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Abstract: A novel graphene H-waveguide is proposed for active terahertz components. A graphene
film illuminated by strong pumping light shorts the parallel conductor plates. The terahertz modes
propagating along this film are amplified at certain conditions. A rigorous electromagnetic (EM)
quasi-linear method of analytical calculations of TEy and TMy eigenmodes is used in this paper
to select these conditions. Among them is the use of bound TEy modes interacting with graphene
plasmons at frequencies of negative graphene resistance, minimizing conductor loss associated with
parallel plates, and excluding the current-crowding effect from the waveguide design. The limitations
of the used theory are considered, and the applications of this waveguide are proposed.
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1. Introduction

Today much attention is paid to two-dimensional materials and electronic components. Graphene
is the first one consisting of carbon atoms and composing a flexible and stretchable honeycomb crystal
lattice discovered by Geim and Novoselov [1]. The theory of this material is based on quantum physics,
and it is rather complicated. For instance, the electricity motion is described with oscillation of electron
plasma. Excited plasmons are coupled to electromagnetic (EM) waves, and even a single sheet or
strip of graphene has waveguiding properties [2]. For electronic applications, a convenient parameter
describing graphene is its conductivity σg, for which several approximate formulas are known [3–8].

The graphene sheets or strips can be placed over a dielectric substrate surface and combined with
conductors forming the waveguides [2]. The EM mathematical analytical and numerical models of
graphene transmission lines are published in many contributions, and they use the field-matching [7,8],
transverse resonance [9], integral equation [10], and finite-difference or finite element methods [2,11].

A part of graphene’s unique properties is its controllability by electric, magnetic, light fields,
and chemical doping [12,13]. The high electron mobility of graphene allows developing transistors
of terahertz frequencies, including the components sensitive to optical irradiation. At a substantial
incident EM field, graphene shows moderate nonlinearity of its conductivity, and the terahertz
parametric amplifiers, modulators, etc. are known [14–17].

Interesting techniques are when the real part of graphene complex conductivity σg is negative,
and it is realized in the terahertz range by optical pumping or charge injection [18–20]. These graphene
effects and the reached gain in order of 1000 cm−1 are confirmed by measurements or/and EM
numerical simulations in several graphene-based structures. Among them are the graphene film
or graphene strips over a dielectric sheet [5], metal/graphene strips over a dielectric substrate [21],
conductor-backed graphene-slot waveguide [22], a dielectric cylinder covered by graphene [23],
and hybrid graphene-dielectric microtube waveguides [24].

The effectiveness of optically induced or charge injection lasing can be enhanced using the
multilayered graphene [22,25]. For instance, it allows decreasing the required intensity of light or
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shifting the negative conductivity towards the millimeter-wave frequencies with an overall increase in
permitted currents in graphene [26]. The graphene-based components’ properties can be enhanced
further by integrating the graphene layers with the semiconductor heterostructures [27–30].

The nearest competitors to the graphene-based devices are the resonant tunneling diodes showing
the amplification and generation of terahertz irradiation [31,32]. A promising technology is with the
terahertz discrete GaN components, including the negative resistance diodes [33].

In this contribution, a novel low-loss graphene-based waveguide (Figure 1) is proposed and
analytically studied by a rigorous EM method. A parallel-plate waveguide is shorted by a graphene
film uniformly illuminated by pumping light. This H-waveguide directs the EM modes with the
amplification due to the induced negative graphene conductivity. The waveguide loss decrease is
provided by excluding the sharp-edged graphene and conductor strips from this design, the employ of
modes with the electric field decreasing towards the conductor plates, and by proper geometry of the
waveguide, allowing a better concentration of the modal field near the graphene film. The analytically
calculated results show the dependence of complex propagation constant and modal fields on the
frequency, dielectric filling, waveguide geometry, and quasi-Fermi energy level defined by pumping
light intensity.
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Figure 1. Cross-section of a graphene H-waveguide for lasing application. The terahertz waveguide
modes propagate along the z-axis, which is normal to the picture plane.

2. Proposed Graphene Component, Its Theory, and Used Methods

The terahertz range of frequencies is the place of complicated wave and material effects,
and the development of new components is a challenging process [34]. A part of the problems
can be diminished by reducing the cross-section of elements and geometry tailored to the employed
effects and component application.

In microwaves, an H-waveguide consisting of two parallel conductor plates and a dielectric
insert forming a figure of the letter H is known. The main mode of this waveguide is the quasi-TEM
(transverse-EM) one [35] with Ey (“vertical”) field component. An increased concentration of the field
inside of this dielectric sheet was found. Later, this waveguide was proposed for the millimeter-wave
range, called the nonradiative dielectric (NRD) waveguide [36]. This waveguide’s used mode is the
lowest TE(1)

y one. It has a relatively low conductor loss due to the electric field’s transverse orientation
parallel to the conductor plates. The irradiation of this insert in the transverse directions is reduced
due to the waveguide’s small height preventing propagation of this mode away from this dielectric
sheet. Some terahertz applications of this waveguide are described in Refs. [36–39], for instance.

In this paper, the central dielectric sheet of a nonradiative dielectric waveguide is substituted by a
single or multilayered graphene film (Figure 1, black-colored vertical strip), shorting the conductor
plates. Similar to the mentioned prototype NRD, the TE(m)

y modes are proposed for signaling to
decrease the plate-associated loss. The height of this waveguide is chosen to prevent the propagation
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of these modes without graphene insert. It allows reducing the irradiation towards the transverse ±x−
directions. This proposed waveguide is convenient for the pumping light illumination of graphene
from its left or right side to make conductivity Re

(
σg

)
negative over a specific frequency. Besides,

this structure is pertinent for charge injection to graphene by applying a DC voltage to the waveguide’s
conductor plates and realizing its associated amplification. This design has no graphene or conductor
strips at the difference to known structures, causing an essential loss due to the current-crowding
effect [8,40] near the mentioned sharp edges strips. Today, the packaging technologies exist, allowing
the manufacturing of vertically oriented graphene structures of this type. For instance, Ref. [41] is
used to make the graphene strips suspended over-the-trenches.

2.1. Hybrid Mode Theory

Here, this waveguide’s theory in the quasi-linear approximation is given, i.e., supposing that
the weak signal terahertz field does not influence graphene’s conductivity. Otherwise, the nonlinear
methods of Maxwell equations solution should be applied [14,15]. Besides, it is supposed that a plane
pumping light wave illuminates the graphene film, and it has a uniform conductivity distribution
along its surface.

In general, due to graphene conductivity’s anisotropy σ
↔g

, the waveguide’s modal field should

be hybrid with all six components. Assuming the time dependence as e jωt, we introduce two vector
potential functions [42,43] in each cross-section of the domains I and II (Figure 1)

F(I,II)(x, y, z) = y0F(I,II)
y (x, y)e− jkzz,

A(I,II)(x, y, z) = y0A(I,II)
y (x, y)e− jkzz

(1)

where y0 is the vector unit, j is the imaginary unit, and kz is the longitudinal propagation constant,
which is the subject to be obtained.

The four vector field components needed for further treatments in each domain are

H(I,II)
y = −

j
ωεµ

(
∂2

∂y2 + κ2
)
F(I,II)

y (x, y)e− jkzz, H(I,II)
z =

(
−

kz
ωεµ

∂F(I,II)y (x,y)
∂y + 1

µ

∂A(I,II)
y (x,y)
∂x

)
e− jkzz,

E(I,II)
y = −

j
ωµε

(
∂2

∂y2 + κ2
)
A(I,II)

y (x, y)e− jkzz, E(I,II)
z = −

(
1
ε

∂F(I,II)y (x,y)
∂x + kz

ωµε

∂A(I,II)
y (x,y)
∂y

)
e− jkzz

(2)

where ω = 2π f and f are the cycling and driving frequencies, correspondingly, µ = µ0µr with µ0 and
µr are the absolute vacuum and substrate relative permeabilities, correspondingly, ε = ε0εr where ε0

and εr are the absolute vacuum and substrate relative permittivities, correspondingly, and κ2 = k2
0εrµr,

k0 = ω/c, and c is the light velocity in vacuum.
The mode-matching method is used to solve this boundary value problem. In each geometry

domain I or II (Figure 1), a set of discrete modes of an ideal parallel-plate waveguide is written. Taking
into account the uniform geometry of graphene film and its constant conductivity distribution along
the y−axis, the radiation continuous-spectrum field is omitted [36,44].

The vector potentials for these modes are

F(I)
m (x, y, z) = y0F(I)

m sin
(
k(m)

y y
)
e jk(m)

x xe− jk(m)
z z,

F(II)
m (x, y, z) = y0F(II)

m sin
(
k(m)

y y
)
e− jk

(m)
x xe− jk(m)

z z,

A(I)
m (x, y, z) = y0A(I)

m cos
(
k(m)

y y
)
e jk(m)

x xe− jk(m)
z z,

A(II)
m (x, y, z) = y0A(II)

m cos
(
k(m)

y y
)
e− jk(m)

x xe− jk(m)
z z

(3)
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where F(I,II)
m and A(I,II)

m are the unknown potential function amplitudes, ky = mπ/b, m is the modal

number, and
(
k(m)

z

)2
= κ2

−

(
k(m)

x

)2
−

(
k(m)

y

)2
. It is seen that each vector potential function in (3) satisfies

the radiation boundary conditions at x = ∓∞, and the modes can be leaky at certain conditions [45,46].
Supposing an infinitely thin graphene layer (Figure 1), the modal fields should be matched at

x = 0 using the following boundary conditions

σ
↔g

E(I)
m,τ = x0 ×

(
H(II)

m,τ −H(I)
m,τ

)
(4)

E(II)
m,τ − E(I)

m,τ = 0, (5)

where E(I,II)
m,τ and H(I,II)

m,τ are the field vectors tangential to the plane x = 0, y, z. It provides four linear

algebraic homogeneous equations regarding F(I,II)
m and A(I,II)

m . Solving (4) and (5), i.e., calculating
a zero of the system’s determinant allows us to obtain a complex propagation constant k(m)

z from,
unfortunately, a transcendental equation in this hybrid mode case.

2.2. TE(m)
y Modes

The scalar approximation of graphene’s conductivity allows separating the hybrid modes into
two types [42,43] and simplifying the solution.

Consider the treatment of the TE(m)
y modes. The needed tangential-to-graphene field

components are

H(I,II)
y,m (x, y, z) = − j

ωµε

(
∂2

∂y2 + κ2
)
F(I,II)

y,m (x, y)e− jk(m)
z z,

H(I,II)
z,m (x, y, z) = − k(m)

z
ωµε

∂F(I,II)y,m (x,y)
∂y e− jk(m)

z z,

E(I,II)
y,m (x, y, z) = 0, Ez,m(x, y, z) = − 1

ε

∂F(I,II)y,m (x,y)
∂x e− jk(m)

z z

(6)

where
F(I)

y,m(x, y) = F(I)
m sin

(
k(m)

y y
)
e jk(m)

x x,

F(II)
y,m(x, y) = F(II)

m sin
(
k(m)

y y
)
e− jk(m)

x x.
(7)

Using the field components (6), the boundary conditions (4) and (5) at x = 0 are satisfied. It gives
a system of two linear homogeneous equations regarding F(I)

m and F(II)
m . Zeroing these equations’

determinant yields a simple formula for the modal propagation constant k(m)
z

(
k(m)

z

)2
=

(
κ2
−

(
k(m)

y

)2
)1−

4
(
κ2
−

(
k(m)

y

)2
)

(ωµσg)
2

,
m = 1, 2, 3, . . . ,∞.

(8)

This expression gives a pair of forward and backward modes [47] whose propagation constants
k(m)

z are different only by a sign before the root of (8).
The found longitudinal modal constant k(m)

z allows calculating the lateral propagation number

k(m)
x = ∓

√
k2

0εrµr −

(
k(m)

y

)2
−

(
k(m)

z

)2
. In lossy/active open waveguides, it gives a pair of modes of

untrivial difference between them, which will be studied below.
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2.3. TM(m)
y Modes

The TM(m)
y modes are handled similarly. The needed for further treatment field components are:

H(I,II)
y,m (x, y, z) = 0, H(I,II)

z,m (x, y, z) = 1
µ
∂Ay,m(x,y)

∂x e− jk(m)
z z,

E(I,II)
y,m (x, y, z) = − j

ωµε

(
∂2

∂y2 + κ2
)
Ay,m(x, y)e− jk(m)

z z,

E(I,II)
z,m (x, y, z) = − k(m)

z
ωµε

∂Ay,m(x,y)
∂y e− jk(m)

z z

(9)

where
A(I)

y,m(x, y) = A(I)
m cos

(
k(m)

y y
)
e jk(m)

x x,

A(II)
y,m(x, y) = A(II)

m cos
(
k(m)

y y
)
e− jk(m)

x x.
(10)

Using (4), (5), (9) and (10), an analytical formula is derived for the modal propagation constants
k(m)

z of the TM(m)
y modes

(
k(m)

z

)2
=

(
κ2
−

(
k(m)

y

)2
)[

1−
( σg

2ωε

)2
(
κ2
−

(
k(m)

y

)2
)]

,

m = 0, 1, 2, . . . ,∞.
(11)

Similarly to the TEy solutions, there will be forward and backward modes. Each of these modes is

paired due to the root k(m)
x = ∓

√
k2

0εrµr −

(
k(m)

y

)2
−

(
k(m)

z

)2
.

3. Results and Discussion

3.1. Graphene Conductivity

A graphene conductivity formula used here is from Refs. [4,18]

σg =
(

e2

4}

){
8kBTτ

π}(1− jωτ) ln
[
1 + exp

( EF
kBT

)]
+ tanh

(}ω−2EF
4kBT

)
−

4}ω
jπ

∫
∞

0
G(E−EF)−G( }ω

2 ,EF)
(}ω)2

−4E2
dE

}
, (12)

where e is the electron charge, } is the reduced Planck’s constant, kB is the Boltzmann constant, T is the
temperature in Kelvin, τ is the graphene relaxation time, ω is the terahertz cycling frequency, EF is the

quasi-Fermi energy, and G(E, E′) = sinh(E/kBT)
cosh(E/kBT)+cosh(E′/kBT) . In this formula, the level of quasi-Fermi

energy is defined by pumping light.
Figure 2 illustrates the frequency dependence of graphene conductivity’s real and imaginary parts

σg, denoting a frequency point Re
(
σg( fσ)

)
= 0.

The zero position of Re
(
σg

)
on the frequency axis depends on the infrared pumping light defining

the quasi-Fermi level in (12). If graphene is in its equilibrium state, the carrier distribution is described by
a single Fermi energy level depending on the graphene properties and temperature. Light illumination
of graphene leads to a new dynamic stage of charge carrier distribution characterized by the quasi-Fermi
energy levels for electrons EFn and holes EFp . Proper calculation of these levels requires solving an ab
initio problem or using semiclassical equations [48] for charge transport in graphene.

In practice, according to the data of different authors, it is supposed that for the charge densities in
order of 1010–1011cm−2, light wavelength around 0.8–10 µm, and source intensity in order 1–2 kW/cm2,
the quasi-Fermi energy level EF = EFn = EFp may vary in the limits 20–150 meV [19,22,27]. These values
of EF are used in this paper for the EM calculation of the proposed waveguide. It is estimated that
the amplified signals in the quasi-linear regime can have a level of 10 µW for the diffraction type of
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devices [21]. The gain factor can reach the values of the order 1000 cm−1, and it can be increased further
using the multilayer graphene films and graphene-semiconductor heterostructures.Nanomaterials 2020, 10, x FOR PEER REVIEW 6 of 22 
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The photo-induced carriers pump energy to traveling plasmons of the terahertz range, and the
EM coupled-wave is amplified. This effect is approximately described by a graphene conductivity
Formula (12) obtained using Kubo’s approach. In Ref. [18], it is shown that wave amplification occurs
at frequencies over fσ where Re

(
σg

)
< 0.

3.2. TEy Longitudinal Propagation Constant

Analyzing Formulas (8) and (11), it is seen that a critical frequency f (m)
c exists where κ2

−

(
k(m)

y

)2
=

k(m)
z = 0 for m ≥ 1. The wave propagation below this frequency is still supported by graphene

film’s guiding properties, although the parallel-plate waveguide does not propagate its corresponding
volumetrical mode.

In Figures 3 and 4, the frequency dependencies of the normalized real and imaginary parts of
the propagation constant k(m)

z /k0 = −
(
β(m) + jα(m)

)
/k0 of the first two TE(m)

y modes are shown for the

case when fσ < f (1)c . These real parts are negative for the backward modes before and after critical
frequencies f (m)

c . Because these modes are coupled to graphene with its high specific conductivity,
they are very slow and have increased phase constants βm.
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backward modes of a graphene H-waveguide of the height b = 0.01 mm, width 2a = ∞, εr = 3.84 ,
and µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV,
and τ = 1 ps.

Nanomaterials 2020, 10, x FOR PEER REVIEW 8 of 22 

 

 

Figure 4. Normalized imaginary parts of the propagation constant   0Im
m

zk k  of the first two  m

yTE  

backward modes of a graphene H-waveguide of the height 0.01 mmb   and width 2a  , 3.84r 

, and  1.r  Parameters used for calculation of g are from Ref. [21]: 300 KT  , 40 meVFE  , and 

1 ps.   

Another variant is when  1
cf f , which can be reached by increasing the waveguide height b

, for instance. In this case, both modes have critical frequencies  m

cf  in the considered range (Figures 

5 and 6). These waves are amplified over frequency f , which is typical for both modes, but, here, 

the amplification is more substantial for the lowest  1

yTE  mode. The increase in   0Im
m

zk k  over 

the frequencies  m

cf  is explained by the decrease in the shortening effect of graphene film (see 

Figure 2). 

Figure 4. Normalized imaginary parts of the propagation constant Im
(
k(m)

z /k0

)
of the first two TE(m)

y

backward modes of a graphene H-waveguide of the height b = 0.01 mm and width 2a = ∞, εr = 3.84,
and µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV,
and τ = 1 ps.

The simulation of the imaginary parts of propagation constants shows that the negative
conductivity effect makes these modes propagate with amplification occurring below and over

their critical frequencies f (m)
c because there Im

(
k(m)

z /k0

)
> 0 (Figure 4). Remarkably, this value is

growing with the modal number in the considered range of frequencies. An explanation is with the
coupling of the modal field to graphene and the plasmon-surface nature of these modes. With the
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modal number m, the field localizes near the film and the modal properties are defined by graphene
more strongly.

Another variant is when f (1)c < fσ, which can be reached by increasing the waveguide height
b, for instance. In this case, both modes have critical frequencies f (m)

c in the considered range
(Figures 5 and 6). These waves are amplified over frequency fσ, which is typical for both modes, but,

here, the amplification is more substantial for the lowest TE(1)
y mode. The increase in Im

(
k(m)

z /k0

)
over

the frequencies f (m)
c is explained by the decrease in the shortening effect of graphene film (see Figure 2).
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y
backward modes of a graphene H-waveguide of the height b = 0.04 mm, width 2a = ∞, εr = 3.84 , and
µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.
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Figure 6. Normalized imaginary parts of the propagation constant Im
(
k(m)

z /k0

)
of the first two TE(m)

y

backward modes of a graphene H-waveguide of the height b = 0.04 mm and width 2a = ∞, εr = 3.84,
and µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and
τ = 1 ps.
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3.3. Study of the Bound and Leaky Regimes of the TEy and TMy Modes

As mentioned in Section 2, each forward or backward mode has a paired solution k(m)
x =

∓

√
k2

0εrµr −

(
k(m)

y

)2
−

(
k(m)

z

)2
. In open structures and lossy material parameters, these modes can be

registered in the bound or leaky states [46]. In graphene-based waveguides, the bound or leaky regimes
depend on graphene parameters, surrounding material, and waveguide housing. The same mode can
be bounded or leaky at different frequencies, and there is a need to study the frequency dependence of
the lateral propagation constant kx to define these states.

Figure 7 shows the real parts of this propagation constant k(1)x = ∓

√
k2

0εrµr −

(
k(1)y

)2
−

(
k(1)z

)2
.

The modes are marked according to the sign before the root as (−kx) or (+kx). It is seen that this
wavenumber part is influenced by the conductivity frequency behavior and critical modal effect.
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Figure 7. Normalized real parts of ∓kx/k0 of the TE(1)
y backward mode of a graphene H-waveguide of

the height b = 0.01 mm and width 2a = ∞, εr = 3.84, and µr = 1. Parameters used for calculation of
σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.

Figure 8 shows more information on the lateral properties of modes. At frequencies over fσ, the
imaginary part of kx for the mode marked (−kx) is negative; it corresponds to an exponential decrease
in the field away from the graphene film at both ∓x− directions. At the same frequencies, the mode

can be amplified along the z-axis due to the negative conductivity (Figure 4). Below fσ, Im
(
k(1)x /k0

)
> 0

and the field is exponentially growing with |x|. It means that in these frequencies, the mode is leaky,
and it needs a special treatment to handle this unphysical solution [45,46,49,50]. It is not considered
here because it is out of the paper’s scope.

Another mode marked as (+kx) is leaky strictly at the frequencies over fσ, but it can be bounded
in the lateral directions below the mentioned frequency. Here, the mode has an increased loss coupled
with graphene (Figure 4). In this way, the H-waveguides show some self-filtration properties essential
in the signal guiding and lasing.
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Figure 8. Normalized imaginary part of∓kx/k0 of the TE(1)
y backward mode of a graphene H-waveguide

of the height b = 0.01 mm and width 2a = ∞, εr = 3.84, and µr = 1. Parameters used for calculation
of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.

For comparison, consider the backward TM(0)
y mode (Section 2.3) and calculate the propagation

constants k(0)z and k(0)x = ∓

√
k2

0εrµr −

(
k(0)z

)2
. It is seen from Figure 9 that this mode is fast and weakly

coupled to graphene at all frequencies. This weak coupling is explained by the shortening of parallel
plates by graphene film.
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Figure 9. Normalized real part of the modal propagation constants k(0)z /k0 of the first TM(0)
y backward

mode of a graphene H-waveguide of the height b = 0.01 mm, width 2a = ∞, εr = 3.84 , and µr = 1.
Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.

The imaginary part of the longitudinal propagation constant (Figure 10) is negative over fσ,

and the mode is damped. It may have a weak amplification at low frequencies because Im
(
k(0)z /k0

)
> 0,
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but the modal localization should be studied. Figures 11 and 12 show the frequency dependencies of
the lateral propagation’s real and imaginary parts constant kx. The mode marked as (−kx) is leaky
below fσ and can be slightly amplified. This regime is interesting for active antenna applications.
Over this graphene frequency, this mode is bounded but lossy. The mode marked as (+kx) is bounded
and amplified at frequencies f < fσ but leaky and lossy at frequencies f > fσ.

In this way, other TMy modes can be studied. The modeling performed here shows the very
weak coupling of these modes to graphene and low values of their normalized propagation constants
compared to the TEy modes. Then, the first ones can be considered as the higher-order modes.

Concluding the research with the modes of different polarizations, it is seen that their interactions
with graphene films highly depend on the modal type, as it was shown earlier in [45] in the research
on the Green function in graphene structures.Nanomaterials 2020, 10, x FOR PEER REVIEW 13 of 22 
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Figure 10. Normalized imaginary part of the modal propagation constants k(0)z /k0 of the first TM(0)
y

backward mode of a graphene H-waveguide of the height b = 0.01 mm, width 2a = ∞, εr = 3.84 , and
µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.
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Figure 11. Normalized real part of the modal propagation constants ∓k(0)x /k0 of the first TM(0)
y

backward mode of a graphene H-waveguide of the height b = 0.01 mm, width 2a = ∞, εr = 3.84 , and
µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.
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Figure 12. Normalized imaginary parts of the modal propagation constants ∓k(0)x /k0 of the first TM(0)
y

backward mode of a graphene H-waveguide of the height b = 0.01 mm, width 2a = ∞, εr = 3.84 , and
µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.

Coming back to the TE(m)
y modes, we can see from Figure 13 that the field calculation confirms

the localized nature of proper TE(m)
y modes at frequencies f (m)

c < f > fσ. The exponential field
localization increases with the modal number m because the higher-order modes are more tightly
coupled to graphene.
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Figure 13. Normalized modal fields of the TE(m)
y backward modes in the right part of a graphene

H-waveguide (Figure 1) of the height b = 0.01 mm and width 2a = ∞, εr = 1, and µr = 1 calculated at
frequency f = 4000 GHz. Solid line: m = 1; dash line: m = 2; and dash-dot line: m = 3. Parameters
used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.
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3.4. Controlling the Modes Varying the Parameters of Graphene H-Waveguides

An important question is on the controllability of amplification parameters. Figure 14 shows the
normalized imaginary part of the propagation constant k(m)

z /k0 of the lowest mode TE(1)
y for three

different values of EF for the considered case fσ < f < f (1)c . It is seen that
∣∣∣∣∣Im(

k(1)z /k0

)∣∣∣∣∣ is growing with

EF although this increase has some limitations in this waveguide.
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Figure 14. Influence of the quasi-Fermi energy level EF on the normalized imaginary part of the modal

propagation constant k(1)z /k0 of the TE(1)
y backward mode calculated for a graphene H-waveguide of the

height b = 0.01 mm, width 2a = ∞, εr = 1, and µr = 1. Solid line: EF = 40 meV; dash line:EF = 30 meV;
and dash-dot line: EF = 20 meV. Parameters used for calculation of σg are from Ref. [21]: T = 300 K
and τ = 1 ps..

The modal parameters can be adjusted in part by dielectric filling. The increase in permittivity

leads to some decrease in the phase β(1) = −Re
(
k(1)z /k0

)
(Figure 15) and loss

∣∣∣α(1)∣∣∣ constants (Figure 16)

as it follows from the calculations in the case f < f (m)
c . Dielectric leads to partial delocalization of the

field (Figure 17) and the corresponding variation of the mentioned modal parameters.
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Figure 15. Influence of dielectric filling on the real part of propagation constant k(1)z /k0 of the backward

mode TE(1)
y calculated for a graphene H-waveguide of the height b = 0.01 mm, width 2a = ∞,

εr = 1, 3.84, and µr = 1. Parameters used for calculation of σg are from Ref. [21]: T = 300 K,
EF = 40 meV, and τ = 1 ps.
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Figure 16. Influence of the dielectric filling on the imaginary part of the modal propagation constant

k(1)z /k0 of the backward mode TE(1)
y calculated for a graphene H-waveguide of the height b = 0.01 mm,

width 2a = ∞, εr = 1, 3.84, and µr = 1. Parameters used for calculation of σg are from Ref. [21]:
T = 300 K, EF = 40 meV, and τ = 1 ps.
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Figure 17. Mode field dependence Ex along the x− direction in a graphene H-waveguide of the
height b = 0.01 mm and width 2a = ∞ calculated for the dielectrics with εr = 1 and 3.8 and µr = 1
at frequency F = 4000 GHz. Parameters used for calculation of σg are from Ref. [21]: T = 300 K,
EF = 40 meV, and τ = 1 ps.

The proposed waveguide’s guiding properties’ overall review shows that all its complex TE(m)
y

modes are amplified over fσ. Waveguide shows some other interesting properties, such as the increase
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in amplification with the modal number for all modes below their cut-off frequencies. In opposite,
over these cut-offs, the lowest mode has the largest gain.

It is worthwhile to notice that these results are obtained using the quasi-linear approach.
Localization of the field close to graphene leads to increased field values, and if this field is strong
enough, it influences the graphene conductivity. It limits the quasi-linear modeling’s applicability to the
cases where amplification and signals are not so strong. In general, the problem should be formulated in
its self-consisted nonlinear form and solved using, for instance, the iteration methods [14,15]. Another
limitation is with frequency. At increased values, the conductivity shows its anisotropic property that
leads to the hybridization of modes. The scalar conductivity model (12) may show some inaccuracy,
and the EM theory of hybrid modes from Section 2 should be applied.

3.5. Conductor Loss Calculation in Graphene H-waveguide

Although the active graphene-based devices demonstrate an extremely high level of gain in order
of 1000 cm−1 [20], the question of imperfect material use should be carefully studied. In this research,
the dielectric is modeled with the complex permittivity in the Formula (8). In quartz, the dielectric loss
is negligibly low compared to the level of amplification at frequencies fσ < f < f (1)c .

Usually, in terahertz frequencies, the conductor loss prevails the dielectric one. The loss level
around 10–15 dB/mm is found below 10 THz, even in a parallel-plate waveguide for TE(1)

y propagating
mode [34,51].

The conductor loss of complex modes below their cut-off frequencies is exceptionally high, and this
worst-case scenario is studied below.

The conductor loss constant α(m)
c of our waveguide is calculated using the perturbation approach

and an enhanced Drude model of the surface resistance Rs [8,52–54]. The error of this approach
is within 10–20% for 2.4–12.5 THz estimated for parallel-plate waveguides. At high sub-infrared
frequencies, the lossy-media wall full-wave approach is preferable [55].

An analytical formula used here to calculate the conductor loss constant α(m)
c is given below

α
(m)
c =

Rs
∫

2L
(Hm,τ)

2dl

Re

∫
S
[E×H∗]ds

 =
4Rs

(
k(m)

y

)2(∣∣∣∣k(m)
x

∣∣∣∣2 + ∣∣∣∣k(m)
z

∣∣∣∣2)
ωµbRe

(
k(m)

z

)(
κ2 −

(
k(m)

y

)2
) , (13)

where L = (2 . . . 3)b is the integration path along with plates, b × (2 . . . 3)b is the cross-section of an

area around the graphene film, Rs = Re
√

jωµ0
σD+ jωε0

, and Drude conductivity σD = σ
1+ jωτc

with τc as the
mean free path time of electrons in a conductor.

Figure 18 shows that, in comparison to gain, this loss can be compensated by a negative conductivity
mechanism in graphene even in the worst-case scenario of the lowest mode TE(1)

y below its critical

frequency f (1)c as it follows from our theoretical treatment. Near this frequency, the conducting loss
tends to infinity (dielectric loss is not considered here) and cannot be compensated. An additional
effect connected with the TE(m)

y modes is the loss decreasing with frequency (see Formula (13) and
Figure 18), known for this type of TEy modes below and over their cut-off frequencies.

3.6. Longitudinal Field Dependence

The found propagation constant corrected by loss in conductor plates allows calculating the field
components’ longitudinal dependence along the z-axis in a more realistic manner. Figure 19 shows
Ex(z) normalized to the modal field value at z = 2b. It is seen that the exponential field grows with the
traveling distance.
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0.01 mmb  , 2a  , 3.84r  , 1r  , conductor conductivity
45.96 10  Sim mm   , and 
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Figure 18. Comparison of an ideal graphene H-waveguide (solid curves) and the one having conductor
loss (dash curves) for the first two backward modes. Parameters of the waveguide: b = 0.01 mm,
2a = ∞, εr = 3.84, µr = 1, conductor conductivity σ = 5.96 · 104 Sim/mm, and τc = 3.6 · 1014 s for
copper. Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.
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Figure 19. Longitudinal dependence of the transversal field Ex of the TE(1)
y backward mode at x = 0

(graphene plane). Parameters of the graphene H-waveguide calculated at frequency f = 4000 GHz:
2a = ∞, b = 0.01 mm εr = 1, µr = 1, conductor conductivity σ = 5.96 · 104 Sim/mm, and for copper.
Parameters used for calculation of σg are from Ref. [21]: T = 300 K, EF = 40 meV, and τ = 1 ps.
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Overall review of the obtained results shows that the proposed structure can provide a very high
gain of terahertz signals, similarly to the studied earlier planar structures. Still, the impact of many other
factors should be additionally investigated in the future. Among them is the influence of nonlinearity σg

at increased signal levels. The atomistic impurities and defects of graphene can presumably influence
these mentioned effects. The graphene–conductor interfaces limit conductivity, and the thermal drift of
all parameters can prevent increased amplification of signals. An experimental study of the proposed
structure is highly desirable to establish its amplification properties reliably. After a cycle of practical
research and with the maturity of the terahertz manufacturing technology, the proposed waveguide
can be considered for applications in traveling-wave amplifiers of the terahertz range. To realize the
lasing effect, a resonator on this waveguide should be developed. Then, the regimes of self-oscillations
are found varying the parameters of waveguide and input and output loads [19,32].

4. Conclusions

In this paper, a novel guiding structure has been proposed for terahertz lasing applications.
The waveguide consists of two parallel-plates of conductors shorted by a graphene film and composing
an H-waveguide. The negative conductivity of graphene is induced by laser light, and the modes are
amplified propagating along with this structure. At the difference to known designs, the proposed
waveguide can have decreased loss due to the complete exclusion of the sharp-edged conductors
and graphene edged strips from its design and using the TE(m)

y modes with the electric fields falling
towards conducting plates. The EM field’s better concentration near graphene is provided, employing
a geometry evanescent for the waves propagating away from this film.

This waveguide has been analyzed in a quasi-linear regime using a rigorous EM method of field
matching. The algorithm is formulated for the hybrid, TEy, and TMy modes, and the two last of them
are calculated analytically. The modal-type selective amplification has been discovered, and the TEy

modes have been studied in detail. It has been found that the proper TE(m)
y modes being bound at

frequencies of negative resistance of graphene can be guided and amplified in this waveguide even
considering the parallel-plate conductor loss calculated in Drude approximation.

The waveguide’s design can be enhanced further using the multilayered graphene conductors
and heterostructures to increase pumping light absorption [27,56]. It has been noticed on the necessity
of further research of this promising waveguide to establish the limits of accuracy of the developed
model taking into account, for instance, the nonlinearity of graphene conductivity at strong signals,
its anisotropy at increased terahertz (>10 THz) frequencies, and the influence of technological factors
on the output parameters [15].

The obtained results highlight the EM interaction mechanisms with graphene films showing the
modal-type and mode-dependent amplification and irradiation in the studied open graphene-based
structure. Based on our theory, a set of waveguides and components can be designed for the
loss-compensated interconnections and active antennas. Self-oscillating devices can be developed by
creating the active resonators in which the instability condition is provided by choosing the proper
geometry of a proposed H-waveguide and loads [19].
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