||(X7y)”c(9) = [|x - Id”L‘X’([sz,Sr]) +1Y - IdHLOO([S[,ST])'
We introduce the counterpart of G on bounded domains, which we denote by
G(Q).

Definition 4.2. Given Q = [X;, X,] x [V},Y.], we denote by G(Q) the set of all
elements which consist of a curve (X,Y) € C(Q), three vector-valued functions
Z(s), V(X) and W(Y), and two functions p(X) and q(Y). We denote O =
(X, V,Z,V,W,p,q) and set

2 2 a2 a2 2 2
191150y = 12302255 IV N 2230, 3,0 T IV 2231, v2) F 1PN 223,30, T 1Al 22 (w23

and
1

1
J— + J—
VQ + V4 Lo ([X, X)) H WQ + W4
N2 e sy + IV Moo (3,0 + IV oo (v

1©llgtey = 1. Pl + H

Loo([V,Yr])

A0l oo, x,0) + 19l oo vy -
The element © belongs® to G(X2), if
(1)

(i)

1€1lge) < oo,

Vo, Wa, Z4, V4, Wy 2 0,
(iii) for almost every s € R, we have
(4.2) Z(s) = V(X(5)) X (s) + W(P(5))V(s),

2Note that condition (i) implies [©llg(q) < oo because  is bounded.
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(iv)
(132)  V(X() = ABHE (), W)
(4.3b) V(X (s)) = c(Z5(5))V5(X(s)),  Wa(V(s))
and
(4.3¢) V(X (5))Va(X (5)) = (c(Z3(5))Vs(X(5)))* + e(Z5(5))p* (X (5)),
(4.3d) DLV ()Wa(V(s)) = (c(Z3(s))Ws(V(5)))* + c(Z3(5))a*(V(s))-
By definition we have for any (X,Y,Z,V,W.p,q) € G(Q) that the functions

X and )Y are nondecreasing. To any nondecreasing function one can associate its
generalized inverse, a concept which is presented in, e.g., [2].

Definition 4.3. Given Q = [X;, X,] x [V}, Y;] and (X,Y) € C(Q), we define the
generalized inverse of X and )Y as
a(X) =sup{s € [s;,s:] | X(s) < X} for X € (X, X,],
B(Y)=sup{s € [s;,s:] | V(s) <Y} forY € (V,Y,],

respectively. We denote X' = o and Y~ = 3.

—c(Z3(s))Wi(V(s)),
—c(Z3(s))Ws(V(s))

The generalized inverse functions X~! and Y~! satisfy the following properties.

Lemma 4.4. The functions X' and Y™ are lower semicontinuous and nonde-
creasing. We have

(4.4a) XoX'=1d and Yoy '=1d
(4.4Db) X 1o X(s) =s for any s such that X(s) > 0
and

(4.4c) V7o Y(s) =s for any s such that Y(s) > 0

We refer to [10, Lemma 3] for a proof.
Now we define solutions of (2.38) on rectangular domains. Consider the Banach
spaces

LF(Q) = LMY CXL X)), LF(9Q) = L2(X0 X,],C(V, Y. )).
WES(Q) = LX(YL Y., W (X0 X, 1)), W (Q) = L¥(1X0, X, ), W2 (Y, Y,])).

The corresponding norms for f: Q — R are defined as

[ fllze @) = esssuby ey v, |1 (5 Y) 2o 1x0, %)
1152 @) = esssubyerx, x, | [ F (X, )| Lo v,y

11wt = €555uDy eqyigl £ V)l lwaee o, e

||f|\w;v°°(g) = €SSSUPx¢[x; X, (X7 ')||W11<>o([yl,yr])~
We introduce the function Z¢, defined as
1

2¢(0)
(4.5b) ZH(XY) = Z(X,Y) — %(X +Y),

(4.52) Z8X,Y) = Z(X,Y) - (X —Y),
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(4.5¢) Z9X,Y) = Z(X,Y) forie {3,4,5}

in order to conveniently express the decay of Z at infinity in the diagonal direction.
Although we are not yet concerned with the behavior at infinity, the notation will
be useful when introducing global solutions.

Definition 4.5. We say that (Z,p, q) is a solution of (2.38) in Q = [X;, X,| X[V}, ;]

if
()
(4.6) Ze e WH(Q)P,  Zg € Wy™Q)P, Zy € Wx™(Q)P,
pEWY™(Q), q€Wy™(9),
(i1) for almost every X € [X;, X,],
(4.7) (Zx(X,Y))y = F(Z)(Zx, Zy)(X,Y),
(111) for almost every Y € [V}, Y,],
(4.8) (Zy(X,Y))x = F(Z2)(Zx, Zy)(X,Y),
(iv) for almost every X € [X;, X,],
(4.9) py(X,Y) =0,
(v) for almost every Y € [Y},Y,],
(4.10) ax(X,Y) = 0.

We say that (Z,p,q) is a global solution of (2.38), if these conditions hold
for any rectangular domain Q.

The following lemma, whose proof follows the same lines as the one of [10, Lemma
4], shows that the imposed regularity in Definition 4.5 is necessary to extract relevant
data from a curve. Slightly abusing the notation, we denote

(4.11) XY)=XoY H(Y) and Y(X)=YVoXx'(X).
Lemma 4.6. Let ) be a rectangular domain in R? and assume that
Zt e W ()P, Zg € Wy (Q)P,  Z¢ € W™ (Q),
pEWY™(Q), g€ Wg™(Q).
Given a curve (X,Y) € C(Q), let (Z,V,WV,p,q) be defined as
Z(s) = Z(X(s),Y(s)) foralls € R

and
V(X) =Zx(X, V(X)) for a.e. X €R,
WY)=2Zy(X(Y),Y) for a.e. Y €R,
p(X) = p(X, V(X)) for a.e. X € R,
qYV) =q(X(Y),Y) for a.e. Y €R

or equivalently
V(X(s)) = Zx(X(s),V(s)) for a.e. s € R such that X(s) > 0,
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W(V(s)) = Zy(X(s),V(s)) for a.e. s € R such that Y(s) >0
p(X(s)) = p(X(s),V(s)) for a.e. s € R such that X(s) > 0,
q(V(s)) = q(X(s),Y(s)) for a.e. s € R such that Y(s) > 0
Then Z,V, W, p,q € L2 (R) and we denote © = (X, Y, Z,V,W,p,q) by

(Z:p,q) & (X, D).

We now introduce the set H(£2) of all solutions of (2.38) on rectangular domains,
which satisfy (2.36), (2.37), and some additional constraints.

Definition 4.7. Given Q = [X}, X,] x [V}, Y,], let H(Q) be the set of all solutions
(Z,p,q) to (2.38) in the sense of Definition 4.5 which satisfy the following properties

(4.12a) zx = c(U)tx, xy = —c(U)ty,

(4.12D) Jx = ¢(U)Kx, Jy = —e(U) Ky,

(4.12¢) 2Jxxx = (c(U)Ux)? + c(U)p?, 2Jyzy = (c(U)Uy)? + c(U)q?,
(4.12d) rx >0, 2y >0,

(4.12¢) Jx >0, Jy >0,

(4.12f)  wx +Jx >0, vy + Jy > 0.

We have the following short-range existence theorem.
Theorem 4.8. Given Q) = [X, X,|x[V},Y,], then for any © = (X, Y, Z,V, W, p,q) €
G(Q), there exists a unique solution (Z,p,q) € H(Y) such that
(4'13) @ = (Z7p7 q) b (X7y)7
if s, — 51 < 1/C(|||O||g()). Here C denotes an increasing function dependent on
Q, k, k1, and k.
Proof. We aim to use the Banach fixed-point theorem. Define B as the set of all
elements (Z,, Z,, V, W) such that

Zy € [LX(Q)P, Z, € [LFQP, Ve[LF@QP, WelLR(Q)P

and

ot

(4.19) > (20l + 1 25l @ + 1Vl g @ + WLz @) < 21110]lls@),
i=1

where we used the same notation for Z, and Z, as in (4.5) for Z. For V and W we

used the same notation as in (3.18) for V and W, that is,

1 1
41 o = 5 = —
(4.15a) V=V — 70 (0) Wi=W; + 2¢(0)’
1 1
(4.15b) Vii=V,— > Wy =W, — >
(4.15¢) Ve =1V, Wi =W, for i € {3,4,5}.

As we shall see, for the fixed point, the functions Z, and Z, coincide and are equal
to the solution Z, but we find it convenient to define both quantities in order to
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keep the symmetry of the problem with respect to the X and Y variables. For any
(Zn, Z,,V,W) € B, we introduce the mapping 7 given by

(Z_h7 Z_Ua ‘77 V_V) = T(Zh7 Zm ‘/7 W)a

where

(4.16) Zn(X,Y) = Z(Y7H(Y)) +/:Y V(X,Y)dX
for a.e. Y € [Y,Y,] and all X € [X), X, ], "

(4.17) Zy(X,Y) = Z(X (X)) + YX W(X,Y)dY
for a.e. X € [X;,X,] and all Y € [V}, Y], o

(4.18) V(X,Y)=V(X) + /YX F(Z)(V,W)(X,Y)dY
forae. X € [X;,X,]and all Y € [}/17Yi}](, )

(4.19) W(X,Y)=W() + /X ; F(Z)(V,W)(X,Y)dX

fora.e. Y € [Y,Y,] and all X € [X;, X,].
Let us compare this mapping with a solution Z of (2.38a)-(2.38¢) (in the sense of
Definition 4.5) which satisfies (4.13). For any (X,Y) € Q, we have
X
26D = 2(6)+ [ Ze(X, V() d,
X(s)
which after setting s = Y~ 1(Y) yields
X
Z(X,Y)=Z(Y'(Y)) +/ Zx(X,Y)dX.
x(Y)
Similarly, we obtain, by setting s = X1 (X),
Y
Z(X,Y) = Z(X7Y(X)) +/ Zy(X,Y)dY.
Y(X)
For a.e. X € [X;, X,] and all Y € [V}, Y;], we have
Y
Zx(X.Y) = Zx(X V(X)) + [ F(2)(Zx. 20)(X.Y) a¥
Y(X)
which by (4.13) rewrites as
Y
Zx(XY)=VX)+ [ F(2)(Zx Z0)(X. V).
y(X)
By a similar argument, we get
X
Z(XY) = W)+ [ F(2)(Zx, 20)(X.Y)dX
()
for a.e. Y € [Y,,Y,] and all X € [X;, X,]. Thus, if Z is a solution of (2.38a)-(2.38¢)
which satisfies (4.13), then (Z, Z, Zx, Zy) is a fixed point of T.
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Let us show that the mapping 7" maps B into B. To begin with we derive some
estimates. We set § = s, — s;. By (4.4a) and since 0 < X < 2, we have

(4.20) [X =X (V)| = [X(a(X)) = X(BY))] < X(sr) = X(s1) < 2(sr — 1) = 20

and similarly, we get

(4.21) Y — V(X)| < 2(s, — 1) = 20.
For the first component of Z¢, we have
Zi(X,Y) = Zpa(X,Y) - ﬁ(X —Y) by (45)
07 W)+ [ VKV - (X -Y) by (1
x(Y) 2¢(0)
=ZHYTI(Y) + C(l())(X(Y) —Y7(Y)) by (3.18) and (4.15)
X S 1 . 1
+/X(Y) (Vl (X,Y)+ 26@)) dX — T(O)(XfY)
— B+ [ VY
x(Y)
+ o (30 gy -y,
From (4.1c), we obtain
Lo+ y—y = ixo+ Sy~ Ly +v) —o.
2 2 2 2 2

Hence, by (4.20),
1 Z5 1 e @) < 128 Lo sl + 2011VE L2 (0)-

We proceed similarly for the second component of Z¢ and get

_ _ 1
Zno(X,Y) = Z2(X,Y) — §(X +Y)

=Z(V7'(Y)) + /X Vo(X,Y)dX — %(X +Y)
x(Y)
a(y—1 -1 X o 1 - 1
=2+ W)+ [ (V)4 G)af - Sorey)
a/v)—1 * a(y % -1 1 1
=2z (Y))+/X(Y)V2 (X, Y)aX + YY) — 5X(Y) - 5.
By (4.1¢), we have
YY) - %X(Y) - %Y = %(X(Y) +Y) - %X(Y) - %Y =0,

which leads to the estimate

1 Z ol Lz ) < 251 oo (st + 2011V5 | L300
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For i € {3,4,5}, we have
125 ez @) < 1127y + 2011Vl -
Similar bounds hold for the components of Z%. Let us consider V. By using the
governing equations (2.38), we obtain
1

‘71G<X7 Y) = ‘_/1(X7 Y) - 26(0)

1 Y .
=V(X) = g+ /y I af

=VI(X) - i (CI(Z’“) (V3W1+W3V1)>(X,}7)d)7.

yx) \26(Zp3)
We have
1
|‘/3W1 + WS‘/1| ‘/3 W] + WS ‘/1 C(O) (WS ‘/SG)
< V3 e @ W e @) + W3l L@ IV | Les
K.I a a
+ §(|\W3 g + V'l Lg@)
< 4[|lel][g@q + #llOlllgey by (4.14).
Hence,

VPl < Vg + 0k (4]]18]]130) + £11Olge)-

After doing the same for the other components of V and W, we get
5

D U1Z0 il s+ 28l g o HIVE g @ H W g @) < 1O ge) +0C1 (11101 g(e))
i=1
for some increasing function C(|||©|||g()). Hence, by setting § small enough, the
mapping 7 maps B into B.
It remains to show that 7 is a contraction. Let (Z, Z,, V, W) and (Z;, Z,, V', W)

belong to B, and fix (X,Y) € Q. For the first component of F', we have
(4.22) VH(XY) = (V)"(X,Y)]

= Mi(X)Y) - VI(X,Y)]

1%
< [ IR@)0W) - REZ)V WX dF
y(X)
and by (2.38), we get
F(Zp) (V. W) = Fi(Z;,)(V!, W)

d(Zn3) (Z 3)

L8 (51 5lg) o+ 5)

(V3W1 + W3V
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+$@ﬁ2@%{MW—%@)+WQOw2%Q)
_ A(Zy)")
2e((Z ")

(Mwwmwm+WMW—m

(R = Vi) + V(W — W)
1 na a 1 na a
— o VD = )+ g (7 = )
a N (W) )
"tz (e ~ )

)

1 a a a a 1
+2<v3vv1 WV -

Since

(M@g%_d@g:/%w(&F@¥y@M7
c((Z,3)")  c(Zfs3) z
this leads to the estimate

[FL(Z0)(V, W) = Fu(Z) (V! W)

a
h,3

/ikl . . . .
= 2<2||®|”g(9)<||(W{) = Wiz +11(V5)" = Vil o)

V)" = Vil + 1V = Wiz )
Ii na a a a
+2@MJ—%hmm+KM)—WﬁwwD

+ 2 (@101 + AllI€llow ) 1(Z)" ~ Zigllizio
x (kg + (Kk1)?),
where we used (4.14). We insert this into (4.22) and obtain
VHXY) = (V)XY
<OK (W = (W) g + V" = (V) Il + 1125 = (Z0)°||z)

where K depends on |[|©|||g), &, k1 and ks because of (1.5) and (1.6). Following
the same lines, we obtain

12 = (Z3) e + 1128 = (Z0) ey + 1V = (V) gein + 7 = (W) 1)
<805 (1Z5 = (Z3) ey + 1128 = (Z0)" |0
HVE = (V@ + W= (W) |p)

for some increasing function Cy depending on |[|©|||g(q), 2, &, k1 and k;. By setting
0 > 0 so small that 6Cs < 1, we conclude that T is a contraction. Hence, 7 admits
a unique fixed point that we denote (Z,, Z,, V, W).

Let us prove that Z, = Z,, V = Zx and W = Zy. We denote by Ny the
set of points X € [X;, X,] for which (4.17) and (4.18) hold. Similarly, we denote
by Ny the set of points Y € [V},Y;] for which (4.16) and (4.19) hold. We have
meas([X;, X,] \ Nx) = meas([Y;, Y;] \ NVy) = 0 such that meas(Q \ Ny x Ny) = 0.
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For any (X,Y) € Nx x Ny, we have

X

(4.23) ZuX.Y) = Z(XY) = 207 () + [ v Y)ax
x(Y)
Y
- Z(x7Y(X)) — W(X,Y)dY
V(X)
From (4.18) and (4.19), we obtain
X Y
/ V(X,Y)dX — W(X,Y)dY
x(v) Y(X)

/X (v(f()Jr/Y F(Zh)(MW)(X,y)dy>dX

x(Y) V(X)

_ / ' <W(57)+ / R (V)XY dX) o

V(X) X(Y)

/X V(X)dX — ' W(Y)dY

x(Y) Y(X)
XoX~1(X) ~ - VoY ~H(Y) ~ ~
/ V(X)dX — W(Y)dY by (4.4a) and (4.11)
XoY—1(Y) YoX—1(X)

YY) . .
_ /X_I(X) (V(X(5)X(s) + W(Y(s))V(s)) ds by a change of variables

yuy) |
—/ Z(s)ds by (4.2)
X-HX)

Z(XTHX) - Z7H(Y)).

By inserting this into (4.23), we conclude that Z,(X,Y) = Z,(X,Y) for all (X,Y) €
Nx x Ny, that is, almost everywhere in €.

We denote Z = 7, = Z,. The function Z is only defined in Mx x Ny. We define
Z(X,Y) for all (X,Y) € Q by setting

(4.24)

Z(X,Y) = lim Z(X,,Y,),
n—oo

where (X,,,Y,,) is a squence in Ny X Ny such that (X,,Y,) = (X,Y) as n — oo.
Let us prove that this is well-defined. First we show that Z is Lipschitz continuous
in My x Ny. Let (X1,Y1), (X5,Y2) € Nx x Ny. By (4.16), we have

206 ¥) - 200, = [ © VIx )X - [ V(R dx
X(Y2) X(Yz2)

X2 - -
= / V(X,Ys)dX

X1

and, from (4.17), we get

Yo ~ - Yi -~ -
2(X.Ys) — Z(XuV) = [ WX, V)Y — / W(X., V) dY
V(X1) V(X1)
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Y2 ~ ~
= W(X,,Y)dYy.
Y1

This implies that

< (IVllzse@) + W g @)) (1 X2 — Xa| + [Y2 = Y1)

< O(1X2 = Xaf + Y2 = Y),
where C only depends on |||O]||g(), and we conclude that Z is Lipschitz continuous
in Mx x Ny

For any (X,Y) € Q, there exists a sequence (X,,Y,) € Nx X Ny such that
(X, Yn) — (X,Y) as n — oo, since meas(Q \ Nx x Ny) = 0. From (4.25), we have
|Z(Xna Yn) - Z(Xma Ym)| < C(|Xn - Xm| + |Yn - Ym|)7

so that the limit lim Z(X,,Y,) exists. We claim that the limit is independent of the

particular ch01ce of the sequence in Ny x Ny converging to (X,Y). Let (X, Y;,)

be another sequence in Ny x Ay such that (X,,,Y,,) — (X,Y) as n — co. By

(4.25), we have
|Z(men)_Z(Xm )| < (|Xn_Xm|+|Yn_Ym|)

< O(IXn = X[+ X = Xn| + Yo = Y[+ Y = Vi)

which implies that lim Z(X,,Y,) = lim Z(X,,,Y,,). This proves the claim and

n—oo m—00

(4.24) is well-defined. It now follows from (4.25) that Z is Lipschitz continuous in
Q. Indeed, for any (X,Y),(X,Y) € Q, there exist sequences (X,,Y,), (X,,Y,) €
Nx x Ny, such that (X,,,Y,) = (X,Y) and (X,,,Y,) — (X,Y), which yields

|1Z(X,Y) - Z(X,Y)| = lim |Z(X,,Y,) — Z(X,, Y,)|
n—oo
< C lim (| X, — X,| + |Yn — Ya)
n—oo
=C(|X - X|+|Y —Y).
Thus, Z is Lipschitz continuous and therefore differentiable almost everywhere in
Q. Tt follows from (4.16) and (4.17), that
Zx(X,Y)=V(X,Y) and Zy(X,Y)=W(X,Y)

for almost every X € [X;, X,| and Y € [V},Y,]. Now we define the solutions p
and ¢ of (2.38f) and (2.38g), respectively. For almost every X € [X;, X,] and all
Y € [V1,Y;], we set

(4.26) p(X,Y) = p(X)
and for almost every YV € [V}, Y,] and all X € [X}, X,], we set
(4.27) ¢(X,Y) = q(Y).

Let us check that (4.6) is satisfied. Since Z is Lipschitz continuous, it follows that
all the components of Z belong to W>(Q). As in the argument above where we
showed that Z is Lipschitz continuous, one can show that for almost every X, Zx is
Lipschitz continuous with respect to Y, and that for almost every Y, Zy is Lipschitz
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continuous with respect to X. It implies that Zxy(X,-) € L>([Y},Y;]) for almost
every X € [X;, X,] and Zyx(-,Y) € L*®([X}, X;]) for almost every Y € [X;, X,],
which in turn implies that

€8s Sup e, x, ] | Zx (X, ) [wiee(mviy
and

ess SUDy-e(y; v, || Zy (-5 Y) [ lwos (1x,.x,0)
are bounded by a constant. Hence, Zx € Wy™(Q) and Zy € Wy™(Q). The
fact that p € Wy™(Q) and ¢ € Wy™(Q) follows by (4.26) and (4.27), since p €
L>([X;, X,]) and q € L=([V},Y,]). Thus, (4.6) holds.

Next, we verify that the relations (4.7)-(4.10) are satisfied. Since (Z, Z, Zx, Zy)
is a fixed point of T, we have, by differentiating (4.18) and (4.19), that (4.7) and
(4.8) hold. The relations (4.9) and (4.10) follow by differentiating (4.26) and (4.27),
respectively.

We prove that (7, p, q) satisfies (4.13). Since (Z,Z, Zx, Zy) is a fixed point of T,
we get, by (4.18) and (4.19), that

Zx(X, V(X)) = V(X) and Zy(X(Y),Y) = W(Y).
By (4.17), we have
Z(X(5), Y(5)) = Z(X 1 (X(s))
and, by (4.4b), this implies (4.13) for all s € [s;, s,] such that X(s) > 0. Similarly,
by (4.16), we have
Z2(X(5),9(5) = 207 ((s))
and, by (4.4c), this implies (4.13) for all s € [s;,s,] such that Y(s) > 0. Since
X +Y =2, the set of all s € [s;, 5,] such that both X (s) = 0 and Y(s) = 0 has zero
measure. Hence, for almost every s € [s;, s,], (4.13) holds, and since Z is continuous,
we get that Z(X(s),Y(s)) = Z(s) for all s € [s;,s,]. By (4.26) and (4.27), it follows
that
p(X, V(X)) = p(X)
for almost every X € [X;, X,] and
g(X(Y),Y) = q(Y)
for almost every Y € [V}, Y,], respectively, and we conclude that (4.13) holds. Hence,
we have shown that Z is a solution of (2.38a)-(2.38¢) which satisfies (4.13) if and only
if it is a fixed point for 7. Since the fixed point exists and is unique, we have proved
the existence and uniqueness of the solution Z to (2.38a)-(2.38¢). Furthermore, since
the functions p and ¢, as defined in (4.26) and (4.27), respectively, satisfy Definition
4.5 and (4.13), we have proved the existence of a unique solution (Z, p, q) of (2.38).
Next we prove that the solution (Z,p,q) belongs to H(€2). We define the functions
v e Wy™(Q) and w € WE™(Q) as

v=xx —c(U)txy and w=uzxy+c(U)ty.

We want to prove that v and w are both zero. By using the governing equations
(2.38), we obtain

Vy = TXxy — C,(U)Uth - C(U)txy = (UyU + Ux’LU)
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and

¢(U)
2¢(U
By (4.13) and (4.3a), we have v(X, V(X)) =0 and w(X(Y),Y) = 0. It follows that

V(X,Y) = /ij) (‘;((g)) Uyv + Uxw) )

w(X,Y) = /:Y (”’(([[]]))(UYH wa)>(f(,Y) dx,

which implies, by using (4.20) and (4.21), that
Il @) < ki ([[Uv [l @ + 1Ux g @)l + vz @),
wl L) < 0rks (I1Uy | @) + Ux o)) ([0l @) + [lwl] e @)
Hence, by setting § > 0 smaller if necessary, we get [|v||re(q) = [|w]|12@) = 0. One

proceeds similarly in order to prove (4.12b). We show (4.12c). Define z € W, (Q)
as

Wx = ITXy + C/(U>Uxty + (‘(U)txy =

(Uyv + Uxw).

z=2Jxxx — (c(U)Ux)? — c(U)p*.
We have
zy = 2Jxyrx +2Jxxxy — 20(U)2Uxey — QC(U)CI(U)UyU)Q(
= (U)Uyp* = 2¢(U)ppy
_<dU)
~ o(U)
and by (4.3¢), 2(X, V(X)) =0 for X € [X;, X,], since (Z,p,q) e (X,))
After integrating, we obtain, since |Uy| < 2|||0]||g() and [Y — y( )|
2(X, V)] < [2(X, V(X)) [e**rll®llo,
Hence, z = 0. Similarly, one proves that 2Jyzy = (c(U)Uy)? + ¢(U)q¢>. Now we
prove (4.12d)-(4.12f). Since

1 1
m(X7y(X)) =% +V4(X)

for almost every X € [X;, X,], and since V, and V; belong to G(Q2), we have

Ly

rx + Jx
Let X € [X;, X;] such that

UyZ
G(Q).

§ that

< lI1®llgc)
L=((X0, X))

1

— (X, VX)) < IO
g 7YX < I8l

and we define

Y, =mf{Y € [V,V,] | Y <Y(X) and (zx + Jx)(X,Y') >0 forall Y’ > Y}
and

Y =sup{Y € [V},Y;] | Y > Y(X) and (zx + Jx)(X,Y') >0 forall Y < Y}.



46 K. GRUNERT AND A. REIGSTAD

For Y € (Y., Y™), we have (zx + Jx)(X,Y) > 0 and we define

1
Y) = .
") = G T XY
Let us assume that Y* < 'Y,. Then

Since n(Y) >0 for Y € (Y, Y™), and Jxzx > 0 by (4.12¢), we have that
zx(X,Y)>0 and Jx(X,Y)>0

for Y € (Y,,Y*). By (2.38), we have

_axy +JIxy d(U) Uy(zx + Jx) + Ux(2y + Jy)

(zx +Jx)?2  2(U) (zx + Jx)?
and from (4.12c), we obtain

1
Ux| < —=+V2Jxxx <

c(U)

Ny =

1
\/QT(U)(JX +$X).

Hence,

[¢(U)] 1
y <
2¢(U) V2c(U)
for some constant C' which only depends on [||©]||g(). From Gronwall’s inequality
it follows that

(4.29)

(1ov1+ (2y + Jy) )0 < Cny

1
— (X)) < ———
atx-l-JX( ' )7V2+V4

which contradicts (4.28), so that we must have Y* = Y,.. In the same way one proves
that Y, = Y,. Hence,

.CEX(X,Y)ZO7 JX(X,Y)ZO and (CC)(+J)()(X,Y)>O

for almost every X € [X;, X,] and all Y € [V},Y;]. This concludes the proof of the
first identities in (4.12d)—(4.12f). The second identities in (4.12d) — (4.12f) can be
proved in a similar way. O

(X)eCIny<X)I7

4.2. Existence of Local Solutions. We begin with some a priori estimates.
Given a positive constant L, we call domains of the type

{(X,Y)eR?*| Y — X| <2L}
strip domains, which correspond to domains where time is bounded. We have the

following a priori estimates for the solution of (2.38).

Lemma 4.9. Given Q = [X;, X,| X [V},Y;] and © = (X, Y, Z,V,W,p,q) € G(Q),
let (Z,p,q) € H(Q) be a solution of (2.38) such that © = (Z,p,q) & (X,Y). Let
Eo = |1 24ll o (s1,5,)) + 125|200 (s1,5,])- Then the following statements hold:

(i) Boundedness of the energy, that is,
(4.30a) 0<J(X,)Y)<& foral(X,)Y)eQ
and
(4.30b) K| o) < (14 K)Eo.
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(ii) The functions Z, Zx, Zy, p and q remain uniformly bounded in strip
domains which contain 2, that is, there exists a mondecreasing function
Cy = Ci(lIO|llgey: L) such that for any L > 0 and any (X,Y) € Q such
that | X — Y| < 2L, we have

(131a) YN, 1Zx(X VSO, |2V <G
and
1
4.31 — (X, V) <C ——(X,Y) < (.
( C) xX"‘JX( ) )_ 1 Iy+Jy( ) >_ 1

Condition (ii) is equivalent to the following:
(iti) For any curve (X,)) € C(Q), we have
(4.32) 1(Z,p,q) & (X, V)lllg@ < Ch,
where C1 = C1(||(X, V)lew): [||Ol|lgw)) is an increasing function with re-

spect to both its arguments.

Proof. Given P = (X,Y) € Q, let so = Y}(Y) and s; = X71(X), where we assume
that so < s1 (the proof for the other case is similar). We denote Py = (X (s¢), V(s0))
and P, = (X(s1),Y(s1)). Since X and Y are increasing functions, we have that
X = X(s1) > X(sg) and Y = Y(s9) < Y(s1). Then, because Z4 > 0, Jx > 0 and
Jy > 0, we have

which proves (4.30a). By (4.12b), we have
K(P)—K(P)—/X < Jx >(f( Y)dX
’ X (s0) c(U) ’

K (P)] < 1K (o)l + K(J(P) = J(Py)) < (14 m)&o
by (4.30a). This proves (4.30b). Next we show (4.31a)-(4.31b). Since xx > 0, we
have

Hence,

z(P) 2 2(Fy) = 22(s0) = 23 (s0) + 50 = —[[Olllg() + 5o
and since (X +Y) =Y + (X = Y) < V(so) + L, it follows that
1
2(P) = 5 (X +Y) 2 ~|I®lllg@ + (s0 = V(s0)) = L 2 =2[||llg(e) — L.

Similarly, we find z(P) < [[|O]llg() + s1 and $(X +Y) > X(s1) — L, which implies
that )
2(P) = 5 (X +Y) < 2|®lllge + L.
Hence,
125(P)| = |a(P)
By (4.12a), we have

1
- 3(X+7)| < 2ll6llge + L.

Y(s1) N N
#(P)| < |¢(Py)] +/Y ity (X, V)| d¥
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= [t(P)] + /Yy(sl) (;5))()(,?) 4y

< |t(P)| + (z(Py) — z(P))

and since
(4.34) z(P)—z(P) < z(P1)—2(R) = 23 (s1)+s1—23(50) —s0 < 2[[|O]l|g()+51—50
and
(4.35)  s1—s0 = (51— X(s1)) + (V(s0) — s0) + (X =Y) < 2[[Olg(e) + 2L,
it follows that
t(P)| = [Z:1(P)| < [I1®lllg) + £(4[[Olllg) + 2L).

Hence,

1
2¢(0)

1Z2(P)| = [UP) = 5= (X = V)| < 18llg@ + £(4lI©llgce) +3L).
We have e
U(P)| < |U(P1)|+/ Uy (X,Y)|dY.
Y

By (4.12¢), we have 2Jyxy > (¢(U)Uy)?, which implies that

(4.36) Uy| < %(Jy +ay).

Hence, by (4.33), (4.34) and (4.35), we obtain

(4.37) \U(P)| < |U(P)| + \%(J(Pl) +z(P) — J(P) — x(P))
< I©llgey + %(50 +4/0]lg(@) + 2L).

We prove that Zy and Zy remain bounded. As above, we assume that ¥ < Y(X).
For almost every X € [X), X,], we have
V(X) - -
|Zx(X,Y)] < |ZX(X737(X))|+/ ([txv [ +Hzxy [+ Uxy |+ Ixy |+ Kxy [)(X,Y) dY.
Y
From the governing equations (2.38), we find that
ltxy |+ |lzxy| + Uxy| + [Jxyv| + |Kxv| < C|Zx||Zy|

for some constant C' dependent on €2, k, and k;. By Gronwall’s lemma we obtain

Y(X) N -
(4.38)  |Zx(X,Y)| < |Zx(X, V(X))| exp ( /Y C|Zy (X, Y)|dY)

Y(X) . N
= [V(X)| exp (c/ |2y (X, Y)|dY).
Y
From (3.18), we have
VX< V*(X)+C <|l8llg + C
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for some constant C' dependent on €2, k, and k;. Furthermore, using (4.12a), (4.12b)
and (4.36), we obtain

|Zy| =

o) (xy + Jy) + oy +Jy + |[Uy| < Cay + Jy).

Hence,

V(X) ~ . Y(X) .
/ 2 (X, V)| dV < C’/ (v + Jy) (X, V) dV
— C@(X, V(X)) + J(X, V(X)) — 2(X, V) — J(X,Y))

< C(& + 4I®lllgte) +2L),
where we used the same estimate as in (4.37). Combined with (4.38), this yields
IZx(X,Y)| <

for some constant C; which only depends on [||©|||g) and L. Similarly, one proves
the bound on Zy. The estimates in (4.31b) follows from the fact that py = 0 and
gx = 0. Indeed, we have

P(X,Y)] = [p(X, V(X)) = [p(X)] < [[lllge
and similarly for g. Let us prove (4.31c). In (4.29), we found that
1
— (X, Y) <L
xx-f—Jx( ’ )_ Vo +Vy
for a constant C' which only depends on [|©]||g). We have
V=YX =Y - X+ X(X7(X)) - (X)) + X7H(X) = Y(X7H(X))]
S LA | X = 1d]] poogy,,) + 1Y = 1d]l oo
< L+ I®llgc),

which combined with (4.39) yields the first inequality in (4.31c). The other inequal-
ity in (4.31c) can be proved in a similar way. We show that the conditions (ii) and
(ili) are equivalent. Given a curve (X,)) € C(Q2), we have, since X + ) = 2s, that

1A = Ve =2/ = 1d [|p = [|X = Td ||z + 1Y = 1d [ = [[(X, )lleo
and (4.32) follows. O

(4.39) (X)eCIY Y X)

s1,5r])

We have the following existence and uniqueness result.

Lemma 4.10 (Existence and uniqueness on arbitrarily large rectangles). Given a
rectangular domain Q = [X;, X,] x [V},Y,] and © = (X, Y, Z,V, W,p,q) € G(Q),
there exists a unique solution (Z,p,q) € H(Q) such that
©=(Zp,q) (X))

Proof. Let 6 = >3, where N is an integer that we will specifiy later. For i =
0,...,N,let s; =i0 + s; and P, = (X;,Y;) = (X(s4),V(ss)). Fori,5=0,...,N, we
construct a grid which consists of the points P, ; = (X, ;,Y;;), where X; ; = X; and
Y:; = Y;. We denote by €2, ; the rectangle with diagonal points P ; and P11,
and by €, the rectangle with diagonal points (Xp, Yy) and (X,,,Y,). We prove by
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induction that there exists a unique (Z,p,q) € H(2,) such that © = (Z,p,q)
(X,Y) € G(2,). There is an increasing function C' = C(]|0|||g()) such that
s1— 50 =0 < 1/C([[|Ollg) < 1/C([lI®lllg@n)),

provided that N is large enough. Hence, by Theorem 4.8, there exists a unique
solution (Z,p,q) € H(€) such that © = (Z,p,q) e (X,Y) € G(£2;). We assume that
there exists a unique solution (Z,p, ¢) on €2, and prove that there exists a solution
on ,41. By Theorem 4.8, there exists a unique solution on €2, ,, since

snt1 = sn = 0 < 1/C([||O]llg) < 1/C(Il1Olllg(n.n)-

For j =n —1,...,0, we iteratively construct the unique solution in €2, ; and €,
as follows. We only treat the case of £, ;. We assume that the solution is known
on 41, then we define © = (X, Y, Z, V. W,p,q) € G(Q,;) as follows: the curve
(X(s),Y(s)) is given by
X(s)=X,, Y(s)=2s—X,
for (X, +Y;) <s < 1(X, +Yj41) and
X(s) =25 =Yy, Y(s)=Yjn
for 1(X,, + Yj41) < s < 3(Xpt1 + Y1), We set
) ; %(Xnﬂ + Yj+l):|7
V(X) = Zx(X, Y1) forae X €[X,, X,
W) =2Zy(X,,Y) forae Y €[Y;, Y],
p(X) =p(X,Yj41) forae X e[X,, X,u],
qiY) =q(X,,Y) forae. Y €Y}, Y],
where (Z,p,q) is the solution on €, U (UL ;,,;). By Lemma 4.9, we have that
1181115y < CilllOlg, L) We have

%(XnJrl + Y1) — %(Xn +Y;) = %(X(STL+1> = X(sn) + V(sj41) — V(s5)) < 24,

because X' and ) are Lipschitz continuous with Lipschitz constant sn}aller than 2.

By setting N so large that 20 < 1/C(C)) it follows that 20 < 1/C(](|6][|g.,.,)), so

that we can apply Theorem 4.8 to 2, ; and obtain the existence of a unique solution

in H(Q,, ;). Similarly we obtain the existence of a unique solution in #H(€;,). Since
Q1 = 2 U (Uj_gng) U (U= Qjm),

we have proved the existence of a unique solution in €,,;. O

— Z(X(s),P(s)) fors e [%(Xn 1Y)

Lemma 4.11 (A Gronwall lemma for curves). Let Q = [X;, X, | x [}, Y;] and assume

that (Z,p,q) € H(Q) and (X,Y) € C(Q). Then, for any (X,Y) € C(Q), we have
1(Z,p,q) & (X V)llg) < ClI(Z,p,9) » (X, V)lg(@),

where C = C(||(X, V)llew, 11(Z,p.q) (X, V)|llge) is an increasing function with
respect to both its arguments.
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Proof. Note that for any function f € W;’OO(Q), fy is well-defined, but not fx. This
means that the form f(X,Y)dX is well-defined, while the form f(X,Y)dY is not.
Similarly, for any function g € Wy>(Q), the form g(X,Y)dY is well-defined and
g(X,Y)dX is not. Thus, given (Z,p,q) € H(Q), we can consider the forms U?dX,
U2dY, |Z%?dX, | Z¢|?dY, p*dX and ¢* dY . For any curve [' = (X,)) € C(2) and
0= (X,Y,Z,V,W,p,q) such that © = (Z,p,q) ® (X,)), we have

/U2(X,Y) dX + U(X,Y) dY:2/ " 22(s) ds
T

51

and, since Z¢(X,Y) = Z%(X, V(X)) and Z¢(X,Y) = Z&(X(Y),Y) on I, we have

Xr Yy
[izscempax = [Tveopax. [jzeenpay = [Cpeepar
T X T Y,
Similarly, since p(X,Y) = p(X, Y(X)) and ¢(X,Y) = ¢(X(Y),Y) on ', we obtain

X, Yy
[recvrax = [Tpeorax. [avray = [ ey
T X r Y

Now we can rewrite

(4.40) 1(Z,p,q) ® (X, V)I[Ee
1
- / (2U2 (dX +dY) + |Z% 2 dX + | Z¢ > dY + p*dX + ¢° dY).
©
Thus, we want to prove that

1
(4.41) / (2U2 (dX +dY) + |Z%|?dX + | Z¢ 2 dY +p* dX + ¢ dY)
T

1
< c/ (2U2 (dX +dY) +|Z% 2 dX +| 28> dY +p*dX + ¢ dY).
T

We decompose the proof into three steps.

Step 1. We first prove that (4.41) holds for small domains. We claim that there
exist constants d and C, which depend on ||(X, Y)||c@) and |[|(Z, p. ¢) o (X, V)|l|g)-
such that for any rectangular domain Q = [X;, X,] x [V, Y;] with s, — s; < §, (4.41)
holds. By Lemma 4.9, we have

Ullzeo@) + 11 2% |z @) + 128 L) + [Pl ) + gl @) < C,

where C' = C(, [||(Z,p,q) ® (X, Y)]||lg()) which is increasing with respect to its
second argument. Let

1
A:sup/ <2U2 (dX+dY)+|Z§‘(|2dX+|Z$|2dY+p2dX+q2dY>,
r Jr

where the supremum is taken over all I' = (X, )) € C(Q2). We have
2

(4.42) (xx - ;)2()@ V)= <xx - ;) (X, V(X))
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Slnce (Z,p,q) is a solution of (2.38), we have for almost every X € [X;, X,] and all
€ [V, Y;], that

(xx - ) Txy = (IX - ;) i((g)) (Uyxx + Uxxy)

- (o (ae-3) +3o(ex-3)
(o) (o 1) (e 1))

Using (1.5), (1.6) and Young’s inequality, we get

(4.43) ‘2 (xX - 1) Txy

2
1\* 1 1
<Hk1(|Z1a/||L°°(Q) (mX_2> +§|UY| mx—Q‘
1 1 1
+ 125l xY—i m)(—2“|‘2|U)(33X—2D

a 1\? 1 1 1\ 2
< i (127l (5 = ) + 30 + 5 (e~ 5)
L, A T 1\2
Jr2||ZX|L°°(Q)<1Y2) +2||ZX||L°°(Q)<IX2>
1 1 1\?
1\? 1\2
</€/€1(C(<IX—2) +<:ch—2) )
1 1\?
+2<<xx—2> +U)2(+U32/>>

< why (o+ )<|ZX2+|ZY| )

Inserting this into (4.42) and integrating over [X;, X,] gives

(4.44) /F(J:X—;>2dX§/F(.rX—;)2dX

1 xr Y a |2 a |2
+ Kk | C+ = (12% > + 12 ?) dY dX.
2) Jx, Jv

For any Y € [V, Y;], 2(X,Y)dX can be seen as part of the
integral of the form |Z%|?dX on the piecewise linear path going through the points
(X1,Y), (X;,Y), (X,,Y) and (X,,Y,), which implies that f;{? |Z$2(X,Y)dX < A.
Similarly, for any X € [X;, X,], [."|Z3¢[*(X,Y)dY < A. Hence, by (4.44),

1
[ (Z8 )" dX < / (Z8x)* dX + rk: (C + ) AN =Y+ X, - X))
r r
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< / (Z8x)* dX + 205k (C + %)A
r

since Y, — Y, + X, — X; = 2(s, — s;). By treating the other components of Z% and
Zy similarly, we get

(4.45) /|Z§<|2dX §/|Z§<|2dX+(5C‘A,
r r

(4.46) /|Z;|2dy < / |Z¢ > dY + 0C A.
r r

where C' depends on [|[(X, )|l |[|(Z,p.q) ® (X,Y)|l|g). £ and k. For almost
every X € [X}, X,] and all Y € [V},Y}], we have py(X,Y) = 0, so that p(X,Y) =
p(X,Y(X)). By squaring this expression and integrating over [X;, X,|, we obtain

(4.47) / p*dX = / prdX.
r r

Since ¢x(X,Y) = 0 for almost every ¥ € [¥,V;] and all X € [X;, X,], we get
¢(X,Y) = q(X(Y),Y) which implies, after squaring and integrating over [V7,Y,],
that

(4.48) / Fdy = / ¢ dy.
r T

For U, we have
Y
UAXY) = VXY 42 [ WU Y)Y
Y(X)
Y ~ ~
/ U*(X,Y) dY‘ +
Y(x)

<U*X, V(X)) + /Y U2(X,Y) dff’.

Y(X)

As above, it follows that

(4.49) /U2 dX < /U2 dX + 26 A.
Similarly, we obtain F '

(4.50) /_U2 dy < /U2 dY + 20A.
By adding (4.45) — (4.50), W(Z obtain F

1
/ (2U2 (dX +dY) + |ZL 2 dX + | ZL)2dY + p*dX + ¢ dY>
T

1 —
g/(2U2 (dX +dY) + |Z% |2 dX + | Z¢ 2 dY +p2dX+q2dY) +26C A+ 26A,
T

which yields, after taking the supremum over all curves I,

(1—20C —26)A g/

1
<2U2 (dX +dY) + |Z%|?dX + | Z¢2dY +p*dX + ¢* dY)
r

and (4.41) follows.
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Step 2. For an arbitrarily large rectangular domain Q = [X;, X,] x [V},Y;], we
now prove that (4.41) holds for curves I' = (X,)) € C(f2) such that

(4.51) V(s) — X(s) > V(s) — X(s) forall s€ (s,5,).

We claim that (4.51) implies that the curve I' lies above ' and intersects T' only
at the end points. From (4.51) and (4.1c), we find that Y(s) > Y(s) and X(s) >
X(s). If X(5) = X(s) for some 5 € (s,5,), then X(5) = X(s) > X(s), so that
5 > s because X is nondecreasing. This implies, since also ) is nondecreasing, that
V(s) < Y(s) < Y(5). Hence, I is above I except at the end points. The proof in the

case when I' is below I' is similar. For some constant X > 0 that will be determined
later, we have for almost every X € [X, X,], that

_ 1\ 2 _ 1\’
o~ KEX)-X) (xX _ 2> (X, P(X)) — e KY(X)-X) (xx — 2) (X, V(X))
Y(X) 2
_ i [T emox) (IX - 1) (X.Y)dY
Y(X) 2

V(X) 1
—l—/ e KV =X) (2(33)( - )J;Xy) (X,Y)dY.
Y(x) 2

By integrating over [X;, X,] and using (4.43), we get that

2 2
/ e KY0-X) (xx - ;) (X, V(X)) dX — / e KYE0-X) (xx - ;) (X, V(X)) dX
T T

X, pY(X) 1\ 2
< -K / / e KY=X) (a:x — ) (X,Y)dY dX
x Jyxo 2

1 Xy V(X)
+ Kk (C + 2) /X /y(X) e KU1 24 2 + |12 (X, Y) dY dX.
1

We treat the other components of Z¢ in the same way and obtain

(4.52) /F e KOX)-X) 74 (X P(X))[PdX — /F e KOCO=9) 79 (X, V(X)) P dX
X, pY(X)
<-K / e KY=X) 179 (X, V)[>dY dX
X, y(x)

X, pY(X)
+M / e KO Z% P + | Z¢ ) (X, Y) dY dX,
X V(X)

where M depends on ||(X,Y)|lc@). [[(Z.p,q)  (X,Y)|llg). & and ki. Similarly,
for Zy, we obtain

(4.53) / ¢ KO =X0 | 78 (F(Y), V)P dY — / e KO X0 78 (X(V), V)P dY
T T

Y, pX(Y)
<-K / e K= 70X Y)|?dX dY
vi Jaw)

Y, pX(Y)
+ M / e KON (124 2 + 123 *) (X, Y) dX aY.
v, Jaw)
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We claim that the sets

M={X)Y)| Xi<X<X, YX)<Y <YVX)}
and -

N = {(X,Y) [Yi<Y <V, Z(Y) <X < X(¥)}

are equal up to a set of zero measure. Let (X,Y) € N; and set s; = X7'(X),
s9 =Y YY), s3=Y 1Y) and s4 = X 1(X). We have

V(s1) =V(X) <Y =V(s2) = V(s3) < V(X) = V(s4)
so that s; < sy and s3 < s4. It follows that
/'\_,’(Y) = 2\?(33) < 2?(34) =X =X(s1) < X(s9) = X(Y).

Hence, N7 C N, up to a set of measure zero. Similarly, one proves the reverse
inclusion. Now (4.52) and (4.53) take the form

@54) [ OO OZEAPEPAX - [ OO0 25X V)P X
<-K / / e KY=X) 174 (X, V) |?dX dY
+M// e KX Z% P + | Z¢ ) (X,Y) dX dY

and

(4.55) [ e MOV IZR(X(Y), V)P dY ~ /F e KUY ZL(X(Y), V)P dY

=

IN

-K / / e K= 28X V) 2dX dY
M

- M// e KON (124 2 + 123 *) (X, Y) dX aY.
M
A similar computation as above yields

(4.56) / e KO0 X P(X))dX — / e KOVO-XU2(X, Y(X)) dX
N T
= / / e KO=X)(_KU? + 2UUy)(X,Y)dX dY
N

< / / e KO=X)CKU? + U? + UZ)(X,Y)dX dY
N
and

(4.57) / e KO=XON2(X(Y),Y)dY — / e KOY=X¥MD2(x(Y),Y) dY
T r

< / / e KY=X)(_KU? + U* + U%)(X,Y) dX aY.

Furthermore, we have

(58) [ HOWE PO AX - [ KON 0x, y(x)) ax
N T
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=K / / e KO=Xp2(X V) dX dY
N

and

(4.59)

ﬂ.\

o K(=2(Y) F(R(Y),Y)dY — / Y*X(Y))qZ(X(YLY) dY

:—K// e KY=X2(X,Y)dX dY.
N1

By combining (4.54)-(4.59), we obtain

/f ¢ KO0 (;zﬂ 1Z8 + p2> (X, V(X)) dX
+ /F e K -F()) (;U2 + |23 + q2> (X(Y),Y)dy
- [ (S0 2542 ) (X DX X
- /F ¢ KO- ) (;W |7 + q2) (X(Y),Y)dY

< // e KO ( - KU* +U* + %Uﬁ + %Ui - K|Z%| - K|Z}|?

M| Z% P+ 2M|Z8 2 — KpP — KqQ) (X,Y)dX dY
< (@M +1-K) //N e KO=X) (72 4| 2012 1 |28 4 p? + ¢)(X, V) dX Y.
1

By choosing K so large that the right-hand side is negative and get that

55 1
e~ KlIE D) / (2U2 (dX +dY) + |Z% P dX + |Z¢PdY +p*dX + ¢ dY)
T

1
< KAl / <2U2 (dX +dY) + |Z%?dX + | Z¢ 2 dY +p* dX + ¢ dY)
T

and (4.41) follows.

Step 3. Given any rectangle Q = [X}, X,] x [Y,Y;], we consider a sequence of
rectangular domains Q; = [X;, X; 1] x [V}, Yiyq] fori = 0,..., N —1 such that X; and
Y; are increasing, (Xo,Yo) = (X;,Y)), (Xn,Yn) = (X,,Y;), and (X,)),(X,)) €
C(Q;) for s € [s;, 8i+1]. We construct the sequence of rectangles such that either
si11 — 8; < 6 (and Step 1 applies) or Y(s) — X(s) > V(s) — X(s) or Y(s) — X(s) <
Y(s) — X(s) for s € (si,8,+1) (and Step 2 applies) Then

1(Z,p,0) (X, V)G = Z (Z.p.a) (X, D)][Ga

< ZCH (Z,p,q) » (X, V)2

:C||(Z.,p, q) o (X, V)[l&0)-
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O

Lemma 4.12 (Stability in L?). Let Q = [X;, X,| x [V, Y;] and assume that (Z,p,q),
(Z,p,4) € H(Q) and (X,Y) € C(Q). Then, for any (X,Y) € C(Q), we have

1(Z~Zp=p.a-9) (X Vllow < DIZ = Z.p~p.q— ) » (X, )lle).

where D = D(||(X, V)llew [11(Z,p, q) © (X, )lllg), I1(Z, 5,0) » (X, V)l]g(@)) is an
increasing function with respect to all its arguments.

Proof. As in the proof of Lemma 4.11, we can consider the forms U — 0)2 dX,
(U-U)2dY, |24 — Z%|?dX, |Z¢ — Z¢*dY, (p— p)?dX and (¢ — §)*dY. For any
curve ' = (X V) € C(2), we find

1 . .
= /F (2(U —U?(dX +dY)+|Z% — Z% P dX

+ 12y — Z¢|*dY + (p— p)*dX + (g — q)QdY)
Thus, we want to prove that

1 - -
(4.60) /(2(U—U>2 (AX +dY) + |78 — Z%[2dX
r
+1Z5 - Z3PaY + (= 5PaX + (g~ Py )
1 - -
gD/ (2(U—U)2(dx+dY)+Z;—Z;2dX
N

+ 128 — Z&2dY + (p— p)?dX + (¢ — q)2dY>.

We decompose the proof into three steps.
Step 1. We prove that (4.60) holds for small domains. We claim that there exist
constants 0 and D, which depend on |[(X,Y)||cw), [|[[(Z;p,q) ® (X, V)||lg@) and

1(Z,p,G) (X, V)||lg(), such that for any rectangular domain Q = [X;, X,] x [V, V;]
with s, — s; < §, (4.60) holds. By Lemma 4.9, we have

(4.61) U9y + 11 Z% e (9) + |25 2o @) + 1Pl (@) + gl |ze@) < C,
U | (@) + 1Z% |2y + 128 || @) + 1Bl (@) + |dl| @) < C
where C = C(Q,|[/(Z,p. q) ® (X, Y)|llg)) and C = C(||[(Z.5,7) ® (X, )|llgw)

are increasing with respect to the second argument. Let

1 ~ .
A= sup/ <2(U —U)? (dX +dY) + |Z% — Z% | dX
r Jr

128~ ZePAY + (p— PP dX + <qq>2dY),

where the supremum is taken over all I' = (X,)) € C(Q2). We have
(4.62) (zx — 2x)*(X,Y) = (zx — x)*(X, V(X))
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Y

+/ Z(IX7fx)(xxyffxy)(X,Y)dY.
Y(X)

Since (Z,p, q) is a solution of (2.38), we have for almost every X € [X), X,] and all

Y € [Y,,Y;], that

. dU) c’(U) - -
Txy —Ixy = QC(U) (U}ATX + Uxxy) QC(U) (nyx + Uxny)
(U
QCC((U)) (UyIX + le’y — UyIX — UXzy)

_|_

(U dU)\,~
<20(U 20(U))<UY$X * UXJCY)

26;(([(]])) <Uy Tx — Tx) <<i“x - ;) + ;) Uy — Uy)
+ Ux(zy — Zy) + <(ai~y — ;) + ;) (Ux —I?X))
(e =3) +3) el -3) +3))

U /" A 2
x/ d"(u)c(u) — ' (u) o
o c(u)?
Using (1.5), (1.6) and (4.61), this implies that

12(xx — Zx)(zxy — Txy)

- o 1 ~ .
<t (128 o = 2307+ (28l limio + ) 10 = Do — i
a ~ ~ 1
+ 1 Z% Lo @)oYy — Tyl|lrx — Tx| + ||Zy||L°c(9)+ Ux — Ux|lzx — &x|
~a ~a 1 ~a ~a 1
+ (12 e {125 =@ + 5 | + 1125 =@ { 12 ]=0) + 5
X (H)k‘z + HQIC%”U — ﬁH-TX — ix|

~ 1 ~
</€I€1(C+C+2)<($X—{%X)2+Uy—Uy|SCX—ffX|
+|5EY—i"Y||1’X—5€X|+|UX—UX|$X—»%X|>
o 1\? -
2(C+ 2) (/@kg—‘rlizk’%)‘U—UHl‘X —Li’x‘
-1 o, 1 -, 1 o
Slﬁllﬁ O+C+§ (.Z’X_aix) +§(Uy—Uy) +§($X—xx)

1 . 1 N 1 ~ 1 -
+ E(Ty —Iy)2+ 5(1‘)( —Ix)2 + §(UX — Ux)2 + §(TX —.’Ex)2>
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- 1Y N 2 ~ 2
2 C+§ (kkg + K°kY) §(U—U) +§($X—xx)
<2h(CaC4I) (o —ix) + Uy — Oy + (ay — #v)* + (Ux — Ux)?
5 3 X — Tx Y Y ry —Ty)* + (Ux x)

. 1\? .
+ <C+2> (K)k‘g—FHQk%)((U—U)Q—I—(IX—jx)2>‘
We set
5 . 1\ (A 1\ -
m = max EI{kl C+C+§ , C+§ (kke + K°kY)
and get

(4.63) 12(zx — Zx)(zxy — ixy)]
m((Uy = Uy)* + (wy = &y)* + (Ux = Ux)* + (U = 0)?)
+2m(zx — ix)?
<2m((U -0 +|2% — Z%]* + |24 — Z3J?).
We insert this into (4.62) and get
(ox — T PONY) € (ax — 5x)(X, V(X))

Y:r ~ ~ ~ ~ ~
tom [ (U0 4125 - 25+ |2 - ZEP)(X.Y)dY
Y,

which, after integrating over [X;, X, ], yields
/(.Tx—.i'x)QdXS/( X_jX) dX
r
+2m / V4|25 — Z% P + 12y — Z3|7) dY dX.

For any Y € [V}, Y}], leT( (U—-U)?+|24% — Z§(|)(X7Y)dXcanbeseenaspartof

the integral of the form (3(U — U)?+ 2% — ZX|2) dX on the piecewise linear path
going through the points (X;,Y]), (X;,Y), (X,,Y) and (X,,Y,). This implies that
Ix GO —~U)?+|2% — Z%|*)(X,Y)dX < A. Similarly, for any X € [X, X,], we
get fy (U -0 +|2¢ — Z¢)(X,Y)dY < A. Hence,

[(Z5=2820%0X < [ (755 - 2507 aX + 2mA, = Yi+ X, - X0
T T
< / (Zx — Z8x)" dX +40mA
T

because Y, =Y+ X, — X; = 2(s, —s;). By treating the other components of Z§ — Z;’(
and Zy — Zy similarly, we get

(4.64) / |28 — Z%2dX < / 2% — Z% 2 dX + M Ag,
T r

(4.65) / |78 — Z&PdY < / |28 — Z&|2dY + MAS,
r r



60 K. GRUNERT AND A. REIGSTAD

where M depends on [[(X, V)lle, [|(Z, p. @) (X, V) llg). [[|(Z. 5, ) o(X, V) l|g(0)
K, k1 and ko. For almost every X € [X), X,] and all Y € [V}, Y,], we have py (X,Y) =
squaring this expression and integrating over [X;, X, ], we obtain

(4.66) Jo=prax = [w=prax.

Since ¢x(X,Y) = 0 and ¢x(X,Y) = 0 for almost every YV € [¥},Y;] and all X €
[X1, X,], we get ¢(X,Y) —¢(X,Y) =q(X(Y),Y) —¢(X(Y),Y) which implies, after
squaring and integrating over [V}, Y], that

(4.67) Ja—aray = [a-ara.
We have

(U-U)P*X,Y)

= (U -U)P*(X, V(X)) + 2/Y (U = U)(Uy — Uy)(X,Y)dY

Y(X)
< (U-0)*(X, V(X)) +/ (U—-0U)*X,Y)dY +/ (Uy —Uy)}(X,Y)dY.
Y(X) Y(X)

As above, it follows that
(4.68) /(U —U)%dX < /(U —U)?dX + 2A6.
Similarly, we obtain
(4.69) /_(U —U)*dy < /(U —U)?dY + 240.

By adding (4.64)-(4.69), we obtain

1 - -
/f <2(U C 0 (dX +dY) + | 7% — % dX

1128 - ZePaY + (p— ) dX + (g - q~>2dY)

1 N N
</(Q(U—U)Q(dX+dY)+|Z§(—Z§(|2dX
r

+ 128 — Z&2dY + (p— p)?dX + (¢ — q)2dy> +25MA+26A

which yields, after taking the supremum over all curves I,

(1—25M —20)A g/

1 - .
A <2(U— U? (dX +dY) +|Z% — Z¢ P dX

125 - ZEPAY + (p— )P dX + (g — qde)

and (4.60) follows.
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Step 2. For an arbitrarily large rectangular domain Q = [X;, X,] x [V},Y;], we
now prove that (4.60) holds for curves I' = (X,)) € C(f2) such that
V(s) — X(s) > Y(s) — X(s) forallse(s,s,),
that is, the curve I lies above I' and intersects I’ only at the end points, as in the
proof of Lemma 4.11. The proof in the case when I' is below I' is similar. For a

constant K > 0 that will be determined later, we have for almost every X € [X), X,],
that

e KOO0 (@ — ) (X, V(X)) — e K0 (@ — )X, V(X))
V(X)
= —K eiK(Y?X)({L’X 75&){)2()(7 Y) dY
y(X)

V(X)
+ / KON (90 — 3 (mxy — Fxy))(X, V) dY.
Y(X)

We integrate over [X;, X,] and get, by using (4.63), that

/e—K<?<X)—X)(xX — Ex)4 (X, V(X)) dX — / e KON (g — Ex)*(X, V(X)) dX
T r
- IX)
<-K / e K=y —ix)*(X,Y)dY dX
Y(x)

Y(X) . ~ -
+2m / e KOXNU - U2+ (2% — Z% > + |24 — Z¢*)(X,Y) dY dX.
By treating the other components of Z§ — Zg( in the same way, we obtain

/ KO- 76— Z012(X, P(X)) dX / e KOW-X)| 78 702X, Y(X)) dX

- YX) N
< -K / e KY=X)17¢ _ 79 2(X,Y)dY dX
Y(X)

Y(X) - - -
i M/ / e EOO (U - 0 + |25 - Z4 + 12 — Z3)(X,Y)dY dX
X JY(X)

where M depends on [[(X, V)le), [1(Z, p, @) (X, V)l [[|(Z, 5, D)o (X, P)llg(e,
K, k1 and ko. Similarly, for Z¢ — Z¢, we get

/e*W*’?(Y) |28 — Z&|2(X(Y),Y) dY—/e*W*X(Y)HZ; — ZeHX(Y),Y)dY
T
x(Y) N
/ KY=X)za _ Z8|2(X,Y)dX dY

X(Y) R ~ ~
M = 0 25 - 25 4125 - )XY ax ay.
X(Y)

In the proof of Lemma 4.11, we showed that the sets

M={X)Y)| Xi<X<X, YX)<Y <YX)}
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and
No={(X,Y) |V <Y <Y, X(Y) <X <X(Y)}
are equal up to a set of zero measure. Hence, we get

(4.70) / e KO)-X) 74 _ 7012(X P(X))dX
T
= [ KO Z5 - Z3 X Y(0) ax
N
< -K / / e K=Y 70 _ Z912(X,Y)dX dY

+M// e KO=O(U - U)? + |25 - Z%)?
Ny

+12¢ — Z¢)*)(X,Y) dX dY
and

(4.71) [ o2z - @)Yy ay
T
B / e KV =X(W)| 70 _ Za12(x(Y),Y)dY
T

+ M// e KXNU - U)? + | 2% — Z4|?
+1Zy — Z¢|*)(X,Y) dX dY.
A similar computation as above yields

(4.72) / e KOCO-X) (7 — 02X, V(X)) dX
- / e KOO — U)X X, V(X)) dX

= // e KX KU - U)? 4+ 2(U - U)(Uy — Uy))(X,Y)dX dY
M

< // KO LR (U — O + (U = ) + (Uy — Uy)2)(X,Y) dX dY
M

and

(4.73) / K0T (17 _ 0(R(Y), V) dY

- / e KX — )2 X(Y),Y)dY

oK =X)(_ 2 2 ‘- ~X 2 :
s// (KU =02+ U =0+ (Ux — Ux)?)(X,Y)dX dY.

1
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Furthermore, we have
(4.74) / KON, 52(X, P(X)) dX
- / KO, 52(X, Y(X)) dX
T

=K // e KX (p - pAX,Y)dX dY
N1

and

(4.75) / KO=X0) (g — GRR(Y),Y) dY
_ / e KO=XW) (g _ G2(X(Y),Y)dY

=K / / e KX (g — §)*(X,Y)dX dY.
N1

Combining (4.70)-(4.75), we obtain
- 1 N - _
[ O (S0 = 07 4125 - Z5P+ (- 52 (X0 ax
T
, 1 . - _
# [ S (S 0P 12 - B+ - 0 ) ()Y ay
T
1 ~ -
- [ (S = 02 4 |25 - 5P + (0= ) (X VX)) X
I
- [ (S0 - 0P 15 - 25+ - ) R,V ay
N
. . 1 .
< // e KO =X) ( ~K(U-U?+U-0U)?+ §(Uy — Uy)?

1 N - N
+ §(UX —Ux)? = K|Z% — Z%| = K|Zy — Z}|?
+2M(U = U)? + 2M|Z% — Z%|? + 2M| 28 — Z&|?

CK(p-pP - K(g— q)?) (X.Y)dX dY
<(2M +1 - K) // e KY=X) <(U — UV 4 |2% — Z% + |28 — Z2)?
M

o=+ (- 07 (X.Y)axay.
We choose K so large that the right-hand side becomes negative. This implies that

o 1 - 5
o KIIE)le) / (2(U —UP?(dX +dY)+|2% — Z%[PdX
T

12— ZERAY + (p— )X + (g - @my)
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1 N N
< K@ Ne o) / <2(U —U?(dX +dY)+|Z% — Z% P dX
r

126~ ZEPAY +(p— P dX + <q—cz>2dy)

and (4.60) follows.

Step 3. Given any rectangle Q = [X;, X,| x [V}, Y;], we consider a sequence of
rectangular domains Q; = [X;, X;11] x [Y;, Yiq] fori = 0,..., N —1such that X; and
Yi are increasing, (X07 Yb) = (Xla §/l)7 (XN7 YN) = (Xr7 Y;’)7 and (X7 y): (Xa y) €
C(S%) for s € [si, si41]. We construct the sequence of rectangles such that either
Si41 — 8i < 0 (and Step 1 applies) or Y(s) — X(s) > V(s) — X(s) or Y(s) — X(s) <
Y(s) — X(s) for s € (si,8:+1) (and Step 2 applies). Then

=0
N-1 )
<> DIZ-Zp—pqa—q) (X, D)Ea,

i=0

=DI(Z-Z,p—p,q—q) & (X, D)3

4.3. Existence of Global Solutions in H.

Definition 4.13 (Global solutions). Let H be the set of all functions (Z,p,q) such
that

(i) (Z,p,q) € H(Q) for all rectangular domains €2;
(ii) there exists a curve (X,)) € C such that (Z,p,q) ¢ (X,)) € G.

The following lemma shows that condition (ii) does not depend on the partic-
ular curve for which it holds. In particular, we can replace this condition by
the requirement that (Z,p,q) e (X4, V) € G for the diagonal, which is given by

Xa(s) = Vals) =

Lemma 4.14. Given (Z,p,q) € H, we have (Z,p,q) @ (X,Y) € G for any curve

(X,Y) € C. Moreover, the limit lim J(X(s),Y(s)) is independent of the curve
§—00

(X)) ecC.

Proof. Since (Z,p,q) € H, we know that there exists a curve (X,)) € C such that
(Z,p,q) o (X,Y) € G. We have to check that the conditions (i)-(v) of Definition 3.6
are satisfied for © = (Z,p,q) e (X,)). For any curve (X,Y) € C, we have to prove
that

(4.76) 11(Z.p.q) & (X, Y)lllg <00 and [|(Z,p.q) ¢ (X, P)llg < 0.
For any positive number 5, we denote Qs = [X(—5), X (3)] x [V(—5),V(3)]. Let
t(s5)) < V(3)

“max

{y-l@z(s)) if V(X (X (s
X~1(X(5) otherwise



A REGULARIZED SYSTEM FOR THE NONLINEAR VARIATIONAL WAVE EQUATION 65

and
Y 1(Y(—5)) otherwise.

We claim that sy, < —85 <5 < Spax. ~ ~

If y(x—(x ( 3))) < y( 5), then X~ 1(X ( 5)) < Y HY(5)) = Smax, s0 that X(5) <
X (Smax). This implies, since Y(smax) = V(3), that

25 — 37(5) S 2Smax - y(smax) = 25max - j(g)

and we conclude that 5 < Smax-

If X(—35) < X(YV HY(—5))), then sy, = X~ (Xj 5) <Yy~ (y( 5)) and we get
V(Smin) < Y(—35), which implies, since X (Syin) = X(—3), that

28min — X (Smin) < —25 — X(—5) = —25 — X (Smin)-

Hence, sy < =3 The other cases can be treated in a similar way.

We denOte Q§ = [X<Sr~nin)7X(smax)] X [y(smin)>y(stnax)] and7 since Smin § -5 S
5 < Smax, We have Qg C Q5. We define the curve

(X(s),Y(s))

Spin = {Xl(/?(_s)) if X‘(—g) < X(yfl(j)(_g)))

—~

straight line joining (X (Smin), Y (Smin)) and (X (—5),V(=5)) if Spmin < 5 < —5,
=< (X(s),D(s)) if —5<s<3,
straight line joining (X'(5), V(5)) and (X (Smax), V(Smax)) if 5 <5 < spax,
(X(s), V(s)) if Smax < 5.
We have that (X,Y) and (X,)) belong to C(Qs). By Lemma 4.9, we get
11(Z,p,) » (X, V)llge) < II(Z.p,0) © (X, D)lllgar,)

< & (112, Dlleqay: N1l )
< G I D)le: llellls).

and by letting 5 tend to infinity, we obtain |||(Z, p,q) ® (X,))|||¢ < co. By Lemma
4.11, we obtain

1(Zp,4) ® (X, D)lgn) < 1(Z.p.a) (X, D)llgc1,)
<Cl(Z p,q) e

(X, g @)
<C|[(Z,p,q) o (¥

Illg,

where

¢ = (I P)le 1 (Z.p.0) # (X D)lllga))

p
<O )lle, (Z.p,9) © (X, D)[]g)-
)

By letting 5 tend to infinity, we get ||(Z,p,q) ® (X,))||g < 0o and we have proved
(4.76). Hence, condition (i) of Definition 3.6 is satisfied. The conditions (ii)-(iv)
follow directly since (Z,p,q) € H and (X,)) € C. We prove that

(4.77) im J(X(s),Y(s)) = lim J(X(s),(s)).
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) and sy = Y~HY(s)). If 51 < sy, then X(s) =
(s1). Since Jx, Jy >0, we get

>
J(X(s),Y(s)) < J(X(s2), V(52))-

For any s € R, let s; = X }(X(s

X(s1) < X(s2) and Y(s) = Y(s2)
J(X(s1),Y(s1)) <

Similarly, if sy < s1, we obtain

J(X(s2), Y(s2)) < J(X(5), Y(s)) < J(X(s1), V(s1)),

so that

(4.78) min{J(X(s1), Y(s1)), J(X(s2), V(s52))} < J(X(5), V(s))
and

(4.79) J(X(s), V(s)) < max{J(X(s1), V(s1)), J(X(s2), V(s2))}-
Since

[s1— | < [X(s1) = 1] + | X(s) = s| < [|(X, D)l[e + (X, D)le,
we have that lim s; = hm X1(X(s)) = +oo. Similarly, we find that lim sy =

s—Foo s—+o0

hrin YV IY(s)) = :I:oo. Hence, (4.78) and (4.79) yield (4.77), since J is bounded
S—>T00

and monotone. In particular, we have that these limits are independent of which
curve (X,Y) is chosen. Furthermore, by (3.25),

lim J(X(5),Y(s) = lim J(X(s),Y(s)) =0,

which shows that the last condition (v) in Definition 3.6 is satisfied for © = (Z,p,q) ®
(X,Y). Hence, © € G.

We have the following global existence theorem.

Theorem 4.15 (Existence and uniqueness of global solutions). For any initial data
0= (X, Y, Z,V,W,p,q) € G, there exists a unique solution (Z,p,q) € H such that
O = (Z,p,q) ¢ (X,Y). We denote this solution mapping by

(4.80) S:G—H.

Proof. First we show how to construct the solution on rectangles with diagonal
points which lie on the curve (X,Y) € C.

We consider two points, (X, Y) and (X,,Y,), on t
X, <X,andV; <Y,. Set § = (XI—I—Y)andsr:
of © to Q = [X}, X,] x [Yl,YT] which we denote
be such that X(s) = X(s), V(s) = V(s), Z(s)
W(I(s) = WO(s)), B(E(S)) = p(X(s)) and G((s)
Then, © € G(2) and, by Lemma 4.10, there exists a unique solutio
such that © = (Z,p,q) ¢ (X,)).

We can consider a new rectangle Q = [X;, X, x [V}, ¥,] such that the upper right
dlagonal point of © is the lower left diagonal point_of Q, that is, X; = X, and
Y; = Y,. We set the upper right diagonal point (X,,Y;) to be on the curve (X, ).
By the above argument, we obtain a unique solution (Z,p,4) € H(Q) such that
O =(Z,p,4)  (X,Y), where © = (X, Y, Z,V, W, p,q) is the restriction of O to .
By repeating this argument on rectangles above € and below 2, we obtain unique
solutions in rectangles which cover the curve (X,)).

the curve (X,Y) € C such that

et the restrlctlon
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Now we show how to construct solutions on rectangles with diagonal points which
does not lie on the given curve (X,Y) € C. We consider the above setting.

Let O = [Xl, X,] x [Yl, Y,] be the rectangle which lies above Q and to the left of
chatls Xl XI,X X, = Xl Y Y, = YandY Y,. Set

. . (25—Y1,Yl) it § <s<35,
X =9 ;
(X(5), ¥(s)) {(XT,QS —X,) if§<s<s,

where §;, 5; and §7 are defined similarly to 5; and 5, above. We have (2\3, 37) IS C(Q)7
and we denote © = (X,Y, Z,V, W, p,q), where

(s)=Z(s), V(X(s) =V(X(s), W((s))=WD(s)),
(X(s)) = B(X(s)), a(V(s)) =a(V(s))

for §; <s 51 and
Z(s) = Z(s), V(X(s) =V(X(s)), W((s)) =W(D(s)),
P(X(s) = P(X(s)), a(V(s)) =a(V(s))
0). B

for §; < s < §,. We have © € g( y Lemma 4.10, there exists a unique solution
(Z,p,q) € H(Q) such that © = (Z,p7 q) e (X,Y). By repeatedly applying this
argument to rectangles that are adjacent to rectangles where we have a solution, we
obtain unique solutions in any rectangular domain. Hence, condition (i) of Definition
4.13 is satisfied.

We define (Z,p, q) to be the unique solution in each rectangle. Then, we have
(Z,p,q)  (X,Y) = 0O € G and condition (ii) of Definition 4.13 is satisfied, so that
(Z,p,q) € H. O

> N>

5. FROM LAGRANGIAN TO EULERIAN COORDINATES

5.1. Mapping from H to F. Given an element (Z, p, q) in H we now want to map
it to an element in the set G and then further to one in F. For a solution in H
corresponding to time T > 0, i.e., #(X,Y) = T, we find it convenient to first shift
the time to zero so that we can map the solution to an element in G, in the next
step.

Definition 5.1. Given T' > 0 and (Z,p,q) € H, we define

(5.1a) AX,Y) = t(X,Y)—T

and

(5.1b) FX,Y) = 2(X,Y), U(X,Y) = U(X,Y),
(5.1c) j(X,Y):J(X.,Y), K(X,Y):K(X,Y),
(5'1d) ﬁ(X7 Y) :p(X7Y)> Q(X’ Y) = Q(X7Y)‘

We denote by tr : H — H the mapping which associates to any (Z,p,q) € H the
element (Z,p,q) € H. We have

(52) tT+T’ = tT [¢] tT’-
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Definition 5.2. Given (Z,p,q) € H, we define
(5.3) X(s)=sup{X e R | (X', 2s — X') <0 for all X' < X}

and Y(s) = 2s — X(s). Then, we have (X,Y) € C and (Z,p,q) ® (X,Y) € Gy. We
denote by E : H — Go the mapping which associates to any (Z,p,q) € H the element
(Z7p7q) b (X7y) € gO'

Proof of the well-posedness of Definition 5.2. We prove that (X,)) belongs to C.

Let us verify that X is nondecreasing. Let s < § and consider a sequence X; such

that X; < X(s) and lim X; = X(s). We have t(X;,2s — X;) < 0 and, since ty <0,
1—00

t(X;,25 — X;) < 0, which implies that X; < X(3). By letting ¢ tend to infinity, we
obtain X(s) < X(8), so that X’ is nondecreasing.

Next we show that X is differentiable almost everywhere. We claim that X
is Lipschitz continuous with Lipschitz constant at most two. Let us assume the
opposite, that is, there exists 5§ > s such that

X(3) — X(s) > 2(5—s).

This implies that Y(s) > Y(5) and we denote Q@ = [X(s), X(5)] x [V(5), Y(s)]. Since
tx >0 and ty <0, we have, for any (X,Y) € Q, that
0=1(X(s),V(s)) < tX,V(s)) < HX,Y) < (X, Y(5)) < t(X(5), Y(5)) = 0,

so that ¢(X,Y) = 0 for all (X,Y) € Q2. Consider the point (X,Y") given by ¥ = Y(s)
and X = 25 — Y(s). It belongs to  since X =25 — Y(s) < 25 — Y(5) = X(5). We
have t(X,Y) =0, X +Y = 25 and X < X(3), which contradicts the definition of
X (8). Hence, we have proved that X is Lipschitz continuous with Lipschitz constant
at most two and therefore differentiable almost everywhere. Furthermore, it follows
that ) is nondecreasing and differentiable almost everywhere. Since XY e [0, 2],
we find that X — 1, y-—1¢ L*°(R). It remains to prove that X —Id and Y — Id
belong to L>(R). We will prove that

(5.4) lim sup | X (s) — s| <

s—Foo

no| b

for a constant L that will be set later, and which depends on x and |||(Z,p,q) e
(X4, Ya)lllg- First we prove that

L
(5.5) limsup(X(s) — s) < —.
$—00 2

Assume the opposite. Introducing f(s) = sup(X(r) — r), which is a nonincreasing

r>s

function, we then have

v

inf f(s) >

s>0
This implies that

f6) >4

for all s > 0. The function & — Id can only be unbounded at infinity since it
is continuous with bounded derivative. If X — Id is bounded at infinity, (5.5) is
immediately satisfied. Thus, we assume that X (s) — s tends to infinity as s — oo.
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This implies that f(s) — oo as s — o0o. Then there is an increasing sequence
Sp — 00 as n — 00, such that

L

X(s,) — s, > —

() 0 > 2

for all n, and X (s,) — s, — 0o as n — co. We have Y(s,,) = 25, — X(s,,) < 5, — £.
Since tx > 0 and ty < 0 we have

0= H(X(5,), V(s0)) > t(sn n g 5y — é)

)

Next we prove that

L L
.. Lo Lyo
(5.6) hgglorolft(sn + 2 Sn 2) 1,
which will lead to the contradiction
L. L L
0> hmlnft(sn + =, 8, — —) > 1,

n—o00 2

and (5.5) follows.
By (4.12a) and (4.12d), we have

(5.7) t(sn + é, Sp — %)

(oo By [ () (- B ax

L 1 [o+% 1\ (¢ Ly
> — 4+ = - - = .
> —|(Z.p.0) o (Xa V)lllg + 5 + H/ (arx 2)(X,sn 5)dx

Let Q. = [s, — 5,5, + 5] X [s,, — &, 5, + £] and consider the curve
(Xa(s), Va(s)) for s < s, — %
(23—(5n—§),sn—§) for sn—égsgsn,
(sn+%,25— (s, + %) fors, <s<s,+%
(Xa(8), Va(s)) for s > s, + £.

Both (X, V,) and (X, Y) belong to C(,, ). By the Cauchy—Schwarz inequality and
Lemma 4.11, we find

(5.8) ‘ /:T_ﬁf (a:X - ;) (X,sn - g) d)~('
([ (e e )

<VL||(Z,p,q) ¢ (X, D)lgcn.)
<VLO|(Z,p,q) ® (Xa, Yi)lg 1)

Here, C' is an increasing function with respect to both its arguments and we have
C = C(I(X, Dle@n.u): I(Z, . ) ® (Xa, Vo)lllg@, 1))
< C(L, |11(Z,p,q) ® (Xa, Ya)lllg)

(X(5), V() =
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where we used that ||(X,Y)|lc@q, ;) = L. From (4.40), we have

n,L)
L [[(Z.p.0) » (%0 V)50,

sn+§ o ~
= lim (U +|Z% P+ 1Z¢ P+ + ¢) (X, X)dX =0,

n—oo s

n

which combined with (5.8) and (5.7) yields

L L L
aoon T 5 2_ Z7 ) X7 a .
Sosn—5) = —IlI(Zp.0) o (X Yo)llls + 5

Setting L > 2k(||[(Z,p,q) ® (X4, Vi)l|lg + 1) implies (5.6). Thus, we have proved
5.5).

Lol

liminf¢ <8n +

n—oo

L
It remains to prove that liminf(X'(s) — s) > —3 in order to conclude that

5—00
) L
limsup | X (s) — s| < —.
S§—00 2
The proof is similar to the one above. Now one has to show that
. L L
(5.9) llmsupt(sn——7sn+—) < -1,
n—oo 2 2
for an increasing sequence s, — 00 as n — 00, in order to get a contradiction.
The proof of
L
limsup [X(s) — 5| < =
s——00 2
is similar to the argument above. To show
L L
limsup (X(s) — s) < and liminf (X(s) —s) > ——

5 )
§——00 2 §——00 2

one proves

>>1 d I t( + )< 1
N n- 5 - 1 1m n - Sr°n o = 4,
275 > a n supt|s 2 S 5

respectively, for a carefully chosen decreasing sequence s, — —o0 as n — oo.
This concludes the proof of (5.4), and we have showed that X —Id and Y — Id
belong to L*(R), so that (X,)) € C. Then, by Lemma 4.14, we have

<X7y>ZaV7W7p7q) = (Z7p7q) L (X7y) € g
and by construction Z;(s) = t(X(s),Y(s)) = 0 so that (Z,p,q) e (X,Y) € Gy. O

Definition 5.3. Given (X,Y,Z,V,W,p,q) € Go, let 1 = (21, U, J1, K1, V1, Hy)
and Py = (9, Us, Jo, K3, Vo, Hy) be defined as

(5.10a) 21(X(s)) = 22(V(s)) = Z2(s),

(5.10b) Ui (X(s)) =Us(V(s)) = Z5(s),

liminf¢ <sn +

n—oo

(5.10¢)  Jy(X(s)) = [ ) V(X ()X () dr,  Jo(V(s)) = [ S Wi(V(7)V(7) dr,

G.0d) Ku(x(s) = [ DX E() dr, Ka(D(s)) = / W) dr,
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and
(5106) Vi = Vg, ‘/2 = Wg,

We denote by D : Gg — F the mapping which to any (X, Y, Z,V,W,p,q) € Gy

associates the element ¥ € F as defined above.

Proof of the well-posedness of Definition 5.3. We check the well-posedness of (5.10a)
and (5.10b). Consider s < 5 such that X'(s) = X(5). Since X is nondecreasing and
continuous, we have X'(3) = 0 and Y(3) = 2 for all 5 € [s, 5]. From (3.26), it follows
that Wy(Y(8)) = 0 for all § € [s, 5. Hence,

Z5(3) = Va(X(3) X (3) + Wa(V(3)V(3) = 0
for all § € [s, 3], so that Z5(5) = Z5(5) and (5.10a) is well-posed.
From (3.24d), we obtain
0 =2W,(V(3)Wa(V(5)) = (c(Z5(3)Ws(Y(5)))” + e(Z5(3))a*(V(3)),
which implies that W5(Y(5)) = 0 and q(Y(5)) = 0 for all § € [s, §]. Thus,
23(3) = Va(X(3) X (3) + Wa(V(3))V(3) = 0
so that Z3(8) = Z5(5) and (5.10b) is well-posed.
Let us prove that J; and K; given by (5.10c) and (5.10d) are well-posed. The
proof is similar for J; and K. Since V4, Wy, X, y > 0, we have J; > 0 and
G1) @) = [ @) dr
< [ O EE) + W) dr

- / Z4(r) dr < |28~ ey,

so that the function V, belongs to Ll(R) and Jp is bounded. If s, 5 € R are such that
s < sand X(s) = X(S), we have X(5) = 0 for all § € [s, 5] since X is nondecreasing,.
Hence,

(5.12) [ v4()c(¢));e(¢)d7:[ V(X (7)) X (1) dr,

o0

and J; is well-posed. For K7, we have by (3.24b), that

(5.13) Ki(X(s)) = / Vy(X (1) () dr = / ViXY@) b0y dr < riu(X(s)),
oo oo €(Z5(7))
which by (5.11) and since V; > 0 and ¢ > 0, implies that 0 < K;(X) < k| Z{|| 1o w)-
By an argument as in (5.12) applied to K;, we conclude that also K is well-posed.
Next we show that ¢y = (x1, Uy, Ji, K1, V1, Hy) as defined in (5.10a)-(5.10f) satis-
fies the conditions in the definition of the set F. The proof for ¥, is similar.
Let us show that z; is Lipschitz continuous and therefore differentiable almost
everywhere. Consider 5,5 € R and set X = X(s) and X = X(5). We have

|21(X) = 21(X)| = | 22(5) — Za(5)]

S
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X(3)ds| by (3.26)

[ 26
- / X(3) + Wa(V(5)V(3)) ds
/

by (3.18)

= /SV2( ds+/X ds

@IVl oy + DIX = X].

From (5.11), we have that .J; is increasing and hence differentiable almost every-
where. Similarly, one shows that K is differentiable almost everywhere.

Next we show (3.5a)-(3.5d). We have
(5.14) 21(X(s)) — X(s) = Za(s) — s +s—X(s) = 2§+ s — X(s),
so that z; — Id € L*(R) since Z5 and X — Id belong to L*(R). Differentiating
(5.10a) and using (3.26), we obtain z{ (X)X = Z = 2V5(X)X. Hence, 2} = 2V
and we get that

IA

i —1=2V, —1=2V5,

which shows that 2} — 1 € L*(R) N L>(R). By (5.11), we have J; € L*(R). We
differentiate (5.10c) and obtain J; = V, = V¢, which implies that J; € L*(R) N
L*(R). Then, from (5.13) it follows that K; € L>(R) and K| € L*(R) N L=(R).
Since p,q € L*(R) N L>(R), we have by (5.10f) that H; and Hj belong to L*(R) N
L>*(R). The function U; belongs to L*(R) and L>*(R), as U;(X) = 25 € L*(R) N
L*(R). We have V; € L*(R)NL>*(R) by (5.10e) and since V3 = V¢ € L2(R)NL>(R).
Hence, we have proved (3.5a)-(3.5d). Let us verify (3.6). We showed above that
xy = 2V, and J| = V4. Thus, z{,J] > 0 because Vs,V > 0. The identity (3.7)
follows from (3.24b) since J; = V, and K| = V5. We can check that the relation (3.8)
holds by using (3.24c), (5.10e) and (5.10f). Let us prove (3.9) by using Lemma 3.8.
We found above that J; is absolutely continuous. Since x; is Lipschitz continuous,
it follows that x; + J; is absolutely continuous. By (5.11), we have

|IL’1 —+ Jl — Id‘ S |CE1 — Id‘ —+ HZZ”LOO(R)

which, by (5.14), implies that z; + J; — Id € L>(R).

We proved above that =) — 1, J; € L*(R), which implies that o} + J; — 1 € L*(R).

The fact that 3 +v € L*(R) implies that there exists a number k& > 0 such that
Va(X) 4+ Vu(X) > k for almost every X € R. Then, since z} + J| = 2V + Vg, we
obtain
k< VotV S i+ J) <200+ V0) = 2005+ V1) +1 < 2(|V5 |y + Vi e y) +1,
so that the remaining condition in Lemma 3.8 holds. Hence, 1 + J; € G and we

have proved (3.9).
By (5.10¢) and (3.25), we have

s

0 < Ji(X(5)) + B(V(s)) = / 2,(r)dr = Z4(s),

—0o0
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and since lim X(s) = —oo and lim Y(s) = —oo, (3.25) implies (3.10). The
s——00

s——00
relation (3.11a) follows directly from (5.10b). Using (5.10b), (3.23), and (5.10e), we
obtain

L1y = Lia() = 2, = V@) WY = X + ().

so that (3.11b) holds.
O

5.2. Semigroup of Solutions in F. We define the solution operator on the set

F.
Definition 5.4. For any T > 0, we define the mapping St : F — F by
Sr=DoEotroSoC.

In order to show that St is a semigroup we need the following result.

Lemma 5.5. We have

(5.15) CoDoE=E, DoC=1Id
and
(5.16) EoSoC=C, SocE=1Id.

It follows that So C = (D o E)~! and the sets F and H are in bijection.
Proof. We first prove (5.15). Given (Z,p,q) € H, let
(X, Y, 2,V W,p,q) =E(Z,p,q),
(Y1, ¢2) = D(X, Y, 2, V,W,p,q),

(X, 2,2,V W,p,q) = C(¢1, ).
We want to prove that (X,Y,Z,V,W,p,q) = (X,Y,Z,V,W,p,q). Let us show
that X = X. We claim that for any s € R and (X,Y) such that X < X(s) and

X +Y = 2s, we have either
(5.17) 21(X) < 21(X(s)) or x2(Y) > xQ(y(s)).

Let us assume the opposite, that is, there exist § and (X,Y) such that X < X(3),
X +Y =25and
21(X) = 21(X(5)) = 22(5) = 22(V(5)) = 22(Y),
where we used (5.10a). Let so = X'~ Y(X) and s; = Y7HY). Since X < X(5),
V(s < Y and X,) > 0, we have s; < § < s;. Consider the rectangular domain
Q = [X(s0), X(51)] x [V(50),Y(s1)]. We want to construct a solution (Z,p,q) of
(2.38) in Q.
Since

Z5(s0) = 21(X(s0)) = 21(X) = 25(5),

Zy(s1) = 22(V(s1)) = 22(Y) = Z5(5
and 2, is nondecreasing, we have Zy(s) = Z5(sp) = Z(s1) for all s € [so,s1].
We have Z5(s) = Va(X(s))X(s) + Wa(V(s))V(s) = 0 for all s € [s, s1], which
implies that V5(X) = 0 for almost every X € [X(sq), X'(s1)] and Wh(Y) = 0 for

~
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almost every Y € [Y(so),Y(s1)]. Then, by (3.24a), (3.24c) and (3.24d), we have
Vi(X) = V3(X) = p(X) = 0 for almost every X € [X(sp), X(s1)] and Wi(Y) =
Ws(Y) = q(Y) = 0 for almost every Y € [V(s0),V(s1)]. Hence, Z(s) is constant
for all s € [s, 51] and we define® £(X,Y) = 0 in Q. Let

‘Ij(XvY) = ZZ(s)a U(va) = Z3(S),
J(X,Y) = L(X) + L(Y), K(X,Y) = Ki(X) + Ky(Y),
P(X,Y) =p(X), (X, Y) =q(Y).

Then, (Z,}i G) is a solution of (2.38) in . By the uniqueness of the solution, we
get (Z,p,4) = (Z,p,q). In particular, we have t(X,Y) = 0 such that X < X(5)
and X +Y = 25, which contradicts the definition of X given by (5.3). Hence, we
conclude that (5. 17) holds. By (5.10a), we have x,(X(s)) = x2(2s — X(s)). Thus,
(3.28) implies that X(s) < X(s) and it follows that Y(s) > Y(s). From (3.29), we
have

(5.18) 71 (X(s)) = 22(V(s))-
Let us assume that X(s) < X(s). Then, by (5.17), we have either z1(X(s)) <
21 (X (s)) or 23(Y(s)) > w2(V(s)). If 21(X(s)) < 21(X(s)), then

21 (X (s)) < 21(X(5)) = 22(V(5)) < 22(V(5)),

which contradicts (5.18). Similarly, if 22(Y(s)) > x2(Y(s)), we obtain the contra-
diction
22(V(s)) > 22(V(s)) = 21(X(s)) = 21 (X(s)).
Hence, X = X and therefore Y = Y. Then, by (3.30b) and (5.10a), we have
Zy(s) = x1(X(s)) = 21(X(s)) = Za(s). Similarly, one finds that Z3 = Z3. By
(3.30a) and since (X, Y, Z,V,W,p,q) € Gy, we have Z; = Z; = 0. We have

Z4(s) = J(X(s)) + J2(V(s)) by (3.30d)
= Ji(X(s)) + 12(V(s))

/ (Va(X ()X (7) + Wa(P(7)) V(7)) dr by (5.10¢)

= /_S Zy(1)dr = Z4(s) by (3.23)

and by a similar calculation, we obtain Zs = Z5. Let us verify that V = V (one
shows that W = W in a similar way). By differentiating z;(X(s)) = Z5(s) and
using (3.26), we obtain x}j = 2V,. This yields

() =V () =

Vl(X):Vl(X):m 1 !

by (3.31a) and (3.24a), and

= - 1
Va(®) = Vy(X) = 524 (X) = Vy(¥)
3In a rectangular domain where ¢t = 0, (X,)) as defined by (5.3) has to consist of the vertical
straight line connecting the lower left diagonal point with the upper left corner, and the horizontal
straight line connecting the upper left corner with the upper right diagonal point, since tx > 0
and ty <0
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by (3.31b). From (3.31¢)-(3.31f) and (5.10c)-(5.10f), we obtain
V3(X) = Va(X) = Vi (X) = Vs(X),
Vi(X) = Vi(X) = J{(X) = Va(X),
Vs(X) = V5(X) = K{(X) = Vs(&X),
p(X) = p(X) = Hi(X) = p(X),

4(Y) =a(y) = H2(Y) = q(X).
Hence, we have proved that CoD o E = E. By a straightforward calculation, using
Definition 3.7 and Definition 5.3, one proves that D o C = Id. This concludes the
proof of (5.15).
Next we prove (5.16). Given (11, ¢2) € F, let
(Z,p, q) = S(X:y7Z>V7W7P,CI)7
(X, 9,2,V W,p,7) = E(Z,p,q).

As before, we first show that X = X. Since (Z,p, q) € H is a solution with (Z,p, q)e

(x,)) = (XJZ,Z,V W,p,q) € Go, we have that £(X(s),)(s)) = 0. Hence, by
(5.3), we get X(s) < X(s). Assume that there exists s € R such that X(s) <

)-
X(s). Let s = X71(X(s)) and s = Y1(Y(s)). Since X(sg) = X(s) < X(s)
and Y(s1) = ( ) > Y(s), we have sy < s < s1. By (4.12a), (4.12d) and since
HX(50), (s0)) = H((5). V(s)) = H(X (1), V(s2)) = 0, we et (X (s9). ) = 0 for
Y € [V(s0),V(s1)] and tx (X, V(s ))—OforXG[X( 0), X(s1)]. This implies, by
(4.12a), that zy (X(so), ) =0 for Y € [Y(s0),V(s1)] and xx(X,Y(s1)) = 0 for
X € [X(s0), X(s1)]. Then

= Z5(s9) by (3.30b)
= z(X(s0), V(s0)) since (Z,p,q) & (X,Y) = (X,Y,Z,V,W,p,q)
= (X (s0), Y(s1))
= 2(X(s1), Y(s51)) = 2a(51) = 22(V(51)) = 22(V(s))-
However, the fact that x;(X(s)) = z2()(s)) and X(s) < X(s) contradicts the
deﬁnltlon of X in (3.28). Hence, we must have X = X, which yields Y = ) and
2(s) = Z(X(s),Y(s)) = Z(X(s), Y(s)) = Z(s),
V(X) =V(X) = Zx(X,Y) = V(X),
W) = W) = Zy(X,Y) = W(),
p(X) =p(X) = p(X,Y) = p(X),
aY) =a) =a(x,¥) = q(¥).
Hence, we have proved that E oS o C = C. By the uniqueness of the solution for
given data (X, Y, Z,V,W,p,q) € Gy, we have that S o E = Id. This concludes the
proof of (5.16). O

Theorem 5.6. The mapping St is a semigroup.
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Proof. We have
SroSp =DoEotroSoCoDoEotrroSoC
=DoEotrotrroSoC by Lemma 5.5
=DoEoty,m0oSoC by (5.2)

= Sty

5.3. Mapping from F to D.
Definition 5.7. Given ¥ = (11,12) € F, we define (u, R, S, p,0, u,v) as

(5.19a) u(z) =U1(X) ife(X) ==

or, equivalently,

(5.19b) u(z) =Us(Y) if 2a(Y) =z,
(5.190) R(@) do = (21) 4 (2e(U (X)VA(X) dX),
(5.194) S(w) di = (22) 4 (—2e(Ua(Y ) Va(Y) dY ),
(5.19€) p(x) de = (21)4(2H) (X) dX),

(5.191) o(z)dx = (x2)4(2H(Y) dY),

(5.19g) = (1) (J1(X) dX),

(5.19h) v = (22)x(J5(Y)dY).

The relations (5.19¢)-(5.19f) are equivalent to

(5.20a) R(z1(X))z}(X) = 2¢(Uy (X)) V1 (X),
(5.20b) S(2(Y))25(Y) = —2¢(Ua(Y))Va(Y),
(5.20c) pla1(X))zy (X) = 2H,(X),

(5.20d) o (22(Y))75(Y) = 2H,(Y),

respectively, for almost every X and Y. We denote by M : F — D the mapping
which to any ¢ € F associates the element (u, R, S, p,0, 1, v) € D as defined above.

The push-forward of a measure A by a function f is the measure fxA defined by
J4N(B) = A(f~Y(B)) for Borel sets B.
The well-posedness of Definition 5.7 is part of the proof of the following lemma.

Lemma 5.8. Given 1 = (¢1,1) € F, let (u, R, S, p,0,1,v) = M(t1,s). Then,
fOT any @ = (X7y>Z7V7W7paq) S gO SUCh that (¢17¢2) = D(X7yaz7v>w>p7q);
we have

(5.21a) u(x) = Z3(s) if v = Zs(s),

(5.21b) R(x) de = (Z2) 4(2¢(Z5(s))Vs(X ()X (5) ds),
(5.21¢) S(@) dr = (22) 4(—2c(Z5(s))Ws(V(s))V(s) ds),
(5.21d) pla) dr = (Z2)4(2p(X (5)) X (s) ds),

(5.21e) o(x) dz = (22)4(2a(V(s))V(s) ds)
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(5.21f) = (22)(Va(X(5)) X (s) ds),
(5.21g) v = (Z2)(Wa(V())V(s) ds).

The relations (5.21b) and (5.21d) are equivalent to

(5.22a) R(Z2(s5))V2(X(s)) = ¢(Z3(s))V3(X (s)),
(5.22b) p(Z2(5))V2(X(s)) = p(X(s))

for any s such that X(s) > 0, respectively. The relations (5.21c) and (5.21e) are
equivalent to

(5.23a) S(Z5(s)Wa(V(s)) = —c(Z3(s))Ws(V(s)),
(5.23b) o(Z2(s))Wa(V(s)) = a(V(s))
for any s such that Y(s) > 0, respectively.

Proof. We decompose the proof into five steps.

Step 1. We first prove that (5.19) implies (5.21). If z = z1(X), let s = X~1(X).
Then, by (5.10a), x = 1(X) = 21(X(s)) = Z5(s), and, by (5.10b), u(z) = U1(X) =
Ui(X(s)) = Z3(s). Similarly, if x = z5(Y), we let s = Y71(Y) and obtain x =
29(Y) = x3(V(s)) = Z2(s) and u(x) = Ua(Y) = U2(Y(s)) = Z5(s). Hence, both
(5.19a) and (5.19b) imply (5.21a). The identity (5.21b) follows from (5.19c¢) since,
for any Borel set A, we have

/ R(x)dx = / 2c(Uh(X)Wi(X) dX
A e t(A)
= / 2¢(U1 (X (5)))Vi(X(s))X(s)ds by a change of variables
(z10X)~1(A)

= / 2¢(25(s))Vs(X (5))X(s)ds by (5.10a), (5.10b) and (5.10¢).
2,14

In the same way, one proves that (5.19d) implies (5.21c). By a similar calculation
as above, we obtain

/A,o(x) dx = /xll(/” 2H(X)dX

= / 2H,(X(s))X(s)ds
(w10X)~1(A)

= /ZI(A) 20(X(s)) X (s) ds

and

/Aa(x) de = /z21(A) 2H,(Y)dY
_ / 2 H,(V(s)V(s) ds
(z20Y)71(A)

= [, 206
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which shows that (5.19¢) and (5.19f) imply (5.21d) and (5.21e), respectively. From
(5.19g), we find

p = [ ne0ax - B A ds= [ V(@) A)ds
z (4) (z10X)71(A) Z,7(4)

so that (5.19g) leads to (5.21f). By a similar calculation, one shows that (5.19h)
yields (5.21g).

Step 2. We prove that u is a well-defined function that belongs to L*(R). Con-
sider sg,s1 € R such that sp < s; and x = Z5(sg) = Z5(s1). Since Z5 is con-
tinuous and nondecreasing, we have Z,(s) = Vy(X(5))X (s) + Wa(V(5)V(s) = 0
for s € [so, s1], which implies that Va(X(5))X(s) = Wa(Y(s))Y(s) = 0. Then, by
multiplying (3.24c) with X (s)? and (3.24d) with Y(s )?, we obtain Vs(X(s NX(s) =

Ws(V(5))Y(s) = 0 and therefore Z5(s) = Vs(X(s))X(s) + Ws(V(s))V(s) = 0 for
s € [so, s1]. Hence, Z3(s9) = Z3(s1) and (5.21a) is well-defined. We have

/R u*(z) de = / u*(2,(5))25(s)ds by a change of variables
/22 )Z5(s)ds by (5.21a)
=2 [ ZEE) ) s by (320)
< 4/@23(5)1;2(;((5)) ds since 0 < X < 2and V, >0
" /R 22(s) <V2“(X(s)) +1) ds by (3.18)

<||v2||mm+ )|23|L2<R)

and u € L*(R).
Step 3. We show that the definitions (5.21b)-(5.21e) are well-defined, and that
the relations (5.22a)-(5.23b) hold. First we prove that the measures

(22)4(2c(25(5)) Va(X () X (5) ds),
(Z2)4(=2e(Z5()Wa(V(5)) V() ds),
(22)#(2p(X (5))X (5) ds),
(22)4(2a(V(5))V(s) ds)

are absolutely continuous with respect to Lebesgue measure. We claim that the
function

Flz) = / 1 26(Z()) V(X (5)) X (5) ds
25 ((—o00,2])

is absolutely continuous. Let (x;,Z;), i = 1,..., N, be non-intersecting intervals.

We have

ZIF(@) — F(z)] =

N

Z /7 () 2¢(25(s5))Vs(X (s)) X (s) ds|.

i=1
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The set Z, ' ((x;,2;]) is an interval, since the function Z is nondecreasing and con-
tinuous. Denote s; = sup{s € R | Z5(s) < z;} and §; = sup{s € R | Z5(s) < 7;}.
We have Z5(s;) = i, 24(5;) = z; and 25 ((z1,7]) = (si, 3i]. Then

Z F(z) - F(z)| < 2w /N V(X (s))| X (s) ds
(i, 3i]

From (3.24c¢), we obtain [Vs(X)| < k(2V4(X)V5(X))2. This implies, by the Cauchy—
Schwarz inequality7 that

(5.24) Z|sz F(x,)|

<20 [x AXE)FE)HMXE)E) ds
iZUI(Su 5
< 252(/0(% . V(X (s))X(s) ds> : (/6(82_7 ’ 2V,(X (5))X () ds) %.

Inserting the ostinZtos =
U(Siv gi]

i=1

< /R (Va(X ()X (5) + Wa(D(s)D(s)) ds

= /RZ4(S) ds

<128l Le® by (3.25)

and

/N 2V,(X(s)) X (s)ds = /N Zy(s)ds = > |z — x4
U(Su 5i U(Su 5i =
into (5.24)tiwe get -

iIFm) - F()| < C(il o m)é

for a constant C' which only depends on |||O|||g and k. This implies that F is
absolutely continuous. Then, the measure (25)4(2¢(Z5(s))Vs(X(s))X(s)ds) is ab-
solutely continuous. In the same way, one proves that.measures
(22)4(=2c(Z5(5))Ws(V(5))V(s) ds), (Z2)4(2p(X (5)) X (s) ds) and
(22)£(29(Y(s))V(s) ds) are absolutely continuous, so that the functions R, S, p and
o as given by (5.21b)-(5.21e) are well-defined.
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Let us prove (5.22a). We have
(5.25) / R(25(5))Z5(s) ds = / 2¢(Z3(5))Vs(X ()X (s) ds
z;71(4) Z;1(A)
for any Borel set A, and we want to show that for any measurable set B,

(5.26) /BR(ZQ(S>)ZQ(S) ds=/1320(23(5))])3(%(3))/1.’(3) ds.

For any measurable set B, we have the decomposition Z;'(2,(B)) = B U (BN
Z57Y(2,(B))). Let us prove that Z, = 0 on BN Z5!(2,(B)). Consider a point
5 € B°N 2,1 (25(B)). There exists § € B such that Z,(5) = Z,(5), which implies,
since Z, is nondecreasing, that Z, = 0 on the interval joining the points 5 and .
Since 5 was arbitrary, we conclude that Z,(s) = 0 for all s € B¢ N 25 (Z,(B)).
Then, by an estimate as above, we get

/ . 2c(25(s))Va(X(s)) X (s) ds
Benz; (22(B))

1 . 2
<22 ( [, BE) =0
2

Hence, by taking A = Z5(B) in (5.25), we obtain (5.26). Thus,
R(25(s)) Za(5) = 2c(25(s)) Va(X (5)) X (5)
which yields, because Z5(s) = 2V5(X(s))X (s),
R(Z5(s))Va(X (s)) = c(Z5(5))Va(X(s))
for any s such that X'(s) > 0. Similarly, one proves (5.22b), (5.23a) and (5.23b).

Step 4. We show that R, S, p and o belong to L*(R), and u, = 3@5) Since

/ R*(z)dx = / R%*(Z4(s))Z4(s)ds by a change of variables
R R

—9 /}R R2(Zy(s))Va(X ()X (s)ds by (3.26)

(SER| Va(X(s))>0} Va(X(s))

-7 /{56M<X(s>>>0} V(X (s))
< 4/V4(X(5))X(s) ds by (3.24c)

< 4/R (V4(X(s))2\>(s) + W4(y(s))y(3)) ds since Wy >0

:4/24(5) ds
i
< A4||Z2{]|r=®) by (3.25),
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R belongs to L*(R). Similarly, using (5.22b), (5.23a) and (5.23b), one proves that
p, S and o belong to L?(R), respectively.
Let ¢ be a smooth test function with compact support. We have

[ o) da

5))px(2Z2(5))Z2(s) ds by a change of variables

[ @)
= [ 2@z ds by G210

/ Z(s ))ds by integrating by parts
: / (VX (5) R () + W(D()V(5))9(Za(5)) ds

T /R C(ZiW(R(ZZ((S»Vz(X(S))X(s)
— S(Z5(s))Wa(V(5))V(5)) $(2a(5)) ds by (5.22)

1 .
- /R M(R(Zg(s)) — 5(24(5)))¢(2s(s)) Z2(s) ds by (3.26)

- _/ m(}%(gp) — S(x))¢(x)ds by a change of variables.

Hence, u, = f(i in the sense of distributions.

Step 5. We prove that f,c = $(R*+ c(u)p?) dz and vae = $(5? + c(u)o?) dz. Let
(5.27) A—{56R|V2( (s)) >0} and B =(23(A%)".
Since Z, = 2V5(X)X, we have Z, = 0 on A, so that

meas(B°) = / Z(s)ds =0,

Since Z,1(B®) = Z;1(2,(A°)) D A°, we have Z,'(B) C A% Let M be any Borel
set. We have u(M) = u(M N B) 4+ u(M N B°), and we claim that p(M N B) is the
absolutely continuous part of y. Since M N B C B, Z,'(M N B) C A. Hence,

u(M N B)
_ / o Va(X ()X (s) ds

B VX)) 5
-/ s W) e

:/ (c(Z3(5))Vs(X(5)))* + c(Zs(s ))IJQ(X(S))X
2,1 (MnB) 2V5(X (s))

(s)ds by (3.24¢c)

4The following example is useful to have in mind. Suppose that Z5 is strictly increasing outside
an interval I on which Z; = 0. Assume further that A¢ is a subinterval of I. We have V5(X) =0
on A% and X =0 on I\ A°. In this case it is not hard to check that Z;(B) C A
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/ S (R*(2a(5)) + c(25(5))p*(Za(s)))2V2(X ()X (s)ds by (5.22)

.4>\>—k »h\»—'

/ L(MNB) (R*(25(s)) + C(Z3<5))P2(Zz($)))32(s) ds

/ (R*(z) + c(u(x))p*(z)) dv by a change of variables.
MNB

It follows that for any Borel set M with measure zero, u(M N B) = 0, so that
tae = 1(R*(z) + c(u(x))p*(z))dx. Similarly, one proves that v, = +(S%(z) +
c(u(z))o*(z)) dz.

For further reference, let us prove that the singular part of p1, pging(M) = p(M N
B¢) = u(M N Z5(A°)), can be written as

|

(5.28) Jring(M) = / g VDX
We have

(5.29) Using(M) = /z I V4(X(s))X(s) ds
and

2,1 (M N 25(A%)) = 251 (M) N 251 (25(A%))
=2 (M) N (AU (AN 251 (25(A%)))
= (231 (M) N A) U (21 (M) N (AN 271 (25(A%))))-
Either the set AN 2y 1(Z5(A°)) is empty, or Z, is constant on AN Z{l(Zg(AC)), and

that Zg = 2V,(X)X = 0 and, since V5(X) > 0 on A, we must have that X = 0 on
AN Z;1(25(A%)). Then (5. 28) follows from (5.29). In a similar way, one shows that

Vang(M) = / g AN (5) s

O

By using the semigroup S we can, together with the mappings from D to F and
vica versa, study the solution in the original set of variables, for given initial data
in D.

Lemma 5.9. Given (ug, Ro, So, po, 00, Lo, o) € D, let
(’LL, R7 S7 P, 0, Wy V)(T> =Mo ST o L(’LL(), R0> 507 Lo, 0o, Ko, UO)
and
(Z7p7 q) =S0Co L(Uo, ROa SOa P05 00, Ho, VO)'
Then, we have

(5.30) u(t(X,Y),z(X)Y)) =U(X,Y)
for all (X,Y) € R?,
(5.31a) RIH(X,Y),a(X,Y))zx(X,Y) = c(U(X, Y))Ux (X, Y),

(5.31b) p(t(X,Y),2(X,Y))ax(X,Y) =p(X,Y)
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for almost every (X,Y) € R? such that xx(X,Y) > 0, and

(532&) S(t(Xa Y)a x(Xv Y)).fy(X, Y) = _C(U(X7 Y))UY(Xv Y)v
for almost every (X,Y) € R? such that xy(X,Y) > 0. Furthermore, we have
1 1

in the sense of distributions.
Proof. Given (X,Y) € R? we denote t = ¢(X,Y) and Z = 2(X,Y). Let
(X, Y, 2,V W,p,q) = Eoti(Z,p.q).
We have t(X(s),V(s)) = t, Z2(s) = z(X(s),V(s)) and Z3(s) = U(X(s),V(s)).

Notice that we can write
(u, R, S, p,0, p, v)(t) = M o Sg o L(ug, Ro, So, po, 70, fto; o)

=MoDoEot;oSoCoL(ug, Ry, So, po, 0o, o, Yo)
=MoDoEotiZp,q)
=MoD(X,V,Z,V,W,p,q),

so that we can apply Lemma 5.8, from which we have that u(f,z) = Z3(s) for any

s such that T = Z5(s). This implies that, for any § such that

(5.34) t(X(5),Y(5)=t=tX,Y) and z(X(5),Y(5))=z=x(X,Y),

we have

u(t,z) = U(X(3),(3)).
Then, (5.30) will be proved once we have proved that

(5.35) U(X(s),Y(5)) = UX,Y).

We show that when (5.34) holds, then either (X,Y") = (X(5),Y(5)) or

(536) CCX:IYZUX:UYZP— =0

in the rectangle with corners at (X,Y") and (X(5),)(8)), so that (5.35) holds in
both cases. We first consider the rectangle where X'(5) < X and Y(5) < Y. Since
xx > 0and zy > 0, (5.34) implies that zy = 0 and zy = 0 in [X(3), X] x [V(3),Y].
By (4.12¢), we have Ux = Uy = p = ¢ = 0 in [X(3), ] x [Y(38),Y], so that U is
constant and we have proved (5.35). In the case where X'(5) < X and Y(5) > Y, we

I
find, since tx > 0 and ty <0, that tx = 0 and ty = 0 in [X(3), X] x [Y,Y(5)]. By
(4.12a), it follows that zx = zy = 0 and we prove (5.35) as before. The other cases
can be treated in the same way. Thus, (5.35) holds and we have proved (5.30). We
prove (5.31a) and (5.31b). By (5.22a), (5.22b) and the definition of E, we have

R(t, x(X(s), Y(s)))wx (X(s), Y(s)) = c(U(X(s), Y(s)))Ux (X(s), V(5)),

p(t, 2(X(s), Y(s)))zx (X (s), V(s)) = p(X(s), V(s)),

so that
R(t(X,Y)

p(HX,Y), (X, Y))wx (X(5), Y(5)) = p(X(5), V(5))

=4
I
=
£l
e

e
o
<
in/\
I

a
=
=
o
<
o
5
=
o
<
o
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for any § such that (5.34) holds. This implies (5.31a) and (5.31b) because when
(5.34) is satisfied, then either (X,Y) = (X(5),Y(5)) or (5.36) holds. Similarly, from
(5.23a) and (5.23b), we obtain

S(HX,Y),2(X, Y))ry (X(5), V(5)) = —c(U(X(5), Y(5))Uy (X(5), Y(5)),
o (LX), 2(X, Y )y (X(5), Y(5)) = (X (3), Y(5))

for any 3 such that (5.34) holds, so that (5.32a) and (5.32b) follows. Now we prove
(5.33). Let ¢(t, ) be a smooth test function with compact support. We have

// (uepy)(t, x) dt dz
R2

= / /]R ((wor) o (tx)(txzy — tyxx))(X,Y)dX dY by a change of variables
_ / /R (U610 (10) bxry — tyax))(X,Y)dX Y by (5.30)
= / /R Z (U(px o (t,z)zy — dy o (t,2)2x))(X,Y)dX dY by calculating ¢x and ¢y
(Uzy)x — (Uzx)y)po (t,2))(X,Y)dX dY by integrating by parts
(Uxzy — Uyzx)do (t,2))(X,Y)dX dY

((R 5 ) (t x)xxfcy)(X,Y) dXdY by (5.31a) and (5.32a)
2 (( (R+S) ) (t, ) (txzy — tyxx)> (X,Y)dX dY by (4.12a)
(2(R + S)(b) (t,x) dt dz,

which proves the first identity in (5.33). The second one is proven in the same
way. O

5.4. Semigroup of Solutions in D. Now we can define a mapping on the original
set of variables, D.

Definition 5.10. For any T > 0, let Sy : D — D be defined as
ST =Mo ST oL.

Since
SpoSp=MoSroLoMoSpoL

it would immediately follow from the semigroup property of Sy that Sy is also a
semigroup if we had L o M = Id, but this identity does not hold in general. To see
this consider an element 1 in F. By Definition 3.3 we have z; + J; € G, which in
particular means that z; + J; — Id € L®(R). Let £ = M(%) and ¢ = L(¢). From
Definition 3.4 we have Z; + J; = Id, and it is clear that in general we have 1 # ).

It is the aim of this section to prove that Sy is a semigroup. The idea is loosely
speaking the following. Assume that x;(X) + Ji(X) = f(X) where f € G. We
associate to z; and J; the functions Z; and J; such that Z; + J; = Id. We observe
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that the transformation z,(X) = z,(f (X)) and Ji(X) = Ji(f~1(X)) is such a
mapping. The identities (3.7) and (3.8) allow us to define the remaining elements
of 1, see Definition 5.11 below. The transformation of 1 to 1 defines an action of
G? on the set F. It defines a projection II from F on the set

foz{w:('(/)hwg) E./_'.|"L'1+J1:Id andx2+J2:Id}.
Thus, we have ¢ = I1(1)).

We prove that the map S7 is invariant under the group acting on F. Thus, we
have to define the action of G? on the sets C, G and H. The definition of the action
on F will naturally lead to the definition of the action on the set of curves C and
the set G. We define the action of G? on the set of solutions #H so that it commutes
with the e operation, see Lemma 5.15 below.

Then we prove that the map M satisfies M = Moll, and that Fy contains exactly
one element of each equivalence class of F with respect to G2.

Definition 5.11. For any 1 = (1,1v») € F and f,g € G, we define 1 = (11,1»)

(5.37a) 11 (X) = 21 (f(X)), Ta(Y) = m2(g(Y)),
(5.37b) U1(X) = Ui(f(X)), U2(Y) = Ua(g(Y),
(5.37¢) Ji(X) = N(f(X), B(Y) = Ja(g(Y)),
(5.37d) Ky(X) = Ki(f(X), Ry(Y) = Ky(g(Y)),
(5.37¢) Vi(X) = f(X)V(f(X)), VoY) = g (V)Va(g(Y),
(5.37f) Hy(X) = f'(X)Hi(f(X)), Hy(Y) = g'(Y)Ha(g(Y))

The mapping F x G? — F given by ¢ x (f,g) Y defines an action of the group
G? on F and we denote v = - (f,g).

Proof of the well-posedness of Definition 5.11. We prove that 1) = (¢, 1,) belongs
to F. We only show that v; satisfies the conditions in Definition 3.3. The proof is
similar for 1. First we show that v, satisfies the regularity conditions in (3.5). We
will use the following result throughout the proof. By Lemma 3.8, there exists v > 0
such that ﬁ < f/(X) €1+ a for almost every X € R and <J¥)<l+a
for almost every Y € R.
Since x1 — Id, f — Id € L*(R),

T(X) = X = (21 (f(X)) = f(X)) + (f(X) = X)
and Z; — Id belongs to L>(R). We differentiate and obtain

71 (X) = 1= (21 (f(X)) = Df(X) + (f'(X) = 1).
Since z} — 1, f' — 1 € L>®°(R) and p%a < f <14 a, ) —1 belongs to L>(R).
Moreover, by a straightforward calculation, we get

J @0 —12ax <2 [ @) - v reorax 2 [ (100 - 17 ax
<2(1+a) /

R

=2(1 +a)/(x'1(X) - 1)2dX+2/(f’(X) —1)%dX,

R

1
1+«

(@ (00) = AP X + 2 [ (70X = X

R
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where we used a change of variables in the last equality. This shows that ) — 1 €
L*(R) because zj — 1, f'—1 € L*(R). Since J; € L(R) it follows immediately from
the definition of J; that it also belongs to L=(R). We have J;(X) = J|(f(X))f'(X),
so that J{ € L®(R) because J{ € L*(R) and 1= < f < 14 a. The function Jj
also belongs to L?(IR) since

(5.38) / T(X)? dX = / ()2 F(X)? dX
<(1+a) / L)) F/(X) dX
=(1+a) / Ji(X)*dX by a change of variables

and J| € L*(R). In a similar way, one shows that K, € L*(R) and K|, H,,V; €
L*(R) N L*°(R). We have

/]R Oy (X)2dX — /R UL f(X))?jZ:g; X

<(1+a) / UL (F(X))2/(X) dX

=(1+a) / Ui(X)*dX by a change of variables,
R

so that Uy € L*(R) N L=(R) as Uy € L*(R) N L*(R). Hence, we have proved (3.5).
By differentiating Z; and J;, we find that the inequalities in (3.6) are satisfied since

x/l,J{ZOandf’zlJ%a>O.

The relations in (3.7)-(3.8) follow by direct calculation, for example, we have
71 (X)J1(X) = f(X)?2, (f(X)) 1 (f(X))
= (X [(c(U(FONVA(F(X)))? + e(UL(f(X)) HE (f(X))]
= (c(U1 (X)) Vi(X))? + (U (X)) HE (X).
Let us prove that 7; + J; € G. We proved above that 7, — Id,J; € L*(R)
and 7} — 1, J] € L*(R) N L>(R), which implies that z; + J; — Id € W"*(R) and
i+ J —1 € L*R). Since z1 + J; € G we get by Lemma 3.8 that there exists

a1 > 0 such that 1+1a1 <2y +J] <1+ a; and 7, + J; is invertible because

1 71 o / / 1
(X)) + Ji(X) = f(X) (@ (f(X)) + J1(f(X))) > RETEY) > 0.

We prove that (7; + J;)~! — Id belongs to W1*°(R). Since
(.fl + jl)_l —Id = f_l o (Il + Jl)_l —1Id
= f_1 o (-T1 + Jl)_l — (.7}1 + J1)_1 + (Il + J1)_1 —1Id

and f' —Id, (z; + J1) "t —Id € L®(R), (Z; + J1)~' — Id belongs to L>(R). Let
v =T + J;. We have

1 1
(,Ufl)/ — — :

v ) )@ (o) + S1(f)
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so that
1
(1 + a)(l + Ckl)
and ((Z, + J1)7!)’ — 1 € L=(R). Hence, we have proved (3.9).
We prove (3.10). Since f—Id € L*(R), we have Xlim f(X) = —oo. This implies,
——00

by (3.10), that

<@ -1<(0+a)(l+ay)—1

Jim Ji(X) = Jim_(f(X)) = 0.

In order to prove the identities (3.11a) and (3.11b) we have to define the action of
G*on C.

Definition 5.12. For any (X,Y) € C and f,g € G, we define (X,)) as

(5.39) X=f"'oXoh and Y=g 'oYoh,
where h € G is the re-normalizing function which yields X +) = 21d, that is,
(5.40) (f'oX +g'oY)oh=2Id.

The mapping C x G* — C given by (X,Y) x (f,g) — (X,) defines an action of
the group G* on C and we denote (X,Y) = (X, V) - (f,9).

The action corresponds to a stretching of the curve in the X and Y directions.

Proof of the well-posedness of Definition 5.12. Let v = %(f‘1 oX +g1to)). We
want to prove that v belongs to G' by using Lemma 3.8. We have

1
U—Id:i(ffloX—X—&—X—&—g’loy)—Id
:%(fflonX+21dfy+gfloy)—Id

1
:§(f_1oX—X+g_loy—y)

which belongs to L>®°(R) because f —Id, g — Id € L*°(R). Since f and g belong to
G, we have, by Lemma 3.8, that there exists a > 0 such that H%x <(fY<l+a
and —— < (g7!)" < 1+ «a almost everywhere. Then,

14+«
1 . . 1 . .
V= LY 0 X)E 4 (g7 o)) < (1 + )+ D) =140
and, similarly, we obtain that
1

5.41 "> .

( ) v= 1+

We show that v is absolutely continuous. Let (s;,8;), ¢ = 1,..., N, be non-

intersecting intervals. We have

S le(s) — vl = 5

/"(‘”)(fl)'(x) dX’ i ‘ /wsi)(gl)’(Y) dYD

Y(si)
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N

(L) D (12 () = X(s0)| + V(E:) = V(si)])

<

N =

i=1

N
<21+a) ) s —sil,

i=1

where we used that X and y are bounded by 2. Hence, v is absolutely continuous.

Let us prove that if w € G, then (w™!)’ — 1 belongs to L*(R). Since wow ™! =1d,
we have (w ow™)(w™!) = 1, so that, by Lemma 3.8, (w™!) < 1+ for some 3 > 0.
This implies that

(5.42) [ (@@ =12
= [ (@ @) = o ) 0 @) do
= [a=wo @) @) de
<+0) [ =0 Y @) do

<(1+0) /(1 —w'(z))*dx by a change of variables,
R

which is bounded because w’ —1 € L*(R), and we conclude that (w™')'—1 € L*(R).
Since X + )Y = 2, we have

V1= S o X)E (g7 o W) - 2)
= S o X)E — &t (g7 0 )Y~ V).
Hence,
/R(v'(s) _1)2ds
= LU 0 X)) = F(s)+ (g7 0 V)I) = V(o)) ds
<5 (Y 0 X)) = H(s) s

+3 [ o)) = I s

< /R((f_l)/ o X(s) — 1)2.98(5) ds
+ /((g_l), 0 Y(s) —1)?Y(s)ds since X <2and Y <2

= 4((f71)l(X) —1)?dX + /R((gfl)/(Y) —1)>dY by a change of variables

and by (5.42), we conclude that v/ — 1 € L*(R). Then, by Lemma 3.8, v € G.
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We define h = v~!. Since v o h = Id, (5.40) holds. We claim that h € G. Since v
belongs to G, we have that h — Id and h~' — Id belong to W'*°(R). From (5.42),
we get that i/ — 1 € L*(R). Therefore, h € G.

Now we prove that (X,)) € C. We have X — Id € WH*(R) since

X—-Id=f'oXoh—Xoh+Xoh—h+h—-1d

and f~' —1Id, X —Id, h — Id € WH(R). Since X > 0, we get

- . 1 .
_ (-1
X=(f )'oXoh)(Xoh)h/ZmXthO.
Similarly, one shows that Y —Id € W1*(R) and Y >o. "The identity (2.40c) is
satisfied since v o h = Id, which we proved above. Hence, (X,Y) € C. O

End of proof of the well-posedness of Definition 5.11.

It remains to prove (3.11a) and (3.11b). Let (X,)) € C. Then (X,)) = (X,)) -
(f7',g7') belongs to C. In particular, x;(X(s)) = x2()(s)) for all s € R and
the identities (3.11a) and (3.11b) hold for the elements corresponding to (¢, 12).
Furthermore, (X,)) = (X,Y) - (f, g), which implies, using the same notation as in
Definition 5.12, that

71(X(5)) = 21(X (h(5))) = 22(V(h(s))) = T2(V(5))-
We find - o
Ui(X(s)) = Ur(X(h(s))) = U2(Y(h(s))) = U2(P(s)),
which proves (3.11a). Since
. X (h(s))l'(s)
X(s) = 2NN
=)
we have
Vi((5)) X (s) + Va(P(5))V(5) = 1 (5) [Vi(X (h(5))) X (h(3)) + Va(V(h(3))) Y (R(s))]

and we obtain

Va(R(5)2(5) + Va(D()I(s) = V(X (h(s) = +-D2(E(s))
= LUD(E) = 7-0(5)).
This proves (3.11b). O

Definition 5.13. For any © = (X,Y,Z,V,W,p,q) € G and f,g € G, we define
e = (X,y,Z,V,W,ﬁ,Q) as

(5.43a) (X,D) = (X,9)-(f.9),

(5.43b) Z=Zoh,

where h is given by (5.40), and

(5.43¢) V(X) = f(X)V(f(X)), W(Y) =g (Y )W(g(Y)),
(5.43d) p(X) = f(X)p(f(X)), a(Y) =g'(V)a(g(Y)).

The mapping G x G? — G given by © x (f,g) = © defines an action of the group
G? on G and we denote © = 0O - (f,g).
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Proof of the well-posedness of Definition 5.13. We have to prove that © belongs to
G. In the proof of the well-posedness of Definition 5.12, we showed that (X,)) € C.
We check that ||©]|g and [||©]||g are finite. Since f,h € G, we have from (3.3) that
f—=1d,f7! —1d,h — Id € W1*°(R) and therefore, by (3.18), we conclude that the
quantities

so_z Ly
B =2 (@ -1

1
=Zioh——(f'oXoh—1d)

¢(0)
1
:Zloh—W(f_loXoh—Xoh—i—Xoh—h—l—h—Id)
c
a 1 -
:Zloh—@(f YoXoh—Xoh+h—1d),

Zg:Zg—Id:Zzoh—Id:Zzohfh+h—1d:2§oh+h—ld

and ~ -
Zt=2,=Z,oh=2Z"oh forie€ {3,4,5}

belong to L*(R).

By Lemma 3.8, there exists § > 0 such that
(5.44) f(X)>46, ¢(X)>0d, and hn'(X)>9,
for almost every X € R. This yields

/Rzg(s)st - /]R(Z;;oh(s)fds < %/}R(Z;;oh(s))zh’(s) ds = %/Rzg(s)ms

by a change of variables, and we conclude that Z; € L?(R). Furthermore, we have

e _ vy _ L
VI=Vi= o)
, 1
:fvlof—m
Y V 1 1 / 1
—f<10f—20(0)>+20(0)(f—>
1
:f/VfOfJFT(O)(fI*l)’
7a_771_l o 71_/ o 71 1/7 — flya g 1/7
V=i g = eef—g= (Vo= 3) 45D = Ve s+ 5~ )
VE=V,=[fViof=fViof forie{345},
p=/[pof
and
i=gpog

which implies, by (3.3), (3.4) and (5.44), that all the components of V* and p and §
belong to L?(R) N L*(R). Similarly, one shows that the components of WW* belong
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to the same set. From (5.43c) and (5.44), we see that the inequalities in (3.22) are
satisfied for ©. Since
1 1 1

Vot Vs Vo f i Viof) S (Vaof 1 Viof)

and
B 1 _ 1
Wy + W, B g’(WQOg+W4og) B 6(W2Og+W4Og)7
1—};174 and Wz-lw'\a belong to L>(R). Hence, ||8]|g and |||8|||g are finite. By (5.39),
we obtain

= V(X (5))X(s) + W(D(s)))

and we have proved that © satisfies (3.23). The relations (3.24a)-(3.24d) follows by
direct computation, for instance, we have

2V4(X)Vo(X) = 21 (X)Va(f(X))Va(f (X))
= 2f"(X)Va(X(h))Va(X ()
= F/(X)[(c(Z5(h)Vs(X (1)))* + c(Z5(h))p(X (R))?]
= J'(X)*[(c(Z5)Vs(f(X)))* + c(Za)p(f (X))?]
= (c(25)Vs(X))? + c(Z3)p(X)*.
It remains to prove that (3.25) holds for ©. Since h—Id € L*(R), lim h(s) = —oo0,

so that - T
Tim Zy(s) = lim_ Zi(h(s)) = 0
and we conclude that © € G. O
Definition 5.14. For any (Z,p,q) € H and f,g9 € G, we define
(5.45a) Z2(X,Y) = Z(f(X),9(Y)),
(5.45b) PX,Y) = f(X)p(f(X), 9(Y)),
(5.45¢) (X, Y) =g’ (V)q(f(X),g(Y)).
The mapping H x G* — H given by (Z,p,q) % (f,g) = (Z,b,q) defines an action
of the group G* on H and we denote (Z,p,q) = (Z,p,q) - (f,9)-
Proof of the well-posedness of Definition 5.14. Condition (i) of Definition 4.13 im-

plies that for any (Z,p,q) € H, we have
(5.46) 70 e WHRRHP,  Zg € Wy R, 23 € W™ (R*)],
pEWy™(R®), g€ Wy (R,

(5.47) (Zx(X,Y))y = F(Z)(Zx, Zy)(X,Y)
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for almost every X € R,

(5.48) (Zr(X,Y))x = F(Z)(Zx, Zy)(X,Y)
for almost every Y € R,

(5.49) py(X,Y)=0

for almost every X € R,

(5.50) ax(X,Y)=0

for almost every ¥ € R. We first prove that the same regularity conditions hold for
(Z,p,q). Let us consider the first component of Z. We have, by (4.5),

ZH(X,Y)

= (). 901) = 35 (X =)
= Z1((X).900) = 55 () =00 + 5 () = 9(1) = g (X =)
= Z(1(X).9() + 505 (/) = X +¥ = g(¥)

Since f —1Id,g — Id € L*(R) and ¢ > %, we get, by (5.46), that Z¢ € L>(R?). We
differentiate and obtain

Zix(XY) = f(X) 27 x (f(X),g(Y)) +

and

_ 1

Ziy(XY) =g (V) 27y (f(X),9(Y)) — m(g'(y) —1).
Since f and g belong to G, we have, by Lemma 3.8, that there exists a > 0 such
that ﬁ < f(X) < 1+ « for almost every X € R and ﬁ <Jd¥)<l+a
for almost every ¥ € R. This implies, by (5.46), that Z{ \, Z¢, € L*(R?) as
f'—=1,¢ —1€ L*R)and ¢ > L. We have

K

sup || 2§ x (X, )|y < (1 + @) sup || Z] x (X, )] oo m) + 5(a+2)
XeR XeR

and B .
sup || 23y (5 V)l @) < (L+ @) sup || 21y (5 Y)lm + 5(a +2).
YeR YeER

Differentiating Z{ y and Zﬁy yields
sup [| 27 xy (X )o@y < (14 @) sup [| 27 3oy (X, ) |zoqmy
XeR XeR

and -
sup [| 23y x (Yl < (14 @) sup || 27y x (V)| o).
YeER YeR

From (5.46), we conclude that Z{ v € Wy™*(R?) and Z¢, € Wy¢*(R?). One proves
the same inclusions for the other components of Z in a similar way. We have

sup [[p(X, [z < (14 @) sup [[p(X, )| (r)
XeR XeR
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and
sup [[g(- Y[y < (14 a) sup [lg(-, Y[z
YeR YeR
which are bounded by (5.46). From (5.49) and (5.50), we have
Py (X,Y) = f(X)g' (Y)py (f(X),9(Y)) =0
and
ix(X,Y) = f(X)g'(V)ax (f(X),9(Y)) =0,
so that condition (iv) and (v) of Definition 4.5 are satisfied. Moreover, 7 € W™ (R?)
and ¢ € Wy™(R?), so that conditions (i) of Definition 4.5 holds. By using the
linearity of the mapping F'(Z), we obtain
Zxy = I'9'Zxv ([, 9)
= "9 F(Z(},9)(Zx(f.9). Zv(f.9))
= F(Z(1,9)(f'Zx(f,9),9' 2y (f,9))
= F(Z)(ZX7ZY)a

so that conditions (ii) and (iii) of Definition 4.5 are satisfied. It remains to show
the relations in (4.12). The identities (4.12a)-(4.12¢) follows by direct computation.
For instance, we have

2JxTx = 2(f")Ix(f,9)xx(f. 9)
V(Uf,9)Ux(f,9)) + e(U(f,9))p(f,9)]
c(U(f,9) f'Ux(f,9)* +c(U(f, 9))(f'p(f.9))?
)Ux)? + c(U)p*.

Ix +Jx = fxx(f,9) + Ix(f,9)) = 1+a(9«"x(f79) + Jx(f,9)) > 0.

Similarly, one shows the other inequalities in (4.12d)-(4.12f). Hence, we have proved
that (Z,p,q) satisfies condition (i) of Definition 4.13. To prove that the second
condition is satisfied, we need the following lemma.

Lemma 5.15. For any (Z,p,q) € H, T = (X,Y) € C and ¢ = (f,g) € G*, we have
(Z,p,q) o) o= ((Zp.q)-¢)e (I 9).

Proof. Let
0 =(X,V,2,V,W,p,q) = (Zp,qeT,
0= XV, Z,V,W,p,9) =09,
[=(X)Y)=T"9¢,
(Z,p,0) = (Zp.q) - &,
O=(XV.ZV.W.p,0) =(Zpq el
We want to prove that © = ©. By (5.45a), (5.39) and (5.43b), we get

(
Z=2(X,Y)=Z(foX,goY)=Z(XohYoh)=Zoh=2Z.
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We have
V(X) = Zx(X,D)
f(X)Zx(foX,god) by (5.45a)
f(X)Zx(Xoh,Yoh) by (539)
= f(X)V(X oh)
F(X)V(foX) by (539)
=V(X) by (5.43c).

In a similar way, one shows that W=W. Moreover,

p(X) =p(X,Y)
= f(X)p(foX,god) by (5.45b)
— F(X)p(Xoh,Yoh) by (5.39)
— F(X)p(X o )
= [(X)p(foX) by (5.39)
=p(X) by (5.43d).
and
i(Y) =aq(x,y)
=g (V)a(foX,goY) by (5.45¢)
=g (Y)q(X oh,Yoh) by (5.39)
=g (V)aYoh)
=g (Valged) by (5.39)
=q(Y) by (5.43d)
and we have proved that © = O. 0

End of proof of the well-posedness of Definition 5.14. Now we prove that for any
¢ = (f,g) € G*and (Z,p,q) € H, (Z,p,q), as defined in (5.45), satisfies condition
(ii) in Definition 4.13. Since (Z,p,q) € H, there exists a curve I' € C such that
(Z,p,q) eI € G. Consider the curve I' = I' - ¢ which, by Definition 5.12, belongs to
C. By Definition 5.13, ((Z, p, ¢)eI')-¢ belongs to G. This implies that (Z, p, q)el € G,

as

(Z.p,q)oT =((Z,p,q)-¢) ¢ (T ¢) by (5.45)
=((Z,p,q)eT) ¢ by Lemma 5.15
and we have proved the last condition. Hence, we conclude that (Z,p,q) € H. O

Lemma 5.16. The mappings E, tr, S, D and C are G*-equivariant, that is, for
all o = (f,g) € G*, we have

(5.51a) E((Z,p,q)-¢) = E(Z,p,q) - ¢,
(5.51b) tr((Z,p,0) - ¢) = tr(Z,p,q) - ¢
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for all (Z,p,q) € H,

(5.51¢) S(O-¢)=8(0)-¢
for all ©® € G,

(5.51d) D(©-¢) = D(©®) ¢
for all © € Gy, and

(5.51e) Cly-¢)=C(y)-¢
for all yp € F. Therefore Sy is G*-equivariant, that is,
(5.51f) Sp(¥-¢) = Sr(¥)- ¢
for ally € F.

Proof. We decompose the proof into six steps.
Step 1. We prove (5.51a). Let

9—(95 Y, Z,V,W,p,q9) = E(Z,p,q),
= (XY, ZV,W.5,9) =69,
(Z.p, q) (Z.p,q)- o

(Xyzvvqu) E(Z.p,q).
We want to prove that © = ©. First we show that (X,)) = (X,Y). By (5.3) and
(5.45), we have
(5.52) X(s) =sup{X e R | t(f(X'),9(2s — X')) < 0 for all X’ < X}.
From (5.3), we have (X (s),)(s)) = 0, so that ¢(X o h(s),) o h(s)) = 0 which
implies, by (5.39), that t(f o X(s),g o Y(s)) = 0. Hence, by (5.52), X < X. Let
us assume that X(s) < X(s) for some s € R. Since f and g are strictly increasing
functions, we have f(X(s)) < f(X(s)) and g()(s)) < g(Y(s)) which implies, by
(4.12a) and (4.12d), that

t(f o X(s), g0 V(s)) < t(f o X(s), g0 V(s)) < t(f o X(s), 90 V(s)).

By (5.52), we have t(f o X(s),g o Y(s)) = 0 and since t(f o X(s),g o Y(s)) =
t(X o h(s),Y o h(s)) = 0, the monotonicity of ¢ implies that ¢(X, Y) = 0 for all
(X,Y) € [foX(s), foX(s)] x [goV(s), g0 V(s)]. If foX(s) < 2h(s) —goVs),
set X' =2h(s) —goY(s) and Y' = go Y(s). We get
foX(s) < X' <2h(s) —god(s) =2h(s) —Voh(s) =X oh(s) = foX(s),

that is, X’ € [foé?(s),foéff(s)L so that t(X’,Y") = 0. Thus, we have t(X',Y’) =0,
X' < Xoh(s) and X'+Y' = 2h(s), which contradicts the definition (5.3) of (X,Y
at h(s). If foX(s) > 2h(s)—go(s), let X' = foX(s) and Y’ = 2h(s) — fo X(s),
which implies that X’ < f o X(s) = X o h(s) and

goY(s) =Y oh(s)=2h(s) — X oh(s) = 2h(s) — f o X(s)
<2h(s)— foX(s) =Y < gol(s),
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so that Y’ € [go)(s), goY(s)]. Thus, t(X’,Y") = 0 which is a contradiction, because
X" < Xoh(s) and X" + Y’ = 2h(s). Hence, we must have X = X, which implies
that ¥ = ). Then, we get

E((Z.p.q)-¢)=((Zp.q) ¢)e(X.D)
=((Z,p.q) - ¢) (X))
=((Z.p,q)-0) o (X,)) - 9)
=((Z,p,q) e (X,Y))-¢ by Lemma 5.15
=E(Zp.q) ¢
and we have proved (5.51a).
Step 2. Let us prove (5.51b). We denote

=(Z,p,q). By (5.45) and (5.1), we obtain
t=t-T=t(f.g)-T=4fg) =1t
t=i=u(fg)=(f9) =7
ﬁ:ﬁ:f/p(fag):f/ﬁ(fvg):]%

By a calculation similar to the one Where it is shown that £ = T, one obtains for

the remaining components that Z=2.
Step 3. We prove (5.51¢). For any © = (X, ), Z,V, W, p,q), we denote

(Z,5,4) =S(©-¢),
(Z,p,q) = S(0),
(Z,p,0) = (Z,p,q) - ¢.

We want to prove that (Z,p,4) = (Z,p,7). From the definition of the solution
operator S in (4.80), we have

(Z,p.0) o (X, V) ¢)=0-¢ and (Zp.q)e(X,V)=0
which implies, along with Lemma 5.15, that
=((Z,p,a)e(X,)) - ¢=06"0.

Hence, (Z,p.q) and (Z,7,q) are two solutions to the same data © - ¢. By Theorem
4.15, the solution is unique, so that (Z,p,q) = (Z,p, q).
Step 4. Now we prove (5.51d). For any © = (X, ), Z,V, W, p,q) € Gy, let

é: (2737’2797W7ﬁ7q) :@'¢7
¥ = ($1,42) = D(6),
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¢ = (¢17¢2) = D(@)7
w: (wlva) :/L/}(bv
where we denote 1 = (21, Uy, Ji, K1, Vi, Hy) and g = (rg,Ug,Jg KQ,‘/Q7H2) and

similar for ¢ and ¥. We want to show that ¢ = ¢. The proofs of ¥, = t; and
¢2 1)y are similar and we only show that 1/)1 ¢1 We have

F1(X(s)) = Z5(s) by (5.10a)
= Zy(h(s)) by (5.43b)
=x1(X oh(s)) by (5.10a)
= z1(f o X(s)) by (5.39)

=7,(X(s)) by (5.37a).
Similarly, one proves that U, =U;.
. X(s) _
(% (s)) = / Vi(X)dX by (5.10¢)

(o]

_ / Y OOV AX by (5.39) and (5,430

o]

Xoh(s)
= / V4(X)dX by a change of variables

o]

= Ji(X oh(s)) by (5.10c)
= Ji(f o X(s)) by (5.39)
= J1(X(s)) by (5.37c).

By a similar calculation, one shows that Ky = K;. From (5.10f), (5.43d) and (5.37f),
we obtain

Hi(X(s)) = p(X(s)) = [ (X(s)p(f 0 X(s)) = ['(X()) Hi(f 0 X(s)) = Hi(X(s)),
Hy(V(s)) = 4(V(s)) = g (V(s))alg 0 V(s)) = ¢'(V(s)) Hz(g 0 V(s)) = Ha(V(s)).

Similarly, one proves that V; = V4.
Step 5. We prove (5.51e). Given ¢ = (¢1,19) € F, we denote

U= (Y1, 02) =9 6,
0= (XY, 2,V W,p,q) = C(¥),
0= (X, Y,Z,V,W,p,q) = C(s),
O=(XV,ZV,W,p,0)=6-¢
We want to prove that © = ©. We first show that (X,Y) = (X,)). By (3.28) and

(5.37a), we have

(5.53) X(s) =sup{X € R | z; 0 f(X') < 290g(2s — X') for all X’ < X}.
From (3.29), we obtain 1 0 X o h = x5 0 Y o h which implies, by (5.39), that
z10foX = xzy0g0). Hence, by (5.53), X < X. Assume that X(s) < X(s) for some
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s € R. Since f and g are strictly increasing functions, we have f(X(s) < f(X(s))
and g(Y(s)) < g(Y(s)) which implies, by (3.6), that
r10foX(s)<miofoX(s)=mp0g0)(s) <xp0go0(s).

By (5.53), we have z10 foX (s) = x30g0)(s), so we must have 10 foX(s) = z10 fo
X(s) and zy0g0Y(s) = z50g0)(s). This implies, since x1 and z, are nondecreasing,
that 1 and x5 are constant on [foX(s), foX(s)] and [go)(s), goV(s)], respectively.
If foX(s) <2h(s)—goY(s),set X' =2h(s)—go)(s)and Y’ =goY(s). We get

foX(s) < X' <2h(s) —god(s) =2h(s) —Voh(s) =X oh(s) = foX(s),
that is, X' € [f o )?(SN),f o X(s)], so that z,(X’) = z1(f o X(s)). Similarly, we get
that 2o(Y”) = x3(g 0 Y(s)). Then, by (5.39) and (3.29), we obtain

21(X') = a1(f 0 X(s)) = 21(X 0 h(s)) = 22(Y 0 h(s)) = 22(g 0 V(5)) = w2(Y").
Thus, we have z1(X') = 25(Y’), X' < X o h(s) and X' + Y’ = 2h(s), which
contradicts the definition (3.28) of (X, Y) at h(s). If foX(s) > 2h(s) —goV(s), let

= foX(s) and Y’ = 2h(s) — foX(s), which implies that X" < foX(s) = Xoh(s)
and z1(X') = z1(f o X(s)). We get

goV(s) =Y oh(s) = 2h(s) = X o h(s) = 2h(s) — f 0 X(s)
<2h(s) = foX(s) =Y < go)(s),

so that Y’ € [go Y(s),g 0 Y(s)] and z5(Y’') = x5(g 0 Y(s)). Then, as before,
we obtain z1(X') = (Y’) which is a contradiction, because X' < X o h(s) and
X' +Y’ = 2h(s). Hence, we must have X = X which 1mphes that y=). Then,

by a straightforward calculation, one proves that Z2 = Z, V=V, W =W, p=p
and g = q. For example, we have
Z5(s) = Ur(X(s)) by (3.30¢)
= 01(X(s))
= Uy(f o X(s)) by (5.37h)
=U(X oh(s)) by (5.39)

= Z3(h(s)) by (3.30¢)
= Z4(s) by (5.43b),
_ 1 S
Vi(X(s)) = m%@f(s)) by (3.31a)
_ QC(U{ ff; (j)))E(s))x/l( FoX(s) by (5.37a) and (5.37D)
= ["(X(s)Vi(f o X(s)) by (3.31a)
= Vi(X(s)) by (5.43c),
and, by (3.31f), (5.37f) and (5.43d),
P(X(s)) = Hi(X(s)) = (X () Hi(f 0 X(5)) = ['(X(s))p(f 0 X(s)) = p(X(5)),
A(V(s)) = Hy(V(s)) = ¢'(V(s)) Ha(g 0 V(s)) = ' (V(s))alg o V(s

)
)
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This concludes the proof of (5.51e).
Step 6. We are now ready to prove (5.51f). Let

0=C«), (Zp,q9)=50), (Z,p.9=tr(Zpq), ©=EZpq, ¢=D(O)
We claim that Sr(¢ - ¢) = Sp(¢) - ¢. This follows from Step 1-6, as
Sr(46) =DoEotroSoC(y- o)
=DoEotroS(C(¥)-¢) by (5.51e)
=DoEotroS(0©-9)
=DoEotr(S(©)-¢) by (5.51c)
=DoEotr((Z,p,q) - ¢)
=DoE(tr(Z,p,q)- ) by (5.51b)

=DoE((Z,p,q9) - ¢)

— D(E(Z,5.9)-¢) by (5.51a)
=D(6-¢)

—D(O)-¢ by (5.51d)
=¢-¢

= Sr(¥) - ¢

O

Definition 5.17. We denote by F/G? the quotient of F with respect to the action
of the group G* on F. More specifically, we define the equivalence relation, ~, on
F as

for any ¥, € F, 1 ~ 1 if there exists ¢ € G* such that 1y = 1) - ¢.
For an element ¢ € F, we denote the equivalence class by
Wl={yeF|v~y}
We define the quotient space as
FIG* ={[¥]| v € F}.
Definition 5.18. Let
Fo={¢ = (1,¢2) € F | a1+ Jy =1d and x5 + Jo = 1d}

and 1 : F — Fy be the projection on Fy given by 1 = (1, 1) = I(¥) where ) € Fy
is defined as follows. Let

(5.54) F(X)=21(X)+ J1(X) and g(Y)=x9(Y) + Jo(Y)
and denote ¢ = (f,g) € G*>. We set
Y=1p-p".

Proof of the well-posedness of Definition 5.18. Since z1 + J; and x2 + J5 belong to
G, f and g belong to G and their inverses exist. We claim that f~! and ¢! belong
to G. This immediately follows from (3.3) and the following estimate. Since f € G,
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Lemma 3.8 implies that there exists o > 0 such that H% < f <1+ «a almost
everywhere, and we get

/R(f”(X)’— 1)2dX = /R (W)de

FUIX)
(1 f(F(X))?
S(”“)/R Frx)

~(1+a) [(1- 707X

by a change of variables. Hence, (f~!) —1 € L*[R) and f~! € G. The same
argument shows that g~! € G. Then the proof of the well-posedness of Definition
5.11 implies that ¢ = 1) - ¢! belongs to F. Furthermore, we have

21(X) + Ji(X) = (21 + J) o fTHX) = (21 + Ji) o (w1 + 1) TH(X) = X,
By a similar calculation, we get Zo(Y) + Jo(Y) = Y and conclude that ¢ € Fy. O
Lemma 5.19. The following statements hold:

(i) For any 1 and v in F, we have

(5.55a) Y~ if and only if TI(y) = T1(¢),
so that the sets F/G? and Fy are in bijection.
(i) We have

(5.55D) Moll=M
and
(5.55¢) LoM|g =1d|g, and MoL =1d,

so that the sets D, Fo and F/G? are in bijection.
(i1i) We have

(5.55d) [MoSpoll =1IIo Sr.
Note that the first identity in (5.55¢) is equivalent to
(5.56) LoMoll=1I

Before we prove the lemma we make some remarks.

Let & = (uo, Ro, So, po, 00, fto, o) € D. Consider ¢ = L(&), Y = Sr(¥) and
& = M(5). A

Let ¢ € G? and use @) = 1) - ¢ as initial data for the solution operator Sy. From
(5.51f) we have Sp(¥)) = Sp(1) - ¢ = ¢ - ¢ = 1. Let & = M(4)). Since ¢ € G2 we

have 1) ~ 1. Then, by (5.55a) we get I1(¢)) = I1(z)) and from (5.55b) we get

M() = M(II(v)) = M(II(¢))) = M(¢)).
This implies R .
§r = M(y) = M(¥) = &r,
so the two solutions are identical.
We can think of this as follows: To each element &, € D there correspond infinitely
many elements in F, all belonging to the same equivalence class. The mapping
L : D — Fy picks one member of the equivalence class, but we could also pick a
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different one. Applying the solution operator to all elements belonging to the same
equivalence class yields infinitely many solutions in F, which form an equivalence
class. Using the mapping M : F — D on all of these solutions yields the same
element in D. Since we get the same solution in the end, we can think of each
member of the equivalence class as a different ”parametrization” of the initial data
in F, which are connected through relabeling.

The following example shows how we can use relabeling in order to get dif-
ferent initial curves in Gy. We use the same notation as above. Assume that
& = (ug, Ro, So, po, 00, o, Vo) belongs to D and satisfies the additional conditions
ug, Ro, So, po, 00 € L>®(R) and that uo and v, are absolutely continuous. We have

f@(X)) =X and  g(z2(Y)) =Y,

where
xr

f(x) :x—i-i/x (R2+c(ug)pd)(2)dz and g(x) :x+i/ (S2 4 c(ug)od)(z) dz.

Since the functions f and g are strictly increasing, they are invertible and z; and
To are given as
2i(X) = f71(X) and ay(Y) =g ' (Y).

Let © = C(¢). The functions X and ) are given by

21(X(s)) = 22(2s — X(s)) and Y(s) =2s— X(s).
From this we get that X’ and ) are strictly increasing functions. Furthermore, the
functions f and g belong to G and can therefore be used as relabeling functions. In
the above notation this means ¢ = (f, g). Denote ¢ = 1-¢. Then we get H(X)=X
and 2,(Y) = Y. Consider © = C(¢)). Now we get X(s) = s and Y(s) = s. As
above, using either © or © yields the same solution in D. Therefore, for this type
of initial data in D we can without loss of generality assume that the initial curve
(X,D) is the identity, i.e., X(s) = s and Y(s) = s. Note that without the additional
assumptions on the initial data in D, it is not possible to relabel the initial curve
into the identity.

Proof. We decompose the proof into five steps. 5 3
Step 1. We prove (5.55a). If ¢ ~ ¢, there exists ¢ = (f,g) € G? such that

(1, ) = = & = (b1, ¢2) - ¢ Let ¢ = (f, 9) and 6 = (f,g) be given by (5.54)
for 1) and 1), respectively. We have ¢ = ¢ o qb because

¢=(f9)= @+ 1,72+ J) = (&1 + h) o f, (w2 + o) 0§) = (fof.gogd) =doo.
Then, we get
() =4 - (p) 7 (¢ ¢) (pod) " =¢-(do(pod) ™)
b (fo(@)og™) =1 g7 =TI(v),

where the identity (¢-¢)- (¢0¢) ! = ¥-(do(pog)™") follows from a straightforward
calculation using Definition 5.11. For example by (5.37a), we have

ZroF(X) =m0 foF(X)=mz0f"
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where we denote F' = (f o f)~!, and
F'(X)H, 0 F(X) = F'(X)(f) o F(X)H, o f o F(X)
= (foF(X))xHyo foF(X)
= (f7)Hio f7H(X).
Conversely, if IT()) = II(¢)), then - ¢~ = 4 (¢) ", where ¢ = (f, g) and ¢ = (f, g)
are given by (5.54). This implies that
(5.57) b=v-(67 09).
This also follows from a direct calculation. For example, we have
(DX Hyo (f)™HX) = (f7)(X)Hio fH(X)
which implies that
(N7 o FX)HW(X) = () o f(X)Hy 0 f71 o f(X)
) =
(X

and since ((f)™!)" o we get®

( (N (x) (X)7
Hy(X) = (f""o f(X))xHyo f o f(X).
Then, since ¢~ o ¢ € G2, (5.57) implies that 1 and 1) are equivalent.
Step 2. We prove (5.55b). Given ¢ = (¢1,1) € F, let (u, R, S, p,0,u,v) =

M(v), 1/1 (¢1,109) = I(xp) and (@, R, S, p, &, i, 7) = M(¢)). We want to prove that
(u,R,S,p,5,11,7) = (u, R, S, p, 0, i1, ). From (5.19a), (5.37a) and (5.37b), we get

a(# (X)) = Ui(X) = Ui(f71(X)) = u(2r 0 (X)) = u(@:(X)).

For any Borel set B, we have

/BR(x)dx:[ ) 2¢(Uy(X))Vi(X)dX by (5.19¢)

1 (B)

2O (fTH XN HE)) V(X)) dX

/{XGR | 21(f(X))eB)

= / 2¢(U1(X)V1(X)dX by a change of variables
z'(B)

:/R(x) dx by (5.19¢),

where we used (5.37a), (5.37b) and (5.37¢). Hence, R = R almost everywhere. By
(5.19e) and (5.37f), we obtain

/Bﬁ(a:)dx/_l(B)QHl(X)dX
- /—1(:3) 2SOV H (S (X)) dX

= / 2H,(X)dX
)

5Since f € G, there exists § > 0 such that f' > § almost everywhere, see Lemma 3.8.
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= /B p(z) da.

Similarly, one proves that S = S and & = ¢ almost everywhere. Using (5.19g) and
(5.37¢), we find for any Borel set B C R, that

) = | |, B0

- /1<B)(fl(X))lJ{(fl(X)) dx

= / JI(X)dX
2 (B)
= u(B)
and @i = p. One proves that 7 = v in a similar way.
Step 3. We prove that L o M|z, = Id|r. Given ¢ = (¢1,1¢2) € Fo, let
(w, R, S, p,0,p,v) = M(¢) and © = (¢1,¢2) = L(u, R, S, p,0,1,v). We want to
show that ¥ = 1. We first prove that z; = z;. Let

(5.58) g(x) =sup{X e R | 21(X) < z}.
For all x € R, we have
(5.59) r1(g(x)) = @

and since z; is continuous and nondecreasing, z7'((—o0,r)) = (—o0, g(z)). From
(5.19g) and (3.10), we get

.00 ul(-ocn)) = [

1 ((—o0,2))

Since 1 € Fy, 1 + J1 = Id which implies, by (5.59) and (5.60), that

g(x)
R0 ax = [ R0 dx = Kgta))

(5.61) z + p((—00,7)) = g(x).
From the definition (3.12a) of Z;, we then obtain
(5.62) 71(X) =sup{z e R | g(x) < X}.

This implies that, for any X € R, there exists an increasing sequence, z;, such that
zliglo z = 71(X) and ¢(z;) < X. Using that z; is nondecreasing and (5.59), we get
z; < x1(X). Letting i tend to infinity, we obtain Z;(X) < x1(X). Assume that
Z1(X) < z1(X). Then, there exists € R such that 7;(X) < = < z;(X) which
implies, by (5.62), that g(z) > X. On the other hand, z;(g(z)) = x < x1(X) implies
that g(x) < X because x; is nondecreasing, which gives us a contradiction. Hence,
we must have Z; = x7. Then, by (3.12¢) and since z; + J; = Id, we get

and from (3.12d) and (5.19a), we obtain
U1(X) = u(@1(X)) = u(1(X)) = U1 (X).
By (3.12e) and (5.20a), we have
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and by (3.12f) and (3.7), we get

KI(X)_/X Jl dX /X S(X) dX = K(X).

(0 {00 (X))
Using (3.12g) and (5.20c), we ﬁnd that
HL(X) = Sp(m (X)) (X) = 3o(r(X)e(X) = Hy(X).

Hence, we have proved that Y1 = 1f. Similarly, one proves that Ty = x5 and
1o = 1)9. For example, by (3.12g) and (5.20d), we have

_ 1 1
Hy(Y) = 50(22(Y))25(Y) = So(22(Y))ay(Y) = H(Y).

Step 4. Let us prove that M o L = Id. Given (u, R, S, p,0,u,v) € D, let
¢ = (1/)17 ¢2) - Ii(ua R7 Sa PO, Ky V) and (ﬂa R? 57 [)7 o, ,aa 17) = M(¢) We want to
prove that (u, R, S, p,0,i1,7) = (u, R, S, p,0, u,v). First we show that i = p. Let
g be the function defined as before by (5.58). The same computation that leads to
(5.61) now gives
(5.63) z + i((—o0, x)) = g().

By (3.12a), for any X € R, there exists an increasing sequence, x;, such that lim z; =

1—00
z1(X) and z; 4+ p((—o0, z;)) < X. Sending ¢ to infinity, and since z — p((—o0, x)) is
lower semi-continuous, we obtain x1(X) + p((—o00,21(X)))) < X. We set X = g(z)
and get, by (5.59), that

(5.64) z + p((—o0, 7)) < g().

From the definition of g, we have that, for any = € R, there exists an increasing

sequence, X;, such that lim X; = g(z) and z;(X;) < z. This implies, by (3.12a),
1—>00

that z+pu((—o00,x)) > X;. Letting ¢ tend to infinity, we obtain z+u((—o0, x)) > g(x)
which, together with (5.64), yields

(5.65) z + p((—00, 7)) = g().
Comparing (5.63) and (5.65), we get that i = p. Similarly, one proves that 7 = v.
By (5.19a) and (3.12d), we have

u(x1 (X)) = Ui(X) = u(z1(X)).

For any Borel set B, we have
/ R(x)dx = / 2c(U(X)Vi(X)dX by (5.19¢)
B o {(B)

= cluox Z _Bn(X)) n .
- /xll(B) 2e( 1X)) 1(X)20(uox1(X)) dX by (3.12d) and (3.12e)

= / R(z)dz by a change of variables,
B

so that R = R almost everywhere. Similarly, one proves that S = S almost every-
where. From (5.19¢) and (3.12g), we get

/B A(z) dz — / L 20X = [ 0y () X = /B o) da
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Hence, p = p almost everywhere. Similarly, one proves that & = o almost every-
where.

Step 5. We prove (5.55d). Given ¢ = (¢1,v9) € F, let ¢ = (f,g) € G* be
defined as in (5.54) so that II(z)) = ¢ - ¢~1. By (5.51f), we get

Spoll(y) = Sp(¢-¢71) = Sr(¥) - 67,
which implies that Sy oIl and Sy are equivalent. Then, (5.55d) follows from (5.55a).
O

Now we are finally in position to prove that Sy is a semigroup.
Theorem 5.20. The mapping St is a semigroup.

Proof. The proof relies on Lemma 5.19 and Theorem 5.6. From Definition 5.10 we
have

SpoSp=MoSpoLoMoSpoL
=MolloSroLoMoIloSroL by (5.55b)
=MolloSrolloSroL by (5.56)
=MolloSroSpoL by (5.55d)
—MoSroSmoL by (5.55b)
=Mo Sy, oL by Theorem 5.6

= Spyr.

6. EXISTENCE OF WEAK GLOBAL CONSERVATIVE SOLUTIONS

It remains to prove that the solution obtained by using the operator Sy is a weak
solution of (1.3).

Theorem 6.1. Let t > 0 and (ug, Ro, So, po, 00, o, o) € D. Then
(u7 R7 Sa P, 0, s V)(t) = gt(u(]a R07 SOv £0, 00, o, VO)

is a weak solution of (1.3), meaning that
c(u)

o [ /[ . ([dn W R+ [+ (W] S+ Ty

2¢ (u) 2¢ (u)
= dupd dvd
//[o,oo)xR c(u) b dp tJr//[O,oo)XR c(u) b dt,

RS¢) dx dt

(6.1b) //[(),oo)le [ — c(u) ¢, | pdadt =0,
and

(6.1c) //[O’OO)XR [0 + c(u)dy|o da dt =0
for all ¢ = ¢(t,x) in C§°((0,00) x R), where

(6.1d) R=u+c(wu, and S=u —c(u)uy

in the sense of distributions.



106 K. GRUNERT AND A. REIGSTAD

Moreover, the measures i1 and v satisfy the equations

(6.20) (14 V)1 — (elu) (i — 1)) = 0
and
(6.21) (C(lu)w - u>) (a4 =0

in the sense of distributions.

Note that if the two measures p and v are absolutely continuous, (6.2a) and (6.2b)
coincide with (1.13) in the sense of distributions, which we derived in the smooth
case. Moreover, the difference of the sign in front of p and v indicates the two
opposite traveling directions.

Proof. We decompose the proof into two steps.

Step 1. We first show (6.1). Given (uo, Ro, So, o, 00, fto, o) € D, we consider
(u, R, S, p, o, 1, v)(t) = Si(ug, Ro, So, po, 70, lto, Vo), where S; is given by Definition
5.10. The identities in (6.1d) follow from (5.33) in Lemma 5.9. By a change of
variables, we get

(6.3) / /[0 g Rt @)
= / (¢r — c(u)d)R(E(X,Y), (X, Y)) (txxy — tyzx)(X,Y)dX dY

9 / /R z ( R>( (X, V), 2(X, Y ))axay (X, V) dX dY by (4.12a)
-2 / ngyR(t(X, YY), 2(X, Y))aex (X, Y)dX dY
— 72// U)Ux(X,Y)by (t(X, V), 2(X,Y))dX dY by (5.30), (5.31a)
RZ
_ 2//R (X Y)SE(X, Y, 2(X, V) dX dY

_9 / / (U UxTy + (U Uy ) (X, Y)o(H(X, V), 2(X, V) dX dY,
R2
where we used integration by parts and

(6'4) ¢Y(t(Xa Y)ﬂx(Xv Y))
= ¢t(t(X7 Y), I(X7 Y))tY(X7 Y) + ¢x(t(X7 Y)? CL’(X, Y)>xY(X7 Y)
= (P ) ) (XY,
which follows from (4.12a).
Similarly, we find that

(6.5) //0 : R(qﬁt + c(u)p,)S(t, x) dx dt

_9 / / (U UxUy + c(U)Uxy ) (X, Y)O(H(X, V), 2(X,Y)) dX dY
]R2
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(6.6) / /[O . ) pso(t. o) dt da

xR C('LL)
=2 // (U UxUy (X, Y)(t(X,Y),2(X,Y)) dX dY.
R2
Combining (6.3), (6.5), (6.6) and (2.38¢) yields

(6.7) / /O s ([@ — c(u)dg| R+ (¢ + c(u)py) S + ‘C/((g)) RS¢) dx dt

// 62 ( nyX + .ijy)qf)(t,fb) dX dY.
R2
We have® (u, R, S, p, 0, u,v)(t) = M o D(O(t)) and by (5.21f)

i 200) ot 2y du(t) d
[0,00) xR C(U)

2 (u)

= ¢(t7ZQ(tvS))V4(t7X(tvs))XS(taS) ds dt7
[0,00) xR c(u)

where we added the ¢ dependence in O(t), which gives X (¢, s), Z2(t, s) and V4(¢, s) in

the equation above. The measures p and v integrate with respect to the x variable

and the notation du(t) and dr(t) means that they depend on ¢t. We proceed to the

change of variables s = (X +Y) and ¢ = ¢(X,Y’) and obtain

//[ 20 (1, Za(t, )Walt, X (1, 9) Kot ) d

0 oo)XR C(U)

HX,Y),z(X,Y))JJx(X,Y)

X X, (H(X,Y), s(X, Y))(tX ty) (X,Y)dX dY

// 2:; ) T (X V)X, V), 2(X, V) dX dY by (4.12a),

R2

where we used that Zl(t s) = 0, which implies

(6.8) 0= tx(X,V)XHX,Y),s(X,Y)) + ty (X, V)V (H(X,Y), s(X,Y))
Ty

— (tx = ) (X V)XY, 506 Y) - 2 25 ) (7))

by (2.40c) and (4.12a).
Similarly, we obtain

/ / 200 st ) dw(t) dt
[0,00) xR c(u)

6Note that although the mapping D is from Gy to F, the ¢ dependence in © makes sense, since,
for any fixed ¢ > 0, we can consider the set G, that is, the set G where Z;(s) = ¢. This still gives
Z1(s) =0, and G; can be mapped to Go by t;.
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:// 2c<(UU)) wxJy (X, Y)(HX, V), 2(X,Y)) dX dY,

202

and we get

(6.9) // o(t, x) du(t dt+// o(t, ) dv(t)dt
Ooo)xR c(u) [0,00) xR c(u

// (2 ijx+l‘xjy>¢(t,$) dX dY.
R2

From (6.7) and (6.9) we conclude that (6.1a) holds.
It remains to prove (6.1b) and (6.1c). We have

//o m)XR(¢t = c(u)z)p(t, x) d dt
) 2//]1@ <¢t Fo) > HX,Y), 2(X,Y))axay (X, V) dX dY

= —2/R2 by p(t(X,Y), (X, Y))ax(X,Y)dX dY by (6.4)

:72/ (X, Y )y (H(X,Y),2(X,Y))dX dY by (5.30) and (5.31b)

=2 // py (X, Y)o(t(X,Y),z(X,Y))dX dY by integration by parts
R2
=0 by (2.38f)

//ow)XR(¢i+<’( u)gy)o(t,x) dz dt
_2//11@ <¢t+c ) HX,Y), (X, Y))zyzy (X, Y) dX dY

/ bxo(t(X,Y),2(X,Y))zy(X,Y)dX dY

and

9 / (X, V)ox (EX, V), 2(X,Y))dX dY by (5.30) and (5.32D)

= -2 // ax (X, Y)o(t(X,Y),z(X,Y))dX dY by integration by parts
R2
=0 by (2.38g)

because

¢t + C(U)sz
HX,Y),z2(X)Y)) = —F———
oxax,¥),a(x,¥) = (2L
which follows from a similar calculation as in (6.4). Thus, we have proved (6.1b)
and (6.1c).

Step 2. Now we prove (6.2). First we show (6.2a), that is,

//[Om)xR(ébt — c(u)dy ) (t, ) dpu(t) dt + //[(LOO)XR(@ + c(w)oy)(t, ) dv(t) dt = 0

)(t(x,Ym(X, Y))ex(X,Y),
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for all ¢ € C§°((0,00) x R). By a calculation as above we find

//[O (s — c(u) ) (t, x) dpu(t) dt
B //[0 (G = c(u)da)(t, Zo(t,5))Valt, X (8, ) Xu(t, ) dsdt by (5.211)

:/erdM@wwﬂmﬂxmwﬂxw

X X, (t(X,Y),s(X,Y)) (tX tY) (X,Y)dX dY

= [[ o= ctwoax.v).a(x,v)

x Jx (X, Y)( )(X Y)dX dY by (6.8) and (4.12a)

c(U)
—/ oy (H(X,Y),2(X,Y))Jx(X,Y)dX dY by (6.4),

where we used the change of variables s = (X +Y) and ¢t = ¢(X,Y).
Similarly, one proves that

/ / (¢ + c(u)gs)(t,x) dv(t) dt = / ox(H(X,Y),z(X,Y))Jy(X,Y)dX dY,
[0,00) xR R2
so that

//[0 | R((bt — c(u)p)(t, x) du(t) dt + / (fy + c(u)dy ) (t, x) dv(t) dt

[0,00) xR
[ (SOt Y)Y I Y) 4 (X Y)Y ) (X, V) X dY
=0

by integration by parts. This concludes the proof of (6.2a). In a similar way, one
proves (6.2b). O

The semigroup of solutions, Sy, is conservative in the following sense.

Theorem 6.2. Giwven (ug, Ry, Sy, po, 0o, tto, Vo) € D, let
(ua R7 57 P 0, Ky V)(t) = St(UOa R0> 507 Po, 00, Ho, VO)'
We have:
(i) For allt >0,
p(t)(R) + v (t)(R) = po(R) + 1o(R).
(it) For almost every t > 0, the singular parts of u(t) and v(t) are concentrated
on the set where ¢'(u) = 0.

Proof. We prove (i). Given 7 > 0, let
(u, R, S, p, o, 11, v) (1) = S-(ug, Ro, So, po, 0o, 1o, Vo)

We consider O(7) € G, and (Z,p,q) € H such that (u,R, S, p,0,u,v)(1) = Mo
D(O(7)) and O(7) = E(Z, p,q). By Definition 5.2, we have



110 K. GRUNERT AND A. REIGSTAD

ZQ(T 5) = ( ( 75) ( 75))3 V4(X(Ta 5)) = ‘]X(X(Ta 5)73}(7—7 5)) and W4(y(7—a 5)) =
Jy (X(7,8),Y(7,s)). Then, from (5.21f) and (5.21g), we have for any Borel set B,
that

n(T)(B) = Vi(X(7,5))X(7, 5) ds
{seR | Z2(7,5)€B}

= / Ix(X(7,8),V(1,8))Xs(T,8) ds
{seR | z(X(7,s),Y(T,s))€B}

and

v(7)(B) — / Wa(V(r, $))Vs(r,5) ds
{s€R | Zz(,5)eB}

/ Jy (X (7,8),Y(7,5))Vs(T, 5) ds
{s€R | z(X(r,s),Y(1,s))€B}

respectively. Hence,
u(7)(R) + v(7)(R)
= /R(JX(X(ﬂs),y(ﬂs))Xs(T, s)+ Jy (X(r,),V(7,8))Vs(1,8)) ds

/ T(X (7, 8), (7, 5)) ds
R
= lim J(X(7,s),Y(7,5))
S—00
= lim J(X(0,s),Y(0,s)) by Lemma 4.14
§—00
= po(R) + vo(R),
where we used that lim J(X(7,s),V(7,s)) = lim Z4(r,s) = 0.
s—>—00 $——00
Let us prove (ii). We decompose pu(7) into its absolutely continuous and singular
part, that is, () = p(7)ac + (7 )sing. We want to prove that, for almost every time
720,
(m)sing({z € R | & (u(r,2)) # 0}) = 0.

A, ={seR | ax(X(r,s),Y(,s)) >0}
Since xx (X (7,s),V(7,5)) = Va(X(7,5)), A, corresponds to the set A in (5.27) in
the proof of Lemma 5.8. Using V4(X(7,5)) = Jx(X(7,5),Y(7,5)) and Z5(7,s) =
x(X(7,8),Y(1,5)) in (5.28), we get

(610) ,UJsing(T) (B) =

Consider the set

/ Vi(X (7, 8))Xs(T,8) ds
{s€R| Za(1,5)EB}INAS

_ / T (X, 8), V(7. 8))Xu(7, 5) ds
{s€A¢ |x(X(7,s),Y(T,s))€B}
for any Borel set B. Let
E={(X,Y)eR?* | 2x(X,Y)=0and d(U(X,Y)) # 0}.
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For a given time 7, we consider the mapping I'; : s — (X(7,s),)(7,s)). From
(6.10), we obtain

(6.11) w(r

~—

smg({z € R | ¢ (u(r,2)) # 0})
Ix(X(7,5), (7, 5))X(7, ) ds

I
—

{s€R | (X(7.5),Y(7.9))€E}

Ix(X(T,8),V(,8))Xs(7, ) ds
r7(E)

x|y (T ().

<

[\]

We claim that meas(I'7}(E)) = 0. By the area formula, see Section 3.3 in [5], we
obtain

(6.12) meas(I'1(E)) = / %()(S(T, s)+ Vi(7,8))ds since X, + YV, =2
r;Y(E)

s/ (X2(r,5) + V2(r, )t ds
r;Y(E)

=H(I-oIH(E))
<HNENt (7)),
where we used that X, = (X2)2 < (X2 4 Y2)z (and similarly for Y,). Here, H!
denotes the one-dimensional Hausdorff measure. The fact that I', o T-1(E) C EN
t=1(7) follows from the following argument. If £ N¢~(7) contains a rectangle, we
have by the Definition 5.2, that the curve I'; consists of the left vertical side and
the upper horizontal side of the rectangle. We show that H'(E Nt~1(1)) = 0. We
have
E=A,UA;,
where
A ={(X,Y)eR? | 2x(X,Y) =0, 2y(X,Y) >0 and ¢(U(X,Y)) # 0}
and
Az ={(X,Y) €R?* | 2x(X,Y) =0, 2y(X,Y) =0 and (U(X,Y)) # 0}.

By an argument as in the proof of Theorem 4 in [10], we obtain meas(A;) = 0.
Hence, by the coarea formula, see Section 3.4 in [5], we get

/RH (Ent” (T))dT:/[E(tX(X,Y)thY(X,Y))EdXdY
= // (3 (X,Y) + £2(X,Y))2dX dY
Az

1 , ; %
N //AS AUy Ex () + oy (X Y))2 dXdY by (412)
=0

Therefore, we get from (6.12), that meas(I';!(E)) = 0, which inserted into (6.11)
yields

p()sing({x € R | ¢ (u(r, 7)) # 0}) = 0.
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O

Theorem 6.3 (Finite speed of propagation). For initial data (uo, Ro, So, po, 00, fto, Vo)
and (o, Ry, So, po, 00, flo, Yo) in D, we consider the solutions

(u, R, S, p, 0, i, v)(t) = Sy(uo, Ro, So, po, 90, o, o)
and
(@, R, S, p,a, 1, 0)(t) = Sy(to, Ro, So, po, 00, fio, %)
Givent > 0 and x € R, if
(uo, Ro, So, o, 0, o, 10) () = (o, Ro, So, po, 30, fto; 7o) (%)
for x € [x — Kt,x + Kt], then
u(t,x) = a(t, x).

In the case of the linear wave equation, i.e., ¢ is constant, one has u(t, x) = a(t, x)
if the initial data are equal on the interval [x — ct,x + ct]. If the function c(u)
satisfies % < ¢(u) < k for some k > 1 the corresponding interval is contained in
[x — kt,x + kt]. Thus, we require the initial data to coincide on a slightly bigger
interval.

Proof. We denote x; = x—kt and x,, = x+xt. For a given (ug, Ry, So, po, 00, flo; Vo) €
D, we define

(o, Ro, So, po, 00) () if € [17,2,]

U 7R 75’ b D 7_ =
(o, Ro, So, po, 50) () {(070’07070) otherwise

and
IHQ(B) = ,u()(B n [Il,l‘r]), BO(B) = l/o(B n [%hl’T])

for any Borel set B. It is enough to prove the theorem for the initial data
(ug, Ro, So, po, 00, o, Vo) and (tg, Ro, So, po, G0, flo, %) in D. We have to compute the
solutions corresponding to these two initial data. We decompose the proof into five
steps.

Step 1. Let ¢ = (¢1,v) = L(uo, Ro, So, po, 00, po, o) and ¢ = (¢1,72) =
L(ﬂo,Ro,So,ﬁo,ao,ﬂo,ﬂo). We denote Xl = Zy, Y} = Zy, Xr = z, + /Lo([$l,l’7«]),
Y, =z, + vo([z, 2,]) and Q = [X}, X,] X [V}, Y,]. We claim that

X if X < X,
(6.13) T (X) = (X + po((—o0,2))) X <X <X,
X — po([zg, 2,)) it X > X,
and
% Y <V,
(6.14) oY) = S ma(Y + p((—o0, 1)) Y, <Y <Y,
Y — wo([zy, 2]) ifY > Y.

From (3.12a), we have
(6.15) 71(X) =sup{z’ € R | 2’ + jig((—o0,2')) < X}.
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First case: X < X;. For any 2’ such that 2’ 4 fig((—00, 2')) < X, we have 2’ < X
so that 2/ < X < X; = 2. Then, fig((—00,2')) = po((—o00,2’) N [z, 2,]) = 0 and
7(X) =X.

Second case: X; < X < X,. We have z; + fig((—00, x;)) = 2; = X; < X, so that
(6.16) 71(X) = sup{a’ € [z,00) | 2" + po([2y,2")) < X}

We claim that for any 2’ such that &'+ fig((—o00, 2')) < X, we have 2’ < x,. Assume
the opposite, that is, 2’ > x,. Then, fo((—o00,2")) = po((—o0,2’) N [z}, x,]) =
pol[z1,,]) and we got
2’ + po([z1, 2,]) = 2" + fo((—00,2")) < X < X, = 2, + po([21, 27)),
which contradicts the assumption =’ > z,.. Hence,
(6.17) 71(X) = sup{a’ € [z, x| | 2’ + po([zy, 2")) < X}
We claim that
21(X + uo((—00,m0))) = sup{a’ € [z, 3,] | 2' + pol[an ) < X},
By (3.12a), we have

21(X + po((—00,21))) = sup{a’ € R [ 2’ + po((—00,2")) < X + po((—00, 7))}
We have z; + po((—00, 1)) = Xi + po((—00, 1)) < X + pio((—00,21)), so that
21X + pol(—00,21))) = sup{a’ € 11,00 | &' + pol(—00, ') < X + pio((—00, 21))}

= sup{a’ € [z1,00) | 2" + po([z1, 7)) < X}
=71(X) by (6.16).
Then, by (6.17), we get
21 (X + po((—00,21))) = sup{a’ € [w1, 2] | &’ + po([21,27)) < X}
Third case: X > X,.. Since z, + fo((—00,2,)) = = + po(lx,z,)) < @ +
po([z, 2r]) = X, < X, we have
71(X) = sup{2’ € [z,,00) | 2’ + fig((—00,2)) < X}
If ' > xp, fio((—00,2")) = po([z1, x,]), which implies that
(X)) = X = po([wr, )
This concludes the proof of (6.13). Similarly, one proves (6.14).

Let f(X) = X + uo((—o0, 7)) and ¢(Y) = Y + vp((—o0,2;)). We claim that
¢ = (f,9) € G* Since f' =1, f is invertible and f~1(X) = X — po((—o0, x7)). We
have || f=1d || pg) < po(R), [|f 7 =1d || o) < po(R), f'=1 = 0and (f71)'=1 =0.

Hence, f belongs to G. Similarly, one shows that g € G. We denote ¢ = 1) - 6. We
have proved that

(6.18) T(X)=51(X) for X; < X <X,

and

(6.19) To(Y)=%2(Y) for V<Y <Y,.
Step 2. Let © = C(¢ ) nd © = C(¢)). We prove that

(6.20) X(s)=X(s) and Y(s)=(s)
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for s € [s;, s,;] where s, = 1(X; + Y}) and s, = 3(X, + Y) First we show that
(6.21) X(s)) =X, and Y(s) =
By (3.28), we have
X(s) =sup{X € R | #(X') < #2(2s — X') for all X' < X}.
For any X < X;, #1(X) < Z1(X;) because #; is nondecreasing. We claim that
#1(X) < #1(X;). Assume the opposite, that is, #;(X) = Z;(X;). Then, since
Z1(X)) = 1z, there exists an increasing sequence x; such that lim z; = z; and
1—00
x; + po((—00,2;)) < X 4 po((—o0, x;)). By sending ¢ to infinity, we get, since x
po((—o0,x)) is lower semi-continuous, that z; + po((—o0,z;)) < X + po((—o0, x1)).
This leads to the contradiction z; < X < X; = x;. Therefore, for any X < X,
1 (X) < 21(X0) = 21 (20 + po((—00, 21))) = =
= 332(.7}1 + Vo((—OO,J)l))) = j’g(n) S .i’Q(QSl - X),
where we used that 1/? = 1) - ¢ and the fact that T, is nondecreasing. Hence, ?E'(sl) =
X, and we have proved (6.21). By using similar arguments, one obtains
(6.22) X(s,) =X, and Y(s,) =Y,
The corresponding results for X and ), which we state here for completeness, are
.)E(Sl) = Xl, 5](51) = Yl and /?(ST) = XT, j(S,«) = }/r

In particular, we have proved (6.20) for s = s; and s = s,. For s € (s;,5,), we
have either X; < X(s) < X, or ¥; < Y(s) < Y, by the definition of X and J. We
only consider the case X; < X(s) < X,, as the other case can be treated similarly.
By (3.28), there exists an increasing sequence X; such that gm X; = X(s) and
71(X;) < Z2(2s — X;). For sufficiently large i, we have X; < X; < X, and, by
(6 ) we get i’l(XZ) = i’l(XZ) < ’2’2(25 — X1> If 2s — X; <Y, thCIl, by (619),
Z9(2s — X;) = Z2(2s — X;), so that &1 (X;) < Z2(2s — X;). If 2s — X; > Y, then also
Z1(X;) < #2(2s — X;). Assume the opposite, that is, 1(X;) > #2(2s — X;). Since
71 and Ty are nondecreasing, we have Z1(X,) > Z1(X;) > Z2(2s — X;) > 72(Y;). We
have

T1(Xr) = 21(Xs + po((—00, 1)) = 21(2r + po((—00, 2,]))
= Il(l'r + NO((foov lr))) = Tr

and similarly, we obtain #3(Y,) = x,. Thus, Z1(X,) = Z(Y;), which implies that
Z2(2s — X;) = z,. By (3.12b), there exists a decreasing sequence z; such that
ll)m x; = &2(2s — X;) and
Jl‘] +vp((—00, ;) > 25 — X; + vp((—00, x;)). Sending j to infinity, we get
25 — X; + 1p((—o0, 1)) < T2(2s — X;) + vo((—00, T2(2s — Xi)]) =z + 1p((—00, 7)),
which leads to the contradiction

2s — X; < a. +v([zy, 2,]) =Y,
Hence, we have shown that
(6.23) 71(X0) < #2(25 — X;).
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IfY; < Y(s) < Y, we get, from (6.18) and (6.19), that
(6.24) 71(X(s)) = 21(X(5)) = 72(V(5)) = T2(V(5))-
If Y(s) = Y;, we have Zo(Y(s ) =z = To(YV(s 5)), so that (6.24) also holds. It
then follows from (6.23) and (6.24) that X (s) = X(s), which concludes the proof of
(6.20).
Step 3. Let (Z,p,7) = S(©) and (Z, p,§) = S(6). We prove that
(6.25) (X, Y)=#X,Y), z(X,Y)=i(X,Y), UX,Y)=U(X,Y),
ﬁ(X> Y) :ﬁ(X’ Y)’ (j(X, Y) = (j(X,Y)
for all (X,Y) € Q, where Q = [X}, X,] x [V},Y,]. We have 7:(X) = Z;(X) for
X € [X;, X;] and Z2(Y) = Z2(Y) for Y € [V}, Y,]. Let us show that
Ui(X) = U1(X), Vi(X) =Vi(X), J(X)= LX)~ LX),
Ki(X) = Ki(X) = Ki(X0),  Hi(X) = Hi(X)
for X € [X;, X,], and
(6.26) Uz(Y) = U2(Y)7 %(Y) = ‘72(5/)’ 2(Y) = L(Y) = L(V),
Ky(Y) = Ko(Y) — Ka(Y)), Ha(Y) = Ha(Y)
for Y € [V},Y;]. From (3.12d), we have
U1 (X) = t1o(21(X)) = uo(#1(X)) = uo(@:1(f(X))) = U1(f(X)) = Ur(X).
By (3.12e), we get

(x) = 7 <X>fc°(( e
()

X))
Ro(x1 X )
2C(U1(X))

_ f/(X)xi(f(X))m

We have, by (3.12¢), that
N(X) =X -7, (X)
=X —-11(X)
=X — 21(X + po((—00, 71)))
=X + po((—00,21)) — 21(X + po((—00, 21)))
— (Xi + po((—00, 1)) + 21 (X0 + pio((—00, 21))))
= Ji(X + po((—00, 21))) — J1(Xi + po((—00, 21)))

(
(
= L(X) — L (X))
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since z1(X; + po((—o0,27))) = X;. From (6.13), 7;(X) = X for X < X, so that
Ji(X) =X —2,(X) =0 for X < X;. This implies, by (3.12f), that
oo [T
R0= [ e et
- [ A
x (Ui (X))
[ A (=00, @) o
ST e

X+po((—00,21)) J'(X)
Xptpo((—soar)) (U1(X)
X+po((—o0,21)) J'(X) B Xi+po((—o0,1y)) J'(X)

o (X))
X + po((—00,17))) — K1 (X; 4 po((—00,21)))

X) - Ki(X)).

dX by a change of variables

Il
\

dX

I
—
3

([
= X

—

By (3.12g), we have

= ool (fXO)) (F(X)) f'(X)
= f(X)H,(f(X))
— Hy(X).

In a similar way, one proves (6.26).
We have X(s) = X(s) and Y(s) = V(s) for s € [s;, s,]. We show that

Zi(s) = Zu(s),  Za(s) = Zals),  Zs(s) = Za(s),
Z4(s) = Za(s) = Za(s1),  Zs(s) = Z5(s) — Zs(s1)
for s € [s, 5], and
(6.27) V(X)=V(X), WI)=W(Y), pX)=pX), §Y)=4q()
for X € [X;, X,] and Y € [V}, Y,]. From (3.30a), we have Zi(s) = 0 = Z(s). By
(3.30b) and (3.30c), we have Z5(s) = 1(X(s)) = 71(X(s)) = Z5(s) and
U (X(s)) = U (X(s)) = Z5(s), respectively. From (3.30d), we get
Z4(s) = L(X(s)) + (V(s))
= Ji(X(s)) = J(X0) + (V(s)) = Fa(Y)
= Z4(s) = Zua(s1)
and similarly, we find that Z5(s) = Z5(s) — Z5(s;). Using (3.31a)-(3.31f), a straight-

forward calculation shows (6.27). Hence, © and © are equal in Q, except that the
energy potentials differ up to a constant. However, since the governing equations
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(2.38) are invariant with respect to addition of a constant to the energy potentials,
we get, by Lemma 4.10, that (6.25) holds.
Step 4. We prove that there exists (Xo, Yy) € Q such that

(6.28) (X0, Yo) =t and Z(Xo,Yy) = x.
We have
(X, V) =51(X) =2.(V) =2 and Z(X,,Y,) =51(X,) =2(Y,) =z,
so that
(6.29) (X Y) —x =2(X,,Y) — (X, V)

- / Y U(X. V) (X.Y) dX by (4.120)

X,
T 1 _
Sm/ tx(X,Y))dX since — <c<rkanditx >0

K

= rt(X,,Y]) since {(X;,Y;) = (X (s1),Y(s1)) = 0.
i),

In a similar way, one proves that z, — (X, Y]) < st(X, which added to (6.29)

yields x, — z; < 2xt(X,,Y]), or

(6.30) t <X, V).

There exists (X, Yy) € R?, which may not be unique, such that
(X0, Yo) =t and Z(XyYy) =x.

Assume that

(6.31) (X, Y)#t or Z(X)Y)#x
for all (X,Y) € Q. We claim that we cannot have

(6.32) Xo>X, and Y, <Y

or

(6.33) Xo< X, and Yy >Y,

so that either Xg > X, and Yy > Y, or Xy < X, and Yy < V.

If (6.32) holds, we get, since tx > 0 and ¢y < 0, that t = (X, Yp) > ¢(X,, V) > t
where we used (6.30). Hence, ¢(X,,Y;) = t, which contradicts (6.31).

If (6.33) holds, we have either Yy > Y, or ¥} < Yy < Y,. If Y5 > Y,, we get
a contradiction, since t = #(Xy, Yy) < €(X,,Y;) = t(X(s,),V(s,) = 0. f Y} <
Yy <Y, we have Xy < X; because (Xo,Yy) ¢ €2, which leads to the contradiction
t =1(Xo, Yo) < X, Y)) =t(X(s)),Y(s;)) = 0. Hence, we have either X, > X, and
Yo>Yor Xg < X, and Yy <Y,

Assume that Xy > X, and Yy > V). If Yy > Y, then x = Z(X,, Yy) > 7(X,.,Y,) =
T, = X + kt, that is, t < 0, which is a contradiction. Therefore, V; < Yy < Y.
Since Tx > 0, we have (X, Yo) < Z(Xo, Yp). We claim that Z(X,, Yo) < (X0, Yo).
Assume the opposite, that is, Z(X,, Yy) = Z(Xo, Yo). Then, since T is nondecreasing
in the X variable, we have Zx(X,Yp) = 0 for all X € [X,,Xo]. By (4.12a), we
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get tx(X,Yo) = 0 for all X € [X,, Xy, so that ¢(X,,Ys) = €(Xo,Yy) = t. This
contradicts (6.31) and we must have Z(X,, Yy) < Z(Xy, Yy). We obtain
X = j’(Xo, YO)
> (X, Yo)
Yr
e / By (X, Y)dY

Yo

=z, + / " (U(X,,Y)Ey(X,,Y)dY by (4.12a)

Yo

Y,
Z$T+/€/ ty(X,,Y)dY since — <c<kand ity <0

Yo
=z, — kt(X,,Yy) since ¢(X,,Y,) = t(X(s,), V(s,)) =0
>z, — kt(Xo,Yy) because tx >0

:X’

x|

which is a contradiction. The situation Xy < X, and Yy < Y] can be treated
similarly. Hence, (6.31) cannot hold and we have proved (6.28).
Step 5. We have

lon

.28) and (5.30)
25)

f(Xo0),9(Y0)), z(f(Xo), 9(Y0))) by (5.30)

This concludes the proof. O

7. REGULARITY OF SOLUTIONS

The theorems we prove in Section 7.1 and 7.2 are local results. The main reason
for this is that we require the initial data py and oy corresponding to the equations
(1.3b) and (1.3c) to be bounded from below by a strictly positive constant and to
belong to L?, which is not possible globally.

7.1. Existence of Smooth Solutions.

Theorem 7.1. Let —oo < x; < x, < 00 and consider (ug, Ro, So, po, 00, fto, o) € D.
Let m € N and assume that,
(A1) ug € L>®([xy, ,]),
(A2) Ry, So, po, 00 € W52 ([ay, 2,]),
(A8) there are constants d > 0 and e > 0 such that po(x) > d and oo(x) > e for
all x € [z, ],
(A4) po and vy are absolutely continuous on [y, ),
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i

d
7 -c(u)

(A5) c € C™YR) and max
u

u€eR

< k; for constants k;,i = 3,4,5,...,m— 1.

For any 7 € [0, 3=(z, — x)] consider

(U’7 R, S, p,0,p, V)<T) = S‘I’(U’CH Ry, So, po, 00, to, VO)'

Then

(P1) u(r, ) € W™ ([x; + kT, x, — KT]),

(P2) R(t,-),S(r,-),p(r,-),0(T,") € wm=beo () + kT, 2, — KT]),

(P3) there are constants d > 0 and € > 0 such that p(1,2) > d and o(T,2) > €

for all x € [z + KT, 2, — KT],

(P4) u(t,-) and v(7,-) are absolutely continuous on [z, + KT, x, — KT].
Fort € [— i(ﬂﬁr — 1), O] , the solution satisfies the same properties on the interval
[xl — KT, Zy + m'] .

Note that since (ug), = m(RO — Sp), it follows from assumptions (Al), (A2)
and (A5) that ug € W™ ([, x,]).

Specifically, (A4) means that po((—o00,2;)) = po((—o0, 7)) and vy((—o0, 7)) =
vo((—o0, 7]).

By (1.5) and (1.6), (A5) holds for i = 0,1, 2.
Proof. In the following, we will consider the case 0 < 7 < 5-(z, — 2;). The case

—5=(@, — x;) < 7 < 0 can be treated in the same way.

We decompose the proof into three steps.
Step 1. We first consider the case m = 1.
(1) Consider (11, 12) = L(uq, Ro, So, po, 00, o, Yo). Since pig is absolutely contin-
uous on [z;, x,] we have from (3.12a),
21(X) + po((—00,21(X))) = X

for all z1(X) € [z,2,]. For X; and X, satisfying z1(X;) = z; and 21(X,) = z, we
have

X; =z + po((—00,2;)) and X, =z, + po((—o0, z,)).
Therefore, since z; is nondecreasing, we get
(7.1) 21(X) + po((—00,21(X))) = X
for all X € [X;, X,]. Similarly we find by using (3.12b),

22(Y) + vo((—00,22(Y))) =Y

for all Y € [V}, Y,], where z5(Y}) = 2y, 22(Y,) = z, and

Y, =x,+1((—o0,2;)) and Y, =z, + vp((—o0, z;)).
We define Q@ = [X;, X,] x [V},Y;]. From now on we only consider (X,Y) € Q.
Rewriting (7.1) yields

21(X) + po((=00, 1)) + (Ho)ac (21, 71 (X)) = X.

Hence,

1 z1(X)
20+ (o) + 5 [ (B + el (o) do = X,

zy
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We differentiate and obtain

() + (XS + cu)gd) o (X) = 1,

which implies that
4

7.2 (X)) = .
" A = E Ay om0 11
Since Ry, po € L*®([z1, x,]), we get the lower bound

4

(7.3) ) (X) > = d; >0,
' Rl oo (0,1 + 11000 P (17,1 +4
and since po(z) > d, we find the upper bound
4k
7.4 (X)) < —.
( ) xl( ) — d2 +4K/
Similarly, we find
4
! Y — ,
z(Y) (S2 + c(ug)od) o zo(Y) + 4
4
(7.5) zy(Y) > =:ie; >0
’ 150l 70 0y 201y + K0l For 01,0,y + 4
and
(7.6) B(Y) < 2K
' 2 e 44k

(ii) Let © = (X, Y, Z,V,W,p,q) = C(¢1,12). By (3.28) we have z1(X(s)) =
x9(Y(s)), which after differentiating and using X(s) + Y(s) = 2s, yields
o) o 2(X()
O R ) M e RN E )
This implies, by (7.3)-(7.6), that

) Ak Ak -1 . 4K 4K !
78) X(s)>2 d > 2d
(7.8) X(s) > 61(d2+4l€+62+41‘€) and Y(s) > 1<d2—|—4ﬁ;+€2+4“>

for all s such that (X(s), Y(s)) € Q, that is, for values of s which satisfy X; < X(s) <
X, and Y; < Y(s) <Y,. Using this together with the identity X' (s) + Y(s) = 2s, we
find that (7.8) is valid for all s € [s;, s,], where s, = 2(X; +Y}) and s, = 3(X, +Y;).
Hence, X(s) and Y(s) are strictly increasing functions on [s, s,].

(iii) Consider (Z,p,q) = S(O). By an argument as in the proof of Lemma 4.9,
we obtain the inequality

(wx + Jx)(X,Y) < (Vo + V) (X)W
for all (X,Y) € Q, where C depends on |||0]||g(). We have Vs +V, = 121 + J{ and
since J; =1 — 2/, ; > 0 and J; > 0, this implies that % <V, +V, <1. Thus, we
get

(7.9) (zx + Jx)(X,Y) < V=YX




A REGULARIZED SYSTEM FOR THE NONLINEAR VARIATIONAL WAVE EQUATION 121
By (3.31f), (3.12g), (A3) and (7.3) we obtain

1 1
(7.10) p(X, V(X)) = p(X) = Hi(X) = Spo(ar (X))ay(X) = Sddy =: ds.
Similarly we obtain

A(X(Y),Y) = a(Y) = oY) = Sou(ms(¥)as(V) > Jeer = e
Then, since py = 0, we get
dy < p*(X, V(X))
=P (X.Y)

< (st + ) ) xy)
< w((c(U)Ux)? + c(U)p*)(X,Y)

= 2k(Jxzx)(X,Y)

<2k(Jx +ox)rx(X,Y)

< 2k YDy (X)),

where we used (4.12¢) and (7.9). Hence,

2
(7.11) rx(X,Y) > sie*C‘Y*WX)l.
K
Using that ¢gx = 0, we find in the same way that
2
(7.12) oy (X,Y) > ;ie*C‘X*W”,
K
where C' depends on |||6]||g(y. From (4.12a), we then get
i €& _fx-
(7.13) tx(X,Y) > 2/{2 eV =YEIand  ty(X,Y) < —2—:2@ CIX=xM,
(iv) For any 0 < 7 < 5-(z, — 2;) consider O(7) = E o t.(Z,p, q).
We claim that (X (7, s), Y(7, s)) lies below the curve’ (X(s),)(s)). For any 5 and
s such that X(7,5) = X(s) we have
HX(s),Y(s)) = 0 <7 = t(X(r,5),Y(7,5)),
so that by (4.12a) and (4.12d),
(7.14) Y(1,5) < Y(s),

which proves the claim.

We prove that there exist Sy, and Spyax satisfying §; < Spin < Smax < S such that
(X(7,5),Y(7,s)) belongs to Q for all s € [Smin, Smax)- First we need an estimate.
Since c(u) < k, tx(X,Y) > 0, and ¢y (X,Y) < 0 we have

(115) 5 —a) = 5 (e(X,, ;) — 2(X0, Y0)
= o (00, ) = 2(X, Y0 + (X, V) — (X, )

"Note that this is also true outside of (2.
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_ 1
2k

1 (_/YT c(U(X,, Y))ty(X,,Y)dY

2K v,

Y, X,
/ .ry(XT,Y)dY+/ xX(X.,Y;)dX)

Y X1

IN

n /er (U (X, Y))tx (X, Y7) dX) by (4.12a)
;(_/YYTtY(XT,Y)dY+/XXTtX(X7Yl)dX>
(X, 7). |

Consider 3p,ax such that X (7, 8max) = X,. Note that since X (7, Smax) = X (s.) we
get from (7.14), V(7, Smax) < Y(sr) = Y,.. From (7.15) we get

X0, V(T Sma)) = 7 < (g — 1) < H(X0, ),

2K
so that Y(7, Smax) > Y;. In particular, we have
(7.16) Y < V(7 Sma) < Y,

and therefore, since X(r,-) and Y(7,-) are nondecreasing and continuous, there
exists Spin such that Suin < Smaxs V(7 Smin) = Y7 and X (7, $in) < X,. Since
t(Xla }/l) = 0 <T= t(X(T7 gmin)7 Yi)

we find that X (7, i) > X; and we have
(717) Xl < X(T7 gmin) S XT'
For any s € [Smin, Smax] We get from (7.16) and (7.17), since X(7,-) and Y(7,-) are
nondecreasing, that

X < X(7,8min) < X(7,8) < X(T, Smax) = X,
and

YE = y(T, gmin) < y(T, S) < y(T, gmax) < Y;”
In other words, the curve (X(7,s), Y(7,s)) lies in Q for all s € [Spin, Smax), and hence
all the estimates obtained in (iii) are valid along this curve. Observe that

1 1
S = §(Xl + YE) < 5(X(7'7 <§min) + y(T, gmin)) = Smin

and 1 1
Sp = i(Xr + Y;) > E(X(Ta gmax) + y(T, gmax)) = Smax;
which implies $; < Spmin < Smax < S ‘ )
By differentiating ¢(X (7, s), (7, s)) = 7 and using that X(7,s) + Y(1,s) = 2, we
obtain
=2ty (X (1,$),Y(,5))

tx(X(7,8),V(7,5)) — ty(X(T, ), V(T,8))

(7.18) X(1,5) =
By (4.5), we have

a K a K

tx (X, V)| < 125 [l + 3 |ty (X, V) < (1 2% [l o) + 5
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t £C5(t) iCG(t) $1(t) xg(t)

.Z‘4(t) &3 (t)

T2

1

x T+ KTy Ty — KTy Ty

FIGURE 5. The region bounded by the characteristics z(¢) (forward)
and x5(t) (backward) starting from x; and x,, respectively, at ¢t = 0.
Here, 0 < <1 = i(x, — ;). The remaining functions are given by
x1(t) =z + L, x3(t) = a1+ kt, 24(t) = 2, — Kt and z6(t) = 2, — L. We
have x3(m) = x;+km = (X (711, 81), Y(71, 51)) and z4(11) = 2, — kT =

.I'(X(Tl,gg),y<7'1, 52))

Y

@
H

(X(s), Y(s))

(X(71,5), Y(m1,5))

(X(72,5),V(72,5)) Smax

F1GURE 6. The region from Figure 5 in Lagrangian coordinates. The
curves (X(s),V(s)), (X(r1,s),Y(m1,s)) and (X (7, 8), V(72,5)) corre-
spond to t =0, t = 7y and t = 7y, respectively.

for all (X,Y) € Q. Using this and (7.13) in (7.18), we find

. e%ﬁ_Qe_é‘X_X(Y)l

(7.19) X(1,8) > - - —CIX-X(Y)|
125 lwpee ) + 125 Twioe o) + %

= Qe
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for all s € [Smin, Smax)- Similarly, one proves that
(720) j}(7'7 S) > aze—C\Y—y(X)\
for some positive constant s that depends on ds, %, ||Z§(\|W‘},w(m and ||Z§‘,||W)1(,oo(m.

Next, we prove that there exist 5; and 5y satisfying S < 51 < 85 < Spax Such
that

(7.21)  z(X(1,51),Y(1,51)) =z, + k7 and z(X(7,352), V(T,52)) =z, — KT.
Observe that since x is increasing with respect to both variables this will imply
x+ kT < x(X(1,8),Y(1,8)) < xp — KT

for all s € [31, §5]. Furthermore, since §,in < 51 < 53 < Spax and X(7,-) and Y(7,-)
are increasing functions, (X(7, s), Y(7, s)) belongs to 2 for all s € [3y, 53], see Figure
5 and 6.
By (4.12a) and (1.5), we have
X(T,gmin)
(X (5 ) =261 + [ (XY dx
Xy
X(T,§min)
o)+ [ U e (XY dx
X
X(T7§Irjill)
s +n [ (v ax
X

=2(X;,Y)) + k(X (T, 5mm), V1) — (X, V7))

=X+ KT.

IN

Similarly, by using the lower bound on ¢, we get
1
(X (7T, 8min), Y1) = @ + —T.
K
From (4.12a) and (1.5), we have

Yr
z. = 2(X,, V) = 2(X,, Y(T, Smax)) —|—/ oy (X, Y)dY
y(7—7§xuax)
Yr
(X, V(7 B — / (U (X, V)t (X, Y) dY
V(T,5max)
Yy
< (X, V(7 Smax)) — Ii/ ty(X,,Y)dY since ty <0
V(T,5max)

= LI'J(Xr, y(Ty gmax)) + RT,

so that
I(Xm y(Ty gmax)) Z Ty — KRT.
Similarly, we obtain
1

I(X“y(’r’ §max)) <z — ET.

Hence, we end up with

1
(7.22) x+ —7 < 2(X(7, Smin), V1) < 21+ KT
K
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and

1
(7.23) 2y — KT < 2( Xy, V(7, Smax)) < p — —T.

K
Since 0 < 7 < i(x,«—xl) we have x;+Kk7 = 1;+267— KT < Ty +Tp — T — KT = T, —KT,
which implies, since x is continuous with respect to both variables, that there exist
51 and Sy such that 5; < 59 and
(7.24)  z(X(7,5),Y(1,51)) =2+ kT and x(X(7,3), Y(T,52)) = x, — KT.

From (7.22), (7.24), and the fact that = increases along the curve (X(7,s), Y(7,s)),
we have
z(X(7, Smin), Y1) < @1+ KT = 2(X(7,51), Y(7, 51)),
so that X(7, Spin) < X(7, 51) which implies Sy, < §1. By (7.23) and (7.24) we have
Z'(X(T7 52)7;)}(7—7 52)) =Ty — KT S I(X'M y(T7 gmax))y
and we get Y(7,352) < V(T, Smax) and 53 < Spax. This concludes the proof of (7.21).
We prove (P1). From (5.21a) we have
u(r,x) = Z3(r,s) if @ = Z5(7, 3).
Since the function Z5(r,s) is nondecreasing, the smallest and biggest value it can
attain for s € [3y, So] is
Zo(1,51) = x(X(7,51),V(7,51)) = & + KT
and
25(7,39) = x(X(71,52), Y(7,82)) =z — KT,
respectively. The function Z5(7,-) is in fact strictly increasing for s € [31, 53], as we
now show. We differentiate the relation Z5(7,s) = z(X(7,s),V(r,s)) and get
Zy(1,5) = xx(X(7,5), V(1,8) X (7, ) + 2y (X (7, 5), V(T, 8)) V(T 5).
From (7.11), (7.12), (7.19) and (7.20) we have

1 N
(7.25) Zy(1,8) > ﬂ(aldg 4 aQeg)efCIny(XHfC\XfX(Y)\ 0.

Hence, s +— Z5(7, s) is strictly increasing for s € [51, S2] and therefore invertible on
(51, 52). For any « € [z, 4+ kT, z, — KT] we get

(7.26) u(r,z) = Z3(7, 25 (1, 7)),

and since | 25(r, 25 (7, 2))| = |U(X(7, 2y (7,2)), Y(7, 25 (7, 2)))| < [|U]|1=() we
have

(7.27) u(r,-) € L=([x; + kT, 2, — KT]).

Next, we differentiate (7.26) and get

(7.28) ug (1,) = Zy(7, 257! (7, x))%zil(ﬂ ) = m
We have

|z’_,‘73(77 s)| = |Vs(r, X(r, s))X(T, 8) + Wis(T, Y(T, s))y(T, s)|

= |Ux(X(7,5), V(7,9))X (7, 8) + Uy (X(7,5), V(7. 5)) (7, 5)|
<2Ux |l o) + 21Uy [lwie(q)
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so that Z5(r,-) € L™([51, 52]). By (7.25) we end up with

iy (. 2)] < 2f<~'||33(727‘>||L°°(2[§1,§2Decmwx)ué\xw(yn,
a1ds + ages

which implies that
(7.29) ug (7, ) € L=([x1 + K7, 2, — KT]).
From (7.27) and (7.29) we conclude that (P1) holds.

We prove (P2). From (5.22a) and (5.22b), we have

R(Tv Z2(T7 5))V2(Tv X(T7 S)) = 0(23(7—7 S))V3(T7 X(Ta 5))
and
p(1, Zo(7, 8)Vao(T, X (7, 8)) = p(7, X(7,5))
for all s € [5,5,). We multiply these equations with 2X (7, s) and use (3.27) to get
R(T, Z5(7, 5)) Zo(7, 5) = 2¢(25(7, ) Vs(T, X(7,5)) X (7, 5)
and . .
(T, Z59(7, 8)) Zo(1, 8) = 2p(7, X (T, 8)) X (T, 8),

which yields
2¢(Z5(r, 251 (1, ) )Vs(1, X (1, 257 (1, ) X (7, 25 (7, )

(7.30) R(r,z) = 20 2 (1))

and

(7.31) p(r,x) =

20(7, X (7, 27 (1, 2)) X (1, 2571 (7, x))
Zy(7, 25 (T, )

for all @ € [z + k7,2, — k7]. Since Vs(1, X(7,s)) = Ux(X(7,s),Y(r,s)) and

|Vs(r, X (7,5))| < HUX||W}1/,OO(Q) we have V3(7, X(7,-)) € L>([51,52]), and since

p(7, X(7,5)) = p(X(7,5), V(7. 5)) and [p(7, X(7,5))| < ||p||W§1/°°(Q) we have p(7, X(7,-)) €

L>°([31, 52]). Using (7.25) in (7.30) and (7.31) we obtain

2 -
|R(r,2)| < 87| Vs(, XQ(T7 '))||2L°°([§1152])eC\ny(X)HClX*X(Y)\
ads + ages

and

8k||p(r, X (T, -))||L°0([§11§2]) eC\Y*y(X)HC'lX*X(Y)\
a1d3 + aze3
for all @ € [z, + k7,2, — k7]. Therefore R(7,-), p(7,-) € L*>®([x; + k7,2, — k7]). In
a similar way one shows that S(7,-),0(r,-) € L™([x; + kT, x, — £7]) and we have
proved (P2).
We prove (P3). By inserting
Zy(1, 2y (1)) = 20x (X (7, 251 (7,2)), V(7,25 (1)) X (7, 257 (7, )
into (7.31) we get

lp(r,2)] <

p(r, X(, 25 (1, 2)))
CCx(X(T, 251(7'756)), y(Tv 2271(7_’ {t)))
for all s € [3y, S2]. Since py = 0 we get from (7.10),
p(T>X) :p(Xay(TvX_l(TvX))) :p(X,y(X)) > dy

p(t,z) =
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for all X € [X}, X,]. Recalling (7.9) and that Jx(X,Y) > 0 we get
p(r,z) > doe=CIVi=Y7l
for all x € [x; + k7,2, — k7). Similarly we find

o(r,z) > eQe’é‘Xl’Xrl

for all € [x; + k7, 2, — k7]. This concludes the proof of (P3).
We prove (P4). Let M C [z, + kT, z, — k7] be a Borel set. By (5.28), we have

;%ww@:/ Vi(r, X (7, ))& (7, 5) ds,

Z5H(r,M)NAe
where A = {s € R | Vo(1, X(7,s)) > 0}. We have meas(A°) = 0, which implies that
psing(T, M) < 2[[|O(7)][]g () meas(A°) = 0.

This proves that u(7) is absolutely continuous on [z; + kT, x, — k7. Similarly, one
shows that v(7) is absolutely continuous on [x; + k7, 2, — KT].

Step 2. Assume that m = 2. By Step 1, (P3) and (P4) hold. Moreover, (P1) and
(P2) hold for m = 1. It remains to prove that u,, (7, ), Rx(7, ), Su(7, ), pz(7, ), 02(T, ) €
L*°([z; + k7,2, — k7]). In order to do so, we have to show that
Zxx = (txx,rxx,Uxx, Jxx, Kxx) and Zyy = (tyy,zyy,Uyy, Jyy, Kyy) exist
and are bounded. We first consider Zxx. There exists a unique solution Zxx in {2
of the system

Zxxy(X,Y) = f(X,Y, Zxx)
since f is Lipschitz continuous with respect to the Zxx variable, which comes from
the fact that the system is semilinear. This can be seen by differentiating the
governing equations (2.38). For instance, we have

! U A U
(732) XXy = QCC<(U))(xXUXY_UXxXY)+chIJ;UX(UXxY+nyX)
(U
+ 2CC((U))($YUXX + Uyzxx)

and
V(X) ~ 5

133 oY) < (XY + [ e (X D] d
Y

if we assume without loss of generality that Y < Y(X) (the other case is similar.)
Let us find a bound on zxx at time 7 = 0. We differentiate (7.2) and get

1
{(X) = —Zxﬁ(X)BQROROz + ¢ (o) uoxpf + 2¢(uo) popos) © 1(X),
which, by (7.4), implies that

" 1 4k
(7.34) (X)) < 4(

3
o)l )l
+ k1||(U0)x||L°°([zl,zr]>||P0|\%w([zl,zr])
+ 2"{||p0||L°°([acz,acr]) ‘(pO)zHLO“([:cum]))

and we conclude that zf € L*([X), X,]).
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By Definition 3.4 and Definition 3.7, we have

£x(X,D(X)) = Va(X) = La4(X).

We differentiate and get
) 1
P (X V) + (X V00) () 0 27X = 3ol

so that by (7.19),

(3?) 0 X1(X)

[ (4 Y] < 3 00] + oy (YOO (3

klli

1
— = __(||olI? —|l|©
+ e (16l + Ol
([X1, X,]). Here we used the estimate

L>
Y1)
A Z D VX EWYE) + WD) by (235

(||v3||po o (Il +

< gl xi,x00)

and zxx (-, V(")) €
|z xyv (X(s),
3(s

(

l\')\»—t

a a 1
+ V3o i v2)) <||Vz Iz xn) + 2))

1 1
< gt (1611 + gllOle ).

We estimate zxyy. Since |Z%] < ||Z§(||W‘1/,DO(Q) and |Z¢] < HZ{’/HW;(,OO(Q), we get
from (2.38) that
(7.35) |Zxy| <,
where 1 depends on |‘Z§(||W)1,,oo(n), ||Z€/||W)1(.oo(n)7 k and k;. We obtain from (7.32),

1 u 1 o
(7.36)  |oxxy| < 2m[(|zx||w¢w(m + 2)7; + IZXIW;,OO(QW]
1 . . . 1
+ §k2/€||ZX||W},’°°(Q) ||Zx||W;=°°(Q) ||ZY||W)1(’°°(Q) + 9
VAY Z !
+1 YHW)I(’W(Q) I X||W§1,’°°(Q)+§
1 1
+ 5]@'1;‘6 \|ZY||W1 () —|— |Uxx|+ ||ZYHW1 ([T x x|

" 1
< s 1128 g + 2>77

. . 1 1
+ kil Z% [l o (||ZX||W1 () T ) <|ZY||W1°°(Q) + 2)
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1 . 1
+ 2k1/€(|ZY||W)1(,oo(Q) + 2) (1Uxx| + |zxx])-
We insert (7.36) into (7.33) and get
|[2xx (X, Y]

a 1
< o Do + [Fae([128 g + 3 )

a a 1 a 1
+ el Z g (128 b= + 3 ) (12w + 5 )| 1% - 0

Y(X) q 1 -~
+ [ 3128y + 3 ) (Ul + loxx) (X, F) 7
Following the same lines for the other components of Zxx, we obtain
(Itxx|+ lzxx] + |Uxx| + [Jxx| + [Kxx[)(X,Y)
< Zxx (5 YO i.x,0) + CilYe = Y

V(X) - ~
+/ Colltxx| + [oxx| + [Usx| + [Ixx| + [Kxx|)(X,Y)dY,
Y

where C; and C depend on ||Zg(‘|w)l/,00(ﬂ), \|Z§‘£||W)1(,oo(ﬂ), K, k1 and ke. By Gronwall’s
lemma, we obtain
(7.37) (Itxx|+ loxx| + [Uxx| + [Jxx| + [Kxx[) (X, Y)
< ([1Zxx (5 YO e (x0,x,) + CrYe = Vi) =0
A similar procedure yields
(7.38) (Ityy [+ lzyy [+ [Uyy| + [Jyy[ + [Kyy[)(X,Y)
< (1Zyy (X (), M=y + CrlXe = Xy )T
where Cy and Cy depend on HZBL(||W}1/,00<Q)7 HZ{}HW;(,OO(Q), K, k1 and k.
We also need estimates for X (7, s) and Y(7,s). By (3.26), we have

xx(X(1,5), (T, 8)X(T,8) = 2y (X(7,8), Y(T, $))V(T, 9).
We differentiate and get
(7.39) rxx(X(1,s),Y(r, s))X(T, s)? + zx(X(7,5), V(r, S)))E(ﬂ s)

= 2yy (X(7,5), (1, ) V(7,5)% + 2y (X (1, 5), V(7,s) V(T 5).
Since X(7,s) + Y(7, s) = 2s, we have )7(7, s) = —.)E(T, s), so that
xyy (X (7, 8), Y(7, s))y(T 5)? — xxx(X(7,5), V(T, 5))X(T, 5)?
rx(X(1,8),Y(1,8)) + vy (X (7, 5), (T, 5))
By (7.11), (7.12), (7.37) and (7.38), we find
Pl s lzxx (X (7,5), V(7. 8)| + |wyy (X(7,5), V(7. 5))|
w1 <A S e R st
4
- %e—cw—yw + %e—c‘\X—Xwn

2(778) =
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< (1 Zxx (- V()| x,5,0) + C1|Yr = Yi])e@Y =Y
+ (12vy (X (), )z + Crl X = X)X =),
If we define
D = (4max{||Zxx (-, V()| o= (ix,,x,0) + C1lY; = Y,

. Cord2 2\t
12w G M=y + G, = x6l)(min {52,521 )

and - ~ ~
C =max{C,C,Cy, Cs},
we get from (7.40),

cClIX=x(Y) + ClY =Y(X)]
e~ CIX=X(Y)| 1 o—CIY =Y(X)|

(7.41) B s)| < D(
— DeCUX—XMWHY-Y(X)])

We conclude that X (7,-) € L®([5;, 52]). Here we used that
e + e  atb
—— =e¢
e~ +et
for a,b € R. We differentiate Z5(7, s) = z(X(7,s), Y(7, s)) twice and get, by (7.39),
that

Z(7,8) = 2xx(X(7,5), V(7,)X (7, 5)° +$X(X(Ta 5), V(7,5))X(7, )
+ 2y (X(7,5), V(7. 5)) X (7, 5)V(7, 5)
+ 2yy (X(7, ), V(7,5))V(7, 8)* + 2y (X (7, 5), (7, 9)V(7, )
= 2xxx(X(7,s),Y(1,8))X (’7‘, s)2 + 22y (X(T, S),y(ﬂs)).)é(ﬂs)
+ 22xy (X (7, 5), V(T 5) X (T, ) V(7, 5).
Using the estimates (7.35), (7.37), and (7.41), we get
12a(7,8)] < 811 Zxx (-, V()| po(x0.x,0) + CulYr = Vi) =Y
# 225l lygoe + 3 ) DI g
and 22(’7'7 ) c LOO([gh 52])
We have
23(7',3) =Uxx(X(r,s),Y(r, ))X(T, 5)? +UX( (1,9), y(ﬂs))/f(r,s)
+ 2Uxy (X(1, ), Y(T, ))X(T, s)Y (7' s)
+UYY( (7—75)7 ( )) ( 75) +UY( (7_7‘9)7:))(7—’5))3}(7_75)?
which implies, by (7.35), (7.38) and (7.41), that
|Z3(r, 8)| < 411 Zxx (-, V)|, + CilYy = Y)Y
+ ||Z§(||W1m(mDeé(\XfX(Y)IHny(X)D + 81

40| Zyy (X (), =iy + CrlX, — X )eC2X -
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+ ||Z;‘|W;m(Q)DeC‘(\XfX(Y)IHny(X)\).
Hence, Z5(7,-) € L>®([51, 52)).
We compute u,, from (7.28) and get
Zy(r, 274 (T, ) B Za(1, 277, 1)) Zo(7, 257 (1, 7))

Uo7, 2) = Zy(1, 274 (1, 1))? Z(1, 2y (7, @)

By (7.25) we obtain

HZ:%( Nz (1.5
[ (13 + aped) e=CIV=Y(X)|=Clx—-x(1)]]®
|Z3(7, |z (1,50 |1 22T, ) oo i51,52)
[ (013 + aped) e=CIY PI=CIX =[]

and we conclude that u.,(7,) € L>®([z; + k7, z, — KT]).
By differentiating (7.30) we get

R.(7,x)
_ 2X (7, Z7 (1, x))
[25(7, 257! (, )]

‘uzz(Tvmﬂ <

2 [C/(Z3(7_7 22_1(7—’ I)))Z3(Tv 22_1(7_7 'T))VB'(Tv X(Ta 22_1(7_7 I)))

+c(Zs(, 25 M (7, 2))Va(7, X (7, 25 (7, 2)))]
20(25(7, 25 (7, 0))) Vs (7, X (7, Z5 (1, 2))) X (7, 2, (1, @))
[2,(r, 257\ (7,2))]”
26(Z5(7, 25 (7, 2)) ) Vs (1, X (7, 25 (7, 2)) X (7, 25 (1,2)) Za (7, 25 (7, )
[25(7, 257 (r,2))]

where we denote Vs(7, X (7,5)) = LVy(r, X(7,5)). Since V3(7, X(7,5)) =
Ux(X(1,s),Y(r,s)), we have

V3(7', X(Ta 8)) = UXX(X(T7 5)7 y(7_7 5))X(7—7 S) + UXY(X(T> S)a y(T7 S))y(’]—? S)
From (7.35) and (7.37) we obtain

Va(r, X (7, )| < 2[(11Zxx (, V) (i, x,)) + CrlYe = Vi)=Y 4],
where 7 is a constant that depends on ||ZX||W1 Q) HZY||W1 (g & and ki. There-

fore we have Vs(7, X(7,-)) € L®([51,52]). By (7.25) we get
2

L (o d3 + yed) e=ClY=Y(X)=CIX-2())]?
(2k1|\273(7’ Mz (515D V3 (7, X (75 )| oo (51,52)
+ 26 Vs(7, X (7, )| o< fs1,520)
o 1 Vo, (7, Dl oo s s 187, o))

4[| Vs (1, X (7, )= @susap |1 22 (7, )= (51,520
[ (a1 + aged)e=CIY =Y(X)=CIX-x ()]

)
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which implies that R,(7,-) € L>([x; + kT, z, — KT]).
We differentiate (7.31) and get
pa(T, )
2[p(r, X (1, 23 ' (1,2)) X (7, 25 (7, 2))° + p(r, X(7, 2, (1, 2))) X (7, 25} (7, )]
[Za(r, 25V (7, 2))]
2p(7, X (1, 2, ' (1,0)) X (7, 2, ! (1,2)) Z5(7, 25 (7, 7))
[Zo(r, 25 (r, )]

where we denote p(7, X(7,s)) = 4£p(7, X(7,5)). Since p(r, X (7,s)) =
p(X(7,5),Y(1,)) and py(X,Y) = 0 we have

p(7, X(7,5)) = px(X(7,5), (T, 5)X(T, 5).

Furthermore, by (3.31f) and (3.12g), we have
1 /
(7.42) p(X, V(X)) = p(X) = Hi(X) = §P0(1’1(X))331(X)~
We differentiate and get, since py (X,Y) = 0,
1 ’ 1 "
px(X,Y) = px(X, V(X)) = 5(po)e(21(X))1 (X)* + Zpo(w1 (X)) (X).

Using (7.4), this leads to the estimate

1 |
px (X V)] < Sl1(po)al |z far.en) (M) + 5 lpollzee e 1271z 2,500

)

which implies that

. 4k \?
(2] < ol ( ez )+ Il Ganspllfllimrs

Recalling (7.34), it follows that p(7, X' (7,-)) € L*®([51, 52]). Using (7.25), we end up

with

2(211p(7, X (7, Nllz=(sr.za) + 107 X (7, )z (51, 12 (7 ) |2 (51.520))
[ (ud3 + aed)e=CIV=Y(X)|-Clx-x(1)))?

Allp(r, X (7, Dz isisap 1 Z2(7 )l @sa, o)
[ (a1d + azed) e Ol —Y(X)I=ClX~ X(Y)q

and we conclude that p,(7,-) € L®([x; + kT, x, — KT]).

In a similar way one shows that S,(7,),0.(7,-) € L=([x; + kT, 2, — KT]).

Step 3. Assume that the result holds for m = n, that is, if ug € L®([xy, z,])
and Ry, So, po, 09 € W 1°°([zy, 2,]), then u(7, ) € W™([z; + kT, z, — kT]), R(T, "),
S(r,), p(1,°), o(7,-) € W L°([z;+ k7,2, — k7|) and (P3) and (P4) hold. We show
by induction that the result also holds for m = n 4+ 1, that is, we assume that Ry,
So, po, 0o belong W™ ([x;, x,]), and prove that u(r, ) € WTL°([z; + k7, 2, — KT])
and R(7,-),S(7,-), p(7,-),0(7,) € W*([x; + kT, x, — KT]).

|ps (7, 2)] <
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Since the result holds for m = n we get, following closely the argument used in
Step 2 to derive (7.37) and (7.38), that

ootB
0X9Y#

Since Ry, So, po, 00 € W™ ([x;, z,]) we get by Definition 3.4 and Definition 3.7
that

(7.43) Ze[L®Q)P, a,8=0,1,...,n, a+pB<n.

gots
Sxagysl ®B=01...n+l a+f=n+l

is bounded on the curve (X(s),V(s)), s € [s1, 8-
Since the governing equation (2.38) is semilinear, there exists a unique solution

8n+1 Z
XY B
a,8=0,1,...,n+1, a4+ =n+1in Q of the system

3] ot

44 — —(t K

(7.44) % > Sxagyst et U+ T+ k)
a,=0,1,....,n+1
a+fB=n+1

an+1
=/+ Z <ga,ﬂawz>7

a,5=0,1,....n+1
a+pf=n+1

where f and g, depend on derivatives up to order n. By (7.43), the functions f
and g, s are bounded. Here, g, denotes n + 1 five dimensional vectors. To clarify
the notation, let us compute (7.44) for n = 2. We have
o 3
v 2 5xeovs
@,8=0,1,2,3
a+£4=3
= [+ (930, Zxxx) + (921, Zxxv) + (912, Zxvy) + (9.3, Zyyy)-
By Gronwall’s lemma, we obtain
an+1
OX*9YP
This implies, since zx (X (7, 5), Y(7, 5))X (7, 5) = 2y (X (7, 5), V(1,8 V(7. 5), Zo(T,5) =
x(X(7,8),Y(1,5)) and Z5(7,s) = U(X(T,s),V(7,5)), that
dn+1 dn+1 dn+1 dn+1 -
o1 X(r,), rsnﬂy(r, ), ppeee) Z5(1,4), ) Z3(1,-) € L=([s1, $¢])-
It then follows from (7.25) and (7.26) that

(t+z+U+J+K)

ZeL®Q)P, a,f=01,....n+1, a+B=n+1

g+l

8:r"+1u(7-’ ) € L=([ + k7,20 — KT]),
and from (7.25) and (7.30) we obtain

%R(T’ ) € L=([z + k7,20 — K7]).

By (7.42), %p(,y()), k =0,1,...,n, is bounded on the curve (X(s),Y(s)),
s € [s1, 8r]. Since
ok ok

WP(XM))(X)) = mp(Xv Y)7
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we get from (7.25) and (7.31),
aan”
Similarly, one proves that

a’n 8’” oo
aan(ﬂ s %0(77 ) € L([ax) + kT, 2 — KT)).

(1,+) € L®([x; + kT, 2 — KT)).

From Theorem 7.1 we obtain the following result.

Corollary 7.2. Let —oco < x; < x, < 00 and consider (ug, Ro, So, po, 00, fto, o) € D.
Assume that

(AI ;) Up, RO: SO: Po; 00 € COO(['rly xr]);

(A2’°) there are constants d > 0 and e > 0 such that po(z) > d and oo(x) > e for

all x € 2y, ),

(A3°) 1o and vy are absolutely continuous on [z, x.,),

(A4’) c € C®(R) and '™ € L®(R) form = 3,4,5,....
For any T € [0, i

(U, Ra 57 P, 0, I,y V)<T) = S‘r(u(): R07 507p07 00, Mo, VO)-

(z, — xl)] consider

Then
(P1°) u(r,-), R(1,-),S(7,-), p(7,-),0(7,-) € C®([z; + KT, 2 — KT]),
(P2’) there are constants d > 0 and € > 0 such that p(,2) > d and o(T,2) > €
for all x € [x; + kT, 2, — KT],
(P3’) p(r,-) and v(T,-) are absolutely continuous on [x; + KT, x, — KT].
Fort e [— i(xr — ), 0] , the solution satisfies the same properties on the interval
[rl — KT, T, + I{T] .

7.2. Approximation by Smooth Solutions. The following theorem is our main
result. In the proof we use Lemma 7.5 and Lemma 7.7 which are stated and proved
in Section 7.3.

Theorem 7.3. Let —oco < x; < z, < oo. Consider (ug, Ry, So, po, 00, o, Vo) and
(ug, Ry, SE, p, o8, n, vy) in D. Assume that for allm € N,
(AJ”) U, ROa SOa u87 R87 537 pgv Ug € COO([xla Z’r]),
(A27) po(x) =0 and oo(z) =0 for all x € [z, x,],
(A8”) there are constants d, > 0 and e, > 0 such that pg(z) > d,, and o () > e,
for all x € [z, x,],
(A47) uy — up in L=([z, x,]), Ry — Ro, S§ — So, pg — po and o — o¢ in
Lz([xl7'rr])7
(A57) po, vo, pf and v§ are absolutely continuous on [z, z,],
(A67) po((—00, 1)) = 5 (=00, 1)), pro((=00, 7)) = (=00, zr)),
(=00, 1)) = v ((—00, 7)) and (=00, 2,.)) = v ((—o0 ),
(A77) ¢ € C=(R) and ™ € L=(R) for m = 3,4,5,....
For any 7 € [O, i

(un7 R™, 5% p", 0", p", Vn)(T) = ST(ug> Rga Sg>pg>03a Ug’ V(?)

(z, — )] consider
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and
(u7 R, Sv Py 0, 1y V)(T) = g‘r(u()a Ry, 507 £0, 00, Ho, VO)'
Then we have
(P17) u™(t,+) = u(T,-) in L*([x; + k7,2, — KT]),
(P27) p(7,) = 0 and o™ (7,-) = 0 in L*([x; + K7, 2, — KT]).
The same conclusion holds on the interval [xl — KT, 2, + m'] i the case where

7€ [— 5z —x),0].

Observe that we assume in (A4”) uj — wup in L*°([z,x,]), in contrast to the
L?*(R) convergence in the global case. This is because functions in H'(R) tend to
0 as x+ — Zoo, while here we have no assumptions on the values of vy and uj at
the endpoints of [z}, x,]. Since [z;,z,] is a bounded interval, the convergence in
L>®([x1, x,]) implies that uly — ug in L?([xy, z,]).

By the assumptions (A5”) and (A6”) we mean that

po([ze, 20]) = pg ([w, 2]) - and - vo([z0, 20]) = v ([0, 20])
for all n.

Note that the approximating sequence in Theorem 7.3 is smooth. Indeed, by
Corollary 7.2 we have u"(r,-), R"(r,-), S™(t,-), p" (7, ), 0™(7,-) € C®([x; + KT, s —
k7]). Furthermore, there are constants d,, > 0 and &, > 0 such that p"(7,z) > d,
and 0" (7, x) > &, for all x € [x;+ kT, x, — k7], and p"(7, ) and v"(7, -) are absolutely
continuous on [x; + k7, x, — k7| for all n. However, the limit solution does not
in general satisfy these properties. Of course, we have that (u, R, S, p,o, pu, v)(T)
belongs to D, but the functions are not necessarily smooth and the measures are
not necessarily absolutely continuous. We illustrate this with an example. Consider
the function

fu(z) = <72T> Z\/ﬁe—(nzﬂ

We have || ful|r2) = 1, fu(x) = 0 for z # 0 and f,(0) — +o0, and f, — 0 in L*(R)
as n — 00. By standard calculations we get that

lim [ ¢(z)fu(z)dz =0
R

n—oo

and

n—oo

lim [ ¢(2)f;(x) dv = ¢(0)
R

for all ¢ € C*(R). In other words, f,, = 0 and f?dx = &y, where & is the Dirac
delta at zero, which is a singular measure. Returning to our setting, since u™(r,-)
is absolutely continuous on [x; + k7, 2, — k7| we have

w (T, [x + KT T — KT)) = i/im[(R")2 + c(u™)(p™)?)(, ) d.

We can think of \/c(u™(r,x))p"(7,x) as the function f, in the example above.
We then have that /c(u™(7,-))p™(7,-) is in C*°([z; + k7,2, — k7]) and satisfies
c(un(r,))p™(1,-) = 0 in LY ([x; + &7, 2, — K7]), but c(u™(7,-))(p™)2(1,) = .
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Proof. We will only consider the case 0 < 7 < 3-(x, — ;). The case —5-(z, —z;) <
7 < 0 can be treated in the same way.
We split the proof into four steps.

Step 1. Set
(1/)171/12) = L(UO, Ry, So, po, o0, o, l/o)
and
(10?7 1/]3) = L(ugv Rgv ng P87 J(T)La /1'87 V(T)l)7
where

Y1 = (21, Un, J1, Ki, Vi, Hy), o g = (w2, Us, J, Ko, Va, Hy)
and
OF = (2, U7 U KTV HY), oy = (o, Uy gy K Vg HY).

Let us find out what kind of region the interval [z;, z,] corresponds to in Lagrangian
coordinates (X,Y). Since the measures are assumed to be absolutely continuous we
get from (3.12a),

21(X) + po((—00, 21 (X)) = X
for all z1(X) € [x;, x,]. We show which range of the X-variable this corresponds to.
If X is such that z;(X) = 2; then

x4 po((—o0, 2y)) = X.

We also have

2} (X) + pp (=00, 27(X))) = X
for all 27(X) € [z, z,]. If X is such that 27(X) = z; we get

21+ p((—o0,2)) = X.

~—

Using (A6”) we obtain
X=X
and we denote X; = X =X. - B
If X and X are such that z1(X) = 27(X) = z, then
Ty + /140(<—OO,$7-)> =X

and

zr + prg((—00, 7)) = X,
and by (A6”) we get

X=X
which we denote X, = X = X. We have X; < X, since
Xy = a1+ po((—o0,21)) < 2 + po((—00, 2,)) = X,

In other words, we can define the interval [X;, X,] using either the measure g or
w1y, and observe that this is a consequence of the assumptions (A5”) and (A6”).
In a similar way we find that

23(Y) + (=00, 22(Y))) =Y and - 25(Y) + v5((—00,25(Y))) =V
for all Y € [V}, Y;] where
Yi=x+ (-0, 7)) and Y, =z, + vp((—00,x,)).
We denote Q = [X), X,] x [V}, Y,].
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Following closely the proof of Lemma 7.5, we obtain that x1, 27, x2 and % are
strictly increasing for X € [X;, X,] and Y € [V}, Y,], respectively, and
o= a, (@) =t U= U, JP— i in L¥([X, X)),
Ty = xe, ()TN =y, Uy — Uy, Jy—Jy in L¥([V,Y]),

‘/ln — Vi, Hin — Hiy, (ljll)l - ‘Tl17 (Jin), - ‘]{7 (K?)/ - Ki in LQ([XHXT‘])?
VQTL — Vo, H; — H, (xg)/ - x/Q’ (J;)’ - Jév (K;L)/ - Ké n LQ([YlaYTD
Note that (3.12f) does not imply K7 — K; in L*([X}, X,]) and K} — K, in
L>([V},Y;]). However, we have KT — K7(X;) — K; — K1(X)) in L*([X}, X,]) and
KI'— K3(Y)) = Ky — Ky(Y)) in L®([Y},Y;]). The proof of this closely follows the

procedure in (7.105).
Step 2. Let
0= (X7yaz7vawapuq) = C(qplva)
and
" = (X", Y, Z" V"W p",q") = C(¥1, v3).

From (3.28) we have

21(X(s)) = 22(2s — X(s)) and z7(X"(s)) = 25(2s — X"(s)).
Since we only consider the functions z; and 27 on [X}, X,], and x5 and % on [V}, Y,],
the relevant values of s are those satisfying X (s) € [X;, X,] and 2s — X (s) € [¥},Y;].
In other words, since x1(X;) = 22(Y}) = 2; and z1(X,) = 22(Y;) = z,,, we have

1 1

§(Xl +Y)<s< §(Xr +Y,)

and we call s; = %(Xl +Y) and s, = %(XT +Y,). The same conclusion holds for
the s-values of (X™(s),Y"(s)). The points s; and s, correspond to the two diagonal
points in the box for both curves, i.e., (X(s)),Y(s1)) = (X;, Y1) = (X™(s1), V"(s1))
and (X (s,), Y(s,)) = (X, Y2) = (X7(5.), V"(5,)):
Following closely the proof of Lemma 7.7, we obtain that X', ), X" and Y™ are
strictly increasing on [s;, s,], and
X" =X, YV'=Y, Z]—=Z; in L¥([s1,s]),

ViV, pt—p in LA([X, X,]),

th = Wi, qn —q in LZ([YLYT])
fori=1,...,5,7=1,...,4. From (3.31f) and (3.12g) we have

P(X) = H(X) = po(a (X)) (X)

and
p"(X) = HI(X) = 3 (e (X)) (1) (X)

for all X € [X;,X,]. Using (A2”), (A3”) and (7.3) we get for all X € [X;, X,],
p(X) =0 and p™(X) > k, > 0 for some constant k.

Since K7 — KP(X;) — K1 — K,(X)) in L¥([X;, X,]) and K5 — KP(Y)) — Ky —
K>(Y)) in L*°([V},Y;]) we get from (3.30e) that ZI' — Z2(s;)) — Z5 — Z5(s) in
(51, 51])

— IV
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Step 3. Consider (Z,p, q) = S(©) and (Z",p™, ¢") = S(O™). We prove a Gronwall
type estimate. We claim that for all (X,Y) in Q,

(7.45) { (25— 72]" + Z ( x = 207+ [Ziy — ZZTY]Q)] (X,Y)

K{||U1 — U7 x0x0)

2

+ [ Yo X H(X) — Yo (A7) H(X)]
+[X oY) —ane <y">-1<Y>]2},
where K depends on &, ki, kg, |||©]||g) and the size of Q.

Let (X,Y) € Q. Subtracting the equations
Y

XY) =t (0 VO0) + [ (X T dF
Y(X)
and
Y ~ ~
(7.46) BOCY) =B 00) + [ By (X T)aY
Y (X)
yields
V(X) .
(7.47) (X, V) — #2(X, V) = Vi(X) — VI(X) — / (X, V) dY
yr(X)

Using (2.38a) we get
(7.48) tyy — oy
C’(U )

= (Uxty + Uytx) +

)
)

c(un)
2¢(U™)

20U (Ukty + Uytk)
_cw
2¢(U)

. %(U}t?/ +UtY) /U (CC”((VV)) - Cc/((Y‘//));) "

(Ux(ty =) + 6(Ux = UR) + Ur(tx — %) + 5 Uy — U))

where we used

A (V)N _ V) V)
dv\c(V)) V) V)2
We need a pointwise uniform bound on the components of Z% and Zy. This will

be done in the same way as in Lemma 4.9. We show the details here for completeness.
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By (2.38a) we get
eyl < ghum (16504l 4 10%] 1751 KR (1] ]+ 103+ 131+ 1),
and by doing the same kind of estimate for the other components we get
(7.49) (15001 + |y | + [Ty ] + 1T | + Ky 1)
< By (|l + o] + 1U% ] + 175 ] + K%
x (1614 L] + 07+ 12+ 1K)

for a constant B; that only depends on x and k;. By (7.46) and the corresponding
expressions for x', Uy, J% and K% we obtain

(7.50) (1651 + ||+ [UF] + 5]+ [K5]) (X, Y)

< (1] + o + U3 + 173 + 1K) (X, 97(X))

Y
/y(x) (|t§?y|+|x}y|+|U§y|+|J§Y|+|K§’(Y)(X,Y)dy‘

+
< (1] + o] + 1U% ]+ 175 + 1K) (X, 07(X)
+

Y
[ m{ (i o+ g+ 131+ 1)
y(X)

)

 (181+ lab |+ 1031+ 131+ 31) pox. 7y a?

where we used (7.49). By Gronwall’s inequality,
(1] + ol + 1U%] + 73] + [K]) (X, Y)

< (1t5] + 1ol + 1UR] + 73] + K ]) (X, 9"(X)

Y
xexp{& Lo (|t@+x@|+|w+J¢|+|K¢|)<X,Y>dy\}.

By (4.12a), (4.12b), (4.12d) and (4.12e) we get

(7.51) |ty| + |2y | + [Uy| + [Jy| + | Ky | = W‘TY + 2y + |Uy| + Jy + 7C(U”) Jy

< (1 + &) (zy + Jy) + Uyl
From (4.12c) we have
20pay = (c(UMUR)* + c(U")(q")? = (c(U")Uy)?,
and by Young’s inequality,

n N 1 K n n
|Uy| < ky/2J3ay < E(JY + 2%),
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which by (7.51) implies

n n n n n 1 n n
8]+ o]+ U]+ 173+ K3 < [1 n (1 ; ﬁ)] (e} + 7).
Using this in (7.50) we obtain
(7.52) (1651 + la%] + 1031+ 13 + K3 (X.7)

< (1] + ol + 0%+ 175 ] + 1K) (X, 97()

}

for a new constant By that only depends on x and k;. Since z™ and J" are nonde-
creasing with respect to both variables, we have

’ / j(X)u; + (X, T) df/'

= [2"(X,Y) — 2"(X, Y"(X)) + J"(X,Y) = J"(X, Y"(X))|
< a"(X,,Y,) — a"(X, V)| + | (X, Y,) — THXL Y|
= [&"(X"(5,), V" () — 2" (X" (51), V" (1))
+ [T X (50), Y (50)) — T (X (1), V" (1))
= |23 (s;) — Z5(s1)| + |28 (s0) = Z2(s1)]-

/ U Xy

X exp {Bz
yr(X)

23 (sr) = 25(s1) = 23 (sr) — Za(sr) + 2a(s,) — 25 (1) + Z2(s1) — Z2(s1)
= Z(sr) — Za(sr) + 25(5,) + 8p — Z3(s1) + Za(s1) — Z5(s1) — sy

Zi(sr) = Zi(s1) = 21 (s7) = Zals) + 2 (sr) — 25 (s0) + Zu(s1) — 2 (s1)
we end up with
1%
‘/ (1”;+J{})(X,Y)dY‘
"(X)
< 2[|22 = Z5 [ pee(isi,s)) T 2l 25| Lo0 ((s1,5,0) + 50 — 51
+ 2HZ4 - ZZHLw([Sz,sr]) + QHZZHLM([%ST])'
The convergence ZI" — Z; in L*(][s, s,]) implies that for every € > 0 we can choose
n so large that ||Z; — 2|1 ((s,,5,)) < €, 7 = 1,2. Hence,
1%
(753) ‘ / (X)(ZL'?/—Q—J{/L)(X7 Y) dY‘ < 45+2||Zg|‘Lm([sl,sT])+2||ZZ|‘Lm([sl,sr])+87'_sl-

We use (7.53) and Z7'y (X, Y"(X)) = V}'(X) in (7.52) and obtain

K3

5
(7.54) (1250 3]+ [U%] + 3]+ [K%]) (X Y) < By 0 VR0

=1
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where Bz only depends on , k; and [|[©][|g(q). Since pg is absolutely continuous in
[z, x,] we obtain as in (7.2) that

0<(1)(X) <1

for all X € [X), X,]. Using (3.31a), (3.31b), (3.31d), (3.31e), (3.12¢) and (3.12f) we
get

—_

0<VE(X) < 2k 0<VE(X) <
for all X € [X;, X;]. From (3.31¢) and (

L 0<VMX)<1, 0<VMX) <k

[N}
N =

w

8) we have
1
V - n\/ X JTL ! X < .
V3 (X)] < U7X ))\/(331)( )P (X) <k
By inserting these estimates in (7.54) we get
(7.55) (|t’}(\ )+ U]+ T + \K;;D(X, Y)< B, foral (X,Y)eQ

for a new constant By, which only depends on &, ki and |||©|||g(q). Similarly we
can show that there exist constants Bs, Bg and B7, which only depend on k, k; and
I||©1]|g(0), such that for all (X,Y") € Q,

(7.56) (150 + a3 |+ (U] + |+ K3 (X, Y) < B,
(757) (el + x|+ Ux] + x| + [Ex]) (X, Y) < B
and

(7.58) (Itvl + by | + U] + [yl + Ky ]) (X, Y) < By,
From (7.49) we get for all (X,Y) € Q that

(7.59) (1501 + 1y |+ U3y |+ ey | + Ky ) (X,Y) < D

for a constant D that depends on &, k; and |[|©|||g). From (7.55)-(7.58) we get in
(7.48), for all (X,Y") € Q that

(7.60) |txy — thy|(X,Y)
< G (U= U+ [tx = ] + |Ux = Uk |+ |ty = 8]+ Uy = U]} (X, ),

where Cy depends on &, ky, ky and [[|0]||g)-
Using the estimates (7.60) and (7.59) in (7.47) we get

ltx(X,Y) —t5%(X,Y)]
< I(X) = VHX)| + DY o XHX) = Yo (™) H(X)|
Y
+C (U =U" + |tx — t%| +|Ux — Ux|
Y(X)

+ |ty — 15 + [Uy — UR]) (X, Y)dY|.
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To write the estimates more compactly, we denote Z = (71,2, 23,24, Z5) =
(t,z,U, J, K), and similar for Z™. With this notation we get from the above es-
timate that

(7.61) |Zix(X,Y) = Z7 (X, Y)]
< Vi(X) = VX)) + DY o X7HX) = Y™ o (X")H(X)

Y 5
+C / [|Z3 —Z3 4> (1Zix = Zlx| + | Ziy — ny)} (X,Y) dy‘-
V(X)

i=1

By the same procedure as above, we obtain
(762) |Zj,X (X7 Y) - Z]n,X(Xa Y)|
< V(X)) = V(X)) + DY o X7HX) = V"o (A7) 7H(X)

Y 5
[ Jiz- 231+ 3 (2 - 22l + 120 - ) | T a7
Y(X) i=1
for j = 2,3,4,5, where C; depends on &, k1, ky and |||©]||g(q), and D depends on &,
k1 and [||©]]|g(«)-

Let us find similar estimates for the partial derivatives with respect to Y. Now
we subtract

+C

x(Y) B _
B (X(Y),Y) = ty(X,Y) +/ by (X,Y) dX
X
and
xn(Y) ~ ~
BAW)LY) =XV + [ (R ax
X
to get
xm(Y) 5 B
B (LY) = BO0Y) = WY) = WE) + [ g (R dX
X(Y)

and we obtain
[ty (X,Y) — 3. (X, V)]
< Wi(Y) =W (Y)[+ DX 0 YH(Y) = X" o (V) H(Y)]

X(Y)
e / (JU = U™ + |tx — 3] + |Ux — U}
X

+ty — |+ Uy — Up[)(X,Y)dX

)

which in the alternative notation takes the form
(7.63) [Z1y(X,Y) — Z7y(X,Y)]
<IWIY) =W (Y)[+ DX 0 Y 1Y) = X" o (V") 1Y)

x(Y) 5 ~ _
+Cy / {|Z3 — 70 + Z (1Zix — Z0x| + | Ziy — Z;fy|)] (X,Y) dX’.
X

i=1
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Similarly, we get
(7.64) |Z;y(X,)Y) = Z} (X, Y)]
< W(Y) = WY+ DIX 0 YTHY) = X" 0 (¥")7H(Y)]

x(Y) 5 . .
+Cj / {|Z3 - Z3| + Z (1Zix — ZPx| + | Ziy — ZZ,LYD] (X,Y) dX’
X i=1
for j =2,3,4,5.
We have y
UCEY) = UYO0) + [ Ur(XT)aY
V(X)
and v
UMX,Y) =U™X,Y"(X)) + / ULX,Y)dY,
yr(X)
so that
V(X) o
ULXY) = U"(X.Y) = U Y(0) = U 00) = [ g )y
yn(X)

+/Y (Uy(X,Y) = UXX,Y))dY.
V(X)

To any X in [X;, X,], there exist unique s and s™ in [s, s,] such that X = X'(s) and
X = X"(s") and we can write

U(X, V(X)) - U"(X, Y"(X)) = U(X(s),Y(s)) = U"(X"(s"), V" ("))
)

Therefore,
U(X,Y) =U™(X,Y)|
< Uy = UMl x,) + BslY 0 X7HX) = Yo (A7) 7H(X)

Y
+ / Uy (X.Y) — UR(X, V)] d¥.

Y(X)
where we used (7.56). In the new notation this implies
(7.65) [Z3(X,Y) - Z5(X,Y)]
< Uy = U oo (. x,0) + Bs|YV o X7HX) = Y™ o (X™)7H(X)

Y 5
| [ iz 21+ 3 (- 2+ 120 - 2| ) ]
Y(X)

i=1
From (7.61)—(7.64) we get by using Hélder’s inequality®,
(7.66) [Z;x(X,Y) — Z'(X,Y)]?

8The factor 3 comes from that we first split the right-hand side in three terms, the factor
33 = 3- 11 comes from splitting the 11 terms in the integral.
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<3V(X) = VX)) 43D [V o X H(X) = V"o (X)) N(X))

J

C?ly — v Y — gLZ ° ' — 27 2
ety vl [ [+ 3 (1
+ [Ziy — ny]z)} (X,Y) df/’
and
(767) [ijy(X, Y) — ;LY(X7 Y)]2

Z
<3W(Y) = Wi(Y))* + 3D [X 0 YY) — X" o (V)L (Y)]

/X(Y|:Zg_2n +Z( - 20 ]

X

2
+33C2X(Y) — X|

+ [Ziy — 20 )] (X,Y) dX"
for j=1,...,5. Similarly, from (7.65) we get
(7.68) [Zs(X,Y) — Z3(X,Y)]?
< 81U = Ul +3B5[ 0 X7H(X) —37o <X">-1<X>]2

Y
Zg—Z + ( WX — 4
N [ERE 0>

+ [Ziy — 20 ])](X Y)dY’

+33)Y = Y(X)|

We combine (7.66)-(7.68) and get for all (X,Y) € Q that

5
069) |(22- 20" + 3 (12 - 2]+ [ - 225 |x)
=1
< 3||UL — U ey + 3(B2 + 5D%) [V 0 X7H(X) — V" o (A")"L(X)]?

+15D2[;coy*<y>— X (YT (Y)]

+3 Z - V(X 25: -Wry))?
/y; [[23 - o3t =]

+33(1+ O)Y — Y(X)|

+33C1X(Y) — X|

X

/X(Y) [[Zg B ng N li; ([Z

+ [Ziy - Zi’fy]2)] (X,Y)
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where we introduced C' = 25:1 Cs.

At this point we need the following Gronwall inequality, which can be found in
[6], see chapter ” Gronwall inequalities in higher dimensions”. For completeness, we
state and prove the inequality in the following lemma.

Lemma 7.4. Consider a nonnegative function u(x,y) in the region x > 0 andy > 0.
Assume that

@ y
u(z,y) < c+a/ u(r,y)errb/ u(z,s)ds
0 0
where a, b and ¢ are nonnegative constants. Then we have

u(z,y) < celartbvtabey
Proof. Set

G(z,y) = /y u(z, s) ds.
We have G (z,y) = u(x,y), so that '

Gy(x.y) < c+ta / u(r,y) dr + bG(z, )
0

%(G(x,y)e‘by> < (c+ a/ox u(r,y) dr) e .

Integration yields

Yy prx
(7.70) G(z,y) < g(eb” -1+ a/ / u(r, s)e"¥=) dr ds.
o Jo

Therefore we get

w(z,y) < c+a / u(r,y) dr + bG(z, )
0

T Yy T
< ce + a/ u(r,y) dr + ab/ / u(r, s)eW=2 dr ds.
0 o Jo

and

Denote

T Yy rr
g(z,y) = ce? + a/ u(r,y) dr + ab/ / u(r, s)eb(yfs) drds
o Jo

0
which implies

(7.71) u(z,y) < g(z,y).
From (7.70) we have

Yy px
(7.72) G(z,y) < g(eby -1)+ a/ / u(r, s)e?@=*) dr ds
o Jo

y oz
ce™ + ab/ / u(r, s)eW= dr ds)
o Jo

T y prx
ce™ + a/ u(r,y) dr + ab/ / u(r, s)e?@=*) dr ds)
0 o Jo

\ IN
TN TN
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S = S = O
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—
&
<
—~
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We compute
y
gx(l‘, y) = au(:&y) + ab/ U(Z‘, S)eb(y—s) ds.
0
Integration by parts yields

Yy Yy s
(7.73) 9 (x,y) = au(z,y) + ab/ u(z,s)ds + ab2/ / u(x, 1)e"v= dl ds.
0 0o Jo

In the last integral on the right-hand side we use

/ u(z,l)dl = G(x,s) < —|—a/ / (r, e~ dr dt
0
and get

y s
(7.74) / / u(x, 1)e"v=*) dl ds
0
§/ bly— S)< +a/ / (r,t)e b(s— ”drdt)d
0
y
§/ eb@s)(ebs—&-a/ / u(r7t)eb(5t)drdt>ds
0 b o Jo
v /e y @
z/ <eby+a/ / u(r,t)eb(y_t)drdt)ds
7yeby+ay/ / (r,t)e YW= dr dt.

Using the estimates (7.71), (7.72) and (7.74) in (7.73) gives

1
9.(z,y) < ag(z,y) + abbg(x,y) + abeye™ + a*b?y / / u(r, )= dr dt

<ceby + ab/ / u(r,t)e?v=0 dr dt)
< 2ag(z,y) + aby <ce + a u(r,y) dr + ab/ / u(r,t)e’v=0 dr dt)
o Jo

= 2ag(x,y) + abyg(z,y).
Integration leads to

= 2ag(x,y) + aby

g(x’ y) < 9(07 y)62am+abmy _ Ce?aochberabxy
and using (7.71) finally implies
U(I,y) S Ce?am+by+abzy.
If we instead considered .
G(zy) = / u(r,y) dr
0
we would have ended up with

u($’ y) S ceaac+21)y+abacy‘
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We return to (7.69). Using Lemma 7.4 we get

(7.75) {[zg -z + 25: ([Zix - Z0x)" + [Ziy - Z}fY]Q)] (X,Y)

< {3||U1 = UF| e,

+3(B2+5D%) [V o X1(X) - V"o (A1 (X)]?
F15D? (X o YY) — X" o (V) H(Y))

+ 32 [V;(X) = Vi) + 32 W;(v) - W;(Y)]Q}
X exp {660 [X(Y) = X]* +66(1+C)[y — (X))

+3320(1+ C)[x(Y) - X[y — y(x)f}.

Since all the differences appearing in the exponential function are bounded by either
X, —Xj or Y, =Y, we can find a new constant K which depends on &, k1, ks, ||[©]|[g)
and the size of ) such that

{[23 — )+ 25: ([Zix - 23] + [Zay - z;jy]g)] (X,Y)

< K{wl — U By + 3 () = VO) + () - wr(v)]?)

+ Vo X7 (X) =Y o (A HX)) + [X o YY) — Ao <y">1<Y>]2},

and we have proved the claim (7.45).
From (7.45) we obtain an estimate for the difference Z;(X,2s—X)—Z"(X, 25— X)
fori=1,...,4. We have

Zi(X,2s — X) — Z(X, 25 — X)
X
:Zi(X(S),287X(S))+/ (Zi,XfZiﬁy)(f,stf) d€
X(s)
X
— ZP(A"(s), 25 — X"(s)) - / (Zi — Z0)(€. 25 — £) de
xn(s)
X

=2 - 210+ [ [(Zux — Zix) = (Gay = Z3)](E25 - e

X(s)

X(s)
- [ -z e s - ds

xn(s)
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which implies by (7.55), (7.56), and the Cauchy—Schwarz inequality, that
(7.76) |Zi(X,2s — X) — Z]'(X,2s — X)|
<N2i = Z7|L(lsso)) + (Ba + Bs)||X = X[ Lo ((sy,5,] b

+ [X—X(s)]é{

AZ)(ZZX R 25 — € df'

X
+/ (Ziy — Z]y)*(€,25 =€)

X(s)
<|Zi = 2| Lo ((spsn)) + (Ba =+ Bs)[|X — X[ oo ((51,00)

/;;) [[23 —Z§]2+g([2 N

+ [Ziy — Z2y] )](g 25 — €) de| .

)

+2X, — X))

From (7.45), we have

12— 37+ Z (2x - 2] + [y - 20 T") | (€ 25— ©

< K{wl — Ul ey + Z (D& = (@) + Wy(2s — ) = wy(2s - ©)]°)
+ [Vox g -yo <;c“>*1<5>f
+[XoyT (25— — a0 (V)28 - s)]z}-

Integration and a change of variables leads to

/XZ){[Z3—2§]2+§;<[Zi,X—ZZX]2+[Zly ] )](g 25— ¢ dg’

< K{lx = X(s)[[1U1 = U Zoe i, x0)

! Z < /Xw df’

(7.77)

y(s 5
" e -we de

+ - [YoX (&) = Vo (A 1(6)] de
Y(s) )
+ /2_X [XoYTHE) = &™ o (V") 71(€)] df’}

< K{(Xr - X))[|Uy — UlrLHQLOO([Xl,XT])
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5
+ (ij = Villzax % 1V = W?”%Q(m,m)

j=1

2

[ earig-yre e a

+ [Toy g - ane (yn>-1<g>]2dg}.

From (2.40c) we have X + Y o X7} X) = 2X}(X) and X + Y" o (A")"1(X) =
2(X™)7H(X), so that

(7.78) YoXTH(X) = Yo (A")7HX) = 2(XH(X) - (A") 71 (X).

This leads to

(7.79) /X [Vox () — Yo (x™)Y(¢)])" de
=4 [ e - @ e e

< 4(s, — ) /X ) — ()] de.

To estimate the abgve intggraL we need to introduce another sequence of curves
on [si, s,] given by (X"(s),V"(s)) = (max{X(s), X"(s)}, min{Y(s),Y"(s)}). This
sequence satisfies that both (X', ) and (X", V") lie above or are equal to (X", J").
This implies that X~1(X) > (X")"1(X) and (X™)"}(X) > (X")"1(X) for all X in
[X7, X;], and that

X

(7.80) /X [XTHE) — (AT dE = | (XN — (X)) 7H(E)) dé

Xu

n / () E) — (A (e)) de.

Xi
By a change of variables and integration by parts we get

X, ) . XHXr)
&) d¢ = / s)ds = X, X~ (XT)—XIX”(X;)—/ X (s)ds,
-1(X}) X-HX)
and similarly we find
X R R (XM ~H(x,) R
/ (A")7HE) dE = X (X")THX,) = X (X")7HX) - / X" (s)ds.
X (A7) 1(X)
Note that

X UX) =5 = (X)7HX) and  X7YX,) =s = (X")HX,).

Therefore,
/ A (E) — () (€) de = / (A (s) — X(s)) ds.
X Sl
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We obtain in a similar way,
X, R s
| - @l = [ - ) as
j St
Combining (7.80) and the above estimates we end up with

[ e - @ - | T (An(s) - X(s))ds + / T (An(s) - X(s)) ds

X st

_ / X7 (s) — X (s)| ds,
st
which inserted in (7.79) yields

Xr
(7.81) / [V o X&) = V" o (X") )] dE < 4ls, — 50 [|1X = Xl (o 001

Xi
By similar calculations we find

Y,
(7.82) / [X o Y7HE) — X" 0 (V™) HE)] " dE < 4(sr — )2V = V|| 1o ((susn))-

Y
Returning to (7.77) we now get

/X [Zg 7] +Z( — 20 P+ [Ziy - ])}@25_ dg‘

X(s)

< K{(Xr — X)IUy = UP oo (0, x0)

5

37 (17 = Vil + 1195 = Wi ey

j=1
+4(sr — Sz)z(HX — X" Loo((spse)) + 11V — y”||L°°([sl,sr1>) }

which we insert in (7.76) and get
(7.83) (X, 25 — X) — ZI'(X,2s — X)|
<2 = Z||Loe(isisn)) + (Ba + Bs)||X — X[ oo (s1,6,))

+2V/K(X, — Xl{x — XUy = U oo (3, x0)

5
D (”Va‘ = Vil + Wi = Wf”i?([mm))
j=1

1
2

+4(s, — 51)? (HX = X[z (1) + 1Y = 3’"””“([5“‘*"”)}

fori=1,...,4. A similar inequality is valid for
(Z5(X, 25 — X) = Z5(X1, 280 — X0)) = (Z3(X, 25 = X) = Z5 (X0, 250 — X))
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the only difference from (7.83) being that we get ||(Z5—2Z5(s1)) — (28 =22 (51))|| Lo ([s1,5:])
on the right-hand side.
Step 4. For any 0 < 7 < 5-(z, — 2;) consider
O(r) =Eot.(Z,p,q), ©"(1)=Eot (Z"p",q"),
(u, R, S, p,0,pi,v)(T) = MoD(O(7))
and
(u", R", 8", p", 0", u",v")(7) = Mo D(O"(7)).
We prove (P17).
A close inspection of the proof of (7.21) reveals that there exist §; and 3, such
that s, < 51 < 5 < 8, (X(7,5),V(7,5)) € Q for all s € [51,59] and
x(X(1,51),Y(1,51)) =x;+ k7t and xz(X(7,5),V(7,8)) =z, — KT.
Moreover, there exist 5} and 55 such that s; < 5§ < 3§ < s,, (X"(7,5),Y"(7,s)) € Q
for all s € [5}, 53] and
(X1, 80),V"(7,8))) =+ Kkt and a™(X"(7,85),V"(7,5%)) = x, — KT.
Consider z € [x; + k7,2, — 7]|. There are s € [31,3»] and s" € [5],5 } such that
z = 2Zy(1,8) = Zy(7,s"). Using (5.21a) we obtain
(7.84) u(r, z) —u"(r,2) = Z3(7,8) — Z5(7, s")
=U(X(r,s),Y(r,8)) = UY(X"(1,s"), Y"(1,5")).
Now we can have several different scenarios depending on the order of the points s
and s", and the intervals [y, So] and [57, 55]. We only show one of the challenging
cases, the others can be treated in a similar way. Assume that s < 57 < Syax. For
the definition of 5,,.x see Step 1 (iv) in the proof of Theorem 7.1. Observe that in
this case the point (X (7, 57), Y(7,57)) is in , but the point (X™(7, s), Y™ (7, s)) may
be outside 2. So when estimating (7.84) we have to carefully choose points on the
curve so that we do not end up outside 2, see Figure 7.
Write?
U(X(T7 5)7 y<7—a 5)) - Un(Xn(Ta 3n)7 yn(Tv Sn))
=U(X(7,5), Y(7,5)) = U(X(7,57), V(7,57)) (A})
+U(X(7,57), Y(7,57)) = U(X"(7,57), V"(7,57))  (A3)
+ U(X" (7, 87), Y"(7,57)) = U(X"(7,57), Y"(7,57))  (A5)
+UNX(7,57), V" (7, 51)) = U(X" (7, 8"), V"(7,5"))  (A]).
By (3.23) and the Cauchy—Schwarz inequality we have
(7.85) |AT| = | Z5(7, 5Y) — Zs(7, 5)|

/k1 Zg(T,r) dr

n

/ (X () (7 1) + W(r, V() ()] dr

9In the case when 5} > Spax the point (X(7,57), Y(7,5%)) may be outside . In that case the
proof can be done in a similar way by replacing 57 with Spax.
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(X(7,7), Y(7,7))

s"
57

(X (7,7), Y™(7,7))

X

FIGURE 7. An example of the situation described in Step 4. Note
that the point (X™(7,s), Y"(7, s)) lies outside €.

< < 5?/{/(7 r)dr )§< :? V2(1, X (1,7)X (7, 7) dr)é

</ Y(r.r)d )(/ WSTy(TT))y(Tr)Ch);.

From (3.24¢) and (3.27) we get

sn

(7.86) 0 S/S Vi(r, X (T, r))X(T, r)dr
B st 2V5(1, X (7,7))Vu(1, X (7,7)) B p2(r, X (1, 7))\ » - Vdr
- [ (e e A

SV, (7, X (7, 7)) Vu(T, X (1, 7))
</ P(Za(r.r))

X(r,r)dr

<y [ 2lr X(r )X ) dr

= K’ Bg Zy(7,7) dr

S

= HQBG [ZQ(T, ) ZQ( )}
= k?Bg [ZQ(T, s7) = Z5(1,8)) + Z3(T, 87) — Z3(m, s")]
< k%Bg [22(7'7 s1) — Z3(r, 51)]7

where we used that Z(7, s) = Z5(7, s") and Z¥(7,57) < Z7(7, s™) since 8§} < s™ and
Z3(,-) is nondecreasing. We also used that since (X (1,r), Y(7,7)) € Qforr € [s, 57]
we can use the estimate in (7.57) to obtain |V, (7, X (7, r))| = |Jx(X(r,r),V(r,1))| <
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Bg. We have
(7.87) Zy(1,57) — Z3(7, 57)
= x(X(7, 57), Y(7,57)) — 2"(X"(7, 57), Y"(7, 51))
= x(X(7,57), (7, 57)) — x(X" (7, 57), V" (7, 57))
+2(X"(7,57), Y"(7,57)) — a"(X"(7,57), V" (7, 51))-
By (4.12a) and since tx > 0 and ty < 0 we get

|“T(X(T7 5711)7 y(7—7 g?)) - ‘T(Xn(Tv 5711)7 yn(Tv §?))|

X (7,57)
/ ($X—$y)(X,2§?—X)dX

xn(7,57)

/ Uy + )] (X, 257 — X)dX |

xn(r,57)

<K

X (1,57
/ (tx — ty)(X, 257 — X) dX ‘

()

= k[t(X(7, 57), Y(7,57)) — t(X"(7,57), V" (7, 51))|-
Since t(X (7, 87), Y(7,5})) = 7 = t"(X"(7, 57), Y"(7,57)) we have
(7.88) HX (7, 57), V(7,57)) — t(X"(7,51), V" (7, 5))
= (X" (7, 81), V"(7, 87)) — H(&X" (7, 51), V" (7, 57)).-
Therefore,
‘CL’(X(T, 5711)7 y(T, §T)) - JL’(X”(T, <§711)7 yn(Tv §?))|
< lt = (X (7, 57), V" (r, )
and (7.87) yields

(7.8
We

0<

9) 0< 22(7-7 5711) - Z;“(T, 5?) < (|in - xnl + ’%|t - tn|)(Xn(Tv 5711)7;))”(7—7 <§711))
insert this in (7.86) and get

/ 1 V;(ﬂ X (T, T))X(T, r)dr < H236(|l‘ — 2" + K|t — t"|)(X”(T, 51), Y (7, 57)).

Similarly we get

0<

We

and

h W??(T, Y(r, r))j/(r, r)dr < /{237(|.r — " + k|t — t"|)()("(7' 57), V" (T, 8)).

have .
st
/ X(r,r)dr=X(1,8)) — X(1,8) < X, — X|

sn
S1 )

V(r,r)dr<Y,-Y,.

S

Using these estimates in (7.85) gives

(7.9

1
0) AT < il — 2" + k[t —2"]) > (X" (7, 57), Y"(7, 57))
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for a constant v; that is independent of n.
By (4.12¢) we have the estimates

\/QJXxX 2Jy.fL‘y
Ux| < Y225 and Uy | < Y2228
Oel= Ty e =T

which leads to
‘Ag| < |U(X(Tv 5?)7 y(Ta 5?)) - U(Xn(Ta 5?)’ yn(,n ,§?))|

X (7,57)
/ (Uny)(X,QE?X)dX‘

xn(7,57)

<2k

X(7,57
/ (\/JXCCX + Jyxy) (X, 25" — X)dX ‘
0 (ra)

1
2 2

X(1,57)
<2k / Tx(X,25" — X)dX

()

X (7,57)
/ Je(X,257 — X)dX

xn(7,57)

1
2 2

X(rsy)
+V2k / Jy(X,25" — X)dX

xn(ray)

x(r57)
/ 2y (X, 257 — X)dX

X7(7,57)

1

2

X (7,57)
< 22k / (Jx + Jy)(X, 25" — X)dX

X (7,57)

[

X(1,57)
X / (xx+$y)(X,2§?—X)dX

x™(7,57)

since zy > 0 and Jy > 0. From (4.12a) we get

X(7,57)
/ (2x + v )(X, 257 — X)dX

an(ry)

/ e [e(U)(tx — ty)] (X, 257 — X)dX ‘

xn(7,57)

<K

X(1,57)
/ (bx — ty)(X, 257 — X) dX ‘

xn(r,51)
= KX (7, 57), Y(7, 87)) — t(X"(7, 57), V"(7, 51))]
= k[t = "|(X" (7, 57), V" (7, 51)),
where the last equality follows from (7.88). Using (7.57) and (7.58) yields

X (7,5%)
/ (Jx + Jy)(X, 25" — X)dX

xn(r,s7)
< (Bs + Br)|X (7, 57) — &"(7, 57)|
< (Bﬁ + B7)(Xr - Xl)'
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Now we get
(7.91) || < wft = "2 (X"(7,57), V(7. 51))
for a constant vy which is independent of n.

By estimating as we did for A} we get

il < (/ () drf( | o i) dr>é

1 1
n 1

ay ) : ([ o)

1

and

n

0 S/S (V2 (r, X™(1,7)) X" (7, 7) drr
57
KBy [Z (7, ") — Z3 (T, 51)]
= n2B4 [ZQ(T, s) Z5(1,37) + Z5(7, 87) — Z3(7, E’f)}
< KBy [ Z5(7,57) — Z3(7,51)],
where we used that Z2(7,s") = Z5(7, s) and Z5(7,s) < Z5(7, 5}) since s < 8§ and
Z5(7, ) is nondecreasing. By using (7.89) we end up with

1
(7.92) |AY| < v3(|.17 —z"| + k|t — t”|) 2(X™(1,80),Y™(T, 8))
for a constant vs that is independent of n.
Using (7.90), (7.91) and (7.92) in (7.84) yields

ju(r, 2) — (7, 2)
1
< [t +vs) (o = "] + lt = 70)F 4 walt — 1215 + U = U] (X", 88), (7, 59))

and we conclude, after using (7.83), that u™(7,-) — u(7,-) in L°°([z; + kT, 2, — KT]).
For any z € [x; + k7,2, — KT], there are s € [31, 32] and s™ € [57, 53] such that
z = 2Z5(71,8) = Z8(7,s"). From (5.21a) and (5.21b) we have

z R(T7 y) B s ; c o (7 oy . ) dr
[nz-&-m’Wdy N /S1 C(U(’]‘7 ZQ(T,T)))2 (23( ) ))VS( ,X( ) ))X( ) )d
i Vs (7, X (7,7))X (7, 7) dr,

and similarly we have

ST e Vi Dl d
L.ty to= [, -2 mndinnar

Using (3.1) and (3.23) yields

/;m UL /;m (?Jﬁ) (7.9) dy

= /S Zy(7,7)dr

S1

= Z5(7,8) — Z3(T, 81)
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= u(T, z) — u(r, 7 + KT),

where the last equality follows from (5.21a). According to Theorem 3.35 in [7], the
function u(7, ) is absolutely continuous on [z; + K7, 2, — k7]. We also have

/ up(1,y) dy = u™(7, 2) — u" (1, 2 + KT).

1+RT

Therefore

/ (uz - UZ)(T, y) dy ‘ < 2||U(T7 ) - un(T’ ‘)|‘L°°([$l+mv$rr*f€7'])’

1+RT

so that

z z

lim uy (1,y) dy = / uy (7, y) dy.

n—eo T +RT T+KT
Since py = p§ = 0 we have
p(r, X) = p(X, Y(r, X7 (1, X)) = p(X, V(X7 (X)) = p(X)
and
P (7, X) = p" (X, V" (7, (X") (7, X)) = p" (X, Y ((A7)THX))) = p(X).
From Step 2 we get p(7,X) = 0 and p™(7,X) > k, > 0 for all X € [X;, X,]. Then
by (5.21d) we obtain

/  pry)dy = / “op(r, X (1) &(r,r) dr =0,

1+KT 1

so that by a change of variables,

P X" (T,s™)
/ (0" — p)(r,y) dy | = / 2" (X) dX < 2v/%, — Xl s2oxn)-

(KT xn(r,57)

Since p™ — 0 in L*([X;, X,]) this implies that
(7.93) lim P (Ty) dy = / p(1,y) dy = 0.
n—o T+KT T+KT
As mentioned in the comment before the proof, there is for any n a constant d, > 0
such that
pn(T: Z) > Jn

for all z € [x;+kT, x,—KT]. Since p"(7, ) is positive, (7.93) is the same as p™(7,-) — 0
in L*([z; + k7, 7, — KT)).

Similarly we obtain 6™ (7, ) = 0 in L'([z;+ kT, 2, — 7]). This concludes the proof
of (P27). O
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7.3. Convergence Results.

Lemma 7.5. Let (u, R, S, p, 0, u,v) and (u™, R™, S™, p", o™, u™, ™) belong to D, and
assume that p, v, ™ and v"™ are absolutely continuous. Consider
Y1 = (21, Un, Ji, K1, Vi, H ), g = (22, Us, Jo, Ko, Va, Ha),
and
77[)? = (Ivllv U1n7 Jlnv K{L> ‘/ln7 H?)» wg = (IS, U2nv Jg? K;L/ ‘/2n7 H;)
defined by
(wlu ¢2) = L(ua R7 S? Py 05 s V)
and
( ;'/7 n) = L(un7 Rn78n7pn70—n’/’l’n7 I/n)'
Assume that
u" —=u, R"— R, S"—=S pt—=p and o"—o in L*(R).
Then, x; and x} are strictly increasing, and
ol = x, (@', UM—=U, J'—J, K!'—K; in L¥(R),

ur—Uu, V"=V, H'-H; in L*R),
(@) =i, (1) = J, (K]) = K in L'(R)
fori=1,2.

We mention that the functions which converge in L*(R) also converge in L?(R),
because convergence in L'(R) and (uniform) boundedness in L°°(R) imply conver-
gence in L*(R).

Let us show this in detail for (z}) — ). Since the measures are absolutely
continuous we get as in (7.2),

4
(R + c(uo)pf) o w1(X) + 47
so that 0 < 2{(X) < 1. We also have 0 < (z7)(X) < 1. We get

/R (24(X) — () (X))? dX < / [2(X) — (@) ()] (#(X) + (#4)/(X)) dX

<2 [ Ja4(3) - (1 (X)X,

Therefore, (27) — 2} in L'(R) and L*(R). Notice that it was important that (z7)’
was uniformly bounded in L°(R), not just that (27)" — 1 € L>°(R) for all n, which
is what we get from the definition of F.

Proof. We start by proving that u™ — win L>°(R). By (3.1) and the Cauchy Schwarz
inequality, we have

(u(z) = u"(z))?
_o / (= u™) (g — u™) () dy

—00

— /gg (u —u™) (1(3 -9)— L(R" - S")) (y) dy

. c(u) c(u™)

r1(X) =
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< / Klu —u"|([B] + [R"[ +|S] + [S")(y) dy
R

< il —u™|| 2wy (1R 2wy + 1R | 2wy + 1522y + 115"|2®))
< kllu = u™| 2w 2[Rl 2@y + 1R — B2 + 2|S|[2@) + 115 = S*[|12(w));
which implies, since R" — R, S — S and v — w in L*(R), that ™ — u in L>°(R).
Let
1/’ = (1/)17 1/}2) = L(U, Ra S7 P, 0, L, V)
and
" = (1, ¢¥5) = L(u", R", 5", p*, 0", ", v").
We will only prove the results for the components of 31, the proof for ¢ can be
done in a similar way.
Let f = H(R? + c(u)p®) and f" = L((R")* + c(u™)(p")?). From (3.2) we have

u((—o0.2) = [*_ f(z)dz and w((~s0,2)) = [* f(2)dz, since u and " are
absolutely continuous measures. Consider the functions

Flz)=z+ /; f(z)dz and F"(z)=z+ /; f(2) dz,

which are strictly increasing and continuous. By (3.12a), we have that F(z(X)) =
X and F*"(27(X)) = X for all X € R, which implies that z; and z7 are strictly
increasing. Since ;' = F and (2})~! = F", the inverses x; " and ()" exist and
are strictly increasing. We prove that (z7)~' — 21! in L®(R). Since
oyt (@) = (@) @) < I = Pl
we have to show that f* — f in L'(R). By using the estimate
1 1 u /

— - / _cw) dw| < K*ky|u — u"|
clu)  c(ur) w C(w)

and the Cauchy—Schwarz inequality, we find

Hf — anLl(]R) = i/R|R2 _ (Rn)2 + pQ(C(U) — c(u")) + C(un)(pQ _ (pn)z)l(x) dx

108 = (@24 bl = a4l = (7)) o

(7.94)

IN

A

< IR+ BYe@l|R - R ||L2<R>+z|\plliz(mllufu || Lo ()
K i 7
+ o+ P llz@lle = P2
1 1 13
< Z(QHR”L"’(R) +|[R—R ||L2(R))HR* R |2 (w)
oy .
+ leplliz@ml\u — ||z

K 70 70
+ Z(QHP”LZ(]R) + o= P l2w) e = Pl L2y

Since R" — R and p" — p in L*(R), and u" — u in L*®(R), it follows that f* — f
in LY(R). Therefore (z7)~! — 2" in L=(R).
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We prove that 27 — 1 in L*(R). We first consider the case 27(X) < x1(X). By
direct calculations we get

1 (X) z(X)
(7.95) 1 (X) — 2} (X) = f/ f(z)dx +/ fM(x)dz

—00 —0Q

-/ " @) - @) e - / " e

—00 z(X)

z1(X)
<- [ @ - r@yds

since f™ > 0. If z1(X) < 27 (X), we get in a similar way that
z1(X)

(7.96) A0 -0 < [ (@) - e e

Combining (7.95) and (7.96), we end up with
|22(X) = 27 (X < If = Ml
which implies, since f* — f in L'(R), that 27 — z; in L*°(R). Using (3.12c¢) we
get JP — J; in L%(R).
We prove that (z7)" — 2 in L*(R). As in (7.2) we get

1 1
n\/ — d / —
(a%) fioan+1 M M T Fon 1
so that
(7.97) (@) =2y = (fow — f"oat)(a}) ).

For every e > 0, there exists a function / in C.(R) such that || f —{||z1®) < €. Here
C.(R) denotes the space of continuous functions with compact support. Applying
the triangle inequality in (7.97) yields

(7.98) / 12(X) — (a})(X)] dX
s/R|foxl<x>—Zox1<X>|:ca<X>dX+/R|Zox1<X>—zom?<X>|dX
" / Lo af(X) — f o (X)|(a})(X) dX

+ / o 2(X) — f o 2 (X)|(2})(X) dX
R

=2|f = Ul + Loz —loal||lnw + IIf — f"lliw)
by a change of variables. Furthermore we used that 0 < 2} <1 and 0 < (2}) < 1.

It remains to show that lim ||l oy — 1o af|[piry = 0. We have [oa} — lox
n—o0

pointwise almost everywhere. In order to use the dominated convergence theorem
we have to show that [ o 27 can be uniformly bounded by a function which belongs
to L'(R). We prove a slightly more general result which will be used many times
throughout the text.
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Lemma 7.6. Assume that g € C.(R), and that h and h,, satisfy h —1d, h, — 1Id €
L>(R) and h, — h in L®(R). Then there exists a constant 0 < K < oo that is
independent of n such that

(7.99) |9 0 hn| < ||9]|Loe®)X[~K, K]
where X[k k) denotes the indicator function of the interval [-K, K].
Proof. Since g has compact support there is a constant 0 < k£ < oo such that
supp(g) C [k, k]. Writing h,(z) = hp(x) — h(z) + h(z) — 2 + z, we get {z | hp(z) €
[k, k]} C [~ Ky, K] where K, = k4 |[h — hy|| oo ) + || — Id || oo (). Since h,, — h
in L>(R) we can find a constant M such that ||[h — hy||Le@® < M for all n. If we
set K =k+ M + ||h —1d||p®) We get
|9 0 hn(2)] < g © hn(@)IX[-k. K] < [l @)X (K K1

which proves (7.99). O

From (7.99) we conclude that [ o 27 can be uniformly bounded by an L*(R) func-
tion. By the dominated convergence theorem we obtain lim ||[loz; —lox}||11®) = 0.

n—oo

We conclude that the right-hand side of (7.98) can be made arbitrarily small, so that
(z7) — 2 in L'(R) and as an immediate consequence (J')’ — J; in L*(R).

We show that U] — Uy in L*(R). By (3.12d) and the Cauchy—Schwarz inequality
we get

|U1(X) = UF(X)] < [u(21(X) = ule?(X)] + |u(af (X)) — u" (@] (X))
z1(X)
< ‘/ ug(x) dx

1(X)

+ [u(a} (X)) — " (27 (X))

1
< uall2@ller = 27| Loy + [lu = 6" e @)-
From (3.1) we have ||u||r2m) < 5([|R||r2@®) + [IS]]22®)), and since x7 — 2 and
u™ — u in L®(R) we conclude that U] — U; in L™(R).
Let us prove that Ul — U; in L*(R). Since u € H'(R) there is for every ¢ > 0
a continuous function 7 with compact support such that [[u — n|[L2@) < € and
llw = 7n||reem) < e. We have
(7.100)  ||Ux = U'llr2ey < [lwowy —now|[ram) + [Inox1 — o x7||r2m)
+|[noal —uoay||2m) + |[uox] —u" oal||Lom).
Let ) )
Dl—{X€R|x'1(X)<2} and D2—{YER|m’2(Y)<2}.
Observe that
meas(D;) < / 2J1(X)dX and meas(Dy) < /QJQ(Y) dy,
R R

since J/ =1—2a},i=1,2. Since lim Ji(X)= lim Jy(Y) =0 we get
X——o00 Y ——o0

meas(Dy) < 2||Ji]|pe@y and  meas(Dy) < 2||Ja|| L)
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In a similar way we find that the measures of the sets
1 1
D} = {X eR| (2])(X) < 2} and Dy = {Y ER| (z5)(Y) < 2}
have the bounds
meas(DY') < 2|[J[[em) and  meas(D5) < 2|3 Lo (w)-
Since J — J; in L>(R), we can find constants E; and E, that are independent of
n such that meas(D7}) < E; and meas(Dj}) < E, for all n. We have
(7.101) [luoxy —no $1||2Lz(R)
= / (wox(X) — noxl(X))QdX +/ (woz(X)— no:L'l(X))de
Dy

Dy

< meas(Dy)||lu — 7)||2LOO(R) + 2/ (wox(X)—no II(X))?x’l(X) dX

1
2
Smcas(Dl)Hu—nH%oo(R)+2/R(uox1(X)—noac1(X)) 2 (X)dX

= meas(D1)||u — nl[Ze @) + 2l[u = 7l
by a change of variables. Similarly,
(7.102) 0@} —uoal||fag < Eillu — nllZe @ + 2llu — nllZ2m,
and
[lwoa} —u o at|[a) < Ballu — u"|[foe) + 2llu — u"||L2m)-

Since u,, — u in L?(R) and L>(R) we get that
(7.103) 7112.10 [luoa] —u™oal|| 2w = 0.

For the remaining term in (7.100) we use the dominated convergence theorem.
We have n o 2} — n o x; pointwise almost everywhere, and by Lemma 7.6 we find

that 1 o 27 can be uniformly bounded by an L?(R) function. By the dominated
convergence theorem we get

(7.104) lim {| 021 — 1o a7||r2r) = 0.

n—oo

From (7.103) and (7.104), and since the right-hand sides of (7.101) and (7.102)
can be made arbitrarily small, we conclude that U} — Uy in L*(R).
We prove that K7 — K in L*(R). By (3.12f) we get

(7.105) Ky (X) = K7(X) :/ L({]{I((XX))) - iéjglz;g()()))] "

—00

- /i 5O sy ~ ey |
1

i / ooy 0 — U () A
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For the first term on the right-hand side we use the Cauchy—-Schwarz inequality and
get

[ E——
o Ui (X) (U (X))
X U1 (X) "U 2
(4w
—co vrx) ¢ (U)
< kiR | T2 10y — Ul 22wy,
and for the second term we have
Yoo . o
————|J(X) — (I (X)]| dX| < k||J] = (J)|| 11
| s L0 = (0] 4] < 1 - )l
which implies that K" — K in L*(R).
The above proof in fact also shows that (K7')' — K} in L'(R). This is because
JX)  UN'X)
K’(X)*(K’,L)/(X) dX:/ 1 _ 1
Jhico - usyeolax - | |5 -
which is very similar to the term we estimated above.
We prove that H' — H; in L*(R). Since p and p" belong to L?(R) there exist
for every ¢ > 0 functions ¢ and ¢" in C.(R) such that ||p — ¢[|2@) < € and
||p" — ¢"||12r) < €. Since p™ — p in L*(R) we can for every € > 0 choose n so large

that ||p — p"||r2@w) < €. This implies that for large n we have ||¢ — ¢"|[2m) < 3e.
From (3.12g) we have

1 1
H, — H} = §$/1(PO T —¢omw)+ 5((¢0«T1)$l1 — (¢" o at)(2}))

1
2

< 1l 2wy

X,

1
+5 (@) (9" oay — p" o ay),
so that
1
(7.106) [Hy = HY |2 < §|\I/1(PO 21 — ¢ o 11)|[r2(r)

1
+ 5l oz)zy — (9" 0 27) (1) |2y

1 n T n 7 n
+§H(~T1)/(¢ oxy — p"oxl)||r2 ().

Since 0 < 2} < 1 we get for the first term on the right-hand side by a change of
variables,

(7.107) |25 (p oz — doz)lfag < /Rx'l(X)(P(xl(X)) — ¢(a1(X)))?dX

= lp = ¢l[12)-
Similarly we get for the third term,
(7.108) 1Y (6" 0 2 — " 0 D)2y < 7" — & llxco.
For the second term we have
(7.109) (60 1), — (6" 0 22) (&3 |12y
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< (g oxn) (@) — (@) M2 + 1(27) (9021 — ¢ o al)||2m)
+ [|(2}) (¢ o 2t — @™ 0 aT)|| 2w
‘l n
< Va6l les — @1 + 16001 — b0 alllage
+ ¢ = 0"l 22wy,

where we used that 0 < zf <1, 0 < (2]) <1, and a change of variables for the last
term on the right-hand side. We have ¢ o 2} — ¢ o x; pointwise almost everywhere,
and by Lemma 7.6 we get that ¢oz” can be uniformly bounded by an L?(R) function.
By the dominated convergence theorem we have nlglolo l[¢oxy —doay|[L2m)y =0.

Using the estimates (7.107)-(7.109) in (7.106) we observe that all terms on the
right-hand side can be made arbitrarily small, which implies that H} — H; in

L*(R).
We can prove in more or less the same way that V* — V; in L?(R), where we also
have to use that U]» — U; in L*°(R) and the boundedness of ¢ and ¢'. O

Lemma 7.7. Let (Y1, 12) and (W}, ) belong to F, where 1p; = (x;, Uy, J;, K;, Vi, Hy)
and PP = («, U, JP K,V HY). Assume that x; and x} are strictly increasing,

and that x; + J; = 1d, and z} + JI = 1d. Consider
(X7y7zvv7 W7p7 q) = C(le,ipz)

and
(Xna yn7 Zna Vna Wna pn7 Cln) = C(w?7 w;)
Assume

n n
xl =z, (2]

Y=t Ur—U, JP— T, K!'—=K; in L™R),
ur—u, V"=V, H'-—H in L*R),
(@) = af, () = J, (K — K[ in L*R)
fori=1,2. Then X, Y, X™ and Y" are strictly increasing, and
X=X, YV'=Y, Z'—=Z in L*(R),

Zr— Zy, V=V, WE=Wi, p"—p, ¢"—q in L*(R)
fori=1,...,5.

Proof. Since x; and x are continuous and strictly increasing for i = 1,2, we have
by (3.28) that for every s € R there exist unique points X (s) and X™(s) such that

21(X(8)) = 22(2s — X(s)) and z(X"(s)) = 25(2s — X"(s)).

Moreover, X and X™ are strictly increasing and continuous. It follows that ) and
Y™ are strictly increasing and continuous. Thus, the inverse functions X%, Y1,
(X™) "' and (Y")! exist, and they are continuous and strictly increasing.
We prove that X" — X in L*(R). To begin with we show that J!" o (z')~! —
Jiox;in L(R). Write
271 (X)
Jioxy H(X) = Jo(2]) TH(X) = J(Z)dZ + Jio (2])7H(X) = Il o () TH(X)
(=) ~1(X)
to get

|0 a7 (X) = J7 o (a7) TN X)] < Mot = (@) Ml + i = T |-

i
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We used that 0 < J! < 1, where the upper bound comes from the identity r+J =1,
and 2} > 0. Using the convergence assumptions implies that J" o (z1')~* — J; o x;
in L>®(R).

We insert X = X(s) in 21(X) + J;(X) = X and get

(7.110) X(s)=x10X(s)+JyoX(s) =x10X(s)+ Jyox] oz 0 X(s).
Similarly we get
(7.111) V(s) =a90Y(s)+ Jo0Y(s) =x10X(s)+ Jyoxy 0wy o X(s),

where we used that x1(X(s)) = x2()(s)). The expressions for X and Y™ are defined
in a similar way. By (2.40c),

AX(s) + Y(s) = X"(s) = Y"(s) =0
which combined with the above expressions yields
2(z10X(s) —af o X"(s)) + Jioar oayo0X(s) — J' o (a}) " oz} 0 X"(s)
+Jyoxyt om0 X(s) — Jho(zh) toal o X"(s) = 0.

Since J" o (z7)7! is increasing we get

2|21 0 X(s) — af o X7(s)|

+lhoart om0 X(s) — Jyoar oat 0 X7(s)]

B owy 0w o X(s) — Jyox; ot o X(s)

<o (@) ol 0 X7(s) — Jroart oal 0 X7 (s)
+1J3 o (a;g‘)_l oxyoX"(s)— Jyo ry o a0 X"(s)],

1

Therefore

1
|71 0 X —af 0 X"||pee(m) < §|\J1" o(zf) ™t = Jox Y|~
1 _ _
+ 5102 o (a3) ' — oy |pem),

HJ1 OIfl ox; o X — Jl oxfl OI’? @) XnHLoo(]R) S ||J{l o (x’f)fl — J1 OI;1‘|LOG(R)
13 0 (25) 7" = Jr 0 23 |1 (m),
and
[[J10X — J' o X"||poer) = || 1 © riltozioX — Jlo(af) oo X[ Lo m)
< 2|7 o (a7) 7" = Jioat [
13 0 (23) 7 = Fo oy || =)
Thus, we showed that 27 o X" — 10 X and JP 0o X" — J; o X in L*¥(R) since
Jl'o ( M)~ — Jiox; b in L®(R).
From (7.110), (2.40c), (7.111), (3.30b) and (3.30d) it immediately follows that
X X, V"5 Y, 28— Zy and 2P — 2, in L¥(R).
We show that ZI' — Z5 in L*(R). By (3.30e) we have
Z5(s) = Z5'(s) = Ki(X(s)) — Ko(X"(s)) + Ko (A" (s)) — KT (X" (s))

+ K> (V(s)) — K2(V"(s)) + K2(V"(s)) — K5 (V"(s))
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and for the first line we get

[ K1(X(s)) — Ki(X7(5)) + K1 (X" (s)) — K7 (X"(s)))|
X(s)
o Ki(X) dX + Ky (X" (s)) = K7'(X"(s))

<K |z @)X — XLy + [ K1 — K7 oo w)-

A similar estimate for the second line yields Z — Z5 in L>(R). By (3.30c) and
the Cauchy—Schwarz inequality we have

X(s)
1Z(s) — 23(s |<] / X)dx]| + [0 () - Up ()

<T@l = 272y + 1101 = Ul

which shows that Z} — Z3 in L>°(R).
We prove that ZJ — Z3 in L?(R). We have

(7.112) 125 — Z§L||2L?(R) = ||Z3||%2(R) —2(23,25) + HZ;H%%R),

where (-,-) denotes the inner product on L*(R). Since X + Y = 2 we get from
(3.30c) and a change of variables,

(7.113) Z:lf = 5 [ VDA s+ 5 [ UHO)I(0) ds

§||U1HL2(]R) + §||U2H%2(]R)7
and similarly
(7.114) 1231122 = SI1UT 22 + 51103 Z2m)-
2 2
Using that X" 4 V" = 2 we have
2(2,, 21 = / 2,(5) 20 (s)A"(s) ds + / 24(5)20(s)V"(s) ds
R R

Since Z3 € L*(R) there exists for every £ > 0 a function ¢ € C>®(R) such that
|23 — ¢||2m) < €. Write

/RZg(S)ZgL(S)Xn(S) ds
_ / [23(5) — 6(5)] Z2(s)X"(s) ds + /
R

R

Jr/RZg,(s)X(s)[gt(s)—Zg(s)] ds+/Rz§(s))'c(s) ds
17+ [ 2 ds

By a change of variables we get

(7.115) / Z3(5) 25 (5)X" () ds = T} + [|U4] |2,
R

O(s)Z2(s)X™(s) ds — /R B(5)Z5(s)X(s) ds
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and in a similar way we obtain
(7.116) / 25(5)Z2(5)3"(5) ds = T} + ||Usl22ge.
R

where T3 is equal to T7* with X'(s) and X" (s) replaced by Y(s) and Y"(s), respec-
tively.
Using (7.113)-(7.116) in (7.112) we get

n 1 n n
(T117) 1125 = Z51Recey = 5 (107 ey — 1011 By + 1UR 12y — Ua2cey)
— T TP
The strong convergence U — U; in L*(R) implies that ||U7|| 2y — ||Ui]|r2(r) for
© =1,2. Thus, it remains to show that 7 — 0 for i = 1, 2.

Using (3.30c) and 0 < X" < 2 we get by the Cauchy-Schwarz inequality and a
change of variables,

(7.118) / Z4(5) () [6(5) — Z(5)] ds| < VAU leee 1|5 — ol e,

and similarly

(7.119)

[ [2305) = ot0)] 250187 ) s

< V2(IIUF = Uillze + 100 le2ge) ) 125 = Slliace

Since ¢ has compact support, there exists £ > 0 such that supp(¢) C [k, k].
Integration by parts yields

/¢ )Zs(s ds—/ B(5)Z5(s)X(s)ds /ng'(s)/lzg(t))e(t)dtds

where the first term in the integration by parts equals zero because ¢ has compact
support and the second integral is finite, since

s X(s)
‘/ Z,()X(1) dit| = / UL (X) dX
—k

X(—k)
for s € [—k, k]. Here we used a change of variables and the estimate
(7.120) |X(k) — X(=k)| = [(X(k) — k) — (X(—k) — (—k)) + 2k]|
< 2| X —Id || poe () + 2.

[ ooz /¢ S/T(Z X) dX ds

and similarly we obtain

[ozeansa—- [ o) [ X(()) UL (X) dX ds.

By the Cauchy—Schwarz inequality we get

1
< (201X = 1d || poee) + 2K) 2| U1 122y

We have

x(s) 0 (s)
(7.121) / Uy (X)dX — UrX) dX'

X (k) A (—F)
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X (S)
‘ e dX’

( k)

X(=Fk) X(s)
‘/ Ur(X dX’ ‘/ Ur(Xx dX‘

1
<||U: - U{‘Hm(m\/\’ (k) = X(—’f)\2 20U |2 1€ = X7 || Loo iy
which implies by (7.120) that

’/Réf)(s)Zg(S)X”(s)ds—/R¢(5)Z3(8)9'((5) ds

1
< 24116/ <oy [ 101 = U7 12 (211X — 1| 1oeqe) + 26)°

1
+2(|U7 = Uil 2wy + Ul 12 = X[y

Therefore

(7.122) lim '/¢> )22 ()X (s dsf/qﬁ )Z3(s) X (s) ds

n—oo

=0.

From (7.118), (7.119) and (7.122) we conclude that 77" — 0 as n — oco. In a
similar way we can prove that T3 — 0. This implies by (7.117) that Z} — Z; in
L*(R).

Using (3.31a) we get

oy~ 30m)

and by inserting the estimates

-V

3

e < -

"

2c(1Uln) (”’Jl - ny)

L2(R)

2

o (1 _ 1)
"\2e(Uy)  2¢(UD) L2(R)
1 2 nx () ?
< = (]2} = 1|z 1 - d dX
= 4(||»Tl [|zoom) + ) /R(/UI"(X) 2(U) U>

1 2
< 86 (llah = Ulgoeq + 1) 1|02 = U7y

1 n
‘ 2¢(U7) (“"/1 - <x1)/)
1
we see that V' — V; in L*(R).
From (3.31b)-(3.31f) and the assumptions we immediately get that VI — V,
i=2,...,5and p" — p in L*(R).
The corresponding results for W and q can be proved in a similar way. g

and

1
< §’QHII1 - )/HLQ(]R)

L2(R)

Theorem 7.3 deals with convergence of the elements u, p and o for (u, R, S, p, 0, ji, )
in D, see (P1”) and (P2”). The following result indicates the type of convergence we
have to assume for the elements of the set Gy in order to get weak-star convergence
of the remaining elements in D.
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Lemma 7.8. Let © = (X, Y, Z,V,W,p,q) and O™ = (X", Y™, Z* V" W" p", q")
belong to Gy. Consider
(u,R,S,p,o,u,v) =MoD(O)
and
(u", R", 8", p" 0", u", v") = MoD(O").
Assume that
X=X, Y=Y, ZM—=Z i L¥(R),
Zh = Zy, V=V, WE=Wi, p"—p, q"—q in L*(R),
fori=1,...,5. Then
u" = wu in L®(R)
and

*

* * * * *
R'— R, S"—=S5 pt—=p, o"—0 u'—pu and v"—v.

Observe that there are no assumptions on the monotonicity of (X, Y) and (X", Y™).
This means that as functions of s they are nondecreasing, but not necessarily strictly
increasing.

From these results it follows immediately that u” = u, due to (3.1).

Proof. We will use Lemma 5.8. For any z, there exist s and s, which are not
necessarily unique, such that z = Z5(s) and z = ZJ(s"). By (5.21a), we have
u(z) = Z3(s) and u"(x) = ZF(s™). We have
(7.123)  u(x) — w"(z) = Zo(s) — Z3(s") = Zy(s) — Zo(s") + Z(s") — Z3(s").
We estimate the difference Z3(s) — Z3(s™). We assume that s™ < s, the other case
can be treated similar. We have

/ Z4(5) d5

(7.124) |1Z5(5) — Z5(s")| =
/S(Vs(X(E))X(E) + W5(V(5))V(5)) ds

n

< ([ o) % ([ vrenie d§>;
) < / Yo ds) % ( /n W2V (5))V(5) ds) %

by the Cauchy—Schwarz inequality. From (3.24c), we get
(7.125) / V2(X(5))X(5) d5

(ARG BERE) g o

- [ (P ey e
V(XA (E) -

S/sn 2(25(5))

< Vel [ VX)) ds

sn

n
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— VSl [ Zal5)ds by (320

= K|V oo () (Z2(s) — Z2(s™))

= K| [Vi || () (25 (") — Z2(s"))  since Z5(s) = Z5(s")
< &2Vl @125 — Zall oo (m)-

In a similar way, we obtain

1126) [ W) ds < wIW =012 - Zllico.
Using Z5(s) = Z2(s™) once more we get
(7.127) / R (3)ds = X(s) — (")
= (X(s) = s) = (X(s") = s") = (Za(s) — 5) + (Z2(s) — ™)
= (X(s) = s) = (X(") = s") = (Za(s) — s) + (Z3(s") — s")
= (X(s) = s) = (X(s") = s") = (Za(s) — 5)

+ (Z5(s") = Z5(s")) + (Za(s") — 5")
<2/ X —1d |[peor) + 2/ 22 = 1d || o) + || 22 — 25 || ®)

Similarly, we get
(128) [ 3(65)ds <2 ~ Wl + 2122 ~ Wllo=e) +1122 ~ 2o,

Combining (7.125)-(7.128) in (7.124) and using that ZI' — Z5 in L>°(R) we find
that Z3(s") — Z3(s). Using this and that Z} — Z; in L*(R) in (7.123) we conclude
that v — u in L>°(R).

We prove that ™ = p, that is,

Tim /R o(x) dp” = /]R ¢(z) dp

for all ¢ € Cy(R). Here Cy(R) is the space of continuous functions that vanish at
infinity. Since C°(R) is dense in Cy(R) it suffices to consider test functions ¢ in
C*(R). By (5.21f) we have

(7.129) /¢ ) dp = /¢ (Z2(5))Va(X ()X (s) ds
By (3.23) and (3.24b we have
2V4(X ()X () = Va(X(5)) X (5) + Wa(V(5)V(s)
+ V(X ()X (s) = Wa(P(5))V(s)
= Z4(5) + c(Z5(9)) [Vs (X () X (5) + W5V () V(s)]
= Z4(s) + ¢(Z3(s)) Z5(9)-
Inserting this in (7.129) and using integration by parts yields

[ o@ydi =5 [ [6Z)2105) + o(Z2(s)e(Zalo) ()] ds
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1, :
= 7§/R¢ (25(5))Z22(5) Z4(s) ds

1

- §/R [6/(2a(5)) Z2(5)c( Z3(5)) + d(Za(5))¢ (Z5(5)) Z5(5)] Z5(5) ds.

Similarly we find
o == [ 6(@6) 256 210) s
Q/R[cb (25(5)) 25 (s)e( 25 (5)) + (25 ()¢ (25 (5)) 25 (5)] 25 (5) ds.

We subtract and get

(7.130) / o(x) dp — /

_2(/]12% [gb (Za(s ))Zz( )Z4(s) _¢I(Z;(5))Z§(S)ZZ(3)] ds

+ / [¢/(Z2(5)) Za(s)e(Z5(5)) Z5(s)
— ¢(23()) 25 (s)c( 25 () 22 (s)] ds
N YOV EARENRERS

HEZ) (2 () E3(5) 25(5)] ds).

The three integrals on the right-hand side of (7.130) can be treated in more or less
the same way, and we only consider the second one. We have

1131) [ [0 ZEAZ( 2 - § (202l ()23 (5] d
= [ 2otz 25(5) [0 (Za(o) ~ (26D s (17)
+ [ 0@z 26 [Ea) - )] ds (1)
+ [ o@e)E @) 26 - 26 ds 1)

+/R¢'(Z§’(S))Z§"(S)Z§(S) [c(25(5)) — c(25(s)] ds (L))
We have
(7.132) 17| < 4"0( Vsl poem) + )||Zs||Loo(R)|¢ 02y — ¢ 0 23w

since
1

0 < Z5(s) = 2W(X(s)) X (s) < 4V(X(s)) = 4<V2“(X(s)) + 2).

We have ¢/ 0 Z — ¢/ o Z, pointwise almost everywhere, and by Lemma 7.6 we find
that ¢ o Z7 can be uniformly bounded by an L!'(R) function. By the dominated
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convergence theorem we get lim [|¢' o Zy — ¢ 0 Z||11®) = 0, which from (7.132)
n—oo
implies lim I = 0.

n—oo

Integration by parts yields
Iy = /R [6"(25(5)) 25 (s)e(Z5(5)) Z5(s) + ¢ (25()) (Z3(5)) Z3(5) Z5(s)

+ (25 (5))e( Z3(5)) Z5(5)] [Za(5) — Z5(5)] ds
which implies

73] < <ﬁ||Zslle<R> GEEDIERE

+ [2hal|Z5 ooy (V5 ey + 5 1)
Lw(R))]
< [ 1@ ds) 122 - Zllimce

By a change of variables and an estimate as in the proof of Lemma 7.6 we get

13l < (RHZSHLW|¢>"||Loo<R)meas(supp<¢">)

+ 2k (|

Vs

L) + W5

+ (2Rl Zs e (V8 oo + V5l o)

+26(|V @) + ||W§HL°°<R>)]

x é||¢'|mm) 125 — 221

for a constant C' that is independent of n. Since Z — 2, in L™(R) we get lim I} =
n—oo

0.
For the third integral we use a change of variables and get

3] < A1 25 — Z2lime) / 1(25(5))| 25(s) ds
< rmeas(supp(#) ¢/l @1 25 — 22|l coy

which implies since ZI' — Z5 in L>°(R) that lim I3 = 0.
n—oo
By the Cauchy-Schwarz inequality we get

15[ < [1e(Z5) = e(Z3) o=@ 125 = @) /}R |0/(25(5))] 25 (s) ds

< ||e(Z3) — (29| ooy (1128 — 25| oo ) + || 28] L) [|6/ (25(5)) 23] |11 my
and by inserting the estimates
16/ (Z) 23 ln@ = 1190w
< ||¢|| < (v meas (supp(¢') )

and
l[e(Z5) — c(Z5)[|rem®) < kal| 25 — 25| (w)
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we obtain
12| < kull¢/|] oo ey meas (supp(¢9)) (1125 — 25|y + | 25][1w) [|1 25 — 25| w)
Since ZF — Z5 and 2§ — Z3 in L>°(R) we obtain lim I} = 0.
n—oo
We return to (7.131) and obtain

(7.133) lim /R [6/(Za(5)) Za(5)c(Z5(5)) Z5(s)

n—oo

— ¢/(23(5)) 25 (s)c(25 (5)) 25 (5)] ds| = 0.

By using (7.133) in (7.130) we get

(7.134) lim ‘/qﬁ )dp — /qb ) dp”

n—oo

for all ¢ € C=(R), and we conclude that g™ = . Similarly we prove that 1™ = v.
Next we show that p™ = p, that is,

tin [ @)ota)do = [ ployote) do

for all ¢ € L*(R). Since C°(R) is dense in L*(R), it suffices to consider test functions
¢ in C*(R).
Consider a test function ¢ in C°(R). By (5.21d), we have

Aam m-z/¢& ())& (s) ds
" /¢> z)dr = 2/¢ (Z2(s))p™(X"(s))X"(s) ds.

By subtracting we get

(7.135) [ otlota) = ()] da
=2 [ HEL) B — @A ()] ds (A7)
2[R o) - o)) ds ().

Since ¢ has compact support, there exists k& > 0 such that supp(¢) C [—k, k].
Thus, we only integrate over s such that —k < Z5(s) < k in A}. Since the quantity
2, — 1d belongs to L°(R), the region we integrate over is contained in

—k — HZQ — Id”Loc(]R) S S S k + ||ZQ — Id”Loo(R),
or written more compactly, —M < s < M with M = k+||Z,—1d ||~ (r). Integration
by parts yields

(7.136) Ay = 2/_M 3(22(5)) [P(X(5)) X (5) — p"(X"()) X" (5)] ds

ﬂaa@»/;@wv»wﬂwMWﬂMWﬂwT

s=—M
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M

9 ﬁ'(zz(s))zxs)

x (/ [p(X (7)) X (7) = p" (X" (1)) X" (7)] dT) ds.

M
By a change of variables we have
X(s) Xn(s)

/_ T PR () — (A () ()] dr = / p(X) dX — p(X) dX.

M X(—M) Xn(—M)
Using an estimate as in (7.121) yields

/_ " P () E(r) — p (A () (7] dr

M

1
< |lp = ™| 2r) (2| X — Id || poo(r) + 2M)

1
+2(110" = pllzae) + bl lz2w) 1F = X[

This implies that the first term on the right-hand side of (7.136) equals zero. More-
over, we get

471 < 2[Jlp = Pl 2oy (211X = 1] 12x(a) + 2M)

ol

1 M .
+2(15" =l + ellow) |1 = Xlmge] [ 162D Za(o) ds
< 2[llp = 1" llz2w (211X = 1] ey + 20M)

;
+2(I[p" = pllzee) + [Ipll2) 11X — X"Hiw(m] [16/]] o= (wymeas (supp(¢))

where we used that

[, Jo@onzea < [0@onze6

— / |¢(z)] dx < |\¢'||Lw(R)meaS(supp(¢')).
R
Since X" — X in L°(R) and p" — p in L?(R) we find that lim A} = 0.

n—oo

The second integral in (7.135) is estimated as follows. Using the Cauchy—Schwarz
inequality and that 0 < &A™ < 2 we obtain

A3 < 2( / (p”(%”(s))«‘en(s))%s)z|¢ozz b0 Zllem

< 2V2||p"|r2@wylld © 22 — ¢ 0 2|12

< 2V2(|[p" = pllzze) + [pllz2@) 16 © 22 = ¢ 0 2| 2e)
by a change of variables. We have ¢o Z} — ¢ o Z; pointwise almost everywhere, and
by Lemma 7.6 we get that ¢ o ZJ can be uniformly bounded by an L*(R) function,
so the dominated convergence theorem implies that lim || o 2y — ¢ o Z3||r2m®) = 0.
n—oo

Since also p” — p in L*(R) we find that lim A} = 0.
n—oo
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We return to (7.135), and conclude that

lim ‘/(b(x) [p(z) — p"()] dz| = 0.
n—oo R
Therefore, p* = p. In a similar way one shows that o™ = ¢.

We prove that R® =~ R. Consider a test function ¢ in C°(R). By (5.21b) we can
write

[ o) R~ 7(a) de

=2 [ G(Z)e (6 PAX () A (5) = V(A () X7 ()] s
2 [ A2V ) [D(Z2()) ~ D25 (5)] ds
+2 [ o2 VA )R [(Za(s) — d(23(5)] s

The first and second integral can be treated more or less like A7 and A% in (7.135),
respectively. The last integral is estimated as follows

‘ /R¢(Z§(S))V§L(Xn(3))xn(s) [c(Z5(s)) — c(25(s))] ds
<19l ||(VE 0 X™)X™ | r2wyllc 0 25 — c 0 25| r2m)
< V2|6 pe ) (V= Vallre@) + [Vl 2w) 125 — 25| r2).-

This implies that R* = R. In a similar way one shows that S* = . O
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TRAVELING WAVES FOR THE NONLINEAR VARIATIONAL
WAVE EQUATION

KATRIN GRUNERT AND AUDUN REIGSTAD

ABSTRACT. We study traveling wave solutions of the nonlinear variational wave
equation. In particular, we show how to obtain global, bounded, weak traveling
wave solutions from local, classical ones. The resulting waves consist of monotone
and constant segments, glued together at points where at least one one-sided
derivative is unbounded.

Applying the method of proof to the Camassa—Holm equation, we recover some
well-known results on its traveling wave solutions.

1. INTRODUCTION

We consider the nonlinear variational wave (NVW) equation
(1.1) uy, — c(u)(c(u)ug ), =0,
with initial data
(1.2) uli=o = up and  ugli—o = ug.

Here, u = u(t, ) where t > 0 and x € R.
The NVW equation was introduced by Saxton in [17], where it is derived by
applying the variational principle to the functional

[ [t cidasa

The equation appears in the study of liquid crystals, where it describes the director
field of a nematic liquid crystal, and where the function c is given by

(1.3) A (u) = Ay sin®(u) + Ay cos?(u),

where A\; and Ag are positive physical constants. We refer to [14] and [17] for
information about liquid crystals, and the derivation of the equation.

It is well known that derivatives of solutions of the NVW equation can develop
singularities in finite time even for smooth initial data, see [8]. A singularity means
that either wu, or u; becomes unbounded pointwise while u remains continuous. The
continuation past singularities is highly nontrivial, and allows for various distinct
solutions. The most common way of continuing the solution is to require that
the energy is non-increasing, which naturally leads to the following two notions
of solutions: Dissipative solutions for which the energy is decreasing in time, see
[1, 18, 19, 20], and conservative solutions for which the energy is constant in time.
In the latter case a semigroup of solutions has been constructed in [2, 12].

2010 Mathematics Subject Classification. Primary: 35C07, 35L70; Secondary: 35B60.
Key words and phrases. Nonlinear variational wave equation, traveling waves, composite waves.
Research supported by the grants Waves and Nonlinear Phenomena (WaNP) and Wave Phe-
nomena and Stability — a Shocking Combination (WaPheS) from the Research Council of Norway.
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2 K. GRUNERT AND A. REIGSTAD

We are interested in traveling wave solutions of (1.1) with wave speed s € R, i.e.,
solutions of the form u(t, z) = w(x — st) for some bounded and continuous function
w.

A bounded traveling wave was constructed in [8], corresponding to the function
¢ given in (1.3). The constructed wave is a weak solution, which is continuous
and piecewise smooth. In particular, the smooth parts are monotone and at their
endpoints cusp singularities might turn up. By the latter we mean points where the
derivative is unbounded while the solution itself is bounded.

In this paper we consider local, classical traveling wave solutions of (1.1), and
study whether these can be glued together to produce globally bounded traveling
waves. The approach we use is similar to the derivation of the Rankine-Hugoniot
condition for hyperbolic conservation laws, see e.g. [13].

We assume that the function ¢ belongs to C*(R) and that there exists 0 < o <
[ < oo, such that

(14) a = min c(u) and B = max c(u).

Moreover, we assume that

. / < /" <
(1.5) Iggﬂédc (u)] < Ky and Tgﬁd(: (u)] < K»

for positive constants K and K.
The following theorem is our main result, and will be proved in the next section.

Theorem 1.1. Let ¢ € C*(R) such that o and 3 defined in (1.4) satisfy 0 < a <
B < oo. Consider the continuous function w : R — R composed of local, classical
traveling wave solutions of (1.1) with wave speed s € R.

If |s| ¢ [a, ], then w is a monotone, classical solution, which is globally un-
bounded.

If |s| € [, B], we have the following two possibilities:

1. If for some &, |s| # c(w(§)) and ¢ has a local mazimum or minimum at w(§),
the wave w is a monotone, classical solution near &, which has an inflection point
at €.

2. If for some &, |s| = c(w(&)) and d(w(§)) # 0, the wave w has a singularity
at &, meaning that the derivative is unbounded at & while w is continuous. Near
the singularity, the wave is a monotone, classical solution on both sides of £&. The
following scenarios are possible:

i) The derivative has the same sign (nonzero) on both sides of £, and the wave
has an inflection point at &.

ii) The derivative has opposite sign (nonzero) on each side of . Then, the wave
is either convex or concave on both sides, and the singularity is a cusp.

iii) The wave can be constant on one side of the singularity and strictly monotone
on the other side.

For |s| € [, 8], a weak bounded traveling wave solution of (1.1) can be con-
structed.

We observe that case 2 of Theorem 1.1 allows for globally bounded waves w.
Excluding the trivial case of w constant on the whole real line, we then see that the
wave consists of increasing, constant, and decreasing parts, and that it has at least
two singularities. The simplest nontrivial traveling wave consists of two constant
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FIGURE 1. A traveling wave solution w() consisting of two constant
values joined together by a strictly decreasing part.

values joined together by a monotone segment, which has two singularities, see
Figure 1. This corresponds to the case that c(u) satisfies ¢*(u) = s? for at least two
values of u.

In Section 3, we consider the Camassa-Holm (CH) equation
(1.6) Up — Uty + 3UUy — 2UzUgy — Ulgay = 0,

which was introduced in [5]. The CH equation has been studied intensively within
the last three decades. There are too many interesting results to mention here, and
we refer to [3, 4, 5, 6, 7, 9, 10, 11] and the citations therein for more information.
We point out that the peakon solution, which was already observed in [5], is a weak
traveling wave solution of (1.6). This is in contrast to the NVW equation, where
there are no known non-constant explicit weak solutions. Moreover, like the NVW
equation, singularity formation in the derivatives of solutions to (1.6) may occur,
see [7].

In [15], Lenells derives criteria for gluing together local, classical traveling wave so-
lutions of (1.6) to obtain global, bounded traveling waves, see also [16]. By doing so,
all weak, bounded traveling wave solutions of the CH equation are classified. Some
of these traveling waves have discontinuous derivatives, such as peakons, cuspons,
stumpons, and composite waves. These waves have, except for the peakons, singu-
larities in their derivatives.

We apply the aforementioned method to the CH equation and reproduce the
criteria derived by Lenells.

2. PROOF OF THEOREM 1.1

Let £ = x — st and denote the derivative of w with respect to £ by we. Assume
for the moment that w € C%*(R). Inserting the derivatives

w(t, x) = —swe(x — st), U (t, x) = s*wee(x — st),
Uy (t, ) = we(x — st), Uge(t, ) = Wee(x — 1)
into (1.1) yields
(2.1) [s° — (w)] wee — c(w)d (w)wi = 0.
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Observe that (2.1) is satisfied at all points £ such that |s| = c¢(w(€)), at which either
we (&) = 0, leading to constant solutions, or ¢/(w(§)) = 0. We multiply (2.1) by 2w
and get

2[s* — A (w)]weewe — 2¢(w)c (w)wi =0,

which is the same as J
d—g(wg [s* — 02(w)]) =0.

Integration leads to
(2.2) wi[s* — & (w)] =k

for some integration constant k. Observe that we derived (2.2) assuming that w €
C*(R), but for (2.2) to make sense it suffices that w is in C*(R).
We say that u is a local, classical traveling wave solution of (1.1) if u(t,x) =
w(z — st), for some w in C?(I), where I denotes some interval, and satisfies (2.1).
If |s| ¢ [, 5], then |s| # c(w(&)) for all £ and we have

(2.3) wi(e) = £——YH__

|57 = 2 (w(E))]
The right-hand side of (2.3) is Lipschitz continuous with respect to w and there
exists a unique local solution w which is continuously differentiable and monotone.
For these solutions we see from (2.3) that the derivatives are bounded. In particular,
the solutions are bounded locally, but not globally.

In the case |s| € [a, ], Lipschitz continuity fails, and the standard existence and
uniqueness result for ordinary differential equations does not apply. In this case we
show, under some specific conditions, that if there is a local solution, it is Holder
continuous. Let w be a bounded and strictly monotone solution of (2.3) on an
interval [£, & ] such that c(w(&p)) # |8, c(w(&1)) # |s|, and |s| = ¢(w(n)) for some
n € (&,&1). Then, by assumption, the derivative we is bounded at & and &. We
claim that the solution is Holder continuous on [£p, &) if ¢(w(n)) # 0. From (2.3)

and a change of variables we get
w(&1) 1
/ — 1 &
wgo) V8% = A(2)]

&1
(2.4) z w2 (€) de = /i
/w(fl) 1 i ‘ .
vt VIE@M) — ()]

and c(w(n)) = |s| yields

&1

| wieds= VIR

0
The integrand is finite everywhere except at z = w(n). For z near w(n) we replace
¢(z) by its Taylor approximation and get

[ (w(n) = ¢*(2)] = |e(w(n)) + e(2)] - e(w(n)) — e(2)]
> 2afe(w(n)) — c(2)]

= 20l () (= — wln) + 3¢/ () — wm)?,

for some p between z and w(n). The expression

¢ )z~ wn) + 5 ()~ win)?]
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is integrable if ¢(w(n)) # 0 and not integrable if ¢/(w(n)) = 0. Therefore, the

integral
&1
|t ae

o
is finite if for all & € (&, &1) such that |s| = c(w()) we have ¢ (w(§)) # 0. In
particular, by the Cauchy—Schwarz inequality we have

(&) — w(&)] < [lwellrgeoe s — ol

and w is Holder continuous with exponent % This continuity will be important later
in the text when we discuss which traveling waves can be glued together.

We illustrate the above result with an example.
Example 2.1. Let
b —«
A= and B=a+ 0,

T
where 0 < a < B < co. Consider the function

B
(2.5) c(u) = Aarctan(u) + X
which is strictly increasing and satisfies
ugrfloo c(u) =a and ugrfoo c(u) = 6.
Consider the wave speed
_B
5=3,
where we have a < s < 3. Let f(u) = s> — c2(u). We have
fu) = —Aarctan(u)(A arctan(u) + B).

We compute the derivative and get

f(u) = (2A arctan(u) + B)

1+ u?

and since
2Aarctan(u) + B > 2a > 0

for all w we have f'(u) < 0. The only point satisfying f(u) = 0 is u = 0. In other
words, s = ¢(0).

Denote by w the strictly increasing solution to (2.3) and (2.5). We assume that
w(&) < 0 < w(&), so that c(w(&)) # s and c(w(&r)) # s, which implies that the
derivative we is bounded at & and & . From (2.4) we get

eo " w6y de = IR / 0 . @z

€ w(eo) \/—Aarctan(z)(Aarctan(z) + B)

w(é1) 1
+Vi | 2z,
0

\/Aarctan(z)(Aarctan(z) + B)

By a change of variables we have
w(&1) 1

dz
0 \/Aarctan(z)(Aarctan(z) + B)
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w(€1) 1

< S S
0 /AB arctan(z)

w(é1) 1 1
< (1T+w?(&)) dz

0 /AB arctan(z) 1 + 2*

) 1 arctan(w(&1))
— (et | 14

_on —&—w%&))ﬁ arctan(w(&))

and since w(&y) is finite, the integral converges. Note that this only holds locally. The
first integral in (2.6) can be treated in the same way, showing that we € L*([&o,&1])
and we conclude that w is Holder continuous on [&, & ].

Let us focus on weak traveling wave solutions. To derive the weak form of (1.1)
we first assume that we have a bounded solution u € C?((0,00) x R). We multiply
(1.1) by a smooth test function ¢ € C°((0,00) x R) and integrate. We have

/om /Z [ = e(w)e () — ¢ (w)uzg) 6 dardt = 0.

Integrating by parts yields
(2.7) / / [ — wdy + c(u)d (w)ulp + (W, ¢y | dedt = 0.
0 —0o0

We say that a function u satisfying u(t,-) € L>(R) and w(t,-),u.(¢,-) € L*(R)
for all ¢ > 0 is a weak solution of (1.1) if (2.7) holds for all test functions ¢ in
C((0,00) x R). We observe that if there exists a piecewise smooth traveling wave
solution satisfying these conditions, it is Hélder continuous with exponent %

In the case of a traveling wave, (2.7) reads

/00 /00 [swegy + c(w)d (w)wi¢ + (w)wed, | dxdt = 0.
0 —00

Now we want to glue together two classical solutions to produce a weak traveling
wave solution. At the points where we glue them together the derivatives may be
discontinuous. Thus, we consider the following situation: assume that u; and u,
have discontinuities that move along a smooth curve I' : & = «(t), where we assume
that ~y is a smooth and strictly increasing function. Moreover, we assume that there
exists a sufficiently small neighborhood of ~(t) such that u is a classical solution of
(1.1) on each side of (t).

Lemma 2.2. Given a curve I' : © = v(t) = st + o, where vy is a constant, denote
by D a neighborhood of (t,~(t)) € I'. Furthermore, let D = Dy UT|pU Dy, where Dy
and Dy are the parts of D to the left and to the right of ', respectively, see Figure
2. Consider two local, classical traveling wave solutions u; and us of (1.1) in Dy
and Ds, respectively. Assume that we glue these waves at I' to obtain a continuous
traveling wave u(t, ) = w(x — st) in D, which satisfies

// [swedy + c(w)d (w)wip + & (w)wegp, | dudt =0 for any ¢ € C(D).
D
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FIGURE 2. Some strictly increasing curve I' : = v(t) and the neigh-
borhoods D; and Ds.

If |s| & [ov, O], then
(2.8a) we(Y0—) = we(yo+)-

If |s| € (o, ) and d(w(§)) # O for all & = x — st, such that (t,x) € D and
] = c(w(©)), then
(280) |V sign(((¢(w(0)) - sPwe(30)) - )

— Vel sign(((¢(w(0)) = s)we(20)) +) | VI@w(0) = 7] = 0,

where ki and ko denote the constants in (2.2) corresponding to the classical solutions
uy and ug tn Dy and Do, respectively.

Proof. Let
I={te0,00) | (t,7(t)) € D}.
For any € > 0 consider
D; ={(t,z) € D; | dist((¢,x),T) > &}
for i = 1,2. We have

(2.9) //D [ — wor + c(u)d (Wusg + ¢ (u)uydy| d dt

= lim (2221://5 [ — woy + c(u)d (Wue + (u)ug,] do dt).

e—0

Since u is a classical solution in D] we have

//? [ — wdy + c(u)d (w)uie + ¢ (wuy ¢ | da dt
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- // [ — wdy + c(u)d (Wuzd + (Wuedy — upd + c(u)d (u)uie + A (U)uze | du dt

//5 (wd)e + (¢ () xttzd + (u) (urd)s] da di

// wts)e — (W) du dt.

By Green s theorem we get

//Di [ — oy + c(u)d (W p + ¢ (w)uy ¢, ] da dt = / [y da + c(w)uzb dt]

aDs
:/ [ut¢dx+02(u)uz¢dt],
i
where the last equality follows since ¢ is zero everywhere on 90Dj except on I,
where I'] is the part of 0D] which does not coincide with the boundary D. We can

parametrize the curve by I'§ : @ = ~45(t) for ¢t € I, where ~{ is a smooth and strictly
increasing function and I{ is an interval. Now we have

(2.10) / / E [ — woy + c(u)d (W)use + ¢ (u)u,d, | de dt
= [ Tt 50O + (o)1) dr

By assumption u(t,z) = w(z — st) is a classical traveling wave solution in D$. It
follows that v5(¢) = v(t) — ev/s2 + 1,

Iy ={t €[0,00) | (t,71(t)) € D1}
and

T ={tm@) | tel}
From (2.10) we get

(2.11) //5 swedy + c(w)d (w)ywio + A (w)wed, | da dt

:ﬂj<<mm—ﬁ» (5 (£) — shot, %5 (1)) .
By similar computations, as above, for D§ we get

/ / : [ — wde + c(u)d (w)uzd + A (u)u, ¢, ] da dt = / [uigp da + A (u)uy ¢ dt],

e
2

where I'§ is the part of D5 which does not coincide with the boundary 0D. We
parametrize the curve by I'§ : @ = ~5(¢) for ¢ € I5, where 5 is a smooth and strictly
increasing function and I5 is an interval. We obtain

(2.12) //E [7 Uy + C(U)C/(U)ui¢+ CQ(u)uzd)x] d dt
- /1 @) (#A50) () (1) + (*(u)uad) (£, 75(1))] dt
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where the negative sign comes from the fact that we are integrating counterclockwise
around the boundary in Green’s theorem. Inserting u(t, z) = w(x — st) yields

(2.13) //E [swedy + c(w)d (w)wie + ¢ (w)wed, | du dt

== [ [Pls) = st) = 50 = stio(t 5(0) .
2
where ¥5(t) = y(t) + ev/s? + 1,
I; ={t €0,00) [ (t,%5(1)) € D2}
and
05 ={{t,2(0) | t € 5}

Consider |s| ¢ [a, 8]. Then |s| # c(w(§)) for all &, and by (2.2) the derivative wg

is bounded at all points in D. From (2.11) and (2.13) we have

lim //5 [swedr + c(w)d' (w)wie + (w)wedy | du dt

e—0

B / [*(w(10)) — 8% Jwe(vo—)o(t, V(1)) dt

I
and

e—0

lim // [swf(zﬁt + c(w)c’(w)wgqﬁ + CQ(w)wsqﬁx} dx dt

= —/ [*(w(v0)) — s*|we(yo+) (¢, (1)) dt,

I

respectively. Here, we(y9—) and we(y9+) denote the left and right limit of we at o,
respectively. We insert these expressions in (2.9) and get

//D [swegy + c(w)d (w)wie + ¢ (w)wed, | dz dt

= [Aw(10)) — 5] [we(r0—) — we(r0+)] / ot (1)) dt.

For w to be a weak solution this expression has to be zero for every test function ¢,
and we must have

[¢*(w(v0)) — 8°] [we(v0—) — we(y0+)] =0
which implies
we(y0—) = we(y0+)-
This proves (2.8a).

Now we consider |s| € [a, 8]. In this case w, may be unbounded on the curve T
and we have to eliminate the derivatives from (2.11) and (2.13). Recall that we only
consider continuous waves.

Since w is a classical solution in D we get from (2.2),

(2.14) wi (€)[s* = A(w(©)] =k
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where k; is a constant. We have
(P (w) — s*)we = sign((*(w) — s we) /|2 (w) — s2[/]c2(w) — s2|w?

= sign((c*(w) — 5*)uwe) v/ 2(w) — 1/ Tl

In (2.11) we now get

// [swegy + c(w w§q5 + A (w)we g, | dx dt

- /1 \/|/€T s1gn A (w) — s*)we) /|2 (w) _52\)(75(15) — st)p(t,75(t)) dt
and we obtain

(2.15) hm // [swedy + c(w wg(zﬁ + ¢ (w)we g, | da dt

= /IMSngn A (w()) — 52)“’5(%)) _)
|*(w(v0)) — s*[@(t, (1)) dt.

In a similar way we get by using that

(2.16) W) [5* — (w(©)] = by
in Ds for some constant ks,
// [swedpr + c(w wéfzﬁ + & (w)we g, | dx dt

~ [ VIl (sen((¢*w) — 5*)uwe) VIew) = ) (35(6) = st 25(0) .
I3
where we used that

((w) — 8”)we = sign((c*(w) — s*)we) v/[c2(w) — 5[/ [kal.
We have

(2.17) hm // [swedy + c(w)d (w)wie + ¢ (w)wed, | du dt
= —/I\/@Slgﬂ c*(w(v)) — s*)we(v0)) +)

|c2(w(vo)) — s2|¢(t,v(t)) dt.
Combining (2.15) and (2.17) in (2.9) we get

// swedy + c(w) wggb +c (w)wggbz] dx dt
= [ [VRlsien(((wt) = ) -)
[a| sign (((¢(w(0)) — s*)we(v0)) + )]\/lc2 w(vo)) — s2|o(t, (¢
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For w to be a weak solution this expression has to be zero for every test function,
and we must have

[Tl sign(((2(w(r0) = s?wer0)) =)

~ VIRsign(((w(0)) — o) +)] v/ Ew00) — 1 = 0.
This concludes the proof of (2.8b). O

Remark 2.3. Note that (2.10) and (2.12) hold for any solution u and curve x = y(t)
as described before the lemma, not just for traveling wave solutions, where y(t) =
st + Y-

Using Lemma 2.2 we prove Theorem 1.1.

Proof of Theorem 1.1. Consider |s| ¢ [a, ]. From (2.8a), w and its derivative we
are continuous at 7y. In particular, w is monotone and coincides with the global
solution for (2.3) for a fixed k. Thus, the resulting wave will be unbounded and
hence not a weak solution to the NVW equation. We will not discuss this case
further.

Now consider |s| € [a, 8]. First we study the case |s| # c¢(w(0)). For (2.8b) to
be satisfied we must have

|1 | sign (we(v0) — ) — v/ [ke| sign (we(y0) +) = 0.
If Sign(wg(%) — ) and sign(wg(%) —|—) have opposite sign we get k; = ko = 0 and
w is constant in D.
If sign (we(v0) — ) and sign(we(vo) + ) have the same sign then |ki| = |ks|. Then
the solution w is monotone in D and is given by

VK|
|s% = c2(w(§))]
Since w is a classical solution in Dj and D§, and |s| # c(w(7)), we have |s| # c(w())
in D. Both w and its derivative w, are continuous at . In particular, w is monotone
and coincides with the local solution in D of the above differential equation for a
fixed kl.

Thus, we showed that gluing solutions at points g so that c¢(w(v)) # |s|, does
not yield a new solution. In particular, one can possibly only glue two solutions with
different k together at a point vy, to obtain a new solution, if c(w(yg)) = |s|. This
means in particular, for bounded, non-constant waves, that ¢ must have at least one
extremal point and hence w must have at least one inflection point.

Next we consider |s| € [a, 8] such that |s| = c(w(0)). As discussed before, at
points & where |s| = c¢(w(§)) and ¢'(w(§)) = 0, we(§) is unbounded and we does
not belong to L (R). Therefore, by the definition of a weak solution, we cannot
use such waves as building blocks. This immediately excludes the cases |s| = «
and |s| = 8. Thus, we consider |s| € («, ) and assume that all points £ such that
|s] = c(w(§)) satisty ¢(w(§)) # 0.

The remaining case to be treated is |s| € (a, ) such that |s| = c(w(v)) and
d(w(v)) # 0. Using the same notation as in the proof of Lemma 2.2, denote by
w1 (t, ) = wi(z — st) and us(t, x) = wq(x — st) the classical solutions to (1.1) in DS
and Dj, respectively. Then w; and ws are locally Holder continuous. Furthermore,

we(§) =+
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we see from (2.14) and (2.16) that k; and ky are finite and (2.8b) is satisfied for any
values of k1 and k. In particular, the functions w; and ws satisfy

(218) U)l,g(f) =4 |k1| and wg,g(g) =+ ‘k2|
|2 = (w1 (§))] |s? = 2 (w2(§))]
in D§ and Dj, respectively.

We study the case wq¢(§) — fo00 as £ = Y— and wae(§) — oo as & — y+. It
remains to show which solutions, if any, can be glued together.

Let s > 0. Assume that s = c(wi(7)) = c(we(Y0)) and ¢ (w1 (7)) = ¢ (wa(y0)) <
0. Since ¢/, w; and wy are continuous we have ¢ (w(£)) < 0 for £ < 7y near 7y and
d(wy(€)) < 0 for £ > 7y near 7. We have the following four possibilities:

1. If wie(€) > 0 for & < v near 7y then c(wi(§)) > s and from (2.1) we get
w g(§) > 0.

2. If wie(§) < 0 for & < 7y near 7y then c(w1(€)) < s and (2.1) implies that
wige(§) < 0.

3. If wye(€) > 0 for & > 7 near vy then c(wq(€)) < s and by (2.1) we have
wage(£) < 0.

4. If wae(€) < 0 for & > 7o near 7y then c(wy(&)) > s and by (2.1) we have
w2 ge(£) > 0.

We have now 4 possibilities for gluing waves at vo: 1. and 4., 1. and 3., 2. and
3., and 2. and 4. In all cases the derivatives are unbounded at the gluing point.
For instance, combining 1. and 4. results in a wave with a cusp at 7y. Since the
constants k; and ko may differ, w; and wy may have different slope away from ~,.

Another possibility, due to (2.1), is that either w; or ws is constant. We can
combine constant solutions with singular waves. For instance, let w;(§) = wq(7o)
for £ < 79, and ws be as in 3.

We can also combine the wave in 1. with the constant solution where wy(§) =
wi(0) for € > 7.

A similar analysis can be done in the case ¢ (wi (7)) = ¢ (wa(7y0)) > 0.

Note that the resulting waves may be unbounded. This is for example the case if
c(u) = |s] for exactly one u € R. On the other hand, the resulting waves belong to
L?(D) and are locally Holder continuous.

Finally we study how we can glue local waves to get a bounded traveling wave.
Let us consider the wave composed of 1. and 3. For & < vy near 7y, it is given by
w1 (€) which is strictly increasing and convex. For £ > v near 7, it is given by
wsy(€) which is strictly increasing and concave. In this case we assumed that the
function ¢ is strictly decreasing at the point w;(y9) = ws(y0). Now we assume that
¢ has a local minimum to the right of this point. More precisely, we assume that
there exists E; > v such that ¢/(wy(Er)) = 0, ¢ (we(§)) < 0 for all vy < € < Ey,
and ¢ (w2(§)) > 0 for all By < & < & for & near Ej, so that c(wq(§)) < s for all
E<£<&.

The function wq(€) is a strictly increasing classical solution for all vy < & < &;.
Furthermore, wy(§) has an inflection point at £ = E; and is concave for vy < & < E;
and convex for E; < £ < &;.

If d(we(§)) > 0 for all & < € < 4, where 7, satisfies c(wa(y1)) = s, we can
continue the wave after v; either by a singular wave or by setting w equal to w(v;)
for 71 < €. The situation is illustrated in Figure 3 and 4.
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c(w)

LN
Vi

FIGURE 3. The points are from left to right: wq(§) for & < 7,
wi(70) = w2(70), w2(§) for vo < & < By, wa(Er), wa(&1) and wa(m).
w

w2

§

FIGURE 4. The points are from left to right: £ < o, 70, 70 < £ < E1,
E1, & and ;. The blue part to the right shows one of the three ways
of continuing the wave for £ > ;.

Depending on the function ¢, we can continue this gluing procedure to produce
a wave w consisting of decreasing, increasing, and constant segments. Note that
to get a non-constant bounded traveling wave we have to use both increasing and
decreasing parts. The derivative of the composite wave belongs to L (R). If we €

L?(R), then w is not only a global traveling wave solution, but also a weak solution.
d

3. THE CAMASSA—HOLM EQUATION

Now we study weak traveling wave solutions of the CH equation (1.6). We insert
for a traveling wave solution u(t,z) = w(x — st), and get

(31) — swg —+ S’wggs + 3ww5 — 2w§w§§ — w’wggg = O



14 K. GRUNERT AND A. REIGSTAD

We say that u is a local, classical traveling wave solution of (1.6) if u(t,z) =
w(z — st) for some w in C3(I), where I denotes some interval, and satisfies (3.1).

Rewriting (3.1) yields

3 1
—swg + sweee + 5 () = S(wee — (wiwee)e = 0.
Integration leads to
3 1

(3.2) — SW + swee + §w2 - §w§ — wwge = a,
where a is some integration constant. Multiplying (3.2) by 2w, leads to

—s(w?)e + (w’)e + (wi(s — w)), = 20w
and integrating once more we get
(3.3) — sw’ + w® + wi(s — w) = 2aw + b,
where b is some integration constant.

We study if we can glue together local, classical wave solutions like we did in the
previous section for the NVW equation. We are interested in the situation where
the composite wave has a discontinuous derivative at the gluing points.

First we derive a weak form of the CH equation. Rewrite the equation as

3 1
Up — Upgy + §(u2)x - E(UE)CC — (Wtigy)z = 0.

Assume that we have a bounded solution v € C3((0,00) x R). We multiply with a
smooth test function ¢ € C°((0,00) x R), integrate by parts, and get

/ / ( - u¢t + ud)tzz - 5’(1,2(;31 + iungz + uuzz¢z) d{E dt = 0
0 —o0

Writing
2

x

1 1
§ui + Uy = (Uly)y — U
and integrating by parts again yields

o0 o0 1
(34) / / (u@ — UPtan + guz@ + Uy Dry + 51@%) drdt =0,
0 —o0

which serves as a basis for defining weak solutions.
A function u satisfying u(t,-) € L®(R)N HL_(R) for all ¢ > 0 is said to be a weak

solution of (1.6) if (3.4) holds for all test functions ¢ in C2°((0, 00) x R). In the case
of a traveling wave solution, u(t,xz) = w(z — st), (3.4) reads

/ / (w¢t — Wiy + §w2¢a) + WWe o + 5102%) dx dt.
0 —0o0

Assume that u; and wu, have discontinuities that move along a smooth curve
[': 2 = (t), where 7 is a strictly increasing function, and that u is a local, classical
solution of (1.6) on each side of ~(¢).
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Lemma 3.1. Given a curve I' : © = v(t) = st + o, where v is a constant, denote
by D a neighborhood of (t,~(t)) € T. Furthermore, let D = Dy UT|pU Dy, where Dy
and Do are the parts of D to the left and to the right of I, respectively, see Figure 2.
Consider two local, classical traveling wave solution uy and us of (1.6) in Dy and Do,
respectively. Assume that we glue these waves at I' to obtain a continuous traveling
wave u(t,x) = w(x — st) in D, which satisfies

(3.5)

3 1
/ [wqﬁt — Wiy + szqﬁx + WWe Py + §w§¢x] dedt =0 for any ¢ € C(D).
D

Then we have a; = ag, where ay and ay denote the constants in (3.2) corresponding
to the local, classical solutions uy(t,x) = wy(x — st) and us(t, x) = wo(x — st) in Dy
and D, respectively.

If we and wee are bounded on the curve x = ~(t), then

(3.6a) (w(70) = 8)(we(r0—) — we(y0+)) = 0.
If we and wee may be unbounded on the curve x = y(t), then
(3.6b) sign(((w(%) — s)wg(%)) — )

x v/ (w2(70) (w(v0) — 5) — 2a1w(70) — b1)(w(y0) — s)
—sign(((w(y0) — s)we()) +)
x v/ (w?(70) (w(0) — 8) — 2a1w(70) — b2) (w(0) — 5) = 0,

where by and by are the constants in (3.3) corresponding to the local, classical solution
ui(t, ) = wi(x — st) and us(t, ) = wo(x — st) in Dy and Dy, respectively.

Proof. Let

I'={te[0,00)(t(t) € D}.
For any € > 0 consider
D = {(t,x) € D; | dist((t,2).T) > ¢}
for i = 1,2. We have

1
D

2
. 3 1
= 21_13(1) ( 271 //E (ugi)t — UDtze + 5“2@ + Uy Pre + 51&@;) dx dt).

Since u is a classical solution in D] we get

3 1
// (ugbt — UDtze + 7u2¢z + Uy Oy + 5“5%) dx dt
9 1

3
+ Ut¢ - uth¢ + 5(“2)w¢ - 9
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We integrate by parts and get

/] el = / (w61 (097(0) e~ /f s
J[ wwsizar= [ @ooresioyar - [[ weo.dzar

/I (uttzs)op o dt = / ()17 (1) dt I/ ey

where I'] denotes the part of D5, which does not coincide with the boundary of D.
We can parametrize this curve by I'{ : @ = ~§(¢) for t € If. Here 7§ is a smooth and
strictly increasing function and I is an interval. Now we get

(3.7) / / (ugy — udron + §u2¢z + Uy P + %Ui%) dx dt

and

5
I3

Using
1 2 1 2
1 1
= Wy Pry — §ui¢m - §(ui)m¢ + ui(bz + Ulyy Oy
1
1
we obtain

/ / (upr — urze + §u2¢z + Uy P + 1uim) dx dt
Ds 2 2
// (u@)e + (uata)t + 5 ( ) — %(uiq&)z + (utyy),) da dt

/ Wl + Urs + 1) (£, 5 (1)) dt

// [ u2¢ - fu 20+ uux%) i(w + um&)} dx dt

1

/ Ul ® + Uty + uge®) (¢, 75 (1)) di.
1-

[y
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By Green’s theorem we get

/ / (060 W+ 500+ )
= /8D§ [— (wb + Uz¢m) dx + ( wep — 7uz¢ + uux%) dt]

- / (Wa® + Uury + ) (t, 75 (1)) dt,
Iy

and since the integrand is zero everywhere on 0D5 except on the part corresponding
to 75 (t) we have

:L[*W+%@Wmmmmw>

From this point on we assume that u(t,z) = w(z — st) is a classical traveling wave
solution of (1.6). Then (3.8) rewrites as

3 1
(3.9) // (woy — Wrze + §w2¢x + WWePry + iwfqbgc) dx dt

2
+ [(w = s)we] (5 (t) = st)ga(t, 7 (1))
- w0 (1 f(0) ) i
In a similar way as above we obtain

1
D3

= [ ([ 502 - 0 00 e i) - sote 50

= — (ud + u ¢, | dx + 2¢) - fuzgzﬁ + uuy ¢, | dt
aDs

15

where I5 and ~5(t) are defined in the same way as their counterparts in D5. Note
that the sign in front of the second integral has changed compared to (3.7), which
comes from the fact that D5 is to the right of the curve I'. Proceeding as above we
find

3 1
// (uqSt — UDtzy + iuzqﬁz + Uy Oy + iuigbz) dx dt
D3

= [ = (04 w62) 5500080 + (a0 - o+ unes.) (. 5500)]
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13
where the negative sign in front of the first integral comes from the fact that we
are integrating counterclockwise around the boundary in Green’s theorem. Now we
assume that u is a traveling wave solution, i.e., u(t,z) = w(z — st) and get

3 1
(3.10) / / (woy — Wray + 57“”2% + WWe P + 5wgqu) dx dt

2
— (w — $)we] ((8) — st)bult, %5(0))
+ w(E(t) — sE)ualt, vé(t))> .

From (3.2) and (3.3) we have

_ / (= [ s B = = 0 shue] 500 = strote 50

3 1
and
(3.12) — sw? +w? + w?(s —w) = 2aq;w + b;

in D, i =1,2. We insert (3.11) in (3.9) and obtain

(3.13) //s (woy — Wraw + gw?% + WWe Py + %wg%) dz dt
— wl00) = 61t ) .

Inserting (3.12) into (3.10) yields

(3.14) //DE (w¢t — Whtay + gw2¢z + WWePgy + %wgqﬁz) dx dt
= /1 < — axd(t,75(1) — [(w = s)we] (G () = st)pa(t, 5 (1)

+w(3(t) — st) b (t, 75 (t))> dt.

Assume that w, and we, are bounded on the curve z = (¢). Since w, ¢ and the
derivatives of ¢ are continuous we get from (3.13),

3 1

li
e—0

- / (alas(t,v(t)) + [(w(0) — $)we(r0—)] dalt, (1))

(3.15)
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— w(70)Pre(t, 7(t))> dt.

From (3.14) we obtain

. 3 1
(3.16) lim // (wd)t — WPy + §w2¢z + WWe gy + §w§¢w) dx dt
2

e—0

_ / ( ~ sty (1)) — [(wr0) — s)we(roH)] (b 1(0)
n wm)%(av(t») dt.
We combine (3.15) and (3.16), and obtain

3 1

-/ (<a1 — ot 1 (1) + (o) — 5)(welro—) — ws(w))%(t,v(t))) i

for all ¢ € C°(D). Now we derive conditions that ensure that the integral in (3.17)
is equal to zero for all test functions ¢ € C°(D). For a positive number d and
constants k and [ satisfying k < [, consider the domain D C D bounded by the lines
t=k,t=1and z = v(t) £ d. We define the test function ¢ € C>°(D) by

. 1 !
(3.18) Ot ) = exp {—d — (@ —))?2  Ti—kP—(t— ’“2”)2} ’

which is positive and smooth in D and equals zero on the boundary oD. In partic-
ular, ¢, (t,7(t)) =0 for all ¢ € [k,{]. From (3.5) and (3.17), we then get

b
//ﬁ (wq@t - w(;;tacm + ;wQ&ac +ww§(7gaca} + %wgér) drdt = / [al - a2] (;B(t, ’Y(t)) dt = 07

and since gz~5 is positive in D this implies that a; = as. Furthermore, since (3.17)
should be equal to zero for all test functions ¢, we must have

3 1

- / (w(0) — 5)(we(10—) — we (o))t 1(£)) dt = 0

I
for all ¢ € C°(D), which implies
(w(0) — s)(we(y0—) — we(yo+)) = 0.
This proves (3.6a).
Now assume that we and we may be unbounded on the curve z = ~(t). Recall

that w is a classical solution in D, 7 =1,2.
Using (3.12) we write

(w — s)we = sign((w — s)we)/(w — 5)2w}

= sign((w — s)wg) V(w2 (w — s) — 2a,w — by)(w — s)
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in D5, which inserted into (3.13) yields

3 1
// (wor — Wrzy + §w2gbz + WWe By + Ewg(zﬁz) dz dt
Di

= /1 ) <a1¢(tvvi(t)> —w(y5(t) — st)pu(t, 75 (1))

+ [Sign((w — 5)we) V(w2 (w —s) — 2ayw — by)(w — s) | (75 (t) — st)

<0050 ) .

Letting € tend to zero we obtain

lim // (wdr — Whrzy + w2¢z + WWePrr + w5¢T) dx dt

= /1 (a1¢(t»7(75)) — w(70) e (t,7(t)) + sign(((w(vo) — s)we(70)) — )

< RO w(0) — ) — Zarw(ro) — b)) — s>¢m<t,v<t>>) i,

In a similar way we get by using (3.12) in (3.14),
3 1
lim // (wgzbt — WOier + 511)2(;51 + WWe P + §w§¢z) dx dt
D3

e—0

= /1 ( — az6(t, (1)) + w(v0)bra(t, ¥(t)) — sign(((w(r) — )we(n)) +)

< ) w(0) — )~ Zagw(ro) — b)) — s>¢z<t,v<t>>) i,

This implies that

3 1
// (U)Cf’t — WPtz + 5102@5 + WWePgy + Ewg(;ﬁx) dx dt
D

= [ ((er = awpottsr(0) + (simn((Cwt0) = syuw) -)
X \/ w?(70)(w(v0) — 5) — 2a1w (o) — b1)(w(y0) — )
- SIgn(((w(%) — s)we(v0)) +)
VTP 0) — 5]~ Zasn) — b)) (6.1 (0) )

for all ¢ € C°(D). )
As before, we choose the test function ¢ € C°(D) given by (3.18) to obtain
a1 = ap. Thus, we have

//D (w¢t — Whtee + gw2¢z + WWe Py + %wz%) dx dt
- / (sign(((w(%) — s)we(70)) —)

1
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x /(w2 (0) (w(v0) — 8) — 2a1w(70) — bi)(w(y0) — 5)
— sign(((w(y0) — s)we(0)) +)
x /(@ (o) (wr0) = 5) = 2a10(20) — ba)(w(r0) — 9) ) alt, ¥ (1)) dt

for all ¢ € C°(D). For this integral to be equal to zero for all test functions, we
must have

sign(((w(vo) — )wg(%)) )

A/ (w?(70) (w(0) — 8) — 2a1w(y0) — br) (w(70) — 5)
( (
) —5)

— sign(((w vo) )ws %)) +)
X /(w2 () (w( = 2a1w(y0) — b2)(w(y0) — s) = 0.
This concludes the proof of (3.6b). O

We apply Lemma 3.1 to study which local, classical traveling waves we can glue
together.

Bounded derivatives

Case 1. Consider s # w(yy). For (3.6a) to be satisfied we must have we(yo—) =
we(Yo+), i.e., the derivative is continuous at vo. From (3.12) we then get that
by = b, and w coincides with the local solution in D of the differential equation
(3.12).

Case 2. If s = w(7o), (3.6a) is satisfied. Since u(t,v(t)) = w(y(t) — st) = w(y)
we get u(t,v(t)) = s for all ¢ > 0. We denote the solution in D; and Dy by w,
and wy, respectively. Then wy(y9) = wa(y0) = s. We let & tend to 7o in (3.11) and
obtain

1 1
ay = 5“@(%) - 5“’%,5(70)
and
1 2 1 2
az = 5“’2 (7o) — iwzg(%)-

Since a; = ag this implies that w? . (70) = w3 ¢(70)-
If wy ¢(0) = wae(Y0), one has by = by and as in Case 1 w coincides with the local
solution in D of the differential equation (3.12).
If
(3.20) w1£(70) = —wae(70)-
We get, from (3.12) that
2a15s+b; =0 and 2a15+ by =0,
which implies b = by. Furthermore, (3.12) takes the form
(w (&) = wi(€) +2a1) (s —wi(€)) =0
and
(w§,g(€) —wj (&) + 2611) (S — wz(f)) =0
in D and Dj, respectively.
Assuming that w; and ws are not constant and equal to s near vy, we have

(3.21) wig —w}+2a; =0 and wg,g —wj + 2ay = 0.
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For this to be well-defined we require
wf —2a; >0 and wg — 2a9 > 0,

and in particular,

(3.22) wre =t w? —2a; and wae = £y/wi — 2a,.

Note that w; and ws can only change from increasing to decreasing or the other way
round if w} = 2a,. We differentiate (3.21) and get

wig(wige —wi) =0 and woe(woee —we) =0,
and since the solutions are not constant we have
(3.23) wWiee =wy; and  Wege = Wo.
Letting & tend to 7 in (3.23) yields

wige(0) = wi(y) and  wage(v0) = wa2(0),

so that if s is positive then w; and w, are convex. Since the functions are not
constant and (3.20) holds, this implies that w; is increasing and wy is decreasing
near . Otherwise the resulting function w would be globally unbounded. Thus, the
maximum value of wy and wsy near 7y is attained at o where wy (o) = wa(y) = s.

If s is negative, wy and wy are concave, and w, is decreasing and ws is increasing.
Otherwise the resulting function w would be globally unbounded. The minimum
value of w; and ws near 7y is attained at vy where wy () = wa(y0) = s.

Example 3.2. Let 79 = 0. Then
wy(€) = c1e® + cee™®  and  wy(€) = cpef + cre7E,

where ¢; and ¢y are constants satisfying % > e2, solve the differential equations
(3.23) in [—1,0] and [0, 1], respectively. Observe that wy is increasing in [—1,0], wq
is decreasing in [0,1], w1(0) = we(0) and w; £(0) = —wq(0).

Remark 3.3. Note that the so-called multipeakon solutions are of the form u(t,z) =
S pi(t)e B @Ol Thus if one only glues together local, traveling waves, which
have bounded derivatives, one ends up with a multipeakon solution due to (3.23).

Unbounded derivatives
Since we have from (3.12),
2 b;
(3.24) w? = w? — 2aw+ bi
w—5

in Dz, it follows that s = w(7y) at the possible glueing point. Furthermore, due to
(3.6b) the constants b; and by do not have to be identical.

Note that (3.6b) implies that it is possible to glue together both constant and non-
constant local, classical solutions as long as s = w(v). This means in particular
that one can insert constant parts by gluing.

In [15], Lenells presents a complete classification of weak, bounded traveling waves
for the CH equation. He shows that there exists a wide range of waves, such as
smooth waves, but also peakons, cuspons, stumpons, and composite waves which
might have singularities.
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Lenells proves that two traveling waves w; and ws can only be glued together at
a point ¢ if the wave height equals the wave speed, i.e., wq(§) = wy(§) = s, and if
the constants a; and ay from (3.12) are equal. We remark that the constants a and
¢ in [15] corresponds to 2a and s here, respectively, and that we assume k = 0.

Our main objective was to recover these conditions by using the method presented
above. Showing other important features of traveling wave solutions of the CH
equation requires the machinery used by Lenells, which we outline next. For a
detailed description we refer to [15]. A key property is that the maximum value of
the wave equals s for s > 0 and the minimum value equals s for s < 0.

In particular, we highlight the role the constant b; plays in obtaining a bounded
wave. Assume that we are in our usual setting where we have classical solutions w;
and wy in Di and D5, respectively. We want to glue these waves together. Thus,
we must have wq () = wa(y0) = s and a; = ay. Hence, we can write (3.12) as

wg(s —w) = —w* + sw? + 2a,w + b;
in D, i = 1,2. Introducing
fw) = —w? + sw? + 2a,w,
we can write these equations as
(3.25) wg(s —w) = f(w) + b; = gi(w)
in D, i = 1,2. Note that
g,(w) = gh(w) = f'(w) = —3w* + 25w + 2a;.

In what follows we assume that s > 0.

If s2 4+ 6a; < 0, then

s? 5\ 2
g (w) < =3w? + 25w — 3= —B(w — §) ,

which is strictly negative provided that w is not identically equal to . This means
that g;(w) is strictly decreasing and f(w) + by has exactly one zero. Assume that
by is such that f(s) + b, < 0. By continuity we have f(w) + by < 0 for w near s.
Then (3.25) implies that w > s. Since f(w) + by < 0 for all w > s, (3.25) shows
that we # 0 for all w > s. Thus, w is strictly monotone and unbounded. Next, let
us set by larger so that f(s) +b; > 0. Then f(w) + by > 0 for w near s and from
(3.25) we get w < s. We have f(w)+ b > 0 for all w < s, so (3.25) implies that
we # 0 for all w < s. Hence, w is strictly monotone and unbounded. The situation
f(s)+b; =0 can be treated similarly, showing that there are no bounded solutions.
Thus, if s* + 6a; <0, f(w) + by has one zero and there exist no bounded solutions
to (3.25).

If s 4+ 6a; > 0, then g;(w) = f(w) + by has at least one zero, but the number of

zeros is dependent on the choice of b;. To be more precise the function g;(w) has a
local minimum and maximum at
s — /82 + 6ay s+ /82 + 6aq
wmin = 5 a'nd wmax = - 5
3 3
respectively. It is strictly decreasing for w < wpin and w > Wyax-
If g; has only one zero, we can show as before (i.e. in the case s* + 6a; < 0), that
there only exist unbounded solutions.
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f(w) + b1

L 2 ® w
Wmin S N

FIGURE 5. Sketch of the function g; with a double zero at w = Wi,
and a simple zero at w = 7. Furthermore, wy, < s < 7.

Consider the case where g; has three zeros. Moreover, we consider s between two
of the zeros of g;, since any other case yields unbounded solutions.

First we treat the case where g; has a double zero and a simple zero. The double
zero is either the local minimum or maximum of g;. We only consider the case where
the double zero is the local minimum of g;, see Figure 5, since the other one follows
the same lines. Denoting the simple zero by 7, we write

(326) g1 (U)) = —(’LU - wmin)2(w - 77)

Expanding this expression and comparing it with ¢;(w) = f(w) + b we get the
relations

N+ 2Wyin = S,  —2NWpin — wfnin =2a;, and nwfnin =b.

By assumption wy, < s < 7. Then ¢1(s) > 0, so that ¢g;(w) > 0 for w near s. By
(3.25), w < s. Note that we = 0 for the value w = wy,. We have

n—w
27 == — Wmin -
(3.27) e = (0 — W)y [ L

and w exponentially decays to wpy, as & — Foo. With the notation above, we see
that one possibility is to choose w; and wy to be solutions to (3.27), which yields
the cuspon with decay. In particular, w; is the strictly increasing part, and ws the
strictly decreasing part. Note that the derivatives are unbounded at w; = ws = s.

Let us investigate if we can glue waves w;, i« = 1,2 given by (3.27) to constant
solutions. Consider w; given by (3.27). From (3.25) we have

2 g2(w2)
wy e = .
S — Wao
We are looking for solutions satisfying ws¢ = 0. Since at the gluing point we

have w; = wy = s, we require that go(w) = (d — w)(s — w)? for some constant d.
Comparing the coefficients, yields the relations

d=—s, 2a;= 52, and by = —s°.
Hence, if s> = 2a; we can glue w; as given by (3.27) with the constant solution
w;+1 = S, which are the building blocks for so-called stumpons.

Remark 3.4. Note that the condition s* = 2ay is related to (3.22), which describes
all local, classical traveling waves that have a bounded derivative at points where
w = s. In particular, (3.22) implies that peakons can only turn up in bounded,
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f(w) + b1

o w
7M2 s TN

FIGURE 6. Sketch of the function g; with three simple zeros n; <
7o < m3. Furthermore, 1, < s < 73.

composite waves such that s> > 2a, and the case s> = 2a, corresponds to the constant
solution.

Let us turn back to (3.26). If s = 7, then
(328) We = :|:(U) — wmin).

In particular, w is monotone and decays to wyy, as & — +oo. Choosing w; and
wy to be solutions to (3.28) yields the peakon with decay. In particular, w; is the
strictly increasing part and wy the strictly decreasing one.

Let us see if we can glue waves given by (3.28) to constant solutions. Let w; be
the strictly increasing function given by (3.28). The graph of the function go(w) =
f(w) + by is equal to the one for g; up to a vertical shift, i.e., there is a constant «
such that go(w) = —(w — Win)*(w — ) + . From (3.25) we get
!

w;‘g = (’IUQ — ’I,Umin)Q + 5 _ w.

Observe that the only choice of the constant o which gives a solution with bounded
derivative is a = 0. Then we get

w%g = (w2 - wmin)za
and the only possibility for ws¢ = 0 is if wy = wpin. But then w, can not be glued
to wy, as Wy, # 8. We conclude that waves given by (3.28) cannot be glued to

constant solutions.
Next we treat the case where g; has three simple zeros n; < 7o < 13, i.e.,

g1(w) = —(w —m)(w = n2)(w — n3),
see Figure 6.
Let s be such that 72 < s < n3. Then g¢1(s) > 0, so that g;(w) > 0 for w near s.
By (3.25), w < s. Observe that we = 0 at w = n,. We have

(3.29) we = £y/w — np h(w),

where
h(w) — \/_ (w _ nl)(w - 773) =0

§—w
for all 7, < w < s, so that w attains the value 7, at some finite point £&. Note that
the solution to (3.29) is not unique. Thus, w € C' can be defined in such a way
that w attains its minimum at &, is strictly decreasing to the left of £, and strictly
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increasing to the right of £&. Gluing countably many of these waves together yields
a periodic cuspon.
If s = n3, then

(3.30) we = VW — VW — 1,
whose solutions, following the same lines as above, serves as building blocks for a
periodic peakon.

In a similar way as above, we can study if the waves given by (3.29) and (3.30)
can be glued to constant solutions. We find that we can only glue waves given by
(3.29) to constant solutions which are equal to s. Then we obtain stumpons, which
consist of monotone segments glued at points where the derivative is unbounded to
piecewise constants parts.
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Abstract

The models introduced in this paper describe a uniform distribution of plant stems competing for sunlight.
The shape of each stem, and the density of leaves, are designed in order to maximize the captured sunlight,
subject to a cost for transporting water and nutrients from the root to all the leaves. Given the intensity
of light, depending on the height above ground, we first solve the optimization problem determining the
best possible shape for a single stem. We then study a competitive equilibrium among a large number of
similar plants, where the shape of each stem is optimal given the shade produced by all others. Uniqueness
of equilibria is proved by analyzing the two-point boundary value problem for a system of ODEs derived
from the necessary conditions for optimality.
© 2020 Elsevier Inc. All rights reserved.

MSC: 34B15; 49N90; 91A40; 92B05
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1. Introduction

Optimization problems for tree branches have recently been studied in [3,5]. In these models,
optimal shapes maximize the total amount of sunlight gathered by the leaves, subject to a cost for
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building a network of branches that will bring water and nutrients from the root to all the leaves.
Following [2,8,11,13,14], this cost is defined in terms of a ramified transport.

In the present paper we consider a competition model, where a large number of similar plants
compete for sunlight. To make the problem tractable, instead of a tree-like structure we assume
that each plant consists of a single stem. As a first step, assuming that the intensity of light 7(-)
depends only on the height above ground, we determine the corresponding optimal shape of the
stem. This will be a curve y(-) which can be found by classical techniques of the Calculus of
Variations or optimal control [4,6,7]. In turn, given the density of plants (i.e., the average number
of plants growing per unit area), if all stems have the same shape y(-) one can compute the
intensity of light 7 (h) that reaches a point at height 4.

An equilibrium configuration is now defined as a fixed point of the composition of the two
maps I(-) — y(-) and y(-) = I(-). A major goal of this paper is to study the existence and
properties of these equilibria, where the shape of each stem is optimal subject to the presence of
all other competing plants.

In Section 2 we introduce our two basic models. In the first model, the length € of the stems
and the thickness (i.e., the density of leaves along each stem) are assigned a priori. The only
function to optimize is thus the curve y : [0, £] — R? describing the shape of the stems. In the
second model, also the length and the thickness of the stems are allowed to vary, and optimal
values for these variables need to be determined.

In Section 3, given a light intensity function /(-), we study the optimization problem for
Model 1, proving the existence of an optimal solution and deriving necessary conditions for
optimality. We also give a condition which guarantees the uniqueness of the optimal solution.
A counterexample shows that, in general, if this condition is not satisfied multiple solutions
can exist. In Section 4 we consider the competition of a large number of stems, and prove the
existence of an equilibrium solution. In this case, the common shape of the plant stems can be
explicitly determined by solving a particular ODE.

The subsequent sections extend the analysis to a more general setting (Model 2), where both
the length and the thickness of the stems are to be optimized. In Section 5 we prove the existence
of optimal stem configurations, and derive necessary conditions for optimality, while in Section 6
we establish the existence of a unique equilibrium solution for the competitive game, assuming
that the density (i.e., the average number of stems growing per unit area) is sufficiently small.
The key step in the proof is the analysis of a two-point boundary value problem, for a system of
ODEs derived from the necessary conditions.

In the above models, the density of stems was assumed to be uniform on the whole space. As a
consequence, the light intensity / () depends only of the height 4 above ground. Section 7, on the
other hand, is concerned with a family of stems growing only on the positive half line. In this case
the light intensity / = I (h, x) depends also on the spatial location x, and the analysis becomes
considerably more difficult. Here we only derive a set of equations describing the competitive
equilibrium, and sketch what we conjecture should be the corresponding shape of stems.

The final section contains some concluding remarks. In particular, we discuss the issue of
phototropism, i.e. the tendency of plant stems to bend in the direction of the light source. Devising
a mathematical model, which demonstrates phototropism as an advantageous trait, remains a
challenging open problem. For a biological perspective on plant growth we refer to [9]. A recent
mathematical study of the stabilization problem for growing stems can be found in [1].
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Fig. 1. By a reflection argument, it is not restrictive to assume that the tangent vector t(s) to the stem satisfies (2.4), i.e.,
it lies in the shaded cone.

2. Optimization problems for a single stem

We shall consider plant stems in the x-y plane, where y is the vertical coordinate. We assume
that sunlight comes from the direction of the unit vector

n = (ny,n2), ny, <0 <nj.

As in Fig. 1, we denote by 6y € ]0, 7 /2[ the angle such that

(—np,ny) = (cosfy, sindy). 2.1

Moreover, we assume that the light intensity 7 (y) € [0, 1] is a non-decreasing function of the
height y. This is due to the presence of competing vegetation: close to the ground, less light can
get through.

Model 1 (a stem with fixed length and constant thickness). We begin by studying a simple
model, where each stem has a fixed length £. Let s — y(s) = (x(s), y(s)), s € [0, £], be an
arc-length parameterization of the stem. As a first approximation, we assume that the leaves are
uniformly distributed along the stem, with density «. The total distribution of leaves in space is
thus by a measure u, with

WA =k ~meas<{s e[0,€1: y(s) eA}) 2.2)

for every Borel set A C R2.

Among all stems with given length ¢, we seek the shape which will collect the most sunlight.
This can be formulated as an optimal control problem. Since y is parameterized by arc-length,
the map s — y (s) is Lipschitz continuous with constant 1. Hence the tangent vector

t(s) = y(s) = (cosf(s),sinb(s))

is well defined for a.e. s € [0, £]. The map s — 6 (s) will be regarded as a control function.
According to the model in [5], calling ®(-) the density of the projection of u on the space E,J;
orthogonal to n, the total sunlight captured by the stem is
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S() = / (1 - expl—0)) dz
ya

—K
:/I(y(s))~(1 —exp{m}>cos(9(s)—00)ds. (2.3)
0

In order to maximize (2.3), we claim that it is not restrictive to assume that the angle satisfies

S|

O < O(s) < 0 forall s € [0, £]. (2.4)

Indeed, for any measurable map s — 6(s) €] — &, w], we can define a modified angle function
6% (-) by setting

O(s) if 6(s)e]0,6p+ /2],

—0 if 6 —m, 60 —m/2
oies) ) if 66) el b—/2) 03
200 +m —6(s) if 6(s)elbo+n/2, 7],

200 —6(s) if 6(s)e€lbp—m/2,0].

Calling y%:10, £] — R? the curve whose tangent vector is yE(s) = (cosO%(s), sinB%(s)), since
the light intensity function y — I (y) is nondecreasing, we have S (yhH > S(y).

By this first step, without loss of generality we can now assume 6(s) €10, 8y + 7/2]. To
proceed further, consider the piecewise affine map

0 if 0 el6o, /2],
p®) = { -6 if 0€ln/2, 60+7/2], (2.6)
200—6 if 6 € [0,6]

Call y? the curve whose tangent vector is y?(s) = (cos((p(é (s))), sin(e(6 (s)))). Since 1(-) is

nondecreasing, we again have S(y?) > S(y). We now observe that, since 0 < 8y < 77/2, there
exists an integer m > 1 such that the m-fold composition ¢ = ¢ o --- o ¢ maps [0, Oy + 7/2]
into [Ap, 7r/2]. An inductive argument now yields S(y¢") > S(y), completing the proof of our
claim.

As shown in Fig. 2, left, we call z the coordinate along the space E,J; perpendicular to n, and
let y be the vertical coordinate. Hence

dz(s) = cos(6(s) —6p)ds, dy(s) = sin(0(s))ds. 2.7

In view of (2.4), one can express both y and 6 as functions of the variable y. Introducing the
function

(2.8)

@) = <1 B exp{ —K }) cos(6 — )

cos(f — 6p) sinf

the problem can be equivalently formulated as follows.
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(OP1) Given a length £ > 0, find h > 0 and a control function y — 0(y) € [0y, /2] which
maximizes the integral

h
/I(y)g(G(y))dy (2.9)
0
subject to
h
/sin;(y) dy = 4. (2.10)
0

Model 2 (stems with variable length and thickness). Here we still assume that the plant
consists of a single stem, parameterized by arc-length: s — y (s), s € [0, £]. However, now we
give no constraint on the length £ of the stem, and we allow the density of leaves to be variable
along the stem.

Call u(s) the density of leaves at the point y (s). In other words, u is now the measure which
is absolutely continuous w.r.t. arc-length measure on y, with density u. Instead of (2.2) we thus
have

u(A) = / u(s)ds. 2.11)
{s; y(s)€A}

Calling 7 (y) the intensity of light at height y, the total sunlight gathered by the stem is now
computed by

S(u) = fl(y(s))-(l —exp{ﬁ%})cos(@@)—@o)d& 2.12)
0

As in [5], we consider a cost for transporting water and nutrients from the root to the leaves. This
is measured by

L/t o

I%(w) = / /u(t)dt ds, (2.13)

0 K

for some 0 < o < 1. Notice that, in Model 1, this cost was the same for all stems and hence it did
not play a role in the optimization.
For a given constant ¢ > 0, we now consider a second optimization problem:

maximize: S(u) — cZ*(u), (2.14)

subject to:

y(0) = 0, $(s) = sinf(s). (2.15)



1576 A. Bressan et al. / J. Differential Equations 269 (2020) 1571-1611

The maximum is sought over all controls 6 : Ry +— [0, 7] and u : R4 +— R .. Calling

+00
z(t) = /u(s)ds, (2.16)
t
. —u
G@O,u) = (1 —exp:m}) cos(f — 6y), .17

this leads to an optimal control problem in a more standard form.

(OP2) Given a sunlight intensity function I(y), and constants 0 < o < 1, ¢ > 0, find controls
0: R4+ [0p, /2] and u : R4 +— R which maximize the integral

400
/[I(y)G(Q,u)—cz“]dt, (2.18)
0
subject to
y(t) = sin@, y(0) =0,
{ { (2.19)
2(t) = —u, 72(+00) = 0.

3. Optimal stems with fixed length and thickness
3.1. Existence of an optimal solution

Let 7(y) be the light intensity, which we assume is a non-decreasing function of the verti-
cal component y. For a given « > 0 (the thickness of the stem), we seek a curve s — y(s),
starting at the origin and with a fixed length ¢, which maximizes the sunlight functional defined

at (2.9).

Theorem 3.1. For any non-decreasing function y — I1(y) € [0, 1] and any constants £,k > 0
and 6y €10, 7t /2[, the optimization problem (OP1) has at least one solution.

Proof. 1. Let M be the supremum among all admissible payoffs in (2.9). By the analysis in [5]
it follows that

0 <M < kp@R? =«
Hence there exists a maximizing sequence of control functions 6, : [0, A, ] — [6p, /2], so that

hy,
1
—— dy=¢ foralln>1, 3.1
/sinen@) Y orafn= ©-1)
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By

/I(y)g(en(y))dy — M. (3.2)
0

2. For each n, let 9,? be the non-increasing rearrangement of the function 8,,. Namely, 93 is the
unique (up to a set of zero measure) non-increasing function such that, for every c € R

meas({s; 93(s) < c}) = meas({s; 0,(s) < c}). (3.3)
This can be explicitly defined as
05(y) = sup{%‘; meaS<{a €0, hy]; Ou(o) Z§}> >y}-

For every n > 1 we claim that

o iy

/édy = /;dy =/, 3.4
sin6(y) sinf, (y)

0 0

hy hy

/I(y)g(G,f(y))dy > /I(y)g(Gn(y))dy- (3.5)

0 0

Indeed, to prove the first identity we observe that, by (3.3), there exists a measure-preserving

map y — ¢ (y) from [0, &, ] into itself such that 9,5 (y) = 6,(¢(y)). Using ¢ as new variable of
integration, one immediately obtains (3.4).
To prove (3.5) we observe that the function g introduced at (2.8) is smooth and satisfies

g® <0 for all 0 € [0y, 7 /2]. (3.6)

Therefore, the map y — g(@ff(y)) coincides with the non-decreasing rearrangement of y
£, (y)). On the other hand, since I (-) is non-decreasing, it trivially coincides with the non-
decreasing rearrangement of itself. Therefore, (3.5) is an immediate consequence of the Hardy-
Littlewood inequality [10].

3. Since all functions 03 are non-increasing, they have bounded variation. Using Helly’s com-
pactness theorem, by possibly extracting a subsequence, we can find # > 0 and a non-increasing
function 6* : [0, k] > [09, 7t /2] such that

lim h, = h, lim 6%(y) = 0*(y)  forae.y€l[0,h]. (3.7)
n—>oo

n—oo
This implies
h h

1

/fdy = ¢, /I(y)g(é’*(y))dy =M,
sin9*(y)

0

proving the optimality of 6*. O
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3.2. Necessary conditions for optimality
Let y — 6*(y) be an optimal solution. By the previous analysis we already know that the

function 6*(-) is non-increasing. Otherwise, its non-increasing rearrangement achieves a better
payoff. In particular, this implies that the left limit at the terminal point y = & is well defined:

0*(h) = 1ir]111 0*(y). (3.8)
y—>h—
Consider an arbitrary perturbation
. = 0"+ €0, he = h+en.

The constraint (2.10) implies

h+e€n

1
0

Differentiating (3.9) w.r.t. € one obtains

h
1 cos6*(y)
——n— | ———=06(y)dy = 0. 3.10
sin6*(h) | ../sinZG*(y) (v)dy (3-10)
Next, calling
he
e = [ 10800y
0

and assuming that /() is continuous at least at y = &, by (3.10) we obtain

h
_ / 18 0" (»)O(y)dy
0 (3.11)

h
+ [(W)g(®* () - sin6* () / €SO &y dy
0

sin” 6* ()

Since (3.11) holds for arbitrary perturbations ©(-), the optimal control 6*(-) should satisfy the
identity

9*
CosO™) _ . for ae. y € [0, h], (3.12)

1(yg' (6 e — 2L =
Mg (0" () + 26 0)
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where
A = I(h)g®"(h))-sinb*(h). (3.13)

It will be convenient to write

G(9)

0) =
4K sin6

, G@O) = (1 —exp{ )cos(@ — 6p). (3.14)

_—"}
cos(f — 6p)
Inserting (3.14) in (3.12) one obtains the pointwise identities

I(y)(G/(G*(y)) sinf*(y) — G(G*(y))cos@*(y)) +A-cosf*(y) = 0. (3.15)
At y = h, the identities (3.13) and (3.15) yield

I(M)GO*(h))

G'(O" () wn6”(h) = GO () = ——— 5

Hence
G'(0*(h)) tan6*(h) = 0,
which implies
0*(h) = 6y, A = I(h)g(6p)sinfy = (1 —e_")l(h). (3.16)
Notice that (3.15) corresponds to

G(9) A
sin@ sinf

0" (y) = arg, max {I(y) } . (3.17)

Equivalently, 6§ = 6*(y) is the solution to

G'(0)tand — G(©O) = — %y) , (3.18)

where G is the function at (3.14).

Lemma 3.2. Let G be the function at (3.14). Then for every z €] — 00, e~ “ — 1] the equation
F) = G'(®)tand — G() = z (3.19)

has a unique solution 0 = ¢(z) € [0, w/2[.

Proof. Observing that

Gy = 1—e7*, G'®) <0
for 6 €160, /2, (3.20)
G'(6p) = 0, G"©) < 0
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we obtain F(6y) =e* — 1 and

F'() = G"(0)tan + G'(H) tan’0 < 0 for 0 € [0y, /2.

Therefore, for 6 € [0y, w/2[, the left hand side of (3.19) is monotonically decreasing from
e ¥ — 1 to —oo. We conclude that (3.19) has a unique solution 6 = ¢(z) for any z €] — oo,
e “—1]. O

The optimal control 8*(-) determined by the necessary condition (3.18) is thus recovered by

A (e = DIh)

0*(y) = w(—) = <p<— . (3.21)
I(y) I(y)

Next, we need to determine / so that the constraint

h

. 1 _
0

is satisfied. As shown by Example 3.4 below, the solution of (3.21)-(3.22) may not be unique.
In the following, we seek a condition on / which implies that L is monotone, i.e.,

h cos6*(y) 1 I'(h)

L'(h) =
() sin(6p) O/ sin® 0*(y) F/(6*(y)) 1(y)

Gy dy > 0. (3.23)
This will guarantee that (3.22) has a unique solution. To get an upper bound for F’(#), observe
that, for 8 € [0y, 7 /2],

F'(9) < tan(0)G"(9)

= —tan(@)[cos(e —6p) (1 — (L + 1) exp{‘i"D
cos(f — 6p) cos(6 — 6y)

tan®(60—6p) .2 -
+ cos(e—eoo) k eXp{cos(elieo) }]

—tan(9) cos(m/2 — 6p)(1 — (k + e ™).

Since 60*(y) € [6p, w/2] and G(6y) = 1 — e™¥, using the above inequality one obtains

h
cosf*(y) 1 I'(h)
. G0y d
0/ in6r(y) TE@ O 10y 0%
h
<005290' 1—e* /‘I’(h)d
~ sin’ 6 cos(m/2 — 00)(1 —(k+ 1)6_"> 0 I(y)
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X 0 X

Fig. 2. Left: the optimal shape of a stem, as described in Theorem 3.3. Right: if the light intensity / changes abruptly as
a function of the hight, the optimal shape may not be unique, as shown in Example 3.4.

Hence (3.23) is satisfied provided that

i —K
/ ') dy < tan® 0 - cos(r/2 ~ 90)(1 j (e £ De ) .
I(y) l—e*

(3.24)
0

From the above analysis, we conclude

Theorem 3.3. Assume that the light intensity function I is Lipschitz continuous and satisfies the
strict inequality (3.24) for a.e. h € [0, £]. Then the optimization problem (OP1) has a unique
optimal solution 6% : [0, h*] +— [0y, 7 /2]. The function 6* is non-increasing, and satisfies

I(h*
0" = ¢ <(e_" - D I((y))>’ (3.25)

where 7 +— ¢(2) = 0 is the function implicitly defined by (3.19).

The following example shows that, without the bound (3.24) on the sunlight intensity function
1(-), the conclusion of Theorem 3.3 can fail.

Example 3.4 (non-uniqueness). Choose n = (— 4 L) 0=6/5<~2,k=1,

NZAING)
& if yel0,1],
I(y) =
1 if y>1,

with & > Ol

By Theorem 3.1 at least one optimal solution exists. By the previous analysis, any optimal
solution 6* : [0, h*] — [6o, 7w /2] satisfies the necessary conditions (3.25). In this particular case,
this implies that 6*(y) is constant separately for y < 1 and for y > 1. As shown in Fig. 2, right,
these necessary conditions can have two solutions.

Solution 1. If 4* < 1, then I(y) = ¢ for all y € [0, ~*] and the necessary conditions (3.25)
yield
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0F(y) = @e™' —1) = 6y = m/4  forall y € [0, h*].

The total sunlight collected is

S:(0F) = g(l —eh. (3.26)

Solution 2. If 2* > 1, then I (h*) = 1 and the necessary conditions (3.25) yield

1(h* o' =ne™') if yelo,1],
03 (y) = w((e—‘—nQ) = ( )

1(y) /4 if y>1.

Calling @ = ar(e) = ¢ ((e! — 1)~ 1), the total sunlight collected in this case is

Se(65) = (1—exp{—;}>cos(a—n/4)8+<§—L) (l—efl). (3.27)

cos(ax — /4) 5 sina

We claim that, for a suitable choice of ¢ €]0, 1[, the two quantities in (3.26) and (3.27) become
equal. Indeed, as ¢ — 0+ we have

. e -1
a(8)=<p( - ) e

1—
Se(67) — 0, Se(67) —

o)

(3.28)

On the other hand, as ¢ — 1 we have a(¢) — 7 /4. By continuity, there exists & €]0, 1[ such
that

inor(er) 5
sina(e;) = —.
6

As &€ — &1+, we have

1
cos(a(er) —m/4)

Se(67) — (l—exp{— })cos(a(el)—n/4)81 < S, (07). (3.29)

Comparing (3.28) with (3.29), by continuity we conclude that there exists some ¢ € ]0, £;[ such
that Sz(6]) = Sz(6}). Hence for ¢ =% the optimization problem has two distinct solutions.

We remark that in this example the light intensity 7 (y) is discontinuous at y = 1. However,
by a mollification one can still construct a similar example with two optimal configurations, also
for I(-) smooth. Of course, in this case the derivative I’(h) will be extremely large for 2 ~ 1, so
that the assumption (3.24) fails.
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4. A competition model

In the previous analysis, the light intensity function / (-) was a priori given. We now consider
a continuous distribution of stems, and determine the average sunlight / (y) available at height y
above ground, depending on the density of vegetation above y.

Let the constants ¢,k > O be given, specifying the length and thickness of each stem. We
now introduce another constant p > 0 describing the density of stems, i.e. how many stems grow
per unit area. Assume that all stems have the same height and shape, described by the function
0 : [0, h] +— [6p, r/2]. For any y € [0, k], the total amount of vegetation at height > y, per unit
length, is then measured by

h

K
p'[ sin9(y)d

y

The corresponding light intensity function is defined as

h

I(y) = exp —p-/

y

d f 0, hl, 4.1
sn00) or yel0,h] 4.1)

while 7(y) =1 for y > h. We are interested in equilibrium configurations, where the shape of
the stems is optimal for the light intensity 7 (-). We recall that 6y is the angle of incoming light
rays, as in (2.1), while the constants £, k > 0 denote the length and thickness of the stems.

Definition 4.1. Given an angle 6y €]0, 7 /2] and constants ¢, k, p > 0, we say that a light in-
tensity function I* : R4 — [0, 1] and a stem shape function 6* : [0, h*] — [0p, /2] yield a
competitive equilibrium if the following holds.

(1) The stem shape function 6* : [0, h*] — [6p, 7t /2] provides an optimal solution to the opti-
mization problem (OP1), with light intensity function I = I'*.
(i1) For all y > 0, the light intensity at height y satisfies

h*
K
I* = —p - ——dyy. 4.2
(y) = expy—p / snor(y) (4.2)
min{y,h*}

If the density of vegetation is sufficiently small, we now show that an equilibrium configura-
tion exists.

Theorem 4.2. Let the light angle 6y €10, w/2] be given, together with the constants £,k > 0
determining the common length and thickness of all the stems. Then there exists a constant cg > 0
such that, for all 0 < p < co, an equilibrium configuration exists.

Proof. 1. Consider the set of stem configurations

K = {@ [0, €] [6p, /2], Ois nonincreasing}, 4.3)
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and the set of light intensity functions

J = {I [0, +o0[+> [0, 1]; [ is nondecreasing, I(y)=1 fory >¢,
4.4)

I is Lipschitz continuous with constant — }
sin 6y

We observe that K is a compact, convex subset of Ll([O, £]), while J is a compact, convex
subset of C([0, +00]).

If ©(-) € K describes the common configuration of all stems, we denote by 79(-) the corre-
sponding light intensity function. Moreover, for a given function 7 (-), we denote by ®*(I) the
corresponding optimal configuration of plant stems.

In the following steps we shall prove that:

(i) The map ® > [ © is continuous from K into 7.
(i) The map I — ®*([I) is continuous from 7 into /.

As a consequence, the composed map ® — ©*(19) is continuous from K into itself. By Schaud-
er’s theorem, it has a fixed point, which provides an equilibrium solution.
2. Given © € IC, define the constant

J4
h = / sin®(¢) dt . (4.5)
0
More generally, for s € [0, €], set
S
y(s) = / sin@®(t)dt € [0, h). (4.6)
0

We observe that, since ®(¢) € [0y, /2], the inverse function y — s(y) from [0, h]into [0, £] is a
strictly increasing bijection, with Lipschitz constant L = Sin] % The corresponding light intensity
function is determined by

©0) {exp{—px(z—s(y))} if y €0, ], wn
y) = )
1 if y>4£.

From the above definitions it follows that ® > I® is continuous from K into 7.

3. Next, let I € J. Given the constants ¢, k, by choosing p > 0 small enough, any Lipschitz
continuous function 7 : [0, £] — [0, 1] with Lipschitz constant L = sifl’f% will satisfy the inequal-
ity (3.24). Hence, by Theorem 3.3, the optimization problem (OP1) has a unique optimal solution
6* : [0, h*] — [60, /2].

Notice that in Theorem 3.3 this solution is written in terms of the variable y € [0, 2*], and
satisfies the optimality condition (3.25). In terms of the arc-length parameter s € [0, £], this cor-

responds to
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®*(s) = 0% (h(s))
where the variable y(s) € [0, #*] is implicitly defined by

y(s)

1
———dz =
sin9*(z)

0

In view of (2.3), given I € J and ® € I, the total sunlight collected by the stem is computed
by

14

S(.0) = = /I(y(s))~(1—exp{m}> cos(O(s) — o) ds, (4.8)
0

where
S
y(s) = /sin@(s)ds.
0

From the above formulas it follows that the map (I, ®) — S(/, ®) is continuous on the compact
set J x K. In particular, the function

I — max S(I,0) 4.9)
Qck

is continuous on the compact set 7.

Given a light intensity function I € 7, call ®*(I) € K the unique optimal stem shape. We
claim that the map I +— ©®*([I) is continuous.

Indeed, this is a straightforward consequence of continuity and compactness. If continuity
fails, there exists a convergent sequence [, — I such that ®(/,,) does not converge to ® (7). By
the compactness of K, we can extract a subsequence such that

O, — OF £ O).

By continuity, one obtains

S, 0U))=sup SU,0) = lim sup S(I,,O)
ek k=00 geiC

= lim S(Ly, OUy)) = SU, ©%).

This contradicts the uniqueness of the optimal stem configuration, stated in Theorem 3.3. We
thus conclude that the map I — ©*([) is continuous, completing the proof. O
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4.1. Uniqueness and representation of equilibrium solutions

By (3.21) and (4.2), this equilibrium configuration (h*, 6*) must satisfy the necessary condi-
tion

h*
6* () = ¢ | (€ = Dexp l/wf—ffi——dy , v e 0, "], (4.10)
sin6*(y)
y

where ¢ is the function defined in Lemma 3.2. Here the constant 2* must be determined so that

h*

1
0

Based on (4.10), one obtains a simple representation of all equilibrium configurations, for any
length £ > 0. Indeed, for t € ] — 00, 0], let t > ¢ () be the solution of the Cauchy problem

¢ = —f)—'cg, where 0 = <p<(e—K—1)ef>,
sin

with terminal condition £ (0) = 0.
Notice that the corresponding function ¢ — 0(1) = go((e"‘ —1)et (t)) satisfies

00) = ple ™ —1) = 6.

For any length ¢ of the stem, choose A* = h*(£) so that

0
1
/ ——dt = £. 4.12)
sin6(t)
_h*

The shape of the stem that achieves the competitive equilibrium is then provided by

0*(y) = 0(y =", v €0, k"], (4.13)
Since the backward Cauchy problem

PK
sin (ga((e—" -1 ef))

¢'= - ; ¢(0) =0, (4.14)

has a unique solution, we conclude that, if an equilibrium solution exists, by the representation
(4.13) it must be unique. (See Fig. 3.)
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£

Y(t) / 1,
1
Yy _

Fig. 3. Left: the curve y, parameterized by the coordinate . For ¢ < 0, the tangent vector is [2—1 = (tan6(z), 1), where
6(t) is obtained by solving the Cauchy problem (4.14). Right: for different lengths 0 < £ < ¢» < £3, the equilibrium
configuration is obtained by taking the upper portion of the same curve y, up to the length ¢;,i =1,2, 3.

5. Stems with variable length and thickness

‘We now consider the optimization problem (OP2), allowing for stems of different lengths and
with variable density of leaves.

5.1. Existence of an optimal solution

Theorem 5.1. For any bounded, non-decreasing function y +— 1(y) € [0, 1] and any constants
O<a <1, c>0andbyel0, /2], the optimization problem (OP2) has at least one solution.

Proof. 1. Consider a maximizing sequence of couples (6k, ux) : Ry +— [6p, /2] x R4. For
k>1,let

N s

s > yr(s) = /cosGk(s)ds, /sinGk(s)ds
0 0

be the arc-length parameterization of the stem y;. Call 11; the Radon measure on R? describing
the distribution of leaves along yx. For every Borel set A € R", we thus have

pi(A) = / ug(s)ds. (.1
{s; vk(s)eA}
For a given radius p > 0, we have the decomposition
b

where M,bc is the restriction of u; to the ball B(0, p), while p,,ﬁc is the restriction of uy to the
complement R? \ B(0, p). By the same arguments used in steps 1-2 of the proof of Theorem 3.1
in [3], if the radius p is sufficiently large, then

S(up) — eI () = S(uui) — ¢I* () (5.2)
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for all k > 1. Here S and Z“ are the functionals defined at (2.12)-(2.13). According to (5.2), we
can replace the measure p; with ,u,i without decreasing the objective functional.
Without loss of generality we can thus choose ¢ > 0 sufficiently large and assume that

up(s) =0 foralls > ¢, k>1.
In turn, since S(ui) — ¢Z%(ug) > 0, we obtain the uniform bound

1 L

(k) < k1 = ES(Mk) = (5.3)

2. In this step we show that the measures p; can be taken with uniformly bounded mass.
Consider a measure py for which (5.3) holds. By (2.13), for every r € [0, £] one has

Z o
T ) = r- / ur(0) dt

r

In view of (5.3), this implies

14

/uk(s)ds < (ﬂ)l/a. (5.4)

r
r

It thus remains to prove that, in our maximizing sequence, the functions u; can be replaced with
functions iy having a uniformly bounded integral over [0, r], for some fixed r > 0.
Toward this goal we fix 0 <& < 8 < 1, and, for j > 1, we define r; = 277, and the interval

Vi =1Irjs1,r;j]. Given u = uy, if fv, u(s)ds > r;?, we introduce the functions

uj(s) = Xy, ($)u(s), uj(s) = min{u;(s), c;}, (5.5)
choosing the constant ¢; > 2r§3 150 that
/ﬂ-(s)a’s =P (5.6)
J =T;. .
Vi

We then let o ; = u;u and [i; =i ju be the measures supported on V;, corresponding to these
densities.
For a fixed integer j*, whose precise value will be chosen later, consider the set of indices

J=1izJj

/u(s) ds > rj- (5.7)

4]

and the modified density
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i(s) = u(s)+ Y (ij(s) —uj(s)). (5.8)
jelJ

Moreover, call i the measure obtained by replacing u with & in (2.11). By (5.4) and (5.5) the
total mass of [t is bounded. Indeed

l r/-*

1/a 1/a
~ 2 ~ ~ K1 e K1 —je
(R ):/u(s)ds+/u(s)ds§ (U*) + er < (rj*> _|_Zz J¢ < o0,
rx 0 Ve jzl
5.9
We now claim that
S() —cZ% () = S(u) — cZ(w). (5.10)

Toward a proof of (5.10), we estimate

NMENMESY (/I(y(t))005(9(t) —bo)dt

1€y,
uj(t)
_/I(Y(t)) (1_CXP{—m}>c05(9(t)—90)dt)
4]
< Z/exp{—ﬁj(t)}dt < er+1exp{—2rf‘1}. (5.11)
je-,rj+1 jE]

To estimate the difference in the irrigation cost, we first observe that the inequality

¢ o
K1

/u(r)dt < lza(u) = —
r r

Y
implies

¢ a—1

/u(t)dt > (’(—I)W;1 . (5.12)

.
Since u(s) < u(s) for every s € [0, £], using (5.12) we now obtain

1

d

TG0 T = [ T e+ (1= 1)) d
0

1 ¢ I/ o

- /fj_/\ /[Au(t)+(1—k)ﬁ(t)]dt dsdh
0 0

N
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) a—1

1 ¢ L
= // o /[)»u(t) + (1 —MNu(t)]dt /[u(t) —u(t)]dt y dsdr
00 N

N

¢ ¢ a=l
z/ o /u(l)dl f[u(t)—zl(t)]dt ds
0 s K
i+l ¢ a=l
> / o /u(t)dt /(uj(t)—ﬁj(t))dt ds
Jj€ rj+2 s Tj+1
a—1
K1 o B
> Y al—) =) rj
jg; (rj+2) U A
=Y war s =), (5.13)
jeJ

where «kp = a(4/<1)aa;1. Combining (5.11) with (5.13) we obtain

AT ()~ T (1 =[S = S@1 = Y (e 0F =) =y exp[-27"1). 514
jeJ

By choosing the integer j* large enough in (5.7), for j > j* all terms in the summation on the
right hand side of (5.14) are > 0. This implies (5.10).

3. By the two previous steps, w.l.o.g. we can assume that the measures p; have uniformly
bounded support and uniformly bounded total mass. Otherwise, we can replace the sequence
(ux)k>1 with a new maximizing sequence (i )r>1 having these properties.

By taking a subsequence, we can thus assume the weak convergence p; — . The upper
semicontinuity of the functional S, proved in [5], yields

S() = limsup S(ux). (5.15)

k— o0

In addition, since all maps s — y(s) are 1-Lipschitz, by taking a further subsequence we can
assume the convergence

Yi(s) — Y (s) (5.16)

for some limit function y, uniformly for s € [0, £].

Since each measure p is supported on i, the weak limit it is a measure supported on the
curve y.

4. Since 0 (s) € [6p, /2], we can re-parameterize each stem Yy in terms of the vertical vari-
able

N

Yik(s) = /sin@k(t)dt.

0
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Calling s = s;(y) the inverse function, we thus obtain a maximizing sequence of couples

y = G 0)) = (B, w5k (), y €10, Al
Moreover, the stem y; can be described as the graph of the Lipschitz function

Sk ()
x = x(y) = / cosb(s)ds.
0

Since all functions xi(-) satisfy x4(0) = 0 and are non-decreasing, uniformly continuous with
Lipschitz constant L = cosfp/sinfp, by possibly extracting a further subsequence, we obtain
the convergence hy — h and x;(-) > x(-). Here X : [0,h] — R is a nondecreasing continuous
function with Lipschitz constant L, such that x(0) = 0. More precisely, the convergence x; — X
is uniform on every compact subinterval [0, 2] with 1 < h.

5. We claim that the irrigation cost of & is no greater that the lim-inf of the irrigation costs for
Ui. Let o — y (o) be an arc-length parameterization of y. Since s — Y (s) is 1-Lipschitz, one
has do/ds < 1. We now compute

a(0) /o0 « o (0) e o
I%(w) = / /ﬁ(r)dt do = / klim /uk(t)dt do (s)
— 00
0 \e « 0 s (5.17)

14

0
lim/ /uk(t)dt ds = lim Z%(uy).
k— 00 k— 00
0

N

IA

6. Combining (5.15) with (5.17) we conclude that the measure i, supported on the stem y, is
optimal.

Let u be the density of the absolutely continuous part of iz w.r.t. the arc-length measure on
¥, and call u* the measure that has density i w.r.t. arc-length measure. Since S(u*) = S(w),
it follows that u* = . Otherwise Z%(u*) < Z%(w) and & is not optimal. This argument shows
that the optimal measure 7t is absolutely continuous w.r.t. the arc-length measure on y.

Calling o — y (o) the arc-length parameterization of ¥, the optimal solution to (OP2) is now
provided by o > (6(0), ii(c)), where 6 is the orientation of the tangent vector:

a%?(a) = (cosg(a), sing(a)). O

5.2. Necessary conditions for optimality

Lett — (6*(¢), u*(¢)) be an optimal solution to the problem (OP2). The necessary conditions
for optimality [4,6,7] yield the existence of dual variables p, g satisfying

p=—-I'(y)G@O,u), p(+00) = 0,
(5.18)
g =caz®", q0) =0,
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and such that the maximality condition

(0"(@).u" (1)) = arg max {p(t) sinf — g+ 1(y(1)) GO, u) — cz“}. (5.19)

, u>0

We recall that G (0, u) is the function defined at (2.17). An intuitive interpretation of the quanti-
ties on the right-hand side of (5.19) goes as follows:

e p(t) is the rate of increase in the gathered sunlight, if the upper portion of stem {y (s); s > ¢}
is raised higher.

e ¢(t) is the rate at which the irrigation cost increases, adding mass at the point y (¢).

e I (y(t)) G(8,u) is the sunlight captured by the leaves at the point y ().

6. Uniqueness of the optimal stem configuration
Aim of this section is to show that, if the light intensity / (y) remains sufficiently close to 1 for
all y > 0, then the shape of the optimal stem is uniquely determined. This models a case where

the density of external vegetation is small.

Theorem 6.1. Let h +— I (h) € [0, 1] be a non-decreasing, absolutely continuous function which
satisfies

I'(y) < Cyfﬂ forae. y >0, 6.1)
for some constants C >0and 0 < B < 1. If
I1(0)>1-$§ (6.2)
for some & > 0 sufficiently small, then the optimal solution to (OP2) is unique.

Proof. We will show that the necessary conditions for optimality have a unique solution. This
will be achieved in several steps. 1. Given I, p, g, define the functions ®, U by setting

(@(I,p,q), U(I,p,q)) = arg max {p~sin9—qu—i—I'G(Q,u)—CZ“}. (6.3)
6€l0,7], u=0

We recall that G is the function defined at (2.17). Notice that one can write

GO,u) =uG (M)

u
with
~ 1 ~ ~
G(x) = (1 — exp{——})x > 0, Gx) <1, G"'(x) <0, for all x > 0.
x
(6.4)
Denote by

HO,u) = p-sind —qu—+1(y)GO,u) —cz® (6.5)
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the quantity to be maximized in (6.3). Differentiating H w.r.t. 6 and imposing that the derivative
is zero, we obtain

P GylB.w)
I cosf
. (6.6)
sin (6 — 6p) u u u
= ——|1l—expi— — expi—— ¢ |-
cosf cos (6 — 6p) cos (6 — 6p) cos (6 — 6p)
Similarly, differentiating H w.r.t. u, we find
1G4 (0, u) tle ! 0
— , U = — X —_— =
9 " 9 p cos (8 — 6p)
This yields
— _m(4 _
U= —In ( 1> cos (6 — 6p). (6.7)

A lengthy but elementary computation shows that the Hessian matrix of second derivatives of H
w.r.t. 0, u is negative definite, and the critical point is indeed the point where the global maximum
is attained. By (6.7) it follows

U(,p.g) = —In (%) cos(O(1, p. q) — ). (6.8)

Inserting (6.8) in (6.6) and using the identity

sin (6 — 6p) .
——— = cosfptand — sin by
cosf
we obtain
1 p
6y 1
®(, p,q) = arctan | tan6y + SEELLLNE S (6.9)
( —$+fn(f)
Introducing the function
. r/1
w(l, p,q) = , (6.10)
1=4+%m(%)
by (6.9) one has the identities
. sinfy + w
sin(©(1, p,q)) = , )
V/cos2 6y + (w + sin )2 ©.11)
14+ wsin®y ’
COS(®(19 P, CI) _90) = - .
Vcos2 6y + (w + sinbp)?

Note that w > 0, because p, g, I > 0. In turn, from (6.11) it follows
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cos o

V/c0s2 6y 4 (w + sin6p)2 '
w cos Oy

V/cos2 6y + (w + sin )2 .

cos(O(1, p,q)) =
(6.12)

sin (©(1, p,q) —bo) =

2. The necessary conditions for the optimality of a solution to (OP2) yield the boundary value
problem

, , y(0) = 0,
y(t) = sin0®,
z(T) = 0,
() = —-U,
p(T) =0, (6.13)
p) = —I'(1G(O,U),
q(T) = 1(y(T)),
q(t) = caz®™,
q(0) = 0.
Here [0, T[ is the interval where u > 0, while
©=0Uy)p, 9. U=UU®),p.q) (6.14)

are the functions introduced at (6.3), or more explicitly at (6.8)-(6.9). Notice that the length T of
the stem is a quantity to be determined, using the boundary conditions in (6.13).

3. Since the control system (2.19) and the running cost (2.18) do not depend explicitly on
time, the Hamiltonian function

H(y.z.p.q) = max {p~sin9—qu—l—l(y)G(@,u)—cza} (6.15)
6€l0,7], u=0

is constant along trajectories of (6.13). Observing that the terminal conditions in (6.13) imply
H(y(T), z(T), p(T),q(T)) = 0, one has the first integral

H(y(t),z(t), pt),q()) = 0 for all 7 € [0, T]. (6.16)

This yields

o
Il

psin® + [I(y) —q+qln <L>}COS(® — ) — cz*
1(y)

P [sinfo + w] + [I(y) —g+qln (%))] [1 + wsinfo]

o

e —cz
Vcos? 8y + (w + sin )2

_ g q q 5 —

= I1(y) [l o) + o) ln<1(y)>:|\/c0s 6o + (w + sinfy)~ — cz“.

We can use this identity to express z as a function of the other variables:
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1(y) q q q . Ve
(10 pq) = { c [1_ o 1o 1“(1(y)>}¢°0529°+(w“m%)z}

2
_ c—l/a{ ([1@) —g+qln (%y))} coseo> 6.17)

1/2a

+(p+[10)—a+am(7)] Sin%)z }

4. Since I is given as a function of the height y, it is convenient to rewrite the equations
(6.13) using y as an independent variable. Using the identity (6.17), we obtain a system of two
equations for the variables p, g:

d O(1(y), , )
—p(y) = -I'(y) [1 _ ‘1(”] cos (O(1(y), p(»).q(y)) — o)

dy 1(y) sin®(1(y), p(»),4())
— 'y [1 B ?(y)] L+ wsinbo (6.18)
(y) | w+sinby

= —1I') AU B). p(»).a)).

calz(1(). p). g)]*”"
sin®(1(y), p(y), ()
acl/®

2 : 2
= % [eos?8 9 |
w 1 st [cos b + (sinfp + w)

1—1
q q q «
1 1— 1
X[ (y)( ORI n(l(y))>]

= (I, p(»).q().

dv
2a

(6.19)

where w = w(l, p, q) is the function introduced at (6.10). Note that under our assumptions, f]
remains bounded, while f, diverges as g(y) — I(y). The system (6.13) can now be equivalently
formulated as

Py =-1I'y ALK, p.q). {p(h) =0,
g(0) = 0. (6.20)

5. To prove uniqueness of the solution to the boundary value problem (6.13), it thus suffices
to prove the following (see Fig. 4, right).
(U) Call

y = (p.h), gy, b)) (6.21)

the solution to the system (6.20), with the two terminal conditions given at y = h. Then there
is a unique choice of h > 0 which satisfies also the third boundary condition

q0,h) = 0. (6.22)
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: I(y)
uy) | q(y)
z(y) |
0 h ¥ 0 h0 y
Fig. 4. Left and center: sketch of the solution of the system (5.18) in the case where /(y) = 1. Left: the graphs of the

functions z in (6.25) and u = — Ing. Center: the graph of the function ¢ at (6.26). The figure on the right shows the case
where /(-) is not constant. As before, & must be determined so that ¢ (0, #) = 0.

To make the argument more clear, the uniqueness property (U) will be proved in two steps.
(i) When I(y) =1, the map
h +— q(0,h) (6.23)
is strictly decreasing, hence it vanishes at a unique point 4.
(i1) For all functions 7 (-) sufficiently close to the constant map = 1, the map (6.23) is strictly
decreasing in a neighborhood of Ay.

In the case 7 (y) = 1, recalling (6.9) we obtain (see Fig. 4)

I'(y) =0, p(y,h) = 0, 0,0,q9) = 6o, G0, U) = 1—¢7Y,
U1,0,q9) = argmax{—qu+G(90, U)} = argmax{—qu+1—e*} = —Ing,
u u

The system (6.13) can now be written as

P’y =0,

p(h) =0,
' = 42
TV = "Gney qh) =1, q(0) = 0. (6.24)
Z/(y) — ln—q’ Z(h) = O’

sinf
From (6.24) it follows p(y) = 0, while
dz Ing

E T ocaze

Integrating the above ODE with terminal conditions ¢ = 1, z = 0, one obtains

1
;= c—l/“[1+q1nq—q] ‘. (6.25)

The second equation in (6.24) thus becomes
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1/ a—1

[1+ginlgl—q] . (6.26)

'Oy) = ac
) = sin 6y
Notice that here the right hand side is strictly positive forall g € ] —1, 1[. Of course, only positive
values of g are relevant for the optimization problem, but for the analysis it is convenient to
extend the definition also to negative values of g. The solution of (6.26) with terminal condition
q(h) =1 is implicitly determined by
1

iné =
h—y = smb% / [1+sln|s|—s] ds. (6.27)

Olcl/“
q(y)

The map 4 +— ¢(0, h) thus vanishes at the unique point

1—a

1
sin 6y -
ho = / 1 +slnls| — s] ds. (6.28)
0

acl/a
As expected, the height A of the optimal stem decreases as we increase the constant ¢ in the
transportation cost. A straightforward computation yields

1/a oo

0 oc @
%q(o,h) = — Sinfo [1 4+ ¢ (0, h)In|q (0, h)| —q(O,h)] . (6.29)

In particular, at 7 = hg we have q(hO) (0) =0 and hence

1/a
- % o (6.30)
h:h() SlIl@()

d
—q(0,h
dhq( )

6. We will show that a strict inequality as in (6.30) remains valid for a more general function
I(-), provided that the assumptions (6.1)-(6.2) hold.
Toward this goal, we need to determine how p and g vary w.r.t. the parameter /. Denoting by

0 Jh .0 ,h
P(y) = % 00y = % 631)

their partial derivatives, by (6.20) one obtains the linear system

(P<y>>/ _ (—ﬂ(y)fl,p —F(y)fl,q) (P(y)) 6.32)
o) f2.p f24q o) '
The boundary conditions at y = & require some careful consideration. As y — h—, we expect

LU, p(y),q(y)) = +oo and Q(y) — —oo. To cope with this singularity we introduce the
new variable

Q)

oo = LI, p(.q(»)

(6.33)
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The system (6.32), together with the new boundary conditions for P, é, can now be written as

P'(y) = =I'0) [f1.pP + fi.4 0], P(h) = 0,
y p B N _ (6.34)
0'(y) = f2,pP _ WM f2.1 f2,pf1] 0, { o) = —1.

f 12

To analyze this system we must compute the partial derivatives of f; and f>. From the definition
(6.10) it follows

3 2 3 9 2
Z=2N-1] 2=2 Z=-Zn(d) (6.35)
al p 1 ap p dq p 1
Using (6.35), from (6.18), (6.19) we obtain
-1
fip(IG). p.q) = - - - - T
1(y)tan2 ® [1 ~ i+ Wln(Ty))]
1 cos(® — ) sin (© — 6p) cos O [1 -5 In (%)
fl,q(l()’),qu) = I(y) Sin@ B .2 q q q ’
1(y)sin 6[1_W+Ty)ln Tﬁ)]
i 1
. pU),p.g) = — |14+ —F=— 20‘} TR (6.36)
4 ) sin” © (I3, p.q)

[(1 —a)si i - In(+Ls
fog10).pa) = = | Cget - O <1+—“ —2a)}z(<’7<”>

sin? © cos © sin? © 1(y).p.q)

— . . q

(1 —a)sinfy  sin(® — ) ( o )} )
1(y),p.q) = — + 1+ —2a )| —2—.
f(10). p.) sin” © cos ® sin” © Z(I(». p.q)

At this stage, the strategy of the proof is straightforward. When / '(y) = 0, the solution to (6.34)
is trivially given by P(y) =0, Q(y) = —1. This implies

3 ~
35,401 = 000)- £2(1(0), p(0),4(0)) < 0.

We need to show that the same strict inequality holds when § > 0 in (6.2) is small enough.
Notice that, if the right hand sides of the equations in (6.34) were bounded, letting || 1’|l —
0 a continuity argument would imply the uniform convergence P(y) — O and é(y) — —1.
The same conclusion can be achieved provided that the right hand sides in (6.34) are uniformly
integrable. This is precisely what will be proved in the next two steps, relying on the identities
(6.36).

7. In this step we prove an inequality of the form

0 <6 <0OU,pg <0 < 6.37)

T
5
As a consequence, this implies that all terms in (6.36) involving sin ® or cos ® remain uniformly
positive.
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The lower bound ® > 6 is an immediate consequence of (6.9). To obtain an upper bound on
®, we set

ui@
I(y)

By (6.13), a differentiation yields

. caz® ! —g*1'sin(®)
9" = :

1
Next, we observe that, by (6.13), one has
dz I z(h) = 0,
2% — 1ngt. ®—0p)- = Hongt az? 1,
dq* ng”-cos( 0) caz®1 — gt I’ sin(®) p1la7) gz i) = 1.

In (6.2) we can now choose § < caM®~ !, where M > z(0) is an a priori bound on the mass of
the stem, derived in Section 5. This ensures that ¢; is a bounded, uniformly positive function for
y close enough to i, say

0<c < ¢ <c,

for some constants ¢, ¢ ™. Integrating, we obtain

z 1 1
&= /af“‘ldc = —/sol(snnsds = —(q" [ Insds= g3(¢%) - (1 —g")?, (6.38)
0 i gt
and
a1 a=1
J " 1 o 1 o
4“4 _ .coe —/(pl(s) Insds =<p4(qﬁ)- —/ Insds
dy sin ®
q* q*
2(a—1)
=gs(g") - (1—gH 7@ . (6.39)

Here the ¢} are uniformly positive, bounded functions. Integrating (6.39) we obtain

2(1—a)
/ (1—=s)"« ds = h—y. (6.40)

To fix the ideas, assume

0 <c3 < gs(s) < Cs.
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Then

— | (—5)"« ds = g ds > h—
. Ct)) =0 a)CB( q°) « ds y
gt
(2—a)ey\ 7 o
1—q*(y) = (TS) (h—y)>e. (6.41)
A similar argument yields
2—a)C3\ 7 o
1-4g*(y) < <T3) (h —y)7=. (6.42)

Using (6.1) and (6.42) in the equation (6.18) we obtain a bound of the form

—p'(y) < C1(1 —q(y)) < Ca(h—y)Te (6.43)

for y in a left neighborhood of %, which yields

Cy 2
p(y) < a—H(h—y) . (6.44)

Since o < 1, using (6.41) and (6.44) in (6.9) we obtain the limit ®(y) — 6p as y — h—.

On the other hand, when y is bounded away from #, the denominator in (6.10) is strictly
positive and the quantity w = w(/, p, ¢) remains uniformly bounded. By (6.9), we obtain the
upper bound ® < 7, for some 01 < 7/2.

8. Relying on (6.36), in this step we prove that all terms on the right hand sides of the ODEs
in (6.34) are uniformly integrable.

(i) We first consider the terms appearing in the ODE for P(y). Concerning fi p, as y — h—
one has

-1 o
fp = 0m-(1=3) " = o)ty (6.45)

because of (6.41). Since a < 1, this implies that fi , is an integrable function of y.
(ii) By the second equation in (6.36), as y — h— one has

(1—4¢"In(g")
—q" +4*In(g")

fig = O)- 1 = O(). (6.46)

(iii) The term f> blows up as y — h—, due to the factor z*~!. However, this factor is integrable
in y because, by (6.38), (6.41) and (6.42)

(I, P, q()) = O(1) - (h — y) 7. (6.47)
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This implies

LI p().a») =00) -z* (1), p(), 4()
=0()-(h—y)~'*73, (6.48)
showing that f; is integrable, because « > 0.

(iv) We now solve the linear ODE for P in (6.34) with terminal condition P (k) = 0. By the
estimates (6.45)-(6.46) and (6.48) one obtains a bound of the form

P(y) = O)-(h—y)7=, (6.49)

valid in a left neighborhood of y = A.
(v) In a neighborhood of the origin, the function f; , contains a logarithm which blows up as
y — 0+. However, this is integrable because, for y ~ 0, we have

100 (La0)
I1(y) dy 1(y)

N co
Y T @0) 1 (0)sin (©(0)) >

y=0

and In y is integrable in y. Recalling (6.1), as y ranges in a right neighborhood of the origin,
i.e. for y > 0, we conclude

I'(y)- fiqf oM -I'y) fig = Oy -y Plny,

(6.50)

'y - fip=0M)-1'(y) = 01)-yF.
This shows that, in (6.34), the coefficients in first equation are uniformly integrable in a
right neighborhood of the origin. ~

(vi) It remains to consider the terms appearing in the ODE for Q(y). We first observe that

@ _ _sin@ |:1+ o
/2 co si

o 20!} I, P, a(y)-

As y — h—, by (6.47) and (6.49) this implies
f2,p =20 o
FEP = 0 (h= )T (h= )T, 6.51)
2

which is integrable for o < 1.
(vii) Finally, as y — h—, we consider

Sfa.1 sin® [ (1 —a)sinfy  sin(® — 6p) o
J21 - 14+ —— 2
/2 co sin” ® cos ® sin® ®

) 1- 7% (6.52)
(1), p(), ()

=0 -1—gHz2 (1), p(».q() = Oy (h—y)™a - (h— y)7s,
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which is integrable in y since o < 1. Similarly, by (6.51), (6.18), and (6.42), it follows

fap
f2

which is again integrable.

f = (9(1).(;1_),)%.(}1_”%, (6.53)

9. The proof can now be accomplished by a contradiction argument. If the conclusion of
the theorem were not true, one could find a sequence of absolutely continuous, non-decreasing
functions 1, : R4 +— [0, 1], all satisfying (6.1), with ,,(0) — 1, and such that, for each n > 1,
the optimization problem (OP2) has two distinct solutions, say (é,,, 1,) and (é,,, iy). As a
consequence, for each n > 1 the system (6.13) has two solutions. To fix the ideas, let the
first solution be defined on [0, }vzn] and the second on [0, fzn], with lvzn < fzn. These two solu-
tions will be denoted by (pn, gn, Zn) and (P, Gn, Zn)- They both satisfy the boundary condi-
tions

Pulhn) = puChy) =0,  Gu(hy) = I(hy),  Gu(hn) = I(hy),  Gu(0) = §,(0) = 0.
(6.54)

As a preliminary, we observe that, for § > 0 small, the heights fz, h of optimal stems must
remain uniformly positive. Indeed, by (2.3) the sunlight gathered by a stem y of length ¢ is
bounded by

S(y) < L.

Hence, for a sequence of stems y,, with heights hy, — 0, the total sunlight satisfies

S

h
S) <ty < —— — 0.
sin 6y

Therefore, for n large, none of these stems can be optimal.
Thanks to the last identity in (6.54), by the mean value theorem there exists some intermediate
point k,, € [y, h,] such that, with the notation introduced at (6.21),

0qn
oh

0,k,) = 0. (6.55)

For each n > 1 consider the corresponding system

Py(y) = L) [f1.pPa+ f1.q20n] Pk = O,
~ I — ~ ~ (6.56)
50y = @Pn ~ LiOD)far = faphil . Onthkn) = —1.

12 12

Since f2 (In 0), pn(0, ky), O) > 0, by (6.55) it follows

1 dqn

5. 0) —
on® F2(12(0), pu(0, ky),0) 9k

0,k,) = 0. (6.57)
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Let

ap(y, ky ~ .
Py(y) = %v On(y) =

! 39(y, kn)
fZ(In(y)’ Pn(y’kn),CIn(yvkn)) ah ’

/

be the solutions to (6.56). By the previous steps, their derivatives (P,i én)n>1 form a sequence
of uniformly integrable functions defined on the intervals [0, k,]. Note that the existence of an
upper bound sup, k, = h™ < +oo follows from the existence proof.

Thanks to the uniform integrability, by possibly taking a subsequence, we can assume the
convergence k, — h € [0, hT], the weak convergence of derivatives P, — P, @;1 — é/ in L1,
and the convergence

Pl’l_)Pv énﬁéa

uniformly on every subinterval [0, ] with & < h.

Recalling that every 1, satisfies the uniform bounds (6.1), since 7,,(y) — I (y) = 1 uniformly
for all y > 0, we conclude that (P, é) provides a solution to the linear system (6.34) on [0, hl,
corresponding to the constant function /(y) = 1. We now observe that, when I(y) = 1, the
solution to (6.34) is P(y) =0 and é(y) = —1. On the other hand, our construction yields

00 = lim 0,(0) = 0.
n—oQ
This contradiction achieves the proof of Theorem 6.1. O

7. Existence of an equilibrium solution

Given a nondecreasing light intensity function 7 : R4 +— [0, 1], in the previous section we
proved the existence of an optimal solution (6*, u™*) for the maximization problem (OP2).

Conversely, let pg > 0 be the constant density of stems, i.e. the number of stems growing
per unit area. If all stems have the same configuration, described by the couple of functions
vy (0(y),u(y)) asin (2.18), then the corresponding intensity of light at height y above ground
is computed as

+00o

0.,u) . _ £0 u(¢)
[0 0) = exp cos by ,/ sinf(¢) - 7.1

y

The main goal of this section is to find a competitive equilibrium, i.e. a fixed point of the
composition of the two maps I — (6*, u*) and (8, u) — 1@,

Definition 7.1. Given an angle 6y € ]0, 7 /2[ and a constant py > 0, we say that the light intensity
function 7* : R4 +— [0, 1] and the stem configuration (6*, u*) : R4 +— [0y, 7/2] x R4 yield a
competitive equilibrium if the following holds.

(i) The couple (6*, u*) provides an optimal solution to the optimization problem (OP2), with
light intensity function I = I'*.
(ii) The identity I* = 1@"#") holds.
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The main result of this section provides the existence of a competitive equilibrium, assuming
that the density pg of stems is sufficiently small.

Theorem 7.2. Let an angle 6y €10, w/2[ be given. Then, for all py > O sufficiently small, a
unique competitive equilibrium (I*, 0%, u*) exists.

Proof. 1. Setting C =1 and § =1/2 in (6.1), we define the family of functions

F = {I Ry [1-4,1]; [ isabsolutely continuous,
(7.2)
I'(y) €0, y™'2] forae. y> 0},

where § > 0 is chosen small enough so that the conclusion of Theorem 6.1 holds.
2. Foreach I € F,let (8, u") describe the corresponding optimal stem. Calling

WD = sup {y >0; u(l)(y) > 0}
the height of this stem, by the a priori bounds proved in Section 6 we have a uniform bound
D < pt

forall I € F.Let pD, ¢ :[0, )]+ R be the corresponding solutions of (6.20). For con-
venience, we extend all these functions to the larger interval [0, 2 ™] by setting

p(l)(y) - p(”(h(l)), q(l)(y) - q(l)(h(l)), forall y € [h(”, h+].

3. By the analysis in Section 6, for any / € F, the solution to the system of optimality condi-
tions (6.13) satisfies

6o < OUY), p(y),q(y) < 6t coy < % <1, (7.3)

for some 8 < /2 and ¢y > O sufficiently small. In view of (6.8), this implies

I
Uy, p(),q(y) = —In (%) cos(OU (), p(»),q(») —60) < —In(coy). (74)

Note that O(I (y), p D (). ¢ (y)) =6 (y) and U (y), pP (»). ¢ (v)) = uP(y). Thus,
if we choose pp > 0 small enough, it follows that the corresponding light intensity function 7©-*)
at (7.1) is again in F. A competitive equilibrium will be obtained by constructing a fixed point
of the composition of the two maps

Al e (09, u?), Ar: (O, u) — 10, (7.5)

In order to use Schauder’s theorem, we need to check the continuity of these maps, in a suitable
topology.
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We start by observing that 7 c C°([0, h*]) is a compact, convex set. Again by the analysis
in Section 6, as I varies within the domain F, the corresponding functions () are uniformly
bounded in L>°([0, 4 *]), while ") is uniformly bounded in L!([0, A *]).

From the estimate (6.43) it follows that the functions p(l ) are equicontinuous on [0, 2™].
Recalling that ¢ = ¢* - I, by (6.39) we conclude that the functions ¢/ are equicontinuous as
well.

4. Motivated by (7.3)-(7.4), we consider the set of functions

U = {(9,u)eL1([O, ht1; R?),  60(y) €160, 67, 0§u(y)§—ln(coy)}. (7.6)

Thanks to the uniform bounds imposed on 6 and « in the definition (7.6), the continuity of the
map Aj : U+ C°, defined at (7.1) is now straightforward.

5. To prove the continuity of the map A1, consider a sequence of functions [, € F, with
I, — I uniformly on [0, h1]. Let (0,, uy,) : [0, At] — R? be the corresponding unique optimal
solutions.

We claim that (6,, u,) — (0, u) in L'([0, h1]), where (0, u) is the unique optimal solution,
given the light intensity /.

To prove the claim, let (p,, g,) be the corresponding solutions of the system (6.20). By the
estimates on p’, g’ proved in Section 6, the functions (p,, ¢,) are equicontinuous. From any
subsequence we can thus extract a further subsequence and obtain the convergence

pnj - ﬁ’ C]nj — a\’ Il’lj - 19 (77)

for some functions p, g, uniformly on [0, AT].
For every j > 1 we now have

On; () = O(Ln; (), Pn; (9), 4n; (), tn; (3) = U(Ln; (), Pn; () gn; (0))

where U and © are the functions in (6.8)-(6.9). By the dominated convergence theorem, the con-
vergence (7.7) together with the uniform integrability of 6,; and u,,; yields the L' convergence

16, — Bl — 0, ltn, =l — O. (7.8)

In turn this implies that (p, ) provide a solution to the problem (6.20), in connection with the
light intensity /. By uniqueness, p = p and § = ¢. Therefore, § = 6 and 7@ = u as well.

The above argument shows that, from any subsequence, one can extract a further subsequence
so that the Ll-convergence (7.8) holds. Therefore, the entire sequence (6, #,),>1 converges to
(0, u) in LY ([0, 7). This establishes the continuity of the map Aj.

6. The map A, o Ay is now a continuous map of the compact, convex domain F C co([o, /ad))
into itself. By Schauder’s theorem it admits a fixed point 7*(-). By construction, the optimal stem
configuration (9(1 RS *)) yields a competitive equilibrium, in the sense of Definition 7.1.

7. To prove uniqueness, we derive a set of necessary conditions satisfied by the equilibrium
solution, and show that this system has a unique solution.
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Using (6.8) and (6.11), we can rewrite the light intensity function (7.1) as

o0

00 g\ 14+ wsinby
1) = exp |2 [ () LEnsn o)
) exP{cosQ()/n 1/ sinfy+ w {}

y

where w = w(/, p, q) is the function introduced at (6.10). Differentiating w.r.t. y one obtains

I'(y) = -

1 in 6
AU (q>w~1 = A p.q). (7.9)

cos 8y 1) sin 6o+ w

Combining (7.9) with (6.20), we conclude that the competitive equilibrium satisfies the system
of equations and boundary conditions

PO ==, p(),qa) - HTG), p(),q()), p(h) = 0,
q' ) = LI, p»).q()), qg(h) =1, (7.10)
I'y) = f5UG), P, q(), [y =1,
together with
q(0) = 0. (7.11)

Here the common height of the stems % > 0 is a constant to be determined.
8. The uniqueness of solutions to (7.10) will be achieved by a contradiction argument. Since
this is very similar to the one used in the proof of Theorem 6.1, we only sketch the main steps.
In analogy with (6.31), (6.33), denote by p(y, h),q(y, h), I(y, h) the unique solution to the
Cauchy problem (7.10), with terminal conditions given at y = h. Consider the functions

1 dq(y, h) . 9l (y,h)
J(y) = .
oh

o VT ma o o

By (7.10), these functions satisfy

P'O) = —[Harfi+ BAN = [Hpfi+ BAp)P —[fqfi+ 4]0,

Sy = S22 Sap g, fip 5 (7.12)
o'Wy = f2]+ f2P f2[f2’1 f.pf1]Q.

J' ) = fa1d + P+ f3.4 20,

with boundary conditions

~

P(h)=0, Q(h) =-1, J(h)=0.

Set dy = CO’;—OQO. Several of the partial derivatives on the right-hand side of (7.12) were computed

in (6.36). The remaining ones are
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g 1+ wsinép cos? 6y 2 q

w
I, ) =7 1 N i _|:1__i|’
S, p,q) 12 sinfy+ w (sinfy +w)? p 1

1 in 20 2
st =] (in(£) < 1) LRI oy _cof_w?y_ay]
’ I sinfp + w I/ (sinfy +w)? p I

cosZ 6y w
(sinfp + w)2 p

. pog)=doln(T)
2 2

ool ) = _do,[l UL (2)]2%10_]
q sinfy+w (sinfy +w)* p
By the same arguments used in step 8 of the proof of Theorem 6.1, we conclude that the right-
hand side of (7.12) is uniformly integrable.

9. Let a densr[y po >0 be given. Assume that the problem (7. 10) (7 11) has two distinct
solutions (p, g, I) and (p, q, I) defined on [0, h] and [0, h] say with i < h Since ¢(0) =g (0) =
0, by the mean value theorem there exists k € [h h] such that (0 k)=

Next, if multiple solutions exist for arbitrarily small values of the densuy 0o, we can find
a decreasing sequence pg , { 0 and corresponding solutions P,, Q,, I, of (7.12), defined for
y € [0, k; ], such that

Pu(ky) =0,  Oulk)=—1,  Julky)=0,  0,(0)=0. (7.13)

Thanks to the uniform integrability of the right hand sides of (7.12), by possibly extracting a
subsequence we can achieve the convergence k, — h € [0, ht], the weak convergence P, — P,
Q —~ 0, J) — J"in L!, and the strong convergence

P,—>P, 0,— 0, Ji—,

uniformly on every subinterval [0, 4] with & < h.
To reach a contradiction, we observe that

kn
Jn(y) = —/J,/,(z)dz

y

and the right-hand side of J; in (7.12) consists of uniformly integrable terms which are multiplied
by po,. This implies J(y) = 0. This corresponds to the case of an intensity function I(y) = 1.
But in this case we know that Q(y) = —1, contradicting the fact that, by (7.13),

0(0) = lim 0,(0) = 0. O
n—oo
8. Stem competition on a domain with boundary

We consider here the same model introduced in Section 2, where all stems have fixed length ¢
and constant thickness «. But we now allow the sunlight intensity / = I (x, y) to vary w.r.t. both
variables x, y. As shown in Fig. 5, left, we denote by
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Fig. 5. Left: to leading order, the amount of vegetation in the shaded region is proportional to x p(§)d&ds. Since the
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area is computed in terms of the cross product 3—? X ?3_); , this motivates the formula (8.4). Right: a possible competitive
equilibrium, where the light rays come from the direction n = (\7/—%, %) and stems are distributed along the positive

half line, with density as in (8.9). In this case, stems originating from points close to the origin have no incentive to
grow upward, because they already receive a nearly maximum light intensity. Hence they bend to the right, almost
perpendicularly to the light rays.

s = y(s,8) = (x(s), y(s)), s €0, £], 8.1

the arc-length parameterization of the stem whose root is located at (£, 0), and write g for the
function introduced at (2.8). This leads to the optimization problem

(OP3) Given a light intensity function I = I (x, y), find a control s — 0(s) € [0, ] which max-
imizes the integral

12
/I(X(S),y(S))g(Q(S))dS (8.2)
0
subject to
d
E(X(S),y(S)) = (cos0(s), sinb(s)), (x(0), y(0)) = (§,0). (8.3)

Next, consider a function p(§) > 0 describing the density of stems which grow near & € R.
At any point in space reached by a stem, i.e. such that

x,y)=v(s, &) for some £ e R, s €0, ],

the density of vegetation is

ay oy
Ex Bs:| ) (8.4)

p(x,y) = p(y(s,§) = Kﬁ(é)-[
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The light intensity at a point P = (x, y) € R? is now given by

+00
I(P) = exp —/,O(P—i-tn)dt . (8.5)
0

Definition 8.1. Given the constants ¢,  and the density p € L>(R), we say that the maps y :
[0,€] x Rand I : R x R4 + [0, 1] yield a competitive equilibrium if the following holds:

(i) Foreach & € R, the stem y (-, §) provides an optimal solution to (OP3).
(i) The function I (-) coincides with the light intensity determined by (8.4)-(8.5).

We shall not analyze the existence or uniqueness of the competitive equilibrium, in the case
where the distribution of stem roots is not uniform. We only observe that, if the stem y (-, £) in
(8.1) is optimal, the necessary conditions yield the existence of a dual vector s — p(s) satisfying

PGs) = — VI(x(9), y(5)) gO(5)), p(0) = (0,0), (8.6)

and such that, for a.e. s € [0, £], the optimal angle 6*(s) satisfies
6*(s) = argmax {p(s) - (cos B, sinB) + I (x(s), y(s))g(e)}. (8.7)

Differentiating the expression on the right hand side of (8.7) one obtains an implicit equation for
0*(s), namely

I(x(s), y()))g' @ (s)) +p(s) -m(s) = 0 (8.8)

fora.e.s € [0, £]. Here n(s) = (— siné(s), cos 9(5)) is the unit vector perpendicular to the stem.
Moreover, by (8.6) one has

14

pGs) = /VI(X(O),y(U))g(Q*(G))dG-

N

An interesting case is where stems grow only on the half line {£ > 0}. For example, one can take

0 if £<0,
pE) = b7l if £€10,5], (8.9)
1 if €>b.

In this case, we conjecture that the competitive equilibrium has the form illustrated in Fig. 5,
right.
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Fig. 6. The stem yj, oriented perpendicularly to the sun rays, collects much more sunlight than y,. Indeed, y; would
give the best orientation for solar panels. Notice that y» minimizes the sunlight gathered because the upper leaves put the
lower ones in shade.

9. Concluding remarks

A motivation for the present study was to understand whether competition for sunlight could
explain phototropism, i.e. the tendency of plant stems to bend toward the light source. A naive
approach may suggest that, if a stem bends in the direction of the light rays, the leaves will
be closer to the sun and hence gather more light. However, since the average distance of the
earth from the sun is approximately 90 million miles, getting a few inches closer cannot make a
difference.

As shown in Fig. 6, if a single stem were present, to maximize the collected sunlight it should
be perpendicular to the light rays, not parallel. In the presence of competition among several
plant stems, our analysis shows that the best configuration is no longer perpendicular to light
rays: the lower part of the stems should grow in a nearly vertical direction, while the upper part
bends away from the sun.

Still, our competition models do not predict the tilting of stems in the direction of the sun rays.
This may be due to the fact that these models are “static”, i.e., they do not describe how plants
grow in time. This leaves open the possibility of introducing further models that can explain
phototropism in a time-dependent framework. As suggested in [12], the preemptive conquering
of space, in the direction of the light rays, can be an advantageous strategy. We leave these issues
for future investigation.
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