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Abstract A phenomenological model for percussive drilling systems is proposed
in this paper to explain the experimentally demonstrated existence of an optimal
weight-on-bit (WOB), for which the rate of penetration (ROP) is maximized. Sev-
eral hypotheses have been previously proposed to explain this universal character-
istic of percussive drilling, including increased wear of the bit, reduced indexing,
and poor cleaning of debris under excessive WOB. Motivated by experimental
evidence, we instead consider an increase of the pseudo-stiffness of the bit-rock
interface (BRI) with increasing WOB, and investigate its effect on the impact
energy transmitted to the rock. The 1D model approximates the dynamics under-
lying the drilling process by assuming that the impact of the hammer generates a
longitudinal wave in the bit. It is shown that the BRI pseudo-stiffness influences
the incident wave and associated energy transmitted from the bit to the rock. As
a consequence, the drilling efficiency is affected by the dependence of the BRI
stiffness on the WOB. The model indicates that there exist optimal conditions for
the energy transfer from the bit to the rock in terms of the impedance ratio and
the BRI stiffness/WOB. Thus it confirms that there is a sweet spot as seen in
practice, which suggests that the root cause of the existence of a sweet spot in the
ROP-WOB relationship lies in the nature of the BRI laws, rather than with issues
related to bit indexing, bit wear, and/or cleaning of the debris.
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1 Introduction

A percussive drilling system, either a Top-Hammer (TH) or a Down-The-Hole
(DTH) tool consists essentially of a pneumatically or hydraulically driven ham-
mer and a bit assembly, see Fig. 1 for the schematic of a DTH tool. During the
percussive drilling process, the hammering system converts the potential energy of
the pressurized air or water into reciprocating movements of the hammer, which
repeatedly impacts the bit assembly [1]. An impact induces a compressive incident
wave that travels through the bit assembly to eventually cause penetration by
indentation of a collection of bit buttons into the rock [2, 3].

Debris

Hammer

Bit

Impulsive Load

WOB

Loose
Debris

Fig. 1: Schematic of a DTH percussive drilling system.

Percussion tools are generally more efficient for drilling hard rock formations
than conventional rotary equipment [4, 5]. Their advantages include lower weight-
on-bit (WOB) requirement, reduced bit wear due to less contact time with the
rock, less borehole deviation and larger chip size [6].

As with other mechanical excavation methods [7], rock breakage in percussion
drilling results from penetration of an indenter into rock that causes crushing
and the formation of tensile cracks. The produced rock cuttings are then flushed
away from the rock surface by air or water. The rock fragmentation process is
enhanced by the rotation of the drilling assembly, which causes the drill buttons
to move between blows, with the subsequent impacts leading to the preferential
development of lateral cracks [8]. Efficient transmission of the impact energy to
the rock requires closing of the transient gap between the drill bit and rock surface
before the next indentation; this is ensured by applying a sufficiently large thrust
force (WOB) on the bit assembly.
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Fig. 2: Sweet spot in WOB-ROP response given different rock formations, pneu-
matic pressure, and bit types (adapted from [14, 16]). Symbol H pertains to winged
bit drilling of Pink Tennessee marble with a pneumatic pressure of 0.34MPa [14];
 , �, F refer to winged bit, Swedish granite, and pneumatic pressure of 0.59MPa,
0.49MPa, 0.39MPa respectively [14]; � corresponds to button bit, Charcoal gran-
ite, and pneumatic pressure of 0.55MPa [16];

Although pneumatic percussive drilling has been in operation since the 1860’s
[7, 9], fundamental knowledge about the complex drilling process with such tools
still remains somewhat elusive. The lack of understanding has limited the wide-
spread application of this technique, in particular to the oil industry [10]. Specif-
ically, there is no consensus regarding the root cause of the observed existence of
an optimal state in the control variables. Indeed, many experiments have shown
evidence that the average rate of penetration (ROP), the most important indicator
for drilling performance, can be maximized for certain parameter sets, including
the static WOB [1, 9, 11–14]. Such an optimal state is typically referred to as a
“sweet spot” [15].

Laboratory and field data illustrated in Fig. 2 suggest that such an optimal
configuration is a universal characteristic of percussive drilling, with the optimal
WOB depending on several factors, such as rock formation, bit type, pneumatic
pressure, and indexing angle. Nevertheless, a convincing explanation of the physics
behind the existence of a sweet spot has not yet been proposed, in our opinion. Poor
understanding of the root cause of this phenomenon is restricting the development
of adaptive control algorithms to identify the sweet spot to strategies that are
exclusively data-driven, without the benefits of insight provided by a mathematical
model.

Various hypotheses have been advanced to explain the existence of a sweet spot:
increased wear of the bit [17], reduced indexing (including stick-slip) [11, 18], and
poor cleaning of the debris [19, 20]. These explanations, while perhaps applicable
in particular cases, do not provide universal rationales, as a significant body of
contradictory experimental evidence exists.
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First a possible link between bit wear and the existence of a sweet spot is
challenged by results of field experiments, where the bit was examined and sharp-
ened periodically and wear can therefore be assumed to be negligible [9]. In any
case, experiments show that bits with hemispherical buttons hold an exceptional
resistance to abrasive wear [16]. Furthermore, in a series of tests, where the WOB
was progressively increased, it was noted that moderate wear of the carbide inserts
had already taken place during the ascending phase of the ROP versus WOB [21].

Decrease of ROP with increasing WOB beyond the optimum has been at-
tributed to reduced indexing, presumably caused by the limited torque capacity
of the equipment [18]. However, this explanation is contradicted by experimental
results indicating that the specific energy for drilling granite with a button bit is
essentially the same for three different indexing angles [16]. Furthermore, given
a nearly constant rotation speed, Schunnesson [22] demonstrated that a higher
ROP was obtained in a field test by reducing the WOB. Also, experiments con-
ducted with different indexing angle [13] indicate that an optimum WOB exists
irrespective of the indexing angle.

Finally, poor cleaning can generally be eliminated as a plausible cause to the ex-
istence of a sweet spot, since the flushing capacity of modern equipment (especially
in laboratory experiments) is powerful enough to remove the debris efficiently.

Wiercigroch and co-workers [23–26] have studied the long-term dynamical re-
sponse of drifting impact oscillators to explain the drop in ROP with increasing
WOB in percussion drilling. Although the model is able to reproduce the opti-
mal configurations observed in laboratory experiments, its direct applicability to
percussive drilling is open to questions as it is framed in terms of rigid body dy-
namics rather than wave propagation and harmonic excitation is used to mimic
percussive activation. Furthermore, an alternative drifting oscillator model based
on a bilinear bit/rock interaction law and an impulsive rather than a harmonic
loading could not reproduce an optimal configuration in the explored parametric
range [27].

Instead, we propose a different mechanism behind the sweet spot and present
the experimental evidence to support it. First we note that the timescales charac-
terizing the percussion drilling processes span several orders of magnitude: T1 =
O(10−2 ∼ 10−1s) is associated with the impact frequency of the hammer while
T2 = O(∼ 10−4s), corresponds to the pulse length of an impact and also mea-
sures the time duration of the bit penetration into the rock [15]. All the previous
explanations for the existence of a sweet spot reviewed above actually involve the
slow timescale. However, it is the fast process, responsible for the damage and
the fracturing of the rock, that will eventually determine the drilling performance.
Therefore, we propose to analyze the drilling process on the fast time scale. In a
nutshell, the existence of the sweet spot can be explained by considering the force-
penetration (F-P) curve during one impact. This response is strongly nonlinear,
mainly due to the presence of a layer of loose rock debris and damaged rock be-
tween the drill bit and the intact rock. The interface layer is expected to exhibit a
larger resistance to penetration during impact, i.e., a larger pseudo-stiffness, when
subjected to a larger static WOB force.

Therefore, we consider an increase of the pseudo-stiffness of the BRI with the
WOB and develop a phenomenological model to investigate its effect on the impact
energy transmitted to the rock. According to the elastodynamic model, there exist
optimal contact conditions for maximizing the energy transfer from the bit to the
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rock in terms of the BRI pseudo-stiffness and the impedance ratio. A previous
investigation by Hustrulid and Fairhurst [14] has already noted that an optimal
loading slope of the F-P relation maximizes the energy transmission efficiency.
Moreover, parametric studies conducted by Lundberg [28–30] also indicate the
existence of an optimal hammer length, a function of the penetration resistance, for
which the energy transmission efficiency is maximum. Nonetheless, the dependence
of the pseudo-stiffness of the BRI on the WOB has not yet been suggested as an
explanation for the observed dependance of the ROP on the WOB.

The paper is organized as follows. Section 2 reviews experimental evidence
indicating that the observed WOB-ROP relationship actually reflects the non-
monotonic relationship between the BRI pseudo-stiffness and the impact energy
transmitted to the rock. Section 3 demonstrates with a 1D phenomenological model
of percussion drilling that there is an optimal BRI pseudo-stiffness to maximize the
energy transfer to the rock, provided that the bit impedance is small compared to
the rock impedance. Section 4 supports the hypothesis that the impedance ratio
between the bit and the rock is indeed small, on the basis of a finite element
simulations and analysis of experimental data. Section 5 concludes that the root
cause of the existence of a sweet spot in the ROP-WOB relationship indeed lies in
the nature of the BRI laws.

2 Experimental Evidence

2.1 Preamble

Comprehensive research programs focused on percussion drilling of rock were con-
ducted in the 1950’s and 1960’s at several research institutes, including the Uni-
versity of Minnesota [8, 13, 18, 31–39]. These efforts have provided valuable in-
formation on the influence of the WOB and of the damaged rock underneath the
drill buttons on the drilling performance.

Two types of laboratory tests have been used in the research on percussion
drilling: the drop test and the jackleg-type percussive drilling test. Despite the
fundamental differences between the two tests in regard to the fraction of the
impact energy used to drive the bit into the rock [40], the drop test is appealing
because of its simplicity. Indeed the key factors influencing rock penetration can
be assessed by adjusting the drop mass and geometry or the drop height and
measuring the difference in the bit kinetic energy before and after impact, as well
as the volume of the craters created by the impact. The main justification for
using a drop test (DT) as a proxy to percussive drilling (PD) comes from the
order of magnitude difference between the penetration time of the bit into the
rock following an impact and the frequency of the hammer. In other words, the
time elapsed between successive impacts is large enough that each penetration
event can be considered to be independent regardless of the interactions between
successive indentations [28, 33]. However, the usual drop tests cannot be used to
characterize the influence the WOB on the drilling performance.

We review the experimental findings in light of our hypothesis that the de-
pendence of the BRI pseudo-stiffness on the WOB is the key factor behind the
existence of a sweet spot. In a nutshell, the experimental evidence indicates that
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Fig. 3: Slightly increased frequency with WOB in the field percussive drilling tests,
given different pneumatic pressure [18].

the pseudo-stiffness of the BRI increases with the WOB, and that the crater vol-
ume is proportional to the energy transmitted to the rock. These findings suggest
to investigate the BRI stiffness impact on the energy transmission rather than
directly evaluate the WOB-ROP relationship.

2.2 Energy dissipated in rock

2.2.1 Single percussive activation

The impact frequency of the hammer is observed to increase slightly with the ap-
plied WOB in percussive drilling tests [18], see Fig. 3; it is linked to a reduced
hammer stroke [13]. Although the impact frequency slightly increases with harder
rock, the mean raw hammer power (the product of the difference in the hammer
kinetic energy before and after impact with the percussion frequency) remains con-
stant for a given input pneumatic pressure [43]. In other words, the effective power
delivered to the rock for fragmentation depends primarily on the energy transmis-
sion efficiency at each impact. Therefore, the assessment of the energy transmission
can generally be performed by considering a single percussive activation.

2.2.2 Dissipated energy as a proxy for average bit penetration

Crater volumes caused by the bit impact in drop tests are found to be approxi-
mately proportional to the energy transferred to the BRI for a range of bit shapes,
rock types, indexing angles and impact velocities [18], see Fig. 4. Thus the specific
energy essentially remains constant in both static tests and drop tests irrespective
of the drill bits used [31, 33, 35, 37, 38].

Through an averaging procedure, the mean bit penetration per impact can
be viewed as being proportional to the energy dissipated in the rock. However,
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Fig. 4: Linear relationship between dissipated energy and crater volume for differ-
ent apex angles (Conical bit and Georgia limestone), post-processing of data from
[33].

an energy barrier is observed both in the static and dynamic test. Indeed, the
energy transmitted to the rock below a threshold appears to cause very limited
damage [18, 44]. Although a linear relationship between energy dissipated and
mean bit penetration could in principle be questioned on the grounds that the bit
impacts on a flat rock surface in drop tests might not truly represent actual drilling
conditions, Hustrulid [18] and Haimson [31] have demonstrated that the effects of
hole depth on the specific energy are negligible. Also, Lundquist [16] investigated
the influence of the indexing angle on the penetration characteristics with button
bits. For the three indexing angles (24

◦
, 33

◦
, 45

◦
) used in his tests, little effect was

observed on the specific energy after a few successive impacts.
The above evidence indicates that the factors influencing the ROP can be

investigated by analyzing the energy transmission efficiency instead.

2.2.3 Rate effect

The question as to whether the specific energy and the F-P curve depend on the
rate of loading has been addressed by many researchers, starting with pioneering
work conducted in the 1950’s by Drilling Research Incorporated (DRI). First note
that the average impact velocity of the drill bit in percussive drilling is about 4 ∼ 6
m/s [31] and thus PD involves loading rates that are several orders of magnitude
larger than those developed in quasi-static indentation.

Quasi-static indentation tests and drop tests performed by Hustrulid [18] re-
vealed no significant differences in the F-P relationship and in the specific energy
if the two test results are properly compared, see Fig. 5. It can also be seen from
this figure that the first fracture/chipping in both tests occurred roughly at the
same force level. Although it was later observed that the slope of a dynamic F-P
curve for a smooth surface was about twice that of the static slope, the average
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Fig. 5: Rate dependency characterization with winged bit penetrating Tennessee
marble, where H represents different heights, post processed based on [18].
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Fig. 6: No significant loading rate effect on specific energy and loading slope, after
[31].

slopes on a rough surface are similar [45]. (The same peak force level was imposed
in the two tests). Kou [7] further reported that a quasi-static approach provides
reasonable damage predictions for velocities smaller than 160 m/s.

Haimson [31] employed a drop tester and a high-velocity apparatus to investi-
gate the characteristics of bit-rock interaction for a wide range of impact velocities
(3 ∼ 80 m/s). Although the statically obtained slope of the F-P curve and the
associated specific energy were considerably lower than in the dynamic test, no
significant difference in the specific energy and average slope of F-P curve was
observed over a large range of loading rates, see Fig. 6.
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Investigations by Vanzant [46] of the effect of loading rate on the penetration
of conical and sphere bullets in marble and cement were inconclusive, as different
trends were observed for the two materials when analyzing the dependance of the
crater volume on the bullet velocity.

Despite some conflicting experimental evidence, there is, however, general con-
sensus that loading rate effects can be neglected in percussive drilling [19, 33, 34,
47–49]

2.3 Dependence of pseudo-stiffness on WOB

2.3.1 Increased BRI pseudo-stiffness with WOB

In percussive drilling tests conducted by Hustrulid [18] with an experimental set-
up akin to a TH drill rig, the stress wave reflected from the BRI is observed to
depend on the applied WOB levels. (The steel rod was designed to be long enough
to prevent the interference of incident and reflected stress wave measurement.) At
small WOB, the incident compressive stress wave essentially experiences a free-end
reflection at the BRI, implying that virtually no energy is transmitted to the rock,
refer to Fig. 7. As the WOB increases, the tensile portion of the wave becomes
smaller while the compressive part becomes larger, which implies that the drill
bit encounters more resistance at the BRI. Several more tests were implemented
and superimposed to verify the repeatability of this observation [18]. It was found
that the sequentially measured stress waves are identical given the same operating
conditions, which also confirms the adequacy of focusing on a single impact, as
done in this study.

In view of the nature of the set-up [18], the BRI of the F-P response can ac-
tually be determined from longitudinal wave theory given the measured incident
and reflected stress wave, see Fig. 8. Our analysis of the experimental data in-
dicates that the slopes of the F-P curves increase monotonically with the WOB,
while the transmitted energy, which corresponds to the area under the F-P curve,
increases with the WOB to reach a peak and then decreases. The presence of a
small compressive portion occurring at the beginning of the reflected stress wave
in Fig. 7 (refer to the red circle highlighted region) is considered to be caused by
the increasing cross-sectional area at the bit front and not by the conditions at
the BRI [18]. Hence, this effect is ignored when constructing Fig. 8, especially as
only a slight difference is observed in a comparison of F-P curve with and without
accounting for this small compressive portion.

2.3.2 Influence of rock damage on the BRI pseudo-stiffness

Repeated drop tests reveal a significant nonlinear F-P response characterized by
increasing stiffness with penetration during the loading process, with the drill
bit experiencing large displacement with relatively little resistance at the onset
of penetration [2, 18], see Fig. 9. This nonlinear response is understood to be
mainly caused by the rock damage formed by previous impacts. The presence of
re-compacted fragments have a negative effect on the subsequent fragmentation
process, although only a small amount of energy is absorbed by the re-compaction
[50].
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Fig. 7: WOB impact on the stress wave propagation, adapted from [18].
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Fig. 8: WOB impact on the transmitted stress-penetration curve (post-processing
based on data collected in [18]).

Considering that the loose debris thickness is about the same order of magni-
tude as the bit penetration after impact, it can be inferred that without application
of a WOB, the incident stress is essentially reflected as from a free end before the
bit can establish good contact with the intact rock. However, this loose fractured
and damaged zone is recompacted and expected to exhibit a larger resistance to
penetration during impact, when subjected to a larger static WOB force. This
effect is revealed by a larger pseudo-stiffness.

For illustration purpose, a sketch of the damaged rock underneath the bit
buttons is depicted in Fig. 10. In successive rings away from the indenter, one finds
loose and partly compacted rock powder, crushed rock and fractured rock [7]. The
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Fig. 9: Representative nonlinear force versus penetration curves obtained from
drop tests for different impact energy and indexing angles, after [2].

BitDisintegrated/Partly
Recompacted Zone

Crushed Zone

Cracked Zone

Fig. 10: Sketch of cracks in rocks under indentation [7].

size of the crushed and the fractured zone mainly depends on the magnitude of the
loading, the rock macro-mechanical properties, and the geometry of the indenter
[7]. In addition, three systems of cracks: median cracks, radial cracks and side
cracks may exist outside the cracked zone.
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2.4 Summary

The compiled experimental evidence leads to several remarkable results concerning
the characteristics of percussive drilling.

1. The BRI law is rate-independent in the range of impact velocity involved in
percussion drilling. It implies that the rate of penetration is proportional to
the product of the impact frequency and the energy dissipated in rock frag-
mentation — essentially the energy transmitted to the rock — at each impact
[51]. Since the percussion frequency varies little with the WOB and rock type
given certain operating conditions, the transmitted energy per impact can be
used as a proxy to the ROP to assess the influence of WOB.

2. The BRI law depends on the condition of the rock surface that is impacted
by the bit. The presence of loose debris and subsurface damage lowers the
apparent stiffness of the BRI, thus affecting the energy transmission and the
maximum force that can be generated. The thickness of the damage zone is
of the same order of magnitude as the bit displacement given a small WOB.
This layer of damaged rock is known to respond non-linearly, with its normal
stiffness increasing with the applied normal force.

3. The stiffness K of the interface increases with the WOB, as deduced from
an analysis of the reflected stress wave in relation to the incident stress pulse
generated by impact of the hammer. A relatively small WOB, however, is able
to compact the loose debris to a large extent prior to the arrival of the impulsive
load. Thus, the bit encounters higher resistance as penetration commences
under a larger WOB.

In view of the experimental evidence that the BRI stiffness increases with the
WOB and that any rate effects are negligible, it can be concluded that the influence
of the WOB on the ROP can be investigated by analyzing the dependence of the
energy transmitted to the rock as a function of the BRI pseudo-stiffness.

3 Force and Energy Transmitted to Rock at Each Impact

3.1 Conceptual Model

This extensive review of PD or DT experiments has led to the conclusion that the
non-monotonic ROP-WOB relationship likely reflects the non-monotonic variation
of the transmitted energy with the BRI pseudo-stiffness K. On this basis, we
develop a simple one-dimensional model to evaluate the effect of K — a function
of the WOB – on the stress wave/energy transmission efficiency of the percussive
hammer system.

The model of the system consists of four collinear bodies, namely the hammer,
the bit assembly in series with a spring representing the BRI and a dashpot to
account for the intact rock, see the sketch in Fig. 11.

The hammer is treated here as a rigid massmh moving at velocity V0 at the mo-
ment of impact [7]. Neglecting the wave propagation in the hammer is appropriate
in view of the air-hammer geometry, which is usually designed to be a short cylin-
der with large diameter to attain sufficient impact velocities over a short stroke
[52]. The accuracy of the rigid hammer approximation has been demonstrated by
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Fig. 11: 1D indentation model for percussive drilling.

Wu [52], who showed that the simulated incident wave presents little deviation
from the measurement. For illustration purpose, a perfect contact is assumed at
the hammer-bit interface (HBI) following the impact; the mismatch conditions due
to the interface roughness are thus neglected. The HBI stiffness influence on the
energy transmission efficiency has been investigated and demonstrated in [53].

The impact of the hammer on the bit at rest then induces stress waves prop-
agating in the bit/BRI/rock system. The bit is regarded as an elastic cylinder
with Young’s modulus E. Since inertia effects in the rock being fractured is of
small significance [54], a weightless spring is introduced at the BRI interface to
represent the rock resistance to the bit penetration. Although a constant BRI
loading pseudo-stiffness K is usually assumed in the literature, here motivated by
experimental evidence, K is understood to increase with the WOB in this con-
ceptual model. Furthermore, as we are mainly concerned by the maximum energy
transmission during the penetrating phase, the unloading phase is simplified by
assuming an abrupt drop of the F-P response after peak penetration. In this case,
the unloading slope, γK, is assumed to be infinitely large, i.e., γ →∞. This sim-
plification should be adequate, since it is usually observed that most of the bit
penetration is irreversible as there is negligible recovery during unloading [55].

However, in the case of percussive drilling, reflection of incident wave occurs
due to the discontinuity at the BRI. This discontinuity is partly attributed to the
third-body formed by previous impact as discussed above and also the impedance
mismatch between the bit and intact rock. From a mathematical point of view,
the homogeneous intact rock can be approximated by a dashpot to account for
the impedance contrast and the energy radiation effect.



14 Xianfeng Song et al.

V0
mp

Hammer

Bit

E, r, A

(a) Prior impact

FiBit

(b) Step 1

Fi

Fr

K,gK

m=1/l

Bit

(c) Step 2

BitFr

(d) Step 3

Fig. 12: Process for one cycle of wave production, propagation and reflection

Finally, we assume that each impact is independent on account that the time
elapsed between two successive impacts is large enough [28, 33]. Indeed it is found
that the dynamic stress in the bit assembly reduces to an insignificant level within
0.01 sec after impact, which is smaller than the time interval (about 0.03 sec, equiv-
alent to a 30Hz hammering frequency) between two impacts [41]. The repetitive-
ness of the response to successive impact in percussive drilling tests, as indicated
by the virtually identical strain waves, confirms the independence of each impact
loading [18].

This simple 1D model can thus be used to explore the key factors influencing
the energy and force transmission to the rock. It is motivated by the following con-
siderations. First, the percussive drilling efficiency generally depends much more
on the mass of the bit than on its shape [3], and the load magnitude is reported to
be more important than its distribution across the face of the bit in the formation
of subsurface fractures [7]. Second, the raw impact power delivered by the hammer
to the bit-rock system remains essentially constant for a given input air pressure,
despite the fact that WOB slightly changes the impact frequency [43]. The bit
angular motion and the associated interaction among successive indentations are
not considered in this analysis. Finally, wave attenuation and dispersion is not
taken into account, considering that we only investigate the propagation of the
first impulsive load. Hence the stress wave/energy is transmitted without any loss
or distortion from the impacted end of the hammer to the BRI.

The stress perturbations can generally be interpreted as a sequence of three
stages: (i) impact of the hammer on the bit, (ii) transmission of the stress wave
through the BRI, and (iii) arrival of the reflected stress wave at the hammer/bit
interface (HBI), see Fig. 12. Since we are interested in evaluating the stress/energy
transmission during the first impulsive loading process, the last stage is ignored
here.

3.2 First Stage: impact between hammer-bit

The impact of the rigid hammer on the bit provokes a longitudinal compressive
force wave Fi propagating at speed c towards the BRI, as illustrated in Fig. 12b.
The propagation of the elastic disturbance in the bit assembly is governed by the
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longitudinal wave equation
∂2U

∂t2
= c2

∂2U

∂x2
(1)

where U = U(x, t) represents the displacement of a particle x along the elastic
rod as a function of time t. The longitudinal wave velocity c =

√
E/ρ, where E

is Young’s modulus and ρ is the density of the bit. d’Alembert’s general solution
resolves the wave equation by introducing a downward traveling wave Ui (traveling
toward the BRI) and an upward traveling wave Ur (traveling away from the BRI)

U(x, t) = Ui(ct− x) + Ur (ct+ x) (2)

Initially, the solution is simply given by U(x, t) = Ui(c1t−x) since there is no wave
reflected from the BRI yet. The corresponding force F (x, t) and particle velocity
V (x, t) distributed along the bit assembly is given by

F (x, t) = EA
∂U

∂x
= −EAU ′i (3)

V (x, t) =
∂U

∂t
= cU ′i (4)

where the prime denotes differentiation with respect to the argument of the func-
tion, and compression is taken to be negative. Thus before any arrival of the back
reflected wave at this point, the particle velocity at x is simply proportional to the
local incident force V (x, t) = −F (x,t)c

EA .
Provided the hammer impact on the drill bit is a momentum conservative

process, the motion of the striking hammer can be solved according to the rigid
body mechanics

mhV0 +

∫ t

0

F (0, τ)dτ = mhVh(t) (5)

with the origin of time taken to correspond to the moment of impact. In the above,
F (0, t) is the compressive force acting at the interface between the hammer and
the bit, and Vh (t) represents the hammer velocity at t > 0. As a consequence of
assuming a rigid hammer and an ideal hammer-bit contact, there is an instanta-
neous jump of the force at the HBI after the impact, followed by an exponential
decay [56]

F (0, t) = −EAV0
c

exp

(
− EA
mhc

t

)
(6)

where A refers to the uniform cross-sectional area of the bit, see Appendix A
for details of the derivation. The impact force must be of a compressive nature,
otherwise the two components are separated. In other words, the hammer cannot
rebound but remain in contact with the bit, at least until the arrival of the wave
reflected from the BRI.

In order to reduce the number of parameters in the expression, it is advan-
tageous to reformulate the model in a dimensionless form by introducing scales.
By nature, the percussive drilling process is characterized by multiple timescales
[27]. Here in order to investigate the stress wave/energy transmission in one trans-
mission cycle, the effective duration of the pulse generated by the impact of the
hammer is selected as the time scale T∗; the hammer maximum movement follow-
ing impact as the displacement scale U∗; the maximum impact force induced at
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the HBI as the force scale F∗; and the hammer impact velocity as the velocity
scale V∗. Thus,

T∗ =
mhc

EA
U∗ =

mhcV0
EA

F∗ =
EAV0
c

V∗ = V0 (7)

Hence the dimensionless time τ , displacement u, force f , and dimensionless velocity
v are defined as

τ =
t

T∗
u =

U

U∗
f =

F

F∗
v =

V

V∗

Therefore, prior to any reflected stress wave, the normalized force, displacement
and velocity at the hammer-bit interface can be evaluated as

f(0, τ) = −e−τ , u(0, τ) = 1− e−τ , v(0, τ) = e−τ (8)

Attenuation or dispersion during the incident wave propagation is assumed to
be negligible before it reaches the BRI. Therefore, the non-dimensional incident
force wave fi at the BRI is identical to f(0, τ), but for a fixed time delay.

3.3 Second Stage: interaction beween bit and rock

In the second stage, the incident force wave fi reaches the BRI, where it splits
between a reflected wave denoted as fr, and a transmitted wave ft, which is re-
sponsible for the destructive work done on the rock, see Fig. 12c. The impact
energy is essentially partitioned into three components: dissipation on rock frag-
mentation, elastodynamic radiation in the rock, and reflection to the hammer and
the drill bit [54]. However, the energy radiated by elastic wave is small compared
to the energy dissipated in rock fragmentation [54, 57, 58].

Numerous experiments have been conducted to characterize the F-P relation-
ship at the BRI. The response of the interface consists of a loading phase at the
end of which the bit reaches a maximum penetration. Indentation experiments
generally show little rebound after reaching the maximum penetration [54, 59],
which implies that virtually all the energy transferred through the BRI is dissi-
pated and radiated, and limited energy is recovered from the rock. Therefore, in
this study, we neglect the elastic recovery by assuming an abrupt drop of the force
at the interface upon unloading.

With the origin of time reset to the instant when the incident wave arrives
at the BRI, the incident wave at the BRI reads fi = −e−τ . As derived in the
Appendix, the transmitted force ft during the loading process can be determined
from the BRI law.

dft
dτ

+ κ (λ+ 1) ft = 2κfi, 0 ≤ τ ≤ τp (9)

where τp corresponds to the time instant when the loading process terminates.
Accordingly, the transmitted force ft in the loading phase is given by

ft = 2κ
e−τ(κ+κλ) − e−τ

κ+ κλ− 1
(10)



Influence of Weight-on-Bit on Percussive Drilling Performance 17

m
ax

Fig. 13: Maximum transmitted force as a function of impedance ratio λ and BRI
pseudo-stiffness κ.

Two numbers, κ and λ are introduced in the above equation: the scaled BRI
pseudo-stiffness κ and the bit/rock impedance ratio λ

κ :=
Kmhc

2

(EA)2
λ :=

AE/c

ArEr/cr
. (11)

The peak force ftmax transmitted at the BRI is reached at time τp when the
penetration rate vanishes

τp =
ln(κ+ κλ)

κ+ κλ− 1

and ftmax thus reads

ftmax =
2κ

κ+ κλ− 1

(
(κ+ κλ)−

κ+κλ
κ+κλ−1 − (κ+ κλ)−

1
κ+κλ−1

)
(12)

The dependence of the maximum force ftmax on the BRI pseudo-stiffness κ
and on the impedance ratio λ is illustrated in Fig. 13. This figure shows that
ftmax increases asymptotically with κ but decreases with λ. This latter trend is
in agreement with experimental observations that the maximum transmitted force
increases as the rock becomes stiffer [54]. The maximum force ftmax ultimately
saturates around 2 as λ → 0, κ → ∞, which is analogous to a reflection from a
fixed boundary. At this limit, the force transmitted at the BRI is twice the incident
force.

A portion of the incident stress wave is reflected from the BRI and travels
backward to the hammer-bit interface. The reflected force, denoted as fr, is given
by

fr =
2κe−τ(κ+κλ)

κ+ κλ− 1
+ e−τ − 2κe−τ

κ+ κλ− 1
(13)
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In general, the reflected stress wave consists of an initial tensile portion following by
a compressive tail. The impact loading phase prevails as long as the bit penetration
proceeds. Once the maximum penetration has been reached, the unloading phase
occurs along the idealized vertical F-P curve. Hence, the transmitted force during
the unloading phase is determined as:

ft =
2fi
1 + λ

Accordingly, the work wt expended by the transmitted force ft on the rock is

wt =

∫ τi

0

ftvbdτ (14)

where τi is the incident impulse length which determines the duration for the wave
transmission, and vb is the bit bottom-end velocity given by vb = fr − fi. Note
that the work done by the static WOB during penetration of the bit is very small
compared to the energy dissipated on rock fragmentation [43, 44], and is therefore
neglected.

3.4 Efficiency

Both the experimental evidence and the numerical simulations summarized in the
next Section suggest that the impedance ratio λ is small. Therefore, the condition
λ = 0 is a useful limiting case to investigate the conditions leading to the maximum
energy transfer in percussive drilling. Let η (= 2wt) denote the proportion of the
impact energy that is transmitted to the rock during the first wave propagation
cycle (in the absence of multiple reflections). In the limiting case, λ = 0, which
implies a rigid rock foundation, and γ →∞, the energy transmission efficiency is
given by

η =
4κ

(κ− 1)2

(
κ1/1−κ − κκ/1−κ

)2
(15)

The dependence of η on κ is plotted in Fig. 14. The plot of η (κ) indicates that
η → 0 in the two limits when either κ → 0 or κ → ∞ and that the transmission
efficiency is maximum at κ = 1 with ηmax = 4e−2 ' 0.54.

No energy is transmitted to the rock by the incident wave if the BRI pseudo-
stiffness κ = 0, which reflects a situation where the BRI offers negligible resistance
to the bit advance. The small κ regime is in agreement with Hustrulid’s observa-
tion [18] that the incident stress wave was reflected as from a free end under a
small WOB and the net work (corresponding to the area under the F-P curve) is
approximately zero. Moreover, if the BRI pseudo-stiffness κ → ∞, λ = 0, which
essentially represents fixed end condition, no energy will be transferred to the rock
either, since no displacement is produced at BRI. Therefore, there must exist an
optimal condition for the energy transfer from the bit to the rock (interpreted as
the ROP) in terms of the BRI pseudo-stiffness (which is monotonically dependent
on the WOB).

The more general conditions when the impedance ratio is non-zero is illus-
trated in Fig. 15. This figure, which plots the variation of the energy transmission
efficiency with both κ and λ, shows that there is an optimal BRI stiffness, function
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Fig. 14: Variation of energy transmission efficiency η with BRI stiffness κ. The
maximum efficiency, 4e−2, corresponds to κ = 1 for λ = 0.

Fig. 15: Energy transmission efficiency in terms of pseudo-stiffness κ and
impedance ratio λ.

of impedance ratio, that maximizes the energy delivered from the bit to the rock,
provided that λ is small enough. For λ larger than the estimated critical value
λ∗=0.3, the existence of an optimum κ disappears. In particular, the transmission
efficiency η increases asymptotically with κ from 0 to 1 when λ = 1 suggesting
that all the impact energy can theoretically be transferred through the BRI pro-
vided a good contact and the same impedance between the bit and intact rock.
The incident wave and impact energy are fully reflected in the limit of an infinite
impedance ratio.
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In summary, the 1D phenomenological model shows that the BRI pseudo-
stiffness κ and the bit-rock impedance ratio λ are the two critical numbers de-
termining the drilling performance. There exists an optimal stiffness κ, which
maximizes the energy transmitted from the bit to the rock, provided that the
impedance ratio is small enough.

4 Discussion

According to the 1D phenomenological model described in this paper, the existence
of a sweet spot hinges on the smallness of the impedance ratio. We demonstrate
the plausibility of a small λ in percussion drilling by interpreting experimental
data and also by estimating λ from numerical simulations conducted with an
axisymmetric finite element model. Calculations performed for various values of
the interface stiffness also confirm the existence of a sweet spot.

4.1 Estimate of impedance ratio from test data

A set of data from a published laboratory percussion drilling experiment [52]
provides an opportunity to estimate the actual impedance ratio λ. In this particular
experiment, the incident force wave essentially experiences a fixed-end reflection,
as the amplitude of reflection is approximately the same as the incident wave and
the tensile portion is almost negligible [54]. Such a signature is only possible if κ is
sufficiently large (so that the BRI is effectively characterized only by an impedance
contrast) and λ is small. According to longitudinal wave considerations about the
transmission and reflection of an incident wave across a material discontinuity, λ
can be assessed from

λ =
fi − fr
fi + fr

(16)

Alternatively, Eq. (16) can be deduced from Eq. (9) by noting that bounded term
dft
dτ disappears for large κ. However, the mean value of λ is better estimated from

τp∫
0

λ2dτ =

τp∫
0

f2
i + f2

r − 2fifr
f2
i + f2

r + 2fifr
dτ

where the duration of loading phase τp is estimated from the drilling data. For the
experiments reported by [52], the average λ is estimated to be 0.13.

There is also indirect evidence that more impact energy is absorbed by less
competent rock in percussive drilling tests [54]. Interpreting these observations
within the framework of the model, these observations indicate that the energy
transmission efficiency increases with λ, which is inversely proportional to the rock
elastic modulus according to Eq. (11). However, such a trend is only possible if λ
is small, as can be seen in Fig. 16, where the range of λ is restricted to a small
range. In this range of λ, an optimal pseudo-stiffness likely exists for maximizing
the energy transmission.
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Fig. 16: Energy transmission effficiency plot in terms of pseudo-stiffness and
impedance ratio, from a different angle.

4.2 Estimate of Impedance Ratio from Simulation

The impedance ratio λ can also be estimated from numerical simulations with the
rock mass represented by a 3D elastic continuum. Here we report the results of
numerical simulations showing that the impedance ratio is small (see Fig. 17).

The axisymmetric model used for the simulations is developed in COMSOL
Multi-physics. For simplicity, the bit assembly is modeled as a cylinder, and all the
bit buttons are replaced by an equivalent rigid button. The inertial effect of the
third body is neglected by assuming its density to be zero. In addition, the Poisson
ratio for the third body and the drill bit is assumed to be zero to mimic the spring
resistance effect and wave propagation in a bar as in the one-dimensional model.
Besides, in order to conveniently characterize the effect of the impedance ratio on
impact transmission, the BRI pseudo-stiffness influence on the stress wave/energy
transmission is eliminated by assuming a large Young’s modulus of the third-body.
Finally, the non-reflective boundary condition is imposed at the lower and outer
boundary of the rock to mimic the semi-infinite nature of the rock mass.

A high quality mesh consisting of triangular and quadrilateral elements was
generated by applying COMSOL default mesh function "free triangular" and
"mapped mesh" on the rock and on the bit domain, respectively. A high resolution
mesh is defined in the vicinity of the BRI to accurately capture the penetration and
force transmission. The rock was discretized with 3002 elements, the third body
with 40, and the drill bit assembly with 4656. A pre-defined incident force wave was
applied on the upper bound of the drill bit assembly: Fi = (F∗t/T∗) exp (−t/T∗),
where T∗ = 2 ·10−5[s] and F∗ = 2 ·105 [N]. The total simulation time was 8 ·10−4 s,
with the integration time step set to 10−8. The material properties and geometry
details are given in Table 1.
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Components E (GPa) ν ρ (kg/m3) Dimensions (cm)

Bit 200 0 7800 H: 199, W: 2
Button 890 0.07 3510 H: 1, W: 0.6
Third Body 1000 0 0 H: 1, W: 3
Rock 60 0.2 2707 H: 299, W: ∼100

Table 1: Parameters used in the FE analysis: Young’s modulus E, Poisson’s ratio
ν, density ρ, and dimensions of height H and width W .
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Fig. 17: Geometry built in the FEA analysis.

The impedance ratio λ was directly calculated from

λ = −vb
ft

(17)

where the velocity vb of the button bottom and the transmitted force ft can be
extracted directly during the simulation. It is estimated the average impedance
ratio in this numerical model is less than 0.1.

4.3 Simulation of Sweet Spot

The influence of the BRI pseudo-stiffness on the stress wave/energy transmission
was investigated with the FE model by conducting a parametric study of the third-
body stiffness, see Fig. 17. The simulations confirm that that an optimal pseudo-
stiffness exists for maximizing the energy transmission, see Fig. 18. This optimal
configuration appears regardless of the yield criterion, either Drucker-Prager or
Hoek-Brown, to simulate failure of the rock under the button.
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Fig. 18: Variation of the energy transmission efficiency η with the BRI pseudo-
stiffness, as computed with the FE model.

5 Conclusions

The phenomenological model for percussion drilling described in this paper pre-
dicts a non-monotonic dependence of the transferred energy on the BRI pseudo-
stiffness and thus the existence of an optimum WOB that maximizes the ROP –
the so-called sweet spot. According to this model, the root cause behind the sweet
spot is the dependence of the BRI pseudo-stiffness on the WOB. This explana-
tion contrasts with the various reasons advanced in the literature, which include
increasing wear of the bit, reduced indexing, and poor cleaning of the debris. A
review of the published experimental data has uncovered evidence that the ROP
is directly related to energy transmitted to the rock at each impact, and that
the BRI pseudo-stiffness increases with the WOB. Moreover, a simple 1D model
shows that there is an optimal BRI pseudo-stiffness that maximizes energy trans-
mission to the rock during the first impulsive wave, provided that the bit/rock
impedance ratio is small. With further enhancements, this model can form the
basis for a model-based parameter identification and ROP optimization control
algorithm running in real-time alongside the drilling operation.
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A Appendix

A.1 Hammer-Bit Interface

The equation governing the evolution of the displacement of the HBI following impact is
formulated by substituting into Eq. (5), the following expressions for the velocity and force at
the HBI

Vh(t) =
∂U

∂t
|x=0 = cU ′(ct) (18)

F (0, t) = EA
∂U

∂x
|x=0 = −EAU ′(ct) (19)

which are obtained by setting x = 0 in Eqs. (3) and (4). Thus∫ t

0
U ′(cτ)dτ = −

mh

EA

(
cU ′(ct)− V0

)
(20)

After integrating the left term, this equation becomes

U ′(ct) +
EA

mhc2
U(ct) =

EA

mhc2
U(0) +

V0

c
(21)

whose general solution is

U(ct) = De
− EA
mhc

t
+ U(0) +

mhc

EA
V0 (22)

After identifying the constant D using the initial condition U(0) = 0, the displacement of the
HBI induced by the impact of the rigid hammer is is given by

U(ct) =
mhcV0

EA

[
1− e−

EA
mhc

t
]

(23)

The displacement increases from t = 0 to asympotically reach mhcV0
EA

at large time provided
that the elastic bit assembly is unbounded.
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A.2 Bit-Rock Interface

Once the incident wave reaches the BRI, the force balance at the interface is given by

ft = κ(u2 − u1), 0 ≤ τ ≤ τp (24)

where u1 and u2 represent the displacement at the BRI on the bit and rock side, respectively.
Differentiating Eq. (24) with respect to time yields

dft

dτ
= κ(v2 − v1), 0 ≤ τ ≤ τp (25)

Given the assumed semi-infinite and homogeneous nature of the rock, no wave reflection in the
rock will occur. Hence, the velocity v1 and v2 on both sides of the interface can be expressed
as {

v1 = ft − 2fi
v2 = −λft

, 0 ≤ τ ≤ τp (26)

Substituting Eq. (26) back into Eq. (25) yields the equation governing the evolution of the
force applied by the bit on the rock

dft

dτ
+ κ (λ+ 1) ft = 2κfi, 0 ≤ τ ≤ τp (27)
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