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Abstract

When superconductors are contacted by other, non-superconducting ma-
terials, the latter may attain some of the properties of the former, and vice
versa. This is the origin of a wealth of interesting phenomena. A strik-
ing example is the coexistence of superconductivity and ferromagnetism
in superconductor-ferromagnet hybrid structures, which under certain
conditions gives rise to dissipationless spin transport.

This work consists of 14 research papers, wherein a variety of super-
conducting hybrid structures are investigated theoretically using the quas-
iclassical Green function formalism. Focus is given to two- and three-
dimensional geometries, the study of which has been made possible with
the use of a numerical framework known as the finite element method.

Among several topics discussed are superconducting vortices nucle-
ated in non-superconducting materials without the application of external
magnetic fields. The generation of long ranged triplet superconducting
correlations in superconductor-ferromagnet structures is also explored,
either as generated by an inhomogeneity of the magnetisation, or by spin-
orbit coupling.






Preface

This thesis is submitted in partial fulfilment of the requirements for the
degree of philosophiae doctor at the Norwegian University of Science and
Technology (NTNU). The research presented herein was conducted as part
of a four-year graduate programme in physics. It also included 30 ECTS
credits of coursework, and one year of undergraduate teaching assistant
duties. My research has been supervised by Professor Jacob Linder, and
Professor Asle Sudbe was my co-supervisor.

I have tried to make this thesis as self-contained as possible, and it
has been my ambition to give a pedagogical introduction to the theoret-
ical foundation underlying the research conducted. In particular, I have
gone to significant lengths in reviewing the quasiclassical Green function
formalism, on which the numerical framework relies. This has been a
highly challenging undertaking, in which I have attempted to fill in details
not discussed in the literature — often requiring a great deal of effort. It is
my hope that this will be of use for others wanting to enter this field. In
order to increase readability, I have intentionally interspersed technically
difficult sections with simple and intuitive derivations and applications of
results.

Much of my time has been devoted to software development. I have
developed a numerical framework which has been quite successful, and
has facilitated the study of a variety of superconducting hybrid structures.
The bulk of the work is contained in the research papers, all of which are
appended in their entirety at the end of the thesis. I have therefore elected
not to review each paper individually, but instead provide summaries of a
selection of papers, in a way which fits with the narrative of the thesis.
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Notation and conventions

This thesis will use SI units, with the convention that the elementary charge
is defined as negative, e = —|e|. Scalars are typeset in an italic font, A, and
vectors in bold italic, A. Unit vectors along the Cartesian axes are denoted
as ey, ey, and e;.

Many quantities encountered will have a matrix structure. For 2 x 2
matrices, no additional notation will be introduced, and any ambiguity
will be clarified in the text. 4 x 4 matrices are denoted as A, and 8 x 8
matrices as A. The unit matrix is thus denoted as I, I, or I, depending on
matrix size. Matrices can also be vectors, in which case they are given a
bold font. An example is the Pauli matrix vector,

O =0yxex+t0ye,+0ze;,

where o, j € {x, y,z} are the conventional, 2 x 2 Pauli matrices. Block
diagonal 4 x 4 may be expanded in a basis of p matrices, defined as

(I 0 (o« 0 _[oy 0 (o 0
Po=lo +1)P 7|0 +0y, P2=1 +0y 3= +0, W
(I 0 _[ox 0 _[oy 0 _ [0z 0
Pizlo -1 o -0 P M0 -6,) P 0 -0.)
The Green function, a quantity to be discussed at length, depends on
two position variables, r; and r,, and two time variables, #; and f,. This
allows for several variations of the Fourier transform. Considered here
are systems of sufficient size for the approximation %Z r— [ % to be

reasonable, with 7 the system volume. The spatial Fourier transform is
then defined as

G(klrk2)=fdr1fdrz G(ry,rp)e hrmtikers

2)
dkl dkz G(kl,kz)elklrl_lkzrz.

Crr)= | Gy | e
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A different variation, which will be utilised frequently, is the mixed rep-
resentation, where the Green function is Fourier transformed in the re-
lative coordinate r = r; — rp, but not in the centre of mass coordinate,
R = (r) + 1) /2, thus giving

1 1 ;
G(k,R) :fer r+§R,r—§R) eflk'r, (3)
or alternatively,
Gk, Ry = [ 20K (k + Lok k- l6k) Q0K )
(2m)3 2 2

where 6k = k) — ky, and k = (k; + k) /2.

With one notable exception in Paper II, only stationary systems will
be considered, for which the temporal Fourier transform in the relative
coordinate T = f; — t» is defined as

G(E) =f ﬂ G(T)el'ET/h,
h
de . )
G(1) = f — G(e)e ie7/h,
27

Finally, a convolution G, given as
Gc(rl,i‘z)=de'GA(T1,T')GB(T’J‘2),

takes the following form in the mixed representation,

Ge(k, R) =exp é(vg-vf—vﬁ-vg) Ga(k, R)Gp(k, R)

EGA(’C,R)®GB(IC,R), (6)

where ® is called the Moyal product [1]
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Chapter1

Introduction

1.1 A brief history of modern computing

The 1880 United States national census was largely tabulated using manual
methods, and, due to rapid population growth, took eight years to com-
plete. Hence, in 1888 the U.S. Census Bureau — motivated, presumably,
by the prospect of never having to go through that again - issued a com-
petition for more efficient means of processing the collected data [2]. The
winner of this competition was Herman Hollerith, with his eponymous
Hollerith machine [3]. It worked by reading punch cards containing the
required information, such as age and gender, and was much faster than
previous methods, completing the 1890 census in about two years.

The first programmable digital computer was the ENIAC (Electronic
Numerical Integrator And Computer), which appeared in 1945 [4]. Its abil-
ity to perform logical operations was constructed from circuitry containing
more than 17000 electronic switches made from vacuum tubes. These
switches were much like the incandescent light bulb in that they were
not very durable, and quite power hungry. They were, however, common
components in electronic computers until they were replaced by the tran-
sistor [5]. Invented in 1947, the transistor brought about a new paradigm
of electronics, in which semiconductors such as silicon took centre stage.
It required much less power than the vacuum tube, had an, in principle,
indefinite lifetime, and could be made much more compact. This made
possible the creation of the integrated circuit in 1958-1959 [6].

The first microprocessor came in 1971, the Intel 4004 [7]. It consisted
of 2300 transistors of the MOSFET type (metal-oxide-semiconductor field-
effect transistor) [8]. A few years later, in 1974, it was realised that the
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power density of a MOSFET does not depend upon its size [9]. Known as
the Dennard scaling law, this led to a cascade of ever-smaller micropro-
cessors containing increasingly large numbers of transistors, which in turn
contributed to making faster processors. In 1975 Gordon Moore made
the prediction that the number of transistors used in an integrated circuit
would double every two years [10] (a modification of his 1965 prediction
of annual doubling [11]). This is known as Moore’s law, and has proven
surprisingly accurate — even today.

Our insatiable need for more powerful electronics is, however, faced
with some serious challenges. Cramming more and more components
onto integrated circuits, to quote Ref. [11], requires them to be smaller and
smaller. This, in turn, makes them more susceptible to damage due to Joule
heating, i.e., the increase in temperature due to resistance as electric cur-
rents are passed through the circuitry. In fact, it is generally agreed that the
Dennard scaling law broke down around 2006, due to current leakage and
risk of thermal runaway processes [12, 13]. To circumvent this issue, the
industry shifted towards multi-core processors, and increased parallelism,
rather than increasing the operating speeds of individual processors. Thus
far, this has been successful, and Moore’s law is still clung to. Neverthe-
less, with state-of-the-art processors now making use of 7 nm transistors
numbering in the billions, and with 3 nm transistors to be released in the
immediate future [14], we are nearing the limits of what can physically be
achieved. With device improvement by shrinking soon to be an unviable
option, the race is on to find the next step in the technological evolution
of electronics. One contender for that distinction is spintronics [15].

1.2 Spintronics

Electrons possess an intrinsic angular momentum known as spin. So
named because of its resemblance to the classical picture of a sphere spin-
ning on its own axis, the electron spin is a quantum number which can
attain one of two possible values, “up” or “down”, along a given quant-
isation axis. The electron spin is responsible for some materials being
ferromagnetic, through a quantum mechanical effect known as the ex-
change interaction, to be discussed in Section 6.1.

While conventional electronics is concerned with the transport of
charge, the field of spintronics aims to utilise the electron spin as informa-
tion carriers. The binary nature of spin makes it a natural choice for use in
digital electronics, where the fundamental building blocks of logic consist



1.2. SPINTRONICS 3

of Os and 1s. In fact, there are devices based on concepts from spintronics
in common use today. One such example is the hard disk drive (HDD), a
data storage device used in most computers. Its design was revolution-
ised by the effect of giant magnetoresistance (GMR) [16, 17], which is the
observation that when a non-magnetic (normal) metal is sandwiched
between two ferromagnets, and a voltage is applied across the trilayer, the
resistance is different whether the two ferromagnets are aligned parallel or
antiparallel, as illustrated in Fig. 1.1. Hence, a different current signal can
be created by switching the magnetisation in one of the ferromagnets relat-
ive to the other, and this can be used to code information. Modern HDDs
have transitioned to using tunnel magnetoresistance (TMR) [18], which is
similar to GMR, except that the conducting normal metal is replaced with
an insulator, so that the transfer of electrons occurs through tunnelling.
Since the discovery of a significant magnetoresistance ratio of more than
10 % [19, 20] at room temperature, research into such tunnelling junctions
has exploded [21-24], reaching a room temperature magnetoresistance
ratio of 604 % [25]. This has allowed the industry to increase the storage
capacity of HDDs almost fourfold over the past decade [26].

Parallel Antiparallel

Figure 1.1: Illustration of the giant magnetoresistance (GMR). Stacks of fer-
romagnets are separated by non-magnetic interlayers. Particles with spins
parallel to the magnetisation experience fewer collisions than particles
with opposite spins, thereby giving a difference in the net resistance de-
pending on whether the ferromagnetic layers are in a parallel or antiparal-
lel configuration.

Another device in which TMR has found application is the MRAM
(Magnetoresistive Random Access Memory) [27], where the orientation of
the magnetisation is used to form computer memory. While conventional
DRAM and SRAM (Dynamic and Static Random Access Memory, respect-
ively) used in computers today, require continual access to power in order
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to store information, MRAM is non-volatile, meaning that memory is re-
tained even when the power is turned off. Storing information in an MRAM
was initially prohibitively demanding of energy, as switching the relative
magnetisation of the TMR was done using magnetic fields, which in turn
required large currents. This problem was, however, solved by the use
of spin transfer torque (STT) [28-30]. The so-called STT-MRAM works by
using spin polarised currents to switch the relative magnetisation in the
TMR [31, 32], and allowed for much more compact and energy efficient
MRAMs, with state-of-the-art commercial STT-MRAM devices reaching
1 Gbit [33].

V=0
! ON
S — | |— D
N
VG;tO
OFF
S — | |— D

Figure 1.2: The Datta-Das transistor. A ferromagnetic source (S) and drain
(D) is attached to a non-magnetic metal (N). A gate voltage V; is used
to manipulate the spin polarisation of the current in the normal metal
through spin-orbit coupling. The arrows indicate the spin direction.

There is ongoing research to produce computational logic with spin-
tronics. Utilising spin in a transistor was shown to be conceptually possible
with the Datta-Das transistor [34]. It works by using ferromagnetic sources
and drains, with a parallel magnetisation, inducing a spin polarisation
in the current travelling between them. A gate voltage is used to intro-
duce spin-orbit coupling into the intermediary normal metal layer, which
creates a misalignment between the polarisation of the current and the
magnetisation in the drain. The gate voltage therefore modifies the con-
ductance of the system, thereby acting as a switch, as shown in Fig. 1.2. Al-
though several experimental realisations of such a spin-based logic devices
exist [35-38], more research is required to find a true replacement for the
MOSFET.
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The examples mentioned so far all have in common that the electron
spin is used to add functionality, but they do nothing to mitigate Joule
heating. Indeed, the central component in all devices mentioned is a
charge current, which means that the same heating issues that occur
in conventional electronics appear also in these cases. Several research
avenues exists which attempt to solve this problem. For instance, the
field of spin insulatronics aims to separate spin and charge transport by
using magnons in either ferromagnetic or antiferromagnetic insulators as
spin carriers, with promising results [39-43]. The focus of this thesis will,
however, be on superconducting spintronics [44, 45].

1.3 Superconducting spintronics

When some materials, typically metals, are cooled to cryogenic temper-
atures, their electrical resistance may suddenly vanish completely. This
phenomenon is known as superconductivity, and was discovered by Kam-
merlingh Onnes in 1911 [46]. Associated with the superconducting state
is also the expulsion of applied magnetic fields, known as the Meissner
effect [47]. These findings were explained theoretically in 1957 by the BCS
theory, named after its discoverers Bardeen, Cooper and Schrieffer [48].
Clearly, the access to dissipationless currents would greatly reduce the
power consumption of electronics. However, the temperatures required
for the onset of superconductivity are prohibitively low — reaching at most
39K at ambient pressure for conventional (BCS) superconductors [49,
50]. Better off are the so-called high-temperature superconductors, which
do not conform to the BCS theory, where the record transition temper-
ature of 138K is held by the cuprates [51]. Creating room temperature
superconductivity is therefore still very much an unsolved problem within
condensed matter physics. On the other hand, close-to room temperature
superconductivity is possible at increased pressure, as was recently shown
to be the case for some hydride compounds [52, 53]. Unfortunately, with
the required pressure being on the order of hundreds of gigapascals, these
materials are hardly an option for everyday electronics.

Setting the challenge of sufficient cooling aside, a marriage of super-
conductivity and spintronics is an intriguing idea, in which the energy
efficiency of the former complements the increased functionality of the
latter. This prospect is, however, slightly overshadowed by the fact that fer-
romagnetic order and superconductivity are antagonistic properties [54,
55]. Superconductivity emerges due to the formation of bound states
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between pairs of electrons, called Cooper pairs [56], which typically have
opposite momentum and opposite spins (the spin singlet state). A mag-
netic field, on the other hand, will tend to align spins, and hence break up
the Cooper pairs. Nevertheless, there exists materials which are both su-
perconducting and ferromagnetic [57], such as the rare-earth compounds
HoMogSs [58, 59] and ErRh, B, [60, 61], where both types of ordering may
be found in a small temperature region surrounding the superconductor-
ferromagnet transition. In addition, coexistence of ferromagnetism and
superconductivity has been observed in materials labelled as ferromag-
netic superconductors [62], such as some uranium compounds [63-66].
These materials are likely examples of so-called unconventional supercon-
ductors, where the Cooper pairs form in an equal spin triplet configuration,
which is thus insensitive to the spin splitting generated by the ferromag-
netic ordering [67].

Apart from the above examples, which themselves involve rather exotic
compounds, materials which intrinsically support both superconductiv-
ity and ferromagnetism are rare. Fortunately, there is an alternate ap-
proach, which is perhaps more promising with regards to future applic-
ations, where conventional metallic superconductors can be combined
with common ferromagnetic materials and produce spin-dependent su-
perconducting effects — the proximity effect (68-71]. This phenomenon,
which will be discussed in Chapters 5 and 6, occurs when a supercon-
ductor is contacted by a non-superconducting material. In this case, the
superconducting correlations in the former may leak into the latter, and
thus influence its properties.

The proximity effect is the origin of interesting phenomena in hybrid
structures of ferromagnets and superconductors. In particular, at the in-
terface between two such materials, the spin splitting of the energy bands
introduces a finite momentum to the Cooper pairs, giving the supercon-
ducting correlations an oscillatory decay into the ferromagnet [72-74].
However, for a homogeneous ferromagnet, the decay is very sharp, due
to the aforementioned incompatibility of superconductivity and ferro-
magnetism. What saves the proximity effect as a viable candidate for
superconducting spintronics is what happens when a superconductor is
attached to, for instance, an inhomogeneous ferromagnet. As is elaborated
in Chapter 6, equal spin triplet superconducting correlations may then be
generated in the ferromagnet — even if the sourcing superconductor is of
the conventional singlet type [75-77]. Such triplets, when their spins are
aligned parallel to the magnetisation in the ferromagnet, do not experience
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the pair breaking effect of the spin splitting, and may therefore exhibit
much longer decay lengths. This has earned them the name of long ranged
triplet superconducting correlations. The first experimental verification
of this effect came in 2006, when a Josephson effect (see Section 5.2) was
measured in CrO,, which is a half metal, and thus cannot allow a sing-
let proximity effect, leaving triplets as the only possible explanation [78].
Shortly thereafter, a different breakthrough came with the observation of
conductance oscillations in a ferromagnetic Josephson junction, using
holmium as the ferromagnetic interlayer [79]. Since the magnetisation in
holmium is intrinsically inhomogeneous, having a conical structure, this
was another indication of the presence of long ranged triplets. In 2010 a
series of other experimental works appeared, providing further evidence
of the effect [80-83].

The requirement of inhomogeneous magnetisation for the appearance
of long ranged triplets is challenging for device manufacture. Ferromag-
nets which are intrinsically inhomogeneous (such as holmium) are rare,
and artificially generated spatial variations through layers of homogen-
eous ferromagnets are difficult to control. However, spin-orbit coupling
provides an alternative route. Homogeneous ferromagnets in contact with
materials with strong spin-orbit coupling, such a platinum or tungsten,
results in the necessary spin-mixing to induce long ranged triplets, as was
predicted in several works [84-88], and recently verified experimentally [89,
90].

The field of superconducting spintronics is quickly evolving towards a
level where it may find use in practical applications [91]. For instance, a
memory cell using a ferromagnetic Josephson junction, referred to as a JM-
RAM, has been proposed [92], and a very recent experimental work repor-
ted an increase in magnetoresistance by three orders of magnitude by the
onset of superconductivity in a ferromagnet-superconductor bilayer with
interfacial spin-orbit coupling [93]. A three order of magnitude increase
with respect to the normal state has also been observed in the inverse
spin Hall effect of superconducting NbN [94]. Another observation with
great potential is that of giant thermoelectric effects in superconductor-
ferromagnet structures, which can exceed that of normal state equival-
ents [95, 96]. Nevertheless, there is still much to explore in this fascinating
topic. This thesis will begin by a thorough derivation of the quasiclassical
Green function formalism in Chapter 2, which has been very successful in
describing superconducting hybrid structures. In Chapter 3 an introduc-
tion to superconductivity is given. After a brief excursion into numerical
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solution methods in Chapter 4, the proximity effect in spin-independent
systems is studied in some detail in Chapter 5. Finally, superconductor-
ferromagnet hybrid structures are tackled in Chapter 6.



Chapter 2

Green Function Formalism

Green functions is the most powerful computational tool for use in con-
densed matter physics. With it, all observables of interest, such as the
current density or density of states, can be calculated. One might expect
that such a general mathematical tool is complicated and unwieldy in its
use, and indeed, Green functions are very much the artillery in the arsenal
of analytical tools. With but a few exceptions, it is not possible to find
an exact expression for the Green function of a given process. One must
therefore rely on approximations.

In this chapter, an attempt will be made at giving a pedagogical intro-
duction to the Green function formalism. Furthermore, a very successful
approximation scheme — particularly for use in superconductivity — will
be introduced, namely the quasiclassical approximation.

2.1 Definition of the Green function

Consider the operators ¢! and ¢,, which create and annihilate a particle
in the state associated with the set of quantum numbers v, respectively.
In the following, only fermions will be discussed, and so these operators
satisfy the following relations,

{ci, cvr} =0y , {cv, cv/} = {ci, ci,} =0. 2.1

To study bosons, one needs only to replace the anticommutators with
commutators in Eq. (2.1). From the two operators, a pair of field operators
may be defined by changing to a position basis,

vim =Y wind, , v =Y (rvV e, 2.2)
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where the spin quantum number o is displayed explicitly. Note that the
field operators have unit m~3/2. The physical interpretation of 1//} (r) and
¥ (r)isthat they create and annihilate a particle with spin o at the position
r. Since the particle is a fermion, they satisfy relations similar to Eq. (2.1),

Vi), vo )} =85060r -1, 2.3)
{won), vl 0} =0, (2.4)
{wguq,wgmr6}=o. 2.5)

In the Heisenberg picture, these operators are time dependent, and their
time evolution is governed by the Heisenberg equation,

Oy

zhat._ULwA, (2.6)
. 01/13_ +

zhat._PLWJ, 2.7)

where H is the second-quantised Hamilton operator.

The Green function is defined as a correlation function between two
field operators. Several versions exist, and the one with perhaps the easiest
interpretation is the time-ordered Green function,

Goo (1,657, 8) = =i (T o r, 9L, 0, ). 28

The angular brackets symbolise quantum and thermal averaging, which
in equilibrium may be performed in the grand canonical ensemble, (A) =
Z Ty [e‘ﬁ(H‘”N)A] ,where Z =Tr [e‘ﬁ(H‘“N)] , i is the chemical potential
and N is the number operator. The parameter § =1/ kg T, where T is the
temperature and kg is the Boltzmann constant. Finally, the time ordering
operator 9 ensures that the field operators act in chronological order
from right to left. In other words, 9~ does nothing if > ¢/, otherwise it
switches the position of 1//; and ¥, incurring in the process a minus sign
due to the fermion nature of the field operators. Assuming, then, that
t > ', the interpretation of G is clear. It is the probability amplitude for
finding a particle with spin o at position r at time ¢, provided that at time
t' a particle with spin ¢’ is inserted in position r’. Colloquially it can be
said that the particle propagates from r’ to r, although this is not entirely
correct due to the particles being indistinguishable.
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Other useful flavours of Green functions are the retarded and advanced
variations, GX and G4, defined as,

Ry r 57 0 == 10— 1) ({yo r,0), Wl 10}, 2.9)
Gl 557, 1) = +10( =0 ({yo (.0, Wl 10}, 2.10)

which describe processes that are causal and anti-causal, respectively.
Notice that they are related through the transformation

GA (r,r, )= [GR ', s, 0], @2.11)

and hence it is seldom necessary to discuss G* explicitly.

As will become clear when considering superconducting systems in
Chapter 3, itis advantageous to write the field operators as a vector describ-
ing both particles and holes, which is known as Nambu®spin space [97],

- t t g
Yoo = (v n wien vl ylo) (2.12)

To maintain a familiar form of the anticommutation relation, the anticom-
mutator in Nambu®spin space is defined as,

{A, Bt=AB+(BAT)", 2.13)

with a similar definition for the commutator. The anticommutation rela-
tion for ¥ then becomes

{‘I’(r, n,v o, t)} =isr-r", (2.14)

where I is the identity matrix in Nambue®spin space. The Green functions
now become 4 x4 matrices,

GRr 0 1) = — i0(t = £') by <{‘P(r, 0, r’)}>, 2.15)
GAr, 67, ¢) = +i0(t — 1) pa <{\I’(r, 0, t’)}>, 2.16)

and their matrix structure takes the form,

(2.17)

Xt ) = ( GX(r, 51,1 FX(r, ;7,1 )

[FX(r,6;r',0)]" [GX(r, 61,

where GX and FX are 2 x 2 matrices in spin space, and X € {R, A}. F X are
known as the anomalous Green functions.
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2.2 The equation of motion

In order to compute the Green functions, it is necessary to find their equa-
tions of motion. For the retarded Green function, this is done by differen-
tiating, e.g., with respect to the time coordinate ¢, and applying Eq. (2.6).
For a given Hamiltonian A in Nambu®spin space, it is thus found that

o . .
ihps— —Hr) | GR(r, ;7 1) = RIS (t— )6 (r —1). (2.18)

ot

If the Hamiltonian is independent of time, as will always be the case for
the systems considered here (with the exception of Paper II), Eq. (2.18)
may be Fourier transformed in the relative time coordinate ¢ — ¢/, which
gives

(e+i8)ps—Hr) | GR(r,re)=I65(r—1), (2.19)

Note the convergence factor ¢, which is necessary to ensure a well-defined
temporal Fourier transform, and is chosen so that GR=0fort—t'<0,as
is consistent with the definition of the retarded Green function. A similar
equation may be found by differentiation with respect to ¢/,

=15(r—r", (2.20)

GR(r,r’;e) |(e+i6)ps— H(r)

where any operators in H must act towards the left. The same steps may
be repeated to produce equations of motion for the advanced component
G4, but with § — —8. From now on, & will be assumed contained in ¢ for
brevity.

Free electron gas

The simplest example where an analytical expression for the Green func-
tion can be found is the free electron gas. In this case the Hamiltonian is
given as

H= hv2+ I (2.21)
 |2m K5 )

where p is the chemical potential. The equation of motion for G therefore
takes the form,

h? . R
epas+ %vzw I GRr,r' o) =16(r—1"). (2.22)
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This system has translation invariance, and hence may be Fourier trans-
formed in the relative coordinate r — r’, which gives immediately

12 k2 J7!
gp4—( —,u)[] . (2.23)

GR(k,e) =
(k. €) 2m

2.3 Nonequilibrium Green functions

It is not always straightforward to compute the average in Eq. (2.8). Typic-
ally, a perturbation V (f) from a known state Hy is assumed to be switched
on at some time f. It is convenient to treat this problem in the interaction
picture, where the field operators evolve in time as

w0 =S, tHw(d),

where S(t, ') is the S matrix [98],

Texp |-+ [ V(hdt| >0
S =2t (2.24)
P|=75Js () dt <t

and J is the anti-time ordering operator. They are related to the field
operators in the Heisenberg picture via

w(t) = S(to, DY 1(1)S(t, To). (2.25)

Notice that the interaction picture agrees with the Heisenberg picture at
t = ty. The time ordered product in Eq. (2.8) may thus be written as

Tyt (1) =06 - L)yt () -0t — )y ()w(n)
=0(t1 — 1) S(to, DY 1(t)S(t1, L)Y (£2)S(L2, o)
—0(12— 1) S(to, L)Y (12) (L2, )W 1(11) (11, 1)

= S(to, tma) T | S(tmax )V 1 ()W H(82) |,

where . = max(fy, ). It has been used that V within the second quant-
isation formalism typically consists of products of an even number of
fermion operators, and hence, S(#;, f2) commutes with ¥ and WT within
the time ordering bracket. Notice that, as seen in Eq. (2.24), the fermion
operators in S(f;, f) are applied at times ¢ € [11, #2], which constrains its
time ordering properties.
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At atemperature T = 0, Eq. (2.8) is simply a quantum mechanical aver-
age over the ground state, ignoring for the moment the spin and position
variables,

G115 t2) = =i (@ (1) S(to, tmax) T | S(tmaxs )W 1 (L)W (82) | 19/ (10)) -

The ground state |y;(f)) is, however, unknown due to the presence of
V(). Since no information about the system prior to t; is of interest, it
can be assumed that the perturbation is switched on adiabatically, slowly
increasing from zero at t = —oo, reaching its full value at ¢ = fy. Similarly,
the perturbation may be switched off adiabatically at times ¢ > fhax, SO
that it once again is zero at t = co. The ground state at t = —oo, | 1(—00)),
is the ground state of Hy, which is known. Furthermore, since the ground
state is non-degenerate, and the Hamiltonian is given by Hy at t = oo as
well, |y (c0)) can only differ from |1 ;(—o0)) by a phase factor e'?. Hence,

W 1(=00)| T | S(o0, —00)y 1 ()W} (82) | 11 (—00))
G(t; ) =—i , (2.26)
(Y 1(=00)| S(co, —00) [Y 1 (—00))

where it has been used that
e = (y1(~00) [y 1(00)) = (1 (~00)| (00, —00) [y 1 (—00)) .

This procedure does not work at finite temperatures T > 0. In that case,
the thermal average of Eq. (2.8) involves all states, not just the ground state,
and hence non-degeneracy cannot be guaranteed. That particular issue
can be circumvented by using imaginary time (or Matsubara frequencies),
in which case the Green function becomes periodic [99]. Such trickery
is not possible for nonequilibrium systems, however, where |y ;(c0)) gen-
erally cannot be related to |y (—o00)). This motivates the introduction of
a different formalism. It turns out that it is possible to define real-time
Green functions which are valid at both finite temperatures and out of
equilibrium. This can be done by allowing the time dependence to evolve
-not along the conventional time axis — but along a time contour which
eventually doubles back on itself at some time 7*, as illustrated in Fig. 2.1.
In this way, only the ground state at |y ;(—o0)) is required.
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Figure 2.1: Illustration of the time contour along which the contour ordered
Green function G, evolves.

A contour ordered Green function may then be defined as

Gelti; t2) = =i (Tey (v’ (1)), 2.27)

where 9 is an operator which orders the fermion operators along the
contour in Fig. 2.1. Note that depending on where #; and ¢, are located
relative to the contour turning point 7*, several species of Green functions
may be defined,

Gl(n,t) n,ta<t*
G<(t1,1) H<T" bh>T"

Gelti, ) =1 . i (2.28)
G () H>T", b<T

Gl(t,) t,tr>71*

where GT and GT are the time ordered, and anti-time ordered Green func-
tions, respectively. The former is defined in Eq. (2.8). Furthermore
G, 1) =+i (v )y () (2.29)
G (1, 1) == i (y(r)y' () (2.30)
Note that these Green functions are not linearly independent, but are
related through a variety of identities,
G'+GT=G"+G*
GR=0(th-1)(G-G")=G"-G"=G" -G,
G =0(t,- 1) (G -G)=G"-G"=G"-G7,
as is seen by inspecting Eq. (2.9) and Eq. (2.10). Different variations of
the time contour are possible. Transient behaviour from an initial time #

may be studied via the Kadanoff-Baym contour [100], shown in Fig. 2.2a).
Only stationary systems are of concern here, however, in which case it is
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more convenient to let fy — —oo and 7* — oo, as shown in Fig. 2.2b). This
is known as the Keldysh contour [101].

Figure 2.2: Different variations of the time contour. In a) is shown the
Kadanoff-Baym contour, and in b) the Keldysh contour.

Special routines are required in order to perform convolutions along
the Keldysh contour €. Consider a convolution

C=(11, 1) :f dr A(t,7)B(7, t2). (2.31)
€

t; should in this case lie on the upper branch of Fig. 2.2, and #, on the
lower. Integrating over the two branches separately gives

C=(t1, 1) =f dr A(n,1)B(7, t2)+/_ dt A(h,7)B(1, 1)

oo

=f dr [AT(rl,r)B<(r, 1) — A<(t,1)BT (1, tz)],

or equivalently,

C<(ty, 1) = fo dr [AR(t;,T)B=(1,0) + AS(11,D)BA(1,)].  (2.32)
Similarly,

C” (11, 1) =f_°o dr [AR(t1,7)B”(1,0) + A (11, 1) B (1, )],  (2.33)

cRt, ) = f_oo dr AR, 1)BR(1, 1), (2.34)

CA(ty, 1) = f_oo dr AMt,1)BA(T, 1). (2.35)

Egs. (2.32) to (2.35) are the Langreth rules [102], which convert contour
integrals to conventional integrals along the time axis.
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Typically, an additional Green function is defined,
Gy tr v, 6y =i (|wotr, 0, wh',0)]), (2.36)

which is known as the Keldysh Green function. It satisfies GK = G> + G,
and hence its Langreth rule is

cKin, ) = f dr [AR(t,1)BX (1, 1) + AR (1, 1)BA(T, )], (2.37)

—00

Egs. (2.34), (2.35) and (2.37) can be made more compact by introducing
a matrix structure. Including the structure in Nambu®spin space, the
resulting Green function becomes an 8 x8 matrix of the form

(2.38)

(6" G
6= )

In this way, the Langreth rules are automatically incorporated into the
matrix product, so that one only needs to worry about conventional time
coordinates.

GX for a stationary system in equilibrium

For a stationary system in equilibrium, the quantum and thermal average
of two operators satisfies the identity, with H=H- uUN,

(AMBO) = Z7'Tr [e PP ADBO)|
o\ [e‘lm e At/ ()= HY/ hB(O)]
— 7y [B(O)e—,BHeth/h,A(o)e—th/heﬁHe—ﬁH]
= (BO)A(t+iBh).
Applying this to Eq. (2.36), it is clear that GX can be expressed as
GX(t,0)= G (£,0) - G” (t + i Bh,0). (2.39)
By Fourier transforming one then gets
@) =(1-e7) 6> (o). (2.40)
Furthermore,

GR(1,0) - GA(t,0) = —i<{w(t),1/ﬁ(0)}> =G> (1,0)+ G” (t+iBh,0), (2.41)
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which means that an expression for G~ is found to be
-1
G =(1+e7)  (G"©) -G ). (2.42)

Combining Egs. (2.40) and (2.42) thus gives

€
GX(e) = (GR(e) - G*(e)) tanh % (2.43)
The retarded and advanced Green functions are only concerned with the
spectral properties of the system, and the quantity G — G4 is a measure
of dissipation. The Keldysh Green function, on the other hand, includes
the quasiparticle occupation, and thus expresses fluctuations. Hence,

Eq. (2.43) is an incarnation of the fluctuation-dissipation theorem [103].

2.4 The quasiclassical approximation

The quasiclassical approximation is a technique which can greatly simplify
the calculation of Green functions. It requires the existence of a high energy
scale in the system, such as the Fermi energy, Er, compared to which all
other energy scales involved are small. This also implies that the spatial
variations of any external perturbations included in the theory must be
small with respect to the Fermi wavelength Ar. From Eq. (2.23) it can
be seen that the Green function is large if its denominator is small. In
other words, if both the quasiparticle energy € and the term A2k?/2m — p
is smaller than some arbitrarily chosen small cut-off energy E,, then G
is at least of the order E;!, and is thus a large quantity [104]. With yu =
Ep = I? k%/ 2m, it is seen that this occurs for particle momenta close to
the Fermi momentum hkg, which is intuitively reasonable; all of the low-
energy processes should take place near the Fermi level. Furthermore, at
high energies, the kinetic energy dominates all other self-energies (which
are small by assumption), and the system approaches a free electron gas.
The low-energy regime, therefore, encompasses most of the interesting
physics. In order to develop an approximation scheme it is practical to
separate the low-energy part of the Green function from the high-energy
part [105],

Q)
I
QX
+
Q)<

=

(2.44)
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where the indices / and h indicate that the corresponding Green function
is nonzero only in the low and high-energy regimes, respectively,

. Gy, 1k=kpl <6k
G {l K= kel (2.45)

Gj,, otherwise

where 8§k = \/2mE_./h?. Note that G, is much larger than Gy, and as a book-
keeping device, the size of G; can be said to be of order a™! > (E./Ep) !,
whereas Gy, is of order a® = 1.

Consider next the introduction of a potential V (r) with an arbitrary
matrix structure, which has a characteristic size of V/Er ~ a, and is slowly
varying in space with a characteristic wave number g. The equation of
motion now takes the form

h? . . .
£P4+ (%VZ + /,t) I-vn |G, re)=15(r-r. (2.46)

To proceed, it is convenient to transform to the mixed representation,
where one gets

’k?  ih? ).
+—k-Vr+-—V3|I
8m

GR,k)-V(R®GR k) =1,
2m 2m

€ps+ (#—

where the ®-product is given in Eq. (6). To see which terms are negli-
gible, an order-of-magnitude analysis may be performed. In the low-
energy regime, G = G; ~ a~!. The quasiparticle energy ¢/ Er. is restricted
to be of order a by the energy cut-off E.. Furthermore, the difference
(u— h2k?/2m)/ Eg ~ a as well. The gradient terms V »G can be estimated
as being of order gG, since V is its only source of spatial variations. If it
is assumed that |q|/ kg ~ a?, then the fourth term on the left hand side is
of order h2|q||k|/ 2mErp = |q|/ kg ~ a?, whereas the fifth term is of order
h?|q|?/8mEr ~ a*. From a Taylor expansion of the ®-product, known as
the gradient approximation, it is found that

V(R)® G(R, k) =V(R)G(R, k) + %VR V(R)-ViG(R, k)
1 _,. .
- ZV%V(R)V%G(R, k)+... (2.47)

The first term of Eq. (2.47) is of order a® = 1. The term kgVG is of order

a2, as can be seen by differentiation of Eq. (2.23), and hence the linear

gradient terms ViV - VG/Er ~ a. The third term in Eq. (2.47) similarly
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is of order a?, with each consecutive term in the expansion acquiring
an additional power of a. To order a® = 1 in the low-energy regime, the
equation of motion for the Green function therefore becomes

h2k?
2m

5,64+(u— )T—V(R)]GZ(R,k)zf,

which may be solved immediately, giving

h2k?
2m

-1
Gi(R, k) = ) I- V(R)] ) (2.48)

epa+ (.U—

Eq. (2.48) is known as the quasiparticle approximation [106, 107]. Assum-
ing for concreteness that @ = 0.01, and using a typical value for the Fermi
wave vector of kg ~ 1078 cm™![108], the approximation would be valid for
perturbing potentials with characteristic wavelengths of ~ 1 um. This will
turn out to be too restrictive for systems to be studied here.

If the restraint on the spatial variations of the perturbing potential is
relaxed to |q|/ kr ~ a, the equation of motion to order a® =1 becomes

GiRk)-V(R®G(R Kk =1 (249

Eﬁ4+

R’k*  ik? )v
n— 1

+—k-V
2m R

2m

The terms in Eq. (2.47) are now all of the same size, so the series can-
not be truncated. This problem is, however, solved by the quasiclassical
approximation, which is applied by replacing the Green function by a
quasiclassical Green function. It is defined as

. EL‘ .
8(R, k) = L f d¢r G(R, k), (2.50)
T J-E,

where & = h2k?/2m — . The effect of integrating G over ¢y is that the
dependence on k is replaced by a resultant momentum, which is equal to
the Fermi momentum, kg, due to the strongly peaked nature of G. Notice
that while the magnitude of k is locked to the Fermi level, the momentum
direction dependence is retained.

An expression for the quasiclassical form of VG; is also required. By
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direct computation it is found that

i [Ee . i ~ 0 .
- d(kasz f déy kﬁ G +Vq,G

2h?
\/ fdék £t éG,+vg,cg

~ i [2h? . 1Ee 2h? 1 .
=k—\/— G —k d ——G;+Vq, 8
2\ Vet koS [ oo Ted

ke g

== k_Fg +Vq, 8,
where lAcF is a unit vector in the direction of kg. The boundary term has
been neglected, as it falls outside the low-energy regime. Furthermore
the approximation /¢ + u =~ /i has been made, with p = h? k%/ 2m. The
quantity Vg, g is the angular gradient of g, the size of which depends on
the spatial variation of the perturbing fields. Itis assumed to be of the same
size as g/ kr. The integration over ¢ introduces a factor @. Hence, the first
term of Eq. (2.47) is of order a, the second term is of order |q|V &/ kp Ep ~ a?,
and so on.

It seems reasonable to find an equation of motion for the quasiclassical
Green function by integrating Eq. (2.49) over ;. However, this does not
work. On the right hand side of Eq. (2.49), the factor [ would result in
an explicit dependence on the unphysical cut-off E.. A term &y G, is also
present on the left hand side, which hinders the formulation of a closed
equation for g. To avoid this problem, a different equation of motion can
be formulated for the ' dependence of G(r, ', ), as given by Eq. (2.20).
Repeating the above steps then results in

G(R, k) 5k

h2k*  ih?
) -GRk)eVR) =1, (251

€4+ (IJ -
where the operator V is now assumed to act towards the left. Subtracting

Eq. (2.51) from Eq. (2.49), a procedure first introduced by Eilenberger,
removes the problematic terms, giving,

i h? . . .
k- VrGi(R K)+ [ep1 - V(R), Gi(RK)] =0,

where the ® product has been truncated so as to yield an accuracy of order
a in the quasiclassical regime. This amounts to neglecting all gradient
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terms in Eq. (2.47). Since Gl is nonzero only for momenta close to k, the
replacement k — kp can be made in the first term. Integrating over
then results in the quasiclassical equation of motion,

ihvp-VrE(R, ke) + [e04 - V(R), §(R, ke)] =0, (2.52)

with vr = hkp/m.Eq. (2.52) is known as the Eilenberger equation [109].
Note that the matrix structure of ¥ and g4 now takes the form

X X
A X g f )
= = x| (2.53)
g (_fX _gX

where d(e) = a*(—¢), and X € {R, A}.

2.5 Normalisation

There is a problem with Eq. (2.52): it is not unique. In fact, any con-
stant function ¢ = C which commutes with & — V is a solution. To gain
insight into this issue, an alternative derivation of Eq. (2.52), first made
by Shelankov [110], will be presented. Consider the transformation of the
Green function to the mixed representation,

. dk . .
Gr,r) = | ——= G(R, k)e'*T, 2.54
(ri,r?) f R ( ) ( )
where r = r; — r, and R = (r; + r)/2. Notice that G is strongly peaked
at momentum | k| = kg, and nowhere else. Consider, for a moment, the
following trivial rewrite,

- - dk - .
— plks ok
G(ry,r2) = "™ ’f Zn G(R,k)e"* T,

where 6k = k — kr. The low-energy regime is defined by kinetic ener-
gies close to the Fermi level, h2 (k% — k%)/ 2m < E., or equivalently, |6 k| <
E./hvg, where v is the Fermi velocity. To extract only information from
this region in momentum space, note that for large r the rapid oscilla-
tions of the factor e causes the integral to cancel out — except when
|0k| ~ 1/|r|. In other words, the large wavelength limit provides informa-
tion about small 6 k. Hence, assuming that r ~ (E./ hvp)~!, and returning
to Eq. (2.54), it is clear that the combination k- r = kg - r is a large quantity.
An asymptotic expression may be derived by starting with a plane wave
expansion,

e*r =Y @1+ V)il jtkr)Py(k- 1), (2.55)
)
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where j; are the spherical Bessel functions and P; are the Legendre func-

tions. For kr > 1, j; may be approximated as

sin (kr —15) _ 1
kr 2ikr

jl(kr): [(_i)leikr_ile_ikr],
hence,
- 1 . . .
elkr = S L@+ [P,(k- Peikr —p(—k- f)e"’”],
)

where the property P;(—x) = (-1)! P;(x) has been used. Inserting a factor
P;(1) =1 in both terms in the square brackets, and using the property

2RI+ DP(X)P(y) =25(x~ y)
1

gives
ek ~ i [5(1%-f—1)e"’“—5(l%-f+1)e‘”" (2.56)
ikr
Inserting Eq. (2.56) into Eq. (2.54) gives [110]
. ikgr —ikgr
Glrur) =—o s ——8(r,r)+ o3 §-(r,r2), (2.57)
with

y i [ Bk ige—ror s
gi(rlvrz):_f dk — e =k G(R, £ k)
27 J—oco m
i o +i&r/hvg /5 A
=§f dép e FTMEG(R, &4 1), (2.58)
—0Q
where it has been used that & = % — = hvg(k — kg). The functions g.

may be identified as the slowly varying amplitudes to the rapid oscillations
of G. Hence,

2 m eik}:r 2 ) . 5
le(rl’rZ):_W_r (—ki8+ +2ikp?-V184)
m e—ikpl‘ . ) . 3
s (-kig-—2ikef-V1g ). (259)

The equation of motion for the functions g. is found by realising that
Eq. (2.46) may only be solved if, for r; # r»

+ihvpf-Vigs + [€ps— V] g =0. (2.60)
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From Eq. (2.60) it is clear that g, express motion along a straight line
connecting r; and r,. This means that Eq. (2.60) may be solved for a given
constant trajectory direction 7, which motivates a parametrisation using
trajectory coordinates. Indeed, any point r; along a straight line with
direction 72 may be written as

ri=&+n;n, (2.61)

where ¢ is an arbitrary point on the line, and 7; is the location of r; along
the line, as illustrated in Fig. 2.3.

Y
n
m
2
3 r
1

x

Figure 2.3: Illustration of a trajectory between r; and r;, in two dimensions.
71is a unit vector indicating the direction of the trajectory, n; and 1, are
parameters indicating the positing of r; and r, along the trajectory, and
& is an arbitrary point on the trajectory, necessary to uniquely define its
location in space. For simplicity, it has here been chosen to lie along the y
axis.

The trajectory Green function g, is then either g, or g_ depending on
where the coordinate 7; is located along the trajectory, relative to 7,

g§+(&+mn&+n2n) ni>n
g-E+mn,&+n2i) mi<m2

&n(n1,m2) = { (2.62)

Notice that if 71 is chosen such that 71- 7 = 1 when n; > 1, then 71- 7 = -1
when 1, <1)2. Hence,

&n1,12) = é f déy eI G(R, & ). (2.63)
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Consider next the quantity
- 8 L. [ . [SkE) x .
limg,n+¢e,n)—-gn(n—¢€,n) =——1lim déy sin| — | G(R, ¢ ).
e—0 T e—0J) - hUF
(2.64)

The factor sin(¢ e/ hvp) in the limit of small €, has the effect of suppressing
the integrand for small values of ¢ ;. In other words, the integrand becomes
appreciable only for momenta far away from the Fermi surface. Hence,
G may be approximated by a free electron gas. From Eq. (2.23) it is found
that G = —é[v, and so

lim &, (n+&,m) =g -&,m =1. (2.65)

Combining this discontinuity condition with Eq. (2.60), a new equation of
motion, valid also for r; = r» may be defined as

. 0 . . . . .
lhvpagn+ (604 — V)] &n = ihveIs N1 —n2), (2.66)
1
and similarly, if this derivation is repeated for the variable r»,

0 . .
_ihVFWgn +8n (04— Vn2)] = ihvelbn1 —n2). (2.67)
2
Egs. (2.66) and (2.67) finally allows the derivation of Shelankov’s gener-
alised normalisation condition [110]. To do so, observe that the quantity

AM) = 8n(M1,M En(1,1M2) (2.68)

is constant for all  except at the points n7; = 1. This can be seen by
differentiating by n, and inserting Egs. (2.66) and (2.67). Furthermore, the
Green function g,(1n1,12) must vanish as 177 —12 — oo. This means that for
any 1 in Eq. (2.68) satisfying 1 <77y and simultaneously n < n,, A =0, since
the limit 7 — —oo may be chosen without changing its value. By a similar
argument, A = 0 also for n > n1,12. For 1 <n <12, n may be chosen as
12 — €. Taking the limit ¢ — 0 and using Eq. (2.65) then gives

li_)rr&A(nz —¢) =£i£1(1)§n(171,772 —&)8n(n2—¢,Mm2)
=1lim g, (1,72 - €) (8nma+&,m2) = 1)
=—£,(1n1,7M2).
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Similarly, with n, <1 <n; one gets
L@)A(nz +&) = gn(n1,M2).
Summarised one finds the following generalised normalisation conditions,

+8n(M1,M2) M2<n<m
EnM,MEn(n,m2) =40 otherwise (2.69)

—8n(M1,M2) M <N<N2

By subtracting Eq. (2.67) from Eq. (2.66), and taking the limitn; — 1, it
is seen that g,(n,n) satisfies the Eilenberger equation, given in Eq. (2.52),
where uniqueness is ensured by Eq. (2.69). To see how g,(n,n) is related
to Eq. (2.50), consider the quantity

g'm =£i§(1)[§n(n+€,n) +g&nn—e,m)], (2.70)

which must also solve Eq. (2.52). Eq. (2.63) then gives,

= —llm[ déy cos( )G(R &), (2.71)

T e—0

from which it is clear that g’ is indeed the quasiclassical Green function g
from Eq. (2.50), where the only difference is that the hard cut-off of E; in
the latter is replaced by a soft cut-off in the former. Using Eq. (2.65) and
Eq. (2.69), along with the identity

limgm+e,n=limgmnnFe
the normalisation for the quasiclassical Green function is found to be
g=1 (2.72)
where g may be expressed in terms of the trajectory Green function as
(R = lim - (gn m+emTI). (2.73)

The matrix structure of g is given in Eq. (2.38), which means that Eq. (2.72)
results in the conditions

(&™) =1, (2.74)
(&%) =1, (2.75)
gh "+ g ¢" =0, (2.76)
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where Eq. (2.76) may be automatically satisfied by the parametrisation
g =gRh-hgt. 2.77)

The matrix / is referred to as the distribution function. From Eq. (2.43) it
is seen that /2 = I tanh % in equilibrium.

Eq. (2.69) has an interesting corollary [111, 112]. Consider a system
where a boundary is present between two half-spaces, as shown in Fig. 2.4.

>

m
2

Trs

2 x
Figure 2.4: The same trajectory as in Fig. 2.3, but now in the presence of a
half-space boundary, as determined by r;.

The introduction of such a boundary will, of course, alter the Green func-
tion. However, away from the boundary, it must satisfy the same equation
of motion as a Green function g° where the boundary is absent — their
Hamiltonians are identical. A relationship between g and g° may therefore
be established by a similar analysis as was used for Eq. (2.69) by defining
Bm) = g%(n1,m&nm,m1). In this case, however, the limit 7 — co can only
be reached along a direction which does not cross the boundary. Using
Eq. (2.65) and Eq. (2.69), and allowing 77, to approach 7, from above, it is
seen that

lim &, 7+ &, &n (0,1~ €) =1im (&° 1~ £,1) + I) gu(n, 1 - €)

=limg,(n+¢,n),
e—0
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and similarly, with B(n) = &,(n1,m&% (1,12,
im &u (0 +,mgy(n,n - &) =lim (gn(n - &,m) + 1) &, (1.0 - ©)
=lim &, +£,1),
By inserting Eq. (2.73), one finds

(g°-1)(g+1)=0 (2.78)
(&-1)(g°+1) =0 (2.79)

2.6 Impurities

It is also possible to formulate a quasiclassical equation of motion in the
presence of impurities. The impurity potential is assumed to be made up
of alarge number of identical, but randomly located impurities,

Vimp(r) =) U(r-ry), (2.80)

where r; is the position of impurity i. Consider first the case where Viyp
is the only perturbation of a free electron gas. If the unperturbed Green
function is denoted as Gy, then the equation of motion in position space
can be written as

[Got = Vimp(MT] Gr, ¥ =8(r = 1), 2.81)

where the operator Ga 1is short-hand notation for the unperturbed equa-
tion of motion. Alternatively, one can write

G(r,r")=Go(r—r) + f dry Go(r — 1) Vimp (r)G(ry, 1), (2.82)

which can be seen by inserting Eq. (2.82) into Eq. (2.81). In momentum
space, Eq. (2.82) takes the form

Gk, k') = Go(k)8 (k — k') + Go (k) f % Vimp (k — k1)G (K1, k), (2.83)

where Vimp(q) = ¥; U(q)e” 97, Eq. (2.83) may be solved by iteration;

Gk, k') = Gy (k)8 (k — k) + Go (k) Vimp (k — k') Go (k')
. dk Y .
¥ GMk)fﬁ Vienp ( — Jey) Go k) Viemp (R — K)o (K') + ...

=GO+GV+G® + ...
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This process can be repeated ad infinitum, which takes higher and higher
order corrections into account, and is, of course, impossibly complex. If
the density of impurities is large, however, performing an impurity aver-
aging allows for some simplifying approximations [113, 114]. The averaged
Green function is defined as

(G(k, k)imp =] | (% f dr,-) Gk, k) (2.84)

This process is equivalent to replacing the impurity potentials by their
averaged counterparts,

(Vimp (4))imp = <Z U(q)e"""”> =2m)3nU(q)d(q), (2.85)

imp

where n = N/V is the density of impurities. Products of two impurity
potentials become

J

<Ze—i(‘i1+6h)'i‘i> + <Z e—ith'rie—ith'rj>
i imp i#] imp

= U(q)U(q2) [2m)*nd(q + q2) + 2m)°n*6(q1)5 (q2)],

(Vimp (41) Vimp (g2)) imp = <Z Ulge ™y U(qz)e—iq2~rj>
: / imp

=U(q1)U(q2)

where in the second term it has been used that N(N — 1) = N2. Similar ex-
pressions may be found for higher powers of impurity potentials. Inserting
this into the recurrence relation, it becomes clear that each term ends up
with a factor 6 (k — k'), which means that (G}imp is translation invariant — a
reasonable result. Furthermore, the notation can be simplified greatly by
replacing mathematical expressions with the diagrams given in Table 2.1,
along with the instructions that i) momentum is conserved at every vertex,
ii) every internal propagator Go implies momentum integration, and iii) a
factor (27)36(k — k') is added to every diagram.
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Table 2.1: List of diagrams used in the impurity averaging.

Expression Diagram
Gk, k') o
Go (k) ——
ug -
1 q
n X
We thus get
X
et) :
—_—
x X X
c@ l | +
— 1 1 H—f/—>—\\—H ]

where 2 is the irreducible self energy. To second order, it takes the form,

X X

AN

=

I
I
! / \
I
I
I
[ 2 G —

The first term in X is just a constant, which will disappear when the left-
right trick discussed in the previous section is applied, and thus may be
discarded immediately. The accuracy of the second term may be increased
by replacing the internal propagator Gy with the full propagator G. This
amounts to including an infinite number of additional diagrams, giving
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Sk, k') = \
k

Translated back into equations, this results in

. d .
2(k, k') :nf (2733 Uk-q)G(g,9-(k-Kk))U(g-k)

o[ o

- . 1 1
(27_[)3 |U(k—q)|2G(q+§6k,q—56k , (2.86)

where k = (k+ k')/2 and 6k = k — k. In the mixed representation this
becomes

i(R,k):nf dq

oy U= @G, R, (2.87)

where a change in notation k — k has been made.

To find a quasiclassical expression for 2, the momentum integral in
Eq. (2.87) must be restricted to the low-energy regime. This introduces a
factor a (e.g. a small quantity) [104]. Next, it is assumed that the 1mpur1ty
potentlal is of order n|U|*/E2 ~ a. Since in the low-energy regime G =
G; ~a”!, this gives 2 ~ a, wh1ch is appropriate for quasiclassical theory.
The integration measure can be written as

dq = q*dQqdq = 1°vodQgdé,, (2.88)

where dQ is the angular integration measure, and vy = mkg/ h?n? is the
density of states of a free electron gas at the Fermi level. Hence,

$(R, k) ="V f f dé, Uk - ) Ci(R, q)

nvo dQ ailq

= |U(k qF)|f déq Gi(R, q)

innvo

__innvg (4O qIU(k 25(R, 2
= 2 qr)|I"8(R, q). (2.89)

In other words, only a spherical average of the quasiclassical Green func-
tion over the Fermi level remains. The Dyson equation in momentum
space now takes the form

G, Gk, k) - K)=6(k-k), (2.90)
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which in the mixed representation becomes

Rk?  ik? . . .
+l—k-VR)I—Z(R,k)]Gl(R,k):I, (2.91)
2m 2m

€Ps+ (,U—

where 2 ® G; = 2G; to an accuracy of order a. Eq. (2.91) is not closed.
It involves both the full Green function G and the quasiclassical Green
function g, a problem which is easily remedied by integration over .
Repeating the steps made towards obtaining Eq. (2.52) therefore gives,

ihve-VrE(R, kr) + [eps — (R, kg) , §(R, pr)| = 0. (2.92)

In the presence of both an external perturbation V, and the impurity
potential Vimp, a similar perturbation expansion in diagrams may be per-
formed. Tallying up all the diagrams involved, it becomes clear that all
diagrams which were used in the impurity averaging, without any external
perturbations, still appear. Similarly, diagrams of all orders involving only
the external perturbations also contribute. Finally, there are an infinite
number of diagrams expressing cross terms between V and Vimp- Since
each order 7 of V introduces a factor a”, only first order perturbations
(n=1) are included. Furthermore, all cross diagrams are at least an order
a smaller than the impurity self energy = and are neglected. From what
remains, the equation of motion may be formulated as,

ihvp-Vrg(R, k) + [epa— V(R) — (R, kr), (R, kr)] =0. (2.93)

2.7 Diffusive limit

If there is a high density of impurities, the particles may scatter so fre-
quently that all information about momentum direction is lost - it gets av-
eraged out. In this case, the quasiclassical Green function may be written as
a spherically symmetric part, and a much smaller momentum-dependent
part,

g=gs+ke g1 (2.94)
so that g,i is negligible. Note that from Eq. (2.72), this implies that
{&5 8k} =0. (2.95)

Insertion into Eq. (2.89), neglecting g, compared with g, gives

S(R)=-

g.(R), 2.96
ZTimpgS( ) (2.96)
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where Timp = 552 [ i—i"lU (kg — qr)|>. Averaging Eq. (2.93) over kg the

following pair of equations are found,

ihvp . . . .
3V Eit[epa=V, &]=0, 2.97)
ihvpVgs+ [eps—V -Z, gp] =0. (2.98)

In Eq. (2.97), the impurity self energy vanishes, since = oc g;. In Eq. (2.98),
on the other hand, it is assumed that impurity self energy is dominating,
leading to

1
2Timp

VFvgs"" [gsv gk] :0)

which after multiplication with g from the left leads to
8k = ~TimpVr&sVEs. (2.99)
The equation of motion in the diffusive limit can therefore be written as
RDV-gVgs+ileps—V, g] =0, (2.100)
where D = vérimp/ 3 is the diffusion constant. Eq. (2.100) is known as the
Usadel equation [115].
A diffusive normal metal

An infinite diffusive normal metal may be described by removing the gradi-
ent term, and setting V=0in Eq. (2.100). The solution for the retarded
Green function is given as

§R=ﬁ4-

The advanced Green function may be found by using the general identity
of Eq. (2.11), whose quasiclassical Nambu®spin space equivalent is

g% =—pa (&%) pa, (2.101)

leading to

AA:

8" =—Pa.

Finally, the Keldysh Green function is found from Eq. (2.43) to be

X =2p,tanh %
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Chapter 3

Superconductivity

A material may become superconducting at low temperatures if there is
an attractive interaction between the constituent electrons. Naively one
would expect such a phenomenon to be impossible due to the strong
Coulomb repulsion between charges of equal sign. To understand why
superconductivity nevertheless takes place, and in fact, is quite common,
the origin of the attractive interaction will be explored. This discussion
will lead up to a description within the Green function formalism.

3.1 Screeningin an electron gas

The Coulomb interaction between two charges has an infinite range, and
produces a strong repulsion. In a gas of charged particles, this repulsion
leads to a greater average distance between the particles, and results in a re-
duced interaction compared to what would have been the case if they were
fixed in place. This can be thought of as each particle being surrounded by
an oppositely charged cloud, reducing its net charge. To understand how
this effect, known as screening, comes about, a simple model will be presen-
ted, see e.g. [108] for an extended discussion. Consider a charge density
p** introduced somehow to an electron gas, for instance by the insertion
of a point charge Q at some position ry, for which p®*'(r) = Q6(r — ro). The
Coulomb potential generated by such a charge density is found from the
Poisson equation,

1
vzvext(',) — __pext(r), (31)
€0

where € is the vacuum permittivity. The presence of this alien charge
density will induce a response in the electron gas, in the form of an addi-

35
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ind which partially screens p®, so that the total

ext 4 pind yith the potential given as

tional charge density, p
charge density becomes p = p

v2v=—Lom (3.2)
= eopr. .

To proceed, a concept from dielectric materials is borrowed, namely that
Ve js related to V via,

yext = f dr'etr—r V', (3.3)
which gives the relation

1
Vig) = —V(q) (3.4)
q @ q
in Fourier space. Similarly, the induced charge density is assumed related
to V through

(g = x(@V(g). (3.5)
Combining Egs. (3.1), (3.2), (3.4) and (3.5) then gives

e(q)=1- M (3.6)

€0q®
To determine y(q), approximations are necessary, and the simplest of
which is perhaps the Thomas-Fermi method [108]. It is a semiclassical
model, where the energy eigenstates of the system are assumed to be of
the form

27.2
ek, r)=———eV(r). (3.7)
2m

In other words, a dependence on both the wave vector k and the position
r is retained, which only makes sense if V(r) is a slowly varying function.
The electron number density may then be found from the Fermi-Dirac
distribution,

dk 1

M =2 | Gn T hetr i’

(3.8)

where the factor 2 stems from the electron spin, and g = 1/kg T, with kg
the Boltzmann constant and T the temperature. It is assumed that the
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screening of p! is efficient enough for the chemical potential y to be only
negligibly perturbed. The induced charge density must then be given by

P (r) = —e(n[V(r)] —n[V(r) =0]), (3.9)
which, if V is small, can be estimated as
- on
ind 2
— 22V (), 3.10
p"(r)=—e o (r) (3.10)
from which y(q) = —e? g—Z isfound. Itis customary to define q%F =—x(q)/eo,
so that
>
e(q):1+$. 3.11)

Screening in the electron gas is therefore taken into account by making
the replacement €y — €p€ in the Coulomb interaction. For a point charge,
where V™'(q) = Q/eoq?, one finds

Q 1 Q

2T 2 -
€0Eq® €9 q2+qTF

Viq) = (8.12)

In position space, the screened potential has the form of a Yukawa poten-
tial,

1
V(r)= —ge‘qTF"'. (3.13)
4meq |r|

At low temperatures, the Fermi-Dirac distribution may be approximated
as a step function 8(x), and using that
0 m
—Oelk,r)—p) =———086(k—kp),
o (e(ke,r) —p) 2k (k— kg)

with p = h? k%/ 2m, it is found that

on mk?
o m2h?’
which means that
N e?mkp _ 4kg (3.14)
qre = n2eoh?  \ may’ :

where ay = 4megh?/ me? is the Bohr radius. Typically, kg ~ 1/ao, which
means that grr is on the order of k. The conclusion is that an electron
gas is excellent at screening charges.
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3.2 Thejellium model

In a metal, the electrons in the outermost atomic orbitals are quite free to
roam about, leaving behind a lattice of charged ions. A typical Hamiltonian
for these electrons therefore includes interactions between the electrons,
Vee, interactions between the ions V;;, and interactions between the elec-
trons and the ions V;,

hZ
H=——V? 4 p+ Voo + Vij + Voi. (3.15)
2m

To understand how superconductivity may emerge in a metal, a very simple
model will be used, which is called jellium. For concreteness, consider a
box of volume 7 containing N electrons. Both 7 and N are assumed to
be large, but with the electron density n = N/7 remaining finite, which
is known as the thermodynamic limit. The N electrons provide a total
charge of —eN. In the jellium model, the ion lattice is smeared out, giving
a uniform positive background charge density, which in order to maintain
charge neutrality, must be p; = +eN/7 . For a static lattice, the Coulomb
interaction between the ions is then given as

1 2 N?
Vi = 3 iree fd fd /Pz(r)plfr) o C 2 (3.16)
2 4me lr—r'| 2607/6/TF

where the factor 1/2 is necessary to avoid double counting. The electron-
ion interaction is given as

f Pl( r) g drElr=ril — _ e’ N? . (3.17)

Vei = -
2
|r Tl 607/qTF

47‘[60

Hence, both V;; and V,; give a constant contribution in the jellium model.
Furthermore, the second-quantised form of the electron-electron interac-
tion is given as

1 ¢ 1
Vee = 5—= 3 —5—3Cl, 1 Cho_ChiCk- (3.18)

Examining the g = 0 term, which expresses an average over the volume 7,
gives
2

= e N N
vait'- _° (K2 -N), (3.19)
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where N =Y, cz ¢k is the number operator. Anticipating that the operator
Ve will act on an eigenstate of the number operator, N may be replaced
by its eigenvalue N for the sake of this discussion. This means that the N2
term in Eq. (3.19) cancels the contribution from V;; and V;, which is just
a manifestation of charge neutrality. It can also be argued that the N term
in Eq. (3.19) gives a negligible contribution in the thermodynamic limit,
as the average energy per particle is proportional to 1/V — 0, whereas the
average kinetic energy per particle remains constant [98]. Nevertheless, the
important point is that the static ion lattice does not participate explicitly
in the Hamiltonian within the jellium approximation.

3.3 Electron-phonon interaction

As was shown in Section 3.2, the interactions between an electron gas and
a static, smeared out ion lattice are trivially absorbed into the electron-
electron interactions. However, if the lattice is allowed to vibrate this pic-
ture changes, and a new interaction is introduced - the electron-phonon
interaction. In the jellium model, these vibrations take the form of density
fluctuations n;(r, t) = ng ; + dn;(r, t), where ng ; = N;/7 and N; is the ion
number. The charge density is then given by

pi(r,t)=Zen;(r,t)=pio+0p;i(r, 1. (3.20)

Note that the ion number is related to the electron number via N; = N/ Z,
where Z is the atomic number. This perturbation of the uniform back-
ground charge density (which is assumed to be small) generates an electric
displacement field,

V-D(r,t)=6p;(r, 1),
which is related to the electric field via

D(r,t) = eofdr er—-rEU' 1.

Fourier transforming yields
- Eq, 1) = ——6pi(q, 1)
iq- )= ———0pi(q,1).
q-E(q c0e(q) pilq

The force density f induced by this field is given by f = Ep; = Ep; to
lowest order in the charge density perturbation, thus giving

1
iq-f(q,1)= G()E—(q)Pi,05Pi(q, r). (3.21)
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A time variation of the charge density produces a current density J,
which satisfies the continuity equation

)
&691'(", H+V-Jr, 1 =0. (3.22)

Due to the density fluctuations, the continuum has a velocity v, so that
the current may be expressed as J = p;v = pg ; v. Differentiating Eq. (3.22)
and using Newton’s second law, f = Mn; % v=Mng; % v where M is the
ion mass, one then gets

i D+ V- fr =0 (3.23)
a2 P Uy T '

By Fourier transforming in space, and inserting Eq. (3.21) this results in

2

0 Zepo. i
I s0i(q, 1)+ 2P0

ZEPoi 5, (g, 1) =0, 3.24
or Meoe(q) P! (3:24)

which is nothing but a harmonic oscillator, with eigenfrequencies w,

defined as
Z .
wg =] =0 (3.25)
Meoe(q)

Note that for small g, w, approaches a linear dispersion, w; = cq, where

¢ =3vp\/Z2%, and the identity N/¥ = k3/3n% has been used for the elec-
tron density [108]. In other words, the density fluctuations are acoustical
in nature. This is known as the Bohm-Staver relation [116].

The screening effect of the vibrating lattice may be found by consider-
ing Maxwell’s equations for the electric field,

Vx(VxE(r,0n)=—-u 2(](r t)+fdr’e(r—r’)iE(r' 1)
’ O%: 7 ar U

Inserting % J=Zepo;EIM = wqg€oe(q) and Fourier transforming in both
space and time gives

5pi(q,w). (3.26)

W’ E(q,0) =i~ 9

2p LY
q°E(q,0) + poeoe(q) ) e @)

A new dielectric constant may now be defined,

wz
€ep(q,w) =€oe(q) (1 - w—;’) (3.27)
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In this case, the left hand side of Eq. (3.26) takes the form of a (nonlinear)
wave equation. The right hand side represents a source term which de-
pends on 6 p;. The physical interpretation of this is that a perturbation of
the ion lattice propagates as waves throughout the system. An effective
Coulomb interaction, which takes into account the effect of both static
and dynamic screening effects may therefore be given as

Vi) = Y Vg, cf_ crcr (3.28)
kk'q
with
2 2 2
e 1 w
vei(q,w) = 5 (3.29)

€ep(qW)G* €0 q% + Gy, 0%~ 00F
which is shown in Fig. 3.1. Note that for |w| < wy, veff becomes negative,

i.e., itis attractive. Typically, w, is approximated as constant and equal to
the Debye frequency, wp [117].

Veff(q, (1))

—Wgq Wq

Figure 3.1: The approximate screened Coulomb potential due to both
electron-electron and electron-phonon interactions, for an arbitrary q.

3.4 The Cooper instability

In the previous section it was shown that the electron-phonon interaction
in a metal can lead to an attraction between electrons. This has a profound
effect on the low temperature behaviour of such systems. To illustrate
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this, a brief review of the model problem proposed by Cooper will be
presented [56], which will show that attractive interactions lead to an
instability of the Fermi surface.

Consider an electron gas at temperature T = 0. In this case, all states
with energies below the Fermi level, Er, are occupied, and all states with
energies above Er are empty. To this system, two electrons are added,
which then must have energies € > Er. Coulomb interactions between
these superfluous electrons and the occupied states are disregarded, and
hence the Pauli exclusion principle prevents any participation of the latter.
The picture to have in mind is thus that of two electrons skating on a frozen
Fermi sea. The two electrons may however scatter off each other, through
an interaction potential V. The Sherdodinger equation for the two-particle
system may then be written as
2 M,

——Vl - _VZ + Ve(r — 1)

o Y(ry,01;12,02) =€y (r,01;12,02).

Due to the translation invariance of this system, it is convenient to Fourier
transform, which gives

d
(e, +£k2—£)u/(k1,k2)+f# Velky — q)w(q,ky + Kk, —q) =0, (3.30)

where &, = h? kl? /2m, and the spin indices are suppressed for brevity. To
mimic the effect of the electron-phonon interaction, V¢ is assumed to be
attractive within an energy shell of thickness hwp surrounding the Fermi
level, and zero otherwise,

Vo, Ep<éep<Ep +th

Vel(k) = (3.31)
¢ {O, otherwise

The centre of mass momentum, k = (k; + k»)/2 is conserved in the scat-
tering process. Furthermore, introducing 0k = kj — ky, it is clear that the
lowest total kinetic energy

hek® 1 h%*5K?

Ef, t €, =2W+§

2m

is found by assuming that k = 0. This eats up the least of the allotted
energy interval in which V¢ is nonzero, and must therefore maximise
the interaction. This further implies that k; = —k; = k. Defining v (k) =
v (k,—k), Eq. (3.30) becomes

(ex—¢€) (k)—Vfﬂ (9)=0 (3.32)
k W 0 (Zn)swq - Y .
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provided that ey € [Er, Er + hwp]. Acomment needs to be made regarding
the symmetry of w(gq). Due to the Pauli exclusion principle, the wave
function y(ry,01;r2,02) = ¢(r1, 1) x(01,02) needs to be antisymmetric.
If the spin function y(o1,03) is symmetric, which indicates a spin triplet
state, then the orbital part ¢ (r, r») must be antisymmetric. This however
means that ¥(q) is antisymmetric in g, so that Eq. (3.32) only admits
the trivial solution of y (k) = 0. On the other hand, for an antisymmetric
x(01,02), which is the spin singlet state, 1(q) is symmetric in ¢q, and a
non-trivial solution is found by integrating over k,

1
Vo f dk -1, (3.33)
26— €

Using that dk = v(g)de, where v(¢) is the density of states per volume, the
integral becomes

Ep+hwp v(e' 1 2Eg+2hwp — €
vof de YL —VOV(EF)IH(¥) =1
Ep 2¢'—g 2 2Ep—¢

The approximation v(e’) ~ v(Eg) = v is reasonable as long as hwp < Ep.
Solving for the energy ¢ then finally gives

ZHLL)D

~ _ -2/Vyv
m ~2FER Zh(l)De ovo, (3.34)

E=2Ep—

in the weak coupling regime Vv < 1. The conclusion is that the electrons
reduce their energy by forming a bound pair, known as a Cooper pair. This
occurs regardless of the strength of Vj.

3.5 Mean field approach to superconductivity

It is an interesting result that the effective Coulomb interaction between
electrons moving in a lattice has the potential of forming bound pairs
— even more so due to the fact that, under the right circumstances, this
state seems to be preferred. To gain more insight into how this behaviour
can lead to superconductivity in a many-particle system, a slightly more
general model will be described next, namely the BCS Hamiltonian [48]

H=) (ex—p) C]tacka +) ka/C,t,TCik,lC—klckp (3.35)
ko kk'
where, along the same lines as Eq. (3.31),

Vo, Ep<ép,ep <Ep+hw
ka/_{ 0 F <& Ek F D (3.36)

0, otherwise
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To solve Eq. (3.35), the mean field approach will be used. This is done by
defining an operator [98]
dx =c_g| Cry — (C—k| Ck1) (3.37)
Tt Tt
d, _Cch—kl_<CkTC—kl>' (3.38)
di. expresses the deviation from the average of c_g| cx. This gives
cz,1cik,lc_klck1 =dZ,dk + d};,(c_klcm) + dk<c,t,rcik,l> + (c]TC,Tcik,l)<c_klckT)

~dj (c_gycxp) +drlc )+ (el ek er).

In the last line the term d,t, dy has been neglected, under the assumption
that the fluctuations around the average, or mean field, result are small.
By inserting into Eq. (3.35) one gets

H=Y (ex-p)ch cro-Y [Akd,t A+ A |, (8.39)
ko k

where

Ak:_zvk/k<c—k’lck/T>‘ (3.40)
k'

Inserting the expressions for dj and d}; then gives
H=) (ex—p) czackg =2 [Akc};chkl + A} C_ Cky — Ak(c]tlcikp )
ko k
(3.41)

Eq. (3.41) can be diagonalised by a Bogoliubov-Valatin transformation [118,
119]

Y =UkCii — Uk€! (3.42)
Y—k| =UkC_k| + vkc;zT (3.43)
Vi SUChy — ViCokl (3.44)
Y g =uict g+ vick. (3.45)

To ensure that the new operators still describe fermions, they are defined
to satisfy

{Yka ’ Yk’o’} = {Y;;U ’ Y]]Lc/g/} =0, {YkU’YTk/g/}‘ =0kkboos (3.46)
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from which the relation
lugl® + vl =1 (3.47)

emerges. Expressing Eq. (3.41) in terms of the operators y, it can be
shown to take the form

H:ZE]C (Y;;TYICT +Yik1?’7k1) (3.48)
k
3 [26ek - lvel? - 2R gwev) + At el ], 3.49)

if the parameters u; and v are chosen so that they define
2(ek — UKV + A V5 — Apui =0 (3.50)
2(£k—u)u,tv;+Akv,’22—AZuzz =0. (3.51)

The excitation energies, Ej are then given as

Ei=+\/(ex—1)° + 12412, (3.52)

which produces a gap around the Fermi level of width 2A, as illustrated
in Fig. 3.2. For simplicity, uy, v and Ay are assumed to be real. The
constraint in Eq. (3.47) hints at a convenient parametrisation. Defining
ug = sinfy and vy = cos 8y, the solution of Eq. (3.50) readily presents itself
astan20y = A,/ Ey.

In the ground state of this system, there are no excitations, which
means that the eigenstate must satisfy

Yt W) =v_k l@) =0, (3.53)

for all k. Due to the Pauli exclusion principle, one may thus write,

1wy =T Trery-ki10), (3.54)
k

where |0) is the vacuum state of the ¢y, operators. By inserting the expres-
sion for the y operators, |y) becomes, after normalisation,

) = ];[(uk+ vkczTcikl) 10). (3.55)

From Eq. (3.55) it is clear that the parameter vi is the probability of the
pair state |k 1,—k |) being occupied, and ui is the probability of it being
empty.
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The presence of an energy gap introduces an associated length scale.
Setting Ay = Ao for simplicity, this energy gap represents the binding en-
ergy of a Cooper pair. The Heisenberg uncertainty principle then dictates
that the constituent quasiparticles must interact for at least a duration of
T¢ = h/Ap. In a clean material, the quasiparticles move with a velocity of
vp, from which the average size of a Cooper pair is found to be [120]

_ hl/F

=—, 3.56
_y (3.56)

o

where the factor 7 is a matter of convention.

Figure 3.2: The quasiparticle energy band Ej, assuming a constant super-
conducting gap Ay = Ag. For comparison the normal state dispersion is
shown in grey.

3.6 Green functions and superconductivity

It is challenging to study complex systems by attempting to diagonalise
the corresponding Hamiltonian, and hence it is useful to include a descrip-
tion of superconductivity in the Green function framework developed in
Chapter 2.

In a Fermi liquid, it can be shown that the resulting Green function,
after a summation of diagrams, takes the form

1
h2Kk?

G(k) ~ )
R R TE ()

for some self energy X, which depends on the included interactions. The
poles of the Green function determine the energy dispersion e(k), and



3.6. GREEN FUNCTIONS AND SUPERCONDUCTIVITY 47

since the excitation energies for a superconductor are given by Eq. (3.52)
within the mean field approximation, a naive guess would be to expect
Green functions of the form

1
<[ 2
e /(55 — )+ 1akl

when the attractive potential of the BCS Hamiltonian, given in Eq. (3.35), is
treated as a perturbation. This is not correct. In this case, the perturbation
expansion turns out to be unstable [121]. A clue as to why that is appeared
in the discussion of the Cooper instability in Section 3.4. It was derived
in Eq. (3.34) that the formation of a bound state between the introduced
electron pair reduced the energy of this system by a quantity proportional
to e~2/Yovo which becomes singular in the limit V) — 0. Conventional
normal state Green functions are therefore not an appropriate starting
point for a perturbation expansion. This is because the appearance of
superconducting correlations in a normal metal is an example of a phase
transition. The behaviour of the material on one side of the phase trans-
ition is completely different from the behaviour on the other side. Green
functions derived for a normal metal therefore cannot hope to describe
the superconducting transition. For that to be possible, a framework in
which both sides of the phase transition is properly described is required.
This is precisely what the Nambu formalism introduced in Section 2.1
does. Indeed, with the basis defined in Eq. (2.12), it is seen from Egs. (2.15)
to (2.17) that the anomalous Green function,

G(k) ~

Foor(r, t; 7', 8) = =i{T ys(r, Dy ', 1)),

describe the superconducting correlations — they take the same form as
the order parameter in Eq. (3.40).

The attractive potential in the BCS model is constant if the energies
involved are restricted to lie in the interval between Er and Eg + hwp.
Typically, Awp is at least an order of magnitude larger than the supercon-
ducting gap [122]. Hence, to describe physics taking place at the same
energy scales as the latter, it is reasonable to simplify the BCS potential
as V(ky, k) = —Vj, which in position space becomes a simple contact po-
tential, V(ry, ) = —Vp6(r; — ry). Its second-quantised form is then given
as

VBcs = —Vof ar w}r(r)wlr(r)l//l(r)wf (r (3.57)
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As in the previous section, an order parameter may be defined as
A(r) = =Voly | (N (r), (3.58)

where the minus sign is included by convention. Repeating the mean field
analysis then gives,

VBCS:fdr [A(F)WJ{(F)WI(")+A*(")W1(")WT(") ) (3.59)

where the constant contribution has been disregarded. The time evolution
of the field operators is determined by the Heisenberg equation, which
now takes the form

0 o f t

and similarly for the adjoint. By converting to the Nambu basis, and Four-
ier transforming in time, equations for the retarded, advanced and Keldysh
Green functions may be established. The result is

[+Am) |G, rh=16r—1"), (3.60)

i’z 2
04+ | —V°+
EPyg ( u

where A = diag (A, A), and A is a 4 x 4 matrix which takes the form

0 0 0 A

N 0 -A(r) 0

An=1 o A o 0 (3.61)
~A*(r) 0 0 0

Note that {A, pa} =0, which has been used in the derivation of Eq. (3.60).
Eqg. (3.60) has the same form as Eq. (2.46), and hence the quasiclassical
equation of motion for a pure superconductor, the Eilenberger equation,
may immediately be written down as

ihvg-Vg(r, ke) + [eps+A(r), g(r, k)] =0. (3.62)

Similarly, the Usadel equation, which is valid in the diffusive limit, is given
as

ADV-gVg+ileps+A, ] =0. (3.63)

Physics involving the superconducting correlations take place on the en-
ergy scale of the superconducting gap size. By scaling all energies in
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Eq. (3.63) by a characteristic gap size Ay, it is seen that the corresponding
length scale becomes

E=1/—, (3.64)

which is known as the diffusive coherence length. It describes the size of
the Cooper pairs in a diffusive material, and is related to the coherence
length in a clean material, given in Eq. (3.56), via

/hVFlmfp
§= W—\/golmfp-

A uniform superconductor

Consider an infinite, completely isotropic superconductor with a constant
gap Ag = A. In this case, Vg = 0, and Eq. (3.63) may be solved immediately,
giving for the retarded component

A, (3.65)

and similarly for the advanced component. From Eq. (3.65), the density of
states may be computed as

1
V(€)= —=SGE _(r,r;6). (3.66)
T
Its quasiclassical counterpart becomes, with v = (v +v|)/2,
Vo ~ AR
v(r,e) = Z?)?Tr[p4g (r,e)], (3.67)

where v is the density of states at the Fermi level. The result is shown in
Fig. 3.3, where the absence of quasiparticle states for |¢| < A is clearly seen.
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v(€)

Normal state

elN

-1 +1

Figure 3.3: Spin-independent density of states for a uniform supercon-
ductor with gap A. For comparison, the density of states for a normal
metal is shown in grey.

The current density

At this point it is appropriate to discuss the current density. It is defined
from the continuity equation,

0

where p(r) =e <1//Jf,(r)u/g(r)> = en,. The time derivative of the charge
density may be found by applying Egs. (2.6) and (2.7) to n,,4, which gives

b2
0tne,0— at% Vo Waatwa
ih
= (V) vo vy,

=- %V-((Wi)% ~ vy, ).

To express l%p in terms of GX requires some sleight of hand. Rather than
evaluating the products of field operators at the same coordinate r, two
slightly displaced coordinates r; and r; are used instead. This gives the
identity

((Vorb)wo vy = lim - (V1 -V2) (Y rye (). (3.69)
rn—r
By applying the anticommutator relations to Eq. (2.36) it is seen that

s 1
(Wb o) = =5 Gy (rr) + 5 Gri=r2). (.70
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The second term does not contribute to the current, and is discarded.
Hence one finds the following expression for the current density,

he
]—rIILH}Z——(Vl—Vz)TT[P4G (r,m)], (3.71)
where a generalisation to Nambu®spin space has been made, incurring
in the process another factor of 1/2, and a p4. In terms of the mixed
representation Green function, this becomes
he dk de
= —2ikTr[p,GX k,e 3.72
J==8m (2n)3f [p4G™ k. 00], (8.72)
where the integral over € appears due to the fact that the field operators
are evaluated at equal times. Within the quasiclassical approximation, this
becomes

_ evo asly . AK
= 16mf f e Tr [pagX]. (3.73)

In the diffusive limit, Eq. (2.99) may be inserted, which results in

eVOD f deTr [ p4 (8v8)" . (3.74)

Equilibrium currents

The defining characteristic of a superconductor is that it allows for equilib-
rium currents, or supercurrents, which appear whenever there is a phase
gradient in the superconducting gap. To confirm this, consider a gap func-
tion with a constant phase gradient a in the x direction, A(x) = INCEES
with a, for now, undetermined constant magnitude |A|. An infinite dif-
fusive superconductor is assumed, which is described by Eq. (3.63). An
appropriate normalisation for the retarded Green function is [123]
R Icoshf iaysinheeix

“\ioysinh@e™*  —Icoshf )’ (3.75)

which automatically satisfies the normalisation condition given in Eq. (2.74).
The open boundary conditions dictate that the superconductor be uni-
form, which implies that the parameter 8 must be constant. A solution to
Eq. (3.63) is then found by setting y (x) = ax, with 0 satisfying

A hDa?
0 = atanh |E—| -1

sinh@ |, (3.76)
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which is easily solved by fixed point iterations, setting, e.g., |A| = Ay, the
gap of a bulk superconductor with no phase gradient. The charge current
may be found from Eq. (3.74), which turns out to be

1
J= —EevoDa[de%(sinhzﬂ)tanh%, (3.77)
using Egs. (2.11) and (2.43). Note that there is an implicit dependence on

a also in |A], to be discussed shortly.

3.7 The gap equation

Asis typical in all but the simplest mean field theories, the order parameter
A(r) must be determined by self consistency iterations. To do so, Eq. (3.58)
at the centre of mass coordinate r must be expressed in terms of Green
functions. This can be done using the relation given in Eq. (3.70). One
finds that the pair correlation becomes

_ — im Lok
O(r) =y (r, Oy (r, 1) = pl,'lrlllo 2G23(p,T), (3.78)

where Gg. refers to the matrix element in row i and column j of GK 1=
t—t',and p = r — r'’. Fourier transforming in relative coordinates gives

(D(r)—i dk f@GK(rks) (3.79)
"2 em3) o BT '

Hence, within the quasiclassical approximation, one gets
VO ~K
O(r) = Efds 8y3(r,8), (3.80)

where gK is the diffusive quasiclassical Green function (i.e., an angular
averaging has been performed). The order parameter thus becomes

A(r) = -V®(r) = —%/ds gx(r,e), (3.81)

with 1 = Vyvy a dimensionless coupling strength. In order to determine
A(r), one needs to guess at an initial value, solve the Usadel equation a
sufficient number of times, at varying €, for the integral in Eq. (3.81) to
be reasonably estimated. This gives a new value for A(r), and the process
may be repeated until self consistency is achieved. This is in general a
highly nontrivial numerical problem to be discussed further in Section 4.4.
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The gap of a bulk superconductor

Theretarded Green function for a bulk superconductor is given in Eq. (3.65),
from which the Keldysh Green function may be found from Egs. (2.16)
and (2.36). When inserted into Eq. (3.81), this leads to the following gap
equation,

1 hwp J tanh %
2= fA ¢ (3.82)

where the Debye energy Awp has been used as a cut-off. In the low-

temperature limit, tanh% =~ 1, in which case one gets, after some al-
gebra [87],

wp = A cosh L (3.83)
On the other hand, A =0 in the limit of T — T, the critical temperature of
the superconductor, which gives [117, 124]

1 hwp  tanh ﬁ;
A 0 €
h h Bchwpl2 1
=tanh 4 ZwD ln(ﬁCde) _fo dz co:hzzz’

with B = 1/ kg T,. In the weak coupling limit, with hwp > .1, one gets

1 h 27 ek
—=ln(’BC ‘”D)—ln(i)zln(—e e wD),
A 2 4eY b4

where v is the Euler-Mascheroni constant. Hence, in this limit,

_mksTe 15

= 3.84
wp Shel ( )

Combining Egs. (3.83) and (3.84) results in the relation, with A « 1 in the
weak coupling limit,

A= lka T.=1.76ksT,. (3.85)
e
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Equilibrium currents - revisited

Returning to the problem of finding the supercurrent in a uniform super-
conductor, the task at hand is to find the correct energy gap. Using the 6
parametrisation in Eq. (3.75), along with Eq. (3.83), the gap equation takes
the form

1 th
A= —f deR sinh 6 tanh
0

acosh EX’—D
0

Be
—, 3.86
5 (3.86)
where A is gap with no currents present. Starting with A = Ay, Eq. (3.76)
may be solved to find 8, which is inserted into Eq. (3.86) to produce an
updated value. This procedure is repeated until convergence is achieved,
resulting in Fig. 3.4

) Al

J1Jo

ag

0.5 1 1.5

Figure 3.4: Size of the energy gap and the supercurrent as a function of the
phase gradient a, given in units of the superconducting coherence length
¢. The supercurrent is scaled by Jy = evoDAg /€.

For low values of the phase gradient, |V¢| = a, the supercurrent is approx-
imately proportional to a, but as the gradient becomes larger, the increase
in kinetic energy eventually results in a suppression of superconductivity.

3.8 The influence of a magnetic field

When a superconductor is exposed to a magnetic field, interesting things
happen. A superconductor can exhibit perfect diamagnetism, which
means that any entering magnetic flux is screened by circulating supercur-
rents — a phenomenon known as the Meissner effect [47]. For an increasing
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magnetic field, this complete screening can persist until the supercon-
ductivity is quenched, which is the case for type I superconductors. An-
other possibility is that flux lines eventually begin to penetrate, creating
topological excitations known as vortices. This is known as type II super-
conductivity. To study such effects, it is necessary to include a magnetic
field B in the Green function formalism. This is done by altering the ?V
operators to properly represent the canonical momentum,

h h- h
7V—>7V: ?V—eA(r), (3.87)

where e is the elementary charge, and A is the vector potential, which
satisfies B =V x A. There is a certain freedom in the choice of 4, in that any
transformation A = A’ + Vy leaves the magnetic field B unchanged. This
gauge transformation modifies the wave function by a phase, ¢’ = ye'et/",
and hence the Green function by

G (ry, 1) = "X G(p, ) e~ i€X T (3.88)

where ¥ (r) = y(r) §4. Multiplying Eq. (3.60) with e?¢¥™/% from the left, and
e~1eX()/h from the right one finds that the equation of motion remains
invariant if

and hence
A'(r) = A(r)e?iexm’n, (3.90)

The conclusion is that a gauge transformation results in a modification
of the order parameter phase. From this it is clear that a gauge invariant
phase, ¢, may be defined as

Vg =V — z—heA. (3.91)

To introduce a magnetic field to the quasiclassical equations of mo-
tion is conceptually simple, but there are a few intricacies that warrant
discussion. Consider the gauge invariant quantity

Qr1,12) =ViG(r1,12) — G(r1,12)V5

ie . 2 v ie . 2
=(V1—EA(r1)) G(rlyrz)_G(rl;rZ)(VZ_EA("Z)) ,
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which appears in the equations of motion when performing the left-right
subtraction trick necessary to obtain Eq. (2.52). The vector potential takes
the form A = diag (+ AI, — AI) in Nambu®spin space, and A = diag (A, A)
in Keldysh space. In the Coulomb gauge, V- A = 0, the mixed representation
of Q becomes

Q(R,k)=2ik-%é—{%[1, vé}, (3.92)
where the gauge covariant derivative now takes the form
_ e «
szvR—E[A,-]. (3.93)

This redefinition emerges as y(r;) — ¥(R) in the mixed representation
equivalent of Eq. (3.88). Note, however, that Eq. (3.92) is no longer gauge
invariant. This property has been destroyed in going to the mixed repres-
entation. To remedy this, a gauge covariant Wigner transformation may be
used [125-127]. Alternatively, assuming that the size of the vector potential
is on the order of e|A|/ pr = @ < 1, the anticommutator in Eq. (3.92) may
be neglected. Hence, gauge invariance is retained to this level of accuracy.
It is the latter approach which will be used here. This has consequences
for the treatment of spin-orbit coupling, encountered in Section 6.7, in
that magnetoelectric effects cannot be described. Repeating the steps
leading up to Egs. (2.52) and (2.100) produces identical equations, with all
gradients replaced by Eq. (3.93).

3.9 The Meissner effect

The Meissner effect is the expulsion of magnetic fields from supercon-
ducting materials. This occurs since the presence of a vector potential
induces a phase gradient, as indicated by Eq. (3.91), thereby producing
a supercurrent. The supercurrent, in turn, generates its own magnetic
field, cancelling the applied field. In other words, superconductors exhibit
perfect diamagnetism. To describe this effect it is necessary to determine
how the supercurrent influences the vector potential. From one of the
Maxwell equations one gets

VZA=—-uol, (3.94)
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where g is the vacuum permeability and, as before, the Coulomb gauge,
V- A =0, has been assumed. Inserting Eq. (3.74) leads to

D ~
VA= 'e'“l‘)—g‘) f de [ pa (§98)"], (3.95)

which generally must be solved by iteration, similar to what was the case
for the gap equation in Eq. (3.81).

The magnetic field in a superconducting half-space

To get a sense of the screening effect of a superconductor, consider a
superconducting half-space, taking up the region x > 0. For x <0, there
is vacuum. A uniform magnetic field is applied, for which a reasonable
choice of gauge is A = Bxey, where ey, is a unit vector pointing in the y
direction, parallel to the interface. The currentis thus given from Eqgs. (3.74)
and (3.93) as

evoD . .0
Jy =5 fdeTr P4 g@g

evon ( [A R0 .p
d T —
3 € |RTr | p4§ dy

K

)

+ %Ay%Tr[(ng)z])tanh%. (3.96)

The Green function g may be found by inserting the parametrisation in
Eq. (3.75) into Eq. (3.63), replacing all gradients with their covariant deriv-
atives, V — V, in which case one finds that § must satisfy

Al 4€* DA

——i

0 = atanh sinh @

) (3.97)

analogous to Eq. (3.76). Assume next that the applied magnetic field is
sufficiently small to neglect all terms of order A?, and higher. In that case it

is seen that 0 =~ atanh '?—', which means that the first term in the integrand
of Eq. (3.96) does not contribute to the current. Hence, one gets

Be

_ €2V0D
2

Jy= i

Ay f de Ssinh” 0 tanh (3.98)

To proceed, note that

1

Ssinh®6 = [AI*S ,
€2 —|A]? +isgn(e)n

= —sgn(e)m|AI*8 (¢* - A7),
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where 7 is an infinitesimal quantity. This results in

ne*voDA , BA

]y: 7

Aytan
For low temperatures, tanh ﬁz—A =~ 1, and the superfluid density, n, is ap-
proximately equal to the electron density. The latter gives the identity
nvoDA/ I = nglyg/ mo, where Iy, is the mean free path, m is the elec-
tron mass, and ¢ is the ballistic superconducting diffusion length, given
in Eq. (3.56). One thus gets

21
nge
=D by, (3.99)

m  &o

y

which is a diffusive version of the London equation (128, 129], differing
from the ballistic version by the appearance of the factor /,,/{o. Inserting
Eqg. (3.99) into Eq. (3.94) gives
# 1
T4 = ﬁAy’ (3.100)

where A is the diffusive penetration depth, and may be expressed in terms
of the London penetration depth, A1, = \/m/ ugnse?, as

A=A o (3.101)
lmfp

The magnetic field profile B;(x) is found by solving Eq. (3.100) and using
that B =V x A. By setting B, (0) = B, the applied field, one gets

B,(x) = Be ¥, (3.102)

Hence, A dictates the distance over which an applied field vanishes in a
superconductor.



Chapter 4

Numerical solution methods

The equation of motion for the Green function, even after performing
the quasiclassical approximation, and taking the diffusive limit, is still
a challenge to solve. In fact, the Usadel equation, given in Eq. (2.100),
is a system of eight nonlinear partial differential equation. Obviously,
there is little hope of solving such a system analytically in any but the
most trivial of cases, and so this chapter is concerned with numerical
solution methods. The finite element method will be introduced, which
is a numerical framework capable of solving the Usadel equation very
efficiently, and for arbitrary model geometries. In addition, other technical
details, such as self consistency acceleration, will be discussed.

4,1 Parametrisation

The Usadel equation, given in Eq. (2.100), is the equation of motion for
the 8 x 8 quasiclassical Green function g. In equilibrium, it is sufficient to
find the 4 x 4 retarded component g%, since g4 is given by Eq. (2.101), and
&X from the quasiclassical version of Eq. (2.43). Nonequilibrium systems
require in addition the distribution function 7, which is a separate issue to
be discussed in Section 4.3. To ease the numerical solution of the Usadel
eqaution, the retarded Green function is parametrised as

r_(N 0)(I+yy 2y
& ‘(0 N\ 27 —U+p)’ @D

where N = (I - yf/)_l, N=(I- )7}/)_1, and ¥(¢) = y* (—¢). This is known as
the Riccati parametrisation [130-132]. The Usadel equation may thus be
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expressed in terms of the 2 x 2 matrices y and ¥ as

DV2y+2DVy-N}7Vy+2i£y—AUy+A*yayy—iV117+iyV22:O, (4.2)
DV2)7+2DV)7~NyV)7+2i£)7+A*Uy—Af/ay)7+in*sz—i}”/Vz*z=0, (4.3)

where an arbitrary self energy V= diag (V11 V»2) has been included.

4.2 The finite element method

The most common method of numerically solving a partial differential
equation is by using the so-called finite difference method, in which de-
rivatives are discretised on a predefined grid % = (firk, j— fi-k,j) 12kh,
with vertices at i and j, and lattice spacing h. This is a simple, and of-
ten sufficient method of obtaining approximate solutions, but it has a
significant disadvantage. Since the differential operators within the fi-
nite difference method are non-local on the grid, i.e., the derivative at a
given point depends on function evaluations at its neighbours, the grid
must be regular in some sense. In practice, this means that working with
non-rectangular geometries is generally very difficult. Furthermore, the
application of boundary conditions is challenging as well, with each new
system to be considered often requiring individual treatment in order to
formulate a proper numerical scheme. These issues are handled much
more elegantly by the finite element method, which will be discussed in
the following. For brevity, a change in notation will be made, so that both
Y and ¥ is described by a single vector

I'=(yn Yz Yz Y2 ¥u 712 721 7722)T, (4.4)

where y;; and y;; refer to row i and column j of y and ¥, respectively.
Egs. (4.2) and (4.3) may then be written as

VI @ = QW (y, 7, Vy, V§). (4.5)

In other words, Eq. (4.5) represents eight coupled equations, where Q¥ is
to be understood as a function which performs all the necessary matrix
multiplications of Egs. (4.2) and (4.3), and then extracts the appropriate
element a, in accordance with the labelling in Eq. (4.4). While doing this
by hand is a Herculean task, it is trivial on a computer.

A differential equation requires boundary conditions in order to be
properly posed. The quasiclassical boundary conditions to be used with
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the Usadel equation will be discussed at length in Sections 5.1 and 6.4.
Here, it will be sufficient to assume boundary conditions which are either
of the form

A-vI@ = @y, ), (4.6)
where 71 is an outwards-pointing surface normal, or of the form
1@ =c@y,y). 4.7)

Eq. (4.6) and Eq. (4.7) are called Neumann, and Dirichlet boundary condi-
tions, respectively.

The finite element method requires the weak formulation of the dif-
ferential equation. This entails transforming Eq. (4.5) into an integral
equation by first multiplying with a, for now unspecified, scalar test func-
tion v(r) and integrating over the volume to be studied, Q. This gives

—f dr V' . vy + dSﬁ-VF(“)v—/ Q@Wy=o, (4.8)
Q Q

0Q

where 0Q) is the boundary (surface) of Q. Notice that for the Neumann
boundary conditions, Eq. (4.6) may be inserted directly into the second
term of Eq. (4.8). Dirichlet boundary conditions may be imposed approx-
imately by introducing a Neumann boundary condition (or more correctly
a Robin boundary condition) of the form

A- VI @ = A (19 - ), (4.9)

where A is a parameter chosen large enough, e.g., of order 10'°, for the left
hand side to be completely negligible compared to the right hand side, and
may thus vary freely. This is known as the penalty method — a deviation
from the boundary condition is heavily penalised.

Figure 4.1: Example of the division of a geometry Q into elements, forming
a mesh.
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The analysis so far, with the exception of the treatment of the Dirichlet
boundary condition, has been exact. In order to reduce Eq. (4.8) to alinear
algebra problem fit for the computer, an appropriate basis needs to be
introduced. This is where the discretisation comes in. The finite element
method consists of dividing the model volume into small pieces, called
elements, as shown in Fig. 4.1 for an arbitrary geometry Q. Within each
element, the solution I' is expanded in a finite basis of known functions

b,

N

I @)=y 1%¢;(r), (4.10)
i=1

where the expansion coefficients I' E.“) are independent of position. This
is known as the Galerkin approximation [133]. The basis functions ¢;
are typically polynomials, which means that the accuracy of Eq. (4.10) is
increased either by considering smaller elements, or higher polynomial
order — in accordance with the Stone-Wierstrass theorem [134]. The order
of the polynomial is denoted as the order of the element. Similarly, the
test function v is chosen as

N
v(r) =) ¢i(r). (4.11)
i=1

Consider now an element with volume Q.. The most common choice
for basis functions are the Lagrange polynomials, which in one dimension
are given as

N
X—Xm
;= : 4.12
i nl;ll Xi = Xm 12
m#i

This is a basis which interpolates between N preselected points within the
element, with coordinates x;. These points are known as the nodes of the
element, and must be placed such that all the symmetries of the element
are equally represented, in order to avoid a geometrical bias. The basis
functions for the so-called TRI6 element, which is a triangular second
order element, are given in Fig. 4.2.
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Figure 4.2: The six basis functions used in the description of the TRI6
element, which has six nodes. It is a second order element, meaning that
the basis functions are quadratic polynomials.

The contribution to Eq. (4.8) from one element is now given as
—Zf drVe; -V, + Zf dSD\™¢; —Z[ QWep;=0, (4.13)
ij /e ij JOQe ij JQe

where D@ is either given by the right hand side of Eq. (4.6), or the right
hand side of Eq. (4.9) depending on the choice of boundary conditions.
The surface integral over 0Q, is nonzero only if the element domain Q,
intersects with the boundary. Furthermore, while it was possible to factor
out the expansion coefficient FE.“) in the first term of Eq. (4.13), this is in
general not possible for the second and third terms.

Where the finite element method really shines is in its representation
of geometry. This is done by allowing the elements to deform. This de-
formation can be described by the same basis function as T,

N N N
x=) i), y=> i), z=) .
i=1 i=1 i=1

Such elements are referred to as isoparametric. The point is that for a
geometrical model made up of a mesh of elements with various distortion,
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it is sufficient to store information about a single undistorted reference
element, along with a Jacobi matrix J which describes the distortion of
each individual element, as illustrated in Fig. 4.3. Note that the latter needs
to be computed only once, at the moment of mesh generation.

n
[ 9
y
A
L] ¢
° ° ®
x

Figure 4.3: Illustration of a coordinate transformation of a QUAD? ele-
ment (quadrilateral element with nine nodes), which converts a distorted
element into an undistorted reference element.

Hence, expressed with the coordinates of the reference element, p =
(&,1,0), the integration measure in Eq. (4.13) becomes dr = dp |J|, and
the gradients V = J ‘1Vp. Finally, the integrals are found by numerical
quadrature, i.e., the integrals are replaced by sums of function evaluations
at specific points p,, known as quadrature points, multiplied by a weight
factor wy,. Eq. (4.13) thus becomes

L (r)=F, (4.14)
with
LG, (0) = wn |11 (771 Ves TV I + Q0 ¢5) 1Dy |
n —FPn

eij

’

P=Pn

Foj=Y walJs|D¥¢;
n

where D has been split into two contributions, D;“) and D;}“), the former
of which depends on y and ¥, whereas the latter does not. Note that D(®
only gives a contribution on the surface of the mesh, where the coordinate
transformations are described by the Jacobi matrix J;. The notation I rep-
resents a matrix with elements FE.“). Both w,, and p, are predefined, and
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depend on the integration method selected. The number of quadrature
points are typically chosen to be the same as the number of nodes in the
element, which is known as full integration.

The discussion so far has been concerned with the contribution from a
single element, and hence for each element in the mesh, Eq. (4.14) applies,
which is a dense matrix equation in the nodal indices of that particular ele-
ment. Assembly of a global matrix equation, which takes into account the
entire mesh requires little more than a simple relabelling. Indeed, rather
than using a nodal numbering scheme which is local to each element, a
global numbering scheme may be used instead. Note that some nodes
are shared between several elements, but most are not. Hence, the dense
elemental matrices L, and F, may be replaced by sparse global matrices
L and F. Furthermore, T is thus to be understood as the solution for all
the eight components in y and ¥, at every node in the mesh.

The nonlinearity of the Usadel equation is apparent in the fact that
Eq. (4.14) is a nonlinear matrix equation, and must be solved by iteration.
To proceed, assume that from iteration k to iteration k + 1, I'y changes by
a small increment I. In that case Eq. (4.14) may be linearised to give,

L9 (Tpar) =L (Tp + 1) = L9 (1) + KPP
After a slight rearrangement, one gets
k@1 = g, (4.15)

from which one finds l“gc"fl = l“gc‘” +1 ,(c“). The matrix K is called the tangent
stiffness matrix due to the resemblance of Eq. (4.15) to Hooke’s law. It is
given as

K@) _ oL@ Ejrk)
B
or}
~ T aQ(a) aD(a)
=L wn 11| 8ap U] TIVO+ 5| - Ul
n or, or, p=p

Moreover, the residual is given as
RY-—fp_@ (rk) .

Solving the linear system Eq. (4.15) therefore provides I, given know-
ledge about I';.. Starting with an initial guess I'y, this process is repeated
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until the residual vanishes within a chosen accuracy — a procedure known
as Newton-Raphson iterations. Throughout this work, extensive use has
been made of the finite element library libMesh [135] as well as the compu-
tational toolkit PETSc [136-138]. The ability of the finite element method
to model superconducting hybrid structures is explored in several test
cases in Paper 1.

4.3 Auxiliary solvers

More complicated systems requires the solution of supplementary equa-
tion systems, in addition to solving Egs. (4.2) and (4.3). These systems will
be briefly reviewed in the following.

Nonequilibrium systems

In a nonequilibrium system, gX is no longer trivially found from Eq. (2.43).
Rather, it depends on the distribution function / via Eq. (2.77). The distri-
bution function is block diagonal in Nambue®spin space, which means that
it can be expressed in a basis of the eight p-matrices, given in Eq. (1) [139],

7
h=Y pphy, (4.16)
n=0

where h,, are scalars. To find an equation for f, the Keldysh compon-
ent of Eq. (2.100) must be considered, which after inserting Eq. (4.16)
becomes [140]

AmnV?hy+ by - Vhy + Cmnhy =0, (4.17)

with
amn =3 DTe (P~ pm&"Pn). 4.18)
b :Vamn+iDTr(,én Om8TV R — pmpngive?), (4.19)

i & A A A & A 1(aRA A A
cmn == 7T ([, prpmg". N+1E, pml (8%Pn—0ng")), 4.20)
where £ = £, — V. The thing to notice about Eq. (4.17) is that it is linear
in h. Furthermore, Egs. (4.2) and (4.3), which determine gR and gA are
independent of & an can be computed separately. By introducing the same
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formalism as described in Section 4.2, the resulting numerical problem to
be solved takes the form

K,h=F, 4.21)

where h=(hy hi ... h7)T, K;, is the stiffness matrix found from the
equation of motion, given in Eq. (4.17), and F is a force vector which
in practice will include contributions from the boundary conditions, to
be discussed in Chapters 5 and 6. At a given quasiparticle energy ¢, a
nonequilibrium system may thus be studied by first finding the retarded
and advanced Green functions from Eq. (4.15), and then solving Eq. (4.21),
using the same mesh in both cases. The major difference between these
two equation systems is that while the former is a nonlinear problem, and
thus requires tens of Newton-Raphson iterations to converge, the latter is
linear, and is solved in a single step. The distribution function is therefore
much faster to obtain.

The vector potential

When studying the Meissner effect, an additional solution step is required
in order to obtain the vector potential A from Eq. (3.95). This proceeds in
the same way as for the nonequilibrium distribution function / — it is a
three-component linear partial differential equation for which a stiffness
matrix K4 may be established. There are, however, a few differences. First
of all, it must be solved iteratively until self-consistency is achieved, since
the vector potential influences the superconducting gap, which in turn
modifies the current density. Fortunately, an update of the vector potential
happens rather infrequently during the solution process. It is required at
most once every gap iteration, which means that this solution step can be
significantly more resource intensive than the Usadel equation without
resulting in a noticeable increase in computation time. This observation
is beneficial, as finding the proper vector potential requires modelling the
vacuum surrounding the materials of interest.

The numerical solution of Eq. (3.95) is done by creating an additional
rectangular model Q 4 in which the system model Q2 is embedded, as shown
in Fig. 4.4. While the Usadel equation is solved solely in Q, the Maxwell
equation is solved in both Q and Q 4, enforcing continuity atI';, the bound-
ary between the two regions. Typically, the influence of a uniform mag-
netic field, Bexy, is sought, which gives no explicit contribution to Eq. (3.95).
Hence, it is convenient to define a = A — Aey. The vacuum region Q4
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should be chosen large enough for the magnetic field to be equal to the
external field at the outer boundary, which implies the boundary condition
Vxa=0atls.

In practice, boundary conditions involving tangential derivatives have
proven troublesome. However, because Q 4 is rectangular, they can be
avoided by imposing the boundary conditions

n-V(n-a)=0,
L (4.22)
a-nn-a)=0
for surfaces where Bey - 71 = 0, with 71 the surface normal, and
a=0 (4.23)

for surfaces where Bey||7i. Notice that these boundary conditions im-
plicitly satisfy V x @ = 0. Furthermore, they decouple when the surface
normals are aligned with the Cartesian coordinate axes of the system,
thereby giving a well-posed boundary value problem.

Figure 4.4: When studying the Meissner effect, it is necessary to embed
the model geometry Q into a rectangular vacuum region Q 4. The Usadel
equation is solved only in Q, whereas the Maxwell equation is solved
in both Q and Q4. Continuity is enforced at the boundary I'1, whereas
Egs. (4.22) and (4.23) are imposed on I',.
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4.4 Fixed point acceleration

The most challenging part of studying superconducting systems numer-
ically with the Usadel equation is finding the correct superconducting
gap A(r), which is determined from Eq. (3.81). Notice that its determina-
tion requires computing an integral over €, which means that the Usadel
equation must be solved several hundreds, if not thousands, of times for
varying € in order to obtain an accurate approximation of the integral. Fur-
thermore, the Keldysh Green function ¢X, which appears in the integrand
on the right hand side of Eq. (3.81), depends on A(r). Hence, the problem
at hand is one of the form

A=F(A). (4.24)

Lumped into the function F are all the efforts which go into computing
&K and performing the e-integral. Its exact dependence on A is there-
fore unknown. In addition, its evaluation is extremely resource intensive,
which motivates using a method that solves Eq. (4.24) with as few function
evaluations as possible. The simplest way of solving it is by fixed point
iterations, where an initial guess for the gap, Ao, is made, and the next
iteration found from Eq. (4.24), so that one gets

Apt1=F(Ap). (4.25)

The convergence criterion is then that the change in the gap from one
iteration to the next, 6,+1 = |A,+1 —Ayl, should be less than some given
tolerance. This iterative procedure works, and it is straightforward to
implement, but it has the significant drawback that its convergence is
slow. Hence, unless one is able to come up with an accurate initial guess,
a large number of iterations are required. For this reason, two methods of
accelerating Eq. (4.25) will be explored in the following.

Steffensen acceleration

The most famous method of finding a root of a function f(x) is perhaps
Newton’s method, where the solution of f(x) =0 is found iteratively via the
formula

f(xn)

f(xn) ’

Eq. (4.24) can be transformed into a root finding problem by defining
f(A) = F(A) — A. A challenge in the application of Newton’s method then

Xn+1=Xn—
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becomes finding the derivative f'(A). Note that after discretisation, A is a
vector containing N values, where N is the number of nodes in the mesh,
and so finding the correct slope of f(A) requires determining the N x N
Jacobian matrix — an impossible task in practice. Instead, the multidimen-
sionality of the problem will be ignored, and each element of A is assumed
independent of the rest, thus reducing the problem to N separate root
finding problems. In that case, f'(A,) for a particular iteration n may be
approximated as

f(An+1) —f(An) — An+2 _ZAn+l +An
An+1 _An An+l _An

iy = ) (4.26)

where Eq. (4.25) has been used in the second equality. With a slight rela-
belling of indices one then finds

(An—l _An—2)2
ANy —2A, 1 +A, 2 ’

Apy1=Ap-2— (4.27)
This is known as Steffensen acceleration. Eq. (4.27) requires as input the
three previous iterations. This means that it must be initialised by three
fixed point iterations, after which Eq. (4.27) may be used exclusively to
produce the next iterations. However, experimentation has shown that it is
beneficial to the stability and convergence rate of the numerical iteration
procedure to use Eq. (4.27) more sparingly. Improved performance has
been observed if k > 3 fixed point iterations are made between every
application of Eq. (4.27). Hence, the recommended iterative scheme is

Ap1—An-p)*
An_1=An->) n=zk,

An+1 — An_z - Ap=20p-1+Ap—2 (4.28)
F(A,) otherwise,

where z €{1,2,3,...}. The integer k is likely to vary from problem to prob-
lem, and must be chosen by the analyst.

Steffensen acceleration is efficient when the spatial variation of the
gap is low. In particular, its performance is significantly poorer if there are
phase gradients in the system. This is presumably because the coherence
between the gap value at different nodes is ignored.

Anderson acceleration

An acceleration method which, in contrast to the Steffensen method, takes
into account that A is a vector in RY is Anderson acceleration [141, 142).
Consider again the quantity f(A,) = F(A,) —A,. Its norm is a measure
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of the residual of a given iteration n, i.e., the deviation from a converged
solution. In the Anderson acceleration method, the next iteration of the
gap, A4 is constructed from the M, previous iterations in such a way
that the residual is minimised,

My

Ap1= ) Wiln- M+, (4.29)
j=0

where the weight factors w; satisfy
M,
Y wj=0. (4.30)
j=0

To determine appropriate weight factors, the previous M, residuals are
collected into a matrix R;,,

Ry=(fAn-m) f@npe) ... f(AR), (4.31)

which then becomes an N x M, matrix. The weight factors are chosen by
minimising the norm

L=|R,w|? (4.32)

withw=(wo w1 ... wu,) " Inother words, this is a constrained least
squares problem, and the resulting weight factors w; will be small if their
corresponding residual f(Ay-p,+;) is large. This means that the next gap
iteration, as given in Eq. (4.29), may be interpreted as a linear combination
of previous iterations, where those A; which produced a small residual
are favoured.

Eq. (4.32) can be made more convenient by reformulating it as an
unconstrained least squares problem. This is done by the coordinate
transformations [143]

6o, j=0
wj= 9]'—9]'_1, 1=sj<M, (4.33)
l_gMn—]) ]:M}’l

With these new weight factors, which automatically satisfy Eq. (4.30),
Eq. (4.32) is given as

L=1f(Ay) - R,0/%, (4.34)
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where = (6 60: ... GM,,)T,and
Ry=(6f(An-nm,) 8fDn-prry+2) .. 8f(An-1)), (4.35)

withé f(A;) = f(Aj+1)—f(A}). The vector @ which minimises Lin Eq. (4.34)
may thus be found as

0 =R, f(An), (4.36)

where, f?fg is the Moore-Penrose pseudoinverse of R,,. Finally, A4+, is given
as
n-1

Apr1=FA)+ Y (FAj+D) = FA))0j-nim,. (4.37)
j=n—-M,

Theinteger M, is typically chosen as M, = min(#n, m), where m isa memory
factor. This means that the number of columns in R, increases by one
every iteration until all m previous iterations are included. m should not
be chosen too large, as early gap iterations are usually poor. A suitable
value for m is problem dependent, but m < 10 is often sufficient.



Chapter 5

Superconducting hybrid
structures

In the BCS model for conventional superconductivity, the attractive po-
tential between the quasiparticles is, if only energies lower than Awp are
considered, approximated by a contact potential, V (r — r') = =V (r — r').
This potential is local in space, and so a hybrid structure, i.e., a supercon-
ductor attached to non-superconducting materials, may be modelled by
allowing Vj to be nonzero only in the former. At interfaces the potential
therefore takes the form of a step function. However, the superconducting
correlations do not respond immediately to such a change in potential,
but may persists for a distance into an adjacent non-superconducting
material on the order of the thermal diffusion length {1 = /hD/27kgT.
This is known as the proximity effect. Such hybrid structures allow for the
combination of superconductivity with other quantum phenomena with
which it normally would not coexist — for instance ferromagnetism, which
will be discussed in Chapter 6. As warm-up, this chapter is concerned with
the proximity effect in materials with spin-independent interactions.

5.1 Quasiclassical boundary conditions

The quasiclassical approximation is valid for self energies which are slowly
varying in space. This is not the case for interfaces, and so at first sight, one
may conclude that the formalism developed in Section 2.4 is inapplicable
to superconducting hybrid structures. This problem may, however, be
circumvented by treating the interface barrier as a perturbation of the full
Green function. The ensuing scattering problem may thus be solved for

73
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the purpose of creating a relationship between the bulk Green functions
(where the quasiclassical approximation is applicable) on opposite sides
of the interface [45, 144-147].

Point impurity

The first step towards formulating a proper set of boundary conditions is to
realise that the quasiclassical theory is valid for point impurities [148]. This
counter-intuitive fact will now be proven. Consider therefore an impurity
represented by the potential V; which is strongly localised at some position
Ry. Tts Fourier transform is thus given as

Vi(q) = Vo,i(q)e T, (5.1)

where V; ; (g) is a slowly varying function. V; will be treated as a perturba-
tion of a system with all self energies present, except the point impurity.
The equation of motion in Fourier space then takes the form,

d ~ ™ hd v
f (2733 [Go " ko, @) = Vi o — )] G g, Ken) = 16 (Ko — Kn), (5.2)

where Gy is the unperturbed Green function, corresponding to the operator
Ga 1, Written as an integral equation, this becomes
G(ko, kn) :GO(kOr kn)

dq1 [ dq»
@2m)3J) @23

Go(ko, V) Vi(q1 — 42)G(q2, ko). (5.3)

By repeated iteration Eq. (5.3), it may be recast into a different form,

Gk, k) =Go (Ko, k)

dqg [ dqg.

on? ) one Go(ko, q1) T(q1, q2)Go(q2, ko), (5.4)

which defines the T matrix as

dq1 [ dq»
@2m)3J) 2n)3

Vi (ko — q1)Go(q1, q2) T (q2, k).
(5.5)

T (ko, k) = Vi (ko — k) +

Notice that the T matrix only couples to the unperturbed Green function
Go. This will turn out to be an advantage. Inserting Eq. (5.1) it is seen that
it satisfies

T(ko, k) = To(ko, k) e~ Ko~ kn)-Ro (5.6)
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with

To (Ko, k) = Vo, i (ko — k)

dqi [ dq;
@2m3 ) (2n)3

Vo,i (ko — q1)Go(q1, 42) T (g, kep)e! (=) Ro,

At low energies, Gy describes scattering processes between particles that
have momenta close to the Fermi level. This means that both g; and
g> are close to gp. Furthermore, G is strongly peaked at centre of mass
momentum Q = gr. The important contribution to T, therefore comes
from a region in momentum space where the difference in momenta,
q = q1 — q>, remains small. Since both V;; and Tj are slowly varying
functions, this allows the approximation

To(ko, k) = Vo, (ko — k)

4Q (. dq . 1 L on 1 iq-Ro
o ) @3 Vo,ilko = Q= Go(Q, P To(Q - 7 g, kn)e

. d .
~ Vi (ko — Kep) + f % V.i(ko — Q) f

d v ; Y
g Go@ @) T (@, k)

. d . . .
= Vo o — ko) + f % V.1 (ko — Q) Go(Q, R) To (Q, ).

The equation of motion, rewritten in the form of Eq. (5.2), becomes

d o ~ >a >, v
f (zn.q)B [G(;l(ko» q)G(q, kO) - T(k(), q)Go(q, kn)] = Ié(ko - kn) (57)

The same arguments which were applied to the dummy variables gq; and
q. above are also applicable to the momenta kj and k;,, since even with the
point impurity, the full Green function G(ko, k,) describes only processes
that occur close to the Fermi level. Hence, the approximation

TO (kO» kl’l) = TO (kv k);

with k = (ko + k) /2 is made. The T matrix in the mixed representation is
thus approximately given as

Tk, R) = To(k, k)5 (R~ Ro), (5.8)
so that the equation of motion may be written as

Gyl ® Gk, R) — Ty(k, k) Go(k, R) ® 5(R — Ro) = 1. (5.9)
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When performing the gradient approximation, the derivatives of the 6 func-
tion must be interpreted in the sense of a distribution [149]. This means
that such gradient terms should be thought of as acting on Gy, which is
unaffected by the point impurity by definition. Equivalently, in the weak
formulation discussed in Chapter 4, the gradient terms may be neglected,
provided that Gy and the test function v(r) are sufficiently slowly varying.
To lowest order, the Moyal products in Eq. (5.9) may therefore be replaced
by matrix products.

The quasiclassical version of the T-matrix, #y = —in Ty, is found by
inserting the quasiclassical expression for Go [148, 150], which is denoted
&o. Note also the definition v; () = —inV; ; (g). One gets

5 3 vo [dQq 3 v
fo(kg, kp) = 1; (0) + ?fﬂ Ui (ke — qr) 8o(qr, Ro) t(qr, kp).  (5.10)

The replacement #y(k, k) — fo(kg, kg) may be made due to the fact that the
T matrix appears in a product with Go (k, R), which is strongly peaked at
k = kr. Repeating the steps which led to Eq. (2.52) results in a modified
Eilenberger equation, in which the point impurity is accounted for,

ihvgp-Vg+[epa—V, g =[F, g0 -r10), (5.11)

with a change in notation of #y — 7, and R — r. The conclusion is that the
quasiclassical approximation is applicable for a point impurity, provided
that its localisation is strong enough for its representing potential to be
approximated by a § function.

Planar impurity

An interface is a boundary region of some width ¢ between two materi-
als, wherein a boundary potential V, reigns supreme. On quasiclassical
length scales, on the other hand, the transition between two materials is
sharp. Since it is possible to treat perturbations by a point impurity within
quasiclassical theory, it seems reasonable to attempt the same procedure
for a potential taking the form of a plane,

V(r)=Vos[i-(r—Rpyl, (5.12)

with V = V},¢.The unit vector 71 is the interface normal, and R, is a point
on the surface of the interface. V is in this case assumed to be a constant
(with units Jm), indicating the strength of the interface potential. It is
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now clear that the system behaves differently in a direction parallel to 72
than it does in the plane orthogonal to it. It is therefore convenient to
introduce the notation r; = 71-r, and define Ry = 71- R. The T matrix may
then straightforwardly be identified as

T (ko, k) = Ty (ko ), ke, e~ Kot~k s (5.13)
with

T(leo |1, ) =) VoS (Ko, | — ko))

. ([ dq [dqL 5
K Go(ko |1, 411; G, Ro) Ts(qy, ). (5.14
’ 0/(2n)2f o Colkoli, s 1, Ro) Ts (g, Ken, ). (5.14)

In the mixed representation one gets
T(k, R) = Ty, R))S (R~ Ro), (5.15)
where

. .. [dqgL . . -
Ts(k”,RH) =~Vy+ VO/ZLT[L G()(C]J_n-}- k||,R0n+RH)TS(k||,R||), (5.16)

to the same level of accuracy as in the previous section (with Moyal products
replaced with matrix products). The next step is to find the quasiclassical
T matrix, but here there is a subtlety: the integral in Eq. (5.16) is one-
dimensional. Gy in the low-energy regime is expressed in terms of the
quasiclassical Green function as

. K2
Go(k, R) = —iﬂg’o(kFyR)5(ﬁ(k2 - k%)), (5.17)

which contributes to the integral in Eq. (5.16) for g, = £,/ kIZ: — kﬁ. The
result is

. . i .. .
ts(ky, Ry) = Vo — —— Vo go (kg, R) 5 (k)), Ry)), (5.18)
[Avgl
where |hv,| = |kg - 71|/ m, and a change in notation T, = f, has been made,
indicating that this is an expression valid in the quasiclassical regime.

Notice also that |kp- 71| = / lc% — kﬁ. The Green function §0 is defined as

1

go(kg, R) = > [go(k+, Ry + Roi) + go(k—, Ry + Roi) ], (5.19)
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with

ky=+ k% - kﬁfl+ k.
The wave vectors k; and k_ represent trajectories directed away from and
towards the interface, respectively. gy may therefore be interpreted as an
average of Green functions describing incoming and outgoing particles.
Finally, the Eilenberger equation in the presence of a planar impurity
becomes

ihvg-Vg+[eps—V, g] =[ts, | 6(rL - ro), (5.20)

with another change in notation of Ry — ryp.

Connection between materials

After having gone through a few initial manoeuvres, it is now time to
tackle the boundary conditions themselves. To do so, it is convenient to
expand Keldysh space to include indices referring to the opposite sides of
the interface. The unperturbed Green function is one where there is no
interaction between the two sides of the interface, and may be written as

. g, O )
= . , 5.21
8o ( 0 goo (6.21)

where gy ; indicates the Green function in material i, without the presence
of the interface. They are solutions of Eq. (3.62), including any self ener-
gies belonging to material i. The interface itself is modelled as a planar
impurity, in which a scattering event takes the particle from material 1 to
material 2 or vice versa. It must therefore take the form

- (0
vo_(% 0). (5.22)

The T matrix, on the other hand, is generally dense,

. i f
ts — (vs,ll v3,12) , (5'23)
Is21 522

which means that the full Green function must also take the form

g=(€“ ?12), (5.24)
821 822
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and satisfy Eq. (5.20). The functions g, and g»; involve field operators on
both sides of the interface. They are called drone amplitudes [45], and will
be eliminated from the theory. Note that both gy and g are mathematically
valid everywhere in space, but their diagonal elements, gy ; and g;;, are
physical only in their respective materials. A relationship between Green
functions on opposite sides of the interface may be found by integrating
Eq. (5.20) an infinitesimally small distance along a trajectory which crosses
the interface. This gives

1
5(rg) —8(ry) = Is, & , 5.25
8(rg) = 8lry) = 7 [5, &o(ro)] (5.25)
where r; and r, indicate positions on opposite sides of the interface.
They will in the following be assumed to lie in material 2 and material 1,
respectively. If boundary conditions for material 1 is desired, then g(ry
must be eliminated. To do this, Egs. (2.78) and (2.79) may be used, which

is generalised here to arbitrary trajectory directions,

(g +sgn(ke- M) (8o —sgn(ke-7)) =0 (5.26)
(8o +sgn(kg- 7)) (g —sgn(ke-7)) =0 (5.27)

It is necessary to further subdivide the Green functions in a given
material into those that have a momentum pointing towards the interface,
and those with a momentum pointing away from it. They will be labelled
as g“;l i and g]? i respectively, and equivalently, gé, i and gvgy i By combining
Egs. (5.25) to (5.27) one gets

i i 1 i 9 Ui .
gf1:86,1+m( 5,1—1) fs,n( (’M+I), (5.28)
. . 1 . “ v . .
&h =801+ 2ihlon] (&0, + 1) 1 (85, - 1), (5.29)

where it has been assumed that 7 points from material 1 to material 2. The
T matrix component for material 1 is determined from Eq. (5.18),

v

Is11 V08&o,2%s,21,

i|hv,l

which, due to the matrix structure of Vj is not closed in f511. This problem
is solved by iterating Eq. (5.18) once, to give

. .y 1
511 = ilh—vanogo,zVo— s

V080,2V080,15,11-
2 U%
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When solved for 711 this gives

I+ 1
h2v?

1
V80,2 Vogo,l] V0802 Vo. (5.30)

;o 1
S Ry

If the interface is spin-inactive, so that Vo = Vol, Eq. (5.30) simplifies to

. V2

V2 -
i T+—="-80,8 g (5.31)
n2 2 802801 802 .
n

_ Y
Is11 = =
ilhv,l

Since tunnelling from one side to the other is treated as a perturbation,
the unperturbed situation is one where there is no tunnelling, i.e., the
interface is impenetrable. The unperturbed Green functions g ;, which
are unaware of the presence of the interface altogether, are only to be
evaluated in material i. Since the interface is modelled as infinitely thin,
they can also be used to describe an impenetrable interface, provided that
they satisfy the boundary condition

g, (ro) = &5 (ro). (5.32)

In other words, this means that any particle incoming towards the interface
is reflected. It also means that it is not necessary to distinguish between
incoming and outgoing Green functions at the interface, and g, =80,
The T matrix thus becomes

V2 -

V2
0 0 «
I+ 80,2801
2 &0, B

h2vs

ilhvyl

fs11 = 80,2 (5.33)

The particle flux through the interface is given as the difference between
the incoming and the outgoing full Green function for a given trajectory,
averaged over all trajectories. From this, the matrix current is defined as

aQ ~ ~i >0
In= En‘VF(gn—gn)’ (5.34)
which in the spin-independent case becomes

1 aQ .. .
In= ﬁJE (801, Fs11]- (5.35)
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Isotropisation

The discussion so far has been concerned with ballistic Green functions.
It is desirable to derive boundary conditions also for the diffusive Green
functions. It turns out that the formalism derived so far is applicable also
in that case. The crucial point is that, regardless of how dirty a material is,
a particle having tunnelled through the interface will travel at least some
distance, on the scale of the mean free path /¢, before it encounters its
first impurity. This means that, surrounding an interface, there will always
be a thin boundary layer in which the particles are governed by ballistic
Green functions. This is known as the ballistic zone. Far away from the
interface, many scatterings have occurred, and the motion is diffusive.
This is the diffusive zone. The task at hand therefore becomes to find a
connection between the ballistic and the diffusive zone, through what is
known as the isotropisation zone [146, 147]. In this region, it is assumed
that the impurity potential, given in Eq. (2.96), dominates all other self
energies in the system. Furthermore, the size of the isotropisation zone
must also be on the scale of the mean free path, perhaps a few times
larger than the ballistic zone, in other words much smaller than the length
scales over which the diffusive Green functions, g;, vary. The Eilenberger
equation thus reduces to

. | R .
VE-Vgo1+ e [&s1, 801] =0. (5.36)

Consider the incoming Green function, along a trajectory directed along §,
and let r denote the coordinate along this trajectory. Let further ry denote
the intersection between this trajectory and the interface. The equation of
motion then becomes

d n I i ]
Ego,l + E [gs,l ) g(),l] =0, (5.37)

where = sgn(§- vr). A reasonable ansatz which describes the transition
from a ballistic to a diffusive Green function as one moves away from the
interface is then,

g0, = (80,00 — gor) e 4 gy (5.38)

For Eq. (5.38) to be a solution of Eq. (5.37), the following must be satisfied,

2(,00) - go1) = &1, 8,00 (5.39)
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. 2
By squaring both sides Eq. (5.39), and using that ( &1 (ro)) = Jand(g;,)" =
I, one gets

v

127 {gh &f) = ({801, &} +21) ({861, &} -21)
which is clearly satisfied when
{éé,l : g“m} =2I. (5.40)

By combining Eqgs. (5.39) and (5.40) one finds that the incoming Green
function at the interface must satisfy the conditions

(§5,1+f) (g’s.l—f) =0 (5.41)
(és,l +f) (gé,l —T) =0 (5.42)
A similar analysis for the outgoing Green functions yields the conditions,
(86, - 1) (g1 +1) =0 (5.43)
(g's,l - f) (&6, +1)=0 (5.44)

Egs. (5.41) to (5.44) thus provide a relationship between the diffusive Green
functions and their ballistic counterparts at the interface.

Completion of the boundary conditions

For spin-inactive interfaces, where gé'l = &7, = 80,1, the conditions given
in Egs. (5.41) to (5.44) can only be satisfied if g9 1 = &;,1. From Eq. (5.33) it
is found that

[vZ]VOZMvv ()ZMVV
81, Is1 _iﬁlvnl 218182 vl 128281,

. 2 -1
where M;; = [I + hﬁ’—gi gi gj] ,and g; = g ; for brevity. This expression
can be written in a slightly more elegant way by inserting I = M1‘21 M,

in front of the first term, and I = M21M2_11 behind the second term [151],
which results in

V2 (&1, &]
ihlvyl j+(%)2{§1 ) §2}+(h?n)4

(&1, Es1] = (5.45)
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Note that the denominator commutes with g; g;. When Eq. (5.45) is inser-
ted into Eq. (5.35), the matrix current is found to be

T, [, g
Jn= _f Z_f: Sy T,,,n(ii , g —2I)’ (546
where T}, is defined as
T, = 4—‘/’3, (5.47)
(1+ V,%)2

with V,, = Vp/hlv,l. In the diffusive zone, the matrix current is given by
Fick’s first law,

Ju=-Dh-§Vg. (5.48)

Combining Egs. (5.46) and (5.48) finally yields the Nazarov boundary con-
ditions [146],

T,[8:1, 8
Dg1V§1=fd—Qvn . nl81 & _. (5.49)
dr TAI+ T, ({8, &} —-21)

Note that since the unperturbed system is one where the interface is
impenetrable, the potential V, acts as a coupling between the two ma-
terials, and hence T,, — 0 as V,, — 0. If V; is small, as mandated by the
quasiclassical approximation, this means that T}, is small for all incidence
angles, except for a small region close to 0 = n/2, where T, approaches
unity. In that case, however, the integrand in Eq. (5.49) is suppressed due to
the factor v, = vrcos6. Hence, it is a reasonable approximation to neglect
the anticommutator in the denominator of Eq. (5.49) in this limit, giving

D&iVg =T (&1, &, (5.50)
where
V2 v 3 14 V2 V2
_ Ve [ X _ U V2 ln( ) _ ]
2 0 (1 + x2)2 4 V2 1+ V2
1%
=—LZ(V),

with V = Vp/hvg. The diffusion constant is given as D = vér/ 3, where T
is the elastic scattering time. Expressed in terms of the Drude conduct-
ivity one gets D = a/e?vq, where vy = mkp/m?h? is the density of states
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at the Fermi level (for a free electron gas). Hence, with p; = 1/0 the bulk
resistivity of material 1, one finds that
1

Lo P1;.
Vg =—— ) . 5.51
g1vVgl 2 oc (81, &] (6.51)

The contact resistivity p. (with units Qm?) [152] is defined as

GoN

= 2 (5.52)

Pec
where Gy = 2¢%/h is the conductance quantum, and N = k§/4n is the
number of transversal modes per unit area of the interface cross section.
Eq. (5.51) is known as the Kupriyanov-Lukichev boundary conditions [153].
While Eq. (5.52) is an elegant theoretical result, realistic interfaces are far
too complicated for it to give reasonable predictions. This means that the
ratio p;/p. in practice becomes a fitting parameter.

5.2 Model problems

As a small respite from the labours of the previous section, this section is
concerned with applications of the quasiclassical theory developed so far
to simple model problems.

Ohm’s law

While not a superconducting hybrid structure, it is a very useful consist-
ency check to verify that Ohm’s law is satisfied when a voltage is applied
to a normal metal. Consider therefore a diffusive normal metal wire, con-
tacted at opposite ends by electrodes at a fixed voltage of +V/2 and —V'/2,
respectively, as shown in Fig. 5.1.

D\ A~

Figure 5.1: A normal metal wire contacted by two electrodes (in grey) at
voltage +V/2 and —V /2, respectively.

i<
z
+

mol<

With no superconducting correlations in this system, the retarded and
advanced Green functions are given simply as g% = —g4 = p,. The Keldysh
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Green function, which describes the nonequilibrium properties, thus be-
comes gX = 2p4h. The distribution function may be determined from the
Keldysh component of Eq. (2.100) (with V =0), which turns out to be
0 .
— h=0. 5.53
o2 (5.53)
The reservoirs are described as shifted Fermi-Dirac distributions, which
corresponds to

H 0 0 0
priL_| 0 He 00
0 0 H: 0
0 0 0 H

for the right and left reservoir, with Hy = tanh 8 (e + %) Tunnelling con-
tacts are assumed, and the Keldysh component of Eq. (5.51) gives

0.( L 1 A ~( L
—h(:):i—ﬂ hR’L—h(J_r—) . (5.54)
0x 2 2p¢ 2
The charge current density is given as
Dvge NN 1 0
= deT Y, =—— | de —hy, 5.55
J== f eTr | pa (88)" | T

where the identity Dv = 1/e? hasbeen used. From Eq. (5.53) and Eq. (5.54),
hy is found to be

_ P

a () =
100 2pc+p1L

X.

tanhﬁ(£+ ;) —tanhﬂ(s— ;)

Insertion into Eq. (5.55) thus gives, after performing the energy integral

= %
20c+p1L

or, after multiplication with the area of the wire cross section .«

v

[=— (5.56)
2R.+ R;

where R, = p./</ is the contact resistance, and R; = p; L/« is the bulk
resistance of the wire. This shows that the normal metal wire does indeed
satisfy Ohm’s law, and that the contact resistance from the two interfaces
is coupled in series to the bulk resistance, exactly as it should.
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Superconductor-normal metal bilayer

A diffusive superconducting bilayer, as shown in Fig. 5.2, may be described
by solving the Usadel equation in the superconductor, and in the normal
metal, while making sure that Eq. (5.51) is satisfied at the interface.

Figure 5.2: A model for a superconductor-normal metal bilayer, in which
each respective material occupies half of space.

In an equilibrium system, only the retarded Green function is needed, for
which the equations of motion become

hDV-gRvgR+ileps+A, 7] =0, (5.57)
hDV-gR"vgR+ieps, g7 =0, (5.58)

in the superconductor and the normal metal, respectively. The supercon-

1 l —3
______________________ — 6

: : x/¢
-1 -0.5 0.5 1

Figure 5.3: The superconducting pair correlation ®(x) in a superconductor-
normal metal bilayer, shown for various values of the interface resistance

¢=pc/pié.

ducting pair correlation of this system is shown in Fig. 5.3 for a selection
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of interface resistances { = p./p1¢, where ¢ is the superconducting coher-
ence length, as determined by applying Eq. (2.43) to Eq. (3.80). It is seen
that its exponential tail does indeed reach into the normal metal, giving
non-zero superconducting correlations. Furthermore, on the supercon-
ducting side, the pair correlation is reduced, a phenomenon known as the
inverse proximity effect.

It is interesting to note that the proximity effect can be controlled
by microwave radiation. Indeed, by shining light on a superconductor-
normal metal bilayer at suitable frequencies, it was predicted in Paper II
that the gap size in the normal metal can be manipulated, and that a rich
topography is produced in the density of states.

The Josephson effect

The Josephson effect [154] is perhaps the most famous example of a super-
conducting proximity effect. It occurs when a normal metal is sandwiched
between two superconductors, as shown in Fig. 5.4. This system is called
a Josephson weak link.

—
L

Figure 5.4: A Josephson weak link; two superconductors are separated by
anormal metal of length L.

With each of the superconductors, S;, there is associated a Cooper pair
density p; and a constant phase ¢;. For an individual superconductor, an
overall phase does not influence physical observables, and may be ignored.
But a phase difference, on the other hand, is important. It turns out that
if the two phases are different, this may manifest as a current passing
through the normal metal — even at zero bias voltage. To understand
how this comes about, it is instructive to review a particularly simple
derivation [155]. Consider a system where the two superconductors are
separated by a thin insulator. Each superconductor i is described by a
wave function v;, and due to tunnelling through the insulator, they are
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assumed coupled in the following way;,
iy, =K (5.59
OZ'WI =KvY>, .
i hg =K (5.60)
P tU/z =Ky, .

where K is a coupling constant. The wave function may be written as

yi=ypie?. (5.61)
When inserting this ansatz into Egs. (5.59) and (5.60), the real part becomes

0 2K .
5P = + = VP1p2 sin¢,

0 2K .
3.2~ 7 VPIp2 sing,

where ¢ = ¢, — ¢;. The Cooper pair densities p; only change due to tun-
nelling through the barrier, and hence the current passing between the
superconductors must be J = Ze% p1, leading to

4eK
= QT,/—plp2 sing = Josin, (5.62)

which defines the critical current density J.. The current-phase relation
thus has a sinusoidal form, which is typical for Josephson junctions. Within
the quasiclassical formalism, a Josephson weak link may be simulated by
solving Eq. (5.58) in the normal metal region, with superconducting bound-
ary conditions placed at positions x = £L/2. If the superconductors are
large enough for the overall gap to be only marginally reduced by the pres-
ence of the normal metal, the inverse proximity effect may be neglected,
and the superconductors considered as reservoirs with a certain, fixed pair
correlation and phase. In this case, the retarded Green function in the su-
perconductors is given by Eq. (3.65), and no self-consistency iterations are
required — a considerable reduction in numerical complexity. In Fig. 5.5a)
is shown the current-phase relation J(¢) for a normal metal with a length
of L =2¢, corresponding nicely with the prediction of Eq. (5.62). The pair
correlation at a point located midway between the superconductors as a
function of phase difference ¢ is shown in Fig. 5.5b). Note in particular
the absence of superconductivity at ¢ = 7, which is due to destructive
interference, and results in the gap closing.
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Figure 5.5: The effect of varying the phase difference between the super-
conductors in a Josephson weak link. a) The supercurrent passing through
the normal metal, scaled by Jy = eDvoA/16¢. b) The pair correlation at
Xm, midway between the superconductors.

5.3 Multiterminal junctions

In a Josephson junction, it was seen that a supercurrent passes between
the superconductors when they have a phase difference of 7/2. Moreover,
when the phase difference is 7, the superconducting correlations in the
non-superconducting material vanish at the centre of the junction due to
destructive interference. A natural next step in the study of such systems
is to investigate what happens when more than two superconducting
terminals are connected via the same non-superconducting material, as
illustrated in Fig. 5.6

It turns out that multiterminal junctions are host to several exotic phenom-
ena. In fact, even if all the components of such a junction are topologically
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Figure 5.6: A multiterminal Josephson weak link. Due to the gauge in-
variance, all phases ¢; are measured relative to the phase in one of the
terminals.

trivial, the junction itself may be topologically non-trivial. It is, however,
not the topology of the band structure in momentum space which gener-
ates non-trivial physics, but rather the behaviour of the Andreev bound
states in the space spanned out by the phase difference between the super-
conducting terminals. Such a junction therefore constitutes an artificial
topological material [156]. A promising system in which to explore these
topological properties is the so-called w-SQUIPT [157], which is a super-
conducting quantum interference proximity transistor, where a supercon-
ductor shaped like an w is connected to a normal metal at each of its three
prongs — thereby forming a three-terminal junction, as shown in Fig. 5.7.
The phase difference between the superconducting terminals may in this
case be individually tuned by passing magnetic flux through the loops.
Depending upon how the phases are tuned, the Andreev bound states may
either cross the Fermi level surface, or present with a gap. Consider first
the case in which there is no applied flux. The normal metal is then gapped
due to its proximity to the superconducting terminals. Hence, if a suffi-
ciently low voltage bias was to be applied to the normal metal, there would
be no quasiparticle current due to the absence of current-carrying states.
Due to the gauge invariance, it is possible to uniquely manipulate two of
the three superconductor phases (since only phase differences matter),
which means that the phases (¢; , ¢2) = (0, 0) may be associated with this
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Figure 5.7: A typical geometry, known as the w-SQUIPT, for the experi-
mental realisation of a three-terminal Josephson weak link. The phase
difference between the terminals may be tuned by varying the flux ®;
through the individual loops.

topologically trivial case. Alternatively, the number of flux quanta through
the superconducting loops may be used instead, i.e., (n;, n2) = (0, 0). By
increasing the flux, different gapped regions may be reached, which may
all be identified with different integer numbers 7; and n,. When passing
from one such regions to another, the gap closes, and the normal metal
behaves as a conventional gapless contact. It is not possible to change n;
or ny without closing the gap, which therefore play the role of topological
invariants. In other words, a three-terminal Josephson weak link behaves
as a two-dimensional artificial topological material.

In general it is possible to mimic an (N — 1)-dimensional topological
material by using N superconducting terminals, and the behaviour be-
comes more complex when the dimension increases. For instance, by
setting N = 4 it is possible to produce Weyl nodes in the spectrum of the
Andreev bound states, which normally would require a three-dimensional
topological material [158]. It is clear that multiterminal junctions provide
convenient and easily tunable means of experimentally studying exotic
topological phenomena.

An easy way of determining whether the normal metal of a given -
terminal junction is gapped is to study the density of states at a quasi-
particle energy of € = 0. To compute the density of states, the Usadel
equation must be solved, which generally requires a numerical approach.
It does, however, admit an approximate analytical solution for certain
selections of phases, which always corresponds to a gapped regime. As is
shown in Paper I1I, this is enough to map out the entire topological phase
diagram. The gapless boundaries are identified as the regions in which
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a)
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Figure 5.8: Topological phase diagrams for multiterminal Josephson junc-
tions. a) Curve along which Eq. (5.63) is satisfied for a three-terminal
junction, shown for (¢;, p2) = [-27,27] x [-27,27], indicating the bound-
ary between gapped and ungapped regions. b) The same curve, folded into
the physically relevant (¢1, ¢2) = [0,27] x [0,27]. Indicated on the figure
are the topological invariants of the different regions. ¢) and d) Similar
results for a four-terminal junction.
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the analytical solution becomes invalid, and are given by the formula,

N .
Vi =0, (5.63)

where
1 N
V’j:‘Pj—(@:(Pj—NZ(Pi-
i=1

For a (two-terminal) Josephson junction, one gets that Eq. (5.63) is only
satisfied for the discrete points ¢ — ¢, = nx, with n an integer — as it should
be. In a three-terminal junction, Eq. (5.63) is satisfied along a curve in
phase space. As shown in Fig. 5.8a), this curve takes the form of an ellipse
in the space (¢1,¢2) € [-27,27] x [—27,27]. Due to the 27-periodicity of
¢1 and ¢, this curve needs to be folded into the space [0,27] x [0,27] in
order to obtain the topological phase diagram, which is shown in Fig. 5.8b).
A similar analysis for a four-terminal junction is shown in Fig. 5.8¢) and d),
where Eq. (5.63) is satisfied along the surface of an ellipsoid-like structure.
Additional details, along with a numerical verification of these results may
be found in Paper III.

5.4 Currentinduced Josephson vortices

In Section 3.8 it was discussed how a magnetic field induces a phase gradi-
ent in a superconductor. A phase gradient implies the presence of super-
currents, but it also means that a phase difference is established between
different regions of a superconducting system. When the magnetic field is
large enough to generate a phase difference of 7 between two points in
the system, destructive interference must then lead to a local suppression
of the pair correlation midway between them, as was discussed in Sec-
tion 5.2, potentially leading to the nucleation of vortices. In other words,
a magnetic field may produce vortices because it generates circulating
supercurrents. A magnetic field is, on the other hand, not a crucial com-
ponent. Circulating currents induced by any means will have the potential
ofyielding vortices. In this regard, superconducting hybrid structures have
proven useful, where field free nucleation of vortices is possible even in
the simplest of systems. Consider, for instance, a Josephson weak link.
In section Section 5.2 it was discussed what happens when a phase dif-
ference is applied across the junction. If, on the other hand, there are
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supercurrents flowing in the superconductors, parallel to the interface,
this phase gradient must be transmitted to the superconducting correla-
tions in the normal metal, generating supercurrents also here. Circulating
supercurrents in the normal metal may then be simulated by applying op-
positely directed tangential supercurrents in the two superconductors, as
illustrated in Fig. 5.9, and if these currents are sufficiently strong, vortices
may result [159].

N

@ @ @

Figure 5.9: A Josephson weak link where supercurrents are flowing, parallel
to the interface, in the upper and lower superconductor. When these
currents are anti-parallel, vortices may nucleate in the normal metal.

A generalisation of this system would be to surround a normal metal
with a continuous superconducting wire which covers all sides, as shown
in Fig. 5.10. A phase gradient in the superconductor may then be induced
by applying a current bias. By using tunnelling contacts it is reasonable
to assume that the only currents in the normal metal are those due to the
proximity effect.

Figure 5.10: The geometry studied in Paper VII. A current bias is applied to
a superconductor surrounding a normal metal in order to induce complex
vortex patterns in the latter — without application of external flux.
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This system is discussed in Paper VII. To model the superconductors,
which embodies a uniform supercurrent, or phase gradient V¢, the inverse
proximity effect was neglected, which allows for an analytical expression
for the superconducting Green function to be found. This simplifies the
numerical simulations in that the superconductor may be described by
boundary conditions of the normal metal. The Green function in the
normal metal may then be found by solving the Usadel equation. The
vorticity of the superconducting correlations in the normal metal must be
given by

N = if (Vo) -dl, (5.64)
21 Joa

where 0Q is the boundary of the normal metal. In other words, the current
bias may be used to tune how many times the phase winds around 2z. Each
such winding introduces a vortex. It turns out that there is a surprising
richness to the manner in which these vortices appear.

Around a vortex, the phase of the superconducting correlations wind
by 2 n, where n is the vorticity of the vortex. Vortices with a higher vorti-
city are more energetically expensive than lower-vorticity vortices. This
can be understood by a simple analysis. Consider a circular, closed path
surrounding a vortex with vorticity n. Regardless of the radius r of this
path, the phase must wind by 2z n. This means that |V¢| = |n|/r. This
phase gradient puts the condensate into motion, and its contribution to
the kinetic energy density of the system must scale with the square of its
velocity, Ex ~ v?. The velocity of the condensate is proportional to the
phase gradient, which means that the kinetic energy contributed to the
system by a vortex of winding number 7 is proportional to n?. Assuming
that all vortices are otherwise identical, it is possible to deduce the follow-
ing algorithm for predicting the vortex patterns: The applied vorticity N
will generate a number of vortices Ny, with individual vorticies n;,

Ny
N=) n; (5.65)
i=1
such that the total energy contributed by a given vortex pattern
E &,
—=) n (5.66)
Eo i3

is minimised. However, there is also an additional constraint. The vortex
pattern must satisfy the symmetries of the geometry. For a square geo-
metry, this means that individual vortices can only be located at its centre,
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otherwise they must appear as quadruplets restricted to the symmetry
axes of the system. This means, for instance, that by introducing a vorti-
city of N =2, a vortex with a phase winding of 4 is generated. Called a
giant vortex, such vortices are notoriously difficult to stabilise due to their
tendency to split into the energetically favoured conventional 27-vortices.
For N = 3, one might expect to produce a 6z-vortex, but this is not what
happens. According to Eq. (5.66) it is in fact cheaper for five 27-vortices to
appear. In order for Eq. (5.65) to be satisfied, one of these vortices must
have a vorticity of n = —1, i.e., it winds in the opposite direction — it is an
antivortex. These predictions are perfectly corroborated by the numerical
simulations, the results of which are shown in Fig. 5.11

ra it
jﬂ 1

6
Figure 5.11: The absolute value of the pair correlation (upper row) and
its corresponding phase (lower row) for various current windings ®;. A
conventional vortex with winding number z = 1 is shown in column (a), a
giant vortex with n = 2 is shown in column (b), a central antivortex (n = -1)
and four n = 1 vortices is shown in column (c), and four n = 1 vortices is
shown in column (d).

[ —y

—7/2
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For a square geometry, the largest vorticity a single vortex can have is
n = 2. Higher vortex windings are, however, possible in regular polygons
with a larger number of sides. Indeed, applying a vorticity of N =3 to a
hexagon, the lowest energy vortex pattern is in fact a single 67-vortex at
the centre, as shown in Fig. 5.12, as all other vortex patterns require the
appearance of off-centre sextuplets. In general, a polygon with m sides
can support a giant vortex with a winding of n = [m/2].
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Figure 5.12: An n = 3 giant vortex may be created in a hexagonal structure
when a current winding of ®; = 67 is applied. In (a) is shown the absolute
value of the resulting pair correlation, and in (b) its corresponding phase.

The conclusion is that surrounding a non-superconducting material
in a superconducting wire, through which flows a suppercurrent, provides
convenient means for generating complex vortex patterns — even in the
absence of an applied magnetic flux.
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Chapter 6

Spin-dependent proximity
effects

This chapter will discuss how superconducting correlations may combine
with other quantum phenomena. In particular, the focus will be on the
spin-dependent proximity effects that emerge when superconductors are
attached to ferromagnetic materials. Included in the analysis will also be
heavy-metal interlayers, in which spin-orbit coupling plays a prominent
role. Such hybrid structures are interesting due to the prospect of creating
superconducting correlations that carry spin, an important ingredient in
the field of superconducting spintronics.

6.1 Ferromagnetism

As anyone who likes to adorn their refrigerator can attest to, ferromagnetic
materials (or magnets) are commonly encountered in every-day life. Nev-
ertheless, ferromagnetism is a quantum phenomenon. It is a consequence
of the Coulomb interaction, in conjunction with the Pauli exclusion prin-
ciple. As a simple illustration of the effects at play, consider the following
two-electron system,

H(ry, )Y (ry,r2) = | Ho(r1) + Hy(r2) + V(r1,12) | (1, 12)

:E\P(rl’ rZ)’ (6'1)
with
W _, e 1 e? 1
Ho(ry) =~ —V§ - - ' (6:2)
2m dmeg \r; — Ryl  4meg |r; — Ry|

99
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and
e? 1

Vir,r) = .
4meg |11 — 17|

(6.3)

Egs. (6.1) to (6.3) can be thought of as a crude model of an H, molecule,
ignoring any interactions between nuclei. ¥ must be antisymmetric with
respect to an interchange of particles, and by decomposing into an orbital
and a spin contribution,

Y (ry, 1) =0, 12) x (51, 82), (6.4)

it becomes clear that ® must have a well-defined parity. Furthermore,
if the centres of the attractive potentials, R; and R, are moved far apart,
Egs. (6.1) and (6.2) reduce to individual hydrogen atoms, for which the
solution is well-known. To find the ground state of this system it is therefore
reasonable to guess at wavefunctions of the form

1
D(ry,12) =—2 (1 (r1) 2 (12) + o (r1) 1 (12) (6.5)
@y(ry,12) Z% (o1 (r)p2(r2) — pa(r) 1 (r2)), (6.6)

where @; and @, indicate orbital wavefunctions with even and odd parity,
respectively, and ¢; is the ground state eigenfunction of the hydrogen atom,
centred at R;. This is known as the Heitler-London approximation [108,
160]. The complete wavefunction must then either be of the form ¥ =
D x4, i.€., consist of a symmetric orbital part and an antisymmetric spin
part — the spin singlet state, or vice versa, ¥ = @y, which is a spin triplet
state.
An estimate for the energy of these wavefunctions is given as

_Jdr [dry @5 (r, r) H(ry, 1)@ (11, 1)

= ) (6.7)
* Jdr [dr: |®x(r,r2)?
which gives
E¢/q=2€ +—_]~2£ +D+] (6.8)
sla — 0 1+ |(|2 = 0 =/ .

where g is approximately equal to the ground state energy of the hydrogen
atom (assuming that R; and R, are sufficiently far apart), and the overlap
integral

C=fdr</>’f(r)¢z(r)
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has been assumed small. Furthermore,
D =fdr1fd"2 O (r)) s (r) V(ry, r2) i (r)ga(r2)

]=fdr1fd"2 O (r) s (r) V(ry, r2) g2 (r) i (r2).

The point is that even though the Hamiltonian is spin-independent, the
coupling between the orbital and spin part of the wavefunction, via the
Pauli exclusion principle, leads to a splitting of the energy states, depend-
ing upon whether the two-particle system is in the singlet or a triplet state.
These two energy levels may be parametrised as

2]
K2
where §; is the spin of particle i. Note that in the singlet state, where the
combined spin quantum number S =0, §1-S2 = — % h?, and in a triplet state
§=1),8:-S = ihz. The parameter J is known as the exchange coupling,
and can easily be computed. It turns out that J is negative in this case,
indicating that the spin singlet state, or an antiferromagnetic coupling,
is favoured. This is always the case for the ground state of two-particle
systems where the Hamiltonian is spin-independent [108]. In contrast,
if excited states are included, or, as is more relevant for the following
discussion, in many-particle systems, a ferromagnetic coupling is possible,
and as a generalisation of the above discussion, an effective Hamiltonian
taking into account the exchange interaction between spins may be written
as

1
£= Z(£S+3E“)_ S1:8y, (6.9)

H=-Y]ijSi-S;, (6.10)

ij
which is known as the Heisenberg model [161]. Of interest in the following
will be how the dislocated conduction electrons in a metal react to a source

of spin splitting. The electron spin density operator may be expressed in
terms of the field operators defined in Eq. (2.2) as

h
s =3 Y vlinesys (). (6.11)
ss’

If the source of the spin splitting stems from the underlying lattice, an
appropriate Hamiltonian may thus take the form,

H=- f dry J(r-R)S(R)-s(r),
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where R; are the locations of the ions. Of importance in the following
however, will not be the origin of the spin splitting field. Therefore, a more
general Hamiltonian will be assumed, which takes the form

H= —Zfdr v rh-owr). (6.12)
ss’
The function h(r) is called the exchange field.
Following the procedure of Chapter 2, the equation of motion for a
free electron gas with a spin splitting field becomes

h? y . .
£p4+ (2—V2+u)1+h-(r Gr,r=1s(r-r", (6.13)
m

where ¢ = diag(d, ), with = diag(o, 0*). For a constant exchange
field pointing in the z direction, this results in
-1

2k2 .
I+h-&z] , (6.14)

5.04—( om

Gk) =

—p

from which the band structure may be read off immediately as

21.2

hek
Em(k) = om —[.l?h,

so that the band splitting becomes €| — ey = 2h, as it should.

If the exchange field | k| is much lower than the Fermi energy, |h|/Eg ~
a < 1, and its spatial variation is sufficiently slow, it may be included in
the quasiclassical formalism discussed in Section 2.4. The Eilenberger
equation then becomes

ihvg-Vg+[epa+h-d, g]=0, (6.15)
and the Usadel equation,

hDV-gVg+ileps+h-o, g =0. (6.16)

Solution for a diffusive homogeneous ferromagnet

For an infinite, homogeneous ferromagnet, the gradient term in Eq. (6.16)
vanishes, and the solution is immediately found to be

=04 (6.17)

which is identical to the solution for a normal metal without any spin
splitting.
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6.2 Spin-dependent observables

An important observable in systems with a spin splitting is the induced
magnetisation, which may be found from Eq. (6.11) via

§HB 8HB

M(r) = =22 (s(r) = =222 Y (yliNo sy (), (6.18)

ss’
where g is the Landé g-factor, and ug is the Bohr magneton. Written in
terms of Green functions in the mixed representation, this becomes

igus [ dk fdg

_ we AK
M(r) =—¢ o Tr[6G" (r, k)]. (6.19)

For a homogeneous ferromagnet, with the Green function as given in
Eq. (6.14), itis found that

Tr[6GX(r, k)] = —27i

Ole—h—-E&)—0e—h—-<Ep)

—0(—e+h—-¢&)+0(—e+h-¢&) |,

(6.20)

with & = h2k?/2m — p. Inserting into Eq. (6.19) and integrating over &
gives

MZ:—%fdfk VER [tanh@—tanhw], (6.21)

with v(&) = v/2m3 (& + )/ 23 the density of states for a free electron
gas. If the exchange field & is small, the integrand in Eq. (6.21) may be
Taylor expanded to first order, giving

gﬂB

M, =_8K8 ) f A& VED f——r

COShz ﬁ'fk

For large f (low temperatures), the approximation 8/ cosh? % =46 (&)
may be used, and thus it is found that (for an arbitrary exchange field
direction)

gHB
2

M=- h. (6.22)

The quasiclassical Green function for a bulk ferromagnet, given in
Eq. (6.17), is identical to that of a normal metal, and hence cannot pro-
duce a magnetisation. This seems contradictory to the result derived in
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Eq. (6.22). The reason for the discrepancy is that the quasiclassical Green
function only describes the low-energy behaviour of the system, whereas
the integral in Eq. (6.19) involves contributions also from the high-energy
regime. Introducing GK = Gf + G}Il( as in Section 2.4, Eqg. (6.19) can be
written in terms of the quasiclassical Green function as

M(r) = My(r) + S22 f de Tr[665(r €],

where M}, is the high-energy contribution, and v is the density of states
at the Fermi level. Recall that, in the formalism of section Section 2.4, Glh<
contains all diagrams of order a’ = 1 and lower. A diagram is of order
a? if it contains no low-energy propagators, or no external perturbations
(e.g. h). Each external perturbation adds a power of &, which means that
to order a, Gf is at most linear in h. Furthermore, M), cannot contain a
constant term independent of h, as that would give a contribution even in
the normal metal case. The conclusion is that My, < h. Using Eq. (6.22),
the general expression for the quasiclassical magnetisation becomes

_8HBY0 hr) + gUBV0

M(r)=-==, 32

f deTr[6g5(r,e)]. (6.23)

The spin density ps = (s(r)) may also be used to find the spin currents.
Provided there are no spin torques acting, and no spin-orbit coupling, the
following continuity equation is satisfied,

0

with a € {x, y, z} indicating the spin direction. Following the same proced-
ure in going from Eq. (3.68) to Eq. (3.74) leads to

_ hVoD

a
s 32

f deTr [ﬁma (gvg)~ ] . (6.25)

6.3 Superconductors and ferromagnets

Ferromagnetic ordering occurs when the spins involved find it energetic-
ally favourable to point in the same direction. In conventional BCS super-
conductivity, on the other hand, the electrons form spin singlet Cooper
pairs. Ferromagnetism and superconductivity therefore seem to be at
odds with each other. Nevertheless there are materials where they coex-
ist, for instance in the so-called ferromagnetic superconductors. A much
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more accessible way of inducing both ferromagnetic and superconducting
order in a system is, however, via the proximity effect in hybrid structures.
This can be done, for instance by attaching a ferromagnetic insulator to
a BCS superconductor. If the superconductor is sufficiently thin, an ex-
change field can be assumed present throughout its entire thickness [162].
Hence, it is straightforward to create a system which displays both types
of ordering. But that does not avoid the fact that ferromagnetism and
superconductivity are antagonistic phenomena. Clearly, no Cooper pair
formation is possible if the spin splitting is larger than the superconduct-
ing gap. It turns out that superconductivity is quenched even sooner than
that, at the so-called Chandrasekhar-Clogston limit [163, 164], which at a
temperature T =0 is

hy = %A. (6.26)

a) E-EF b) ky

2h

Figure 6.1: Illustration of the FFLO phase. a) The energy bands, with a spin
splitting due to the exchange field /. b) Equipotential surface at e for a
two-dimensional system, showing a Cooper pair with a finite momentum

hq.

In a clean system, the simultaneous presence of both an exchange field
and a superconducting gap may lead to an interesting phenomenon in
which the superconducting order parameter becomes spatially inhomo-
geneous. As shown in Fig. 6.1, when a source of spin splitting is introduced,
quasiparticles with parallel spin experience a lower potential energy than
quasiparticles with antiparallel spin. For two quasiparticles at a given
energy level to form a singlet Cooper pair, their kinetic energies must there-
fore compensate for this difference in potential energy. In other words, a
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Cooper pair consisting of quasiparticles e.g. at (+kg, 1) and (—kg, |), will
experience a momentum shift, g, due to the lowering and raising of the
spin up and down energy bands, respectively. The resulting Cooper pair,
now consisting of quasiparticles at (kg + ¢, 1) and (—kr + g, |) attain a net
momentum of iq. This is known as the Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO or LOFF) phase [165, 166]. The net momentum of the Cooper pairs
leads to a spatially dependent phase modulation, given as [167]

(1= 10— (11e = 11e77) = (11 = IDcosq-r+i(ll + | Dsing-.
(6.27)

This means that not only do spatial oscillations of the singlet order para-
meter appear, but there is also a conversion between the singlet state and
the S, = 0 triplet state, which has profound consequences to be discussed
shortly.

Superconductor-ferromagnet proximity effects

In a homogeneous diffusive system, the FFLO phase is suppressed, and
only the uniform superconducting phase is found. This is because of
the frequent elastic impurity scattering processes, which average out the
momentum direction. However, in an inhomogeneous system, spatial
modulations of the superconducting correlations may still appear. In a
diffusive system, the quasiparticles can be thought of as random walkers.
Indeed, the Usadel equation, given in Eq. (6.16), is nothing more than a
diffusion equation. Hence, the quasiparticles satisfy Fick’s first law, which
states that there is a particle flow towards regions of lower particle density,
asgivenby J = —DgVg, in correspondence with Eq. (5.48). This means that
the quasiparticles sample the energy band with a bias in the direction of J,
so that momentum-dependent phenomena do not completely average
out. In a superconductor-ferromagnet bilayer, J points in the direction
normal to the interface between the two materials, and hence FFLO-like
oscillations are to be expected along this direction. To verify this, Eq. (6.16)
may be solved in a similar way as was done for a superconductor-normal
metalin Section 5.2. The resulting pair correlation is shown in Fig. 6.2 for an
exchange field of h = 5Ape;, where Ay is the gap of a bulk superconductor.

As an interesting aside, oscillations of the pair correlation have also
been predicted in the normal metal of superconductor-normal metal-
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Figure 6.2: The pair correlation for a superconductor-ferromagnet bilayer,
where the ferromagnet has an exchange field of h = 5A¢e;. The interface
resistance is { = p./p1¢ = 3. Shown in grey is the pair correlation for an
equivalent superconductor-normal metal bilayer.

ferromagnet trilayers, occurring due to the appearance of quantum-well
states, i.e., confinement induced band splittings [168].

An striking demonstration of the oscillations in the singlet supercon-
ducting correlations is found in a Josephson weak link with a ferromagnetic
interlayer, i.e., a superconductor-ferromagnet-superconductor structure.
Depending on the length of the junction or the strength of the exchange
field (which dictates the oscillatory wavelength), either constructive or
destructive interference between the two superconductors can be induced
at a phase difference of ¢ = 0. The latter is known as a = junction [169],
due to its resemblance to a conventional Josephson junction with a phase
difference of 7, as discussed in Section 5.2. The observable consequence
of the transition from a conventional 0 junction to a 7 junction is that the
supercurrent flowing between the superconductors at a given phase differ-
ence changes sign — and is completely quenched exactly at the transition.
This is shown in Fig. 6.3, where the supercurrent has been computed for
a variety of exchange fields for a ferromagnetic Josephson weak link at a
phase difference of 7.

It is possible to mimic a ferromagnetic Josephson weak link by apply-
ing a large in-plane magnetic field to a two-dimensional superconductor-
normal metal-superconductor structure. In that case the spin splitting is
caused by the Zeeman effect. This was done in Paper XIV, where flakes of
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Figure 6.3: The supercurrent in a superconductor-ferromagnet-
superconductor Josephson weak link, for a selection of exchange
field strengths, at a phase difference of 7. The current is scaled by
]0 = eDVOA/IGf.

NbSe, were placed on top of a sheet of graphene. Thin layers of NbSe,
exhibit so-called Ising spin-orbit coupling, which makes them much more
resilient against in-plane magnetic fields than conventional superconduct-
ors [170]. At a fixed phase difference, this system displays sign reversals of
the supercurrent, depending on the size of the magnetic field, which is re-
miniscent of 0 to 7 transitions. On the other hand, ripples in the graphene
sheet introduces flux through the system, which was shown in Paper XIII
to have a similar observable signature, and could not be ruled out as an
alternative explanation.

Another interesting observation in superconductor-ferromagnet hy-
brid structures is that the critical temperature, T, can be influenced
quite strongly. In a bilayer structure T, has been found to exhibit a non-
monotonic behaviour depending on the thickness of the ferromagnet,
even vanishing and reentering in some cases [171]. When two ferromag-
nets are attached to a superconductor, the behaviour can be even more
complex, with T, reaching a minimum at some non-collinear misalign-
ment angle between the magnetisation of the two ferromagnets [172]. This
is due to the appearance of so-called long ranged triplet superconducting
correlations, a topic to be discussed next.

0dd frequency superconductivity

The simulations of the SF and SFS structures with the Usadel equation,
which are valid in the diffusive limit, revealed a singlet to triplet conver-
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sion of the superconducting correlations, as predicted by Eq. (6.27). At
first sight, this seems counter-intuitive. The wavefunction of the two-
electron system which constitutes a Cooper pair must be antisymmetric
with respect to an interchange of particles. A triplet spin configuration is
symmetric, which would seem to indicate that the orbital part must be
antisymmetric. But an antisymmetric orbital part, given e.g. by p-wave
superconductivity, should not appear in a diffusive system due to the mo-
mentum space averaging effect created by rampant scattering. There is
another possibility, however, which allows for both the orbital and the
spin part of the wavefunction to be symmetric — the particles can avoid
each other in time, giving an antisymmetric time dependence. Known
as odd frequency superconductivity [173], this effect means that it is pos-
sible to induce superconducting correlations carrying spin also in diffusive
systems.

As is illustrated in Fig. 6.2, the singlet superconducting correlations
survive only a short distance into a ferromagnet. The same is true for the
S =0 triplet correlations, whose net spin is orthogonal to the exchange
field. There are, however, two other triplet states where the spins would
be collinear with the exchange field. If generated, they would not be
influenced by the spin splitting to the same extent, and could exhibit
much longer decay lengths. This prospect warrants a closer look at the
two-spin states.

Two spin-1/2 particles combine either into a singlet, which has a total
spin quantum number s = 0, or one of three triplet states, with s = 1.
The precise direction of the spins involved is not knowable due to the
Heisenberg uncertainty principle, but their magnitude, along with one
component can be determined, as they are simultaneous eigenstates. The
eigenvalue of the combined spin magnitude S?, as well as the individual
spin magnitudes §; and S,, when acting on some eigenvector y, is given
as

82)( =s(s+ 1)712)(,
82y =s1(s1 + DIy,
ng =52(s2 + l)hzx.

The scalar product between S; and 8, is also an eigenvalue of y, and is
found to be

1
S1-Sx = (82 - 82 —Sg)x =3 [s(s+1) =51 (51 +1) — s2(s2 + 1)] %y

DN | =
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Using that s; = s, = %, the expected angle between the two spins may be
computed as

7$,-8 1
osy= X212 _ 2 hs+1)-3]. (6.28)
xTIS111S21y 3

The resulting two-spin states are illustrated in Fig. 6.4.
s=0 s=1
| y
sz=0 s =41 s =-1

z Z

Figure 6.4: The possible spin configurations of a two-spin system. In the
singlet state (s = 0), the two spins are anti-parallel, whereas in the triplet
states (s = 1), there is a net magnetisation.

In the presence of a magnetic field it is clear that the s; = +1 triplets
behave differently than the singlet and the s, = 0 triplet. In the former
case, both spins have a component which is either parallel or antiparallel
with the external field. Hence, the spin splitting induces no dephasing of
the Cooper pair. Note that this discussion has been with reference to a
particular spin quantisation axis, e.g., the z axis. While the singlet state
is completely ambivalent to the direction of applied magnetic field, the
triplet states are influenced. For instance, when a magnetic field along the
x axis is applied to the s, = 0 triplet state it behaves as

ML+ INDz=0Nx+UDx,

i.e., alinear combination of the s, = +1 and the s, = —1 triplet states. In
other words, such “equal spin” Cooper pairs may be induced when the su-
perconductor is attached to a ferromagnet whose exchange field direction
is inhomogeneous. This can be done, for instance, by using multidomain
ferromagnets, where triplets induced in the domain walls may be long
ranged in the adjacent domains [174]. Another possibility is by stacking
multiple layers of ferromagnets [175]. Typically, such a structure would
prefer a collinear alignment of their magnetisations, but other configura-
tions are also possible. One example is a trilayer in which a uniform ferro-
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magnet is sandwiched between two layers of holmium, where the magnet-
isation has a conical spatial variation with a certain wavelength [176]. By
tuning the holmium thickness to half of this wavelength, the misalignment
with the uniform ferromagnet is maximised, and so too is the generation
of long ranged triplets [81, 177]. Other examples of systems which display
long ranged triplet correlations are discussed in Papers VI and XI, with the
former summarised in Section 6.6.

6.4 Spin active boundary conditions

Interfaces to ferromagnetic materials can in principle have spin-dependent
tunnelling probabilities. To incorporate such effects, it is necessary to
modify the boundary conditions derived in Section 5.1. This can be done
by introducing a spin splitting in Eq. (5.12), so that

Vo=vi+v,m-a, (6.29)

where the unit vector 7 is the direction of the spin splitting. Note that
in Section 5.1, the tunnelling potential is treated as a perturbation of a
system with an impenetrable interface. Even for such an interface, an
incoming particle may penetrate for some distance before being reflected.
To capture the resulting spin dephasing, Eq. (5.32) must be replaced by

85 (r) = 8 (r9)S', (6.30)

where S is a scattering matrix. It may be found by assuming that the
interface potential takes up half of space, e.g., z > 0 and consider the
following first-quantised Hamiltonian

h2
H:—%Vz—p+(u+ v+vpi-a)0(2), (6.31)

where 0(z) is the Heaviside step function. Momenta parallel to the in-
terface, ik, are conserved during a scattering process, which motivates
considering wavefunctions of the form v (r) = ¢(z)e¥I'"i. Only energies
close to the Fermi level are of interest, and so it is assumed that the ex-
citation energy € = 0, meaning that Hy = 0. The resulting equations of
motion thus become

¢ (2) + zh—TEF ~ki|p2)=0, z<0, (6.32)
" 2 2m N
¢ (z) - k|| + F (v+vpym-o)| p(z) =0, z>0. (6.33)
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The solution in the two respective regimes are, for z <0,

B 1) g ikez (6.34)

_ Ay ik,z
- (42

and for z > 0, where the wavefunction is evanescent,

9
COS 5

_sin?®
o i¢)e_q+z+D( o2 )e“?-z, (6.35)
1n§e

cos gei“’

P(z)=C (S

where 6 and ¢ denote the polar and azimuthal direction of 72 with respect
to the z axis, and

2m
qi:\/kﬁ"‘ﬁ(yivh)

The scattering matrix in spin space is found by matching the wavefunc-
tion and its derivative at z = 0. In this way, the parameters C and D may
be eliminated and the S matrix extracted from the resulting relationship
between A and B; B = SA. One gets

1 (sl+szcos9 spsinfe”i®
(kz+iq.) (k. +iq-) spsinfe”® s, + s, cosf

(6.36)

with s = k2+ ¢4+ q- and s, = —ik,(q+—q-). Eq. (6.36) may be parametrised
more conveniently as

S =eiPelro (6.37)
where
k —qg-
tany = —M. (6.38)
ks +q+q-

The value of the spin-independent phase factor § does not have any phys-
ical implications, and will be set to zero in the following. In Nambu®spin
space, the scattering matrix becomes

~ (S(k) 0 )

=10 s (6.39)

and in Keldysh spaceitis givenas S = diag (S , S) Therelationship between
gg; i and g i and the diffusive Green function g; ; may now be found by
combining Egs. (5.41) to (5.44) and Eq. (6.30), which gives

&0, = (5T§s.j5 + gs,j)_l (27 +&i-5'g, jS) : (6.40)

g0, =(20+ 8- 88:;5") (38558 + gs,j)_l . (6.41)
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These expressions are quite unassailable as they stand. To proceed, an
approximation is made, namely that

M~
+

(S‘Tgs,jg"'gs,j)_lz (gs,jSTgs,jg_i)]_lgs,j

1§
¢

DN = N =

—_—
I~
|

(gs,jSTgs,j

N = DN~

_j)] gs,j;

and similarly for (Sg, ;$" + & ;). By inserting into Egs. (6.40) and (6.41)
one gets

T RO N T (U
gO,j ’:§I+ Egs,j—igs'js gs,]-S—zgs,jS gs,ngs,]-, (6.42)
. 1. 3 1., . 1, . <.
8o =51+ 5855 ESgs,jSTgs,j - Egs,ngs,jSTgs,j' (6.43)

The main motivation for approximating Egs. (6.40) and (6.41) in this, some-
what peculiar, way is that in the limit of no spin mixing, S = I, the identity
gféy]. = g(g{ i 8s,j is restored. Following the same steps as in Section 5.1,
using Egs. (5.28) to (5.30), (5.34) and (5.48) one finds to lowest order in the
tunnelling limit, after a significant amount of algebra,

1p

GV =, (81, pego+ Pim-o, g} +por-a o]

c

—iG¢[g1,m'0], (6.44)

where, following the notation of Ref. [45] v = %T,BJr and vfl = %Tﬁ_, with

T=p1/2p;and B+ = (1 +vV1- Pz). Note that P € [-1, 1] plays the role of a
polarisation. The parameter G, appears entirely because of the scattering
matrices, and involves no tunnelling. It may thus be used to model a
ferromagnetic insulator. In general, G4 depends on both P and T, but
can vary independently as the latter two in principle also depend on the
thickness of the barrier.

6.5 Singlet spin accumulation

Using the formalism of Eq. (6.44), a very interesting and counter-intuitive
phenomenon was predicted in Paper XII, namely that singlet supercon-
ducting correlations can produce a nonequilibrium spin accumulation.
This was done by considering the system shown in Fig. 6.5.
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Figure 6.5: Hybrid structure displaying a spin accumulation due to sing-
let superconducting correlations. Two superconducting electrodes are
attached to a four-terminal normal metal to form a Josephson weak link,
and two ferromagnetic electrodes are attached to the remaining two arms.
When the magnetisation in the two ferromagnets are antiparallel, and a
temperature gradient is applied between them, a spin accumulation may
be generated by applying a phase difference between the superconductors.
Figure courtesy of J. Linder.

Two superconducting electrodes are attached to opposite arms of a four-
terminal normal metal device in the form of a cross, thereby forming a
Josephson weak link. On the remaining two arms, ferromagnetic elec-
trodes are attached, which thus makes a spin valve, aligned orthogonally
to the Josephson weak link. The temperature in one of the ferromagnets is
increased relative to the rest of the system, creating a temperature gradi-
ent in the normal metal. The total width and height of the normal metal
region is assumed to be L = 3¢, where ¢ is the superconducting coherence
length. For diffusive niobium, a commonly used superconductor, the co-
herence length is about 10-15 nm. An important point is now that using a
normal metal with a very long spin flip scattering length, such as copper,
the resulting spin diffusion length, i.e., the length scale over which spin
coherence is kept, can be made larger than the system size — even with
a high concentration of impurities. Hence, spin relaxation due to elastic
scattering processes can be made negligible. Furthermore, at the temper-
atures relevant for conventional superconductors, spin relaxation due to
inelastic electron-electron and electron-phonon scattering are negligible
as well. This allows the definition of spin-dependent temperatures Ty .
To understand how a spin accumulation emerges in this system, con-
sider first a spin valve, with no superconducting correlations, aligned such
that a ferromagnetic lead is placed to the left and right of a central normal
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metal. A reasonable phenomenological model for the temperature of the
two spin species immediately next to the two ferromagnetic reservoirs is

TR =T, 1——b AT 6.45
R=Ty+1-7]aT, (6.45)
TR =T, 1——b AT, 6.46
[ ot 2 ’ ( . )
L b 3
TT —T0+—2AT+p(1 b)AT, (6.47)
TL =T, —bAT 6.48
F=To+ AT, (6.48)

where Ty and Ty + AT is the temperature of the left and right reservoirs,
respectively. The parameter b indicates a spin-independent interface
resistance, and p takes into account the interfacial spin polarisation. If
the spin-dependent temperatures are assumed to have a linear spatial
dependence in the normal metal, the resulting spin temperature T =
T; — T| becomes constant,

Ts=p(1-Db)AT. (6.49)

As discussed in Paper XII, this model can be derived from quasiclassical
theory, under the assumption of a sufficiently small temperature gradient.
In this case b and p may be expressed in terms of p;/p. and P in Eq. (6.44).

a) E, 4 b) E; 4
TT
Tl
V=0 Vo >0

Figure 6.6: Illustration of the mechanism leading to a spin accumulation
induced by singlet superconducting correlations. a) The quasiparticle
band structure with an intra-valley spin imbalance, but no net spin accu-
mulation as there are just as many electron-like quasiparticle excitations as
there are hole-like. b) A gradient in the superconducting phase V¢ induces
a Doppler shift, which breaks the symmetry between the two valleys.
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Figure 6.7: The magnetisation generated in the four-terminal device. The
superconducting electrodes are placed on the ends of the vertical arms.

Whenever a phase difference is applied between them, the magnetisation
in the system is non-zero.

Singlet Cooper pairs carry no spin, which means that when the su-
perconducting leads are introduced, the superconducting correlations
induced in the normal metal reduce T;. This reduction is greatest close
to the superconducting leads, and less severe at the centre of the system
— where the proximity effect is lowest. In other words, a gradient in the
spin temperature, VT, develops in the vertical arms connected to the
superconductors. This has interesting consequences. First of all, the su-
perconducting correlations in the normal metal behave in much the same
way as a bulk superconductor, forming a gap in the quasiparticle band
structure similar to Fig. 3.2. The appearance of a Ts > 0 means that spin
up quasiparticles experience a higher temperature than spin down quasi-
particles. Furthermore, a gradient in Ty means that the distribution of the
spin temperature is inhomogeneous in momentum space, being largest
in the direction parallel to VT, and resulting in a spin imbalance within
valleys of the band structure. This is illustrated in Fig. 6.6a), where for
clarity a situation where there are only quasiparticle excitations with a
negative group velocity is shown. Nevertheless, there is still no spin accu-
mulation, as there are just as many electron-like excitations as there are
hole-like. However, when a phase difference is applied between the su-
perconductors, the phase gradient in the normal metal, which is collinear
with VT, puts the condensate into motion, thereby inducing a Doppler
shift of the band structure [178], as shown in Fig. 6.6b). This breaks the
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symmetry between the two valleys, thereby producing a net spin accu-
mulation. Note that these arguments are also applicable in the diffusive
limit, due to the inhomogeneity of the system. Indeed, while frequent im-
purity scattering means that the quasiparticle excitations may be thought
of as random walkers, there is a net drift in the direction normal to the
superconductor-normal metal interface, in accordance with Fick’s first law.
Hence, the quasiparticles sample the band structure with a bias, resulting
in an incomplete cancellation of effects which depend on the momentum
direction parallel to VT and V.

The discussion so far has been largely phenomenological, but it is
perfectly corroborated by numerical analyses with the Usadel equation. A
quasiclassical discussion of temperature gradients is, however, somewhat
complicated by the fact that in such a nonequilibrium situation, temper-
ature is strictly speaking not defined, as the distribution function does not
have a Fermi-Dirac form. The closest analogues to a temperature are the
energy modes in the quasiclassical distribution function #, as defined in
Egs. (2.77) and (4.16), where with spins aligned in the z direction, the rel-
evant components are iy and h3. They can be converted to a distribution
function for the different spin species via ht,| = ho + h3, which in turn may
be used to compute an effective spin temperature T, via a Sommerfeld
expansion [108].

The numerical simulations of the system were obtained by solving
Eq. (2.100), which involves first finding the retarded and advanced Green
functions for a given quasiparticle energy, and then the distribution func-
tion in a separate solution step, as discussed in Section 4.3. This allowed
the magnetisation to be computed from Eq. (6.23). The result is shown in
Fig. 6.7, where it is clearly seen that a magnetisation develops whenever
there is a phase difference between the superconductors. Even though
there are ferromagnetic reservoirs in this system, they are so far removed
from the superconductors that any triplet superconducting correlations
are completely negligible. Hence, this spin accumulation is solely due to
the singlet correlations.

6.6 Controllable supercurrents in ferromagnets

An application of the long ranged triplet superconducting correlations is
discussed in Paper VI. It turns out that for a circular disk of cobalt, which
is a ferromagnet, micromagnetic simulations reveal that the geometry
causes a magnetic vortex structure to be favoured. This means that the
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magnetisation points in the circumferential direction of the disk, with the
exception of its centre, where it points out of the plane. This motivates
the following experimental setup, as shown in Fig. 6.8. The circular cobalt
disk is placed at the bottom of a stacked geometry, on top of which is place
a copper spacer, followed by a layer of nickel, which is also a ferromag-
net. Finally, a layer of niobium is added, which is superconducting at the
temperatures considered — around 2-3 K.

By focused ion beam milling a trench with a width of about 20 nm is
made through the niobium, nickel and copper layers, leaving the cobalt
layer intact. Since the superconducting layer is now separated into two
halves, the system becomes a Josephson junction. Furthermore, from
micromagnetic simulations of the nickel layer it is found that the mag-
netisation close to the trench tends to align parallel with it. This means
that there is a significant degree of misalignment in the magnetisation
between the nickel and cobalt layers. An exception, once again, is at the
centre of the vortex, where the out-of-plane magnetisation of the cobalt
layer forces an out-of-plane alignment of the nickel layer as well. Hence,
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Figure 6.8: [llustration of an experimental setup of a ferromagnetic Joseph-
son junction displaying a strong inhomogeneity of the magnetisation. a)
Superconducting niobium is placed on top of a stack of ferromagnetic ma-
terials, cobalt and nickel, separated by a copper spacer. A trench through
the Nb, Ni and Cu layers is created by focused ion beam milling, thereby
forming a Josephson junction. b) The magnetisation in the Co and Ni
layers, as predicted by micromagnetic simulations, indicating that there
is significant misalignment between the two layers. Figure courtesy of K.
Lahabi.
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two regions are formed, separated at the centre of the system, in which
long ranged tripled correlations may form. Moreover, typical values for
the exchange splitting in cobalt and nickel are in the range of 0.5eV to
1.0eV [179-181], which means that it is only the long ranged triplet com-
ponents that are likely to survive the journey from one superconductor to
the other. The presence of any Josephson effect when a phase difference is
applied between the superconductors is therefore proof of their existence.

The system was investigated experimentally by applying a magnetic
field in the perpendicular direction to the disk plane and measuring the
resulting interference pattern of the critical current, an example of which
is shown in Fig. 6.9a). From this it was inferred, first of all, that there are
indeed long ranged triplets in this system. Furthermore, the interference
pattern itself has a peculiar shape, which differs from the Fraunhofer-
shape expected from a uniform current density distribution. It is seen
that the lobes all have approximately the same width, and the decay of
the critical current with increasing magnetic field is slower than expected.
These are traits which are more typical of double-slit interference, and are
indicative of a two-channel current flow. This is verified by finding the
current density corresponding to such an interference pattern, which is
shown in Fig. 6.9b), where it is seen that the dominant contribution to the
current density does indeed form two channels.

a) b)
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Figure 6.9: An example of the experimental findings. a) The interference
pattern in the critical current, measured by the application of a magnetic
field in the direction perpendicular to the disk plane. b) The inferred
current density distribution in the direction x transversal to the junction
direction (parallel to the trench). A two-channel current flow is seen. Fig-
ure courtesy of K. Lahabi and J. A. Ouassou.
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Figure 6.10: Three dimensional numerical simulations of the cylindrical
stack. To ease the numerical resource requirement of such an analysis,
only the most relevant region surrounding the trench is modelled. a) 3D
plot of the current density, showing how the current flows from one super-
conductor to the other (top surfaces) by minimising it distance beneath
the trench. b) Vertical slice through the centre of the trench, as indicated by
the inset. A suppression of the current density is seen exactly at the centre,
where there is reduced misalignment of the magnetisation, resulting in a
two-channel flow. The current is given in units of Jy = evoDA(/16¢.

To provide further support for these interpretations, three-dimensio-
nal simulations of the system using the Usadel equation were performed.
The ferromagnets were modelled as a single material, which incorporated
the exact inhomogeneous magnetisation profile computed from the mi-
cromagnetic simulations. The size of the spin splitting in nickel and cobalt
are generally too large for quasiclassical theory to be applicable, and so
an exchange field with a lower value of || = 30A¢, where A is the super-
conducting gap, was used instead. This was deemed to be sufficient to
suppress any current not carried by the long ranged triplets. The result of
this analysis is shown in Fig. 6.10, where currents have been made to flow
by imposing a phase difference between the superconductors of ¢ = /2.
Notice in particular that the current density is suppressed at the centre of
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the system, forming two separate channels, which is consistent with the
experimental findings.

6.7 Spin-orbit coupling

In Section 6.3 it was seen that a ferromagnet with an inhomogeneous mag-
netisation coupled to a superconductor can generate long ranged triplet
superconducting correlations. Spin-orbit coupling provides additional
means of doing so. This phenomenon is a relativistic effect that emerges
when the electron experiences a change in an electrostatic potential in
which it moves, e.g., the crystal lattice. Such a change, of course, leads to
an electric field. Electric and magnetic fields intermix in different refer-
ence frames, and may thus lead to a coupling with the electron spin. To
derive a Hamiltonian which takes this effect explicitly into account, it is
convenient to begin with the covariant Dirac equation in the presence of
an electrostatic potential V,

(mcz+V(r) —ihco -V (1//@)_ e+mc? 0 (1//@
—~icha-V. -mc+vm))\yn) | 0 e+mc?)\yp,

where v, and v, are the wavefunctions for electrons and holes, respect-
ively. Eliminating vy, gives

) , (6.50)

2 _
h (1+ e-V(r)

-0 - V
2mc?

-1
) o-V+V(r)
2m

Ye(r) =ey,.(r).

The nonrelativistic limit is found by assuming that all energies involved
are much smaller than the electron rest energy mc?, and hence one finds,
to lowest order in a Taylor expansion in (e — V)/ 2mc?

[p2+ pt_, _ih - V) o -p)+V|w.=¢
2m  8m3c?  4m?c? p Ve=tVe

where p = —ihV, and it has been used that £ — V approaches p?/2m as the
Dirac equation approaches the Schrodinger equation. This can alternat-
ively be written as

[ v _ p ih

h
4 VvV ——0-(VV x +V =&Y,
2m  8m3c? P 4m2c? ( p) Ve=£Ye

4m2c?

from which the spin-orbit term may be identified as

h
Hsoc = —WU -(VV x p). (6.51)



122 CHAPTER 6. SPIN-DEPENDENT PROXIMITY EFFECTS

Quasiclassical formalism

Spin-orbit coupling which is linear in momentum is straightforward to
include in the quasiclassical formalism. Consider a general spin-orbit
coupling of the form

hZ
Hsoc = %Fijgivj» (6.52)

where I';; is a spatially constant tensor giving the strength of the spin-
orbit coupling. Such a term can be absorbed into the kinetic energy as an
effective gauge field,

o (V*-2Ij0;-V) = . (V-T;0:)" + - Tio:).
If the last term is discarded, spin-orbit coupling may be included in the
quasiclassical Green function formalism simply by making the replace-
ment

h h- h h
TV—’—VZ?V—7ri0’i, (653)

1 1

in the exact same fashion as was done with the vector potential A in
Eq. (3.87). Hence, introducing spin-orbit coupling in this way is equivalent
to applying an effective vector potential of the form

eAsoc =eA+T;0;. (6.54)

In the following, only Rashba spin-orbit coupling will be considered, which
typically occurs when inversion symmetry is broken along a direction 7,
for instance due to an interface. In that case I';j = yniey; I and Eq. (6.52)
becomes

2
Hsoc = %Yﬁ- (o x V). (6.55)

6.8 Spin valve on a topological insulator

As a first exposure to the influence of spin-orbit coupling on superconduct-
ing hybrid structures, an application involving the extreme case of topolo-
gical insulators will be discussed. These are heavy-metal compounds, such
as HgTe [182], where the mass of the lattice ions is so great that the spin-
orbit coupling and the relativistic corrections to the band structure lead
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to a band gap inversion near the centre of the Brillouin zone. This gives
the material a topological character, as identified by a non-zero Chern
number [183]. By band gap inversion is meant that what would normally
be the valence band in the trivial phase gets shifted to above the conduc-
tion band in the topologically non-trivial phase. For the case of HgTe, this
transition happens at a certian critical sample thickness d..

When a topologically non-trivial material is attached to a topologic-
ally trivial material, something interesting is bound to happen at their
interface. Indeed, for a topological insulator there must be a transition
from the inverted band gap to a conventional band structure. This cannot
be done without crossing the Fermi level. This implies the existence of
topologically protected conducting surface states, even though the bulk of
the topological insulator is insulating, which is the hallmark characteristic
of these materials.

In a 3D topological insulator, the surface states have a cone-like disper-
sion. The strong spin-orbit coupling further leads to a fixation of the spin
direction relative to the momentum direction, which is known as spin-
momentum locking. While the exact band structure of typical topological
insulators are far too complex to use in calculations, the most important
physics may be revealed by using a simplified Hamiltonian, taking into
account only the two-dimensional surface states close to the Fermi level,

H=-ihvgo-V, (6.56)

which has the form of the Dirac equation. This immediately exposes a
curiosity. If an exchange field is introduced in a direction which is in the
plane of the surface states, the Hamiltonian takes the form

H= —ihuFa-(V—Lh), 6.57)
hl/p
which means that an in-plane exchange field behaves in the exact same
way as a vector potential, as seen in Section 3.8. An out-of-plane exchange
field can however not be accommodated, as this introduces a gap in the
model Hamiltonian. Eq. (6.57) raises the question of what happens when
superconducting correlations are introduced to the surface of a topolo-
gical insulator via the proximity effect. If there is also an exchange field
present, can this lead to vortices? This question was answered in the af-
firmative in Paper VIII, which considers a Josephson junction formed on a
topological insulator. Also on top of the topological insulator, between the
superconductors, is placed a spin valve — two ferromagnets separated by a
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Figure 6.11: Illustration of a spin valve and two superconductors placed
on the surface of a topological insulator. The former is displaced for clar-
ity. When the spin valve is in the antiparallel configuration, the resulting
inhomogeneous in-plane magnetisation induced on the topological in-
sulator, combined with the superconducting correlations, may produce
vortices.

spacer, which can either have a parallel (P) or an antiparallel magnetisation
(AP). An illustration of the setup is shown in Fig. 6.11. The Hamiltonian
in Eq. (6.57) can be studied using diffusive quasiclassical Green function
by following the same procedure as in Section 2.4. The only difference is
that the spin-momentum locking needs special care. By a unitary trans-
formation it turns out that the spin dependence of the Green function
can be isolated from its momentum dependence. Introducing the quasi-
classical approximation and the spherical momentum averaging on the
transformed Green function, the resulting equation of motion for the 2D
surface states takes the exact same form as the Usadel equation, given in
Eq. (6.16) — except that it is formulated for Green function matrices with
structure only in particle-hole space. The spin structure is reintroduced via
the unitary transformation [184]. The inverse proximity effect is neglected,
as is shown to be a reasonable approximation in Paper IX.

The spin valve introduces a non-uniform magnetisation to the region
between the superconductors. Since h takes on the role of a vector poten-
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Figure 6.12: Numerical simulations of the system shown in Fig. 6.11. a)
and b) The pair correlation with the spin valve in the parallel and in the
antiparallel configuration, respectively. In the latter case, vortices appear.
c) and d) The density of states for the two configurations

tial, the quantity

@h:f Vxhdr, (6.58)
A

must describe an effective flux through an area A. The effective flux
quantum becomes ®¢ = 7hvg, and hence for sufficiently large effective
fields By, = V x h, vortices are to be expected. Clearly, the AP configuration
of the spin valve induces a larger By, than the P configuration. One may
therefore envision toggling between a state in which the system exhib-
its vortices, and one where it does not, simply by switching the relative
magnetisation of the spin valve ferromagnets. Numerical simulations for
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reasonable choices of parameter values validates this prediction, as is
shown in Fig. 6.12.

6.9 Supercurrent vortex pinball

An explicit application of the formalism derived in Section 6.7 is presented
in Paper IV. A two-dimensional system is considered, e.g. a GaAs 2D
electron gas (2DEG). Such a system may provide a large g factor, so that
a Zeeman effect, and thus an exchange field k may be introduced by the
application of an external magnetic field in the plane of the 2DEG. Spin-
orbit coupling may further be introduced by a gate voltage in the out-
of-plane direction. By contacting two superconductors to this system,
a superconductor-ferromagnet-superconductor weak link, with an out-
of-plane Rashba spin-orbit coupling may be formed. It turns out that
this hybrid structure displays highly controllable supercurrent vortex-like
patterns, as is illustrated on the system model shown in Fig. 6.13. These are

2y

® ©

o o °

6 ©

Figure 6.13: Illustration of a two-dimensional ferromagnetic Josephson
weak link with an out-of-plane Rashba spin-orbit coupling. Depending on
the strength of the exchange field h, and its direction, a variety of vortex-
like patterns in the current density are formed. These patterns are also
influenced by the phase difference between the superconducting leads,
and the strength of the spin-orbit coupling.

not vortices in the conventional sense. Rather, they are circulations of the
supercurrent around localised points without an associated suppression
of the superconducting correlations. There is also no phase winding.
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The supercurrent vortices require a phase difference between the su-
perconductors (otherwise there are no currents in the system), and appear
close to the 0-7 transition (discussed in Section 6.3), as shown in Fig. 6.14,
where the exchange field direction points in an angle of 8 = 45° relative
to the x axis indicated in Fig. 6.13, and the phase difference was held at
¢ = /2. The current pattern is seen to vary greatly for different exchange
field strengths. An extensive parameter study was made to understand the
behaviour of these vortex-like formations. Keeping all other parameters
fixed, the exchange field direction, spin-orbit coupling strength and the
phase difference were all sequentially varied in a systematic manner, dis-
playing a diverse array of current density patterns, as shown in Fig. 6.15.
The richness and complexity of these patterns, along with the many ways
in which they can be controlled led to this system receiving the humorous
moniker of a supercurrent vortex pinball machine.

To understand the origin of these effects, it is necessary to have a

(h)/1(0))

Figure 6.14: The supercurrent I as a function of the exchange field /, which
points in a direction 6 = 45° relative to the x axis in Fig. 6.13. Each marker
represents a numerical simulation, and the insets show a selection of
current density distributions. The lower region of the figure (in red) marks
the exchange fields for which vortex-like patterns in the current density
appear. Notice also the 0-7 transition at 2/A = 0.75.
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Figure 6.15: A variety of vortex-like current density patterns, produced
by varying the system parameters. Unless otherwise stated, the exchange
field direction is 8 = 45°, the strength of the spin-orbit coupling is y¢ = 0.5,
the phase difference between the superconducting leads is ¢ = 7/2, and
the exchange field strength is /A =1.0. a) 8 =30°, b) 6 =60°, ¢) y¢ = 0.6,
d) y¢=0.8,e) ¢ =n/5,and f) ¢ = 4n/5.

closer look at how the triplet superconducting correlations influence the
supercurrent. By inserting Eq. (2.53) into Eq. (3.74), an expression for the
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supercurrent density can be found. It will turn out to be elucidating to
parametrise the anomalous Green function f (either the retarded or the
advanced) in terms of its singlet f; and triplet f contributions,

f=(fl+f-0)io,. (6.59)
In that case the supercurrent density may be separated into additive con-
tributions,
T=Jr+ T, (6.60)
Where ][ = Is - ]x - ]_y - ]Z) With

evoD
Ji = 0

fooo dS%(kafk—kafk) tanh %, (6.61)

and f (€) = f*(—¢). This current contribution is identical in form to what
one would expect also in the absence of spin-orbit coupling. In the present
case, however, an additional term J;; emerges, which describes currents
due to interference effects between the triplet correlations,

o0 ~ ﬁg
Jir =eyvoDe, x f deR (f[ x ft) tanh > (6.62)
0

where 7y is the strength of the spin-orbit coupling. Note that the cross
product between the triplet anomalous Green functions in the integrand
of Eq. (6.62) expresses the spin polarisation of the triplet Cooper pairs [185,
186]. In other words, J;; is a current induced by the triplet Cooper pair
magnetisation — it may therefore be characterised as a triplet induced
inverse Edelstein effect. It is precisely this current contribution which is
the cause of the current density patterns observed in Figs. 6.14 and 6.15.
It turns out that J;; has a significant spatial variation transverse to the
junction direction (y axis). This is reasonable as motion near the vacuum
interfaces is more restrictive than motion near the centre of the system,
which influences the generation of triplet superconducting correlations.
This is less important in J;, where these effects cancel out to a greater
degree, leading to a weaker spatial variation, as illustrated in Fig. 6.16 for
an exchange field h = Aey, where A is the superconducting gap.
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Figure 6.16: The current density distribution along the y axis (centre of
the junction), showing the origin of the vortex-like patterns. The current
contribution J;; has a greater spatial variation than J;, and is directed
oppositely. This leads to the total current J = J; + J;; changing direction,
and thus quenching the current density in localised regions.

The supercurrent vortices appear when J; and J;; cancel at particular
points. Varying h, its direction 8, the spin-orbit coupling strength y or
the phase difference ¢ has the effect of tuning the the relative size and
the spatial variation of the two current contributions, thereby creating the
effect. Since it is the triplet spin polarisation that is responsible for the
peculiar current patterns, one might expect the inverse process to also take
place — the generation of a spin accumulation from a charge current. This
cannot be studied at the level of accuracy employed herein, as discussed in
Section 3.8. However, such effects are observed when working outside the
quasiclassical formalism. This was seen in a ferromagnetic Josephson weak
link with interfacial spin-orbit coupling, studied with the tight binding
Bogoliubov—-de Gennes framework in Paper V. In that case it was found
that a transversal spin current is induced by a phase difference between
the superconductors.

6.10 Interfaces with spin-orbit coupling

Creating long ranged triplet superconducting correlations in realistic ex-
perimental setups can be challenging, requiring either many layers of dif-
ferent materials [80] or scarce rare earth materials [187]. Inducing triplets
via spin-orbit coupling is seemingly easier. Any interface breaks inver-
sion symmetry, giving rise to a Rashba spin-orbit coupling. This can, for
instance, be done by interfacing a superconductor with a conventional
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ferromagnet, via a heavy metal interlayer. Theoretical studies of such
systems have revealed that long ranged triplets do indeed appear if the
magnetisation is directed such that it has both a component parallel to
the interface with significant spin-orbit coupling, and a component or-
thogonal to it [86, 88]. In other words, the magnetisation must display a
certain degree of canting. This, as it turns out, is challenging to achieve
experimentally, as the magnetisation in such systems typically favour an
alignment parallel to the interface. So far, creating a long ranged Joseph-
son effect in a ferromagnet using heavy metal interlayers has yet to be
achieved experimentally [188, 189]. Nevertheless, interfacial spin-orbit
coupling as a source of long ranged triplet superconducting correlations
is a promising topic, and this raises the question of how to model such
systems. Using quasiclassical theory, one way is to model the interface as a
thin separate material which connects to a ferromagnetic material on one
side and a superconductor on the other side via boundary conditions [88].
While this method works well, it is an approximation of the true interfacial
spin-orbit coupling, which takes place over length scales much smaller
than quasiclassical theory allows for. It is therefore more appropriate to
include spin-orbit coupling in the boundary conditions themselves, as
is discussed in Paper X. This can be done by modifying the tunnelling
potential of Eq. (5.12) to

Vo= wi+wg (g x kr) - &, (6.63)
where kp = kg/|kg|, and 714 is a unit vector parallel to the interface normal,
indicating the direction in which the symmetry is broken. The scattering

matrix, found by considering an insulator with the same spin-dependent
field, analogous to Section 6.4, takes the form

§ = Y haxkops, (6.64)

where y is the spin-mixing angle. For low values of y, Eq. (6.64) may be
approximated as

v

1 . .
S:(I—EYZ)I-FZ'Y(]C,

with Z k= (g% kp) -0 p4. Following the same steps as in Sections 5.1 and 6.4,
leads to a new set of boundary conditions where spin-orbit coupling is
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explicitly taken into account,
n-&ivVg =T [§1, &)+ Ta[§1,0)8:0)] + Ty [§1,0)8:6)]
+i\/ Ty T [81,{& 61, 8] 6)}]
+i\ T4 T [§1.{&. 00} §10) + 6181 {& 011}], (6.65)

where g = diag(d,6)), and ¢ = diag(+a/, -0}, where o, are the in-
plane Pauli matrix components with respect to the interface. Notice that
thelower block of ¢ is defined with a minus sign, in contrast to the conven-
tional definition of Pauli matrices in particle-hole space. The parameter
Ty and T}, describe a spin dephasing upon tunnelling and reflection, re-
spectively, and T}, = T, T, /2. A special case of Eq. (6.65), which cannot
be described by other means within quasiclassical theory, is a boundary
condition representing an insulator with spin-orbit coupling. It is found
by setting g» = 0, which gives

n-81Vg1 =Ty [81,6)8:10] (6.66)

For interfaces to a bulk superconductor (i.e. if the inverse proximity effect
is ignored), where the Green function is given by Eq. (3.65), Eq. (6.65)
simplifies to

n-&iVe =T [&, &+ T, [8.61510)]
+i\/ T4 T[81,0{81, &} 0] (6.67)

In Paper X, Eq. (6.67) is tested on a few applications and compared
to previous work. The density of states in a superconductor-ferromagnet
bilayer was considered, as shown in Fig. 6.17. The density of states at e =0
takes the form,

1 1 1
v(r,e=0)= 1—5|fs|2+5|ﬁ||2+5|fl|2, (6.68)

using the parametrisation in Eq. (6.59). It is seen that the singlet anomal-
ous Green function leads to a suppression of the density of states, as is to be
expected. The triplets, on the other hand, increase the zero-energy density
of states — they form a zero-energy peak. The triplet anomalous Green
functions are in this case decomposed into a component fj, which is par-
allel to the exchange field h, and a component f|, which is orthogonal to
it. The latter describes Cooper pairs with spins aligned with the exchange
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Figure 6.17: The first test case considered. A superconductor is connected
to a ferromagnet via a thin intermediary layer with strong spin-orbit coup-
ling. This layer is modelled as an interface, and described by Eq. (6.67).
The exchange field h in the ferromagnet is directed at an angle 6 relative
to the interface.
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Figure 6.18: Numerical results for the SF bilayer. a) The change in the
maximum density of states at the energy € = 0, for a selection of spin-orbit
coupling strength T, = T, as indicated on the figure. An increase in §v is
seen when the exchange field canting angle 6 is directed away from 0 and
7/2. b) The anomalous Green functions at T, = T,, = 0.5. f5, fj and f|
are the singlet, short ranged triplet and long ranged triplet components,
respectively.

field, and are therefore long ranged in the ferromagnet. Fig. 6.18a) shows
the change in the maximum density of states as the exchange field canting
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angle, 0, is varied for a selection of spin-orbit coupling strengths Ty, = T},
6V = V(Rmaxyg = 0) 9) - V(Rmaxyg = O’O)y

where it is seen that v is greatest when the exchange field canting angle 6
is in the vicinity of /4. The size of the different anomalous Green func-
tions are shown in Fig. 6.18b), for T, = T}, = 0.5. It is seen that the greatest
contribution to the modulation of §v stems from the long ranged triplet
component, f), which is identical to zero at the points 8 = 0,7/2, in qual-
itative agreement with previous theoretical studies [87].

S F S

gBcs gBcs

Figure 6.19: The second test case considered. A ferromagnetic Josephson
weak link is formed by connecting the superconductors to the ferromagnet
via interfaces with strong spin-orbit coupling.

A Josephson weak link was also considered, with the new boundary
conditions applied as shown in Fig. 6.19. In this case, the spin currents
carried by the long ranged triplets were studied. It was found that the spin
current, as determined from Eq. (6.25), is maximal when 6 =~ 45°, and zero
when the exchange field is perpendicular or parallel to the interfaces, as
shown in Fig. 6.20a). Furthermore, from Fig. 6.20b) it is seen that the cur-
rent phase relation is approximately sinusoidal, indicating that the effect
stems from a spin polarisation of the charge current. Finally, Fig. 6.20c)
shows that the size of the spin currents increase with increasing Ty, which
is reasonable, but eventually saturates at Ty = 0.5. It is not known whether
this saturation is because the limits of validity for the size of T,, has been
reached.
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Figure 6.20: Numerical results for the SFS system. a) The spin current,
carrying spins aligned parallel to the exchange field as a function of cant-
ing angle 8. I;o = voDW/32 is the spin current amplitude, where W is
the width of the junction. Indicated on the figure is the strength of the
spin-orbit coupling T, = T},. b) The spin current as a function of phase
difference between the superconducting leads at T, = T}, = 0.5, showing
a close-to sinusoidal current-phase relation. ¢) The strength of the spin
current as a function of the interfacial spin-orbit coupling Ty, = T},.
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Chapter 7

Outlook

In this thesis I have reviewed the quasiclassical approximation and its
application to nonequilibrium Green functions. I have introduced the
phenomenon of superconductivity and incorporated it into the theoretical
framework. I have presented the finite element method, which is a power-
ful numerical method capable of simulating superconducting systems
taking virtually any shape. Finally, | have studied superconducting hybrid
structures, both with and without spin-dependent fields, and highlighted
a selection of my research.

What is not captured in such an exposition is the learning process,
which has taken a significant portion of my time. Having arrived at the end
of my graduate studies, there still remains much I would like to explore.
Hence, I conclude this thesis by discussing future research directions.

Superconducting vortices is a topic I find fascinating, and would have
liked to investigate further. It would be interesting to study how vortices
interact with spin-dependent fields, for instance generated by proximity
to a ferromagnet. In that case, triplet superconducting correlations are
induced, which are also influenced by the magnetic field. If the spin of the
triplet correlations can be made spatially inhomogeneous, e.g., through
spin-orbit coupling, this could possibly give rise to half-quantum vor-
tices. Such vortices have been observed in SroRuQO,4 [190] and in superfluid
3He [191], and could occur by a similar mechanism also in superconduct-
ing hybrid structures.

The Meissner effect is another intriguing topic which has not received
much attention in this thesis. It is known that triplet superconducting
correlations can exhibit a paramagnetic Meissner effect [77, 192, 193]. This
competition between the conventional diamagnetic and a paramagnetic

137
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response would be interesting to explore in a variety of superconducting
hybrid structures — not in the least in nonequilibrium systems.

Finally, I would like to highlight one additional avenue for future re-
search, namely time-dependent phenomena. The quasiclassical Green
function formalism can be used to describe dynamics in superconducting
systems, but this is a highly nontrivial numerical problem, which has only
been explored to a limited extent [194-197]. Incorporating time depend-
ence into the finite element framework would provide many opportunities.
One example is the possibility of studying spin pumping, where interest-
ing effects have been observed in superconductor-ferromagnet structures
with spin-orbit coupling [89, 198].

The field of superconducting spintronics is a rich and rapidly evolving
landscape of fascinating physics, and superconducting hybrid structures
provide accessible means of exploration. One can only wonder what vistas
will be discovered in the future.



Bibliography

(1]

[10]
[11]

[12]

[13]
[14]

J. E. Moyal, Mathematical Proceedings of the Cambridge Philosoph-
ical Society 45, 99 (1949).

J.J. Parsons and D. Oja, Computer Concepts 2014 (New Perspectives
Series), 16th ed. (Cengage Learning, 2014).

H. Hollerith, Journal of the Royal Statistical Society 57, 678 (1894).

S. McCartney, ENIAC: The Triumphs and Tragedies of the World’s
First Computer (Walker & Company, 1999).

J. Bardeen and W. H. Brattain, Physical Review 74, 230 (1948).

A. N. Saxena, Invention of Integrated Circuits: Untold Important
Facts (World Scientific, 2009).

J.-L. Baer, Microprocessor Architecture: From Simple Pipelines to
Chip Multiprocessors (Cambridge University Press, 2010).

C. T. Sah, Proceedings of the IEEE 76, 1280 (1988).

R. H. Dennard, E H. Gaensslen, H. N. Yu, V. L. Rideout, E. Bassous
and A. R. Leblanc, IEEE Journal of Solid-State Circuits 9, 256 (1974).

G. E. Moore, in Technical digest. international electron devices
meeting (Mar. 1975), pp. 11-13.

G. E. Moore, Electronics Magazine 38, 114 (1965).

W. Haensch, E. J. Nowak, R. H. Dennard, P. M. Solomon, A. Bryant,
0. H. Dokumaci, A. Kumar, X. Wang, J. B. Johnson and M. V. Fischetti,
IBM Journal of Research and Development 50, 339 (2006).

M. Bohr, IEEE Solid-State Circuits Newsletter 12, 11 (2009).

Future R&D Plans - Taiwan Semiconductor Manufacturing Com-
pany Limited, www . tsmc . com/ english/dedicatedFoundry/
technology/future_rd.htm (visited on 09/06/2020).

139



140

[15]

[16]

[17]

(18]
[19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]
(28]
(29]
(30]

(31]

(32]

BIBLIOGRAPHY

L. Zutié, J. Fabian and S. D. Sarma, Reviews of Modern Physics 76,
323 (2004).

M. N. Baibich, J. M. Broto, A. Fert, E N. Van Dau, E Petroff, P. Eitenne,
G. Creuzet, A. Friederich and J. Chazelas, Physical Review Letters
61, 2472 (1988).

G. Binasch, P. Griinberg, E Saurenbach and W. Zinn, Physical Review
B 39, 4828 (1989).

M. Julliere, Physics Letters A 54, 225 (1975).

T. Miyazaki and N. Tezuka, Journal of Magnetism and Magnetic
Materials 139, 1231 (1995).

J. S. Moodera, L. R. Kinder, T. M. Wong and R. Meservey, Physical
Review Letters 74, 3273 (1995).

D. Wang, C. Nordman, J. M. Daughton, Z. Qian and J. Fink, in Ieee
transactions on magnetics, Vol. 40, 4 II (July 2004), pp. 2269-2271.

S.Yuasa, T. Nagahama, A. Fukushima, Y. Suzuki and K. Ando, Nature
Materials 3, 868 (2004).

S. S. Parkin, C. Kaiser, A. Panchula, P. M. Rice, B. Hughes, M. Samant
and S. H. Yang, Nature Materials 3, 862 (2004).

S. Yuasa, A. Fukushima, H. Kubota, Y. Suzuki and K. Ando, Applied
Physics Letters 89, 042505 (2006).

S.Ikeda, J. Hayakawa, Y. Ashizawa, Y. M. Lee, K. Miura, H. Hasegawa,
M. Tsunoda, E Matsukura and H. Ohno, Applied Physics Letters 93,
082508 (2008).

A. Hirohata, K. Yamada, Y. Nakatani, L. Prejbeanu, B. Diény, P. Pirro
and B. Hillebrands, Journal of Magnetism and Magnetic Materials
509, 166711 (2020).

L.J. Schwee, IEEE Transactions on Magnetics 8, 405 (1972).
L. Berger, Journal of Applied Physics 49, 2156 (1978).
L. Berger, Journal of Applied Physics 50, 2137 (1979).

D. C. Ralph and M. D. Stiles, Journal of Magnetism and Magnetic
Materials 320, 1190 (2008).

J. C. Slonczewski, Journal of Magnetism and Magnetic Materials
159, L1 (1996).

L. Berger, Physical Review B 54, 9353 (1996).



BIBLIOGRAPHY 141

[33]

(34]

(35]

(36]

[37]
[38]

[39]

[40]

[41]

[42]

[43]

[44]
[45]

[46]

(47]

Spin-transfer Torque MRAM Products | Everspin, https: //www .
everspin.com/spin-transfer-torque-mram-products (vis-
ited on 04/06/2020).

S. Datta and B. Das, Applied Physics Letters 56, 665 (1990).

H. C. Koo, J. H. Kwon, J. Eom, J. Chang, S. H. Han and M. Johnson,
Science 325, 1515 (2009).

P. Chuang, S. C. Ho, L. W. Smith, E Sfigakis, M. Pepper, C. H. Chen,
J. C. Fan, J. P. Griffiths, I. Farrer, H. E. Beere, G. A. Jones, D. A. Ritchie
and T. M. Chen, Nature Nanotechnology 10, 35 (2015).

A. Dankert and S. P. Dash, Nature Communications 8, 1 (2017).

S. Manipatruni, D. E. Nikonov, C. C. Lin, T. A. Gosavi, H. Liu, B.
Prasad, Y. L. Huang, E. Bonturim, R. Ramesh and I. A. Young, Nature
565, 35 (2019).

Y. Kajiwara, K. Harii, S. Takahashi, J. Ohe, K. Uchida, M. Mizuguchi,
H. Umezawa, H. Kawai, K. Ando, K. Takanashi, S. Maekawa and
E. Saitoh, Nature 464, 262 (2010).

P. Wadley, B. Howells, J. Zelezny, C. Andrews, V. Hills, R. P. Cam-
pion, V. Novdk, K. Olejnik, E Maccherozzi, S. S. Dhesi, S. Y. Martin,
T. Wagner, J. Wunderlich, E Freimuth, Y. Mokrousov, J. Kunes, J. S.
Chauhan, M. J. Grzybowski, A. W. Rushforth, K. Edmond, B. L. Galla-
gher and T. Jungwirth, Science 351, 587 (2016).

R. Lebrun, A. Ross, S. A. Bender, A. Qaiumzadeh, L. Baldrati, J.
Cramer, A. Brataas, R. A. Duine and M. Kl4dui, Nature 561, 222 (2018).

K. Olejnik, T. Seifert, Z. KaSpar, V. Novék, P Wadley, R. P Campion, M.
Baumgartner, P. Gambardella, P. Nemec, J. Wunderlich, J. Sinova, P.
KuZel, M. Miiller, T. Kampfrath and T. Jungwirth, Science Advances
4, eaar3566 (2018).

P Vaidya, S. A. Morley, J. Van Tol, Y. Liu, R. Cheng, A. Brataas, D.
Lederman and E. Del Barco, Science 368, 160 (2020).

J. Linder and J. W. A. Robinson, Nat Phys 11, 307 (2015).

M. Eschrig, A. Cottet, W. Belzig and J. Linder, New Journal of Physics
17, 83037 (2015).

H. Kammerlingh Onnes, Communications from the Physical Labor-
atory at Leiden 120 (1911).

W. Meissner and R. Ochsenfeld, Naturwissenschaften 21, 787.



142

(48]

[49]

(50]

[51]

[52]

[53]

[54]
[55]

[56]
[57]

(58]

[59]

[60]

[61]

(62]

(63]

BIBLIOGRAPHY

J. Bardeen, L. N. Cooper and J. R. Schrieffer, Physical Review 108,
1175 (1957).

J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani and J. Akim-
itsu, Nature 410, 63 (2001).

K. Vinod, N. Varghese and U. Syamaprasad, Superconductor Sci-
ence and Technology 20, R31 (2007).

P Dai, B. C. Chakoumakos, G. E Sun, K. W. Wong, Y. Xin and D. E Ly,
Physica C: Superconductivity and its applications 243, 201 (1995).

A. P Drozdov, M. I. Eremets, 1. A. Troyan, V. Ksenofontov and S. I.
Shylin, Nature 525, 73 (2015).

A. P.Drozdov, P. P. Kong, V. S. Minkov, S. P. Besedin, M. A. Kuzovnikov,
S. Mozaffari, L. Balicas, E E Balakirev, D. E. Graf, V. B. Prakapenka,
E. Greenberg, D. A. Knyazev, M. Tkacz and M. I. Eremets, Nature
569, 528 (2019).

V. L. Ginzburg, Sov. Phys. J. Exp. Theor. Phys. 4 (1957).

B. T. Matthias, H. Suhl and E. Corenzwit, Physical Review Letters 1,
92 (1958).

L. N. Cooper, Physical Review 104, 1189 (1956).

A. L. Buzdin, L. N. Bulaevskii, M. L. Kulich and S. V. Panyukov, Soviet
Physics - Uspekhi 27, 927 (1984).

W. A. Fertig, D. C. Johnston, L. E. DeLong, R. W. McCallum, M. B.
Maple and B. T. Matthias, Physical Review Letters 38, 987 (1977).

J. W. Lynn, G. Shirane, W. Thomlinson and R. N. Shelton, Physical
Review Letters 46, 368 (1981).

M. Ishikawa and Fischer, Solid State Communications 24, 747 (1977).

D. E. Moncton, D. B. McWhan, P H. Schmidt, G. Shirane, W. Thom-
linson, M. B. Maple, H. B. MacKay, L. D. Woolf, Z. Fisk and D. C.
Johnston, Physical Review Letters 45, 2060 (1980).

D. Aoki, E Hardy, A. Miyake, V. Taufour, T. D. Matsuda and J. Flou-
quet, Comptes Rendus Physique 12, 573 (2011).

S.S. Saxena, P Agarwal, K. Ahilan, E M. Grosche, R. K. Haselwimmer,
M. J. Steiner, E. Pugh, I. R. Walker, S. R. Julian, P Monthoux, G. G.
Lonzarich, A. Huxley, I. Sheikin, D. Braithwaite and J. Flouquet,
Nature 406, 587 (2000).



BIBLIOGRAPHY 143

[64]

[65]

[66]

[67]

[68]

[69]
[70]

[71]
[72]

[73]

[74]

[75]

[76]

[77]

(78]

[79]

(80]

(81]

(82]

D. Aoki, A. Huxley, E. Ressouche, D. Braithwaite, J. Flouquet, J. P
Brison, E. Lhotel and C. Paulsen, Nature 413, 613 (2001).

N. T. Huy, A. Gasparini, D. E. De Nijs, Y. Huang, J. C. Klaasse, T. Gort-
enmulder, A. De Visser, A. Hamann, T. Gorlach and H. V. Lohneysen,
Physical Review Letters 99, 067006 (2007).

V. P. Mineev, Physics-Uspekhi 60, 121 (2017).

M. Sigrist and K. Ueda, Reviews of Modern Physics 63, 239 (1991).
P. G. De Gennes and E. Guyon, Physics Letters 3, 168 (1963).

N. R. Werthamer, Physical Review 132, 2440 (1963).

J.J. Hauser, H. C. Theuerer and N. R. Werthamer, Physical Review
136, A6G37 (1964).

P. G. De Gennes, Reviews of Modern Physics 36, 225 (1964).

A. 1. Buzdin, L. N. Bulaevskil and S. V. Panyukov, JETP Lett. 35, 178
(1982).

J. S.Jiang, D. Davidovi¢, D. H. Reich and C. L. Chien, Physical Review
Letters 74, 314 (1995).

E. Demler, G. Arnold and M. Beasley, Physical Review B 55, 15174
(1997).

E S. Bergeret, A. E Volkov and K. B. Efetov, Physical Review Letters
86, 4096 (2001).

A. Kadigrobov, R. I. Shekhter and M. Jonson, Europhysics Letters
54, 394 (2001).

E S. Bergeret, A. E Volkov and K. B. Efetov, Reviews of Modern
Physics 77, 1321 (2005).

R. S. Keizer, S. T. Goennenwein, T. M. Klapwijk, G. Miao, G. Xiao
and A. Gupta, Nature 439, 825 (2006).

I. Sosnin, H. Cho, V. T. Petrashov and A. E Volkov, Physical Review
Letters 96, 157002 (2006).

T. S. Khaire, M. A. Khasawneh, W. P. Pratt and N. O. Birge, Physical
Review Letters 104, 137002 (2010).

J. W. A. Robinson, J. D. S. Witt and M. G. Blamire, Science 329, 59
(2010).

D. Sprungmann, K. Westerholt, H. Zabel, M. Weides and H. Kohlstedst,
Physical Review B 82, 060505 (2010).



144

(83]

(84]
(85]

(86]
(87]

(88]

(89]

[90]

(91]

[92]

(93]

[94]

[95]

[96]

[97]
(98]

BIBLIOGRAPHY

M. S. Anwar, E Czeschka, M. Hesselberth, M. Porcu and J. Aarts,
Physical Review B 82, 100501 (2010).

Z. Niu, Applied Physics Letters 101, 062601 (2012).

E S. Bergeret and I. V. Tokatly, Physical Review Letters 110, 117003
(2013).

E S. Bergeret and 1. V. Tokatly, Physical Review B 89, 134517 (2014).

S. H. Jacobsen, J. A. Ouassou and J. Linder, Physical Review B 92,
24510 (2015).

S. H. Jacobsen, I. Kulagina and J. Linder, Scientific Reports 6, 23926
(2016).

K. R.Jeon, C. Ciccarellj, A. J. Ferguson, H. Kurebayashi, L. E Cohen,
X. Montiel, M. Eschrig, J. W. Robinson and M. G. Blamire, Nature
Materials 17, 499 (2018).

N. Banerjee, J. A. Ouassou, Y. Zhu, N. A. Stelmashenko, J. Linder
and M. G. Blamire, Physical Review B 97, 184521 (2018).

K. Ohnishi, S. Komori, G. Yang, K. R. Jeon, L. A. Olde Olthof, X.
Montiel, M. G. Blamire and J. W. Robinson, Applied Physics Letters
116, 130501 (2020).

I. M. Dayton, T. Sage, E. C. Gingrich, M. G. Loving, T. E Ambrose,
N. P. Siwak, S. Keebaugh, C. Kirby, D. L. Miller, A. Y. Herr, Q. P. Herr
and O. Naaman, IEEE Magnetics Letters 9, 10.1109/LMAG.2018.
2801820 (2018).

I. Martinez, P. Hogl, C. Gonzélez-Ruano, J. P. Cascales, C. Tiusan,
Y. Lu, M. Hehn, A. Matos-Abiague, J. Fabian, 1. Zuti¢ and E G. Aliev,
Physical Review Applied 13, 014030 (2020).

T. Wakamura, H. Akaike, Y. Omori, Y. Niimi, S. Takahashi, A. Fuji-
maki, S. Maekawa and Y. Otani, Nat Mater 14, 675 (2015).

A. Ozaeta, P. Virtanen, E S. Bergeret and T. T. Heikkild, Physical
Review Letters 112, 057001 (2014).

S. Kolenda, M. J. Wolf and D. Beckmann, Physical Review Letters
116, 097001 (2016).

Y. Nambu, Physical Review 117, 648 (1960).

R. A.Jishi, Feynman Diagram Techniques in Condensed Matter Phys-
ics (Cambridge University Press, Cambridge, 2013).



BIBLIOGRAPHY 145

[99]

(100]

[101]

[102]

[103]

[104]
[105]
[106]

(107]

[108]

[109]
[110]
[111]

[112]
[113]

(114]

[115]
[116]
(117]

(118]
(119]

A. L. Fetter and J. D. Walecka, Quantum Theory of Many-Particle
Systems (Dover Publications, 2003).

L. P Kadanoff and G. Baym, Quantum statistical mechanics : Green'’s
function methods in equilibrium and nonequilibrium problems,
(1962)

L. V. Keldysh, English, Sov. Phys. J. Exp. Theor. Phys. 20, 1018 (1965).

D. C. Langreth, in Linear and nonlinear electron transport in solids
(Springer US, 1976), pp. 3-32.

A. Kameneyv, Field Theory of Non-Equilibrium Systems, 1st ed. (Cam-
bridge Univeristy Press, 2011).

D. Rainer, Progress in Low Temperature Physics 10, 371 (1986).
J. W. Serene and D. Rainer, Physics Reports 101, 221 (1983).

D. Pines and P. Nozieres, Theory Of Quantum Liquids Volume I:
Normal Fermi Liquids, (1994)

G. Baym and C. Pethick, Landau Fermi-Liquid Theory: Concepts
and Applications (Wiley Blackwell, Dec. 2007), pp. 1-203.

N. W. Ashcroft and N. D. Mermin, Solid State Physics, HRW interna-
tional editions (Holt, Rinehart and Winston, 1976).

G. Eilenberger, Zeitschrift fiir Physik 214, 195.
A. L. Shelankov, Journal of Low Temperature Physics 60, 29.

D. Rainer, in Recent progress in many-body theories, vol 1 (Springer
US, 1988), pp. 217-223.

L.]J. Buchholtz, Journal of Low Temperature Physics 129, 195 (2002).

A. A. Abrikosov, L. P. Gor’kov and Dzyaloshinski, Methods of quantum
field theory in statistical physics (Dover Publications, 1975), p. 352.

H. Bruus and K. Flensberg, Many-Body Quantum Theory in Con-
densed Matter Physics (Oxford University Press, 2004).

K. D. Usadel, Physical Review Letters 25, 507 (1970).
D. Bohm and T. Staver, Physical Review 84, 836 (1951).

J. E Annett, Superconductivity, Superfluids and Condensates (Ox-
ford University Press, 203).

N. N. Bogoljubov, Il Nuovo Cimento Series 10 7, 794 (1958).
J. G. Valatin, Il Nuovo Cimento Series 10 7, 843 (1958).



146

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]
[128]

[129]

[130]
[131]
[132]

[133]

[134]

[135]

[136]

BIBLIOGRAPHY

M. Tinkham, Introduction to Superconductivity, 2nd ed. (Dover,
1996).

R. D. Mattuck, A Guide to Feynman Diagrams in the Many-Body
Problem, 2nd ed. (Dover Publications, 1992).

C. Kittel, Introduction to solid state physics, 8th ed. (Wiley, 2005),
p. 680.

W. Belzig, E K. Wilhelm, C. Bruder, G. Schon and A. D. Zaikin, Su-
perlattices and Microstructures 25, 1251 (1999).

K. Fossheim and A. Sudbe, Superconductivity. Physics and applica-
tions (John Wiley & sons, Ltd, 2005).

C. Gorini, P. Schwab, R. Raimondi and A. L. Shelankov, Physical
Review B 82, 195316 (2010).

E Konschelle, The European Physical Journal B 2014 87:5 87, 1
(2014).

L. V. Tokatly, Physical Review B 96, 060502 (2017).

E London and H. London, Proceedings of the Royal Society of Lon-
don. Series A - Mathematical and Physical Sciences 149, 71 (1935).

P. G. De Gennes, Superconductivity of Metals and Alloys, 2nd ed.
(Perseus Books, Advanced Book Program, 1999), p. 274.

N. Schopohl, (1998).
M. Eschrig, Physical Review B 61, 9061 (2000).

A. Konstandin, J. Kopu and M. Eschrig, Physical Review B 72, 140501
(2005).

R. D. Cook, D. S. Malkus, M. E. Plesha and R. J. Witt, Concepts and
Applications of Finite Element Analysis, 4th ed. (John Wiley & Sons
Inc., 2002).

M. H. Stone, Mathematics Magazine 21, 167 (1948).

B. Kirk, J. Peterson, R. Stogner and G. Carey, English, Engineering
with Computers 22, 237 (2006).

S. B. Smith, W. D. Gropp, L. C. McInnes and B. E Efficient Manage-
ment of Parallelism in Object Oriented Numerical Software Librar-
ies, edited by E. A. Langtangen, A. M. Bruaset and H. P (Birkhduser
Press, 1997), pp. 163-202.



BIBLIOGRAPHY 147

[137]

[138]

[139]

[140]

[141]
[142]

[143]

(144]
[145]
[146]
(147]

[148]

[149]

[150]

[151]

[152]
[153]

S. Balay, S. Abhyankar, M. E Adams, J. Brown, P. Brune, K. Buschel-
man, L. Dalcin, V. Eijkhout, W. D. Gropp, D. Kaushik, M. G. Knepley,
L. C. McInnes, K. Rupp, B. E Smith, S. Zampini and H. Zhang, PETSc
Web page, (2015) http://www.mcs.anl.gov/petsc.

S. Balay, S. Abhyankar, M. E Adams, J. Brown, P. Brune, K. Buschel-
man, L. Dalcin, V. Eijkhout, W. D. Gropp, D. Kaushik, M. G. Knepley,
L. C. McInnes, K. Rupp, B. E Smith, S. Zampini and H. Zhang, PETSc
Users Manual, (2015) https : //www . mcs . anl . gov/petsc/
petsc-current/docs/manual . pdf.

E S. Bergeret, M. Silaev, P. Virtanen and T. T. Heikkild, Reviews of
Modern Physics 90, 041001 (2018).

J. A. Ouassou, T. Doekle Vethaak and J. Linder, Physical Review B
98, 144509 (2018).

D. G. Anderson, Journal of the ACM (JACM) 12, 547 (1965).

H. E Walker and P. Ni, SIAM Journal on Numerical Analysis 49, 1715
(2011).

H.-r. Fang and Y. Saad, Numerical Linear Algebra with Applications
16, 197 (2009).

A. V. Zaitsev, Sov. Phys. J. Exp. Theor. Phys. 59 (1984).
A. Millis, D. Rainer and J. A. Sauls, Physical Review B 38, 4504 (1988).
Y. V. Nazarov, Superlattices and Microstructures 25, 1221 (1999).

A. Cottet, D. Huertas-Hernando, W. Belzig and Y. V. Nazarov, Phys-
ical Review B 80, 184511 (2009).

E. V. Thuneberg, J. Kurkijarvi and D. Rainer, Physical Review B 29,
3913 (1984).

R. P. Kanwal, Generalized Functions (Birkhduser Boston, Boston,
MA, 2004).

L. J. Buchholtz and D. Rainer, Zeitschrift fiir Physik B Condensed
Matter and Quanta 35, 151 (1979).

J.Kopu, M. Eschrig, J. C. Cuevas and M. Fogelstrom, Physical Review
B 69, 094501 (2004).

H. H. Berger, Journal of The Electrochemical Society 119, 507 (1972).

M. Y. Kupriyanov V. E and Lukichev, Sov. Phys. J. Exp. Theor. Phys.
67,6 (1988).



148

[154]
[155]

[156]

[157]

[158]

[159]

[160]

[161]
[162]

[163]
[164]
[165]
[166]
[167]
[168]

[169]
[170]

[171]

[172]

[173]

[174]

BIBLIOGRAPHY

B. D. Josephson, Physics Letters 1, 251 (1962).

R. P Feynman, R. B. Leighton and M. L. Sands, The Feynman lectures
on physics, Vol Il (Addison-Wesley Pub. Co., Reading, Mass, 1963).

R. P Riwar, M. Houzet, J. S. Meyer and Y. V. Nazarov, Nature Com-
munications 7, 1 (2016).

E. Strambini, S. D’ambrosio, E Vischi, E S. Bergeret, Y. V. Nazarov
and E Giazotto, Nature Nanotechnology 11, 1055 (2016).

N. P Armitage, E. J. Mele and A. Vishwanath, Reviews of Modern
Physics 90, 015001 (2018).

D. Roditchey, C. Brun, L. Serrier-Garcia, J. C. Cuevas, V. H. L. Bessa,
M. V. Milosevic, E Debontridder, V. Stolyarov and T. Cren, Nat Phys
11, 332 (2015).

W. Heitler and E London, Zeitschrift fiir Physik 44, 455 (1927).
W. Heisenberg, Zeitschrift fiir Physik 49, 619 (1928).

P. M. Tedrow, J. E. Tkaczyk and A. Kumar, Physical Review Letters
56, 1746 (1986).

B. S. Chandrasekhar, Applied Physics Letters 1, 7 (1962).

A. M. Clogston, Physical Review Letters 9, 266 (1962).

P Fulde and R. A. Ferrell, Physical Review 135, A550 (1964).
A. 1. O. Larkin Y. N., Sov. Phys. J. Exp. Theor. Phys. 20 (1965).
M. Eschrig, Physics Today 64, 43 (2011).

G. Csire, A. Dedk, B. Nyari, H. Ebert, J. E Annett and B. Ujfalussy,
Physical Review B 97, 024514 (2018).

A. 1. Buzdin, Reviews of Modern Physics 77, 935 (2005).

T. Dvir, E Massee, L. Attias, M. Khodas, M. Aprili, C. H. Quay and
H. Steinberg, Nature Communications 9, 1 (2018).

Y. V. Fominov, N. M. Chtchelkatchev and A. A. Golubov, Physical
Review B 66, 145071 (2002).

Y. V. Fominov, A. A. Golubov, T. Y. Karminskaya, M. Y. Kupriyanov,
R. G. Deminov and L. R. Tagirov, JETP Letters 91, 308 (2010).

J. Linder and A. V. Balatsky, Reviews of Modern Physics 91, 045005
(2019).

A. E Volkov, Y. V. Fominov and K. B. Efetov, Physical Review B 72,
184504 (2005).



BIBLIOGRAPHY 149

[175]
[176]

[177]

[178]

[179]

(180]

[181]

(182]

[183]

(184]

[185]
[186]

(187]

[188]

(189]

[190]

(191]

[192]

M. Houzet and A. I. Buzdin, Physical Review B 76, 60504 (2007).

W. C. Koehler, J. W. Cable, M. K. Wilkinson and E. O. Wollan, Physical
Review 151, 414 (1966).

D. Fritsch and J. E E Annett, New Journal of Physics 16, 055005
(2014).

E Aikebaier, M. A. Silaev and T. T. Heikkild, Physical Review B 98,
024516 (2018).

E. Dietz, U. Gerhardt and C. J. Maetz, Physical Review Letters 40,
892 (1978).

E J. Himpsel and D. E. E Astman, Physical Review B 21, 15 (1980).

R. Miranda, E Yndurain, D. Chandesris, J. Lecante and Y. Petroff,
Physical Review B 25, https://doi.org/10.1103/PhysRevB.
25.527 (1982).

B. A. Bernevig, T. L. Hughes and S. C. Zhang, Science 314, 1757
(2006).

M. Z. Hasan and C. L. Kane, Reviews of Modern Physics 82, 3045
(2010).

H. G. Hugdal, J. Linder and S. H. Jacobsen, Physical Review B 95,
235403 (2017).

A.]. Leggett, Reviews of Modern Physics 47, 331 (1975).

A. P Mackenzie and Y. Maeno, Reviews of Modern Physics 75, 657
(2003).

N. Banerjee, C. B. Smiet, R. G. ]J. Smits, A. Ozaeta, E S. Bergeret,
M. G. Blamire and J. W. A. Robinson, Nat Commun 5, 10. 1038/
ncomms4048 (2014).

N. Satchell and N. O. Birge, Physical Review B 97, 214509 (2018).

N. Satchell, R. Loloee and N. O. Birge, Physical Review B 99, 174519
(2019).

J.Jang, D. G. Ferguson, V. Vakaryuk, R. Budakian, S. B. Chung, P. M.
Goldbart and Y. Maeno, Science 331, 186 (2011).

S. Autti, V. V. Dmitriev, J. T. Makinen, A. A. Soldatov, G. E. Volovik,
A. N. Yudin, V. V. Zavjalov and V. B. Eltsov, Physical Review Letters
117, 255301 (2016).

A. E Volkov, K. B. Efetov and E S. Bergeret, Physical Review B 64,
134506 (2001).



(193]

[194]

[195]
[196]

[197]
[198]

A. Di Bernardo, Z. Salman, X. L. Wang, M. Amado, M. Egilmez, M. G.
Flokstra, A. Suter, S. L. Lee, J. H. Zhao, T. Prokscha, E. Morenzoni,
M. G. Blamire, J. Linder and J. W. Robinson, Physical Review X 5,
041021 (2015).

J. C. Cuevas, J. Hammer, J. Kopu, J. K. Viljas and M. Eschrig, Physical
Review B 73, 184505 (2006).

M. Houzet, Physical Review Letters 101, 57009 (2008).

I. V. Bobkova, A. M. Bobkov and M. A. Silaev, Physical Review B 98,
014521 (2018).

A. Vargunin and M. Silaev, Scientific Reports 9, 5914 (2019).

K. R. Jeon, C. Ciccarelli, H. Kurebayashi, L. E Cohen, X. Montiel,
M. Eschrig, S. Komori, J. W. Robinson and M. G. Blamire, Physical
Review B 99, 024507 (2019).






Reference

M. Amundsen and J. Linder.

General solution of 2D and 3D superconducting quasiclassical systems:
coalescing vortices and nanoisland geometries.

Scientific Reports 6, 22765 (2016).

DOI: 10/f8dmpk

Contributions

MA developed the numerical solution method and performed the ana-
lyses with support from JL. MA drafted the manuscript. Both authors
contributed to the discussions of the physics and the revision of the final
manuscript.

Comment

This publication was not produced as part of my doctoral work, but rather
as part of my master thesis. It was, however, greatly influential for the devel-
opment of the numerical methods used in most of the other publications,
and is therefore included here for completeness.



SCIENTIFIC REPg}RTS

General solution of 2D and 3D
superconducting quasiclassical
- systems: coalescing vortices and
e Nanoisland geometries
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An extension of quasiclassical Keldysh-Usadel theory to higher spatial dimensions than one is crucial

: inorder to describe physical phenomena like charge/spin Hall effects and topological excitations like

. vortices and skyrmions, none of which are captured in one-dimensional models. We here present a

: numerical finite element method which solves the non-linearized 2D and 3D quasiclassical Usadel

. equation relevant for the diffusive regime. We show the application of this on three model systems

. with non-trivial geometries: (i) a bottlenecked Josephson junction with external flux, (ii) a nanodisk

. ferromagnet deposited on top of a superconductor and (jii) superconducting islands in contact with

. aferromagnet. In case (i), we demonstrate that one may control externally not only the geometrical

. array in which superconducting vortices arrange themselves, but also to cause coalescence and tune

. the number of vortices. In case (jii), we show that the supercurrent path can be tailored by incorporating

: magnetic elements in planar Josephson junctions which also lead to a strong modulation of the
density of states. The finite element method presented herein paves the way for gaining insight in
physical phenomena which have remained largely unexplored due to the complexity of solving the full
quasiclassical equations in higher dimensions.

Nonlinear differential equations (NLDEs) play a pivotal role in virtually all areas of physics. They are used to
describe completely disparate phenomena ranging from the behavior of ocean waves to the elasticity of materi-
als. Thus, techniques to solve such equations are of general interest as they provide a way to obtain insight in a
number of different physical systems. NLDEs are known for being notoriously difficult to solve and, more often
than not, a set of NLDEs describing a particular physical scenario has to be addressed as a distinct problem since
general techniques to solve such equations are scarce.
In quantum condensed matter physics, mesoscopic systems both in and out of equilibrium represent a very
important arena where NLDEs are prevalent. A powerful tool used to describe such systems is the quasiclassical
. Keldysh theory, which has been reviewed in several works!~”. The theory is based on a Green function method
. which thus has a natural way of including disorder and other types of self-energies in the system. The quasiclassi-
. cal Keldysh theory is capable of treating both ballistic systems and “dirty” systems. In the latter case, quasiparticles
are elastically scattered within the mean free path [,q, causing the resulting motion to be diffusive. In essence, the
quasiclassical theory is a perturbation expansion valid when all energy scales in the problem are much smaller
. than the Fermi energy Ej. Conversely, all length scales in the system should be much larger than the Fermi wave-
. length. This situation is realized in a number of mesoscopic systems, including normal metals, superconductors
. and weakly polarized ferromagnets. Strongly polarized ferromagnets, where the exchange energy splitting h of
. the majority and minority spin bands is comparable in size to the Fermi energy E, appear to be at odds with the
. applicability of quasiclassical theory. However, there also exists a way in which such systems can be described in
this framework. When the splitting 4 is sufficiently large, the two spin-bands may be treated separately so that
does not enter the problem at all and one is left with two decoupled spin species®. Such an approach is also suitable
to address extreme cases such as half-metals using quasiclassical theory, as done recently in refs 9,10.
The equation of motion for the central object in quasiclassical Keldysh theory, the Green function g, isa NLDE
(known as the Eilenberger!! equation for arbitrary impurity scattering and the Usadel'? equation in the diffusive

Department of Physics, Norwegian University of Science and Technology, N-7491 Trondheim, Norway.
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SCIENTIFIC REPORTS |6:22765| DOI: 10.1038/srep22765 1



www.nature.com/scientificreports/

limit) and must be supplemented by appropriate boundary conditions. Focusing on the diffusive limit, as it is
often the experimentally relevant one, a variety of options are available depending on the physical situation at
hand. In the simplest case of perfectly transparent interfaces, the Green function is taken as continuous across the
interface. This is clearly an idealized scenario and the more realistic Kupriyanov-Lukichev'* boundary conditions
describe an interface in the tunneling limit where there exists a substantial interface resistance. Boundary condi-
tions for an arbitrary interface transparency were developed in ref. 14. When the interface has magnetic proper-
ties, either because of an intrinsically thin magnetic layer inserted between e.g. two metals or superconductors or
if one of the regions separated by the interface is magnetic on its own, one must use spin-dependent boundary
conditions. Pioneered in refs 15,16, these were brought to a more tractable form by Cottet and co-workers in the
diffusive limit'”. However, up until recently there existed a knowledge gap in terms of how to describe strongly
polarized magnetic interfaces in quasiclassical theory. Eschrig et al. solved this problem in ref. 9.

Itis clear that the development of a numerical routine that is able to solve the quasiclassical Keldysh equations
in higher dimensions than 1D will be of great value in terms of studying a vast number of physical phenomena,
including various types of Hall effects, spin swapping, and topological excitations such as magnetic skyrmions
and vortices. None of these phenomena can be captured in an effective 1D model. Furthermore, the ability to
handle complex higher dimensional geometries numerically allows for the modeling of systems which are more
closely related to experiments. For instance, superconducting nanoisland systems and vortices in mesoscopic
structures have received much attention experimentally!'8-22. These systems require not only solution in 2D or
3D, but also the description of non-trivial geometries within the numerical framework. Such solutions have been
investigated using the Ginzburg-Landau formalism in the context of flux patterns and vortex states in super-
conductors?*~%*. The ability to aid experiments with numerical routines that are both geometry and dimension
independent would be highly beneficial to their study. Nevertheless, explicit solutions of the full quasiclassical
equations in two dimensions have rarely been reported?®?’. In the linearized regime, corresponding to a weak
proximity effect, several works have considered the 2D solution of the Usadel equation®-*?. Motivated by this, we
report as the main result of this paper the description of a finite element method that we have developed which
is capable describing mesoscopic systems in 2D and 3D using quasiclassical theory without any linearization.
As far as the authors are aware, this is the first work to solve the Usadel equations in 3D. After going through
the details of this method, we show its application to three model systems. One of our main findings is that in
a 2D Josephson junction exposed to a magnetic flux, it is possible to control not only the geometrical array in
which superconducting vortices arrange themselves, but it is also possible to cause coalescence and thus tune the
number of vortices. In addition, we show that the supercurrent flow through planar junction geometries can be
tailored by the magnetization pattern and strength and also spatially modulates the proximity-induced density
of states, which can be probed by STM-measurements. We organize our presentation as follows. First, we intro-
duce the system of coupled NLDEs that define the central equations in quasiclassical theory. The finite element
method solving these equations in 2D and 3D is described in detail in the next section. We proceed to show the
application of this method to three different hybrid structures where a superconducting material is coupled to a
normal metal with external flux, and to a ferromagnet respectively. Finally, we provide a discussion of our results
and concluding remarks.

Theory
In this section, we write down the quasiclassical equation of motion for § in the diffusive limit and its belonging
boundary conditions. The task at hand is then to solve this numerically in 2D and 3D, and we demonstrate how
this can be accomplished using a finite element method in the next section.

Fisan 8 x 8 matrix satisfying > = 1 with the following structure:

(2 gK]
E= |5 LAl
0 2 &)
where §%4X are the retarded, advanced, and Keldysh 4 x 4 Green function matrices. The relation

§’A = 7(§3§R,33)* holds both in and out of equilibrium where p, = diag(1, 1, =1, —1). The relation
&% = (g® — §") tanh(Be/2) holds in equilibrium, so that in this scenario one only needs to determine g* in order
to completely specify g. The structure of the retarded Green function looks as follows:

|8 [ (& &) . [fn S
E=15 5087 ey L= '
- -2 uoen fi S @)
where ¢ = g(e)and f = f (¢) denote the 2 x 2 normal and anomalous Green function matrices in spin space,
respectively. The .. operation means complex conjugation and reversal of the energy argument ¢ — (—¢).

The Usadel equation reads:

DV (gVg) + ilep, + £, g]=0 3)

where D is the diffusion coefficient, p, = diag(p,, p,), while 3 is a matrix describing the self-energies of the prob-
lem. In general, it can be a functional of the Green function matrix itself, i.e. > = >(g). In the specific case of a
ferromagnetic material, one has
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S = diag(M, M), M = I - diag(g, 6*) (4)

where /i describes the magnitude and direction of the magnetic exchange field while 8= (0. Oy 92)is the vec-
tor of Pauli matrices. In the presence of gauge fields, such as a U(1) magnetic vector potential A describing an
external magnetic field one has to replace the gradient operator with its covariant equivalent:

V — V - iqldp, & 5)

where g is tge charge of the fermion field. A similar substitution is also made if one wishes to include an SU(2)
gauge field A that describes antisymmetric spin-orbit coupling of Rashba or Dresselhaus type. In this work, we
will use the standard Kupriyanov-Lukichev'® boundary conditions as a realistic description of the interface
regions. While originally derived for the tunneling regime, these boundary conditions have been shown to give
good results also for moderately to highly transparent interfaces®, which are considered herein. For an interface
separating a material 1 on the left side from a material 2 on the right side, they read:

2L Vg =18, 8,07 =112} (6)

Here, (;= Ry/R; describes the ratio between the interface resistance and the bulk resistance of region j while L; is
the length of region j. Here, # is the unit vector normal to the interface pointing from region 1 to 2. At interfaces
to air, no current is allowed to flow and the boundary condition is

i-Vg=0 (7)

where 7i again represents the unit vector normal to the air interface. Equations (3), (6), and (7) define a system of
coupled differential equations with belonging boundary conditions and the task is to find the solution g. For
concreteness, we restrict our attention to an equilibrium scenario where only the retarded Green function matrix
&® must be found. Even with this restriction, the equations are capable of describing a variety of different meso-
scopic systems. The equation system for §® is identical to the one for g, as can be verified by direct insertion of
Eq. (1) in the place of g, by replacing all-* matrices with their -*- equivalents. Before proceeding to a description
of the finite element method we have used to solve this equation set in 2D and 3D, it is useful to introduce a Ricatti
parametrization® of $* = §. This parametrization, first applied in ref. 35 in the context of the Usadel equation,
simplifies the numerical implementation of the equations by exploiting the symmetries and normalization of g.
One introduces two matrices in spin-space, y and 7, which define g as follows:

N+ ) 2NN o~ _
g = N o N=0-®w N=>0-5)"
—2Ny N0+ G- A=0-m (8)

This parametrization satisfies both the proper symmetry relations between the elements of § as well as the nor-
malization condition §* = 1.

Equations (3), (6), and (7) comprise a set of second-order coupled partial nonlinear differential equations
which, when solved, determine the Green function § of the system. Various physical quantities of interest may
then be computed, such as the charge current density fé) and the density of states (DOS), given as:

+ _ NyeD > A rxu K
== I _ e Te(p, @V ©)

1
DOS = — Tr{N.(1 +
> THA(L + D) w0
Another physical quantity that may be computed is the pair correlation function, ¥, indicating the degree to
which superconducting correlations exist in the system. It is given as:

L [ 1K AK
v Rt - gfe ) an
where g% (i, j) refers to the element in column i and row j of the Keldysh Green function matrix.

A general analytical solution of equations (3), (6), and (7) is impossible. Some progress can be made by lin-
earizing the equations, as is often done when considering a superconducting proximity effect. However, this
approximation limits the validity of the obtained results and may cause the loss of novel physical phenomena that
are only captured when the full equations are used. To do so, one must use a numerical approach. So far, only a
handful of works have managed to solve the 2D Usadel equation numerically. This has been done in the full prox-
imity effect regime for a superconductor/normal metal/superconductor junction in refs 26,27. To the best of our
knowledge, no work has ever reported a solution of the Usadel equations in 3D.

Implementation of the finite element method. We here present a way to solve the quasiclassical equa-

tions in 2D and 3D using a finite element method. Its detailed description follows below. After its presentation, we

show its application to 2D and 3D model systems by solving the equations without any approximations.
Inserting 8 into equation 3 results in the following:
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V2y + 2V - NAVy — 2iN (1 + )4 - Vy — 24 - VAN + 7))
A AN+ ) + T (@ — ATy + 2i(e + i6)y =0
V29 + 2VA - NAVA + 2iN(1 + A - VA + 24 - VAN + )
—42’23/\_/(1 ) — ik - (@ - AT) + 2 + 83 = 0 (12)

where § models the effect of inelastic quasiparticle scattering (the so-called Dynes parameter®). We set 6/A =102
in this paper where A is the bulk superconducting gap. In Eq. (12), it is also possible to include self-energies cor-
responding to spin-flip and spin-orbit scattering on impurities which act pair-breaking on superconducting cor-
relations. This typically amounts to a reduction of the magnitude of the superconducting proximity effect and we
omit these terms in the present work. We also note that the effect of Rashba and Dresselhaus spin-orbit interac-
tions were derived in Ricatti-parametrized form very recently®”**. As ~ and § are 2 X 2 matrices, thus containing
4 elements each, it is clear that the solution of equation 12 involves solving a system of 8 coupled NLDEs. For
brevity, we introduce the notation

~ ~ A~ A T
X = (M1 Y2 Y2 Y2 i N2 A F) (13)

where ~; and 5; are elements of  and  respectively. Equation 12 may then be written as

VX + Fy, 5, VA, VA) = 0 (14)

where o is an element of equation 13 and F( is a function that performs the matrix multiplications of equation 12
and extracts the appropriate element. Similarly, the boundary conditions become in the Riccati parametrization:

1 -
fi-Vy=F —1—-yJ)N;(y — )+ 2 Ay,

NEFL 3 (= y3)IN;0, =) 3 s
where the negative sign should be used for a boundary where region j is to the right of region 7, and the positive
sign for a boundary where region j is to the left of region i. A similar expression is found for7 - VA, by applying
the ™ operation to equation 15. These are Neumann boundary conditions of the type

i - VX = B9, ) (16)

where B works in a similar manner as F(®.

By multiplying equation 14 by a test function 1)(7) and integrating over the domain Q in which the equations
are defined, one gets what is called the weak formulation of the NLDEs (not to be confused with the weak prox-
imity effect approximation):

_ S (@) ~ N
j;ldrVX Vn—&-jg;drF 5 Vo, Vj)r]-kj(;ﬂ dsv - Vx“n =0 a7)

where the divergence theorem has been used and 9 is the boundary of Q). The unit vector ¥ is an outward point-
ing surface normal, and is either parallel or antiparallel with the normal vector # as defined in the
Kupriyanov-Lukichev boundary conditions. It may thus be expressed as v = (v - ) #.

It is assumed that the domain Q can be discretized into a mesh of N, elements, i.e., N,; subdomains Q,,, so that
equation 17 becomes

< (@) (a) (@)
S| dr-vx®- F9(y,%, V, V4 v [ dsi - vxXPn =0
:fnn Fl=VX? - Vi + FO(, 4, Va, VAl + @ n)j;n i VX »

So far, no approximations have been made, and provided it is continuous in Q,, the exact solution of equa-
tion 18 exists in the infinite space of polynomials P(€2,). To progress further, we will use the Galerkin method, a
common finite element formulation technique treated in most books on the subject, e.g*. The method consists
of restricting the space in which solutions are sought, from P(€,) to a finite dimensional space of polynomials
PN(Q),) consisting of all polynomials of degree N or lower. Normally, N is equal to 1 or 2.

On each element there are defined N, nodes, containing the degrees of freedom of the system - in this case the
solution of the Usadel equation at the location of the node - and it is possible to define N, polynomials, ¢ 4 (7), that
interpolate between them. These interpolation functions span the space of PN((2,,) and are used as a basis for the
approximate solution of equation 18:

Nn
(@) o y(o) _ (o)
Xu NXa _ija(t’j
j=1 (19)

where X () are the expansion coefficients for the approximate solution of equation cv. Furthermore, the test func-
tion 1) is selected as
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Nn
n= Z¢ 1
= (20)
We now consider the boundary term. Having meshed the domain €, it is obvious that some of the element
domains Q,, intersect with the boundary 0. In fact, the boundary is the union of all these intersections. It follows
that the nodes associated with these intersections also lie on the boundary, and so there are defined interpolation
functions also here. With the dimensionality of 0Q) being one less than (, the surface interpolation functions d)
which are zero everywhere but on the boundary, are found by evaluating the element interpolation functions at
the surface, i.e., ¢ =o; (7%) where 7¥ is a surface coordinate.
With the approx1mat10n given in 19, equation 18 is in general not satisfied, so that for every element the right
hand side becomes equal to a residual, R](“).

() _ R (o) | ) (@) ~ b [ () Ve
R _fnn dF[-VX® - Vo, + FV(x, 7, V3, V)] + (@ n)faQ dSB) (3, )0} on

Equation 21 is to be solved for X(™ so that R(™ = 0, however due to the nonlinearities introduced by F® and
B this needs to be done iteratively by Newton-Raphson iterations:

KD = KD = UPIT R, 22)

with J; the Jacobian matrix in the 8 dimensional parameter space, given as

ORO
GO s
I =% f“n 7| =80, Vo, + ¢ ol + (@ 7) f m) o5 o

Finally, 22 needs to be assembled into a global system of equations by summing over all elements, taking
element connectivity into account. This involves restructuring and expanding the element matrices into a global
system matrix:

X =X — IRy (24)

where J is an 8M x 8M matrix, and M is the number of nodes in the system. The integrals over the element
domains are performed by changing coordinates to a reference element, and integrating numerically by means of
a Gauss quadrature. This puts restrictions on how distorted a mesh can be, as the Jacobian for the coordinate
transformation has to exist. In general, a structured mesh where the deviation from the geometry of the reference
element is small will often give higher accuracy and reduce the computation time as the sparsity of the assembled
matrices is increased.

Results

Application: 2D and 3D superconductor/ferromagnet junctions. The main advantage of the finite
element method over the finite difference method, a method commonly used to solve partial differential equa-
tions numerically, is that it is formulated entirely without specifying element type, interpolation functions, spatial
dimension or the geometry. This gives it the flexibility to solve PDEs on geometries which would be challenging
to solve with the finite difference method. Here, we have used second order Lagrange polynomials as interpola-
tion functions with quadrilateral (QUADY) and hexagonal (HEX27) elements in 2D and 3D respectively. We
illustrate this in the following. For the numerical implementation, we use the finite element library libMesh*’ and
its integration with the PETSc library of numerical equation solvers*"*2. In the following, the superconducting
regions will be treated as reservoirs such that the bulk expression for the Green function § = g, . will be used.
The superconductors thus effectively enter the problem as boundary conditions.

2D Josephson junction with external magnetic flux. It is well known that for a Josephson junction where an
external flux is applied to the intermediate region, the supercurrent exhibits a Fraunhofer interference pattern.
In refs 26,27 a 2D superconductor/normal/superconductor Josephson junction was studied in the presence of an
external magnetic flux. The authors revealed that the Fraunhofer interference pattern would qualitatively change
its dependence on the external flux depending on the width of the junction W relative to its length L. When
W>> L a conventional Fraunhofer pattern was found, when W < L the supercurrent was monotonically decay-
ing. Moreover, it was shown that the Fraunhofer interference pattern was accompanied by a regular array of
proximity-induced vortices in the transversal direction of the normal metal region. The vortices are not present
in the narrow width limit. Experimental verification of the appearance of proximity-induced vortices was recently
reported in ref. 43 which considers Josephson junctions generated by a network of superconducting nanocrystals.

Here, we explore how the vortices disappear from the system as the width is reduced and the system transi-
tions to a vortex-less state. We also determine how a change in the phase difference between the superconducting
leads affect the vortices, and will show that this does not always correspond to a shift of the vortex array along the
transverse direction. To illustrate the ease with which the finite element method handles non-trivial geometries,
we consider a Josephson junction with a bottleneck in the normal metal region, as shown in Fig. 1. We assume
that the currents in the system are small, so that the magnetic field remains unaffected. As will be shown, it turns
out to be possible to tune the geometry of the array along which the superconducting vortices align, swapping
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Figure 1. The geometry considered. To the left is shown a general outline of the Josephson junction, and to the
right a typical mesh used in the numerical analysis.

from a vertical necklace to a horizontal row of vortices and vice versa. Moreover, we demonstrate that changing
superconducting phase difference, tunable e.g. via a current-bias, causes vortices to merge. This offers an interest-
ing route to exerting external control over topological excitations in superconducting hybrid structures.

Figure 2 shows the results for varying widths of the normal metal with an applied external flux of & = 4®,,
where &, = 2 is the flux quantum. The flux is specified with respect to a rectangular cross section W x L. The
resistance ratio in the Kupriyanov-Lukichev boundary conditions is (= 3 in both interfaces with the supercon-
ductors, and the temperature is kg T= 0.001A. All lengths are in units of the superconducting coherence length &.

It is seen that with no bottleneck, and with W>> L, a linear array of vortices along the y-axis is found. This is
shown in Fig. 2a and is in agreement with refs 26,27. The number of vortices is simply equal to the number of flux
quanta in the system. Furthermore, the fact that the vortices align themselves in an array implies that they repel,
a feature they share with the Abrikosov vortices found in type II superconductors. Decreasing the width, pushes
the vortices closer together which is energetically less favorable. With no phase difference between the supercon-
ducting leads, the phase correlation function is symmetric about both the x- and y-axis. This means that when
the system becomes too narrow to sustain four vortices, two vortices must simultaneously translate vertically out
of the system in a way which maintains this symmetry, as seen in Fig. 2b. The two remaining vortices are seen to
be forced closer together until they eventually meet at the origin, from which it may be inferred that for the given
flux and geometry, the presence of two vortices is energetically favorable regardless of their separation. In particu-
lar, it is observed that within numerical precision, the vortices are found to completely overlap in Fig. 2c, resulting
in a single vortex. The winding of the phase of the pair correlation function along a contour around this vortex
is found to be 4, implying a topological charge of 2, see inset of Fig. 2c. As the bottleneck is introduced, and the
width further decreased, the vortices split symmetrically along the x-axis, as shown in Fig. 2d,e. This behavior
may also be explained by the symmetry of the system, which restrains the positions of the two vortices to be sym-
metric about the origin, on either the x-axis or the y-axis. As the vortices evidently feel a stronger repulsion from
the edges than from each other, they are pushed together. However once they meet at the origin, they are free
to separate along the x-axis and thus reduce the energy in the system. By continuing to decrease the bottleneck
width, W, a point where even two vortices may not be sustained is eventually reached. The boundary conditions
that constitute the superconducting leads enforce a constant pair correlation, and so it becomes increasingly diffi-
cult to maintain the curvature necessary for the vortices to exist as one approaches the superconductors. In other
words, the vortices may not in a continuous fashion exit the system along the x-axis. Instead, the vortices are seen
to return to the y-axis, and be expelled vertically.

While the vortices separate along the x-axis for decreasing bottleneck width, the length of the narrowing
area is large enough to contain them, and so the system behaves as if the width is uniformly decreased. It has
been verified that by reducing the horizontal extent of the bottleneck, it is possible to create a situation where the
vortices are pushed to the wide regions of the junction, at which point they become virtually independent of the
bottleneck width W,

We also show the results for varying phase difference between the superconductors, for a geometry with
W, = 0.6 W, shown in Fig. 3. We find that not only are the positions of the vortices changed by varying the phase
difference ¢, but also the number of vortices is altered. Figure 3a—c show the absolute value of the pair correlation
function. With no phase difference, two vortices are located symmetrically along the x-axis. As ¢ increases from
0, the two vortices coalesce at the origin. Further increase translates one of the vortices in the negative y-direction,
until only a single vortex remains. We have confirmed that the spatial rearrangement of the vortex pattern and
the merging of vortices also takes place even without the bottleneck geometry, i.e. for a rectangular N region.
The dependence of the vortex positions on the phase difference may be explained by the magnetic field, which in
the small current approximation, permeates the normal metal unhindered. The current generated by the phase
difference is altered by the field which in turn influences which locations that are energetically favorable for the
vortices.
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Figure 2. The absolute value of the pair correlation function for different values of the width Wand
bottleneck width W;. The length is L = 2€. The inset of (c) shows the phase of the pair correlation function.

The current density for each of the cases considered are shown in Fig. 3d-f. Close to a vortex, where pair corre-
lation is low, currents are induced by the magnetic field and circulate counter-clockwise. Due to the omnipresent
magnetic field, screening currents circulating clockwise are generated which dominate when pair correlation is
high. As the pair correlation function is weakened upon approaching the vortex core, one observes an abrupt
change in the current density pattern at a certain distance from the vortex.

The phase of the pair correlation function is given as § = arctan(JU/91V). By integrating V6 along a contour
going around a point where the pair correlation function vanishes, a value of 2 is found. This can be seen directly
from the phase plots in Fig. 3g-i, as any curve around a zero of the pair correlation function has to traverse two
discontinuous jumps of value w. In other words, these points have a topological charge of one, showing that they
are indeed vortices. With the approximation of weak currents we do not however find flux quantization, as this
requires a self consistent calculation of the magnetic field.

3D ferromagnetic nanoisland. We also demonstrate how the finite element method is capable of dealing with
fully three-dimensional structures with non-rectangular geometry by considering a superconductor/ferromagnet
bilayer as depicted in Fig. 4. The ferromagnet is cylindrical with a radius of R= 2 and a height of L,= 0.4R, and
is placed atop an assumed infinite superconductor. Such a geometry is inspired by ref. 44 which experimentally
explores the appearance of magnetic field induced superconductivity in a lattice of ferromagnetic islands placed
on top of a superconductor. While the experimental setup is far too sophisticated for their results to be recreated
by the example considered herein, it does demonstrate the relevance of the model.

We use Kupriyanov-Lukichev boundary conditions with a resistance ratio of = 3. We compute the density
of states (DOS) for this structure with an exchange field 4 equal to 0.3A, 0.5A and 0.7A in the vertical direction,
as shown in Fig. 5a. The results are identical with the one-dimensional solution to the S/F bilayer, displaying an
enhanced DOS at the Fermi level (¢ = 0) and a spin-split minigap structure*->!. The spatial distribution of the
DOS is nearly constant for this particular parameter set choice in F as illustrated by Fig. 5b, thus proving the
correctness of the method.

3D ferromagnet with superconducting islands.  To illustrate the 3D capabilities of the method developed on a
system which cannot be described by an effective 1D model, we consider two variations of a system where two
superconducting islands are placed on a ferromagnet with dimensions L, x L, x L,= 10§ x 7€ x €, as shown
in Fig. 6. To avoid self-consistency iterations, the islands are approximated by bulk BCS superconductors, and
are included as Kupriyanov-Lukichev boundary conditions with a resistance ratio of { = 1.5. The dimensions
of the islands are 2.5¢ x 2.5¢. The motivation for these analyses is to study the current flow between the
superconducting islands and the spatial modulation of the density of states due the proximity effect in the
presence of a supercurrent. To this end, the islands are given a phase difference of ¢ = % The configurations
considered are:
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Figure 3. Results based on the solution of the Usadel equation for varying phase difference between the
superconductors, with L= W=2§, W, =0.6W and ® =4®,. (a—c) The absolute value of the pair correlation

function, (d-f) the current density, (g-i) the phase of the pair correlation function.

Figure 4. To the left is shown the 3D geometry considered. The superconductor is assumed to have an infinite
extent and is included only as a boundary condition. The mesh used when solving the Usadel equation in the
ferromagnet is shown to the right. The radius is R= 2§, and the thickness is L, = 0.4R.

(A) The superconducting islands are placed on the same side of the ferromagnet with a separation of 2.5¢, as
shown if Fig. 6a. The ferromagnet has a constant magnetization of h = 5A in the vertical direction.

(B) One of the superconducting islands is moved to the opposite side of the ferromagnet, shown in Fig. 6b. The
magnetization is pointing in the vertical direction, with a spatial distribution shown in Fig. 6c.
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Figure 5. (a) Density of states for the 3D ferromagnet structure for various strengths of the vertical exchange
field, (b) spatial distribution of the density of states for energy € = 0.5A and exchange field 1 = 0.5A.

h/A

3
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(c)
Figure 6. The geometries and magnetization considered. Marked in red are superconducting islands placed
on a ferromagnet. The dimensions of the ferromagnet is L, x L, x L,= 10§ x 7€ x €. In subfigure (b) the
ferromagnet has been made transparent for visualization purposes. (a) Configuration A, (b) Configuration B,

(c) The spatial distribution of the magnetization, where r is a horizontal radius measured from the center of the
ferromagnet.

Configuration A may be realized experimentally by growing the ferromagnetic film on a substrate and placing
superconducting electrodes on top of it. Configuration B may be created by placing the lower superconducting
electrode on the substrate and subsequently grow a normal metal film on top of it (a similar type of geometry was
considered in the context of Fraunhofer patterns in ref. 52). The upper superconducting electrode is then placed
atop the film. The spatial distribution of the magnetization used in Configuration B can be generated by placing
a strong ferromagnet on top of the normal film. This will magnetize the film across the thickness, creating a cross
section approximately equal to the ferromagnet within which the magnetization is constant. The ability of the
ferromagnet to induce magnetization within the normal film abates quickly as the distance from it increases, thus
generating the distribution shown in Fig. 6¢.
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Figure 7. The supercurrent present in both Configuration A and Configuration B. All currents are scaled by
NgeDA
Jo=~%— and all lengths by €.

The results from both configurations are given in Fig. 7. For Configuration A it is seen that the current is
largely confined to the region between the islands, passing from one to the other, shown in Fig. 7a,g. Due to the
magnetization being uniform, the supercurrent travels along a path that minimizes the distance, and thus has no
component pointing along the transversal direction (the y-axis of Fig. 7). However, as the current enters and exits
the ferromagnet vertically, it is seen to arc into the thickness of the film, as seen in Fig. 7c,e.

Configuration B has a magnetization of h(¥) = 15A within a horizontal radius 7 of one superconducting
coherence length £ from the center of the ferromagnet. This has a significant effect on the supercurrent. The
supercurrent flows vertically into the system from the lower superconductor, as seen in Fig. 7d. However, rather
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than flowing directly to the upper superconductor, as would have been the case for a homogeneous magnetiza-
tion, the current is seen to avoid the area of highest magnetization by following a semicircular path, shown in
Fig. 7b,d,h. The exchange field has a detrimental effect on the superconducting correlations as it breaks up the
Cooper pairs. For this reason it is natural that the path selected by the supercurrent eventually transitions from
the shortest route, to a path where the central area is avoided as h increases. In this sense, the exchange field is
seen to influence the supercurrent in a way which is analogous to the way a resistance influences a normal cur-
rent. It is interesting that this transition has occurred already for h = 15A, which is to be considered a somewhat
weak magnetization, and may provide means for customizing the supercurrent path.

In Fig. 8 we show the density of states (DOS) along two different lines on the surface of the ferromagnet in
Configuration B, thus simulating the measurement of :—‘I/ o DOS by scanning tunneling microscopy. The DOS is
seen to feature a strong spatial modulation. Along the x-axis, as seen in Fig. 8a, the probed line passes directly
underneath the upper superconductor. Here the characteristic peaks associated with the superconducting DOS
are observed at e = + A. Similar peaks are also created on the surface above the lower superconductor.
Furthermore, a slight suppression of the DOS is found in the same regions, at the level of e = +h(¥), which is
typical for superconductor/ferromagnet hybrid structures®. The second line is placed opposite the lower super-
conductor, in the y-direction as shown in Fig. 8b. Also here, the characteristic peaks and split gap is found. The
proximity effect is seen to decay as one moves away from the position of the superconductor, so that the DOS
approaches that of a normal metal, which is reasonable.

Conclusion

We have demonstrated how the full, spin dependent, Usadel equation may be solved by the finite element method.
The method excels in solving differential equations for non-trivial geometries and may find use in solving a wide
range of problems which have not been manageable with other methods. A natural development of the finite
element method presented herein would be to incorporate the kinetic equations coming from the Keldysh part of
the quasiclassical equations in non-equilibrium situations. The methodology may also be generalized to handle
time dependent problems such as domain wall motion. Work is currently ongoing on these subjects which may
find interesting applications in the field of superconducting spintronics®4.
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We demonstrate theoretically that microwave radiation applied to superconducting proximity
structures controls the minigap and other spectral features in the density of states of normal and
magnetic metals, respectively. Considering both a bilayer and Josephson junction geometry, we
show that microwaves with frequency w qualitatively alters the spectral properties of the system:
inducing a series of resonances, controlling the minigap size E,,;, and even replacing the minigap with
a strong peak of quasiparticle accumulation at zero energy when w=E,;. The interaction between
light and Cooper pairs may thus open a route to active control of quantum coherent phenomena in
superconducting proximity structures.

Combining materials with different properties is a certain way to generate exciting physics at their interface.
Superconducting hybrid structures are particularly interesting in this regard due to the coherent quantum correla-
tions that give rise to dissipationless transport of both charge and, when combined with magnetic materials, spin.
There is currently much interest in discovering ways to exert well-defined control the properties of such prox-
imity structures, including the electronic density of states, the critical temperature at which superconductivity
arises, and the appearance of supercurrents'—.

The influence of microwave radiation on superconductors has been studied in several works, and includes
investigations of its effect on the critical superconducting current®, the dissipative conductivity®, the current-phase
relation in Josephson junctions®’, the non-equilibrium distribution of quasiparticles?, the photoelectric effect®,
microwave-assisted supercurrents'’, and the temperature for the onset of superconductivity'"!2. The appearance
of coherent excited states and the depairing effect of microwave radiation on dirty superconductors was very
recently theoretically considered in ref. 13.

However, what remains virtually unexplored is how microwave radiation alters the superconducting proxim-
ity effect, which is the existence of superconducting correlations in an otherwise non-superconducting material
when placed in contact with a superconductor, made possible due to electron tunneling between the layers. A
concrete manifestation is the strong modification of the density of states, in both normal and magnetic metals
proximity-coupled to a superconductor. The reason for why this is of importance is that proximity structures
play a key part in creating non-conventional types of coherent electron pairing that are not present in ordi-
nary superconductors. This includes both spin-polarized triplet superconductivity'* and odd-frequency super-
conducting order'®, which recently have been experimentally demonstrated to provide diametrically opposite
Meissner response!® and low-energy spectral properties'”!® compared to Bardeen-Cooper-Schrieffer theory'.
From another perspective, the opportunity to manipulate low-energy excitations in superconducting proximity
structures has clear practical implications for cryogenic technology since it controls the availability of spin- and
charge-carriers. In fact, quasiparticles in superconductors can become nearly chargeless spin-1/2 carriers, leading
to effects such as?*?* strongly enhanced spin lifetimes and spin relaxation lengths when compared to injection of
spin-polarized currents into normal metals, especially when using Zeeman split superconductors (a thin super-
conducting film in the presence of an in-plane magnetic field)?. This, in turn, allows one to envision various
types of devices such as highly sensitive magneto- and thermometers as well as superconducting magnetoresistive
elements.
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In this work, we show that shining light on superconducting hybrid structures offers a way to control the
proximity effect in both normal metals and magnetic materials. We discover that an oscillating electric field E(t)
applied transversely to the junction induces a series of resonances in the density of states, and that it can be
used to control the size of the minigap E,,,, in both bilayer superconductor/normal-metal (SN) and Josephson
(SNS) junctions. The light interaction even inverts the minigap, generating a peak of quasiparticle accumula-
tion at E= 0 when the frequency of the light is tuned to w = E,,,,. These findings give interesting prospects for
transistor-like functionality via light-superconductor interactions since the density of states controls the availabil-
ity of charge- and spin-carriers. Providing both analytical and numerical results, including the case of a magnetic
exchange-field being present in the metal or in the superconductor, we show how the interaction between light
and Cooper pairs controls the low-energy density of states, offering a new way to manipulate superconducting
correlations. This may open a new pathway to active control of quantum coherent phenomena in superconduct-
ing proximity structures.

Theor

We use t)llle time-dependent quasiclassical Keldysh-Usadel theory?*? to describe the superconductivity of these
systems in the diffusive limit. We begin with the SN bilayer, in which case superconducting correlations leak into
the normal metal via the proximity effect. The electric field E(f) =wA,sin (wf) =—dA /0t is accounted for by the
gauge field A = A cos(wt). The Usadel equation in N then reads:

DO,(80,8) + i[Ep, + iop,@, + 2 )by 8| = 0. )

Here, D is the diffusion coefficient, § = g (x, E) is the quasiclassical time-averaged Green function, E is the
quasiparticle energy, o« = DA /4 is a measure of the strength of the interaction with light, w is the driving fre-
quency, f, = diag(+1, +1, — 1, — 1), while g L= 8 (x, E & w/2). The derivation of this equation is shown in the
Methods section and is valid when ov < w. We assume that the field is screened in the S region, which is taken to
have a size and thickness far exceeding the superconducting coherence length € and penetration depth X, allow-
ing us to use the bulk superconducting Green function g, . there. Practically, our proposed setup could be real-
ized by depositing a thick superconductor to partially cover a thin normal metal layer, such that the microwave
field penetrates the normal layer where it is not covered by a superconductor whereas it is shielded in the super-
conductor (see the inset of e.g. Fig. 1). Such a lateral geometry should be well described by an effective 1D model,
as done in ref. 30. The thickness of the N layer should be much smaller than the skin depth and penetration depth
X\, which is experimentally feasible (typical values for the skin depth of a normal metal such as Cu is of order pm
at microwave frequencies, whereas Ay, ~ 50 nm and X\, ~20nm). From Eq. (1), we derive the following
Ricatti-parametrized*'*? Usadel equation:

D927 + 2@ NNNO)] + 20(E + i)y +i(h- 6)y—ir(h-6%) — aGy— G+ a(F + ~Fr) = 0. )

The Green function ¢ can then be calculated from the 2 x 2 matrix ~ in spin space, the normalization matrix
N=(Q1 - wﬁ)ﬁl, and their tilde-conjugates defined by:f (x, E) = f* (x, —E). An equivalent equation for 5 can be
found by tilde-conjugation of Eq. (2). In Eq. (2), we have also incorporated the possibility of a magnetic exchange
field h = |h| which allows us to later consider the case of a ferromagnetic metal. The other quantities in the equa-
tion are the inelastic scattering rate 6, and the short-hand notations

G=Y N, (1+~A) F= =23 N,
x x (3)

where ~, = ~(x, E £ w/2). From these equations, physical quantities of interest may be computed, such as the
proximity-modified density of states

N/N, = Re{Tr(N)} — 1. @

The Usadel equation is supplemented by the Kupriyanov-Lukichev boundary conditions®, which are valid at
low-transparency tunneling interfaces.

We now have at hand a coupled set of non-linear partial differential equations which are non-local in energy
space. A numerical solution can be obtained via iteration. After discretizing the energy space, the equations are
initially solved for c=0. The procedure is then repeated with o = 0 until self-consistency is achieved, using the
solutions ~ and A from the previous iteration to approximate G and F. In this way, we are able to compute the
quasiclassical Green function in the presence of microwave radiation, g (o = 0), and access the density of states
N/Nj in the proximate metal.

Results and Discussion

The light-interaction with the proximity-induced condensate has a strong effect on the spectral properties of the
quasiparticles. We show this in what follows, considering an SN bilayer in Fig. 1, an SNS junction in Fig. 2, and an
SF bilayer in Fig. 3. In each case, we have provided results for different system parameters in order to demonstrate
the robustness of the microwave radiation influence.

Starting with the SN bilayer, it is seen that by tuning the microwave frequency w, the density of states takes on
qualitatively different characteristics. At w/A,= 0.4, there is a strong quasiparticle accumulation at E= 0, diamet-
rically opposite to the hallmark minigap that usually is present in SN bilayers. Increasing w gradually to
w/Ay=1.0 causes the density of states to revert to a minigap structure, albeit with a much reduced magnitude. We
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Figure 1. (a-d) Proximity-induced density of states at the vacuum edge (x=L) of an SN bilayer with length

L/ =0.5 of the N region, where £ is the superconducting coherence length. We set the barrier strength (=3
and microwave field amplitude o/ A;=0.1 and (a) w/Ay=0.4, (b) wW/A;=0.6, (c) W/A;=0.8, (d) w/Ay=1.0.

(e) Zoom-in near E=0 illustrating the transition from minigap to quasiparticle accumulation peak as w is tuned
to Eyyg. We set L/ =0.33, yielding E,,, ~ 0.56A. The black dashed line corresponds to the absence of light,
A=0.

will later in this manuscript describe the precise condition leading to the appearance of the quasiparticle accumu-
lation peak and its physical origin, providing also analytical results which supports the underlying explanation. In
the plots, we have set a/A;= 0.1, which gives a maximum ratio of a/w=0.25, so that o is always considerably
smaller than w. The criterion a < w is, however, more strictly satisfied at the higher frequency range considered
in the figures.

The minigap itself is monotonically tuned with w, as shown in Fig. 2 for the SNS case. At zero phase difference
®, the minigap is gradually reduced as w increases, demonstrating that the driving frequency can be used to tailor
the minigap size. At a finite phase difference, the light-interaction again inverts the minigap for certain frequen-
cies, and generates a peak of quasiparticle accumulation at E=0, similarly to the bilayer case [see Fig. 1(e)]. This
can be seen in Fig. 2(c) for &/ =0.5. Finally, we show results for when an exchange field is present, i.e. a magnetic
metal h== 0, in Fig. 3, in which case the microwave field also alters the modulation of the density of states. To
facilitate comparison with experiments, we note that for a typical diffusion constant of e.g. D=7 x 10~ m?*/s in
Cu?, the requirement w >> DeZAO2 /4h* (having reinstated e and #) corresponds to w >> 0.3GHz for a modest
electric field magnitude of 0.1 V/m, which is feasible. Moreover, for a superconducting gap A;=0.5meV, the
parameter choice fiw/A;=0.4 corresponds to a frequency w =~ 300GHz.

Besides the control and inversion of the minigap, another particularly noteworthy feature that all the above-
mentioned structures have in common is that the low-energy density of states features a series of spectral features
resembling weak resonances, which vanish as soon as the microwave field is turned off (a=0). To gain insight
into the physical origin of these features seen in the density of states, we provide an analytical solution which is
permissible in the ferromagnetic case, but which also seems to account for the nature of the light interaction with
the superconducting condensate in the normal case (h=0). In the weak proximity effect regime, the linearized
equation governing the behavior of the spinless f, and spin-polarized f; Cooper pairs reads

SCIENTIFIC REPORTS | 6:38739| DOI: 10.1038/srep38739 3
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Figure 2. Proximity-induced density of states in the middle (x = L/2) of an SNS Josephson junction with
L/€=0.33, barrier strength ( =3, microwave field amplitude o/Ay=0.1, and (a) ¢/7=0.0, (b) ¢p/7=0.25,
(c) o/m=0.5, (d) &/m=0.75.

N/Ny

E/A() E/AO

Figure 3. Proximity-induced density of states at the vacuum edge (x=L) of an SF bilayer with L/§ =0.23,
barrier strength ( = 3, microwave field amplitude o/A;=0.1, and (a) h/A;=2 and (b) h/A,=4.

DO , (E) + 2i(E + 2ic & h)f () — 2a[f L (E+ w) + f,(E—w)] =0 (5)

with f, =f, & f.. In the regime where h > {E, A}, as is usually the case for ferromagnets, one can solve the above
equation via Fourier-transformation. Introducing F,(t) = f dEe'™ . (E), one obtains

DOLF,(t) + 2i(ic £ h) Fo(t) — 4a cos(wt) Fo(t) = 0.

The solution is F,(¢) = A, ()= + B, (t)e ™+, where

k. = y[2iQic + h) — 4o cos(wt)| DY, )

while the coefficients {A_, B. } are determined via the boundary conditions. For an SF bilayer, the boundary con-
ditions read 9, f . = +f, /(L at the superconducting interface (x=0), and 9,f. = 0 at the vacuum border
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Figure 4. Proximity-induced density of states at the vacuum edge (x = L) of a Zeeman-split
superconductor/normal-metal bilayer. We set ( =3, a/A;=0.1, L/§ =0.5, and h,/A;=0.3, and considered
several frequencies of the microwave radiation.

(x=L), where { = Ry/R is the ratio between the interface barrier resistance and bulk resistance and fy5(E) =
sinh{atanh[1/(E+i5)]}. ,
Introducing the auxiliary quantity D(¢) = f dE elEthcs (E), a straight-forward calculation leads to

D(t i
A = % By(f) = A, (1)e¥kd,
CLik, (1 — ™) 7)
Inserting this into our expression for , (t) and performing an inverse Fourier-transformation, we end up with
the final expression for f. (E):

fo®) == [[deape® D, (@), ®
where we introduced
p. () = cos [ky(x — L)][CLk, sin(k L)]™! 9)

and k. = k(). We note that p_(t) is a periodic function in ¢, while fzcs — 0 when E — $00. In the absence of
microwave radiation (= 0), k.. becomes independent of ¢, and the above simplifies to the usual result
fLE)=Fp, ffdt dE' e F D) scs (E) = F p_fycs (E)- To solve the integral Eq. (8) in the general case, we
make use of the periodicity of p,(t). The period is T=2w/w, so we can write the Fourier series
p.(t) =2, pn’iei"“", where P = %fszz dtpie’i”“’t. Performing the integral over ¢ in Eq. (8) then leads to a
sum over d-functions, and one obtains:

n=+o0

FoBY=F T puifues (B =) (10)

Numerically, we find that it is usually sufficient with ~15 Fourier-coefficients p, , to obtain a perfect rep-
resentation of p. (t). Using the same procedure as above, one can also find an expression for the anomalous Green
function in a Josephson geometry consisting of a superconductor/ferromagnet/superconductor trilayer. The only
difference is the expression for p. (t), which takes the form

p. () = {[cos(k x) + e cos [ky(x — L)1} Lk, sin(kiL)]fl, (11)

where ¢ is the phase difference between the superconductors.

From the analytical expression, it is clear that resonances should be expected whenever E = A £ nw,
n=0,1,2,..since f,  (E = A,)formally diverges, although this divergence is in practice diminished due to
inelastic scattering. The weight of these resonances, i.e. the magnitude of their spectral peak, is in turn governed
by the Fourier series coefficients p, which depends on the other system parameters. We note that, very recently,
similar features were reported for a narrow and thin dirty superconducting strip subject to microwave radiation
in ref. 13. In the present proximity-system, there is an additional minigap E,,, in the system, and one might expect
to have similar resonances at E= E,,,, = nw. The density of states plots in Fig. 2 [see for instance (a) for w/A,=0.4]
are consistent with this statement, demonstrating how additional spectral features, which are not present in the
absence of light, occur at such excitation energies. It actually turns out that these resonances are the physical ori-
gin behind the transition from the minigap to the quasiparticle accumulation peak at E= 0. To be exact, the
transition from fully gapped DOS to a strong zero-energy peak occurs precisely when w=E,,,. We show an exam-
ple of this behavior at the bottom of Fig. 1. It is intriguing that the light-interaction actually induces a second,
inner minigap which upon closing generates this feature, whereas the outer minigap E,,,, remains [see e.g. Fig. 2(a)
showing a particularly clear example of the inner and outer minigaps].

The fact that the microwave radiation induces a series of weak resonances shifted with 1w from the con-
ventional spectral peaks (E= A and E=E,,, in the normal metal case) has interesting consequences when a
finite magnetic field splits the density of states in the superconductor’®, since the exchange field in the super-
conductor Ay itself produces a similar shift in the spectral peaks from A, to A, =+ . We show the corresponding
proximity-induced density of states in Fig. 4, where the combined influence of the exchange field and the light
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interaction produce a very rich subgap structure in the density of states. Since the superconductor in this particu-
lar case, unlike the previous systems considered in this work, has to be sufficiently thin to permit the homogene-
ous penetration of a magnetic field, the microwave field is not completely shielded by the superconductor and we
thus here assumed that E(t) is applied only to the non-superconducting part.

The most remarkable feature is nevertheless the influence of the microwave field on the minigap in the SN
case, controlling its magnitude and even transforming it into a quasiparticle accumulation peak at E=0. These
results may represent the first step toward a different way to control the superconducting proximity effect, and
thus the available spin- and charge-carriers, in normal and magnetic metals, by using microwave radiation. One
advantage of this is the fact that the control is in situ and that the length of the system (setting the Thouless
energy scale), which normally changes the minigap, does not have to be altered, which would inevitably require
fabrication of multiple samples. The zero-energy peak induced by the light-interaction resembles the type
of spectral feature that is characteristically seeen in the density of states of conventional SF structures due to
odd-frequency superconductivity**=, but in this case it occurs without any such pairing at all. It could also be of
interest to examine the consequences of the predictions made herein with regard to conductivity experiments®
and non-equilibrium Josephson contacts*.

Concluding remarks

Building on these results, an interesting future direction to explore would be the influence of light on supercur-
rents and the critical temperature in magnetic proximity systems, to see if the microwave radiation may be used
to manipulate these quantities as well, which we intend to explore in a future work. The interaction between light
and Cooper pairs could in this way open a different route to active control of quantum coherent phenomena in
superconducting proximity structures.

Methods
Derivation of the Usadel equation incorporating microwave radiation. The time-dependent
Usadel equation may be written as

DVo(§oVog) = —ilEp,s 8], (12)
where we defined the gauge-covariant derivative
Vog = Vi — ie[Ap,58], (13)
the commutator [a5 b] = aob — boa, and the associated product

(aob)(E, T) = &(%ud1:-069n)20 (B T)) x b(E,, T,) .
E\=E,=E,T\=T,=T (14)

Above, e is the electron charge, E is the quasiparticle energy, and A is the time-dependent vector potential
which describes, in our case, an ac electric field E= —0A/0t. We note that a useful property of the o-product is
that:

a(E, T)oe™T = “Ta(E — w2, T), €“Toa(E, T) = “Ta(E + w/2, T). (15)
These relations are useful in the present context since we can write the gauge field as
A(T) = Ay(e™" + e ™N)/2. (16)

We set |e] =1 in what follows for brevity of notation and also apply the electric field perpendicularly to the
junction direction, so that

V- A=A -V=0. 17)
In this case, the left hand side of Eq. (12) becomes
DV - (§oVg) — D[Ap,5§oAp,08 — Ap,]. (18)

Since A =A(T) is independent on E we have
Ap,Ap, = A1, 19)
Moreover, the Green function satisfies the normalization condition
gog =1 (0)
This brings us to
DV - (§oV§) — D[Ap,0804p,3¢]. 1)

At this stage, we see that the contribution from the gauge field can be included as a self-energy
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35, = iDApogoAp, 22)
in the Usadel equation, which in its complete form reads:
DV - (§oVg) + i[Ep, + iDAp,080Ap,58] = 0. (23)

The next step is the obtain the Fourier-transformed version of the above equation in energy-space. To accom-
plish this, we make use of similar approximations as in ref. 13. In the presence of a driving field A(T), we take into
account A up to second order by deriving an equation for the harmonic Green function at zero frequency (see
Appendix of ref. 13) which is essentially the time-averaged Green function. Higher order harmonic
time-dependent terms in § are induced by A and thus correspond to fourth order in A and higher. This approxi-
mation is valid when

DA /4 < w. (24)

Computing the contribution from the self-energy term 3 , in the Usadel equation gives

I op DAZ iw —iwTy A _~ iw —iwTy A _~
2,58 = —TO[(e Tt e ™M) pyogo(e™” + e ™M) pyog

_ go (eimT + e—imT) 63O§O (eimT + e—imT) ’33] . (25)

We now average Eq. (25) over a period 27/w, which means that all terms that go like e**“T are removed since
§ is the time-averaged Green function. After laborious calculations, using for instance that

0501,

. SN2
i 1(1i iWT A A iw
' EBEZaTl + E(E] Op,00) — |12 (B, £ wi2) e

X

Pg (E, F w/2) ‘EleZ:E,TI:TZ:T'

105,072 eEieTy

i HwP, . »
1F E(zu})(’),,;2 + E[E] (6};2) — ...

Xpg(E £ W) P RE, Fw)|,
1— =i

= ewf‘ah/zeimlgiﬂzﬁsg (Ey £ wi2) 02 (E,) |El=Ez:E T\=T,=T’

= P,8(E + w)p,8(E) (26)

via Eq. (15), the remaining terms take the form
DV - QV2) + i[Ep, + iop,@, + &)y §| =0, @7)

where the o-commutators are now replaced with regular matrix commutators, « = DAZ/4, § = §(x, E) is the
quasiclassical Green function, while

8, =8 E+£w/2). (28)

Derivation of the linearized Usadel equation (weak proximity effect). Analytical progress can be
made in the so-called weak proximity effect regime, where one assumes that the magnitude of the superconduct-
ing proximity effect is small in the sense that the anomalous Green function components f satisfy [f| < 1.
Physically, such a situation is realized either in the case of a low interface transparency between the superconduct-
ing and normal part or if the temperature is close to the critical temperature of the superconductor. This allows for
a linearization of the Usadel equation in the anomalous Green functions in the following manner®. The total Green
function matrix in Nambu-spin space may be written as the normal-state matrix g and a small deviation 1

§=g+ /s (29)
where g = p, and the anomalous Green function matrix can be written as
0 f
,Z ol
The 2 x 2matrix f in spin space describes the four types of anomalous Green functions that can be present in
the system: one describing spin-singlet Cooper pairs (f,) and three describing spin-triplet Cooper pairs

(fTT R fll , f,)- The f; component corresponds to the S=1, S, =0 component of the triplets with spin-symmetry
11+ |7 and the ~ operation is defined in the main text. For the systems considered in our work, with homogene-

7=

(30)
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ous exchange fields, we find that f,, = 0 whereas f, and f; can be non-zero. Inserting Eq. (29) into Eq. (2) in the
main manuscript produces the linearized equation

DO (E) + 2i(E + 2ic £ h)f , (E) — 2aff L (E+ w) + fL(E—w)] =0 31)

with f. = f, & f.. This governs the behavior of the spinless f; and spin-polarized f, Cooper pairs induced in the
normal metal.
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. Multiterminal Josephson junctions have recently been proposed as a route to artificially mimic

. topological matter with the distinct advantage that its properties can be controlled via the

. superconducting phase difference, giving rise to Weyl points in 4-terminal geometries. A key goal is to
accurately determine when the system makes a transition from a gapped to non-gapped state as a

: function of the phase differences in the system, the latter effectively playing the role of quasiparticle
momenta in conventional topological matter. We here determine the proximity gap phase diagram of
diffusive n-terminal Josephson junctions (n € N), both numerically and analytically, by identifying a
class of solutions to the Usadel equation at zero energy in the full proximity effect regime. We present
an analytical equation which provides the phase diagram for an arbitrary number of terminals n. After
briefly demonstrating the validity of the analytical approach in the previously studied 2- and 3-terminal
cases, we focus on the 4-terminal case and map out the regimes where the electronic excitations in the
system are gapped and non-gapped, respectively, demonstrating also in this case full agreement
between the analytical and numerical approach.

. The interest in topological quantum phases of matter has grown steadily in recent years, and the fundamen-

. tal importance of this topic in physics was recently recognized by Thouless, Haldane, and Kosterlitz being

. awarded the 2016 Nobel prize in physics for their contribution to this field. So far, specific material classes such
as telluride-based quantum wells (HgTe, CdTe), bismuth antimony (Bi,_,Sb,) and bismuth selenide (Bi,Se;) have
received the most attention in the pursuit of symmetry-protected topological phases and excitations'. However,
it was recently proposed” that similar physics could be obtained using conventional superconducting materials.
More specifically, by using multiterminal Josephson junctions, the authors of ref. 5 showed that it was possible to
create an artificial topological material displaying Weyl singularities under appropriate conditions. In multiter-

. minal Josephson junctions hosting well-defined Andreev bound states, the crossing of these states with the Fermi

¢ level has been shown to be analogous to Weyl points in 3D solids with the Andreev bound state taking on the role

. of energy bands and the superconducting phase differences corresponding to quasiparticle momenta. A consid-
erable advantage in utilizing multiterminal Josephson junctions rather than 3D solids to study exotic phenomena
such as Weyl singularities and topologically different phases is that the phase differences are much more easily
controlled experimentally than the quasiparticle momenta.

In order to probe electronic excitations with topological properties, a key goal is to map out the phase diagram
of the system in terms of when it is gapped or not. A gapped system here means that there are no available excita-
tions in a finite interval around the Fermi level. The reason for why this is important is that transitions between
topologically protected states can occur via gap closing, and so by identifying under which circumstances the
system makes such a transition provides information about when the topological nature of the system’s quantum
state changes.

The arguably easiest way to probe such a phase transition is via the readily available density of states measure-

' ments, which pick up whether or not the system is gapped at a specific energy. The electronic density of states can
. be probed via conductance measurements, for instance in the form of tunneling between the system and a small
. metallic tip using so-called scanning tunneling microscopy. Recent previous works have considered the case of

Department of Physics, Norwegian University of Science and Technology, N-7491 Trondheim, Norway.
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3-terminal Josephson junctions, both in ballistic®” and diffusive systems®, and also the 4-terminal case in the case
of chaotic cavities being connected to each other and the superconductors®. In particular the 4-terminal case is of
interest due to the possibility of creating Weyl singularities®.

In terms of experimental realization, metallic diffusive systems are of high relevance as the conditions for
realizing such systems are far less stringent than, for instance, the discrete Andreev bound states of quantum dots.
However, the proximity-gap phase diagram has not yet been studied for the 4-terminal case involving diffusive
normal metals.

Motivated by this, we here determine the proximity gap phase diagram of diffusive n-terminal Josephson
junctions (n € N), both numerically and analytically, by identifying a class of solutions to the Usadel equation'®
at zero energy in the full proximity effect regime. We present an analytical equation which provides the phase
diagram for an arbitrary number of terminals n. After briefly demonstrating the validity of the analytical approach
in the previously studied 2- and 3-terminal cases, we focus on the 4-terminal case and map out the regimes where
the electronic excitations in the system are gapped and non-gapped, respectively, demonstrating also in this case
full agreement between the analytical and numerical approach. Our results may serve as a guideline for exploring
the interesting physics of multiterminal devices involving the experimentally prevalent and accessible scenario of
diffusive metals connected to superconductors, which has a long history!!.

Theo

We wil{'{se the quasiclassical theory of superconductivity which is known to yield good agreement with experi-
mental measurements on mesoscopic superconducting devices. As only non-magnetic structures will be consid-
ered here, only singlet Cooper pairs exist and it is possible to work in Nambu-space alone due to the spin
degeneracy. Using a field operator basis ¢ = (¢, ¢ f), the 2 X 2 quasiclassical Green function matrix g describ-
ing the existence of superconductivity in the system via the anomalous correlation function freads:

)
= -2 (1)

Here, {g, f} are complex scalars that depend on position r and quasiparticle energy E. In a bulk BCS superconduc-
tor with order parameter A = Ae'®, g takes the form:

_ c se'?
&pcs [_ se i _ C] )
where ¢= cosh(), s=sinh(6), and § =atanh[A/(E +i6)]. Here, 6 accounts for inelastic scattering processes and
causes a smearing of the spectral density. In writing 8pee VE have used that ¢ = ¢ and§ = —s. The above matrix

may be Ricatti-parametrized'? in the same way as one would do in the case of non-degenerate spin (see e.g. ref. 13
for a general Ricatti-parametrization in this case) with two differences: (i) we have to let¥ — —#, and (ii) treat
{, 7} as scalars rather than matrices. More specifically, we write the Green function in the form

- [N(l - 9% 2Ny J
£ Ny N1 - 7) ©)

with N = N = (1 + v¥)"_. The Usadel equation in the normal wires, which governs the behavior of the Green
function g, reads:

DA, (80,8) +ilET,, g1 =0, @

where D is the diffusion coefficient, 7, is the third Pauli matrix, and E is the quasiparticle energy. Since we are
interested in mapping out the regime where the system is gapped, it suffices to consider the behavior of g at the
Fermi level (E=0). In this case, we have ¥ = v, and the Ricatti-parametrized Usadel equation [obtained by
inserting Eq. (3) into Eq. (4)] determining -y takes the form

2, 20977

L+ pf ®)
This equation has the following general and exact solution if y € R:
v(x) = tan(cx + ¢,). (6)

Although a purely real ¥ might seem like a very particular case, this scenario in fact allows us to gain impor-
tant information about the proximity-gap phase diagram. To see this, consider the expression for the normalized
(against its normal-state value) density of states )\ at zero energy:

1P
1+ @)

The solution v=0 corresponds to the absence of superconducting correlations, i.e. completely closed gap, in
which case the density of states resumes its normal-state value N = 1. The solutions = =1 correspond to the
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Figure 1. Multiterminal Josephson junctions. The density of states A" at zero energy (Fermi level) is measured
at the point indicated by a star, i.e. at the intersection of the diffusive normal wires. (a) 2-terminal, (b)
3-terminal, and (c) 4-terminal setups. Since the wires are assumed to be diffusive, their precise geometrical
orientation does not influence the topological properties of the system. For instance, the same 3-terminal
topological phase diagram would have been obtained if the leads were connected in a Y-shape rather than a
T-shape: only the physical properties of the wires (e.g. their Thouless energies) are of consequence.

fully gapped case A = 0 where no available quasiparticle excitations exist at the Fermi level. The existence of such
points can now be identified analytically by determining ¢, and c, in Eq. (6) via the boundary conditions in the
N-terminal system. We later proceed to do so explicitly. It is also worth noting that Eq. (5) also has a general solu-
tion when 7 is purely imaginary [y € C, Re(y)=0]:

v(x) =1 tan(cx + ¢y). (8)

The solution Eq. (6) is of particular relevance in the case where the phase differences between the terminals is n,
withn=0, 1,2, ... The reason for this is that in such a scenario, one can choose a gauge where all superconducting
order parameters are purely imaginary in the reservoirs (phases ¢;=/2 or 37/2), which renders the BCS anom-
alous correlation function f = se'’s to be purely real at zero energy since s(E = 0) = —i. If one assumes ideal
boundary conditions at the superconducting interfaces, meaning that fis continuous, there are no imaginary
terms in the boundary conditions or in the equation of motion for 7 itself, meaning that the solution v can be
taken as real. From Eq. (7), it is clear that the maximum value of the Fermi-level density of states in the presence
of a superconducting proximity effect is A, ., = 1. We can thus conclude that the analytical approach presented
above is valid whenever the superconducting phase differences between the terminals are nr.

The above class of exact solutions are useful since they are valid at specific phase differences and provide infor-
mation about whether or not the DOS is gapped there. However, we have identified an additional class of exact
solutions which is useful because it is valid at any phase-differences where N = 0, which is precisely the regime of
interest. By noting that A’ = 0 only when || = 1, a reasonable ansatz is:

7= -, S(x) € R. )

The prefactor —i is just a convention that simplifies the boundary conditions for S. Insertion into Eq. (5) gives
immediately

S(x) =ax+b (10)

where a and b are real constants determined by the boundary conditions. Besides allowing us to analytically
determine the region in phase-space where the system is gapped, this solution also allows us to analytically com-
pute the topological number associated with the gapped regime defined as'*:

m= yfvsm dr 1)

where S(r) is interpreted as the phase of the superconducting correlations at E= 0. There are several ways to relate
the Riccati parameter  to the physical properties of the system. First of all, it can be related to the physically
observable density of states using Eq. (7). Moreover, when the system is fully gapped so that the zero-energy den-
sity of states A" = 0, yis in fact just the anomalous Green function f, which quantifies the superconducting corre-
lations in the system. This can be seen by comparing Egs (1) and (3): in general, the anomalous Green function is
given by f=2N~, but since y= —ie*" for a fully gapped system, we find that N=[1 + e*1®e=10] -1 = 1/2 using
the definition given above. It is assumed that the Green functions in the superconductors may be approximated
by bulk expressions, and that the interfaces to the normal metals are transparent. This leads to the boundary con-
ditions S(r;) = ¢, where r; are the locations of the terminals in Fig. 1, and ¢; are the corresponding phases. This
can be deduced by comparing with the anomalous Green function in a bulk superconductor, fycs = —ie'.
Although Eq. (9) is exact whenever the system is gapped (V' = 0), it cannot be used carelessly because one still
has to specify for which choices of the phases ¢; it is valid. It is clearly valid when all phases are equal in the sys-
tem, so that the phase-difference between all terminals is zero. As we will later show, it is also valid in large
regimes of phase-space, and one needs a criterion for when Eq. (9) can be used. Such a criterion can be obtained
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in a convenient way by noting that as soon as S(x) acquires a non-zero imaginary part, the consequence is that
N = 0. Identifying the condition for when a complex S(x) becomes a possible solution is thus our strategy for
describing analytically the topological phase diagram. By using Eq. (9) with S(x) € C and writing
S(x) =S,(x) +1S(x), Eq. (5) becomes

928 + (0,97

1—- —= _|=
1+ e

(12)

It is observed that the solution of Eq. (12) reduces to Eq. (10) in the limit S;(x) — 0. This means that by allowing
a small §;(x), it is possible to map out regions where Eq. (10) is not valid and the imaginary component begins to
matter. To do so, we Taylor expand the square bracket of Eq. (12), and insert the perturbation expansion

S(x) = S,(x) + i(AS;;(x) + A2, (x) + ...) (13)

where S;(x) < S,(x)and S, | < Sj;. The expansion parameter A is a helper variable used to collect different
orders of the expansion. This gives

A 9%, =0 (14)
)‘1: 8fcsil + (6)(87)231'1 =0 (15)

and similarly for higher orders of \. It is noticed in particular that Eq. (10) remains a solution for S,(x). The first
order correction S;,(x) is easily solved, giving

S;(x) = C; cos(ax) + C, sin(ax) (16)

In an n-terminal Josephson junction with transparent interface between superconductors and the normal
metal, it is clear that || =1 at the interface regardless of the phase. The proper boundary conditions are therefore
that §;,(x;) =0, with x; being the position of superconducting interface j. In addition, current conservation at the
intersection between the arms of the multiterminal junction requires continuity of the Green function as well as
the following relation between derivatives:

ZE}- “Vy;=0
j (17)

where +; is the solution of the Usadel equation in arm j, and &, is a unit vector pointing towards the intersection.
Using these conditions, it is possible to formulate a criterion for when the purely real solution for S(x) is valid,
namely: Any combination of boundary conditions for which the only solution for S;;(x) possible is one where
C,=C,=0. The curves where this is not satisfied may be found from the boundary conditions for an n-terminal
Josephson junction as

n ’¢j “o
jmtany; (18)

with 1); given as

1 n

U= 6= 0) = 0= 3 .
Equations (18) and (19) represent a key analytical result in this manuscript as they provide the phase diagram
for the proximity-induced gap for an arbitrary number of terminals #. It is emphasized that the curves satisfying
Eq. (18) only determine when a small imaginary contribution to S(x) is possible and hence for which phases a
transition between gapped and ungapped regimes in phase space occur. These curves are therefore referred to
as transition curves. Higher order terms in the perturbation expansion are required in order to more accurately
describe the ungapped regions. This is however not necessary when only interested in the gapped regions. It will
be shown that it is possible to distinguish between the two regimes using only the first order correction.

To complement our analytical considerations, we also perform a fully numerical determination of the
proximity-gap phase diagram by solving the Usadel equation numerically for any phase differences ¢; and without
assuming ideal boundary conditions. In the following sections, we first provide a brief discussion of the already
known 2-terminal and 3-terminal cases in order to prove the correctness of our novel analytical approach. Then,
we proceed to discuss the less explored 4-terminal case in more detail.

We comment here that multiterminal geometries beyond effective 1D models can also be treated using the
recently developed'® numerical solution of the full Usadel equation in 3D, allowing for the study of non-trivial
geometrical effects. Moreover, previous works have considered analytical solutions of the Usadel equation using
the so-called §-parametrization in SN bilayers'®-!® and also approximate solutions in the SNS case!*-?!, whereas in
our work the analytical solution is exact for the key cases of (i) A= 0 and (ii) for phase differences nm between
the terminals.
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Figure 2. Analytically calculated transition curves between gapped and ungapped regions in the
3-terminal case. Plot of curves where the first order correction S;;(x) can have non-zero solutions. (a) Structure
of the condition in the extended phase space, showing metastable solutions. (b) Translation of physically
relevant curves into [0, 27] x [0, 27].

Results: 2-terminal case
Assuming ideal boundary conditions at the superconducting interfaces x=—L/2 and x=L/2 see Fig. 1(a), real
solutions of y must satisfy v = tan(c,x + ¢,) where:

tan(—c,L/2 + ¢,) = —ie’s and tan(c,L/2 + ¢,) = —ie'x (20)

This restricts the superconducting phases to be ¢;= {m/2, 37/2} in order to ensure y € R. A number of solu-
tions can be obtained from this. If ¢, = /2 and ¢ = 37/2 or vice versa, the solution is ¢, = 0 which gives a DOS
in the center of the wire M(x = 0) = 1. This is the expected result for a phase difference of 7 between the super-
conducting terminals. If instead the phase difference is zero, meaning ¢, = ¢, = {7/2, 37/2}, then the solution
is ¢, = /4, providing N(x = 0) = 0. This is also consistent with the result that the DOS is allowed to be fully
gapped when there is no phase difference. These results are in agreement with the condition given in Eq. (18),
which identifies ¢; — ¢p=nm, n=1, 2, ... as the only configurations for which a non-zero density of states is
possible. The phase-dependent minigap in an SNS junction was originally considered in ref. 19.

Results: 3-terminal case
In the 3-terminal case, we consider the geometry of Fig. 1(b). The regions in phase space where
N(x =0, y = 0) = 0is mapped out using Eq. (18). Since only phase differences matter physically, we fix the
phase of one superconducting terminal, ¢ =0, without loss of generality. Transition curves indicating the tran-
sition between gapped and ungapped regions are shown in Fig. 2(a) for the extended phase space [—2, 27] X
[—2m, 27]. It can be seen that one such curve encircles the origin, with a near-elliptical shape, thereby splitting the
plane into two regions. It is known that the origin resides in a gapped region, so that the outer region may be
identified as ungapped. There also appears several open curves in the second and fourth quadrant. These curves
are considered to be metastable solutions, corresponding to a higher phase-winding of the superconducting cor-
relations in the normal wires, and are not investigated further. Due to the 27-periodicity of the superconducting
phases, the physically relevant transition curves must be translated into [0, 27] x [0, 27], as shown in Fig. 2(b).
The density of states may also be computed analytically in the select points where the boundary conditions are
real. Using Eq. (6), the solutions in the left, down, and right arm are written as v; =tan(c,x+¢,), Yz =tan(csx+c,),
~vp = tan(csx + ¢4). For this particular calculation, it is necessary to set ¢, = /2 in order to make
YBCS.D = — ie!’n = 1real. At the intersection point (x, y) = (0, 0) continuity of the Green function and its deriva-
tive ensure continuity of the current. We assume here for simplicity equal lengths and normal-state conductances
of the three normal wires, although the analytical treatment does not require this in general. In this case, we
obtain the boundary conditions

tan(—cL, +¢,) = —ie’s, tan(—cLp +¢) =1,
tan(c;Ly + ¢,) = —ie'%,, (1 + tan® c)(c;+¢5—¢3) =0. (21)

The values of {¢;, @z} are restricted to 77/2 and 37/2 in order to ensure the validity of the solution for . Since
tan ¢, € R, thelast boundary condition is equivalent to ¢, + ¢s — c;=0. The above non-linear system of equations
may be solved analytically, keeping the physically acceptable solution which gives A/ > 0. For instance, for (¢,
¢r) = (37/2, 3m/2) one finds that tan(c,) = —2 + +/3. The positive solution is the physically acceptable one since
it provides NV > 0. The Fermi-level DOS in the center of the system (x, y) = (0, 0) is given by
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Figure 3. Numerically calculated proximity-gap phase diagram for 3-terminal Josephson junctions. Plot of
the Fermi level density of states A" for a 3-terminal setup as a function of the phases ¢, and ¢;. For both plots,
we set L/ =0.67 and 6/A;=5 x 1073. The phase of the ‘down’ superconducting terminal has been set to ¢, =0.
(a) Ideal boundary conditions. (b) Kupriyanov-Lukichev boundary conditions with finite interface resistance.
We have set (;=2.5, j={L, R, D}.

1 — | tan(c,) \2

Nix=0,y=0) = ,
* Y 1 + | tan(c,) \2 (22)

and we find from the solution of ¢, that:

0, if (¢, pp) = (w/2, w/2)

0.866, if (¢, d) = (m/2, 37/2)

0.866, if (¢, pr) = (37/2, 7/2)

0.866, if (¢}, ¢p) = (37/2, 37/2) 23)

Nx=0,y=0) =

These solutions may be compared with the numerical solution of the full proximity-gap phase diagram in
Fig. 3(a), where it can be seen that the analytically determined transition curves of Fig. 2(b) trace out exactly the
regions where the density of states is non-zero. The excellent correspondance is explained by the rapid transition
between the two regimes, as shown by the numerical solution. In addition, the four red circles are gauge-equivalent
to the above phase-choices (note that in the figure we have set ¢, =0). As seen, the analytical expressions match the
numerical result. In order to model a more realistic setting with finite interface transparencies, we provide the phase
diagram using the Kupriyanov-Lukcihev boundary conditions? in Fig. 3(b). The interface transparency is quantified
by the parameter (. = R, JRN where Ry, is the barrier resistance and Ry;; is the normal-state resistance of wire j. As
seen, the gapped region extends compared to the fully transparent case, in agreement with ref. 8.

Results: 4-terminal case
‘We now focus on the 4-terminal case and demonstrate both the robustness of the analytical approach developed
above in addition to providing comprehensive numerical results. The transition surface in the, now three dimen-
sional, extended phase space is shown in Fig. 4(a), where ¢, has been fixed to zero and metastable solutions have
been removed for clarity. It can be seen to have an ellipsoidal shape, which is an expected generalization of the
3-terminal case. Figure 4(b-d) show slices of the surface after translation into the first quadrant for ¢, =0, ~ and
, respectively. The resulting phase diagram displays a more complicated behavior than in the 3-terminal case. At
¢p=0, the phase diagram is similar to the 3-terminal case, but as ¢, is increased toward 7/2 one of the gapped
regions expands greatly at the expense of the other gapped regions which are separated from each other by a
“barrier” of finite DOS V' == 0. As ¢, is further increased toward 7, the phase-diagram morphs into a qualitatively
different shape than at ¢, =0, and at ¢, =7 two of the gapped regions have been almost completely expelled from
the phase diagram whereas two gapped “valleys” remain, the latter again separated by a non-gapped region.
With purely real boundary conditions, and ¢, = g, the solutions in the left, down, right, and up arm are
written as y; = tan(c,x + ¢,), yp = tan(csx + ¢,), Vg =tan(csx + ¢4), Yy = tan(c;x + ¢g). As in the previous section, we
assume here for simplicity equal lengths and normal-state conductances of the four normal wires. The resulting
boundary conditions take the form:

tan(—c\L; + ¢,) = —ies, tan(—csLp + ¢,) = — i€, tan(csly + ;) = —ie'’x,

tan(c,Ly + ¢,) =1, (¢, + ¢ —¢3 —¢;) = 0. (24)

SCIENTIFIC REPORTS | 7:40578 | DOI: 10.1038/srep40578 6



WWW.

ture.com/scientificreports/

2r
(b)
27
n:
5 T
@ 0
2
=27 g
=27 0 0
0 ¢)R 0 ™ 2
o1 S i PL
27 27
/ ; ’
& Wﬂ & n
0 0
0 T 27 0 T 27
oL (I3

Figure 4. Analytically calculated transition curves between gapped and ungapped regions in the
4-terminal case. The mapping of three-dimensional phase space was performed using Eq. (18), with ¢, =0.
(a) Transition surface in extended phase space. (b-d) Translation of physically relevant curves into the first
quadrant for ¢, =0, % and T, respectively.

dp=T/2 N =0.00 N=071 N=071 N = 1.00
¢p=37/2 N =071 N = 1.00 N = 1.00 N =071

Table 1. Analytically obtained values of A" at special points in phase-space. The solution for the zero-
energy DOS A at the intersection point of the wires (x, y) = (0, 0) obtained through analytically solving the
non-linear equations for ; assuming transparent interfaces to the superconducting terminals (in contrast to
Figs 5 and 6 where a finite interface resistance is used). We fixed ¢, = /2. At all points (¢y, ¢p, ¢y, ox) shown in
the table, the analytically obtained value of A" matches the numerically obtained solution.

This non-linear system of equations may be solved analytically. Due to the requirement thaty € IR, we restrict our
attention to {¢;, ¢p, Py} taking the values 7/2 and 37/2. We provide the solutions in Table 1 which again match
the values obtained from a fully numerical solution, thus indicating the correctness of our analytical approach.

We now proceed to present numerical results for the 4-terminal case when there exists a finite interface resist-
ance between the superconducting terminals and the normal wires, which is experimentally more realistic. We fix
¢y =0 without loss of generality and plot the evolution of the proximity-gap phase diagram, quantified via the
zero-energy DOS V at the intersection point (x, y) = (0, 0), as the remaining superconducting phases {¢p, ¢,, #x}
are varied in Fig. 5. Once again, the analytical transition curves correspond well with the regions where the
numerically computed density of states differs from zero.

In an experimental setting, the phase-differences can be tuned by connecting the superconducting terminals
and thus creating loops which a magnetic flux can pass through, the latter controlling ¢,. We consider in Fig. 6 the
special case where the flux penetrating all loops is the same, meaning that the phase difference between each pair
of terminals is equal to ¢ (except between the up and left terminal, see inset of Fig. 6). We set all wire lengths
L;=L and interface resistances to be equal for simplicity, and consider different sizes L. Regardless of L, the super-
conducting correlations vanish completely at ¢ =7/2 and ¢=, as indicated by V taking its normal state value
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Figure 5. Numerically calculated density of states at E =0 for a 4-terminal Josephson junction for different
phase-configurations. Setting the upper superconducting phase to zero without loss of generality, ¢;=0, we
plot the evolution of the proximity-gap phase diagram, quantified via the zero-energy density of states " at the
intersection between the wires, as the phases at the other superconducting terminals are varied. We have set the
wire lengths equal to L/ =0.67 and the interface contact with the superconductors parametrized by a finite
interface resistance ratio to the bulk resistance (=2.5. The blue regions correspond to the gapped regime where
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Figure 6. Numerically calculated density of states at E =0 for a 4-terminal Josephson junction for equal
flux through the loops. Plot of the Fermi level density of states V" for a 4-terminal setup as a function of ¢
where ¢p = ¢, pp=2¢, ¢, =3¢, which corresponds to a scenario where the same flux ® penetrates loops
that connects the superconducting terminals (see inset). We have set ¢;;= 0 without loss of generality,
6§/Ay=3x 1073 and (=2.5,j={L,R,D, U}

(N = 1). The gapped region at 0 < ¢ < 7/2 for small lengths L/ <1 starts to fill up with available electronic
excitations as L increases.

Conclusion

The main new results in this work are the class of analytical solutions of the Ricatti-parametrized Usadel equa-
tion at E=0 in the full proximity effect regime, the equations (18) and (19) providing the transition between
the gapped and non-gapped regimes for an arbitrary number of terminals #, and the specific results for the
4-terminal case. An interesting expansion of the present work would be to explore how magnetic interfaces®%
and spin-orbit coupling would influence the proximity-gap phase diagram and topological properties of multi-
terminal Josephson junctions, as recent works have demonstrated that in particular the latter of these can induce
several novel effects in both diffusive and ballistic superconducting hybrids'>26-34,
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We consider the Josephson effect through a thin spin-orbit coupled layer in the presence of an exchange field
h and discover a set of supercurrent vortices appearing in the system which can be controllably moved around in
the system by varying either the direction of A, the strength |k|, the spin-orbit coupling magnitude o via a gate

voltage, or the phase difference. We refer to this phenomenon as a supercurrent vortex pinball effect and show
that its origin is the spin polarization of the triplet Cooper pairs induced in the system. The supercurrent vortices
are shown to arise from what resembles a Cooper pair-induced inverse Edelstein effect.
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I. INTRODUCTION

The proximity effect endows otherwise nonsuperconduct-
ing materials with superconducting properties and thus offers
an interesting arena to explore how quantum coherence is
manifested in unusual physical environments. One of the
most actively pursued setups includes so-called Josephson
junctions where a material is able to sustain a supercurrent
via proximity to two host superconductors. In the presence
of a magnetic exchange field &, the Cooper pairs that leak
from the superconductors oscillate between the conventional
singlet spin state and the opposite-spin triplet state [1]. If the
exchange field is spatially varying, or the system contains spin-
orbit coupling, the triplet Cooper pairs may rotate between
different triplet states where the electron spins are parallel,
making tunable superconducting spin transport possible [2—4].
In light of this discovery, the effect of spin-orbit coupling
on proximitized materials has recently been investigated in
several works [5-21].

In this paper, we consider a spin-orbit coupled supercon-
ducting hybrid which is found to display novel, inherently
two-dimensional, physical phenomena which are hidden in
effective one-dimensional models. Specifically, we examine
a thin film of a nonsuperconducting material with spin-
orbit coupling sandwiched between two superconductors and
discover a set of supercurrent vortices appearing in the system
which can be controllably moved around by varying either
the direction of h, the strength |k|, the spin-orbit coupling
magnitude o via a gate voltage, or the phase difference. We
refer to this phenomenon as a supercurrent vortex pinball effect
and show that its origin is the spin polarization of the triplet
Cooper pairs induced in the system. The supercurrent vortices
arise from what is reminiscent of a Cooper pair-induced inverse
Edelstein effect.

II. THEORY AND MODEL

A top view sketch of the geometry is given in Fig. 1.
The film can for instance be a two-dimensional electron gas
(GaAs), which has the advantage of a readily tunable Rashba
spin-orbit coupling strength « and a high g factor providing
a strong Zeeman effect. The central region is quadratic with
lengths L = 2& where £ is the superconducting coherence
length and considered to be in the diffusive regime of transport.
A magnetic field is applied in the xy plane, in a direction

2469-9950/2017/96(6)/064508(5)
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denoted by an angle 6 relative to the transverse direction
(y axis), creating an exchange field & through the Zeeman
effect. We assume that the film is sufficiently thin [O (nm)] for
the orbital effect to be completely negligible. In the diffusive
transport regime, the Usadel equation [22] is valid:

DV§Vg +ileps+6 -h.gl =0, M

where D is the diffusion constant, ¢ is the quasiparticle energy,
ps = diag(+1, +1, — 1, — 1), and 6 = diag(c,0*) where o
is a vector of Pauli matrices. Furthermore, § = g(x,y,¢) is the
retarded, quasiclassical 4 x 4 Green function matrix, defined

as
s_(8 f
g—(_f _g>, ©)

where the .7. operation means complex conjugation and
& — (—¢). The 2 x 2 matrix g is the conventional Green
function, which includes the spin degree of freedom, whereas
the anomalous Green function f takes into account the
presence of superconducting correlations. Spin-orbit coupling
is introduced via the covariant derivative Vg = Vg —i[A, 2],
with A = diag(A, —A*). Here, we consider Rashba spin-orbit
coupling, as generated by a symmetry breaking in the thickness
direction (z axis), for which one gets

A = —a(oyex —oyey), 3)

where « is the strength of the spin-orbit coupling, and e; is
a unit vector in direction j. We consider low-transparency
interfaces, which are described by the Kupriyanov-Lukichev
boundary conditions [23]

ey Vg = giL[g’Ryé’Ll 4
The phenomenological constant ¢ is a measure of the interface
resistance (we use ¢{ = 3 in what follows, corresponding to a
realistic low-transparency interface), and the indices {L,R}
refer to Green functions on the left and right side of the
interface, respectively. Inelastic scattering is accounted for by
letting ¢ — ¢ + i§ where §/A = 0.01. The superconductors
are assumed to be large enough to be approximated as
bulk and therefore appear only in the boundary conditions
at x = =L /2. For the transversal interfaces to vacuum, the
boundary conditions reduce to V§ = 0.
To demonstrate the inverse Edelstein effect originating from
the triplet Cooper pairs, we first consider the charge current

©2017 American Physical Society
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FIG. 1. A top view sketch of the 2D Josephson junction, which
is oriented in the xy plane. The green region represents the normal
metal, which is quadratic with lengths L = 2£. The exchange field
h is applied in the plane of the junction. The presence of spin-orbit
coupling creates vortices in the current density.

density which in equilibrium is defined as:
J= Jofde ReTr{$;£V g} tanh % (5)

with Jo = NoeD/2, where the constant N is the density of
states at the Fermi level and 8 = 1/kpT. The temperature 7
is constant and equal to 1%o of the critical temperature of the
superconductors. By inserting the above expression for § into
Eq. (5), it is seen that the current density only depends on the
anomalous Green function f. Furthermore, f can be split into
a contribution from the singlet component f; and the triplet
component f; = (f, fy, f-) by inserting the parametrization

f =1+ fio)ioy, 6)

where I is the 2 x 2 identity matrix. The current density can
then be written as

J:JI+JU (7)

with J; = J; — J. — J, — J being the conventional cur-
rent contribution from the individual singlet and triplet
components, which in turn are given as

Ji =410/0 de Re{ iV fi —kaﬂ}tanh% 8)

fork € {s,x,y,z}. The current J; is present also in the absence
of spin-orbit coupling. With spin-orbit coupling, however, one
gets an additional contribution from J,,, which we find to be:

Be
>

It is observed that while J; is a linear combination of currents
from each of the four components of f, J, is generated
by interference between the triplet components. Importantly,
the cross product in Eq. (9) determines the spin polarization
direction of a general triplet Cooper pair state, as is well known
from the d-vector formalism used in early works on liquid
3He [24,25]. In other words we find that, due to spin-orbit
coupling, the existence of a finite triplet Cooper pair spin
expectation value directly produces a charge current, which
we interpret as a triplet Cooper pair induced inverse Edelstein
effect. This is a key result in this paper. We note that another
type of Edelstein effect in superconducting hybrid structures
has recently been reported in Ref. [10], where a spontaneous

Ju = 16Joe. x/ de Re{f, x f,}tanh ©)
0
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FIG. 2. The current density distribution for an exchange field
h/A = 1.0 in the x direction. (a) Streamline plot showing vortices.
(b) Transversal distribution of the x component of the different
currents in the middle of the junction (x = 0). All current densities
are scaled by JoA /L.

supercurrent induced by magnetization in a Josephson junction
with spin-orbit coupling was found. Here, we have presented
a different inverse Edelstein effect, in that the spin density
responsible for the current is solely generated by the triplet
Cooper pairs. This is in contrast to the induced magnetization
which requires a nonzero singlet contribution. Recently, the
nonequilibrium Edelstein effect and magnetoelectric Andreev
transport was discussed in the context of helical metals [18].

III. RESULTS AND DISCUSSION

For the system shown in Fig. 1, we solve the full Usadel
equation, given in Eq. (1), by using the finite element method,
as thoroughly explained in Ref. [26]. In the results presented
herein we apply a phase difference between the superconduc-
tors of ¢ = 7 unless otherwise stated. The first thing to note is
that the current density has a nontrivial transversal distribution
and even changes sign in certain areas. In the regions where
a sign change occurs, supercurrent vortices are generated, i.e.,
positions around which the current density circulates. Vortices
in the current density have been reported in proximitized
materials in the presence of an external magnetic flux [26-29],
whereas no such flux is required in the present work. These
flux-induced vortices are associated with a suppression of
superconducting correlations at precisely the location of the
vortices in addition to a phase winding of the superconducting
phase, analogously to Abrikosov vortices. In the results
presented here, we do not find any such suppression, and so
the spin-orbit induced supercurrent vortices are therefore of a
different nature.

The effect is clearly seen in Fig. 2(a), in which the exchange
field is pointing in the x direction. Here, the current density
flows in the positive x direction near the center of the junction
and in the opposite direction by the edges. This creates a
circulation around two oblong vortices at approximately y =
+0.4L within which the current density is suppressed. Such
a current distribution may be measured experimentally using
magneto-optic imaging [30].

Figure 2(b) shows the transverse distribution of the current
flowing across the junction. Specifically, it shows the different
contributions in Eq. (7) to the total current. It is seen that the
transverse distribution of the individual components J,—the
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FIG. 3. The total current I passing between the superconductors
(found by integrating the current density J over the cross section)
as a function of the exchange field strength & = |h|, applied at an
angle & = 45° relative to the y axis. The normalized strength of the
spin-orbit coupling is « L = 1. Pink regions indicate the presence of
vortices in the current density. The insets show the current density
distribution for selected points.

components not explicitly dependent on e—almost perfectly
cancel, rendering their sum J; constant. It is therefore clear
that the main contribution to the transverse distribution stems
from Jj,, the term responsible for the inverse Edelstein effect
induced by the triplet Cooper pair spins.

A key point is that the existence of the vortices are found
to depend on the strength & = |k| of the exchange field. When
examining the current passing between the superconductors
for increasing exchange field, a decaying oscillatory pattern is
found where, for certain values of /4, the current flows in the
opposite direction. This is known as a 7 junction [31], owing
to the fact that the ground state of the Josephson junction
has a phase difference of 7 rather than zero [1]. We find
that the vortices are harbingers of a 0-7 transition, being
present only when the total current is significantly reduced.
The reason for this is that the transversal distribution of the
current density is much less influenced by the strength of
the exchange field than the current itself. For increasing A,
the curvature of J;, in Fig. 2(b) is more or less retained,
while the total current—that is, the average of the current
density—is reduced upon approaching a 0-7 transition. Close
enough to the transition, the minimas of the current density
will cross zero and become negative. Evidently, a current
density redistribution is less energetically favorable than vortex
generation.

It turns out that for an in-plane exchange field, the current
is reduced rapidly enough with increasing A for vortices to
remain present once they first appear. This can be seen in
Fig. 3, which shows the total current /, found by integrating
the current density J over the cross section. The exchange
field is applied at an angle 6 = 45° with respect to the y axis.
In the pink region there are vortices in the current density, and
it is observed that the modulation of the curve hinders a reentry
into the green region, where vortices are not present. For an
out-of-plane exchange field this is not necessarily the case, and
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away from the transition points, the current may become large
enough for the vortices to disappear.

Interestingly, the location of the vortices also changes as
the exchange field is increased. The insets of Fig. 3 show
the current density distribution for selected points along the
current curve. The vortices first appear at the vacuum edges,
on opposite sides of the junction, near the superconducting
interfaces. As h is increased, they translate vertically and pass
the x axis at precisely the 0-m transition. At this stage, the
current density distribution is symmetric about both the x and
the y axis, with no net current passing between the supercon-
ductors. Further increase of & causes further translation of the
vortices. However, since they must cross the x axis every 0-7
transition due to the symmetry requirements, a turning point
must be reached, and the motion of the vortices may best be
described as resembling a damped harmonic oscillator.

In the study of a 1D Josephson junction with spin-orbit
coupling, it was recently discovered that the critical current
varies greatly with the direction of an applied exchange
field, even creating O-m transitions [8,13]. It is therefore
reasonable to presume that the current density distribution
becomes nontrivial. We find that this is indeed the case.
With an exchange field of strength /A = 1.0 pointing in the
transversal direction (6 = 0°), no vortices are found. Rotating
h increases the transversal variation of the current density,
and at around 6 = 30° vortices appear, as shown in Fig. 4(a).
Further rotation translates the vortices vertically towards the
x axis, as seen in Fig. 4(b) for 6 = 60°, before translating
towards the y axis and ending up like Fig. 2(a) for 6 = 90°.

We also determine how the strength of the spin-orbit
coupling affects the vortices. Tuning of the Rashba parameter
o can be achieved experimentally in a 2DEG by means of a
gate voltage [32-34]. For small spin-orbit coupling strength,
so too is the contribution from J;;, as can be seen from the
explicit dependence on « in Eq. (9). With increasing o, the
inverse Cooper pair Edelstein effect predicted here increases
both in terms of the curvature and the amplitude of J;,, making
the existence of supercurrent vortices possible. Since varying
o changes the topography of J,, it is reasonable that the
vortex locations also changes. This can be seen in Figs. 4(c)
and 4(d), which show the current density distribution for
oL =1.2 and oL = 1.6, respectively. It is noted that for
large enough Rashba parameter «, no O-7 transition will take
place [8], and vortices will only appear for large exchange
fields where the conventional contribution to the current, J;,
is sufficiently suppressed relative to J;;.

Finally, we investigate the effect of varying the phase
difference ¢ between the superconducting leads. In Figs. 4(e)
and 4(f) is shown the current density distribution for select
values of ¢ for an exchange field of strength 2/ A = 1.0 applied
at an angle of § = 45° and a spin-orbit coupling strength of
oL = 1.0. It can be seen that the phase difference provides
yet another means of enacting control over the vortices, with
both their presence and location influenced. The two vortices
translate vertically in opposite directions as the phase differ-
ence is increased. It is noted that the total current has a typical
sinusoidal behavior and that the current is zero for ¢ = 0.

Due to the complexity of the numerical problem, we have
here focused on a particular system with a specific set of
parameters which we believe to be experimentally relevant.
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FIG. 4. Streamlines of the current density for (a),(b). Different
exchange field directions 6 with spin-orbit coupling strength oL =
1.0 and phase difference ¢ = 7. (c),(d) Different e with 6 = 45°
and ¢ = 7. (e),(f) Different ¢ with «L = 1.0 and 6 = 45°. The
strength of the exchange field is A/A = 1.0, which is a realistic
magnitude of order > meV accessible via an external magnetic field.
All current densities are scaled by JoA /L.

However, the results can be generalized based on the current
findings. For larger exchange fields (but not so large as to
destroy the superconducting proximity effect) one can expect
that the presence of vortices becomes more common, as the
total current is gradually suppressed. Increasing the distance
between the superconductors is also known to generate O-
7 transitions, around which one may expect vortices. The
presence and location of the vortices may also be influenced
by the width of the system, as is the case for flux induced
vortices [26]. In other words, the results presented herein are
not specific to the model considered.

In an experimental setup, a slight misalignment in the
orientation of an in-plane field will introduce an out-of-plane
component which in turn generates an orbital effect that cannot
in general be neglected. To investigate the degree to which
this effect influences the current distribution, we have solved
the system with an applied external flux A. This produces an
additional current contribution, given as

Ji= 1612—? /de Im(f, fs — fi - fi) tanh % (10)
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FIG. 5. Streamlines of the charge current density J for increasing
external flux & passing through the system in the z direction. The
exchange field strength is #/A = 1.0, applied in an in-plane direction
of & = 45°, and the spin-orbit coupling strength is « L = 1.0.

‘We use the Coulomb gauge, and define the vector potential
as A = —B, ye,, where e, is a unit vector pointing in the
x direction and B, is the out-of-plane component of the
magnetic field. The flux passing through the system is then
given by ® = B, L?. In Fig. 5 we show the current density
distribution for various flux levels, with = 45° and h/A =
1.0. The strength of the spin-orbit coupling is « L = 1.0. For
b < O\, where &y = % is the flux quantum, there are no flux
induced vortices, and we see from Figs. 5(a) and 5(b) that the
effect of the external flux is to translate the spin-orbit vortices
towards the left, with the left-most vortex disappearing from
the system. The right-most vortex eventually becomes trapped
in the center of the junction for ® >~ ®,. For ® > 1.2, the
vortex splits in two and aligns along the y axis, as shown
in Figs. 5(c) and 5(d), which is typical for flux-induced
vortices [27]. At this point the spin-orbit induced vortices are
indistinguishable from flux induced vortices.

To investigate whether spin-orbit vortices will be com-
pletely obscured by a small deviation from the in-plane
orientation of the magnetic field in an experimental setting,
we estimate an effective magnetic field from the exchange
field via the Zeeman effect; Beg = %h, where wp is
the Bohr magneton. We assume that the superconductors
are niobium, for which the superconducting energy gap is
given as A ~ 1.5meV, and the diffusive coherence length
is £ >~ 15nm. For a normal metal, where the g factor is
given as g ~~ 2, an exchange field strength of |h| = A is
produced by a magnetic field of Beg =~ 26 T. This magnitude
is not intended as an experimentally feasible field, but is
used here to show that even for huge external fields, the
supercurrent vortex pattern predicted here remains robust
toward an accidental out-of-plane field component. In some
doped semiconductors, which are more relevant as candidate
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materials for the spin-orbit coupled region in the present
study, the g factor can be significantly higher, bringing the
required field down to a more tractable level of order ~1-2 T
[35]. To estimate the out-of-plane component we use an
angle equal to a realistic orientational uncertainty [36] of
¥ = 1°, so that B) = Begsiny >~ 0.45 T. This amounts to
a flux of ® >~ 0.2d,, which means that while the out-of-plane
component will change the current distribution, it is small
enough for the spin-orbit induced vortices to remain visible.

IV. CONCLUSION

We have investigated two-dimensional Josephson junctions
with spin-orbit coupling and find that vortices appear in the
current density. The presence and location of these vortices

PHYSICAL REVIEW B 96, 064508 (2017)

may be tuned by varying either the exchange field strength,
its direction, the strength of the spin-orbit coupling, or the
phase difference. This “supercurrent vortex pinball effect”
has its origin in the spin polarization of the triplet Cooper
pairs induced in the system and thus arises from what may be
interpreted as a Cooper pair-induced inverse Edelstein effect.
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We discover an intrinsic superspin Hall current: an injected charge supercurrent in a Josephson junction
containing heavy normal metals and a ferromagnet generates a transverse spin supercurrent. There is no
accompanying dissipation of energy, in contrast to the conventional spin Hall effect. The physical origin of the
effectis an antisymmetric spin density induced among transverse modes k, near the interface of the superconductor
arising due to the coexistence of p-wave and conventional s-wave superconducting correlations with a belonging
phase mismatch. Our predictions can be tested in hybrid structures including thin heavy metal layers combined
with strong ferromagnets and ordinary s-wave superconductors.

DOI: 10.1103/PhysRevB.96.094512

I. INTRODUCTION

By combining materials with different properties at the
quantum-mechanical level into hybrid structures, new physics
emerges that often cannot be found in pure materials. The
field of superconducting spintronics [1] is a prime example
of this, where the synthesis of superconducting and magnetic
correlations has been shown [2-5] to yield physical effects
that are interesting both from a fundamental viewpoint and
from the viewpoint of potential cryogenic applications. One
actively pursued direction in this field has been the prospect
of producing dissipationless currents of spin carried by spin-
polarized Cooper pairs [6,7]. The conversion of charge currents
to spin currents is known to occur via the spin Hall effect
[8-10] in conventional spintronics, but it is accompanied by
the dissipation of energy due to the resistive nature of electric
currents in nonsuperconducting structures. Here, we show that
it is possible to achieve a dissipationless conversion from
charge to spin supercurrents, using conventional superconduct-
ing materials. We discover that an injected charge supercurrent
in a Josephson junction generates a pure transverse spin
supercurrent that is thus time-reversal invariant. Due to the
analogy with the conventional spin Hall current, we refer to
this as a superspin Hall current. The microscopic origin of
the superspin Hall current is a spin magnetization induced at
the interface that is antisymmetric in transverse momentum
ky. This magnetization is in turn caused by the induction
of p-wave superconductivity coexisting with conventional
spin-singlet pairing. Our predictions can be verified using
hybrid structures with thin heavy-metal layers combined with
strong ferromagnets and ordinary s-wave superconductors
(see Fig. 1) and open new vistas for making superconductors
compatible with spintronics functionality.

II. THEORY

To describe physics occurring at atomic length scales and
also incorporating strong spin-orbit coupling, we use the tight-
binding Bogoliubov—de Gennes (BdG) framework, which is
free from the limitations on length scales and self-energy
magnitudes present in, e.g., quasiclassical theory [11]. Our
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Hamiltonian reads

; i
H=—t Z ¢l Cjo — 3 Z kicjan (o xdij)apcjp
(i,j)o

(i, j)ep

- Zﬂicjgcizr - Z Uinitniy, + cha(hi -0 )apCip-
io i iaf

(€]

Here, ¢ is the hopping integral, {c;,,c], } are second-quantized
fermion operators for site i and spin o, r is a unit vector normal
to the interface, A; is the site-dependent spin-orbit coupling
magnitude, d;; = —d j; is the nearest-neighbor vector from
site I to site j, nj, = cIa Ciy, 0 is the Pauli matrix vector, h;
is the local magnetic exchange field, u; is the local chemical
potential, and Uj is the on-site attractive interaction giving rise
to superconductivity. For concreteness, we consider a square
lattice of size N, x N, with lattice site indices i = (i,,iy).
To demonstrate the superspin Hall current, we consider Fig. 1
which may be experimentally achieved by creating a stack of
layers including one magnetic layer (e.g., Fe or Co) and two
thin heavy-metal layers (e.g., Pt or Au) sandwiched between
two conventional superconductors (e.g., Nb or Al). The various
terms in Eq. (1) exist in their respective regions in Fig. 1.
For instance, the spin-orbit coupling term A; is only finite for
lattice points inside the heavy-metal regions. For brevity of
notation, the lattice constant is set to @ = 1 and all length
scales are measured relative to @ whereas all energies are
measured relative to . Since n is the interface normal (n = %),
the Hamiltonian above is Hermitian without any requirement
of symmetrization.

To simplify the calculations, we assume periodic bound-
ary conditions in the y direction, as is common practice
[12—14]. While this represents an approximation to the geome-
try considered, it will still allow us to determine the presence of
transverse currents. Equation (1) may now be diagonalized by
Fourier transforming the fermion operators in the y direction;

Cio = 1/y/Ny Y ciuoe™™. )
ky
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Performing a standard mean-field ansatz A; = —U;(c; cit),
one arrives at the Hamiltonian
1 .
H:H0+§Zgi‘kﬂijk3jk, (3)

ijk
where Hj contains the superconducting condensation energy
Ny Y ieslA; |2/U; (which must be retained when evaluating
the free energy of the system). Let i =i, and j = j, from
now on for brevity of notation. The superconducting regions
are comprised of N, g lattice points each, whereas the heavy
metals generating interfacial Rashba spin-orbit coupling and
strong ferromagnets have spatial extensions Ny gy and Ny g,
respectively. The total number of lattice sites is N, = N,.
Setting k = k,, the basis above is

B:k = [cjkT CiTkL Ci—kt Ci—ky] @

and we defined the 4 x 4 matrix:

Hiji = €ijbots + [ 6y + (Asink/2)6; ]t
+ (h} 6, + hi6.) T3 + Aii6y 2T — ATicyt™,  (5)
where

€ijx = —tcos(k)8i; — t(8i j41 + 8 j—1)/2 — widi;  (6)
and 2¢* = %, & it,. The matrices %; that appear in Eq. (5)
are the usual Pauli matrices (i = 0,1,2,3, where £ is the

identity). By diagonalizing the above matrix, we end up with
the Hamiltonian

1 N
H=Hy+ ij Ecd, Yok 0
n

where the new (quasiparticle) fermion operators are related to
the original ones via the relations

Cikt = E UinkVnk, Cik| = § Vink Vnk»
n n

c;_k’T = Z Wink Vak» C;_M = mekynk- (8)
n n

Here, {u,v,w,x} are elements of the matrix that diagonalize the
Hamiltonian and are numerically obtained. The diagonalized
form of the Hamiltonian makes it trivial to evaluate expectation
values of the type (y:ky,,k) = f(E./2), where f is the Fermi-
Dirac distribution function.

With the eigenvectors {u,v,w,x} and eigenvalues {E,} at
hand, we can compute a number of physical quantities in the
system under consideration. For instance, the order parameter
takes the form

U !
Ap==70 3 vkl = f(Eni/2), ©
Y nk
where the prime superscript on the sum indicates that only
energy eigenvalues | E,x| < wp should be included, and wp, is
the BCS Debye cutoff frequency. The free energy reads

1
F=Hy— Y In(l4ePEn/?), (10)
nk

where 8 = 1/T and T is temperature. The evaluation of charge
and spin supercurrent j; and j; ¢ operators requires a consid-
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FIG. 1. Suggested experimental setup for demonstration of the
superspin Hall current in a Josephson junction. The exchange field in
the ferromagnetic region (gray arrows) is directed either along the %
or y axis. In our calculations, we model the system as a 2D square
lattice with periodic boundary conditions in the ¥ direction.

eration of the combined continuity and Heisenberg equation:
=V-j;=ilH.pl =V-ji=ilH.S1 (1)
Here,
Pi =) CiyCia (12)
is the charge-density operator at site i, while

Si= cloupcis (13)
ap

is the spin-density operator (we omitted constant prefactors
such as the electronic charge |e|). After a Fourier transforma-
tion, the spin-density expectation value at site i reads

Si = Sits Sik = (clyuOapcits). (14)
kaf

Here, S, is the momentum-resolved spin-density expectation
value at lattice point i, which will play a prominent role in
the discussion later.

A spin supercurrent flowing along the interface has three
polarization components and is most conveniently evaluated
in the superconducting region:

+int PP 8t ; i
=073 = =5 D osinoasiclcig). (15)
Y kep
For instance, the spin supercurrent polarized in the ¥ and
y directions is

intx 16¢ . P
Bt == Do sin(ORe vy} f (B /2),
Y nk

inty 16¢ . «
jist = N Z sin(k)Im{uj,, vink} f(Enk/2). (16)
Y onk

III. RESULTS
A. Superspin Hall current

We first numerically diagonalize the Hamiltonian given
by Egs. (1) and (5) for the Josephson junction shown in
Fig. 1 using the parameters pug =0.9, uy =0.85, pur =
0.8, wp =03, Ny s =35 Neyyy =4, Neyp =7, U =211,
and 7 = 0.01. The order parameter phase is fixed at the
last five lattice points in the S regions in order to model
supercurrent injection via a phase difference, as is standard in
the BdG lattice treatment. Fixing A¢ = 0.57 gives an effective
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FIG. 2. (a) Superspin Hall current manifested via a transverse spin supercurrent /,‘"S” in the superconducting (S) state. It vanishes in the

-int, x

normal (N) state: j;'g

= 0. (b) Spatial evolution of the superconducting order parameter. Inset: S, ; (t) with relative time setto T = 5, (c) P; ;,

and (d) ’P;'i. For the inset in panel (b) and in panel (c), the curves are identical for 0 = 4 and o = |. We have used the parameter set specified
in the main text, considered the system in Fig. 1, and set 7, = 0.5, 1 = 0.2, and A¢ = 0.57.

phase difference between the superconducting interfaces of
A¢ =~ 0.477 due to the phase drop inside the superconductors.
The following results are not qualitatively sensitive to the
parameter choice above. For the above parameter set, and
all other sets presented in the figures of this paper, we have
checked that the superconducting state minimizes the free
energy of the system.

When A¢ # 0, a transverse spin supercurrent appears
in the superconducting region as shown in Fig. 2(a). This
demonstrates the intrinsic superspin Hall current. The effect
occurs even if one removes one of the heavy-metal layers. The
spin supercurrent predicted here does not exist in the absence
of superconductivity, as also shown in Fig. 2(a). Reversing
the phase difference, A¢p — —A¢, and thus the charge
supercurrent, also reverses the transverse spin supercurrent.
Before explaining the microscopic origin of the superspin Hall
current, we note that there are both odd- and even-frequency
triplet correlations in the system, denoted odd-w and even-w
from now on. The on-site (s-wave) odd-@ anomalous triplet
amplitudes S are defined as

So,i(1) = {ci1(t)ci (0)) + (ci ) (T)cip (0)),

S5,i(T) = (cio(T)Cis (0)), amn
where t is the relative time coordinate, and the subscripts 0
and 0 =+1=1,] denote the spin projection along the
quantization axis. All S vanish at 7 = 0. The p-wave even-w
anomalous triplet amplitudes P have both a p- and p,-wave
component. They are defined as

7’3'(,)') = Z E({cirCizzy)) + (CiyCitr)a))s

+
Py = Z *(cigCitio)- (18)
+

The existence of these correlations and their spatial distribution
throughout the system are shown in Figs. 2(b)-2(d), proving
how they arise precisely near the interfaces between the
superconductor and heavy metals where the transverse spin
supercurrent flows. The triplet components of the Cooper pairs
are generated from the broken spin rotational symmetry in our
system, whereas the p-wave orbital symmetry emerges as a
result of broken translational symmetry due to the presence
of interfaces [16,17] and due to the presence of spin-orbit
interactions. Note how the pairing amplitudes S and P are by
definition k-independent. The k-resolved anomalous Green
functions, which are odd under k — (—k) for, e.g., p-wave
pairing, will be examined in the following subsection as they
play an important role in understanding the appearance of a
transverse spin supercurrent.

The transverse spin-supercurrent in the present system
exists when the exchange field contribution % - ¢ to the Hamil-
tonian does not commute with the spin-orbit contribution
A sin(k)o;. In effect, the superspin Hall current arises when

[h -, sin(k)o,] # 0. (19)

This means that the exchange field must be oriented in the xy
plane of the system shown in Fig. 1. If the exchange field is
oriented along the z axis, no superspin Hall current exists.

The polarization of the transverse spin-supercurrent is
also dictated by the orientation of the exchange field h.
A comparison of Figs. 2(a) and 3(h) shows that the spin-
supercurrent polarization is perpendicular to .

B. Microscopic origin

To explain the physical origin of the superspin Hall current
in the system, we first note the close relation between the spin
magnetization and the spin supercurrent in the system. From
Eqgs. (14) and (15), the only difference between them is a factor
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FIG. 3. Upper row: The panels show the induced singlet anomalous Green function f"¢, the triplet correlations f."' evaluated at lattice

point i, = Ng — 1 (right at the S/N interface), the induced spin-magnetization density S;; evaluated at lattice point i, = Ny — 1 (right at the
S/N interface), and the superspin Hall current j from left to right. Here, the phase difference has been set to A¢) = 0, while h = 0.3, A = 0.3,
T =0.005, Ny = 25, Nuyy =4, Np =5, Ny = 200, and b = hX. Lower row: Same as the upper row except that A¢ = /2. In this case, the
coexistence of triplet and singlet correlations that are phase-mismatched produce an antisymmetric spin density S;;, which in turn gives rise

to a finite superspin Hall current. In the line labels of the second panels from the left, we have abbreviated f;

triplet
koo

= f5o. In this figure, the

exchange field has been rotated to the & direction to show that the superspin Hall current exists also in this case. In all other plots in this paper,

the exchange field points in the § direction.

sin(ky) inside the summation. If the momentum-resolved spin
magnetization S;; is antisymmetric in momentum k, it will
vanish when summed over the momentum index. However, due
to the extra factor sin(k, ), an antisymmetric spin magnetization
gives a symmetric spin supercurrent, which is thus finite
upon summation over k. The factor sin(k,) and the resulting
difference in symmetry are physically reasonable. If a spin
density is antisymmetric in momentum k,, there will exist a net
spin flow since the spin current requires an extra multiplication
with the group velocity

Oex/0ky o sin(kya) (20)
for each transverse mode. On the other hand, a spin density
that is symmetric in k, does not induce any spin current.

An antisymmetric spin density in the momentum index k,
may emerge whenever conventional superconducting singlet
pairing and triplet pairing (such as a p, wave) coexist,
for instance near interfaces, as we will explain below. A
general superconducting order parameter Fj; accounting for
both singlet and triplet pairing (considering here the even-w
symmetry contribution) can be written as

Fik = (fis + fik-0)ioa, (€39

where f;, is the singlet component and f;, = —f; _x is a
vector containing the triplet components according to

f =300 = fr—ilfiy + )2/l (22)

Above, we suppressed the (i,k) indices on the triplet anoma-
lous Green functions fjk,, for brevity of notation, and we
also do so below when the index is not of importance for
the argument. A nonunitary superconducting state, where
the Cooper pairs have a finite spin expectation value, is
defined by FF' not being proportional to the unit matrix.

A straightforward calculation shows that

FFU=|fiP+1felP +o - [ Fy+ FFf0+i(fe x £
(23)

The term i(fx x f}) determines the spin expectation value of
pure triplet Cooper pairs, whereas (f; f; + f,* fx) determines
the spin magnetization of a given mode k, resulting from
the coexistence of singlet and triplet pairing. The spin
magnetization arising due to the Cooper pairs in the system
thus takes, in general, the following form for a given mode k,:

S o (S i+ S F0+ ik [,

Performing a summation over modes k,, one obtains the total
spin density. Therefore, it is clear that if (f; f; + f* fx) =
2Re{f; f}} is nonzero, it will be antisymmetric in k, due to
the fundamental property of the triplet vector f. It is crucial
to note that the existence of p-wave triplet pairing alone is not
sufficient to produce an antisymmetric spin density in k, space.
First of all, it has to coexist with singlet pairing. But even such
a scenario is not sufficient, as it is only the real part of the
product f; f that contributes. Consider, for instance, the case
in which singlet pairing coexists with S, = 0 triplet pairing,
such that f || Z. According to our above argumentation, this
should produce a magnetization in the Z direction. It is not
immediately obvious how a magnetization in the Z direction
can arise from singlet pairs (which are spinless) and triplet
pairs with zero spin projection along the Z axis. Therefore,
we provide a detailed exposition of the physical mechanism
behind this effect in the Appendix.

With this in mind, we can now explain why the superspin
Hall current appears. As argued above, this current will
exist when an antisymmetric spin density is induced near
the interface. The spin density, in turn, is determined by the
generation of p-wave superconducting correlations coexisting

(24)
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with conventional singlet ones when these have an appropriate
relative phase such that Re{f; f;} # O (as explained in the
Appendix). The equal spin-pairing triplet anomalous Green
functions may be obtained as

et = (Ciko Cimto)
[ w1 = f(Ew/2)) foro =1, o3
Zn vi”kx[*nk[l - f(Enk/z)] foro = l,,

where, as before, we have used the shorthand notation of
ky = k. We now illustrate two instructive cases in Fig. 3.
In the upper row (a)-(d), the phase difference is A¢ =0
(no current injected) while in the lower row (e)—(h), the
phase difference is A¢ = m/2 (finite current injected). In
both cases, we have set h = 0.3, A = 0.3, and h = hx. We
also chose a different system size, exchange field orientation,
and number of transverse modes from those in the previous
figures in order to show that the effect does not depend on
these details: Ny = 25, Nyy =4, Nrp = 5,and N, = 200. As
expected, a finite net magnetization S, exists in the upper row,
which comes from the inverse proximity effect caused by the
magnetic region. However, there exists no net or k,-resolved

magnetization S, despite the fact that the anomalous triplet

. ~triplet . ..
correlations f;, (fa = f,, are nonzero. The reason for this is

that they are purely real, as seen in the figure. Consequently,
Re{ f, f3} = 0 since the singlet ones are purely real in the
absence of a phase gradient. Note how the figure shows
that fy4 = f},, such that no antisymmetric contribution is
made to the x component according to Eq. (22). The finite
magnetization induced along the x direction is instead caused
by the odd-w triplet component. In general, the triplet vector
f can have both a symmetric term in k (the odd-w component)
and an antisymmetric term in k (the even-w component). Only
the latter contributes to the spin supercurrent in the present
context, as explained above.

Consider now instead the lower row, where a finite
phase difference exists. The singlet and triplet correlations
are now complex because of A¢ # 0, and as a result the
y component of the spin-magnetization (which exists since
the term Re{ f; f}} is nonzero) is finite and antisymmetric in
ky. Although no net magnetization exists in the y direction, a
net spin supercurrent now exists due to the relation between
Eqgs. (14) and (15) explained above. A phase gradient is thus
physically required in order to render the singlet and triplet p,-
wave correlations complex: otherwise, no antisymmetric spin
magnetization associated with a nonunitary superconducting
state exists, and the spin supercurrent is zero. This explains the
origin of the superspin Hall current predicted in this paper.

The above explanation is consistent irrespective of the
direction of the in-plane exchange field. For instance, if we
instead choose & = hy, one finds that the triplet anomalous
function is purely imaginary at A¢ = 0 and that fiy = —f,.
In this case, there is no contribution to the y component
according to Eq. (22), and although f - X # 0 there is still no
antisymmetric spin density since Re{f; f;} = 0. If A¢ #0,
on the other hand, Re{ f; f}} is finite in the £ direction and a
spin supercurrent polarized in this direction appears, as seen
in the figure.
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FIG. 4. The dependence of the superspin Hall current /,'"5” on
physical parameters in the system (Fig. 1). (a) A = 0.2 and 2, = 0.5
for various values of the phase difference A¢. (b) A¢ = m/2 and
h, = 0.4 for several spin-orbit magnitudes A. (c) A = 0.3 and A¢ =
/2 for various values of the exchange field %,. The values of the
remaining parameters are the same as in Fig. 2. The background color
indicates in which region the current has been evaluated (compare
with the left part of Fig. 1).

The spatial dependence of the superspin Hall current on
the phase difference, the Rashba spin-orbit interaction, and
exchange field is shown in Fig. 4. The effect vanishes both in
the absence of superconductivity (A¢ = 0) and in the absence
of a charge supercurrent (A¢ = 0), as follows from the above
explanation of the physical origin of the effect. We also find
that the magnitude of the transverse current j;'s” evaluated at
the superconducting interface (i = Ng = N, ) oscillates with

-4
2x10

(a) 104 b
- 1
. e

_ J //<:\)//
.

2
0 0.15 0.30 045 0 0.2 0.4 0.6
hy

.int,x

FIG. 5. The dependence of the superspin Hall current j;'¢" on
physical parameters in the system, evaluated at different lattice sites i.
We have set A¢ = 0.5 and (a) A = 0.3 and (b) i, = 0.4. The values
of the remaining parameters are the same as in Fig. 2. A scattering
potential Vi, = 0.1 at each of the interfaces was also added here
to show that the effect is resilient toward interfacial scattering. The
current oscillates with both & and A and eventually decays with both
as these quantities increase and suppress superconductivity.
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FIG. 6. Change in oscillation length of the superspin Hall current
as the magnitude of the Rashba spin-orbit parameter is altered. The
plots show the cases (a) A = 0.1 and (b) A = 2.1. The exchange field
ish =hy withh = 0.3, T = 0.005, and the other parameters are the
same as in Fig. 2.

both the Rashba strength and the magnitude of the exchange
field for the parameter regimes we have investigated, as shown
in Fig. 5. The effect is also purely sinusoidal as a function
of the superconducting phase difference A¢ (not shown).
The oscillations could stem from the change in k-space band
structure due to the inverse proximity effect near the interface
as one varies the magnitude of & and A, as the detailed k
dependence of the spin magnetization (and thus in turn the
magnitude of the spin supercurrent after summation over k)
will be affected by the details of the band structure.

The atomic-scale superimposed oscillations are character-
istic for physical quantities in ballistic quantum-mechanical
systems and are also present in, e.g., the proximity-induced
magnetization in conventional superconductors [15] and he-
lical edge-mode currents in triplet superconductors [14]. It
should be noted, however, that the oscillation period of the
spin supercurrent depends here on the system parameters. This
is shown in Fig. 6, where it is clear that the oscillation period
is altered by changing the magnitude of the Rashba parameter.
The origin of the oscillations is likely to be similar to that
described in Ref. [14], namely due to an interplay between the
renormalized spectral weight in the superconductor due to the
inverse proximity effect and how the p-wave superconducting
correlations decay as a result.

IV. CONCLUDING REMARKS

Previous theoretical work has considered spin accumulation
from spin Hall effects in superconducting structures [18-23],
and arecent experimental work [24] demonstrated an enhance-
ment of the inverse spin Hall signal [10] in a superconductor by
three orders of magnitude. A similar edge spin magnetization
might occur from the superspin Hall current predicted in this
work. Although the interface between a superconductor and
a ferromagnet breaks inversion symmetry on its own, the
purpose of the HM layers is to enhance the magnitude of the
resulting Rashba interaction. A transverse spin current induced
by a charge supercurrent was also considered in Ref. [25],
albeitin a different setup where spin-orbit coupling was present
in the entirety of one superconducting region and where no
magnetism was present. Reference [26] considered spin Hall
effects in a Josephson setup both with and without an electric
bias voltage applied to the system.
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It is worth remarking that in comparison to the typical
spin Hall phenomenology, where an injected current in the
x direction is deflected in the y direction and polarized in
the z direction, the spin supercurrent here is not polarized
perpendicularly to the plane defined by its injection and
deflection direction. However, similarly to the conventional
spin Hall phenomenology, the spin supercurrent arises as a
direct consequence of Cooper pairs that are polarized in the
z direction. The details regarding how S, = £1 Cooper pairs
give rise to a spin supercurrent polarized in the xy plane have
been covered in detail in the main body of this paper.

Interesting future directions to explore include the precise
circulation pattern of the superspin Hall current predicted
herein in a finite-width sample, and the possible accompanying
edge spin accumulation due to triplet Cooper pairs.
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APPENDIX: MAGNETIZATION ARISING OUT
OF A NONUNITARY COEXISTENCE OF SINGLET
AND TRIPLET PAIRING

Consider for simplicity a bulk system in which singlet
pairing A, coexists with S, = O triplet pairing Ay = —A_4.
The Hamiltonian reads

H =" ¢\ Mctx, (A1)
k
where we used a basis ¢ = [crr iy cikT cikl]T and defined
€k 0 0 Ak + AJ
0 €k Ak — A; 0
My = 0 Ap— A} —€r 0
Ay + A 0 0 —€

(A2)

The four eigenvalues are givenas {E, ,E_,—E,,—E_}, where

Ey = /el +|As £ Al (A3)

Performing a standard diagonalization of the Hamiltonian by
introducing a new quasiparticle basis
Ve = ik vae vai varl™s (A4)
where y;; are second-quantized fermion operators, one arrives
at
H= Z[Ek-%—(y]]\k}’lk - V;kyzk) + Ex—(Y3pv3k — ij)/ztk)].
k
(AS5)
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The relation between the original fermion operators ¢ and the
new ones y is

bk = Pryi, (A6)

where Py is the diagonalizing matrix containing the eigenvec-
tors of the original Hamiltonian,

8+(Ex+)  8+(—Eiky) 0 0
O 0 g (E) g (—Fi)
k = s
0 0 1 1
1 1 0 0
(A7)
and we defined the auxiliary quantity
At A
g+(E) = 7E" s (A8)
—

Now, the magnetization of the system in the 2 direction is
computed according to Eq. (14):

5. =Y 0lc),cha)- (A9)
ko

To see how this magnetization is directly influenced by the
coexistence of singlet and triplet pairs in the system, we replace
the original fermion operators in Eq. (A9) with the new ones
according to Eq. (A6). Considering for simplicity the 7 = 0
limit, one arrives at

S: =Y Mg+ (—Ex )l — [g-(—Ex )] (A10)
k

At this point, we distinguish between unitary and nonunitary
states. In the unitary case, we have Re{A;A}} =0 so that
Ey+ = Ey_: the magnitudes of both gaps Ay = Ay £ A, are
equal. Moreover, it follows from Eq. (A8) that in the unitary
case one has |g4(x)| = |g—(x)|. Combining these two facts, it
follows that the term inside the summation ), in Eq. (A10)
is zero for any k value. In effect, there is no magnetization at
any k point and obviously no net magnetization either.
Consider now instead a nonunitary state where
Re{A;Af} # 0. In this case, the magnitudes of the gaps A
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are different. Now, the term inside the summation of Eq. (A10)
is no longer zero for a given k point. In effect, there exists a
k-resolved magnetization. The total magnetization, obtained
after a summation over k, is nevertheless zero even in the
nonunitary case. This can be verified by splitting the sum in
Eq. (A10) into k > 0 and k < 0 (the contribution from k = 0
vanishes) and using the general relation Ey + = E_j _.

The above derivation establishes mathematically why a
k-resolved, antisymmetric spin magnetization exists when
singlet and p-wave triplet pairing coexists in a nonunitary
state, precisely as in the system considered in the main
body of this paper. The physical picture can be understood
by going back to the fact that there exists two gaps with
a different magnitude in the system. It is well known that
the superconducting order parameter (gap) determines the
condensation energy and binding energy between the electrons
comprising the Cooper pairs. In particular, the Cooper pair
density is proportional to the square of the magnitude of
the gap. The point here is that Cooper pairing between two
electron states |k,?) and |—k,|) is associated with a gap
magnitude |Ax + A;| = |A4|, whereas pairing between two
electron states |k, ) and |—k,?) is associated with a different
gap magnitude |Ay — Ag| = |A_|. This can be seen directly
from the Hamiltonian that contains the terms CLTCL( lAJr and

chycl iy A Now, if |AL| > |A_] for a given k value, it is
clear that the system will favor Cooper pairs where the 1
electron of the pair sits at k whereas the | electron sits at
—k, since the Cooper pair state where the 1 electron sits at
—k and the | electron sits at k has a smaller binding energy.
Therefore, a net spin magnetization arises at k since there
exists a surplus of 1 spins there compared to | spins due to the
difference in Cooper pair density stemming from the different
gap magnitudes. Simultaneously, the opposite magnetization
arises at —k since at that momentum the situation is reversed:
|A_| is larger than |A | at —k.

In this way, the different magnitudes of the two gaps in
a system where singlet pairing coexists with S, = 0 triplet
pairing in a nonunitary state cause the Cooper pairs to provide
a k-resolved magnetization in the 2 direction despite the fact
that the net Cooper pair spin in the Z direction is zero.
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spin triplets which are needed in superconducting spin-

tronics>? requires carefully designed interfaces between a
conventional superconductor (S) and a ferromagnet (F). The
process entails both spin-mixing and spin-rotation, and can be
brought about by magnetic inhomogeneities at the interface?.
One method to realize this is to place a thin ferromagnet F’ at the
S/F interface, and make the magnetization of F and F' non-
collinear. This technique was recently implemented in Josephson
junctions described by 1D geometries, where the supercurrent
amplitude was controlled by varying degrees of magnetic non-
collinearity (MNC)>~. The present letter establishes a different
direction. Here, the central goal is to exert dynamic control over
the triplet generator and thereby to determine where the super-
current spatially flows.

We demonstrate how distinct supercurrent paths in a device
can be tailored entirely by spin texture, and altered in a dynamic
fashion. Such behavior is intrinsically higher-dimensional and
can pave the way for novel hybrid devices in superconducting
electronics.

The conversion of spin-singlet Cooper pairs to the equal-

Results

Micromagnetic simulations. The device consists of a disk-shaped
planar Josephson junction involving a multilayer of
Co/Cu/Ni/Nb, as shown in Fig. la. A central trench cuts the top
superconducting Cu/Ni/Nb layers in two halves, here connected
via a Co weak link. The disk design combines two crucial ele-
ments. First, the magnetic moments in Co are arranged in plane
and orthogonal to the trench between the superconducting

/

Co(60 nm)

electrodes, while the moments in Ni lie also in plane but parallel
to the trench. Micromagnetic simulations show that this geo-
metry results in a well-defined magnetic ground state with a high
degree of MNC, a condition optimal for generating triplets
(Fig. 1c—e). An equally important element is that the disk shape
creates a magnetic vortex state in the Co. This vortex produces a
distinct suppression of MNC at the centre of the disk (Fig. le),
which will be used to distribute the supercurrent in Co over two
channels. The MNC suppression is due to the local out-of-plane
magnetization at the vortex core, which turns the magnetic
moments in the Ni also out-of-plane and, hence, collinear to the
Co moments. Incidentally, the in-plane exchange field gradient of
a magnetic vortex, without a second ferromagnet, has also been
proposed to generate long-ranged triplets®®.

Supercurrent calculations. To investigate whether a supercurrent
can be expected, we numerically simulate the critical current
density passing through the Josephson junction by solving the
quasiclassical Usadel equation'® in 3D using the magnetization
texture obtained from the micromagnetic simulations. We do this
by means of the finite element method, using the finite element
library libMesh!! in a similar fashion as in ref. 12 (for details, see
Supplementary Note 1, Supplementary Fig. 3). The super-
conductors are modeled as bulk, with a phase difference of
A¢ = 3. In Fig. 2a the discretized model is shown. To reduce the
calculation time we truncated the otherwise circular geometry to
a width of 40% of the disk diameter, as the currents farther away
from the trench are negligible. The results are shown in Fig. 2b, c,
where it can be seen that the critical current is suppressed at the

(sin 0)

¥ (um)

Fig. 1 Micromagnetic simulations and device layout. a Schematic of the device layout. b False-color scanning electron microscope image of a device.
The scale bar corresponds to 250 nm. The disk is structured with Ga* focused ion beam (FIB) milling. The junction is formed by opening up a gap in the top
Nb/Ni/Cu layers, leaving only Co in the weak link (see Methods section for more details). ¢ Plane view of the magnetic states of Co and Ni layers in the
disk (from 3D OOMMEF simulations). The pixel color scheme, red-white-blue, scales with the magnetization along y. Magnetic moments in Ni tend to align
with the gap which defines the junction, while the vortex configuration in Co arranges the magnetic moments perpendicular to it. This provides a high
degree of magnetic non-collinearity (MNC) for triplet generation. The curled magnetic structure of the vortex is also highly effective in minimizing the stray
fields from Co, which otherwise would dominate the Ni magnetization, hence compromising our control of MNC. d Representation of our method to obtain
the MNC profile. For each cell at the top of the Co layer, we determine the angle 6 between its magnetization vector and that of the Ni cell above.

e Spatially resolved MNC profile calculated from the simulation results shown in €. The observed suppression of MNC (the blue region) at the centre of the
junction is a result of interlayer dipole coupling at the vortex core
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Fig. 2 Numerical simulation of the critical current. a The discretized model (or mesh) used in the numerical simulation of the critical current. Since the
triplet current is mostly concentrated in the immediate vicinity of the trench, the mesh density (and hence the accuracy) is set to be higher for this region.
For the same reason, the regions farthest away from the trench have been removed to reduce the calculation time. b The critical current density divided by

NoeDA
26

a factor Jo =

where Ny is the density of states at the Fermi level, D is the diffusion constant, A is the superconducting gap and ¢ is the

superconducting coherence length. For clarity, currents lower than 1077J, are not shown. ¢ A slice through the centre of the trench, showing how the
current passes across the Co barrier in two separate channels, on either side of the vortex core
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Fig. 3 Junction transport in the virgin and conditioned states. a Resistance as a function of temperature, measured using 10 pA, before (pink) and after
(navy) conditioning the sample. Each set shows two distinct transitions. At T=5.5K, the Nb electrodes become superconducting, while the junction is still
in the normal state (Ry & 240 m€). Upon cooling further, resistance undergoes a second transition as the barrier begins to proximize by triplet correlations
—eventually reaching zero resistance. For clarity, the R—T dependence at lower temperatures is plotted on a logarithmic scale in the inset. While the
superconducting electrodes are unaffected by conditioning the ferromagnets, we observe substantial enhancement of superconductivity in the barrier. b, ¢
-V traces taken at several temperatures before and after conditioning the sample, respectively. The pronounced contrast between the two sets indicates
that transport depends strongly on the magnetic configuration of the junction

centre of the disk, thereby effectively creating two separate cur-
rent channels.

Basic transport properties. As shown in Fig. 3, our junctions
show zero resistance and finite critical currents I. below 3 K. The
magnetic state of the sample was conditioned by applying a 2.5 T
out-of-plane field at 10 K. This is to reduce the stochastic mag-
netization introduced by FIB milling when structuring the junc-
tion. Figure 3 shows there is a strong difference with data taken
before and after conditioning the sample, which is a first indi-
cation that MNC and a triplet supercurrent are involved (also see
Supplementary Note 2). For instance, conditioning allows the
magnetic moments in Ni to rearrange more freely, and align with
the gap opened by the FIB. This process increases the MNC in the
vicinity of the barrier which, in turn, results in an enhancement of
triplet supercurrent at zero field. A consequence of this can be
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found in the pronounced contrast between the I-V traces mea-
sured before and after conditioning the magnetization, as shown
in Fig. 3b, c.

Superconducting quantum interferometry. To examine the
spatial distribution of current density across our junctions, we
apply an out-of-plane magnetic field B,, and analyze the resulting
supercurrent interference pattern. As demonstrated by Dynes and
Fulton'3, the shape of such a superconducting quantum inter-
ference (SQI) pattern is given by the Fourier transform of the
position-dependent critical current density across a junction J.(x)
through

R
Ie(B.) = / deJe () B

R

(1)
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Fig. 4 Interference patterns and the corresponding current density profiles. a, b the result of superconducting quantum interference (SQI) measurements
taken at 2.1and 2.8 K, respectively. The patterns show clear double-slit interference, with all lobes having the same width. ¢ Single-slit interference pattern
from a disk junction where transport is dominated by singlet correlations via a non-magnetic barrier. d The current density profiles constructed from the
Fourier analysis of SQI patterns taken at 2.1, 2.5, and 2.8 K. The presence of two transport channels, responsible for the SQUID-like interference patterns, is

evident

where L is the effective length of the junction, 2R is its lateral
width (here the disk diameter), and ®,=h/2e is the super-
conducting flux quantum. In a typical junction, the uniform
distribution of supercurrent density (J.(x) = constant) leads to the
well-known Fraunhofer interference pattern with a sinusoidal
current-phase relation given by I.(B,)/I.(0) ~ Isin(z®/®y)/(n®P/
@)l. Characteristic for the Fraunhofer pattern is a central lobe
that is twice as wide as the side lobes (as in Fig. 4c). These
oscillations decay with a 1/B dependence. Different device con-
figurations may introduce deviations from the standard pattern,
but the described relative widths of the lobes persist as a common
feature in all Josephson junctions, since it represents a single-slit
interference pattern. In contrast, we expect our disk to exhibit a
double-slit interference pattern. This is characterized by slowly
decaying sinusoidal oscillations with @y-periodicity, where all
lobes have the same width. These patterns are typical for super-
conducting quantum interference devices (SQUIDs) which,
contrary to our device, consist of two individual junctions oper-
ated in parallel.

As shown in Fig. 4a, b, the period of the oscillations in our
disk device is 7.8 mT (i.e., fluxoid quantization over an effective
area of 2.65x10713m?), and appears to be temperature-
independent. Qualitatively, the SQI patterns in Fig. 4a, b already
foretell the presence of two supercurrent channels: the width of
the central lobe is comparable to that of the side lobes, and
the oscillations decay far more gradually in field than as 1/B.
Two-channel interference patterns were recently observed in
junctions with topological weak links'~'®, where the two-slit
interference is a result of edge-dominated transport caused
by band bending. In our junction however, this is due to the
suppression of triplet supercurrent by the (controllable) magnetic
vortex core.

|8:2056

To illustrate the contrast with single-slit interference in a
similar device configuration, we prepared a disk junction without
the Ni layer, and retaining a thin layer of Cu/Nb at the bottom of
the trench. This provides a non-magnetic path in the barrier,
allowing singlet correlations to contribute to junction transport.
Indeed, we observe a typical Fraunhofer-like interference pattern
with a two times wider central lobe, shown in Fig. 4c. Provided
that singlet current can dominate the transport, similar results
can also be produced in presence of the Ni layer (Supplementary
Fig. 5).

Figure 4d shows the supercurrent density profiles extracted
from Fourier analysis of the measured interference patterns. A
description of this method can be found in the Supplementary
Note 3, Supplementary Fig. 4 but it should be mentioned that
there is some arbitrariness in choosing the position of the sample
edge if the effective junction length L is not known. We put the
edge at the position where the current density goes to zero, which
leads to a value for L of 170 nm. This is a reasonable number. For
a homogeneous junction where L=24;+d, with d the gap
between the electrodes and 1, the London penetration depth,
taking 100 nm for 4, of the Nb, would yield L to be of the order of
200nm. There is no reason however to expect very close
agreement as discussed in Supplementary Note 3. Important is
that for any choice of the edge position, two distinct transport
channels are clearly visible in the extracted profiles. Comparing
these results with the simulations, the supercurrents appear to
follow narrower paths, located near the centre of the disk. We
attribute this to current crowding effects, in which the neck-
shaped contacts and their sharp corners lead to a forward
orientation of the currents.

It is important to note that the origin of the two-channel
transport in our junction cannot be explained by singlet

| DOI: 10.1038/541467-017-02236-2 | www.nature.com/naturecommunications
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supercurrents in a doubly connected path. Direct evidence for this  correlations to bypass the Co layer via two symmetric channels,
can be found in the SQI measurements taken before conditioning  then those channels would have already been present before the
the sample (the virgin state). If two separate current paths had magnetic state conditioning, and the device would have behaved
formed unintentionally during fabrication, and allowed singlet as a SQUID from the beginning. In contrast, despite several
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Fig. 5 Critical current variation and MNC simulations with in-plane field. a Measured /. values and the corresponding magnetic non-collinearity

(MNC) profiles, as the system is magnetized by sweeping the field in +y direction. For small fields the vortex core moves along the junction (perpendicular
to field direction) to the side of the disk. In this range (shaded yellow), highly non-collinear regions are continuously present and appear to follow the
position of the vortex core. The vortex state in Co, which has been effective in suppressing the stray fields, is subsequently removed as the field approaches
30 mT. This leads to a negative dipole field from Co which dominates the effective field acting on Ni. As a result, Ni gets magnetized antiparallel to Co
(along —y), hence the suppression of MNC and /. (shaded blue). As the applied field is raised above 45 mT, it begins to compensate for the local stray fields
from the Co layer, ultimately reversing the Ni magnetization along +y. The change in the magnetic orientation associated with this reversal leads to a
distinct (re-)emergence of MNC that gradually fades away above 60 mT—as Ni magnetization aligns with Co (shaded green). b I. measured while
reversing the field in both directions along y. A clear hysteresis is observed, with individual features are mirrored with respect to field sweep direction. This
complex pattern is a result of a changing MNC as the multilayer reverses its magnetization. ¢ Positive to negative branch of experimentally measured I.(B,)
shown together with simulated MNC profiles. Each MNC snapshot is obtained at the specified field, and corresponds to a measurement labeled by the star
symbol. Taking steps of 5mT, simulation shows the vortex enters at =20 mT, moves along —x, and exits the system at =45 mT. The MNC is once again is
enhanced at -60 mT, and gradually fades away as the field magnetizes all layers along -y
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attempts, no sign of a double-slit interference was found in the
virgin state (Supplementary Fig. 1). The SQUID pattern only
appeared when the magnetic state was properly conditioned to
produce the intended MNC, designed specifically to generate two
symmetric triplet channels. More details about the SQI measure-
ments from the virgin state can be found in Supplementary
Note 2.

Magnetotransport measurements with an in-plane field. Hav-
ing established the principal role of MNC in shaping the super-
current, we also examine the possibility of controlling them by
altering the MNC profiles using an in-plane field B, which moves
the vortex along the trench. Figure 5a shows the measured cur-
rents I.(B,) together with the micromagnetic MNC calculations
for various stages during the (zero to positive) field sweep. In the
first regime (below 28 mT, shaded yellow), we modify the MNC
profile by moving the vortex core along +x toward the side of the
disk. As the field is raised beyond 30 mT, we remove the vortex,
thereby suppressing the supercurrent. The suppression of I in
this regime (above 34 mT, shaded blue) is caused by the anti-
parallel configuration of the ferromagnets, which occurs through
the increase of stray fields from Co (now magnetized along +y)
when the vortex leaves the disk. In the third regime (above 46
mT, shaded green), Ni magnetization begins to reverse from
negative to positive y direction, while Co remains magnetized
along +y. At first, this process recovers I. as a MNC re-emerges
over the entire disk. As we increase the field however, the MNC
begins to fade away as both layers magnetize along +y, resulting
in a gradual suppression of I.. Figure 5b shows the variations in
I.(B,) when sweeping the field from a high positive to negative
value, and back. We observe a complex pattern accompanied with
a peculiar hysteresis, where individual features are mirrored (and
not just shifted) with respect to the direction of field sweep.

The observed field dependence is fundamentally different from
the usual hysteresis in SFS junctions, where the self-field of the
ferromagnets can distort or introduce a shift in the interference
pattern”1718, This is rather a distinct characteristic of triplet
supercurrents produced by a varying degree of MNC, as the
multilayer reverses its magnetization. The measured hysteresis is
of a similar nature as the ones reported in refs. 7 for multilayer
vertical stacks. The most notable difference here is arguably the
relatively large field range where I. is zero, and the pronounced
reentrant superconductivity that follows. Figure 5¢c compares one
branch (positive to negative) of the measured I(B,) with the
simulated MNC snapshots taken at various stages of the vortex
reversal. Even though the experiment and the simulation both
sweep the field in steps of 5mT, the simulated fields for vortex
entry and exit translate to direct enhancement and suppression of
the measured I, respectively. For the fields below —45mT, the
behavior is similar to the one described for the third regime
(green shade) in Fig. 5a.

As a final point, it should be noted that in the present letter we
have assumed the channels have an equal phase. This assumption
is reasonable for a symmetric MNC (hence spin-mixing) on each
side?. Whether both channels are 0 or z, as long as they are
symmetric, the SQI results will be indistinguishable. This would
not strictly apply to systems with asymmetric spin texture (e.g.,
caused by vortex displacement), which can result in different
phases for the triplet channels’.

Discussion

Spin-triplet supercurrents in ferromagnets have been bearing the
promise of dissipationless use of spin-polarized currents. This
study opens up a completely different direction, in which the
focus is not the homogeneous amplitude of the supercurrent, but

6
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rather the dynamical control over its spatial distribution. This can
lead to novel hybrid devices for superconducting electronics.
Moreover, our extensive use of simulations, both of the micro-
magnetic configurations and of the supercurrents themselves,
allow for detailed design and understanding before the actual
fabrication of the hybrid device. The next step will be to introduce
magnetization dynamics. Magnetic vortices or domain walls can
be moved with pulses in the GHz regime, and this can also be
simulated. Directing supercurrents then becomes possible on
nanosecond timescales, opening the way for high-speed super-
conducting electronics.

Methods

Device fabrication. Multilayers of Co (60 nm)/Cu (5 nm)/Ni (1.5 nm)/Nb (45 nm)
were deposited on unheated SiO,-coated Si substrates by Ar sputtering in an ultra-
high vacuum chamber (base pressure below 1078 Pa). The thickness of Co and the
diameter of the disk (1 pm) are chosen to ensure stabilization of a magnetic
vortex!>2. The 5 nm Cu layer is used to avoid exchange coupling between the
layers. The thickness of the Ni layer was tuned for optimal triplet generation in
similar systems®"?2, The samples were subsequently coated with Pt (7 nm) to
protect them from oxidation and to reduce the damage introduced by Ga* ions
during focused ion beam (FIB) processing.

A combination of electron-beam lithography and FIB milling (50 pA Ga* beam
current) was used to structure the disks. Next, FIB with 1 pA current was applied to
open the sub-20 nm gap that forms the junction. The trench depth is controlled by
the duration of milling. The 1 pA beam current provided sufficient timespan
(several seconds) to vary the depth in a controlled manner. The device used for
investigating single-slit transport was subject to the same processing steps, with the
following exceptions. First, the multilayer was deposited without Ni to minimize
triplet generation. Second, when creating the weak link, the duration of FIB milling
was reduced by 20% to retain a layer of Cu/Nb at the bottom of the trench.
This provides a non-magnetic path for singlet supercurrent in the weak link
(on top of Co).

The trench is presumably deeper near the sides of the disks (where sputtered
atoms can escape more easily) than at the centre. Hence, in contrast to triplets,
singlet correlations would favor the centre of the disk where a non-magnetic
channel may be still present on top of the Co.

ansport The magnetic properties of Co and Ni films
used in our devices were characterized by ferromagnetic resonance experiments
and SQUID magnetometry. Transport measurements were performed in a
Quantum Design Physical Properties Measurement System where samples could be
cooled down to 2.1 K. For both in-plane and out-of-plane measurements, the field
was aligned within 2° of the sample plane. Resistance versus temperature was
measured with a current of 10 pA. The current-voltage characteristics were taken in
a four-probe configuration using a current-biased circuit and a nanovoltmeter. The
critical current was determined using a voltage criterion: V> 0.3 pV for SQI and V'
> 0.1 pV for the measurements with an in-plane field.

The virgin state was measured directly after fabrication (Supplementary
Note 2). Prior to the I(B;) measurements presented in the letter, the magnetic state
of the sample was conditioned by applying a 2.5 T out-of-plane field at 10 K. The
sample was stored in a UHV chamber for 106 days and re-wired to a different
puck, and the same measurements were repeated using a different magnet. We
were able to reproduce the same I. patterns, and no discernable changes in
transport characteristics (e.g., R(T) or I.) were observed.

Micr gl ions. Micromagnetic modeling of the behavior of mag-
netic Josephson junctions was reported before?*. Here, finite element micro-
magnetic calculations were carried out using the Object Oriented Micromagnetic
Framework (OOMMF)24, The multilayer is divided into a three-dimensional mesh
of 5nm cubic cells. The exchange coefficient and saturation magnetization of Co
were set to 30 x 1072 Jm™! and 1.40 x 10° Am™, respectively, while for Ni these
values were 9.0 x 10712 Jm™! and 4.90 x 10° Am™. The Gilbert damping constant &
was set to 0.5 to allow for rapid convergence. The direction of anisotropy was
defined by a random vector field to represent the polycrystalline nature of the
sputtered films. The Usadel calculations are based on static micromagnetic simu-
lations of a multilayer disk with a diameter of 1 pm. For simulations with an
applied in-plane field (shown in Fig. 5), the disk design was extended to include the
leads used for transport measurements in the actual device (Supplementary Fig. 2).
In the absence of in-plane fields, the overall magnetic configuration remains
relatively unaffected by the leads: the vortex core continues to suppress the MNC,
resulting in two main channels for long-ranged triplet correlations. However, the
influence of the leads on shape anisotropy becomes relevant when sweeping the
field along y. This allows for an accurate estimate of the MNC, and the resulting
variation in I. during the magnetization reversal.

| DOI: 10.1038/541467-017-02236-2 | www.nature.com/naturecommunications
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Control experiment. In addition to the device used for investigating the triplet
currents, a control sample was prepared in parallel, on the same substrate. This was
deposited together with the main device, and received the same treatment, with
only one exception: the Ga* dose used for opening the gap that forms the weak link
was lowered by 50%. Reducing the dose stops the milling before it reaches the Co
layer in the trench. This leaves a non-magnetic path in the weak link for singlet
correlations. The contribution of singlet supercurrent results in a critical current
that is around 20 times higher than its neighboring junction (the main device)
where the Co weak link can effectively suppress singlet correlations, hence allowing
long-ranged triplet supercurrents to dominate the transport. Unlike triplets, the
singlet current is not sensitive to the spin texture (i.e., MNC) of the system. This is
evident from the single-slit (Fraunhofer-like) interference pattern, shown in Sup-
plementary Fig. 5.

Data availability. The data that support the findings of this study are available
from the corresponding author upon request.
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Supplementary Figure 1 | Interference patterns from the virgin magnetic state.
(a) Disordered magnetic state of Ni before conditioning (schematic). The stochastic
magnetic orientation of Ni on each side of the trench can lead to the formation of
multiple 0 and © segments across the junction. (b) Supercurrent interference pattern
of the virgin magnetic state, measured while sweeping th e out-of-plane field from
negative to positive 30 mT in steps of 0.3 mT. On average, the supercurrent is
suppressed for small fields (below 5 mT) in both field directions. The interference
pattern is characterized by random discontinuities. These irregularities are shown
more clearly in (¢) which shows individual I — V curves taken while scanning the field
from 28 mT back to zero. The curves are given an offset to represent the field they
were measured at. All measurements are taken atT = 2.1 K.



Supplementary Figure 2 | Micromagnetic simulations with an in-plane field. Top
views of the magnetic states of Co and Ni layers obtained from OOMMF simulations.
The leads are included in the design to produce a more realistic shape anisotropy,
needed to accurately describe the system under an in-plane field. Individual
components of the magnetization vector m are plotted separately for clarity. The pixel
colour scheme, red-white-blue, scales with the magnitude of each component. The
red and blue pixels represent positive and negative values respectively. Out of plane
magnetization (m,) is generally suppressed, except at the vortex core where both
layers have a highly localized out of plane component. In the actual device, the
trench that forms the junction is slightly off-centred. This feature is accounted for in
the simulations by placing the gap in Ni 40 nm away from the centre of the disk.
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Supplementary Figure 3 | Simulated contributions of singlet and triplet
supercurrents (a) Magnitude of the current density generated by singlet Cooper
pairs, ] ()= J(s)  which is greatly suppressed except for in the immediate vicinity of
the superconductors. (b)  Magnitude of the current density generated by triplet
Cooper pairs, J® = J® _ For clarity, currents lower than 10~7J, have been removed,
which explains why no singlet current is observed in the trench. It is noted that while
the total current J = J©&) +J® is conserved, J©® and J® are generally not. This is due
to the magnetization, which causes oscillations between the singlet and triplet states.
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Supplementary Figure 4 | Recovering the complex critical current. (a) The
(unsigned) |I (B)| pattern extracted from I — V measurements. (b) The signed I.(B)
interference pattern reconstructed by flipping the signs of alternate lobes as in ref. 1.
The data were taken at 2.1 K.
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Supplementary Figure 5 | Control experiment. Supercurrent interference pattern
measured at T = 2.1 K from a control device that was processed in parallel with the
one presented in the main text. Deposited together on one substrate, the same
multilayer of Pt(7 nm)/Nb(45 nm)/Ni(1.5 nm)/Cu(5 nm)/Co(60 nm) was used in both
devices. The Ga* dose applied in milling the weak link for the control device was
reduced by 50%. This provides a nonmagnetic pathway in the weak link, where
singlet current is not suppressed, and can therefore dominate the transport. The
result is a junction with a substantially higher critical current, showing single-slit
interference pattern.



Supplementary Notes

Supplementary Note 1 | Numerical simulations of the critical current.

To calculate the critical current we use the quasiclassical approximation in the

diffusive limit, which yields the Usadel equation®
DVgVg+ileps+d-h,g]l=0 (2)

where D is the diffusion constant and ¢ is the quasiparticle energy. The magnetization
texture from the micromagnetic simulations are represented as an exchange field
h = h(r). Furthermore we have defined & = diag(o,6*), where ¢ is a vector of Pauli
matrices, and p; = diag(1,1,—1,—1). Fromg =g (r,¢), the 4 x 4 retarded Green
function matrix in Nambu ® spin space, the equilibrium current density may be

computed as

_ NgeD
o2

] [ de Re Tr{p; g V g} tanh [%] %)

where N, is the density of states at the Fermi level, and g = 1/kgT. We neglect the
inverse proximity effect, and assume that the superconductors on each side of the
trench are large enough to be approximated as bulk. In the calculations, we have
used that the critical current is approximately found for a phase difference between

the superconductors of A¢ = For simplicity, we use transparent boundary

N |

conditions between the Ni and the Co layer, whereas we use the low-transparency
Kupriyanov-Lukichev boundary conditions® at the Ni-Nb interface.

In the modeling of the geometry, we have assumed an effective superconducting
coherence length of ¢ = 10 nm, so that the radius of the circular disk becomes
R = 50¢. In the direction crossing the trench, the model has been truncated to a width

of W = 40¢ to reduce the model size. This has been done under the assumption that



any contribution to the current from the removed regions is negligible due to the vast
distance to the opposite superconductor. The thickness of the Ni and the Co layers
have been set to ¢ and 6¢&, respectively, and the width of the trench is 2. The Ni
thickness is set larger than in the actual experiment to avoid unnecessarily small
elements in the Ni-region, which would substantially increase the calculation time.
Although this yields lower values for the triplet current, the purpose of our calculation

here is to identify the origin of this current; and not its absolute magnitude.

The spatial distribution of the magnetization in both the Ni and the Co layer are
accurately mapped onto the 3D mesh via the exchange field h, where an amplitude
of |h| =30A =46 meV was used. While this is significantly lower than typical
exchange fields in Co, it is still sufficient to quench the contribution of singlet Cooper
pairs to the current density. To verify this, we make use of the fact that the
supercurrent density generated by the singlet J© and triplet J® Cooper pairs
contribute additively J=J® +]J®. The two components are presented in
Supplementary Figure 3. It is clear that the current density of singlet pairs rapidly
vanishes away from the superconductors. In contrast, the triplet current density
maintains an appreciable value over a substantially larger region, indicating that
triplet Cooper pairs are the primary means of transport. The results will therefore be
qualitatively the same for a more realistic strength of the exchange field. The
advantage of using the reduced value is that the current densities become larger,

which in turn make the numerical calculations less resource intensive.

The finite element analysis was carried out using 27-node hexagonal volume

elements, and the Green function is interpolated within each element by means of



second order Lagrange polynomials. This means that the current density within each
element is interpolated by linear polynomials. To ensure that the spatial distribution of
the current density is accurately resolved, we use a refined mesh in a region
surrounding the trench, as is shown in Fig. 2a in the main text. For more details
regarding the finite element analysis of three-dimensional superconducting

heterostructures, please consult ref. 7.

Supplementary Note 2 | Interference patterns from the virgin magnetic
state.Prior to conditioning the magnetization, supercurrent interference patterns were
measured using small out-of-plane fields. These are presented in Supplementary
Figure 1. In contrast to the conditioned sample, I.(B,) is generally suppressed
around zero field. We observe two maxima, which always occur at fields higher than
5mT. Note that this offset cannot be attributed to remnant fields from the
ferromagnet. The applied field for the interferometry measurements is not sufficient to
have an appreciable influence on the magnetization of either layer. This is verified by

SQUID magnetometry and ferromagnetic resonance experiments.

It has been proposed that the phase of triplet correlations in a S/F'/F/F’/S junction
such as ours, is determined by the relative magnetic orientation of the F and F’ layers
on each side?. On the other hand, this unusual interference pattern, with two maxima
and suppressed I.. at zero field, is the characteristic of a junction with multiple parallel
0 and m channels®*. This condition could be fulfilled in the virgin state, where the
arbitrary orientation of Ni and Co magnetization can lead to random formation of
multiple 0 and = segments across the junction. These interference patterns are also
characterized by irregular discontinuities, which could be attributed to the arbitrary

arrangement of the 0 and = segments.



Remarkably, we find these features to disappear altogether after conditioning the
sample: I.(B,) turns into a highly regular and reproducible SQUID pattern, with
maximum [, consistently appearing at B, = 0. This pronounced dependence on
magnetic conditioning was absent for junctions where singlet correlations dominated
the transport: no significant changes in the interference pattern or the maximum

value of I. were observed.
Supplementary Note 3 | Fourier analysis of supercurrent density profiles.

As shown by Dynes and Fulton', the supercurrent density profile J(x) can be
determined from the superconducting interference pattern I.(B) using a Fourier

transform:

2miLBx

J) ~ [ dBI(BYe 0 (3)
Here, the coordinate system is defined such that the magnetic field B is applied along
the z-axis, the critical current I, is measured along the y-axis, and the current
distribution J(x) can then be determined along the x-axis. The equation also depends
on the effective length L of the junction and the flux quantum &, = h/2e. Note that
I.(B) is the signed critical current, where the sign is determined from the
experimentally measured |I.(B)| by assuming that it consists of alternating positive
and negative lobes, as described in more detail in ref. 1. This procedure is justified
when the interference pattern consists of well-defined maxima separated by deep

minima, as is the case for our measurements.

The original method by Dynes and Fulton was derived for a rectangular junction
where the dimensions of each superconductor are much larger than the London

penetration depth A. In that case, the effective junction length L = 21 + d, where d is



the thickness of the barrier between the superconducting leads. In our case,
however, the junction is cylindrical and the current distribution not uniform, so the
length (which determines the amount of flux to be screened) is not well defined. We
therefore performed the Fourier analysis without making any assumptions regarding
the value of L, but instead assumed that the position along the x-axis where we
obtained J(x) — 0 likely corresponded to the junction ends x = =R, where R is the
cylinder radius. From this, we obtained an estimate L = 180 nm for the effective
junction length. This value is somewhat lower than expected for a uniform rectangular
junction: in that case the effective area is 2RL while the first minimum in I.(B, ) is at
7.8 mT, yielding L =~ 270 nm. Both numbers are of correct order of magnitude: the
value of 1 for a 50 nm Nb film is about 110 nm® so 21 + d is 240 nm. If we were to
take the sharp drop in the current density profile as the sample edge, L would

become less than 100 nm, which appears to be too low in view of the value of 1.

The SQI experiments are carried out by measuring the voltage as a function of
current for a given applied magnetic field, i.e. V (I, B). The critical current |I.(B)|, used
for the Fourier analysis, is obtained by extracting a contour for a small but finite
voltage threshold V (I, B) > 0.3 uV. Experimentally we find this criterion to be optimal
for reducing noise effects that distort the shape of I.(B). The result is then adjusted to
the y-axis so that |I.(B)| = 0 at the nodes between the lobes of the interference
pattern. This is to account for the artificial offset introduced by the 0.3 pV threshold
voltage. We then recover the complex critical current I.(B), by switching the sign of
every other lobe of the measured |I.(B)|. The original |I.(B)| and the signed I.(B)

curves are shown side-by-side in Supplementary Figure 4.



Note that the measured I.(B) may slightly deviate from a perfectly symmetric pattern,

and yield a complex supercurrent distribution J(x) after Fourier transformation. This

apparent asymmetry however is predominantly caused by experimental noise. We

therefore discard the complex phase J(x) to approximate the supercurrent

distribution profile by |/ (x)|, shown in Fig. 3f of the main text.
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Giant vortices with higher phase winding than 2z are usually energetically unfavorable, but geometric
symmetry constraints on a superconductor in a magnetic field are known to stabilize such objects. Here, we
show via microscopic calculations that giant vortices can appear in intrinsically nonsuperconducting
materials, even without any applied magnetic field. The enabling mechanism is the proximity effect to a
host superconductor where a current flows, and we also demonstrate that antivortices can appear in this
setup. Our results open the possibility to study electrically controllable topological defects in unusual
environments, which do not have to be exposed to magnetic fields or intrinsically superconducting, but

instead display other types of order.

DOI: 10.1103/PhysRevLett.120.207001

Introduction.—It is well known that applying a magnetic
field to a type-II superconductor can lead to the formation
of Abrikosov vortices [1]. A gradient in the phase ¢ of
the superconducting order parameter A = |Ale causes a
circulating supercurrent around such vortices, whereas
|A] = 0 at their centers. Vortex excitations in supercon-
ductors [2,3] remains a vibrant research topic, not least
because it lies at the intersection of two major research
fields: superconductivity and topology in physics.

It was recently pointed out in Ref. [4] that it is also
possible to generate Josephson vortices without applying
magnetic fields. Such vortices are also characterized by a
quantized phase winding and a suppressed order parameter
at their core [5]. Motivated by this, we have performed
microscopic calculations using the quasiclassical theory of
superconductivity [6] on a normal metal enveloped by a
current-biased superconducting wire (Fig. 1). The idea
behind the device is simple: an external current source
forces a supercurrent through the wire, and this circulation
whirls the condensate in a proximitized normal metal as
well. Our objective has been to determine what type of
electrically controllable vortex physics then emerges. We
demonstrate here that both giant vortices and antivortices
appear in the nonsuperconducting region even in the
absence of any applied magnetic field. This provides an
alternative method of creating complex vortex patterns by
applying electric currents. Since these patterns are gen-
erated in a proximitized nonsuperconductor, this opens up
the intriguing prospect of studying unusual topological
vortex excitations in materials with other types of quantum
order, which do not have to be compatible with bulk
superconductivity. One example is a magnetic metal, where
the generation of odd-frequency triplet superconducting
order could reverse the chirality of some vortices, similarly
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to the paramagnetic Meissner effect [7,8]. More funda-
mentally, it raises the intriguing question: what character-
izes a vortex in an odd-frequency order parameter?
Geometric effect and winding number.—Since a circu-
lating supercurrent requires a finite phase-gradient Vg, and
the analyticity of the superconducting wave function implies
integral winding numbers n = A¢/2x around any point, the
system is topologically coerced into nucleating vortices in
the normal metal region of Fig. 1. Assuming a thin-film
structure, the total charge current associated with this
circulation is small, and the magnetic field generated by
the circulation can safely be neglected. Note that in contrast
to the setup proposed in Ref. [4], our normal metal is
surrounded by a continuous superconducting wire on all
sides, instead of having two separate wires on the top and
bottom, which we will show fundamentally alters the vortex
physics in the system. Another important difference is that
we model the superconducting wire using an exact solution

FIG. 1. Conceptual sketch of the physical system. An external
current source is used to inject a current into a superconductor
(red). The circulating current also affects a proximitized
normal metal (yellow), causing an electrically controlled vortex
to emerge there.

© 2018 American Physical Society
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of the Usadel equation in the current-biased superconductor
and tunneling boundary conditions. As we will demonstrate,
this is necessary to correctly describe qualitative changes
that the phase winding induces in, e.g., the density of states
(DOS).

When the current in the superconducting wire makes
a total winding number N > 1, there are multiple ways to
satisfy the boundary conditions. Among other possibil-
ities, we can get (i) N vortices with a winding 1 each,
(i1) N + M vortices with a winding +1 and M antivortices
with winding —1, or (iii) just one giant vortex with a
winding N. The kinetic energy of an n-winding vortex
scales with n?, so the most energetically favorable is
configuration (i). Hence, giant vortices and antivortices
are seldom seen. However, since the superconducting
order parameter respects the symmetries of the underlying
geometry, vortices only nucleate along the symmetry axes
of the system. For highly symmetric geometries, these
additional constraints may force the appearance of giant
vortices or antivortices. The resulting interplay between
topological defects, geometric symmetries, and energy
minimization was previously studied in Refs. [9-12] using
the phenomenological Ginzburg-Landau formalism for
type-II superconductors in a magnetic field. Here, we
show that this effect also arises in proximitized normal
metals without magnetic fields. This generalization is
particularly important as it opens the possibility to study
novel vortex physics in materials featuring completely
different order than superconductors, e.g., ferromagnets or
topological insulators.

2D diffusive metal with phase-winding.—As shown in
Fig. 1, we consider a normal metal with a superconducting
loop grown on top. We describe the properties of the metal
in terms of quasiclassical propagators § in Nambu and spin
space,

. [ 9(r.+e)oy
blr.e) = <—f* (r,—¢)io,

where the normal part g and anomalous part f are complex
scalar functions, subject to the normalization constraint
§* = 1. Here, o, is the 2 x 2 identity matrix, and o, is the
second Pauli matrix. We assume that all length scales in the
problem are large compared to the Fermi wavelength and
mean free path; i.e., we take the quasiclassical diffusive
limit. The propagators § are then governed by the Usadel
equation [6,13,14],

f(r, +e)io, ) 0

—g*(r,—€)oy

DV (§Vg) + ilets.9] = 0, )

where D is the diffusion constant, ¢ the quasiparticle
energy, and 73 = diag(+oy, —0(). Furthermore, we assume
that the normal region is connected to the superconducting
wire by a low-transparency interface. We may then use the
Kupriyanov-Lukichev boundary condition e, - Vg, =
[G, 95]/€ [15], where ¢ parametrizes interface resistance,

e, is the outwards-pointing interface normal vector, §,
and g, are propagators on the normal and superconducting
sides, and ¢ the superconducting coherence length. The
propagators g, in the current-biased superconductors were
evaluated analytically. The applied current also creates a
magnetic field which penetrates the proximitized material.
Its strength depends on the total applied current, which
in turn depends on the pair density and dimensions of the
superconductor. However, since the field is perpendicular
to and roughly constant within the current loop, its only
effect is to slightly perturb the applied current for which
a given vortex pattern appears. We have neglected the
quantitative correction from the magnetic field herein.

In practice, the differential equations above are Riccati-
parametrized for stability [16], and then solved numerically
using a finite-element method on a two-dimensional mesh.
This lets us handle arbitrary sample geometries, such as the
regular polygons considered herein. For more information
about the numerical solution procedure itself, see Ref. [17].

Superconducting wire with a uniform current.—As
shown in Sec. II of the Supplemental Material [18], the
propagator § in a current-biased bulk superconductor can
be written [23,24]

+€(7()

) 1 < ®e+f%2)
7= Ver — 0 \ Beig, ’

—€0()

3)

where ©(¢) parametrizes the strength of the superconduc-
tivity, and ¢ is the superconducting phase. The phase varies
linearly with the distance ¢ along the wire. Defining
¢(0) =0, and parametrizing the variation using a winding
rate u = £|Vg)|, we therefore get ¢(¢) = uf/E. The func-
tion ®(e) is determined by

A
O=—-—f———,
14 u?/2V0?* — ¢

1 o (C) e
Al=——— deRe| ——— | tanh( ——— |.
Al acosha)CA ¢ e( 52_@2> an (2@7T> )

These equations have been written in a form where 0, A, ¢,
.. are all normalized to the zero-current gap A, while the
temperature 7" is normalized to the critical temperature 7.
Here, w,. refers to the Debye cutoff, and y is the Euler-
Mascheroni constant. The first of these equations is a
fixpoint iteration equation. This is easily solved by guess-
ing ©(e) = 1 and |A| = 1, and applying Newton’s method
to the equation for a discretized set of energies from the
Debye cutoft € = w,. to zero energy ¢ = 0. The second is a
self-consistency equation for the gap A, which is evaluated
by numerical integration of the results for ®(¢). We then
alternate between solving the fixpoint equation and self-
consistency equation until satisfactory convergence. The
solutions to the equations above are visualized in Fig. 2.

(4)
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FIG. 2. Visualization of a bulk superconductor with a uniform
current at zero temperature. (a) DOS for varying winding rates u,
as shown in the legends above. Note how the coherence peaks are
smoothed out for u > 0 and the gap closes as u — 1, illustrating a
qualitatively different behavior for # > 0. (b) Gap A and current
density J as functions of u, where the unit Jo = eDNyA(/4¢. As
long as u < 1/2, we see that A & Ay and J ~ u, and a non-self-
consistent solution is reasonably accurate. However, the current
becomes nonmonotonic for u > 2/3, so this regime is inacces-
sible in our proposed setup.

When approaching the setup in Fig. 1 numerically, we
assumed that the superconducting wire suffers a negligible
inverse proximity effect from the normal metal. In this case,
we can use the analytical equation above for the super-
conducting wire, and reduce the superconductor to effective
boundary conditions for the normal metal. Furthermore, we
numerically only considered phase-winding rates u < 0.5,
in which case Eq. (5) can be replaced by the approximation
|A| = 1. Note that since the phase-winding rate u cannot be
arbitrarily large, we need a system much larger than the
coherence length to obtain high winding numbers using a
current bias.

Quantifying vortices.—We can study the proximity-
induced superconductivity in a normal metal via the pair
correlation

W(r) ~ A " de[f(r,+€) - f(r, —€)] tanh(e/2T), (6)

which behaves like a complex order parameter. This pair
correlation can be decomposed as ¥ = |¥| exp(i¢), and the
phase ¢ can then be extracted using ¢ = arctan(Im'?/Re ¥).

As discussed in the introduction, the circulating current
in the enclosing superconductor creates a phase-winding
V¢ along the interface. However, the phase ¢ is uniquely
defined modulo 2z, which means that it is only possible
for the phase to vary continuously around the edges of the
normal metal if it increases by ®; = 2zN after having
traversed the entire circumference. In other words, we must

have a total vorticity
D 1
N=—"t=_—"

=5 =2n DQ(V(/J) -de, ™)

where 0Q is the boundary of the normal metal. When we
have a finite vorticity N, the currents inside the normal

(c) (d)

(a) (b) 1
\ 4 107!
= y \ 1072
1073
EE ' ]
;= 2 4r

FIG. 3. Vortex nucleation patterns for various applied current
windings ®;, for a quadratic normal metal with side lengths
L = 12¢. The top row shows the magnitude |¥| of the pair
correlation, where the minima indicate the vortices. The bottom
row shows the phase ¢ of the pair correlation, from which the
winding of individual vortices can be determined. The total
windings ®@; are listed below.

0

—7/2

metal will form closed loops, leading to the appearance of
vortices. More precisely, the total vorticity N will be equal to
the sum of the winding numbers 7 of all the induced vortices.
The vortices manifest as nodes in the pair correlation V.

Numerical results.—In the upper row of Fig. 3, the
vortex pattern for increasing applied current winding ®; is
shown. The winding of the individual vortices may be
determined graphically from the phase of the pair corre-
lation function ¢, which is plotted in the bottom row of
Fig. 3. By using Eq. (7) with the replacements N — n and
0Q — C, where C is any contour encircling a single vortex,
one sees that n # 0 only if the integration path crosses
discontinuities. Furthermore, each discontinuity contrib-
utes a value to the integral equal to the size of the jump.
For ®; = 2z, shown in Fig. 3(a), there is a single vortex in
the center of the normal metal, and any closed contour
around this point must traverse two jumps A¢ = 7, thus
showing that the vortex has a winding n = +1. We note
that the precise locations of these discontinuities depend on
the reference point for the phase of the superconductors,
and are hence not physically significant. The number of
times a closed loop crosses a discontinuity, however, is.
In Fig. 3(b), where ®; = 4z, there is still only a single
vortex in the system, but now the plot of ¢ shows four
discontinuities, from which it is inferred that this is a giant
vortex with n = +2.

For ®; = 67, shown in Fig. 3(c), five vortices are found.
As the sum of the individual topological numbers should
add up to N = +3, in accordance with Eq. (7), one of these
vortices must be an antivortex. The phase plot shows that
this is indeed the case: the central vortex winds in the
opposite direction of other vortices. Hence, this configu-
ration consists of one central n = —1 antivortex with four
surrounding n = -1 vortices. For ®; = 8z, there are four
regular n = +1 vortices along the diagonals, as shown in
Fig. 3(d). Since these vortex patterns arise from symmetry
constraints, they are naturally sensitive to asymmetries in
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FIG.4. DOS along the diagonal of the normal metal for various
applied current windings ®;. Superconductivity is suppressed in
the vortex cores, and the normal-state DOS = 1 is recovered.

the geometry. The giant vortex in Fig. 3(b) splits into two
n = +1 vortices as the geometry becomes rectangular.
However, the vortices continue to overlap strongly for
sufficiently small deviations, as shown in Sec. III of the
Supplemental Material [18]. This means that the giant vortex
could in practice be stabilized against deviations from perfect
symmetry by creating a pinning potential at this location [25].
Since the vortex positions are also influenced by the applied
currents, another option is to fine-tune the currents to
experimentally realize the giant vortex. The pattern in
Fig. 3(c) is, on the other hand, stable against small deviations
inaspectratio. The reason is that when the geometry becomes
increasingly rectangular, it eventually becomes energetically
favorable to satisfy N = +3 as three n = +1 vortices along
the longest axis. The transition to such a pattern can only
occur in a way which respects the symmetries of the rectangle,
and hence the central antivortex turns into a vortex, and
additional antivortices must appear so that the off-center
vortices can annihilate symmetrically [26].

The vortices also create a spatial modulation of the DOS: at
the vortex cores, superconductivity vanishes, and the mini-
gap disappears. This means that the vortices we predict can
be directly inferred via local STM measurements. In Fig. 4,
the DOS for ¢ = 01is plotted along the diagonal of the normal
metal (i.e., between two opposite corners). This confirms that
the normal-state result DOS = 1 is recovered at the vortex
cores. For the n = +2 vortex produced by ®; = 4z, the
minigap is suppressed in a larger region around the vortex
than for ®; = 27. For ®; = 67, the normal region is larger
still, but this is likely due to the close proximity of three
vortices. For ®; = 8z, the vortices are sufficiently far apart
for a dip in the DOS to appear in between, providing an
observable signature.

The above can be understood by analyzing the pair
correlation. In Sec. I of the Supplemental Material [18], it is
shown that for small distances r from the vortex center,

W~ (r/2&y)"/n!, where & is the Ginzburg-Landau coher-
ence length. For r<2&(n))'/"~2[1 + (n—1)/e]&,
these correlations recover more slowly with increasing
winding n, and hence the minigap is increasingly sup-
pressed. The fact that the vortex size increases linearly with
n also in the diffusive limit can be motivated from Fig. 2.
There, we see that superconductivity vanishes entirely as
the phase-winding rate u = £|Vg| — 1. Assuming that this
remains approximately valid in nonbulk materials, and
using that |V¢| = |n|/r around an n-winding vortex, we
find that superconductivity vanishes for r < né. In other
words, we find that the core size of a giant vortex scales
linearly with its winding number n, providing an observa-
tional signature of giant vortices that can be seen via STM
measurements.

The vortex patterns of Fig. 3 may be deduced from
energy considerations. In general, the kinetic energy of a
vortex with a winding number n scales as n”. This is
because kinetic energy E; ~ 1%, where v ~ Vg ~ n is the
velocity of the superconducting condensate. In Sec. I of the
Supplemental Material [18], we solve the linearized
Ginzburg-Landau equation near a vortex with winding
number 7, and use this to confirm that the kinetic energy is
indeed proportional to n?. Similar n> dependencies have
previously been noted for magnetic vortices in type-II
superconductors [27], and these properties are shared by
vortices in proximitized nonsuperconductors [5,28].

The above provides a simple prescription for predicting
the vortex nucleation pattern. When a total vorticity N is
introduced to the system, it splits into vortices with
individual windings n; in a way that satisfies N = > _;n;.
Among all patterns permitted by the symmetries of the
geometry, the energetically favored is the one that mini-
mizes E =) ;n?. Note that n; can be either positive or
negative, allowing for antivortex nucleation.

In the geometry considered so far, off-center vortices can
only appear in a square formation without breaking the
symmetry of the system, as is seen in Fig. 3. This symmetry
constraint explains why it is possible to produce a vortex
with winding n = +2. A higher winding is, however, not
possible because it will always be energetically favorable to
introduce four new vortices away from the center, and,
potentially, an antivortex in the center. Similar results were
found for a mesoscopic superconductor in an applied
magnetic field [10-12]. The present analysis differs in that
the vortex patterns are generated in an intrinsically non-
superconducting material solely by an applying an electric
current. A regular polygon with a higher symmetry (larger
number of sides), will by the same reasoning as above
allow for a higher winding at the center, as any alternative
will require a larger number of of n = +1 vortices to be
distributed in a symmetrical fashion. Figure 5 shows the
pair correlation function for a hexagonal normal metal
surrounded by a superconductor with an applied current
equivalent to ®; = 6x. Here, we find a single vortex of
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FIG. 5. Hexagonal geometry with side lengths L = 6£, and an
applied current winding ®; = 6z. (a) The pair correlation ¥,
showing a single vortex at the center. (b) The phase ¢ of the pair
correlation, demonstrating that it is a giant vortex with winding
number n = +3.

winding n = +3. Generally, a regular polygon with m sides
allows for a giant vortex with winding up to n = [m/2].

Conclusion.—We have used microscopic calculations to
show that one can induce giant vortices and antivortices in
nonsuperconducting materials in the absence of magnetic
fields. We also analyzed the vortex nucleation pattern using
arguments of symmetry and energy minimization. Our
results open the possibility to study novel topological defects
in unusual environments, which do not have to be intrinsi-
cally superconducting or exposed to magnetic fields.
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In this supplemental, we derive two sets of equations that are applied in the main manuscript. In Section I, we find
an exact solution to the linearized Ginzburg-Landau equation near a vortex with an arbitrary winding number 7,
and show that the kinetic energy is proportional to n2. This is used to explain the vortex configurations in the
main manuscript. In Section II, we find a selfconsistent solution to the Usadel equation in a bulk superconductor
with a uniform charge current. This is used as a boundary condition in the main manuscript.

I. ANALYTICAL SOLUTION AROUND A VORTEX CORE

Let us consider a superconducting vortex with a winding
number n. This means that as we move one counter-clockwise
turn around the vortex core, the phase of the superconducting
condensate changes by Ap = 2wn. We will here calculate the
energy of such a vortex, which in the main manuscript is used to
understand what nucleation patterns are energetically favored.
To keep the calculations simple and intuitive, we approach the
problem using the Ginzburg-Landau formalism. Furthermore,
we will assume that the energy of a vortex is dominated by the
region close to the vortex core, and that this region exhibits a
cylindrical symmetry. Since the energy of a vortex (n > 0) and
antivortex (n < 0) are exactly the same, we focus on n > 0.

A. Linearized Ginzburg-Landau theory

The starting point of the Ginzburg-Landau framework is the
free energy density in a superconducting material,!

2, By, | . », B
E = a|¥Y|” + Z|¥|" + —|(—ihV = 2eA)¥]" + —, (1)
2 2m 2o
where W is the superconducting wavefunction, A is the magnetic
potential, B = V X A is the magnetic field, and we choose
E = 0 in the normal state. Minimizing the free energy of the
system, one arrives at the Ginzburg-Landau equation, !

1
¥ + BIYPY + 2—(—ihV —2eA)’¥ = 0. )
m

‘We now introduce some approximations. Firstly, as in the main
manuscript, we are interested in current-induced vortices in thin-
films, for which there is a negligible magnetic potential A ~ 0
in the system. Secondly, we are interested in the behaviour
near a vortex core, where the superconducting wavefunction is
suppressed || < 1, so that we can linearize the equation. We
then obtain an effective Helmholtz equation,

V2~ W/, 3
where & = /h?/2m|a| is the Ginzburg-Landau coherence
length. We can parametrize the wavefunction as ¥ = ye'?,

where the amplitude ¢ and phase ¢ are real. Substituting this
parametrization into the Helmholtz equation, we obtain

V2 + 2i(VY) (Vo) + iy (Vi) — (Vo) =y /. (4)

This equation can be significantly simplified using the law
of charge conservation. The charge current density in a system
governed by the Ginzburg-Landau equation is in general:!

J= %[w*(—mv Z2eAW + P(+ihV — 2eANF*]. (5)

If we again set A ~ 0 and substitute in ¥ = ye's,

_ 2he

J Ve, ©)
m

From this equation for the charge current, combined with the
fact that charge current is conserved V - J = 0, we conclude:

W(VY)(Ve) + V2 = 0. @)

At any point with a finite wavefunction i # 0, this means that
two of the terms on the left-hand side of Eq. (4) have to cancel.
This lets us write Eq. (4) as simply:

Vi —y(Ve) =y /& (8)

B. Exact vortex profile

We now focus on the specific case of a vortex with winding n,
meaning that the total phase-difference around the core is
Ag = 27n. At a distance r from the core, this phase-difference
occurs over a length 277, yielding an average phase-gradient
[Vo| = Ap/2nr = n/r. Assuming cylindrical symmetry, we
expect the amplitude ¢ to only depend on the radius r from
the vortex core, so that V2y — r~'9,(rd,). Together, these
observations let us reduce Eq. (8) to an ordinary differential
equation for the radial profile ¥ (r), which can be written as:

dzlﬂ dy r?
2 a2 —
r = +rdr ( + é55) Y =0. )

This is the defining equation for the modified or hyperbolic
Bessel functions I,,(r /&) and K,,(r/&y). However, whereas the
first kind 1,,(r /£y) always converges to a finite value as r — 0,
the second kind diverges there, and is therefore an unphysical
solution. The radial profile of a vortex is therefore:

¥(r) = yoln(r/&o). 10)



C. Asymptotic kinetic energy

In the previous subsection, we found exact solutions of the

linearized Ginzburg-Landau equation in the vicinity of a vortex.

These are however not straight-forward to use for analytically
comparing vortex energies. Physically, we expect the dominant
contributions to the kinetic energy to come from the region
close to the vortex. This means that we can do a Taylor
expansion around the vortex core r = 0,

o

I(r/é0) =)

m=0

an

r 2m+n
m!(m + n)! (2_50)

and focus on the region near the vortex core r < &y where the
m = 0 term becomes the dominant contribution. This gives us
the following asymptotic profile for a vortex with winding n:

v~ (L) . (12)

We can now go back to the free energy, and use these

solutions to determine the energy associated with each vortex.

Let us consider the kinetic energy density E. In the absence
of magnetism, this is just the gradient term in Eq. (1):

2 5
Ex = —|VY|-. (13)
2m
We then switch to polar coordinates V = d,e, + r1ogeq:

K2 _
B =5 (|a,.\y|2 +r 2|a(,\y|2). (14)
m

Substituting in the asymptotic solutions ¥ ~ r"e/?:

hll\Plz

mr?

Ep = n’. 15)

Thus, the kinetic energy of a giant vortex is proportional to n2.

II. SUPERCONDUCTOR WITH A UNIFORM CURRENT

In the main manuscript, we considered a system consisting of
a superconducting wire encircling a normal metal. Although
the superconductor was assumed to be thick enough to act
as a bulk material, the fact that it also carries a supercurrent
means that the propagators are no longer given by the standard
BCS solution. In order to use as realistic boundary conditions
as possible for that setup, we here solve the Usadel equation
analytically for a current-carrying superconductor.

A. Background theory

In a superconductor, the Usadel equation can be written®*

iDV(8V3) = [et3 + A, 8], (16)

where 3 = diag(+1, +1, -1, —1), and the gap matrix is defined
as A = antidiag(+A, —A, +A", —A"). The superconducting gap
can in turn be parametrized as A = |Ale’¥ where ¢ € R. The
matrices on the left-hand side of the commutator are then:

. _ [+o0 O A 0 e"%ioy
€3 = E( 0 —0'0)’ A=Al (e”'“’ia'z 0

). a7

The propagator ¢ can be written using the 6-parametrization:*>

. + cosh 6 oy
g= ( 0 (18)

e*X sinh G ioy
e Xginh Oion

—cosh 6 oy

The parameters 6 and y satisfy the particle-hole symmetries
0*(+€) = —0(—€) and y*(+€) = y(—¢€).> For brevity, we also
use the abbreviations s = sinh 6 and ¢ = cosh §. Finally, the
self-consistency equation for the gap is:®

w,

A = Node'* I deRe[sinh 6] tanh(e/27). (19

0

Comparing this to the parametrization of the gap A = |A|e%,
we immediately note that the phases ¢ = y must be equal.

B. Zero current

In the absence of charge currents, we must have a homogeneous
solution Vg = 0. Thus, the Usadel equation has to reduce to:

[efs + A, g]=0. (20)

Writing the terms in the commutator explicitly, we get:

o 0 +set®ioy

[ef5, 8] = +2¢ (—se‘W’iO'z 0 ) @b
. 0 +cet¥io)

[A, g = -2/ (_Ce—wm 0 ) 2

From this, we can extract the scalar equation €s — |Alc = 0,
which yields the standard BCS solution 6 = atanh(]A|/€).

C. Uniform current

Before we attempt to solve the Usadel equation in a current-
carrying superconductor with 0,¢ # 0, let us try to constrain
the allowed position-dependence of our parameters 6 and ¢.
One such condition can be found from the density of states,

N = %No Re Tr[g] = Np Re[cosh 6]. (23)

For a bulk superconductor carrying a uniform current, we insist
that the density of states is uniform as well, i.e. that 9, N = 0.
Using the chain rule, we can rewrite this condition as follows:

(0,6)(0gRe[cosh ]) = 0. (24)

Thus, we may either have 9,6 = 0 or d9Re[cosh 6] = 0. Since
6 is a direct function of energy, the latter is equivalent to the



density of states being energy-independent, which we know is
false for a superconductor. Thus, we conclude that 9,6 = 0.
Now that we know d,60 = 0, differentiating § is quite easy:

. 0 +et¥sior
0.8 =109 (—eii‘psi(fz 0 2) . (25)
Multiplying by § from the left, we then obtain:
oA s2op etPcesion
80,8 =109 (eii‘pCSlA(Tz —s20y (26)

Another constraint can then be found from the spectral current,

S S
Jz = 3o Tr[$380,8]. 27

Substituting in the expression for 9,8 above, we find that
Jjz/jo = is?0,¢. But insisting that the divergence d,j, = 0,
and keeping in mind that 9,5 = 0 because we determined that
8.0 = 0 above, this gives us the constraint d2¢ = 0. One might
however argue that perhaps the spectral current does not have to
be conserved, since charge conservation only requires that the
integral of the spectral current above is position-independent.
However, for a uniform current-carrying superconductor, we
can safely insist that the spectral current be constant as well.

Now that we have the additional constraint 612<p =0, itis
straight-forward to differentiate §d,g:

0 +et®esion
—eWesion 0 :

9:(80:8) = (i0: )’ (28)
This defines the left-hand side of the Usadel equation. Com-
bining the above with the rest of the Usadel equation, we find

the following equation from the off-diagonal parts:
iD(i(?Z(p)zcs =2es —2|Alc. (29)

We will now normalize everything with respect to the zero-
current gap Ay, so that |A| = §Ag and € = EA. Furthermore,
we define a phase-winding rate u? = D(d,¢)?/Ag. Thus:

Es—6c+i(u?/2)cs = 0. (30)

Note that since the diffusion constant can be written D = Apé 2
we could also write u = £0, ¢, which means that this parameter
basically measures the phase-winding per coherence length. By
substituting the hyperbolic identity ¢ = V1 + 52 into Eq. (30),
the resulting 4th-order algebraic equation in s can easily be
solved to provide the analytical solution. However, for practical
reasons we here pursue a numerical approach.

D. Non-selfconsistent solution
In order to solve Eq. (30), it is convenient to reparametrize
the equation using the following mapping, where @(E) is an

unknown function of energy:®

€= — 5= —. G1)
e}

]
©
|
©

Note that this parametrization manifestly satisfies the identity
c?—s? = 1. Substituting the above into Eq. (30) and rearranging,

we find that the Usadel equation can be rewritten as:

s
o=—°
1+u2/2V02 - E2

In the absence of currents u = 0, we get a trivial solution ® = 6.
For a finite phase-winding rate u, it takes the form of a fixpoint
iteration equation, and can be solved using Newton’s method.
In addition to the above equation for ®, we need to determine
the superconducting phase ¢. However, in the previous subsec-
tion, we discovered that 6zzzp = 0. This means that the phase ¢
has to be a linear function of position. Furthermore, since the
reference-point for the superconducting phase is arbitrary, we
can define ¢(0) = 0. Thus, the phase ¢ can be expressed as:

@(z) = uz/é. (33)

For small currents, one can safely assume that the gap is nearly
the same as for zero current, meaning that 6 ~ 1. However,
in general, this fixpoint equation has to be accompanied by a
selfconsistency equation for the current-dependent gap factor .

(32

E. Selfconsistent solution

Let us now revisit the selfconsistency equation for the gap,
using the @-parametrization from the previous subsection. We
normalize the energy E = €/Ag, gap 6 = |A|/Ap, Debye cutoff
Q. = we/Ag, and temperature 7 = T/T.. Furthermore, the
cutoff is in general related to the BCS coupling strength by
Q. = cosh(1/NpA), while the gap and critical temperature
are related by the BCS ratio Ay/T. = n/e¥, where 7y is the
Euler-Mascheroni constant.® Combining all of these remarks,
Eq. (19) for the current-dependent gap may be written as:

1 2 c] n E

= dcosh O J‘O dE Re (m) tanh (2@7 'r) . (34

In general, the selfconsistent problem is solved in two steps.
First, we guess that the solution is ®(E) = 1 and 6 = 1. For
each energy in a discretized range from E = Q. to E = 0, one
solves Eq. (32) for ®(E) using Newton’s method. The solutions
are substituted into Eq. (34), which is integrated to find a new
estimate for 6. This procedure is repeated until convergence.

III. GIANT VORTICES IN ASYMMETRIC GEOMETRIES

Giant vortices are inherently unstable and will seek to split
into single vortices unless hindered from doing so. For the
systems under consideration, the giant vortices are maintained
due to symmetry constraints. It is therefore interesting to
investigate how, for instance, Fig. 3(b) in the manuscript reacts
to a small deviation from perfect symmetry. We do so by
introducing a small perturbation & of the aspect ratio @ by
defining @ = 1+ &, thereby making the system rectangular. The
results are shown in Fig. 1, from which it is seen that vortices



do indeed split as € is increased, but this splitting occurs
in a continuous way, and the resulting vortex pair remains
within close proximity to the location of the original giant
vortex for a deviation of up to & = 1%. This means that the
giant vortex can be stabilized against small deviations in the
geometry by placing a pinning potential at this position,® or
by forcing the split vortices together by fine tuning the applied
currents. To reduce the influence of unintended asymmetry, it is
recommended to use a superconductor with as large a coherence
length as possible. Choosing for instance aluminium, one gets
an estimated diffusive coherence length of ¢ ~ 100 nm. For
a square geometry with side lengths L = 12£, a deviation
of ¢ = 1% then corresponds to AL =~ 12nm, which is an
experimentally achievable level of accuracy.'’

4
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~
1072
1073

(a) €=0.01% (b)e=0.1% () e=1%

FIG. 1: Vortex patterns for an applied current winding of ®; = 4,
with increasing aspect ratio deviation &.
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Spin-valve structures are usually associated with the ability to modify the resistance of electrical currents. We
here demonstrate a profoundly different effect of a spin-valve. In combination with a topological insulator and
superconducting materials, we show that a spin-valve can be used to toggle quantum vortices in and out of exis-
tence. In the antiparallel configuration, the spin valve causes superconducting vortex nucleation. In the parallel
configuration, however, no vortices appear. This switching effect suggests a new way to control quantum vortices.

DOI: 10.1103/PhysRevB.98.144505

I. INTRODUCTION

Topological insulators (TI) are fascinating materials which
are insulating in their bulk, but have topologically protected
conducting surface states [1]. When a conventional s-wave
superconductor is placed in contact with a topological in-
sulator, the superconducting correlations induced on the TI
surface gain a topological character [2]. This may give rise
to a range of exotic phenomena, such as the appearance of
Majorana bound states at vortices [3], which provides an
exciting avenue toward non-Abelian statistics and topological
quantum computation [4].

A particularly interesting property of the surface states of a
TI is the presence of spin—-momentum locking. By proximity
coupling both superconducting and ferromagnetic elements to
the topological insulator, this may be used to create complex
supercurrent density distributions [5]. A key observation is
that the exchange field enters the Hamiltonian for the surface
states of a TI in the same way as the magnetic vector potential
does, due to the spin-momentum locking. Because of this,
one might expect that quantum vortices with a phase-winding
could be induced by an exchange field alone on the surface
of a TI in contact with a superconductor, without the need of
any external magnetic flux. The study of superconducting vor-
tices induced in nonsuperconducting materials via proximity
has recently attracted attention both theoretically [5-9] and
experimentally [10].

In this paper, we show that a spin-valve structure combined
with a topological insulator and superconducting materials
can be used to toggle quantum vortices in and out of existence.
These vortices behave in the exact same way as conventional
proximity-induced vortices in superconducting heterostruc-
tures, except for the crucial difference of being generated by
an inhomogeneous in-plane exchange field, rather than the
orbital effect of an applied magnetic flux. Indeed, we will
show that vortex nucleation may be understood in terms of
the presence of an effective flux created by the exchange
field, completely analogously to the flux produced by a mag-
netic vector potential. An advantage of using an exchange
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2469-9950/2018/98(14)/144505(4)

144505-1

field to generate vortices is that it provides greater freedom
in studying inhomogeneous effective flux densities than is
possible with an applied perpendicular magnetic field, and
hence may give rise to more complex vortex patterns. The
spin valve consists of two ferromagnetic layers which can be
either in a parallel (P) or antiparallel (AP) configuration. In
the P configuration, the spin valve does not cause supercon-
ducting vortex nucleation. In contrast, vortices can exist in the
AP configuration. This switching effect suggests a new way
to control quantum vortices in heterostructures. The precise
conditions under which this can occur will be detailed below.

II. THEORY AND MODEL

To demonstrate the spin-valve effect, we consider the
system shown in Fig. 1. Two superconductors are placed on
top of a topological insulator, maintaining a good electrical
contact to induce a measurable proximity effect. This can,
for instance, be a Nb-Bi,Te;-Nb heterostructure, in which
the presence of a Josephson effect has been experimentally
verified [11]. Between the superconductors is placed a pair
of ferromagnets. This creates an effective SFS Josephson
weak link on the two-dimensional surface of the TI via the
proximity effect. The distance between the superconductors
is L = 2¢&, where & is the superconducting coherence length,
which is assumed to also be the width of the system. The
exchange field in the ferromagnet is directed along the x
axis (between the superconductors). The magnitude of the
exchange field is constant in the x direction, but can be toggled
between either a P or AP configuration. Such a system can be
experimentally designed by separating the two ferromagnets
by a thin nonmagnetic spacer layer. If the ferromagnets have
different coercive fields, one may toggle between configura-
tions, for instance, by heating the system to above the critical
temperature of the superconductors, 7., apply a magnetic field
in the x direction large enough to switch the magnetization in
one of the layers, and then cool the system to below 7.. To
ensure different coercive fields, the ferromagnets may either
be different materials or have different sizes.

The surface of the three-dimensional diffusive topolog-
ical insulator here considered may be described by using
quasiclassical theory [12,13]. In the following, we use units

©2018 American Physical Society
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FIG. 1. The geometry considered. Two superconductors and a
spin valve are placed on top of a topological insulator. The spatial
variation of the exchange field induced by the antiparallel configura-
tion of the ferromagnets creates vortices in the TI. The spin valve is
shown lifted for clarity.

where /i = 1. In equilibrium, all physical observables may be
computed from the 2x2 retarded Green’s function

g f)
G=|"% , 1
(f -8 M

where g and f are the normal and anomalous Green’s func-
tions, respectively, and F(e) = f*(—¢). G has structure only
in particle—hole space, and the spin structure has been factored
out by a unitary transformation to take the spin-momentum
locking into account. A detailed description of this procedure
is given in Ref. [14]. In the diffusive limit, the Green’s
function is governed by the Usadel equation [15]

2DiV - (GVG) = [eo3, G, 2)

where VG = VG — U%__[ha_g, G], h is the in-plane exchange
field, D is the diffusion constant, ¢ is the quasiparticle energy,
vr is the Fermi velocity, and o3 is the third Pauli matrix.
We solve Eq. (2) in the region of the TI located between
the superconductors, which we consider as large enough to
be described by their bulk expressions, Gpcs, as given in
Ref. [14]. The numerical method we employ is described in
detail in Ref. [16], and only slight modifications are necessary
to adapt it to topological insulators. We neglect the inverse
proximity effect, which is a good approximation as long as
the Fermi level wry in the TI is substantially different from
++/ 2mv12, s, where m and ug are the electron mass and Fermi
level in the superconductor, respectively [17]. We further as-
sume transparent boundary conditions to the superconductors,
while the vacuum interfaces are described by the Neumann
boundary condition VG = 0. We note in particular that the in-
plane exchange field enters Eq. (2) in precisely the same way
as does the vector potential in a normal metal. A consequence
of this is that the system will react to a spatial variation in k
in the same way as if an effective flux @, = [, Vxh dr is
applied, where A is the area of the TI surface. This means
that for a sufficiently large inhomogeneous exchange field,
vortices may appear. Note that for a curl-free inhomogenous
h, vortices do not appear. An analogy to an SNS junction with
a uniform applied magnetic flux is found by considering an

exchange field & = —hoy%. In the Fraunhofer limit, where
the width of the junction (in the y direction) is much larger
than its length, the number of vortices in the system is equal
to the number of flux quanta that is applied. The relevant
flux quantum for the exchange-field-induced vortices in the
present paper is then &y = wvp. The square geometry of the
system studied herein influences the number and position of
the vortices. However, the number of flux quanta produced
by the effective flux &, still remains a good estimate for the
number of vortices.

From the retarded Green’s function, G, the density of
states, normalized by its value at the Fermi level, may be
computed as N(r,e) =Reg(r, ¢), with g(r, e) defined in
Eq. (1). Furthermore, the pair correlation in the TI, which is
a measure of the strength of the superconducting correlations
induced by the proximity effect, may be computed from

Y(r) = NO/ds [f(r,e)— f(r, —e)]tanh % 3)

where B = 1/kpT, T is the temperature and Ny is the density
of states at the Fermi level. Finally, the current density is given
as

J(r):JO/de Re[fvf*fvf*jlhff]tanh%,
F
(C))
with Jo = N()eD.

III. RESULTS AND DISCUSSION

We consider an in-plane exchange field and set h =
h,(y)x. The necessary (but not sufficient) requirement for
inducing vortices is then that d,h, # 0. To be specific, we
assume that the AP configuration of the ferromagnets induces
an antisymmetric exchange field with a spatial variation given
by h = hotanh(ay/L)X, where « is a shape factor which
determines the size of the transition region. We note that the
size of the effective flux ®;, and thus the net number of
vortices introduced, does not depend on the specific shape
of the exchange field since, by the fundamental theorem
of calculus, ®;, = L[A(L/2) — h(—L/2)]. To model the P
configuration, a constant exchange field h = h(X is assumed.

The two configurations show markedly different behaviors,
as is shown in Fig. 2 where we set « = 20 (the results are
qualitatively the same for all o > 1, which corresponds to
the magnetization saturating before it reaches the outer edges
of the magnetic regions). The uniform exchange field in the
P configuration introduces a phase shift between the super-
conductors, so that a net supercurrent flows between them.
Otherwise, the system is unaffected. The pair correlation
decays towards the center of the TI, but remains nonzero
everywhere, as seen in Fig. 2(a). In the AP configuration, there
is no net current due to the antisymmetry of the exchange field,
which induces an antisymmetric current-density distribution.
Furthermore, the exchange field produces a net effective flux
&), =~ 2hoL, which may cause vortex nucleation. This is
shown in Fig. 2(b) for iy = 2vp /€. In this case, two vortices
appear along the x axis—the region of largest effective flux
density. Figures 2(c) and 2(d) show the spatial distribution
of the density of states at zero energy for the two configu-
rations. In the P configuration, N(r, 0) is clearly uniformly
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FIG. 2. A comparison of the results for the parallel (upper row)
and antiparallel (lower row) configuration of the spin valve. (a)
and (b) show the absolute value of the pair correlation for the
two configurations, as given by Eq. (3). The localized zeros in the
antiparallel case indicate vortices. (c) and (d) show the density of
states N at zero energy, which is gapped in the parallel configuration
and admits a normal state solution at the location of the vortices in
the antiparallel configuration.

suppressed throughout the entire system, as is expected due
to the presence of a proximity-induced energy gap. In the AP
configuration, on the other hand, the presence of the vortices,
which have normal cores, leads to a more complicated topog-
raphy of the density of states, wherein a normal state value of
N = 1is found in localized regions surrounding the vortices.
The topological nature of these vortices is illustrated by the
phase of the pair correlation, which is shown in Fig. 3(a).
It is seen that for any closed contour around a vortex, it is
necessary to traverse two discontinuous jumps of value m,
giving a total winding of 2. This is the hallmark of a vortex.
Another signature of vortices is circulating supercurrents, as is
shown in Fig. 3(b), in which streamlines of the current density,
as given by Eq. (4), are plotted. Since the eddies produce an
out-of-plane magnetic field, which should be detectable using,
for instance, a scanning nanoSQUID device [18], this provides
means for experimentally verifying the presence of vortices. It
is interesting to note that there are currents circulating around
the origin of the system, as seen in Fig. 3(b). A conventional
vortex has a phase gradient that goes like V¢ ~ 2’:—" where
n is the winding number of the vortex, and r is the radius
from its center. This means that the phase gradient diverges
at the vortex core, leading to a suppression of the pair cor-
relation. The observed flow pattern in the present case is not
accompanied by such a suppression, and is hence not a vortex
in the topological sense. Rather, it is caused by an accidental
cancellation of the phase gradient at the origin due to the ap-
plied exchange field. This can be seen from the current density

0
x/L x/L

FIG. 3. Evidence of vortex nucleation. (a) The phase of the pair
correlation, showing a winding of 27 around each of the vortices.
(b) Streamlines of the current density, as given by Eq. (4), which
gives its direction at every point, showing that supercurrents circulate
around the vortices.

J ~ V¢. The x component, J,, is antisymmetric about the
x axis due to the antisymmetric exchange field. It therefore
vanishes along the x axis. The y component on the other hand,
must change direction as one moves along the x axis from
one vortex to the other. Jy is therefore zero in the origin as
well. This means that the magnitude of the current is zero at
this point, thereby producing the observed current pattern. We
emphasize that this eddy is not topologically protected, and
may be removed by minor perturbations of the exchange field.

The behavior of the vortices is greatly influenced by the
symmetries of the system. The model considered herein is
symmetric about the y axis, and either symmetric or antisym-
metric about the x axis, depending on the applied exchange
field. This means that a single vortex pair can only be located
on symmetrically opposite sides of the origin, along either
the x or the y axis without breaking the symmetries of the
system. For an increasing exchange field amplitude, hg, the
AP configuration will lead to the appearance of an increasing
number of vortices. The vortices enter the system from the
vacuum edges, and must do so in pairs from opposite sides.
Due to the low flux density near the vacuum edges, even the
slightest additional increase in /(y will cause the vortices to
translate along the y axis, meet at the origin, and stabilize
at a location along the x axis, as shown in Fig. 2. As hg
is increased further, vortices accumulate along the x axis.
This will, in turn, result in a complete suppression of the
density of states in their vicinity, whereas superconductivity
will still be present closer to the vacuum edges. We point out
that while the present discussion relies on the symmetry, the
symmetry is not crucial to observe the spin-valve effect. The
only requirement is the ability to switch between a rotational
and an irrotational exchange field. Another interesting feature
of the inhomogeneous effective flux density is that it leads
to significant vortex pinning. Indeed, if the superconducting
leads are given a phase difference, for instance by applying a
current bias, so that a net supercurrent flows between them, the
vortex positions are only slightly perturbed. This is in contrast
to the behavior of conventional SNS Josephson weak links
with an applied magnetic flux, where a phase difference leads
to a transversal shift of the vortex positions [6,7].
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FIG. 4. An analysis of the effect of the spacer layer. (a) The
transversal distribution of the exchange field h for increasing size
§ of the central region of suppressed magnetization. (b) The zero-
energy density of states along the y axis for the exchange fields in
(a). (c) The phase of the pair correlation for the case where § = 0.2,
showing the appearance of a vortex—antivortex pair.

The exchange field induced on the topological insulator
is assumed generated by two separate ferromagnets with an
intermediate spacer layer. In the P configuration, this will
likely create a suppression of the induced exchange field
beneath the spacer. The resulting 9,4, # 0 could in itself
induce vortices in the system, in addition to the switching-
effect we have described above. To investigate this, we con-
sider a P exchange field k(y) = ho{1 + 0.5(tanh[a(y/L — §)]
— tanh[a(y/L + §)])}X, where § is another shape factor indi-
cating the width of the central dip in k(y). The exchange field
is plotted along the transversal direction y for increasing § in
Fig. 4(a). Since the exchange field is symmetric, the effective
flux @, = 0. Nonetheless, topological excitations in the form
of vortex—antivortex pairs may be induced. It is clear that
this can happen if an effective flux greater than @, passes
through any subdomain of the system within which vortex
nucleation is allowed by symmetry. The central dip in the
exchange field will cause vortices to nucleate where Vxh
is largest and positive, at y = §L, whereas antivortices will
nucleate at y = —3§ L, where the largest negative effective flux

density is found. To conserve the symmetry of the system, a
single vortex—antivortex pair must appear along the y axis.
The first appearance of such a pair may therefore be gauged
from the zero-energy density of states along this line, as is
shown in Fig. 4(b). It is seen that N remains gapped for a
sufficiently small dip, as exemplified by 6 = 0.05 and § = 0.1.
This shows that the vortex spin-valve effect is robust against
small deviations from a constant exchange field due to the
presence of the spacer layer. For § = 0.2, however, a vortex—
antivortex pair appears, and the gap in the density of states
closes. This is verified from the phase of the pair correlation,
shown in Fig. 4(c), where the two vortices along the y axis are
seen to have opposite windings.

IV. CONCLUSION

We have considered a Josephson weak link made on the
surface of a topological insulator, onto which is proximity
coupled two ferromagnets separated by a spacer. By using
microscopic calculations, we have shown that it is possible to
switch vortices on and off in this system solely by toggling
between an AP and P configuration of the ferromagnets,
respectively. We further show that this vortex spin-valve effect
is robust against small deviations in the induced exchange
field caused by the spacer layer.

An interesting direction for future work would be to study
the effect of an electrically induced phase gradient in the
superconducting leads, which has recently been shown to
generate vortices in proximitized normal metals [9].
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We study the inverse proximity effect in a bilayer consisting of a thin s- or d-wave superconductor (S) and
a topological insulator (TI). Integrating out the topological fermions of the TI, we find that spin-orbit coupling
is induced in the S, which leads to spin-triplet p-wave (f-wave) correlations in the anomalous Green’s function
for an s-wave (d-wave) superconductor. Solving the self-consistency equation for the superconducting order
parameter, we find that the inverse proximity effect can be strong for parameters for which the Fermi momenta
of the S and TI coincide. The suppression of the gap is approximately proportional to e~!/*, where A is the
dimensionless superconducting coupling constant. This is consistent with the fact that a higher A gives a more
robust superconducting state. For an s-wave S, the interval of TI chemical potentials for which the suppression
of the gap is strong is centered at g1 = ++/2mv}p, and increases quadratically with the hopping parameter 7.
Since the S chemical potential u typically is high for conventional superconductors, the inverse proximity effect
is negligible except for ¢ above a critical value. For sufficiently low 7, however, the inverse proximity effect is
negligible, in agreement with what has thus far been assumed in most works studying the proximity effect in
S-TI structures. In superconductors with low Fermi energies, such as high-7, cuprates with d-wave symmetry,
we again find a suppression of the order parameter. However, since p is much smaller in this case, a strong
inverse proximity effect can occur at s = 0 for much lower values of . Moreover, the onset of a strong inverse
proximity effect is preceded by an increase in the order parameter, allowing the gap to be tuned by several orders

of magnitude by small variations in fery.

DOI: 10.1103/PhysRevB.99.094505

I. INTRODUCTION

Topological insulators (TIs) are insulating in the bulk, but
host metallic surface states protected by the topology of the
material [1-3]. For three-dimensional topological insulators,
the two-dimensional (2D) surface states can be described by
a massless analog of the relativistic Dirac equation, having
linear dispersions and spin-momentum locking. Many inter-
esting phenomena are predicted to occur by coupling the TI
to a superconductor, thus inducing a superconducting gap in
the TI [4]. For instance, such systems have been predicted
to host Majorana bound states [5], which could be used
for topological quantum computing. Moreover, the Dirac-
like Hamiltonian o - k has consequences for the response to
exchange fields, allowing the phase difference in a Josephson
junction to be tuned by an in-plane magnetization to values
other than 0 and 7 [6], and inducing vortices by an in-plane
magnetic field [7,8].

Numerous papers have studied the interesting phenom-
ena that have been discovered in topological insulators with
proximity-induced superconductivity [9-22]. To our knowl-
edge, however, much less attention has been paid to the
inverse superconducting, or topological [23], proximity ef-
fect, i.e., the effect that the topological insulator has on the
superconductor order parameter. There have been indications
that superconductivity might be suppressed [17], while other

“Corresponding author: asle.sudbo@ntnu.no
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studies have found no suppression [20], One recent study
demonstrated that the proximity to the TI induces spin-orbit
coupling in the superconductor (S), possibly making a Fulde-
Ferrel [24] superconducting state energetically more favorable
near the interface of a magnetically doped TI [25]. Another
study showed that the TI surface states can leak into the su-
perconductor, resulting in a Dirac cone in the density of states
[26]. In this paper, we focus on the superconducting gap itself
and study under what circumstances the inverse proximity
effect is negligible, as is often assumed in theoretical works.

Using a field-theoretical approach, we study an atomically
thin Bardeen-Cooper-Schrieffer (BCS) s-wave superconduc-
tor and d-wave superconductor coupled to a TI. While this
is an approximation for most conventional and high-7, super-
conductors such as, e.g., Nb, Al, and YBa,Cu305, supercon-
ductivity has been observed in, e.g., single-layer NbSe, [27]
and FeSe [28-30]. Integrating out the TI fermions, we obtain
an effective action for the S electrons. Due to the induced
spin-orbit coupling, spin-triplet p-wave (f-wave) correlations
are induced in the s-wave (d-wave) superconductor.

Solving the mean-field equations, using parameters valid
for both conventional s-wave superconductors and high-7.. d-
wave superconductors, we find that in both cases a strong
suppression of the superconducting gap is possible. For con-
ventional superconductors, where the Fermi energy u is high
compared to the cut-off frequency, the coupling between the S
and the TI has to be quite large in order for the inverse proxim-
ity effect to be strong for relevant TI chemical potentials ry.
This can explain the lack of any inverse proximity effect in

©2019 American Physical Society
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experiments [20]. In high-7,. d-wave superconductors, on the
other hand, where the Fermi energy is much smaller, we find
a strong gap suppression at much lower coupling strengths,
which might therefore be experimentally observable. For
these systems, we also find an increase in the gap for w1y just
outside the region of strong inverse proximity effect.

The remainder of the paper is organized as follows: The
model system is presented in Sec. 11, and the effective action
for the S fermions and order parameter is derived in Sec. III.
In Sec. IV we derive the mean-field gap equations for the
order parameter. Numerical results for the superconducting
gap are presented and discussed in Sec. V, and summarized
in Sec. VI. Further details on the calculation of the criteria
for strong proximity effect, the Nambu space field integral,
the zero-temperature, noninteracting gap solutions, and the
numerical methods used, are presented in the Appendices.

II. MODEL

‘We model the bilayer consisting of a thin superconductor
(S) coupled to a TI by the action

S =8+ +S:. (1)

In Matsubara and reciprocal space, the superconductor is
described by

1 k?
Ss= gy Zc <k><—zwn +o M>C(k)

_ Z W, k3 T(k’)c'i(—k/+q)c¢(—k+q)cT(k),
e BV)

(@)

where c(k) = [cy(k) ¢ ()]" with ¢4y (k) denoting the anni-
hilation operator for spin-up (spin-down) electrons, m is the
electron mass, and p is the chemical potential in the S. § =
1/kgT and V = L,L, are the inverse temperature and system
area, respectively. We have used the notation k = (w,, k) [¢ =
(2, q)], where w, (£2,) is a fermionic (bosonic) Matsubara
frequency, and k (q) the fermionic (bosonic) in-plane wave
vector. Vi k' 18 the pairing potential, which can be written [31]

Vi = go(k)v(k"), 3

where v(k) = 1 for s-wave pairing, and v(k) = ﬁcos(quk)
for de_y_-wave pairing, where ¢y is the angle of k relative
to the k, axis. The coupling constant g is assumed to be
nonzero only when —w_ < k2 /2m — < w4, where wy is
the upper (lower) cut-off frequency. For conventional s-wave
superconductors this is typically taken to be the characteristic
frequency wp of the phonons, while the cut-off frequencies in
high-7, superconductors are of the order of the characteristic
energy of the antiferromagnetic fluctuations present in these
materials [32-35]. We will set i = 1 throughout the paper.
For the TI we use the Dirac action

1 .
St = BV Z W (k) (—iwy + vpk - 0 — pr)W(k), (4
k

where W(r) = [Y4(r) ¥, (r)]" describes the TI fermions, vg is
the Fermi velocity, and o1y is the TI chemical potential. The

S and TI layers are coupled by a hopping term [25,26,36,37]

__1! i
S = AV 1" (ywik) + W (k)e(k)]. (&)

Similar models were recently used in Refs. [25,26] when
studying similar systems with an s-wave S. The full partition
function of the system is therefore

7= /D[cf,c]efss </ DI, \p]e*ST'*&)A (6)

III. EFFECTIVE ACTION

As we are interested in the inverse proximity effect in
the S and its consequences for the superconducting gap, we
integrate out the TI fermions by performing the functional
integral Zry, = [ D[W', W]eS, where
{\IJT(k)( —

Sty = —— Gy )W) — tc" (k)W (k)

BV 4
+ \Iﬁ(k)c(k)]}. M

Here, we have defined the matrix G;II = iw, — vpk - 0 + 1.
Performing the functional integration leads to an additional
term in the S action,

2
8Ss = ,;7 Xk: ¢ () Grie(k), ®)

with the TI Green’s function
iw, + put + vek - @
Gy = 11 T12F224 ©)
(iw, + pm)?* — vk

The effective S action thus reads

1 _ Vkr kK
S = —— N " TGy leth) - L I(D)
BV Xk: ’ k;q Bvy!
x el (=K' + q)ey (—k + q)er (), (10)

where we have defined the inverse noninteracting Green’s
function
k2
Gy' = iw, — ol 2Gry. an

From this we see that the coupling to Gty in Eq. (9) leads to
an induced spin-orbit coupling ~k - ¢ in the S, in agreement
with Ref. [25].

Performing a Hubbard-Stratonovich decoupling [38], the
four-fermion term in the S action can be rewritten in terms of
bosonic fields ¢(g) and ¢'(¢),

Vi k N
_Z '3‘/)‘4 T(k

k.k'\q

1
K + ek + e ®) = o

< Y lp(@vE)c](k)c| (—k + q) + Hel. (12)
k.q
This also leads to an additional term in the total system action

\%
= ’% > o' @) (13)

q
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and a functional integration of the bosonic fields in the parti-
tion function. Note that the decoupling is performed such that
the bosonic fields have units of energy.

By defining the Nambu spinor

Clk) = ley(ky ey (k) el (=k) | (=R, (14)

the effective S action can be written

S = — LS ciwg ke, ()

28V v
where
Gk, k)= ( Gy (k)i ok - k’)v(kT)iay )
—¢"(—k + kv (k)ioy, —[Ga (—k)] Six

16)

Performing the functional integration over the fermionic
fields, we arrive at the effective action for the bosonic fields

74 . 1
Se = % Y ¢ @@~ Trin=G"h. A7)
q

The additional factor 1/2 in front of the trace is due to the
change in integration measure when changing to the Nambu

spinor notation (see Appendix B and, e.g., Ref. [39] for
details).

IV. MEAN-FIELD THEORY

Since G, Yiwy, K) is still inversion symmetric in the di-
agonal basis (see below), we assume that the bosonic field
¢(g) is temporally and spatially homogeneous as in the
regular BCS case. However, a recent study has shown that
introducing in-plane magnetic fields in the TI breaks this
symmetry and can make a Fulde-Ferrel [24] order parameter
energetically more favorable in an s-wave S [25]. Calculating
the matrix G(k) assuming a spatially homogeneous bosonic
field ¢(q) = 8404, and defining the superconducting order
parameter A(k) = A - v(k), we get

G(k)

G(k) = F&) 18
= (F*(k) ) {19

~G"(—k)

where to leading order in ¢

Glk) = ek tion (et iw,)*[(iw, + pr1) + vek - o] _p [AK)[(iw, — 1) — vik - o] (19)
= 2 2 . 2 . ’
&+ o (&2 + w2) [vEK? — (iw, + )2 (&2 + w2) [vEK? — (iw, — )2
pr B0 [ (3 = i = oasin — R + i+ o)
&+ o (&8 + o) [wrlk] = ) + 2] [(wrlk] + pr)? + 2]
212 2 2 2
vgk™ — + w;)ex — 20
42— (vik® = sy . ”)2" L N 2 L 20)
(&2 + w2) [(wrlk] — ) + 2] [(ve K] + ) + 2] ‘
[
with ex =k?/2m — o and & = Veg +|AK)[%. As men- with
tioned above, the proximity-induced spin-orbit coupling leads )
: : : t

to nondiagonal ter‘ms in G(k?. Moreover, F (k) now has dlggo- G;.lo k) = iw, — € — - Q1)
nal terms ock - oioy, signaling that p-wave (f-wave) triplet ’ iw, + w1 F velK|
superconducting correlations are induced in the s-wave (d-
wave) superconductor. This has been shown to be the case and
in s-wave superconductors when the spin degeneracy is lifted ‘
by spin-orbit coupling [40]. A similar expression was found P(k) = 1 /1 it ”
for the anomalous Green’s function on the TI side of an S-TI (k) = ﬁ 1 —e itk r (22)

bilayer in Ref. [41]. The results in Ref. [41] also suggest
that odd-frequency triplet pairing could be induced in the
S by including a magnetic exchange term m - ¢ in the TI
Lagrangian.

Gap equation

While the above Green’s functions contain information
about the correlations in the superconductor, the supercon-
ducting gap must be determined self-consistently. We first
change to the basis which diagonalizes the nonsuperconduct-
ing normal inverse Green’s function G, ! We find G;})(k) =

P(k)Gy' (k)PT(k), where G (k) = diag[G7 ' (k), GZ' (k)]

Here ¢ is the angle of k relative to the k, axis. + (—) here
denotes the Green’s function for positive (negative) chirality
states. Inverting G;}) we find the Green’s functions

i, F velK| + pmt
Giolk) = R
£ = G (0w — e ()]

(23)

where

€/ (k) = $lex + avplk| — pm
+ V(e — avplk| + pum)? +42],  (24)

094505-3
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with o, y = £1. The Green’s function has residues

ek — avg|K| + prr
2y /(ex — avplk| + )2 + 412

Wi =3+ (25)

We next transform the entire inverse Green’s function G
using g;l(k) = Pk)G' (k)P (k), where

which yields
G,y (k)
-1 d,0
k)= ol
G4 () <—Af(k)e'¢kaz

Hence the full Green’s function matrix for the superconductor

is
Gatky  Fy(h)
g"(")‘<F;(k> Gd(k)>’ o9

—AK)e o,
_. . 27
_Gd,()(_k)

where we have defined the 2 x 2 matrices Gy(k) =
Pk) 0 diag[G+(k), Q,(k)] and Fy(k) = diag[F; (k), F_(k)], and
Pk) = < 0 P*(—k))’ (26) Green’s functions
|
. + . _ .
Gj: (k) = [lwn:'_ €1 (k)] [lwnj' €4 (k)] [la)n iF UF|k| + .UVTIE i (298.)
liw, — &L )][iwy + & (K)][iw, — &5 K)][iw, + 51 (K)]
AK)e [ (iwy)* — (£vplK| — pr)*]
Fi(k) ==+ . 29b
=0 liws — &5 ()][iw, + & W)]liw, — EX )]liw, + &5 (K)] (29)
The eigenenergies of the system are now given by the poles in the above equation, where
1
£7(6) = — (82 + (@wplkl| — prm)? + 222 + /[ — @velkl — 2] + 4r20(ex + avplk| — pm)? + 1AGOP] 2 (30)

V2

The gap equation for the amplitude A is found by requiring

% = 0 [38], which yields

& 8 —ix
A = ,W;trﬁ;(k)v(k)aze ., (31)

Inserting the Hermitian conjugate of Eq. (29b) and performing
the sum over Matsubara frequencies, we get the gap equation,

g 2[££ 00 — elkl — pm? BEF(K)
1=—= k h
av Zk v {s:<k>[s:<k)2—s;(k>2] B

6 (&) — (vplk| — prp)? canp 25+ &)
£ (REL (k) — &1 (k)2 2

£ (k)? — (velK| + pm)? BET (k)
anh

EXRIEX (k)2 — &2 (k)?] 2
_ £2(k)* — (vplK| + pm)? anh ﬂé:(k)}
EZ)[EF (k)2 — &2 (k)?] 2 '

Setting + = 0 simply yields the regular BCS gap equation,
which results in a gap Ag = 2wpe™'/* in the s-wave case [42],
where A = gDy/V is a dimensionless coupling constant, and
D, is the density of states at the Fermi level. d-wave pairing
results in a slightly smaller gap for the same values for A
and the cut-off frequencies (see Appendix C for details). For
t # 0, the above equation can be expressed in terms of an

energy integral over ek using vp|k| = vpv2m(ex + @).

(32)

V. RESULTS AND DISCUSSION

From the expressions for the system eigenenergies in the
nonsuperconducting case, Eq. (24), we see that the S and
TI bands have hybridized, leading to avoided crossings. The
effect of this hybridization is largest when the chemical

potential of both the S and TI is tuned such that the Fermi
momenta coincide, i.e., for pum = v 2mvl%u. A possibly
strong proximity effect should therefore be expected to occur
in a region close to these values of 1y, the size of which
increases with increased hopping 7. In the following we
numerically solve the gap equations for both s- and d-wave
superconductors for relevant parameter values.

A. s-wave pairing

Using numerical values p ~ 5 eV, a cutoff correspond-
ing to the Debye frequency, fiwy = hwp ~ 25 meV [43],
h2/2m ~ 40 meV nm?, five ~ 300 meV nm [20,44], and A =
0.2, we solve the gap equation in Eq. (32) for different values
of t and puyr at T =0 for an s-wave superconductor. The
results in Fig. 1(a) show that the absolute value of the gap
is not changed significantly due to the inverse proximity
effect for small ¢, except for wur close to \/2mv§p,. Both
for prr above and below this region, the inverse proximity
effect is small, signifying that the disappearing gap in the
region where the inverse proximity effect is strong cannot
be simply related to the increasing density of states in the
TI. For increasing ¢, the region where superconductivity is
suppressed increases quadratically with ¢, eventually leading
to suppressed superconductivity also at pry = 0.

The strong suppression of the order parameter can be
understood from the fact that the pairing potential is attractive
only when [k?/2m — 1| < wp, corresponding to wave vectors
between ki = ~/2m(u £ w+). This means that the Fermi
wave vectors kg of the bands in Eq. (24), the value of K|
for which €} (k) = 0, have to satisfy k_ < kg < k, in order
to contribute significantly to the integral in the gap equations
and thus give a finite gap. This can be seen by comparing
the left panels in Fig. 1(b), where the upper left panel shows
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FIG. 1. (a) Plot of the superconducting gap at 7 = 0 for an s-wave superconductor as a function of wr; and ¢ and with an upper cutoff
w4 = 0.0025 eV, normalized to the bulk value |A¢| for parameter values relevant for Nb-HgTe bilayers. The k values for the TI appear vertical
on this plot as a function of 1 due to the small value of the cutoff w, . The numerical results show that the zero-temperature gap essentially is
unaffected by the proximity to the TI for small values of ¢, where the suppression is severe only for values of 1y close to v/2mviu, a value far
too large to be experimentally achievable. However, for increasing 7, the region where superconductivity is suppressed increases quadratically
with ¢, eventually leading to a suppression also for wr; = 0. The inset shows the normalized gap at + = 0.1, 0.2, and 0.3 eV, indicating that
the gap is not suppressed entirely in most cases, but rather to a reduced value of Age~!/* (dashed line), consistent with there being only one
band contributing to superconductivity in this region. The exception is close to pur; = 0 for # = 0.3 eV, where there are no bands with Fermi
wave vector between k_ and k., resulting in A = 0. This is the case in the area restricted by the dotted line in the main figure. (b) The upper
left panel is a plot of the integrand in the gap equation, Eq. (32), evaluated at A, for wave vectors k_ < |k| < k. and ¢t = 0.1 eV, where light
colors correspond to high values of the integrand. The three remaining panels show the magnitude of the Fermi wave vectors kg of the bands
defined in Eq. (24) (left axis) in the same interval at 1 = 0.1, 0.2 and 0.3 eV, and the normalized gap (right axis). Notice that the plots are
close to symmetric around g1 = 0 since wp < . The dash-dotted lines are ké and k;' (u1), the Fermi wave vectors of the S and TI for 7 = 0,
respectively. Comparing the two left panels it is clear that the main contribution to the integral in the gap equation comes from wave vectors
close to the Fermi wave vectors of the bands in the relevant |k| interval. p,%ii (t) are plotted as dashed (¢ = 1) and dotted (¢ = —1) lines in all

plots, indicating the onset of the region in parameter space where superconductivity is greatly suppressed.

the integrand of the gap equation, Eq. (32), and the lower
left panel plots kp for the bands in Eq. (24) as a function of
. The main contribution to the gap equation clearly comes
from the values |k| = kg. From Fig. 1(b) we also see that as
1 approaches £+ 2mv1§p,, the value where the Fermi wave
vectors for the bare the S and TI bands, k1§ and kgl(pm) Cross,
the wave vector of one of the bands exceeds k and thus does
not contribute to the gap equation. Now there is only one
nondegenerate band inside the relevant region, meaning that
the density of states and thus A is halved compared to thet = 0
case, where the band is doubly degenerate. Hence the resulting
gap is suppressed to Age™'/* = 2wpe~?*, in good agreement
with the numerical results, as shown by the dashed line in the
inset in Fig. 1(a). This also means that the suppression is less
severe for higher A, which we have confirmed by numerical
simulations.

For positive wry, the Fermi wave vector in one band exits
the integration interval [k_, k;] at pur = /L:FI’_, while a new
band enters this region at puy = ,ufrrfr, where we have defined

l‘2
HiF (1) = ey 2mui(n F op) £ — (33)
'D

(see Appendix A for details). A similar argument holds
for negative w11, and hence superconductivity is strongly
suppressed for

wE < pm < wgT (34)

indicated by the dashed and dotted lines in Fig. 1. If the hop-
ping parameter is large enough, > > wpv2mvi(p F wp) =
(t+)?, wp; " and i~ change sign. Hence, for [¢] > |ty | > |r_|
and ,u%” < Ut < /L{I’Jr, no bands have a Fermi wave vector
between k_ and k., resulting in A = 0, as seen for7 &~ 0.3 eV
and low w1y in Fig. 1. Since u >> wp, all results are close to
symmetric about py; = 0, as seen in Fig. 1(b).

In order for strong suppression to occur for some value of
w1, we must require u;~ < u§;*. For o = —1 this always
holds, while for « = +1 we get a lower limit for 12,

2 > a)D[\/vag(u + wp) — \/va%(u - a)D)]. (35)

For conventional s-wave superconductors u >> wp, meaning
strong suppression can occur even at low values of ¢, though
for TI chemical potentials close to =+ 2mv§p,.

While this result is strictly only valid in the limit of an
atomically thin superconductor, we expect that this effect
in principle could reduce the zero-temperature gap and thus
also reduce the critical temperature in superconducting thin
films. However, for typical parameter values in TIs and s-wave
superconductors, the values of pwr; where superconductivity
vanishes is inaccessible, tuning sy by several eV would place
the Fermi level inside the bulk bands of the TI, where our
model is no longer valid. The only exception from this is
when |f| 2 |t_|, when superconductivity is suppressed even
at urp = 0. The fact that no strong inverse proximity effect
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FIG. 2. (a) Plot of the superconducting gap at T = 0 for a d-wave superconductor as a function of wr; and ¢ with upper cutoff w, =
0.15 eV, normalized to the bulk value |A| for parameter values relevant for bilayers consisting of HgTe and high-7, superconductors. The gap
is strongly suppressed for pu5; < prr < 4y, where the approximate (exact numerical) functions p3; (1) in Eq. (36) are plotted as dotted (dashed)
lines. The approximate solution is only valid for kg & k3, corresponding to small ¢. For gy ~ ;ﬁl () the gap increases beyond Ay. (b) Plot of
the magnitude of the Fermi wave vectors of the bands in Eq. (24) in the interval k_ < kp < k; (left axis), together with the normalized gap
(right axis) for w, = 0.15 and 0.04 eV. The upper limit k. in the left axis corresponds to w, = 0.04 eV. The black dash-dotted lines show the
S and TI Fermi wave vectors for = 0. As for the s-wave case, the strong suppression of the gap is due to only one band having a Fermi wave
vector in the integration interval. Note how the values of kg (11y) of the hybridized bands (originating with the left # = O crossing of the kg’s of
the TI and the S) bend back in a pronounced way as a function of w1y (kr is @ multivalued function of w1y since there are four bands). This leads
to an enhanced density of states for these values of zr;. This in turn gives an enhancement of the gap in the immediate vicinity of the region of
et where the gap is suppressed by the disappearance of bands crossing the TI Fermi surface. This effect is not seen in the s-wave case, where

the pronounced back bending of kr(411) does not occur inside the integration interval with the much lower values of w, [see Fig. 3(a)].

has been observed, e.g., in Ref. [20], might indicate that the
coupling constant ¢ is below this limit, meaning that an un-
physical high chemical potential is needed in the TI to observe
the vanishing of superconductivity. Since conventional s-wave
superconductors have high Fermi energies, it might not be
possible to reach the parameter regions where superconduc-
tivity vanishes, unless the chemical potential in the S can be
lowered significantly, the Fermi velocity of the TI is lowered
by renormalization, as was proposed in Ref. [26], or the
coupling between the layers can be increased beyond 7_. How-
ever, as we show below, similar effects are present also for
unconventional, high-7, superconductors, for which the Fermi
energy is lower. Examples of such superconductors would be
the high-T,. cuprates and the heavy-fermion superconductors. '

B. d-wave pairing

Using a much lower chemical potential in the S, p ~
35 meV [45], and an upper cut-off frequency comparable to
the spin fluctuation energy in the high-7. cuprates, w; ~
0.04—0.15 eV [32,33,46], w_ = u, and parameters otherwise
as for the s-wave case, we solve the gap equations for a d-
wave superconductor. First of all, the effect of the d-wave gap
structure, compared to an s-wave gap, is an overall change in
scaling, just as is the case for A (see Appendix C). Hence, the
results for A7/ AS™V* are identical to AY7V¢/ Ag’wa"e

! Although heavy-fermion superconductors nominally have a
quitelow critical temperature in absolute terms, they are nevertheless
high-T7, superconductors. Their critical temperatures are a significant
fraction of their Fermi-temperatures.

when using the same parameters, and we have therefore
solved the numerically more efficient s-wave gap equations
with parameters valid for high-7; superconductors.

Figure 2(a) shows the numerical results for the normalized
gap as a function of w1y and 7. The most prominent difference
compared to the results in Fig. 1 is that the results are no
longer symmetric about pp; = 0, which can be understood
from the fact that w, is of the same order of magnitude or
larger than p. Due to the anticrossing of the Fermi wave
vectors at negative iy, there is only one Fermi wave vector
between k_ and ki for pup < pm < ,uﬁl [dashed lines in
Fig. 2(a)], leading to strong suppression for negative fury.
This is illustrated in Fig. 2(b), where we plot the Fermi wave
vectors of the bands together with the normalized gap as a
function of py for different values of . The figure also shows
how the regions of strong mixing between the bands increases
with increasing 7. Interestingly, the suppression of the gap is
preceded by an increased A at ;/qi.l, due to the bending of
the Fermi wave vectors away from the crossing point of kg
and kgl(p,ﬂ), which leads to an increase in the density of
states at the Fermi level. This is illustrated in Fig. 3(b), where
for TI chemical potentials uﬁ the bands have a minimum
(maximum) at the Fermi level, resulting in high densities of
states. The difference in the gap enhancement between
and w7y is due to the combined effects of different spectral
weights, indicated by the linewidths in Fig. 3(b), and the size
of the Fermi surface, leading to a net larger increase in |A| at
(- In the small 7 limit, we find the approximate expressions

mv> 1/ 1
Wi = —/2mviu £ 2(2—:) t+ Eﬁ. (36)
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FIG. 3. Plots of the bands € (k) in Eq. (24) for (a) s-wave and (b) d-wave parameter values and different values of wr;. The linewidths are
proportional to the spectral weights w? (k) of the bands [see Eq. (25)]. In (a) the values of j1; correspond to a barely suppressed (i1 = 0.0 eV)
and strongly suppressed (i = —3.3 eV &~ —+/2muv} ) gap for coupling ¢ = 0.2 eV. The inset shows that there is no hybridization of bands
close to the Fermi level (dashed line) for the lowest w17, while the strong hybridization for py; = 3.3 eV leads to only one band crossing the
Fermi level in the interval [k_, k] (dotted lines). In (b) we see that only one band crosses the Fermi level for 1y = —0.25 eV, explaining the
strong suppression in this case. At wy = 3 we have an increase in |A|, which can be explained by the bands having minima/maxima at the

Fermi level in these cases, leading to high densities of states.

These lines are plotted in Fig. 2(a) (dotted lines) together with
the exact numerical solutions (dashed lines) (see Appendix A
for details). This increase in |A| is not due to the the d-wave
symmetry, and should therefore be present for py = p.]i.l
whenever the interval [k_, k] includes either of the points
kg =+ |5kg|, where 8kg is defined in Eq. (A7).

For positive pry there is a small reduction in A close
to pum = \/ZmUI%M, even though there are three bands with
kg € [k_, k.]. However, since the numerator of each term in
the gap equation, Eq. (32), can be written Eot*(k)2 — (avglk| —
wr)?, regions where f;‘ai(k) are similar to the bare TI bands
contribute little to the gap equations, resulting in a small
decrease of A.

The effect of using a lower upper cutoff in the solution of
the gap equations is also shown in Fig. 2. Comparing the w; =
0.15 and 0.04 eV lines, we see that for high ¢, the mixing of
the S and TI bands is still significant at kg = k., leading to
abrupt changes in A. For the negative p1; the main effect of
lowering the upper cutoff w is a further increase of A at /L%I.

From the above results, it is clear that a strong suppression
of the gap is more probable in S-TI bilayers consisting of a
high-7; S, where both the chemical potential — 2mv§u cor-
responding to k§ = k'(1r) and the hopping strength needed
for strong suppression at put; = 0 is much lower. Hence, we
may expect a strong inverse proximity effect in such systems,
with a strength determined by A, as illustrated in Fig. 4 for
both the s- and the d-wave case. Increasing A leads to a
reduced suppression of the gap, consistent with the fact that
the superconducting state is more robust for higher A. For the
s-wave case, the suppression is proportional to e~!/*, This
holds only approximately for the d-wave case due to other
factors than Fermi level crossings affecting the suppression,
such as changes in the spectral densities at the Fermi level and
changes in the size of the Fermi surface (see Fig. 3), effects
which are small in the s-wave case. From the results in Fig. 2
we also see that it should be possible to change A by several

orders of magnitude by small changes in w1y, again depending
on the value of A as illustrated in Fig. 4.

VI. SUMMARY

We have theoretically studied the inverse superconducting
proximity effect between a thin s-wave or d-wave supercon-
ductor and a topological insulator. Using a field-theoretical
approach, we have found that in both cases there are regions in
parameter space where the inverse proximity effect is strong,
leading to a strong suppression of the gap approximately
proportional to e~!/*. The suppression can be related to the

100 =wave. 1 = 0.2eV —02

\/7 o3
= i 0.4
<107 !4
L1073 —05
ERNN
1072-5
5 0 5

d-wave, t = 0.05 eV

[A]/]A0]
=R
| (=}
—- >
FRETIT T I

_.
S
]

0.0 0.5
ur [eV]

|
W

FIG. 4. The figure shows how the dimensionless coupling con-
stant A affects the suppression of the superconducting gap for s-
wave S with 1 = 0.2 eV (top) and d-wave S with r = 0.05 eV and
w4 = 0.15eV (bottom). Increasing A makes the superconducting
state more robust, reducing both the suppression of A, and also the
increase in A at 43 in the d-wave case.
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hybridization of the TI and S bands, and the large degree of
mixing which occurs when the Fermi wave vectors of the S
and TI coincide for chemical potential py = £+ 2mv]%/¢. A
larger value of A results in a more robust superconducting
state, and hence less suppression.

For parameter values relevant for s-wave superconductors,
the interval of suppression grows quadratically with the hop-
ping 7, and eventually leads to strong suppression even at
wr = 0. However, since there have been no experimental
indications of a strong inverse proximity effect, we must
conclude that the hopping is too weak to lead to suppression
for experimentally accessible values of pry. Neglecting the
inverse proximity effect regarding the stability of the super-
conducting order therefore seems to be a good approximation
for conventional s-wave superconductors.

A similar effect of suppressed superconductivity is also
present for d-wave superconductors with parameter values
relevant for the high-7. superconductors. In this case the
strong suppression is found for TI chemical potentials close
to —+/ 2mv§u, where the interval of strong suppression of
the gap grows approximately linearly with ¢. Since the Fermi
energy w is much lower for high-7; superconductors, both
the magnitude of the chemical potential —v/2muvZ, and the
hopping strength needed for strong suppression at py; = 0 is
much lower, making a strong inverse proximity effect more
probable in such systems. In contrast to the s-wave case, the
region of strong suppression was preceded by an increase in A
above Ay. This is, however, not a consequence of the pairing
symmetry, but rather the difference in system parameters. For
large enough cut-off frequencies, the integration region will
include a band minimum/maximum just touching the Fermi
level, leading to a large increase in the density of states, and
thus increased gap.

We also find that the spin-triplet p-wave (f-wave) super-
conducting correlations are induced in the s-wave (d-wave)
S due to the proximity-induced spin-orbit coupling. Possible
further work could include breaking the translation symmetry
in the x or y direction and probing the density of states normal
to the z axis, possibly revealing signatures of p-wave or f-
wave pairing. Moreover, it could be interesting to study the
spatial variation of the order parameter in a superconductor
with finite thickness.
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APPENDIX A: CRITERIA FOR STRONG
PROXIMITY EFFECT

For superconductivity to occur, the Fermi wave vector
of at least one of the bands has to lie within the interval

of attractive pairing, which for s-wave superconductors is
V2m(u — wp) < |K| < vV2m(u + wp). We find the Fermi

wave vector of the energy bands by setting € (k) = 0, which

yields the equation
lavg|k| — prilex — 12 = 0. (AD)

Inserting |k| = ky we get the value of w1y for which the Fermi
wave vector of a band enters or leaves the interval of attractive

pairing,
o+ 2 tz
g (1) = ay/2mug(u F wp) £ —.
wp

The Fermi wave vectors of the bands ¢, (k) exceed
ki at pg;, while the Fermi wave vectors of e} (k)

(A2)

enter the interval [k_,ky] at w$*. pft (uyT) s
always positive (negative), while ,u;rl" and uﬁ*
change sign when t> > wpv 2mv§(,u + wp) = (tar)2 and
2 > wpV 2mv§(p¢ —wp) = (1 )2, respectively,  where
Ity > It |-
Hence we have strong suppression when
w < wm < gt (A3)

which for @ = +1 requires

2> w[\/va}%(M + wp) — \/vaé(u —w)].

Moreover, for || > |t.| and MT.I” <t < ;L]TI'JF no bands
have a Fermi wave vector inside the relevant interval, and the
gap is zero.

For the d-wave S we find an increase in the gap function for
certain values of s11. An increase in the gap would occur in
regions where the Fermi wave vectors of two bands approach
each other and finally coincide as a function of jury, resulting
in a region of closely spaced Fermi wave vectors. This can
be seen to happen in Fig. 2(b). To find the value of
corresponding to the increase in A we find the local minima of

2

t
wri(kp) = avpkp — —
€k

(A4)

by requiring g iri(kp) = 0, from which we get the equation
for kg,

t sz
avp + —5 =0. (A5)
me;.
Solving this equation numerically with « = —1 and inserting

the results into Eq. (A4) yields the dashed lines in Fig. 2, in
good agreement with the numerical results of the gap equa-
tion. To get an approximate analytical expression, we assume
that kg = kg + kg, where Skr < kg, which is valid for suffi-
ciently small . Neglecting terms of 0(8k§) and higher, we get

*m 2m
v (Kf)*

Neglecting the last term yields, effectively keeping terms up
to O(t?), results in

T/ m \'*
Skp= £,/ —— 5 t,
a \2vgp

Sk +

Sk = 0. (A6)

(XUFkE

(AT)
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from which it is clear that we only have solutions for o« = —1. This result is plotted as dotted lines in Fig. 2(a), and is
Inserting this expression into Eq. (A4), we get to O(t?) in good agreement with the exact numerical results for
N small 7. For jupy < prr < wiy, there is only one Fermi wave
M]i"l ~ /2mv% /L:|:2<va) f+ Lt2_ (A8) vector in the integration region, leading to a suppressed

24 4 gap.

J
APPENDIX B: FUNCTIONAL INTEGRAL IN NAMBU SPINOR NOTATION

We begin by considering the Gaussian integral over Grassmann variables [47],

_mT
I= (]‘[fm) e 12X aMia; — (H/dm) I1 (1 - %a[M,-/-aj> =Pf (%) (B
i i i,j

where Pf[(M — MT)/2] is the Pfaffian of the antisymmetric part of M, where Pf(A )2 = det(A). As an example we consider only
two variables, a; and a,. In this case, terms containing M;; disappear, since aiz = 0, as do second-order terms in M. For the above
integral we therefore get

1 My — M M —MT
I= /daldazi(—alMlgaz — yMya)) = =2 5 2L fdet = Jdet MA = PE(M™). (B2)

Here, M4 is the antisymmetric part of M.
Applying this to the problem of integrating exp(—S C“) we first write the action in terms of the Nambu spinor C:

(k/ k)m—m‘.
5= ¢rm|” o, |C(k )——7 CT(—k)A K, K)C(K)
’ ﬂV %; ( Gy L) xe ok — k’)"‘;"" 28V Z
1 _(pT(k _ k/)“v'HtT»- —[gil(k)]rlsk‘kr
= —— cT(k 2 0 . _ b CTk—Ak/kTC k/
BV ; ( )( o ok — by C(—K) = 2,BV Z (O[=AK', )1 C(—k).

Combining these two expressions, we get
1 T . _ -1, T ,
ngf __ CT(_k) ¢ (1k kioy [go ( k)] Y CK)
28V < Go (K)ékw p(k — kioy

Ak, k') — AT (=K', —k
= ZﬂV ZCT( k) ( ) > (— )/-r(k/)_ 2’3‘/ ZCT( k)AA(k K)CK), (B3)

where A%(k, k') denotes the antisymmetric part of A. This is exactly equal to Eq. (15), as can be seen by the following
manipulations. For notational simplicity we use the two-vector notation

C(k)—( <« ) (B4)
=k

ie., [C(k)]; = c(k), [C(k)]» = ¢*(—k). Hence the matrix multiplication in Eq. (B3) can be written

> [CT (=LA (k, KDIGICK)] = — [CT (=k)lip" (K — k)ioy [C(K )]y — [T~k [G5 ' (—k)dew] [CHL
ij
+[CT (=126, (k8w [N + [CT (=)o (k — ki [C(K )], (B5)

We use the fact that [CT(k)]; = [CT(—k)], and [CT (k)] = [CT (—k)];, and relate the remaining factors to the elements of
G~ '(k, k') in Eq. (16),

CT(—k)A  (k, KNCK') = [CT(R)IG " (K, KD [CRD 1 + [CTR) LG (K, KD a[CK ) + [CTROLIG (K, K11 [CR D
+[CTINIG™ (k, KD [CUHND]
= C'()G ™ (k, K)C(K), (B6)

which shows that Egs. (B3) and (15) are equivalent. Using Eq. (B1), the functional integral of the action in Eq. (B3) results in
= / Dc'Dee ' = /det[—A4], (B7)
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where we have neglected various numerical constants. By interchanging an even number of rows, it can be shown that
AA(k, k') — G~ (k, k'), and since the determinant is invariant under an even number of interchanges, we find [39]

7 = e]/ZTr]n(—Q"). (BS)

APPENDIX C: ZERO-TEMPERATURE GAP FOR ¢ = 0
When ¢ = 0, the gap equation, Eq. (32), reduces to

8 v (k)

SV A e+ (AP

in the zero-temperature limit. Transforming this to an integra-
tion over ¢ and energy, we get

Wy 2 d
/ / dg V() ©2)
NCERTNICS T
where w, are positive. Performing the energy integral we get
A [T d VIB0@1 + 0l + oy
1= 7[ 9P 2 () n °
2o wmmw+d—d

d
~2/ mzm{ ],mw
0

where we in the last line have assumed that the gap is small
compared to the cut-off energy. For an s-wave superconduc-

tor v(¢x) = 1, and we get simply Ag = 2V w_w e~ !/*. For

(CD)

d-wave pairing we can instead write the gap as
Ay = 24/w_a)+67(1/)‘)71, (C4)
where we have defined the integral

In2

1:/ 90 2 (b In (o] = ano.153426.
0

(C5)

Hence, the maximum d-wave gap amplitude is marginally
smaller than the s-wave gap for the same values of A and w.

APPENDIX D: NUMERICAL INTEGRATION
PROCEDURES

When solving the gap equation numerically, the k sum is
rewritten in terms of an energy integral over € and an integral
over ¢k, which in the s-wave case is simply equal to 2x. In
the s-wave case we therefore only have to perform the energy
integral for energies in the interval [—w_, w4], in our case
using Python and the implementation TRAPZ of the trapezoidal
method in the SCIPY library. In the d-wave case, we use the
QUADPY library’s implementation of the numerical integration
method in Ref. [48] when calculating the 2D integral in the
ex-Pk plane.
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In recent years, substantial progress has been made regarding the application of quasiclassical theory on
superconducting hybrid structures. This theoretical framework is reliant on a proper set of boundary conditions

in order to describe multilayered systems. With the advent of the field of superconducting spintronics, systems
that combine heavy metal layers, in which there is large spin-orbit coupling, with ferromagnets have received
a great deal of attention, due to their potential for generating long-range triplet superconductivity. In contrast
to interfaces of strongly spin-polarized materials, which are well understood, a quasiclassical theory for
interfaces in systems in which there is significant spin-orbit coupling does not yet exist. After reviewing
the quasiclassical theory for interfaces, we solve this problem here by deriving a set of boundary conditions
that take spin-orbit coupling explicitly into account. We then go on to apply these boundary conditions to a
superconductor-ferromagnet bilayer and a superconductor-ferromagnet-superconductor Josephson weak link,

demonstrating the emergence of long-range triplet superconductivity in these systems.

DOI: 10.1103/PhysRevB.100.064502

I. INTRODUCTION

The quasiclassical approximation [1-3] is a versatile tool
with which complex quantum mechanical problems can be
simplified to such an extent that they become numerically
solvable. The main assumption of this approximation is that
the relevant quantities under study vary on length scales that
are much larger than the Fermi wavelength so that the compu-
tationally challenging shorter length scale oscillations may be
integrated out. This makes the quasiclassical approximation
particularly well suited for superconductors, in which the
superconducting condensate may remain correlated over
mesoscopic distances. Indeed, the most general theoretical
framework used to describe superconductors, the Green func-
tion technique, requires the solution of the Gor’kov equation
[4], which is too cumbersome in all but a few select prob-
lems. Instead, progress can be achieved with its quasiclassical
equivalents, the Eilenberger [5] and the Usadel equation [6],
which govern quasiclassical Green functions describing only
the envelopes of the original propagators, and remain the
only viable solution method for many problems of practical
interest.

When nonsuperconducting materials are attached to a su-
perconductor to form superconducting hybrid structures, an
interesting phenomenon occurs. In such systems, supercon-
ducting correlations may leak into the adjoining nonsuper-
conducting materials, so that they too attain superconducting
properties. This is known as the proximity effect. The study
of such systems necessarily involves the proper treatment of
interfaces between materials. However, while the bulk prop-
erties of superconductors are easily described within quasi-
classical theory, interfaces between materials is another matter
entirely. In the vicinity of an interface, the governing Hamil-
tonian changes abruptly, which invalidates the use of the qua-
siclassical approximation. The consequence of this is that the
quasiclassical Green functions feature a discontinuous jump at
interfaces, the size of which is impossible to determine within
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quasiclassical theory—additional information is needed. This
jump was first computed for ballistic superconductor-normal
metal structures using a full microscopic description of the
interface [7], thereby giving a set of boundary conditions
linking the two materials. These boundary conditions were
generalized with the use of a projection operator method
[8-10]. Alternative derivations, where the interface is treated
perturbatively via a T-matrix approach [11-13], have also
been proposed. In the diffusive limit, boundary conditions
may be arrived at by connecting the momentum-independent
diffusive Green functions far away from the interface to
ballistic Green functions present in a region immediately
surrounding the interface [14,15].

For hybrid structures involving strongly polarized mag-
netic materials, the interfacial boundary conditions generally
become spin-active. Such boundary conditions have been for-
mulated heuristically using a tunneling Hamiltonian [16]. An-
other, more fundamental, approach is to connect the two sides
of the interface by means of scattering or transfer matrices,
in which the spin dependence of the scattering processes is
taken into account [17—19]. Both the projection operator and
the 7-matrix method have also been successfully generalized
to handle spin-active interfaces in ballistic systems [20-24].
The latter method was also applied to diffusive systems in
Ref. [25], in which a completely general theory for boundary
conditions in spin-polarized hybrid structures was derived.

When hybrid structures are made from superconducting
and ferromagnetic materials, the proximity effect allows for
the coexistence of both magnetic and superconducting corre-
lations. This produces a number of interesting effects. One
of the more fascinating effects is perhaps the appearance
of triplet superconductivity, due to the Zeeman splitting en-
dowing the Cooper pairs with a net momentum [26]. In
homogeneous ferromagnets, the triplet Cooper pairs remain
in the spinless state, and hence the magnetization has a strong
depairing effect. In ferromagnets where the magnetization is

©2019 American Physical Society
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inhomogeneous, on the other hand, the triplet Cooper pairs
may be converted to an equal spin state [27,28], giving them
a net spin. In such a state, the Cooper pairs are insensitive
to a parallel magnetization, and may therefore persist for
long distances into proximitized ferromagnets, a phenomenon
known as long-range triplet superconductivity. In addition,
since these correlations are spin-polarized, they may carry
spin currents, a realization that has strongly contributed to the
field of superconducting spintronics [29,30].

Another avenue toward triplet superconductivity is by in-
troducing layers with spin-orbit coupling [31-33]. In such
systems, spin-polarized supercurrents may be generated even
in homogeneous ferromagnets, which is advantageous from
an experimental point of view. However, while the boundary
conditions for spin-polarized systems are well understood, a
theory for interfaces in which spin-orbit coupling is prominent
does not yet exist. In this paper, we seek to remedy this
by deriving a set of boundary conditions that take spin-
orbit coupling into account, using the general framework
of Ref. [25]. This result consequently allows for a proper
treatment of spin-orbit coupled interfaces in quasiclassical
theory, which is in principle relevant for any heterostructure,
since interfaces break inversion symmetry, but particularly so
for heterostructures with heavy metal interlayers.

We state here our main analytical result and comment
briefly on the qualitative physical meaning of each term in
the boundary condition. Below, we shall derive this result
rigorously and provide a clear description of how the various
terms arise, and the meaning of each of the symbols:

n-81Vg =T[g1, &]+ 1,81, 6826)]
+ T,[81 , 611816
+ i/T)T(%1, (2206, &1, &)1
+ iJT/TI31, {82, 6))8:6) + &121{%2, &)}
€))

The usual Kupriyanov-Lukichev term [14] is the one propor-
tional to 7. The term proportional to 7, represents a correction
to the usual tunneling boundary condition from the spin-orbit
coupling part of the tunneling matrix. The term 7, represents
spin-dependent phase-shifts occurring due to spin-orbit cou-
pling at the interface and thus exists even in the absence of any
tunneling. The terms /7T are higher-order corrections that
exist only in the presence of spin-independent tunneling, spin-
orbit coupled tunneling, and spin-orbit coupled reflection.
The quasiclassical theory for boundary conditions is quite
intricate, involving many details, so to ensure complete clarity
of the ensuing derivation, we include in Sec. II a review of the
treatment of interfaces within quasiclassical theory. In Sec. III
we formulate the boundary conditions in the presence of spin-
orbit coupling, and in Sec. IV we apply the boundary condi-
tions to example problems in order to demonstrate their use.

II. REVIEW OF THE QUASICLASSICAL THEORY
FOR INTERFACES

In this section, a review of quasiclassical boundary condi-
tions will be given, starting with a brief excursion into general
quasiclassical theory.

A. Quasiclassical equations of motion

All physical observables of interest may be expressed in
terms of Green functions, and we use the Keldysh formalism,
in which the Green functions take the form of 8 x 8 matrices
in spin ® Nambu ® Keldysh space, defined as

5 (GF GK ~R GR FR

=(5 &) - o=(ey @) @
where G = —p3(GR)  ps, with p3 = diag(+1, +1, —1, —1),
and GX = GRh — hGA for a given distribution function h
[2]. Furthermore, GX and FX, with X € {R, A, K}, are 2 x 2
matrices in spin space. We assume time translation invariance
and Fourier transform in the relative time coordinate, so that
we may write G = G(ro, rn; &) = G(ro, 1), where ¢ is the

quasiparticle energy. The equation of motion may then be
written as

1 .y U
|:8/33 - %(—ivo[ —A@r))* + ul — (o)
- imp(rO)i]é(rO:rn;g) =8(ro —r)l, 3)

where I is the 8 x 8 identity matrix, A (ry) is the vector poten-
tial, Vimp (ro) is the impurity potential, and S(ro) encompasses
any other local self-energies, such as the superconducting gap,
or an exchange field. The impurity potential is defined in
the conventional way—as a perturbation in momentum space.
Toward that end, Eq. (3) is reformulated as

M M dk, dk, .
G(ko, k,) = Go(ko, k, —— Go(ko, k
(ko, k) o(ko, kn) + 2y | @ny o(ko, k1)
X Vimp (k1 — k2)Glkea, k), 4

where the Fourier transform of the Green function is defined
as

Glko, k) = [ dry / dry, G(ro, ry)e” koot (5)

Note that by changing variables to R = (ro +r,)/2 and r =
ro — ry, the Fourier transform may also be written as

ko, k) = / dR Gk, Ry ™, ©
with k = (ko + k,)/2 and Ak = ko — k,, and
Gk,R) = / dr G(r, R)e *X. )

Equation (7) is known as the mixed representation of G,
as it involves both the center-of-mass position R and the
center-of-mass momentum k. The unperturbed Green function
Go(ko, k,,) satisfies

dk,
(2m)?

k2 . 1
[(8173—*20 + MI)S(ko —k1)+ —ko-A(ko— k1)
m m

1 . . v
— 5 1Ako — k)P — (ko — kl)}&)(kl, )
m

= 18(ko — ky,).

By making use of standard techniques for diagram summation
[4], taking into consideration that Gy(ko, k,) depends on two
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momentum indices, Eq. (4) can be written as
Gko, k) = Golko, k)
dk, dk,
— Golko, k1) Simp k1, k2)G ks, K,
+ / any / any o(ko, k1) Ximp(ky, k2)G(k2, ki),

®)
with the impurity self-energy ¥ (ko, k,) defined as
v dk, dk;
P kakn = Vim k _kn
p( 0 ) p( 0 )+/ (27T)3 / (27‘[)3
k)Golkr, k) Simplha, k). (9)

X Vimp (kO -

It is customary to employ the self-consistent Born approxi-
mation, in which Eq. (9) is truncated at second order in V;np,
and the replacement Gy — G is made on the right-hand side.
The latter is equivalent to including a much greater number of
diagrams in the self-energy. The impurity potential is assumed
to consist of a large number of randomly distributed identical
impurities, so that Vim,(r) = > Y (r —rj). After impurity
averaging, ignoring terms that only depend on U(0) since
these simply renormalize the chemical potential, the self-
energy becomes

. d M
Sy (k. o) = / s Wik — @) Glg. g = Ak (10)

In the mixed representation, arrived at by Fourier transform-
ing in the relative momentum Ak, this expression becomes
particularly simple,

. d .
Loy R) = | o Uk = PO R (D

By comparing with the full Fourier transform, given in Eq. (5),
we may identify R as the center-of-mass position. Equation
(3) takes the following form in the mixed representation:

2
[8,33 - i[—i(z‘k + lVR>1V—11(R)] +ul —S®)
2m 2

Simp (k, R)] @Gk, R) =1, 12)

where the operator ® indicates the Moyal prod-
uct, which is defined as Ak,R)®Bk,R)=
Ve V=V A (R, R)B(K, R). If the spatial variation
of A(k,R) and B(k,R) is slow, one may approximate
A(k,R) ® B(k,R) ~ A(k, R)B(k, R).

Equation (12) may be further simplified by introducing the
quasiclassical approximation, wherein the rapid oscillations
of the Green function are integrated out [3],

&kr,R) = /dék Gk, R), (13)
where & = ﬁ(k2 - k%). In Eq. (}3) there is an implicit
assumption that the Green function G(k, R) is strongly peaked
at the Fermi level kr, so that only the angular dependence of
the momentum k appears in the quasiclassical Green function
g(kr, R). This is satisfied as long as the spatial variation
of the self-energies appearing in G is sufficiently slow. The
quasiclassical approximation may not be applied to Eq. (12)

directly, as it contains both constant terms and terms pro-
portional to &. These terms can be removed by employing
the so-called “left-right” trick [1,5,34], where one instead
considers the difference between Eq. (12) and its adjoint,
thereby canceling out the problematic terms. Doing so leads
to the Eilenberger equation [5],

ivp - Vgkp,r) + [eps + E(kp, 1)
— Binplkp, 7)), Bkp,r)]=0. (14

Equation (14) is accompanied by a normalization condition
on the quasiclassical Green function, 3% = 1.

In the limit of large concentrations of impurities, the effect
of frequent scatterings may be included by averaging over the
momentum direction. This defines a diffusive Green function
84 = (8), and its governing equation of motion, the Usadel
equation [2,3,6],

DV -3,Vg;+ileps — X, g1=0, (15)

where D is the diffusion constant.

B. Distinguished impurities

We next consider a case in which there is an additional
impurity V (ry) present, which may in some way be distin-
guished from the averaged impurities described by f)imp. We
further assume that this impurity is strongly localized at some
position. This means that impurity averaging is not possible.
Even so, the quasiclassical formulation of the equation of
motion for such a system may be arrived at by perturbation
theory [35]. Indeed, if any interference between the averaged
and the localized impurity is neglected, the integral equation
for the Green function once again takes the form of Eq. (4),
where V replaces Vimp as the perturbing potentlal and Gy is
the Green function for a system in which Elmp is included, but
where V = 0. By repeated iteration of this equation, it is seen
that it may be written in the form

Gk, k) = Go(ko. ky)
dk, dk,
(2m)3

)y Go(ko, k)T (k1. k2)Go(ka, k),

(16)

with the 7" matrix defined as
T (ko, k) = V (ko — k)
dk, dk,

e ] @y V (ko — k1) Go(ky, k)T ks, k).

an

If the distinguished impurity is localized at a position Ry,
the Fourier transform of the impurity potential is given as
V(g) = Vo(g)e R0 where Vy(q) is a slowly varying function
of g. By inserting this into Eq. (17), it is seen that the 7 matrix
can be written as

T (ko, k) = Tolko, ke ®Ro—Rn o (18)

where Ty(ko, k,) has the exact same form as Eq. (17), with
the replacements V> Vyand T — Tp. It is thus a slowly
varying function of k¢ and k,, so that we may approximate
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To(ko, k,) =~ Ty(k, k), where k is the center-of-mass momen-
tum. In the mixed representation, the 7" matrix then becomes

Tk, R) = Ty(k, k)S(R — Ry). (19)

The equation of motion in the mixed representation becomes
identical to Eq. (12), but with the addition of a term Tk,R)®
Go(k, R), which is once again approximated by a product.
Following the same steps used in deriving Eq. (14) then gives

ivp - Vgkp,R) + [ep3 + Skr, R)

— Simpkr, R) , 3kr, R)]
= lfo(kr, R) , Zkr, R)IS(R — Ry), (20)

where fo(kr, R) is the quasiclassical version of the T matrix,
given as

folkr, R) = V(0)
s, | o
+N0/. I Volkr — qr) &qr,r)io(qr, R).

21

C. Interface

An interface, which is a plane in three dimensions, may be
treated as an impurity that is localized along a specific direc-
tion, having translation invariance along the two orthogonal
directions. This implies that a similar perturbation expansion
as was discussed in the previous section may be applied also
in this case. However, the interface may not be constructed
from an ensemble of point impurities satisfying Eq. (20)
[35]. This is because (i) the pointlike nature of the impurity
was explicitly made use of in Eq. (18), and (ii) interference
between different impurities is neglected. Instead, we follow
Ref. [36] and consider a model surface of the form V (ry) =
Vod[h - (ro — R,)], where 71 is the normal vector of the surface,
and R, is a point on the surface. To simplify the notation, we
define i - rg = r; and /i - R, = Ry. Furthermore, we have that
ro = r1n+ry. Insertion into Eq. (17) allows us to define

T(ko, ky) = Ti(ko, ), ey e FoL IR0 (22)

with k; and k; |, respectively, the orthogonal and parallel
components of momentum j, with respect to the surface.
Moreover,

To(ko s k) = Vo (2)28 (ko) — ko)
+Vofﬂé(ko aT(q ) k)
2m)? s G ) Ls\qy)s Kn 1)y
(23)
where

Otko - q))

dk dky | .
= — / == Golko,) + k1171, g + ko, 1 71)
2 2

x e'tk1i=ke.1)Ro

dl]L v
=/;Go(ko,\|,qH;ql,Ro)~ 24)

In the mixed representation, Eq. (22) simply becomes

Tk, R) = T, (k. R)) (R — Ry), (25)
with
T, (ky, Ry) =Vo + Vo Ok, Ry) ® To(ky, R)))
Vo + Vo Oy, Ry) Ty (k. R))) (26)
and

“ d .
Q(k||,R||)=/% Golgia+ky. Roa+Ry). (27

To find the quasiclassical version of Eq. (27), we insert the in-
verse of Eq. (13), namely G(k, R) = —in g(kF, R)(S(ﬁ(k2 —
k2)). Performing the integral over g, gives

Ok, R) = *ﬁé(ku,Ru), (28)
ke

8k, R)) = 33(ky, Ry + Rof) + g(k_, R + Rod)], (29)

with v, =

and ky = £, /k2 — kﬁﬁ + k. This means that the quasiclas-
sical T matrix for an interface,

. - Iy y

Lk, R)) =Vy — mVo 8k, Rt (ky, Ry)), (30)

n

only depends on the average of Green functions whose normal
components of the momentum direction point, respectively,
toward and away from the interface. The equation of motion
takes the same form as Eq. (20), with the replacements 7y — 7;
and (R — Ry) — 8(R,. — Ry).

D. Formulation of boundary conditions

We next want to consider an interface between two differ-
ent materials. This is done by expanding Hilbert space into
two domains, which represent the two sides of the interface.
The Green function in this space can be written as

o 811 812

&= (?21 Z’zz)’ @D
where the subscripts “1” and “2” indicate the two materials.
The matrices g1, and g,; contain creation and annihilation
operators on both sides of the interface. These quantities are
drone amplitudes that do not have physical meaning, and
since they will be eliminated from the theory, we do not
specify them further. The interface itself is described as an
infinite surface located at some position, and which mediates
tunneling between its two sides. Such a potential may be

described as
s _ (0 W
Vo = (Vo 0 ) (32)

The surface is treated as a perturbation, and the 7" matrix is
given by Eq. (30).

Without the presence of the interface potential, there is
no coupling between the two sides. The unperturbed Green
function, g, therefore takes the form

. o1 O
= y . . 33
80 < 0 g0‘2> ( )
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Note that Eq. (33) satisfies a generalized version of Eq. (14),
given as

ikr - Vo +[2. %] =0. (34)
where
= 8)63 + i:l - i:imp 0
= . v v . 35
< 0 ep3 + 2:2 - 2:imp ( )

Similarly, we can define an equation of motion for g as
ike - VE+[E, =1, 3l8(RL —Ry),  (36)

which is clearly satisfied by g;; and g,,. To find a relationship
between g and 8o, Eq. (36) may be integrated along a small
interval surrounding Ry. For a trajectory (as determined by
k) crossing the interface, this leads to

BRY) — 8(Ry) = ——— [ Zo(Ro)], 37)
where we henceforth define 7 to be an outward-pointing
surface normal. While Eq. (31) is defined everywhere in
space, its diagonal elements, g;; and g, only make sense
physically in, respectively, material 1 and 2, i.e., on opposite
sides of the interface. Without loss of generality, we choose
material 1 to be the active material, that is, the material for
which we formulate the boundary conditions. This means that
7t points from material 1 to material 2. If g(R;) is located in
material 1, we thus need to eliminate g(Rg ), which is located
in material 2. This can be done by making use of a generalized
normalization condition, given by [37-39]

(& + sgn(kr - M)][o — sgnlkr - )] =0, (3%

(8o + sgn(kr - A)][8 — sgnlkr - )] = 0. (39

These conditions are clearly satisfied in the special case of
g = go. That they are valid also in the more general case
is shown in Appendix A. In material 1, the Green function
that describes a particle on a trajectory toward the interface
satisfies sgn(ky - 1) = +1. We label these Green functions as
g, and g, indicating that they are incoming with respect
to the interface. Similarly, Green functions where sgn(kp -
i) = —1 are labeled as outgoing; g9, and & ,. By evaluating
Egs. (38) and (39) immediately adjacent to, and on opposite
sides of, the interface, and inserting Eq. (37), the following
boundary conditions may be derived at the interface:

i

81 :éi),l + 0.1 _I)fsvll(g’ixl +Iv)* (40)

1 i
2ilvnl(

&l =&+ 801+]V)fvs,11(g’{(l).1 -1). (41)

Tl
2ilvy|

Due to the form of the interface potential Vo, T, is in general
dense in 1-2 space. However, a closed solution for the 7 ||
element may be found by iterating Eq. (30) once [24],

i vy | S
Vo 8o2Vo — EVO 80.2V0 8o.1%s.11- (42)

I =-—
[vnl i

Note that g ; = %(g’i),_i + &0, ;) for a given side of the interface
Jj. Equation (42) may easily be solved for % 11, giving

; Ul Los e 770 s v
Iy = - |:1 + =V 80.2% gO,l:| Vo 80.2Y0- (43)
A v,

To summarize the progress so far, we have found boundary
conditions for the quantities &), and g,, given in Egs. (40)
and (41), expressed entirely in terms of Z/°. While these
unperturbed Green functions exist everywhere in space, they
are only physically valid solutions on their respective sides
of the interface. Furthermore, as discussed in Ref. [25] and
in Appendix B, they can be easily modified to describe a
system with an impenetrable interface by having them satisfy
the condition

g, =35g ;5" (44)

at the location of the interface, where § is a scattering ma-
trix. For Nambu ® spin space, the scattering matrix has the

structure
« (Sk) 0
5= < 0 S*(—k))' (45)

For spin-independent scattering, § = I. The point is that
rather than considering the interface as a perturbation to
omnipresent Green functions, we may exploit the fact that
we only evaluate gy ; in one region of space to redefine
them to represent a system with an impenetrable interface,
simply by imposing Eq. (44). This provides significant ben-
efits. Ultimately, the goal is to derive boundary conditions
for diffusive systems, which are governed by diffusive Green
functions g, ;. Even for such a system, there will always be
a ballistic zone immediately surrounding an interface, since
a particle traveling away from the interface will traverse a
distance on the order of the mean free path before encoun-
tering its first impurity. Diffusive systems with an interface

are therefore governed by ballistic Green functions g’o/" , with

f)imp =0, close to the interface, and by g, ; far away from
the interface. In between is an asymptotic matching region
known as the isotropization zone, within which the momentum
dependences of the ballistic Green functions are averaged
out by repeated impurity scatterings. Matching the Green
functions of the two regimes is only possible if the following
conditions are satisfied [15,17,18]:

(&.; j +0)@a;-D= (46)
(Zaj+D(%,; —1) =0, (47
(&, D@+ =0, (48)
(a;—D(%,;+1) =0. (49)

Using Egs. (46)—(49) and Eq. (44), the ballistic Green func-
tions at the interface may be expressed in terms of their
diffusive counterparts as

g, =Sg 8+l +5-385.,5. (50
8, =@l +&—58,;5N88.; 8+ (5D

The quasiclassical boundary conditions are completed by
computing the matrix current directed at the interface. In the
ballistic zone, it is defined as

. a2 )
b= [ S, - 8. (52)
27T J7 J7
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FIG. 1. (a) The angular distribution of the coupling constant
7(0), as determined from Eq. (55). (b) The strength of the angularly
averaged coupling constant 7 in the tunneling limit, as given in
Eq. (57).

where the integration measure is an angular average over a
hemisphere. In the diffusive zone, the matrix current is given
as [15]

Jo =050t 84,V 84.;, (53)

where o; is the normal state conductivity of material j. The
matrix current is conserved across the isotropization zone
[18], and hence Eq. (53) may be equated with Eq. (52), which
in turn is determined from Egs. (40) and (41) and Egs. (50)
and (51), thus giving the complete boundary conditions solely
in terms of the diffusive Green functions.

For spin-independent scattering we have § =1, which
gives &, ; = &) ; = &a,;- This means that the difference be-
tween Eqs. (40) and (41) reduces to g"“ -8 = ﬁ[f“, 8anl
By using Egs. (43), (52), and (53), one may, with some algebra
[23], produce Nazarov’s boundary conditions [15],

sinf t(0)[&a,1 , 8a.2]
AT+ 1O){Za » Ba2) —2D)
54

o1h - 801 Vian =[ do
0

where the coupling constant 7(0) is given as

4v? cos’ @
(cos2 6 + v2)?’
with v = Vj/vF, and @ is the angle of incidence with respect to
the interface. t(0) is shown in Fig. 1(a), where it is seen that it
attains its maximum value for normal incidence (6 = 0), and
goes to zero for trajectories parallel to the interface (6 = 7),
which is intuitively reasonable.

When ©(0) is small, e.g., in the tunneling limit, we may
neglect its contribution to the denominator of Eq. (54). This
gives the Kupriyanov-Lukichev boundary conditions [14],

T(0) = (55)

84181 = Tlga.1, 8a2l, (56)

where T is the angular average of the coupling constant, and
it is given as

v 1 1 1
T =—|—arctan| — ) — . (57)
201 | v v 1402

T is shown for increasing V; in Fig. 1(b). For Vy = 0, there
is no coupling between the two sides. The system reduces to
its unperturbed state in which the interface is impenetrable,

and hence T = 0. For large values of Vy, T also goes to
zero. The reason for this is that when the barrier potential
increases, incoming particles are more likely to be reflected
than transmitted, which means that the two sides eventually
become decoupled also in this limit.

III. INTERFACES WITH SPIN-ORBIT COUPLING

We will now consider an interface to a material within
which spin-orbit coupling plays a prominent role, for instance
a heavy metal. This means that the transmission probability
will depend on both the spin of the incoming particle and
its angle of incidence. We model this with a Rashba-like
tunneling coupling,

Vo = wl + wo (g x kr) - &, (58)

where 71, is a unit vector indicating the direction in which the
symmetry is broken, and w is a spin-independent contribution
to the tunneling between the two sides separated by the
interface, while w, is the strength of the spin-orbit coupling
contribution to the tunneling. As the barrier region increases
in width, both w and w, decrease toward zero.

A. Scattering matrix

As a step toward formulating the boundary conditions, we
need to find the scattering matrix for a system in which the
interface is impenetrable. However, even though the probabil-
ity for transmission through the interface is zero, an incoming
particle may still penetrate the barrier for some distance
before being reflected. While inside the scattering region,
the particle will experience spin-orbit coupling and accu-
mulate a spin-dependent phase, the size of which depends
on the incoming angle of incidence. To find the scattering
matrix for this process, we assume that sufficiently close to the
interface, the interface potential is large enough to dominate
all other self-energies [17]. This means that we may follow
the procedure of Ref. [19] and describe the interface as a step
function potential in a free-electron gas. For simplicity, we use
a cylindrical coordinate system in which the z axis is aligned
with the surface normal. The Hamiltonian for such a system
is given as

1
H= _%vz —u+p+ e +iaE x V) -0l0), (59)

where o expresses the strength of the spin-orbit interaction at
the interface, i = er is the chemical potential, and 6(z) is the
Heaviside step function. We consider particles with energies
close to the Fermi energy, meaning excitation energies ¢ >~ 0,
which is the relevant energy regime for quasiclassical theory.
The wave function, therefore, satisfies Hy =~ 0. The parame-
ter £, expresses an energy gap, and it is included to ensure that
the wave function is evanescent in the barrier region. Since the
interface is assumed to be perfectly smooth, the momentum
parallel to the interface, k||, is conserved during the scattering
process. Hence, we may use the ansatz ¢ (r) = efimig(z).
Equation (59) then takes the form

¢"(2) + [2mer —kj1p(2) =0, z <0, (60)
¢ (2) — [k} + 2mleg + a(z x ky) - 01lp(z) =0, 2> 0.
(61)
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For z < 0, the solution of Eq. (60) is given as

_ (A1 ikiz , (BrY —ikiz
(@) = ( A2)€ - (Bz)e : 62)
where k; = 1/klzF —kﬁ. For z > 0, we get
1 . 1 R
— . —q+z : —q-z
(@) = C(—ie"/’)e + D(,-em)e .63

where ¢ is the azimuthal incidence angle. The momentum g4

is given as
g = \Jkj +2m(e, £ alky ). (64)

The scattering matrix is found by relating the coefficients
Ay to By via the matrix equation B = SA. This is done by
enforcing continuity of ¢ and ¢’ at z = 0, and it leads to

1
S=
(ki +igy )kl +ig-)
_ki +4+q- e k(g —q-) ) 65)
€%k (g- — q+) K+ qeq-

Since the scattering matrix is unitary, SS* =1, it may be
parametrized as

S = ePe"@) = ¢ (cosy +ie-osiny), (66)

where y is a spin mixing angle and é is a unit

vector. By inspection, we see that we may define
2.0 = —o,sinf sing + oy sin 6 cos ¢. To find an expression
for y, we define the constants a = /:—; and b = ZJC"—FO‘ The

former expresses the strength of the barrier potential, and the
latter the strength of the spin-orbit coupling. Furthermore, we
have |k)|| = kr sin @, where 6 € [0, /2] is the polar angle of
incidence. We assume that the barrier potential is strong, so
that an incoming particle only penetrates a short distance into
the scattering region before being reflected, and hence a > b.
From Eq. (65) we may then identify the spin mixing angle as

ki(g+ —q-)

—— | @ Kcos#, (67)
sin6(k3 + q+q_)>

y = arctan (

with K = ﬂ% when we assume that a > 1, corresponding to
a large band gap in the insulator. The parameter 8 describes
an overall phase, which is inconsequential for the boundary
conditions, and hence we set 8 = 0. In coordinate free form,
the scattering matrix therefore takes the form

S = eiy(ﬁaxl})»a. (68)

As before, 71, is a unit vector that is either parallel or antipar-
allel to the interface normal, depending on the direction of
symmetry breaking. In Nambu space, the scattering matrix
becomes

5= <Sg() S*(O—k)) =t o

with 6 = diag(o, 0™). Note that the spin mixing angle is an-
tisymmetric in k, e.g., y (k) = —y (—k). Finally, the scattering
matrix is diagonal in Keldysh space, e.g., § = diag($S , S).

B. Boundary conditions

Finding the correct boundary conditions has now become
a matter of identifying the terms in Eq. (52). To achieve this,
we include only the lowest-order tunneling contributions,

1 .. o
L1~ —— Vogo2Vo-
llvnl
1

iVl

[w?80.2 + waw{8o2. &} + wikgo28k].  (70)

where Ek = (g x k)& p3. Furthermore, the spin mixing an-
gle y is assumed to be small, and we therefore keep terms in
the scattering matrix only up to second order. This gives

« 1 . .
S~ (1 —5y2)1+im. 1)
In addition, we approximate

AUV | EVERES IR
[8784.;8 + 841" = 5[1 + E(gd,jSngJS —1)] 8a.js

L D
~ 5[1 - E(gd,jSng:jS —1)]&1.;,

and similarly for [SngST + g,,,,,-]" , leading to

Lowie o Lo wie 4
887848 — =84.;8784.884.5, (72)

L3
=51+ 58— 5 2

2 2
w0 1., 3, oo wiv Lo oo wio
80,; 251 + 584~ ESgd,jS g— Egd.ngd,jS 8a.j- (13)
By performing the first-order expansion in this way, we ensure
that in the limit of spin-independent scattering, § = I, we get
8,; = &,; = &a.;- By inserting Eq. (71), we get
8oj ~8aj — 37 @ =D+ 3iy@a; — DI, 24,
— 3V B E @+ D), (74)
8, ~8a;— 37 @ =D+ 3iy@aj+DIi . 8aj]
- 3V’ @+ Dk (75)
Finally, we compute the full Green functions from
Egs. (40) and (41), and we find the boundary conditions from
Eqgs. (52) and (53). Note that due to the angular averaging, all
odd terms in ¢ = (i1, X k) - & p3 cancel, and thus we remove
them immediately. Furthermore, the spin-orbit coupling is
assumed to stem from the interface, which means that 7, is

parallel to 71. Since only even orders of the former appear, we
may set 71, = 7. The matrix current is then given as

L ae 1 . .
mn-glVglsz ™ l[gl,Z], (76)

with dQ2 = sin6 db d¢, v, = vp cos 6, and

§ A T
IT=w't+& <w§g2 + §V281>§k

1 . .
+ Ei)’waW{gz[Q,E‘z], &}

1 . . . .
+ Ei)/waw({gz, 83818k + Ge&ilgas i), (77)

064502-7



MORTEN AMUNDSEN AND JACOB LINDER

PHYSICAL REVIEW B 100, 064502 (2019)

where we have neglected terms of order w?y2. From the ¢
integration we find that, for an arbitrary matrix M,

2
/ d(bZkMZ'k:ﬂSiIlzGé’HM&H,
0
where 6|, = [0 — /(71 - 6)]p3, i.e., only spin directions parallel
to the interface contribute to the boundary conditions.

The 0 integration of the spin-independent term in Eq. (76)
diverges. However, when « = 0, we know that including all
orders of the 7 matrix, given in Eq. (43), yields a finite
expression—namely Eq. (54). This means that the divergence
appears when the 7 matrix is truncated to give Eq. (70). The
interpretation of this is that microscopic analytical expressions
for the coupling constants due to w, w,, and y cannot be
found within the present theory, and they instead become input
parameters. After the 6 integration, therefore, we get

n-51V3 =Tg1, &)+ Tulg . 6861+ T,[81, 6,2:10)]
+ iy T)T[81, {2216, &1, 6}]

+ iT)Tg1, {&2,6}816) + 6)81{82, 6)}],
(78)

where T = %TO,TH’. The parameter 7 may be identified by
comparing with Eq. (56), and is hence given by Eq. (57). The
parameter 7;, arises from the spin-orbit coupling part (w, ) of
the tunneling potential in Eq. (58), whereas T, arises from the
interfacial spin-orbit coupling («) giving rise to a spin-mixing
angle in Eq. (67). Equation (78) is the main result of this paper.

Special case: Spin-orbit coupled insulator

A special case is worth commenting on. In the absence of
any tunneling, as is the case for a superconductor interfaced
by a spin-orbit coupled insulator, only T, is nonzero, whereas
all other terms vanish, giving the boundary condition

a-51Vg =Tg, 62161 (79)

This boundary condition could thus be used to look for possi-
ble bound states induced at the interface of a superconductor
and a spin-orbit coupled insulator. The fact that the 7, term
exists despite the absence of a material to tunnel into on
the other side of the interface is clear from the fact that this
term only depends on g;. In this sense, it may be thought
of as the spin-orbit coupled equivalent of the spin-dependent
phase-shift term G, previously discussed in the context of
ferromagnetic insulators [18,25].

IV. APPLICATIONS

In the following, we will apply the boundary conditions
derived in Eq. (78) to a set of example problems. In particular,
we will consider superconducting hybrid structures in which
a nonsuperconducting material is proximitized to a supercon-
ductor. The boundary conditions are assumed to represent a
thin intermediary layer of a material with strong spin-orbit
coupling. We neglect the inverse proximity effect, in which
case the superconductors are approximately described by the

S F

gncs

FIG. 2. The investigated bilayer, consisting of a ferromagnet
and a superconductor. There is assumed to be significant spin-orbit
coupling at the interface between the two materials, as shown in
black. The ferromagnet is modeled by an exchange field |k| = 2A,
pointing in a direction 6 relative to the interface.

Bardeen-Cooper-Schrieffer (BCS) bulk Green function,

€'? sinh fio,
cosh @1 ’

. _ cosh 61
8BCS = \ ¢~ sinh Bioy

where 0 = arctan % for a given quasiparticle energy ¢ and gap
size A, and ¢ is the superconducting phase. In other words,
we solve the Usadel equation only in the nonsuperconducting
material. We note that [ggcs, 0] = 0, and hence the boundary
conditions simplify to

A-5vVe =T + T3, L1+ T3, 68161
+ iyT)T[g1. o{&1. &2)6]. (81)

For simplicity, in the following we will set T, = T,.

(80)

A. Superconductor-ferromagnet bilayer

As a first example, we consider a bilayer consisting of a
superconductor and a ferromagnet, as shown in Fig. 2. The
exchange field in the ferromagnet is directed at an angle 6
from the plane of the interface, with a strength of || = 2A.
In this case the Usadel equation takes the following form:

DV -gVg+ileps—h-6, g1 =0. (82

When both spin-orbit coupling and magnetization are present
in the system, this may lead to long-range spin-triplet su-
perconducting correlations. Such correlations can penetrate a
long distance inside the ferromagnet equal to the penetration
length of conventional superconducting singlet correlations
into a normal metal. This distance can reach large values
of 100 nm and more as shown experimentally [40]. Such
correlations were found in a previous work that considered
a similar system [41]. There, a ferromagnet with Rashba
spin-orbit coupling was attached to a superconductor via con-
ventional spin-independent boundary conditions. Long-range
spin-triplet correlations were then observed as a zero-energy
peak in the density of states, the size of which depended upon
the angle of the exchange field, 6. Here, we seek to explore
whether similar results emerge when the sole contribution to
the spin-orbit coupling stems from the boundary conditions.
To quantify the presence of long-range spin-triplet correla-
tions, we compute the density of states, which is given as

V(R, &) = 3NoRe[gr1 (R, &) + g, (R, )], (83)
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FIG. 3. Evidence of long-range triplet superconducting correla-
tions. (a) The maximum density of states in the ferromagnet at zero
energy, v(0) = v(e = 0, Ry, 0) — v(e = 0, Ry, 0), as a function
of the angle of the exchange field 6 relative to the interface. The
strength of the spin-orbit coupling at the interface, T, is indicated
in the figure. (b) The anomalous Green function components as a
function of 6 at T, = 0.5. f; is the singlet contribution, and f, and
f | are the parallel and orthogonal parts of the triplet contribution,
respectively.

where Ny is the density of states at the Fermi level, and
8s0 (R, €) are spin components of the normal Green function.
The presence of long-range spin triplets can be inferred from
the density of states at ¢ = 0, at which point Eq. (83) may be
expressed in terms of the contributions from the anomalous
Green function f = (fI + f, - 0)io,. With this particular
parametrization, where the scalars f; and f, give the singlet
and triplet parts of f, respectively, Eq. (83) takes the form

VR, 0)=1— 3P+ 31 P+ 31f0 (84

For an exchange field direction indicated by the unit vector
h, the triplet correlation is decomposed into a parallel, f =
f, - R)h, and an orthogonal, f | = f, — f|;, component. The
motivation for this decomposition is that the spin expectation
value of the triplet Cooper pairs is given as (S) o< if,(e) x
[ (—¢) [30,42]. The triplet Cooper pairs whose spins are
aligned with the exchange field will not experience a pair-
breaking effect, in contrast to orthogonal spin alignments, and
hence f| and f, express the short- and long-range triplet
correlations, respectively. From Eq. (84) it is clear that while
the presence of singlet superconducting correlations causes a
suppression of the density of states, triplet correlations lead
to an increase, and thus a potential for the formation of a
zero-energy peak.

Figure 3(a) shows the change in the density of states
at zero energy as the exchange field is rotated away from
the interface, §v(0) = v(e = 0, Rpax, 0) — v(e = 0, Ry, 0),
where Ry, is the location at which the maximum density
of states is found. A modulation of the zero-energy peak
is found, similar to the results of Ref. [41]. At # =0 and
0 = m, i.e., for an exchange field parallel to the interface,
the T,-dependent terms of Eq. (81) do not contribute, and
the boundary conditions are reduced to a conventional, spin-
independent tunneling barrier. As € is increased from zero,
so too is the zero-energy peak of the density of states,
indicating the generation of triplet Cooper pairs. However,
as O approaches 7 /2, a dip is found instead. These results

S F S

&ncs &ncs

FIG. 4. A Josephson weak link, where a ferromagnet is sand-
wiched between two superconductors, with spin-orbit coupling
present at the interfaces. The exchange field & is directed at an angle
6 relative to the transverse direction of the junction, and it has a
strength of |k| = 2A. The distance between the superconductors is
assumed to be L = 2&, where £ is the superconducting coherence
length.

are further elucidated in Fig. 3(b), which shows the angular
dependence of the singlet and triplet correlations. The largest
modulation is clearly seen in the long-range triplets, f,
which is nonzero only when the exchange field has both
an in-plane and an out-of-plane component with respect to
the interface. In other words, it vanishes for 6 € {0, % w},
in agreement with Ref. [41]. Interestingly, it is not purely
sinusoidal, but has maxima that are slightly tilted toward
6 = /2. A small angular dependence in the singlet, f;, and
the short-range triplet, f|, is also observed. At 6 = 7 /2, f;
has a slight increase, whereas |f || decreases. This explains
the reduction in the zero-energy peak of the density of states
at = 7.

B. Superconductor-ferromagnet-superconductor
Josephson weak link

When two superconductors are separated by a nonsuper-
conducting material, they may form a Josephson weak link.
When a phase difference A¢ is induced between the super-
conductors of such systems, for instance by applying a current
bias, dissipationless charge currents will flow between them,
mediated by the Cooper pairs present in the nonsuperconduct-
ing material due to the proximity effect. It is well known
that when the intermediary layer consists of a ferromag-
net with an inhomogeneous magnetization, long-range triplet
Cooper pairs may be generated, which are spin-polarized,
and hence may carry a dissipationless spin current. It was
recently predicted that a spin current may also emerge in
homogeneous ferromagnets if thin normal-metal layers with
strong spin-orbit coupling are added between the ferromagnet
and the superconductors [43]. To achieve this, the spin-orbit
coupling was introduced in thin separate layers, coupled to
the surrounding layers by tunneling barriers, within which the
Usadel equation was solved. While experimental verification
of these results has proven elusive [44,45], the theoretical pre-
dictions provide an excellent benchmark for the new boundary
conditions, as similar results should be obtained when the
spin-orbit coupling is introduced as an interface effect. To
verify this, we consider the system illustrated in Fig. 4. A
homogeneous exchange field is defined in the ferromagnet,
with a strength of |k|, pointing in a direction 6 relative to
the transversal direction of the weak link. For this system, we
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FIG. 5. The spin-current component parallel to the exchange
field in the superconductor-ferromagnet-superconductor (SES)
Josephson weak link, scaled by Iy = NoDW/8. Part (a) shows
its variation with the canting angle 6, where the strength of the
interface spin-orbit coupling T, is indicated in the figure, (b) shows
its dependence on the phase difference between the superconductors,
A¢, and (c) shows the maximum spin current as a function of the
interface spin-orbit coupling.

compute the spin supercurrent, which in equilibrium is found
from the Green function as

I, =1, / de Re Tr[936(£3,2)% | tanh % (85)

where it has been assumed that the junction is aligned along
the x axis, and [y o = NOSDW , for a given junction width W, and
B = 1/kgT, with T the temperature.

The results are given in Fig. 5, which shows the spin-
current component aligned parallel to the exchange field,
in other words the spin current induced by the long-range
triplets. In Fig. 5(a), its dependence on the canting angle 6
is shown. It is noticed that the spin current goes to zero for
6 = 0 and for = 7. This means that an exchange field with
both an in-plane and an out-of-plane component is required in
order to observe an effect, similarly to the superconductor-
ferromagnet (SF) bilayer. The physical reason behind this
behavior is that the interface causes a greater suppression of
the triplet component normal to the interface, f,, relative to
the in-plane components. This means that the short-ranged
triplets generated by the exchange field, f), will experience
a reorientation due to the presence of the spin-orbit coupling.
In other words, for an exchange field that is neither parallel
nor perpendicular to the interface, the resulting triplets f gen-
erated in the ferromagnet, near the interface, are not parallel
to h, meaning that they have a long-ranged component. In
Fig. 5(b), we show the dependence of the spin current on the
phase difference A¢ between the superconductors. It is seen
that the current phase relation is approximately sinusoidal,

similar to the conventional Josephson effect, indicating that
the charge currents have become spin-polarized. Finally, we
show in Fig. 5(c) the maximum spin current as a function
of the interface spin-orbit coupling 7;,. For low values of the
spin-orbit coupling, the spin current has an approximately
parabolic form, but reaches a plateau as 7, approaches 0.5,
the maximum value investigated in this study. A possible
interpretation of this is that we are nearing the edge of the
domain of validity for the small-angle approximation used in
the derivation of the boundary conditions, which requires 7,
to be small.

V. CONCLUSION

We have derived a set of boundary conditions for systems
in which there is large spin-orbit coupling. This allows the
study of, for instance, superconducting hybrid structures with
thin heavy metal layers. We demonstrate the use of these
boundary conditions by considering an SF bilayer and an SFS
Josephson weak link. In both cases, we find that whenever the
exchange field of the ferromagnet has both an in-plane and an
out-of-plane component, long-range triplet superconductivity
is induced. The findings reported herein are consistent with
results found in previous works, where the spin-orbit coupling
is approximated by other means.
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APPENDIX A: GENERALIZED
NORMALIZATION CONDITION

The quasiclassical Green function may be expressed in
terms of a trajectory Green function, g7 (k, r,, y1, y2), as [37]

§kp,R) =g (kp,rp,y, ) + & (kp,rp, . ¥), (A)

where

Grlkp,1rp,y,y) = %LIrg)gr(kF,rp,yin,y)- (A2)
The parameters y; and y, indicate two points that are con-
nected by a straight line pointing along kr, and r, is the
location of the trajectory in a plane perpendicular to it. In
other words, R = ylzp + r,. By comparison with Eq. (36) and
Ref. [37], we see that g7 satisfies

L9 SN .
lkFWgT()’I,)Q) + 208, ¥2) — L8081 — yx)
1

= ikpI8(y1 — y2), (A3)

. d . . - e
— ikp EgT(yl »¥2) + 8r (1, y2)E(2) — Zols 8(y2 — ¥u)

= ikpI8(y1 = y2), (A4)
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where y, is the point at which the trajectory intersects with the
interface. We note that for y;, y» # ., the third term on the
left-hand side of Egs. (A3) and (A4) is zero, and gr reduces
to the trajectory Green function for gy, which we name gJ.. In
this case, we may integrate Eq. (A3) over y; in a small interval
surrounding y, to get the relation

gy -3y =1 (A5)

Proceeding according to Ref. [37], we define the quantity

A) = grO1. MGG y2). (A6)

By using Egs. (A3) and (A4) (setting 7; = 0 when applied
to %), it can be shown that %A = 0, except at the points
v € {y1, y2, y«}. Furthermore, for fixed y; and y,, it is a
property of the Green function that it approaches zero when
y approaches infinity. Next we consider the region y < y; <
Y2 < Y4, in which A(y) is constant, and a trajectory directed
toward the interface, sgn(kr -71) = 1. Since the region is
unbounded on one side, we may take the limit y - —o0
and conclude that A(y) = 0. This is equally valid if we set
y =y — n, and take the limit  — 0. Letting also y; approach

¥, gives
20,0 (0, y) =0. (A7)

From (Al) and (A5) we may express g1 in terms of the
conventional quasiclassical Green functions, to get

@+hH@E-hH=o.

For an outgoing particle, with sgn(kr - 1) = —1, we may
instead consider y > y; > y, > y,, giving

(E-D@E+1)=o0.

The above procedure may be repeated with A(y) =
g’T 1, ¥)8r (v, y2), and the final result may be summarized as

(A10)

(A8)

(A9)

(& + sgn(ky - M)][8o — sgnlkr - A)] =0,

[&o + sgnkr - A)E — sgnlkr - A)] = 0. (ALT)

APPENDIX B: THE SCATTERING MATRIX
The retarded Green function is defined as
GRr 1,7, 1)) = —i0(t — )3 ({W(r, 1), W (', 1)), (BI)
where the vector operator W(r, t) is given as
(r, 1) = Yu(r, Oy (1) Y0y 0" (B2)

in Nambu ® spin space, and v, (r,t) are field operators.
Note that the anticommutator in Eq. (B1) takes the form
{A, B} = AB+ (BTAT)T in order to obtain the correct ma-
trix structure. W(r,t) satisfies the anticommutation relation
(W, 1), ¥, 1)) =18(r —r), and its time evolution is
given as

i%i)ﬂ/(r, 1) = AY(r, 1) (B3)

The Hamiltonian matrix is given as

5 (HGV) 0
H= < 0 H*(—%V))’ (B4)

with H(%V) given in Eq. (59). Inserting Eq. (B3) into Eq. (B1)
and Fourier transforming in the relative time coordinate, t —
t' — &, it can be shown that the Green function satisfies

(ep3s — HGR(r, ¥y =I8(r — 1), (B5)
GR(r,r)(eps — H) =I8(r — ), (B6)

with B’ identical to H, except that it acts on the coordinate r’'.
Following Ref. [17], the Green function may be parametrized
as

GR(r,r) = o' (), (B7)

where ®(r) = ($.(r) <I>h(r))T is a four-component spinor
in Nambu ® spin space. Neglecting ¢ in Eqgs. (B5) and (B6)
compared to the much larger interface potential contained in
H and A’, and subtracting Eq. (B6) from Eq. (B5), we get

(HDr)®' () — D) (H (")) = 0. (B8)

It is seen that Eq. (B8) is satisfied if
. _(HGV) 0 D,r)) _
o= (17 ) (35) 0 o

Notice that the equation for &, is precisely the same as that
given in Eqgs. (59)—(61), and its solution is given in Eq. (62).
This implies that at the location of the interface (at z = 0 for
this particular case), the solution for an outgoing electron with
respect to the interface, ®¢, is related to its incoming coun-
terpart, ®! via ®2 = S(k)®:, for a given momentum k when
using a plane-wave ansatz ®! ~ 7. For holes, we similarly
have the relation &) = S*(—k)®!, as can be deduced from
Eq. (B9). We emphasize that the hole excitations described by
Eq. (BY) have group velocity in the same direction as their
momentum. Combined, we thus get

% =S, (B10)

with

o (S 0
s_< 0 S*(—k))' (B11)

Inserting Eq. (B10) into Eq. (B7) gives the boundary condition

GRo = §GRIST. (B12)
Both A and § are diagonal in Keldysh space, and hence the
above procedure may be repeated for G* and GX to yield

G° =S8G'ST. (B13)
Since the interface is assumed impenetrable, the scattering
matrix is diagonal in the extended Hilbert space including
both sides of the interface, e.g., S12 = S5 = 0. This means
that Eq. (B13) may be used to relate outgoing Green functions
to incoming for each material individually. By introducing the
quasiclassical approximation, we thus arrive at Eq. (44).
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By converting conventional spin-singlet Cooper pairs to polarized spin-triplet pairs, it is possible to sustain
long-ranged spin-polarized supercurrents flowing through strong ferromagnets. Obtaining such a conversion
via spin-orbit interactions, rather than magnetic inhomogeneities, has recently been explored in the literature. A
challenging aspect with regard to experimental detection has been that in order for Rashba spin-orbit interactions,
present, e.g., at interfaces due to inversion symmetry breaking, to generate such long-ranged supercurrents, an
out-of-plane component of the magnetization is required. This limits the choice of materials and can induce
vortices in the superconducting region complicating the interpretation of measurements. Therefore, it would
be desirable to identify a way in which Rashba spin-orbit interactions can induce long-ranged supercurrents
for purely in-plane rotations of the magnetization. Here, we show that this is possible in a lateral Josephson
junction where two superconducting electrodes are placed in contact with a ferromagnetic film via two thin,
heavy normal metals. The magnitude of the supercurrent in such a setup becomes tunable by the in-plane
magnetization angle when using only a single magnetic layer. These results could provide a new and simpler
way to generate controllable spin-polarized supercurrents than previous experiments which utilized complicated

magnetically textured Josephson junctions.

DOI: 10.1103/PhysRevB.100.224519

I. INTRODUCTION

When a conventional superconductor is placed in proxim-
ity to a normal state metal, the Cooper pairs will start leaking
across the interface from the superconductor and into the
metal. These singlet superconducting correlations will, in the
metal, start decaying over a length scale of &y = /D/T where
D is the diffusion constant of the metal and 7 is the temper-
ature [1]. If the metal is a ferromagnet, then the antiparallel
electrons of the singlet Cooper pair will be injected into two
different subbands (majority and minority) in the ferromagnet,
making their Fermi momenta different. This makes the pair
decay even faster, namely on a length scale of order & =
+D/M where M is the amplitude of the exchange field. This
pair breaking effect can be avoided if the singlet pair can be
converted into a triplet pair with a nonzero spin projection
along the exchange field. With these so-called long-ranged
triplets (LRTs), the pairs will decay slower and be comparable
to correlation lengths of normal metal €y. Physical quantities
like supercurrents will be on the same order, and it is thus of

2469-9950/2019/100(22)/224519(9)
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great interest to be able to manipulate and create such LRTs.
This topic is currently under intense focus [2,3] because of the
potential to develop not only cryogenic spintronics devices,
but also radically novel theoretical and experimental aspects
of how such pairs can be generated and tuned in a controllable
manner.

It is well known theoretically and experimentally that
LRT components can be created in ferromagnets where the
exchange field has an inhomogenous orientation. Such an
exchange field can either be intrinsic to the ferromagnet or
can be fashioned artificially by stacking several layers of
homogeneous ferromagnets with misaligned exchange fields
[4-9]. The former severely limits the selection of materials,
making the latter more feasible for practical applications. On
the other hand, stacks of misaligned ferromagnets present
their own challenges, particularly in terms of exerting control
over the triplet generation, as manipulating the relative angle
between ferromagnetic layers can be difficult. This is what
makes the discovery that spin-orbit coupling can act as a
source of LRTs [10] so promising. Indeed, the presence of

©2019 American Physical Society
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LRTs in superconductor-ferromagnet structures with only a
single homogeneous ferromagnet has been theoretically pre-
dicted if heavy metal layers are introduced to the system.
This requires, however, that the exchange field in the fer-
romagnetic layer has both an in-plane and an out-of-plane
component [11]. Although such a scenario is possible to
obtain experimentally [12—-14], it complicates the unambigu-
ous identification of spin-polarized Cooper pairs due to the
additional flux injection into the superconductor from the
ferromagnet and also severely restricts the choice of mate-
rials showing a tailored out-of-plane anisotropy. Recently,
further experimental corroboration for the generation of LRTs
in superconductor-ferromagnet hybrid structures due to the
presence of interfacial spin-orbit coupling has been found in
magnetoresistance measurements [15] and in spin pumping
experiments [16—18]. However, LRTs remain undetected in
Josephson junctions. In fact, Refs. [12,13] found no clear
signature of a long-ranged triplet supercurrent in a Josephson
weak link with heavy metal layers attached to a ferromagnet
with an effective canted magnetization direction, which is in
stark contrast to theoretical predictions [19].

It has been proposed [10] that lateral geometries may
provide less stringent requirements to generate LRTs com-
pared to a stacked geometry, which has the potential to
ease their experimental detection in Josephson junctions. In
particular, it would be desirable to identify a setup where
the LRTs can be tuned with a solely in-plane variation of
the magnetization, in order to minimize the stray field effect
on the superconductor itself. This would be a different result
than previous works [12,13,19-23] that have considered how
to control the supercurrent via magnetization in Josephson
contacts with spin-orbit coupling. A long-ranged supercurrent
was predicted in Ref. [10] but without any accompanying
study of its dependence on the magnetization direction in the
ferromagnetic film.

In this paper, we consider a lateral Josephson junction
where two superconducting electrodes are placed in contact
with a ferromagnetic layer through a heavy metal (see Fig. 1).
Due to the inversion symmetry breaking and the large atomic
number of such metals, Rashba spin-orbit coupling is assumed
to be present at these interfaces. As we will show, such a
setup will not only host long-ranged triplet Cooper pairs but
also give a long-ranged supercurrent only for certain in-plane
rotations of the exchange field. Thus, the supercurrent in the
ferromagnet is extremely sensitive to this in-plane rotation as
long as there is a nonzero spin-orbit coupling present in the
heavy metals. We will also show that for some parameters, the
in-plane rotation is able to create 0-7r transitions, which means
that for a certain in-plane rotation of the exchange field, the
supercurrent is zero. Therefore, such a geometry can work as
a transistor for supercurrents by simply rotating the in-plane
magnetization. We emphasize that the main novelty and bene-
fit of the present result and setup compared to previous works
is that the supercurrent is tuned with a single ferromagnetic
layer and the magnetization only needs to rotate in the plane
of the magnet. Experimental observation of this effect would
represent a significant advance with regard to simplifying
control over long-ranged spin-polarized supercurrents, which
has proved challenging before [9].

Top view

Ferromagnet (Co)

Heavy metals (Pt)

Substrate

Superconducting

electrodes (Nb)

Side view

L2 G

FIG. 1. A lateral SFS Josephson junction with Rashba spin-orbit
coupling in the heavy metals. The exchange field lies in the plane of
the ferromagnet. A supercurrent is sent through the magnetic layer
via the superconducting electrodes and is tuned via the in-plane
angle 6 of the ferromagnet. Possible choices of materials for the
various layers are indicated in the figure. We emphasize that by
lateral geometry, we mean a geometry where the superconducting
electrodes are attached on top of the sides of the film through which
the supercurrent passes, as shown in the figure. This should be
viewed in contrast to a stacked geometry in which case the structure
is built up of successive layers placed on top of each other.

II. THEORY

In this paper we will use the quasiclassical theory of
superconductivity [24,25] and consider the dirty limit so that
the quasiclassical Green’s function g in the ferromagnet can
be described by the Usadel diffusion equation [26]

iDV - (8Vy) = [eps +M - 6,8, (e))

where D is the diffusion constant for the ferromagnet, €
is the energy of the quasiparticles, p; = diag(1, 1, —1, —1),
and M is the exchange field. The Pauli matrix vector is
6 = diag(g, d*). The Green’s function g is the 8 x 8 Green’s
function in Keldysh space

= A
0o 27

Due to the triangular structure of g, the Usadel equation

becomes the same for the retarded Green’s function g~.

To incorporate spin-orbit coupling into our theory,
we have defined [10] V(-) = V(-) —i[A, (-)]_. Here, A =

(@)
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diag(A, —A™), where A is a 2 x 2 matrix in spin space which
couples to the momentum k. In effect, the spin-orbit coupling
is included as an effective SU(2) gaugelike field, which is
possible if it is linear in momentum. We will include both
Rashba and Dresselhaus effects in this paper denoted by their
respective constants « and S, both being precisely linear in
momentum. However, we emphasize that the main merit of
the present setup is that only Rashba spin-orbit coupling and
an in-plane rotation of the magnetization is required to get
a tunable long-ranged supercurrent. The Dresselhaus term is
thus simply included to make the results more general. Rashba
spin-orbit coupling can arise from the lack of inversion sym-
metry at the interface between two materials. We will later
consider two heavy metals where the width in the z direction
is small, and thus the Rashba Hamiltonian is of the form

Hp = S (ko, — ko), ©)
(ko —

where k is the momentum of the quasiparticles. The Dres-
selhaus SOC, on the other hand, can be caused by lack of
inversion center in the crystal structure. For two-dimensional
structures in the xy plane this Hamiltonian becomes

Hp = £ o, — ko). @
m

A term proportional to o, can appear if the heavy metal
has a noncentrosymmetric crystal structure and additionally is
not confined along one axis, i.e., not thin. This is a different
scenario than the one considered in this work. The two Hamil-
tonians above can be incorporated into the Usadel equation by
using the 2 x 2 spin-space vector potential A. This gives us

A = (Bo, —ao e+ (ao, — fo,)e,. (%)

We will complement the Usadel diffusion equation with
Kupriyanov-Lukichev (KL) boundary conditions [27]

2LgVE= &1, &1, (6)

where / and r denote the left and right side of the interface,
respectively. L is the length of the respective materials and ¢ is
the ratio between the barrier resistance and the bulk resistance.
Here, we have also added the gauge covariant derivative V
to include spin-orbit coupling. The interface parameter ¢
depends on microscopic parameters such as the normal-state
conductivity and its magnitude determines the magnitude of
the proximity-induced superconducting correlations. Our re-
sults do not change qualitatively when varying the strength of
¢ and we thus choose to treat it as a phenomenological param-
eter rather than specitying the exact value of the normal-state
conductivities and resistance of the interface regions.

To calculate the supercurrent going through the ferromag-
netic bridge, we will use quasiclassical expression for the
electric current, following the notation of [28,11]

NoDAe
lo=""7

/ deTr(p3(EVD"). )

Here, A is the cross section, Ny is the density of states at
the Fermi level, and e is the electric charge. The superscript
K denotes the Keldysh component of the 8 x 8 matrix. The
system in consideration will be in equilibrium, and thus we
can use the relation ¥ = tanh(Be/2)(g¥ — &) where B in this

context is the inverse temperature 1/kg7 and should not be
confused with the Dresselhaus constant. The expression for
the charge supercurrent then takes the form

Io :10/ de tanh(Be/2)Te(p3(F*VE* — &'VEh), (8

where Iy = NOQA". We can find g¥ with the Usadel equation,

and with the relation ! = —p3(g® )T 03, we have everything
we need to find the supercurrent. Later, we will compare
our result with the supercurrent through a ferromagnetic film
when no interfacial spin-orbit coupling is present. In this
case, the derivatives become normal derivatives i.e., V. — V.
It can easily be shown that this current is conserved in
regions that are governed by the Usadel equation, both with
and without spin-orbit coupling, i.e., V -Ip = 0 [11]. Thus
the supercurrent in ferromagnetic region in Fig. 1 will be
conserved.

Our problem is inherently two dimensional, but we will
make it effectively one dimensional by assuming that the
total width of the heavy metals and ferromagnetic ilm W + d
is much smaller than length scale over which the Green’s
function varies. Thus, we can assume the Green’s function
stays roughly constant along the z axis, and by averaging
the condensate function along the z axis we can apply the
KL boundary condition at the superconductor/heavy-metal
interfaces. This effectively gives the differential equations a
source of singlet Cooper pairs in the two regions —G < x <
—L/2and L/2 <x < G.

We need to solve three sets of differential equations: The
condensate functions in the two superconducting nodes and
in the ferromagnetic bridge. In order to get an exact solution
we need an appropriate set of boundary conditions. At the
two vacuum interfaces, x = —G and x = G, we use the KL
boundary conditions. At x = —L/2 and x = L/2 we require
that the condensate functions are continuous and we also use
the KL boundary conditions here. Since the two condensate
functions must be continuous, the right side of the KL bound-
ary condition in Eq. (6) will be zero. Thus, we effectively get
the condition

&iVEi=§;Vg;, &)
where (i, j) are two regions in contact. This also ensures
supercurrent conservation.

III. RESULTS AND DISCUSSION
A. Analytical results: General considerations

Before resorting to a numerical analysis, we can draw
several conclusions by making use of the weak proximity
effect approximation. The assumption is that in any nonsuper-
conducting materials, the Cooper pair correlations will be
weak, and thus the retarded Green’s function only slightly
deviates from its normal-state value:

1oy
g—[_f _1}, (10)

where the tilde conjugation (*) changes the sign of the energy
and complex conjugates. We insert this 4 x 4 Green’s function
matrix to the Usadel equation, and by looking exclusively at
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the top-right 2 x 2 element, we will get an equation that is
completely independent of f. Thus, we only need to solve

for the four elements in f and to get f we perform the
tilde-conjugation, i.e., change sign of the energy and complex
conjugate.

By applying the weak proximity approximation to the
Usadel equation, we can linearize it in the anomalous Green’s
function f to obtain

V2 f = 2i[A, VT — [A. [A, fT}]}

2ei i .
+ L+ M e 15 =0, (11)

where we have used the notation [A, B]% = AB + BA*. We
now proceed to show that the KL boundary condition provides
an effective source of singlet pairs in our linearized Usadel
equation. We will make the standard simplifying assumption
that the inverse proximity effect can be neglected and the
Green’s function in the superconductor is the BCS bulk so-
lution given as

cosh(6)
—io? sinh(8)e™

io” sinh(6)e'®

g = , 12
§ —cosh(#) ] a2
where 6 = 6(e) = atanh(A/e). We then average over the z
direction, which causes the KL boundary condition to act as
a source of singlet state pairs in the linear Usadel equation.
Inserting the weak proximity Green’s function for the ferro-

magnetic region and the BCS bulk Green’s function, we get

cosh(6) sinh(9)
- —e

i Lo ig”.  (13)

o A, fTilsr =
9z A, fIlsyr =
As we already have seen, A, = 0. Since we are assuming
that the elements of f are much smaller in magnitude than
unity, the first term on the right-hand side can be neglected.

We will now use this boundary condition by first expanding

9
the Laplace operator V2f = df + - ,{, integrate over the z

direction, and use the KL boundary condmons

volf af - af
[
—d 822 0z

=W ()Z
Here, we used that the length normal to the interface is
simply W 4 d. By now averaging over all components in the
linear Usadel equation, we get

sinh(0) ., .
__sin ) i)

—a tW+d)

(14)

9? 2id 5 T
@i_m[é’ﬁiL W+ dLLf]+]+
sinh(@) . , | 2ei i .
twWraps @t Lt pM-le JIE =015

This equation has to be solved in three regions, the two super-
conducting nodes, i.e., L/2 <x <G and -G <x < —L/2,
and in the ferromagnetic bridge, i.e., —L/2 < x < L/2. In the
ferromagnetic bridge, we have no spin-orbit coupling and we
can simply set A = O in this region. In the superconducting
nodes, the effective magnetization M will be smaller than in
the ferromagnetic film since there is no exchange field present
in the heavy metals, so the effective exchange field is thus
M — TM assuming similar normal-state conductivities
of the spin-orbit coupled and ferromagnetic layers. We also
allow for different macroscopic phases for the nodes such that
the phase difference is A¢ = ¢r — ¢.. Note that we have per-
formed the standard approximation of neglecting the inverse
proximity effect in the superconductors which is formally
valid under the assumption that there exists a strong mismatch
between the normal-state conductivity of the superconducting
material compared to the other layers.

Before solving equations, we have to know our bound-
ary conditions. This two-dimensional problem is solved by
making the problem effectively one dimensional, and thus we
apply the KL boundary conditions at the vacuum interfaces
x = —G and x = G which effectively sets the current moving
in the x direction to zero at these edges. At the two interfaces
between the three regions, x = —L/2 and x = L/2, we require
that the Green’s functions are continuous and the KL bound-
ary condition is satisfied. As mentioned, since the Green’s
functions are continuous we get Eq. (9). In the weak proximity
limit, this gives us

3x[(*L/2+)=3x[(*L/27)*W7 (A, f(=L/2)]}

16)

acf(L/2” )—3xf(L/2+)— le,f(L/2+)]+ an

For the anomalous Green’s function i , we will make use of

the so-called d-vector formalism [29] where all triplet corre-

lations are compactly expressed through a vector d. The total

superconducting anomalous Green’s function matrix may then
idy - dx

be written as:
f=(f+d 0o’ bt (18)
= s cO)Io”T = .
- » o d: - fs ld) + dx

The d-vector representation has the advantage of clearly
separating the long-ranged and short-ranged triplet com-
ponent of f [11]. The long-ranged component will be a
component that is perpendicular to the exchange field d;rc =
|d x M| while the short-ranged component is parallel to the
exchange field dsgc = d - M. We can now enter our d vector
into Eq. (15). The set of Pauli matrices with the addition of
the identity matrices form a basis for a general 2 x 2 matrix.
Therefore, by using the identity 090" = 81 + €0, We
get four equations for each of the four matrices:

3 f, sinh(9) ;| 2ei 2i
Twaaps t T ft pMdi+Mydy) =0, 19
w2 tWtdr’ T AT pt +Mydy) (19)
9%d, d ad, ) 2ei | 2iMy
- = d, — 8apd =0, 20
Ox2 W+d( Olax “+E) aﬁy>+ f 0
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2d, d dd. 2ei . 2iM,
Yy (—4p—= —4@® + BA)d, — 8afBd, | + —d, + =2 f, =0, 21
ax2+W+d< Bt — 4@ + ), — 8apd, ) + T+ L @1
Pd.  d ad ad, 2¢i
Z 4 x 4 ‘—8 2 Zd. —d.:O. 22
x? W+d<a8x+53x (“+’3)@)+D‘ @2)

We can immediately draw several conclusions before at-
tempting to solve the differential equations. First of all, the
transformation d, < d,, « <> B, M, <> M, leaves the equa-
tions invariant. We will mostly look at the case where we
only have Rashba spin-orbit coupling present since this case
is experimentally more feasible, but due to this invariance,
our conclusions of the supercurrent and triplets will also be
invariant to this transformation.

We continue by looking at the case B =M, =0, and
M, # 0. This decouples the third equation from the rest of the
equations, and thus there is no way for the singlet state f; to be
transformed into a triplet d, state. In a spatially homogeneous
system, the long-ranged triplet state digc = |d x M| x d,
decouples as well, and hence only the short ranged triplets d,
emerge. If, on the other hand, there is an uneven distribution
of the triplet correlations, this may lead to a precession of the
triplet Cooper pairs due to the Rashba spin-orbit coupling. In
particular, ‘Z‘i # 0 causes a precession about the y axis, and
the generation of d, triplets. This is precisely the case for the
lateral geometry of Fig. 1; the superconducting correlations
are largest directly beneath the superconducting electrodes,
and reduces in strength as one moves along the x axis, towards
x = 0, producing the necessary gradient.

While increasing « increases the production of long-ranged
triplets, a larger o also has a detrimental effect on all triplet
Cooper pairs due to the Dyakonov-Perel-like spin relaxation
[10]. The manifestation of this effect is the appearance of an
imaginary term in the quasiparticle energy, which for the long-
ranged triplets takes the form,

. 4dD
i——a.
W +d
Imaginary contributions to the energy are normally associated
with pair-breaking processes, and therefore, these LRT com-
ponents will decay faster if the Rashba coefficient is large.
On the other hand, if the Rashba coefficient is zero, then
there will be no LRTs at all. We therefore expect to find a
maximum value for the triplets and supercurrent for a certain
intermediate value of «. We will later show numerically that
this reasoning is correct, resulting in a nonmonotonic behavior
of the supercurrent as a function of «, and that an in-plane
rotation of the exchange field will drastically change the
magnitude of the supercurrent.

If we instead set B = M, =0, and M, # 0, we decouple
the second and fourth differential equations from the other
two, and thus d, = d, = 0. The Rashba coupling has in this
case a very small impact on the system and will only impact
singlet pairs and the short range triplets (SRTs) with no LRTs
present. Thus, in the case of Rashba coupling, an in-plane
rotation of the exchange field from M,e, to M,e, will make
all LRT's vanish and only SRTs will remain.

(23)

€LRT = € —

[
B. Analytical results: In-plane magnetization

We will now show explicitly that we get a long-ranged
triplet pair correlation with spin-orbit coupling which in turn
gives a long-ranged charge supercurrent. We will only be
looking at a pure Rashba spin-orbit coupling and set 8 = 0.
We will also place the magnetic field in the x direction and
thus M, = 0.

We assume now that the distance L between the two
superconducting electrodes is so large that the solution for
the anomalous Green’s function in the ferromagnetic bridge
will consequently be the superposition of the Green’s func-
tion in two systems with only one effective superconducting
node. In this way, we only need to solve the anomalous
Green’s function in a lateral geometry with one effective
superconducting node with spin-orbit coupling present. Thus,
we start by finding the solution for an effective bilayer in
which a superconductor with spin—orbit coupling is located
in the region x < 0, and a ferromagnet at x > 0. Far into the
semi-infinite regions the solutions will converge to zero, and
we only take into account the boundary conditions at x = 0
in Egs. (16) and (17) with the addition of continuity of the
anomalous Green’s functions. We will also assume that the
Rashba coupling is weak, o> < |M|/D, so that we can remove
any second order term in « in the differential equation. The
general solution of the differential equations then becomes

2ak , k? ;
fi= —7C4€kx + C5€K”x + C(,EK""\ + Pad
K2 —k? K2(2k* — K2)
(24)
K2 —k? .
d, = Cse®r* — Coer" — ——2—— —pe”  (25)
' K2(2k> — K2)
dy=0 (26)
2uK, 2uK,
d, = Cyet™ — e _’;( 5Csefrt — e _”]’c SCee™ (27
p P
when x < 0. Here, k = /—2ie/D, Kpmy =

V=2i(e + (WM,)/D and h =sinh(0)/¢(W +d)* and

in the ferromagnetic bridge when x > 0 the solution is

fi=—Cie % 4 G (28)
dy = Cre™ " + e (29)
d, = Cze™, (30)

As expected, only d; has any long-ranged triplet com-
ponents in the purely ferromagnetic region, and thus we
are mostly interested in finding C5. Applying the boundary
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conditions at x = 0, we get to the first order in «,
3Ky — kK + (kK,, — 6k*)K} + 2k°K, + k*
(4kKS — 12K3K % + 8kK?2)

G =

d
W+d
which clearly shows that we only get a long-ranged triplet
component if we have Rashba spin-orbit coupling present.
Letting [M,| > €, we get |K(,/)| > |k| and
3dohe'®:
4W + kK2’

X

ahe'", 31

G = (32)
We now place a second superconducting electrode at x =
L/2 and push the first electrode back to x = —L/2. We solve
the differential equations for the second node and assume
that total condensate function f is a superposition of the
two solutions and that the superconducting nodes are so far
apart that the overlap between the two solutions is small. The
complete solution for the long-ranged component is thus

d, = CS—e—k(,\'+L/2) + C;—ek(x—L/Z). (33)

Here, C; is the coefficient for the left superconducting
node and C; for the other node. C; is given in Eq. (31), while
Cy is found by making the replacements k — —k, K(,/m) —
—K(p/m), and ¢; — ¢ Entering this LRT component into the
formula for the supercurrent, we get

Iy = 4NyDe / " de tanh(Be,/2) (34)
0

x RK(CFCy — Cy CHe™ . (35)

Here the tilde conjugation is as mentioned just doing the
transformation € — —e and i — —i. Using the approximated
Cs in Eq. (32), the long-ranged supercurrent becomes

_ 00 3da ?
Io = 8NyDe sm(A¢>)f0 de tanh(ﬂe/2)<m>

. hh
X .‘Y\‘(—tme kL), (36)

m>p

where A¢ = ¢g — ¢r. Therefore, this long-ranged triplet
component also gives a long-ranged supercurrent that is pro-
portional to a? for small . When the interlayer length exceeds
considerably the ferromagnetic coherence length, the Joseph-
son current in the middle of the interlayer is only carried by
the LRT component. Therefore, it is sufficient to compute this
component of the anomalous Green function to O(«) in order
to determine the supercurrent, which is quadratic with respect
to the LRT component, to O(a?).

In the above expression for the supercurrent, we have
used the simplified C3 solution which amounts to the ap-
proximation that the main contribution to the integral for
the supercurrent comes from the region ¢ < |M,|. Numeri-
cally, we have confirmed that the main contribution indeed
comes from the region near ¢ = A. Alternatively, and more
accurately, we could simply use the whole solution for C3 in

Eq. (31) which results in a much longer expression for Ip. The
point is nevertheless that we get a long-ranged supercurrent
when o # 0. As previously argued, if we rotate the exchange
field from a pure x-direction to lie along the y-axis, the long-
ranged component will become zero. An in-plane rotation of
the exchange field from M = Me, to M = Me, with Rashba
coupling should therefore result in a significant drop in the
magnitude of the supercurrent.

As mentioned above, the system is invariant under the
transformation d, < d,, o <> B, M, <> M, and hence we get
the same expression for the long-ranged supercurrent with
instead of « if we set o = M, = 0 and keep 8 and M, nonzero.
This means that pure Dresselhaus spin-orbit coupling would
also be sufficient to get a long-ranged supercurrent.

C. Numerical results

The weak proximity approximation is only valid if the
magnitude of the elements of f are much smaller than unity
which limits the choice of parameter values that can be ex-
plored. We will solve the full proximity effect Usadel equation
numerically in this section, which is free from this restriction.

We will solve the problem by using the Riccati
parametrization with spin-orbit coupling derived in Ref. [11],

D(V?y +2(Vy)N7(Vy))
= —2iey —iM - (oy — yo*) + DA%y — y(4*)
+2(Ay + yA"NA* + 7AY))

+ 2iD((Vy)N@A* + 7AY) + (A + yA*7)N(Vy)).
37

The corresponding equation for 7 can be found by tilde
conjugating the equation above. Here, the Green’s functions
are given as g=N(l +yy) and f =2Ny. And N = (1 —
y7)~!, and thus we need to solve for y and 7. We will still be
approximating the system to be one dimensional with the KL
boundary conditions in the two nodes working as two sources
of singlet states. The KL boundary conditions are

0 1 . .
7= — (1 —yPs)Ns(y —ys) +iAy +iyA]  (38)
4 Le

where ¢ is the ratio between the barrier resistance and the bulk
resistance of the heavy metal, and L is the width of the normal
metal and ferromagnetic layer whichis L = W 4 d. ys and Ng
are the Riccati parameters for the BCS bulk superconductor.
Since the width W of the heavy metal and the ferromagnetic
film is small, we will neglect the inverse proximity effect
and use the bulk BCS Green’s functions in the supercon-
ductors. We will as in the last section use this boundary
condition between the heavy metal and the superconductor
as an effective source of singlet state pairs. Since the nor-
mal vector of the interface points in the z-direction, we get
A, = 0. The z-component of V?y will be nonzero when av-
eraged over the z-direction, and the effective Usadel equation
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becomes:

92 1  \._ [0
D[*V + ———— (1 —yPs)Ns(y —ys) + 2(*}/)1\7)7(*)/)]

axz” (W +d)

= —2iey —iM - —yo")+D
iey —1i (oy —yo™)+ Wrd

dx dax

[Azy — Y@ +2Ay + yAHNA* + ?Ay)]

+2iDL[(iV>1\7p(A* +17AV)+(A+VA*77)N(3%V>]. (39

W +d|[\ox

The corresponding equation for ¥ can be found by tilde con-
jugation the equation above. By using the bulk BCS Green’s
function, we can easily calculate Ng and ys.

We consider the system depicted in Fig. 1. The diffusive
limit coherence length of the superconductor is £ = /D/A,
where A is the superconducting gap energy. We will use the
lengths W/&s = d /& = 0.08 and L/&s = 1. We will also let
the length of the spin-orbit coupled region be 0.2&g, which
gives us G/L = 0.7. The interface transparency will be { = 5,
and the exchange field is placed in the xy-plane M =
M(cos(0), sin(0),0). We normalize ¢ and M to the gap
energy A. We choose a strong ferromagnet My = 50A and
with W = d, the effective exchange field will be M = 25A
in the two superconducting electrodes and M = 50A in the
middle region. The value of the exchange field is reasonable
considering an ultra-thin strong ferromagnet like cobalt in
contact with a heavy metal like platinum [14]. The macro-
scopic phase difference has been set to A¢p = g — ¢ =
7 /2, while the temperature is 7 = 0.57¢, and in addition, we
will now only assume a pure Rashba coupling which we will
normalize to the length of the ferromagnetic bridge L such that
aL will be a dimensionless quantity. The spin-orbit coupling
term is then

A= —age, +ao,e,. (40)

The supercurrent is plotted as a function of the ex-
change field angle 6 and Rashba coupling in Figs. 2 and 3,

%1073

al=0

0 4 w2
[%

FIG. 2. The supercurrent is plotted as a function of exchange
field 6. When 6 = 0 the exchange field points along the x-direction,
while 6 = /2 corresponds to the exchange field pointing in the y
direction.

respectively, where Iy = NyDAe. With Rashba coupling, we
clearly see an enhanced supercurrent when the exchange field
points in the x direction (6 = 0). There also seems to be a cer-
tain magnitude of the Rashba constant where the supercurrent
is peaked when 6 = 0, namely at oL ~ 5. Interestingly, we
also see from Fig. 3 that we are able to create 0-7 transitions
when the strength of the Rashba coupling is oL < 6. Thus,
there exists an angle close to 8 = 7 /2 where the current is
zero as long as oL < 6. It also seems that the supercurrent
becomes independent of & when oL — oo. This is, as we
explained in the weak proximity limit, because the energy of
the LRTs get an imaginary part which destroy the coherence
of these components.

To more properly understand the behavior of the supercur-
rent in the system, we compute the triplet pair correlation,
which is defined as [30,31]

o]
L] :/ de dtanhﬂ—e. 41)
0 2
The pair correlation for the long-ranged triplet component,
d,, for the exact two-dimensional geometry considered is
computed using a Galerkin finite element method [32] and is
shown in Fig. 4. We note in passing that this finite element
method divides the system into elements defined by nodes.
Some of these nodes are corner nodes, but the actual solu-
tion of the partial differential equation within each element
requires functional evaluations at points which differ from

the nodal points. As a result, one does not have to deal

x10°

—0=0

I/ 1y

0 5 10 15
alL

FIG. 3. The supercurrent is plotted as a function of Rashba
coupling « in the heavy metals.
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F\
[T

>0.001 0.01 0.1

FIG. 4. The long-ranged triplet pair correlation &, plotted for an
exchange field pointing in the x direction (top) and the y direction
(bottom). Only the former yields a nonzero @,.

with surface discontinuities at corners. Transparent boundary
conditions have been assumed between the heavy metal layers
and the ferromagnet. It is seen that when the exchange field is
pointing in the x direction, d, triplets accumulate along the
vacuum edges of the heavy metal layers. The reason for this
is that the vacuum edges constrain the Cooper pair diffusion
in the x direction, giving a nonzero gradient %‘i‘ in the density
of these triplet pairs. Due to the spin-orbit coupling, such a
gradient acts as a source for d, triplets due to spin precession.
The corresponding pair correlation leaks into the ferromagnet,
and being long ranged with respect to the exchange field,
it permeates the entire ferromagnetic bridge, thus acting as
a mediator for the supercurrent. In contrast, no d, triplets
are found when the exchange field points in the y direction,
which is consistent with the reduction in the magnitude of the
supercurrent seen in Fig. 2. It is clear that a finite thickness
d of the heavy metal layers is essential for the generation
of d, triplets. This means that models which approximate
the spin-orbit coupling as solely an interface effect, e.g., as
discussed in Refs. [33], will fail to capture the correct 6
dependence.

The key observation is that there should be a change in the
critical current of the system with an in-plane magnetization
rotation, an effect which is absent in systems with spin-singlet
supercurrents. The supercurrent is also plotted as a function
of the length of the ferromagnetic region in Fig. 5 where we
have set «& = 5. This choice corresponds to the maximum
supercurrent in Fig. 3 when L/& = 1. We see that the super-
current in the case of a pure x-directed exchange field (6 = 0)
decays much slower than in the case where the exchange field
points along the y axis (0 = 7 /2). This is precisely due to the
fact that the supercurrent is now carried by long-ranged triplet
Cooper pairs. Note that the supercurrent rapidly changes sign
when 6 = /2 due to 0-7 oscillations. In contrast, for 6 = 0
there are no O-m transitions in the interval 0.5 < L/§ < 2.
This allows for an interesting observation, namely that there
exists several possible intervals of L/& where a 90 degree

-3
x10 102 . _
T T~
—0=0
—0=n/2
15} 10 J

05 1 15 2
L/¢

FIG. 5. The supercurrent plotted as a function of the length of
the ferromagnetic bridge L. The inset is a log plot of the absolute
value of the current and shows how vastly different the exponential
decay is for the two in-plane directions of the exchange field. The
sharp dips in the log graph shows where the short ranged current
switches sign.

in-plane rotation of the magnetization essentially turns the
supercurrent on and off.

IV. CONCLUDING REMARKS

We have shown that a lateral Josephson junction with
spin-orbit coupled contacts to a ferromagnetic film that is
magnetized in-plane is able to carry a long-ranged triplet
supercurrent. This supercurrent is highly sensitive to the in-
plane rotation of the magnetic field, and our system thus
effectively acts as a magnetic transistor for the supercurrent.
The main merit of our result is that the long-ranged triplet
supercurrent is tuned with a single ferromagnetic layer with-
out any requirement for an out-of-plane magnetization. We
believe this could provide a way to realize tunable triplet su-
percurrents via Rashba spin-orbit coupling in a considerably
simpler way than previous proposals.

Note Added. After we submitted this manuscript, a related
work appeared as a preprint on arXiv [34].
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We show that a supercurrent carried by spinless singlet Cooper pairs can induce a spin accumulation in the
normal metal interlayer of a Josephson junction. This phenomenon occurs when a nonequilibrium spin-energy
mode is excited in the normal metal, for instance by an applied temperature gradient between ferromagnetic
electrodes. Without supercurrent, the spin accumulation vanishes in the Josephson junction. With supercurrent, a
spatially antisymmetric spin accumulation is generated that can be measured by tunneling to a polarized detector
electrode. We explain the physical origin of the induced spin accumulation by the combined effect of a Doppler
shift induced by a flow of singlet Cooper pairs, and the spin-energy mode excited in the normal metal. This effect
shows that spin control is possible even with singlet Cooper pairs in conventional superconductors, a finding
which could open new perspectives in superconducting spintronics.

Introduction.—. Using superconductors to achieve interest-
ing spin-dependent quantum effects is the central goal in the
growing field of superconducting spintronics [1, 2]. Despite
the fact that superconductivity is usually antagonistic to mag-
netism, a series of experiments have in recent years proven that
superconductors can be used to achieve phenomena such as
long-ranged and dissipationless spin currents [3, 4], large ther-
moelectric effects when combined with spin-polarized barriers
[5], spin Hall signals exceeding the normal-state value by three
orders of magnitude [6], and quantum phase batteries [7].

A key component of superconducting spintronics has tradi-
tionally been to find ways to generate polarized triplet Cooper
pairs which can transport spin without resistance. In contrast,
conventional superconductors described by Bardeen-Cooper-
Schrieffer theory [8] are condensates of singlet Cooper pairs.
‘While such condensates support supercurrents of charge, they
do not generate supercurrents of spin. It might therefore seem
like supercurrents in conventional superconductors do not have
much use in spintronics, where the aim is to control and detect
spin-polarized signals [9].

Here, we show that supercurrents carried by singlet Cooper
pairs can induce a spin accumulation in a normal metal despite
the fact that they have no spin. This phenomenon occurs
when a nonequilibrium spin-energy mode is excited in the
normal metal. We show that the induced spin accumulation
can be understood physically from the combined effect of a
Doppler shift induced by the supercurrent and the existence of
a spin-energy excitation in the normal metal. The fact that the
spin accumulation can be controlled by a superflow of spinless
Cooper pairs opens up for a different way in which conventional
superconductors can merge with spintronics.

Results.—. The proposed setup for measuring this effect
is shown in Fig. 1. Two thin normal metals are stacked on
top of each other, creating a four-terminal device. Two ferro-
magnetic leads with antiparallel magnetizations are attached to
opposite terminals, and superconducting leads are attached to
the remaining two terminals. When a supercurrent is passed
through the superconducting electrodes, a spin accumulation is
generated in the normal metal separating them. In the absence
of supercurrent, the spin accumulation vanishes in the region
between the superconductors. The length of each of the normal
metals is assumed to be 3¢, where ¢ is the coherence length
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FIG. 1: (Color online) Two superconducting electrodes (S) are de-
posited on top of a normal metal film (purple region). Far away from
the superconducting electrodes, two antiparallel ferromagnets are in
contact with the normal metal film. When a temperature gradient
is applied between the ferromagnets, a spin-energy mode is excited
throughout the normal metal. In the middle of the normal metal,
between the superconductors, there exists no spin accumulation in the
absence of a supercurrent. This corresponds to zero phase-gradient
across the Josephson junction, V¢ = 0. When a supercurrent is
applied, Vo # 0, an antisymmetric spin accumulation is induced in
the normal metal between the superconductors.

of the superconductors, which then gives the distance between
opposite terminals. We assume that the system is in the dif-
fusive limit, with a short mean free path. On the other hand,
the spin flip scattering length is assumed to be longer than
the size of the system, so that the spin diffusion in the normal
metal is negligible. This is achievable, e.g., by using niobium
superconductors, which has a coherence length of ¢ =10-15nm
in the diffusive limit, and copper normal metals, in which the
spin diffusion length at low temperatures can be longer than
100 nm, even with a high concentration of impurities [10, 11].

The physical mechanism behind this result can then be
understood by the following simplified picture. Consider a
ferromagnet - normal metal - ferromagnet (FNF) spin valve,
with an antiparallel orientation of the magnetization in the
ferromagnets. We increase the temperature of the right F by a
certain amount AT relative to the temperature 7 of the left F.
The tunnelling amplitude of particles at the F-N metal interfaces
is higher when their spin is parallel to the magnetization than
if it is antiparallel. The former is therefore influenced by a
temperature increase in the F reservoir to a greater degree than
the latter, leading to a temperature difference between particles



of opposite spin. The temperature on the right and left side of
the normal metal for spin j, T)’Q and lex respectively, are then
given as

T} =Ty + AT, M
T} =Ty + (1 - P)AT, @)
T} =Ty + PAT, @)
T} =T, @)

where the polarization P € [0, 1] takes into account the spin
dependence of the tunnelling. For P = 0, both sides are given
the temperature of their respective reservoir, regardless of
spin. For P =1, Tlé and TLT are completely insulated from the
adjacent interface, and thus equilibrate to the temperature of
the reservoir at the opposite end. The temperature distribution
throughout the normal metal is simply given by

; 1y i i i\ X
T = 5 (Th+ 1)) + (T} -1]) 3. 3)
where L is the distance between the ferromagnets and x €
(=L/2,L/2). The temperature difference Ty between spin up

and spin down electrons then becomes
Ty(x) = T'(x) - TX(x) = PAT. (©6)

In other words, a spin valve in the antiparallel configuration
gives a spatially constant temperature difference between elec-
trons of opposite spin.

When the superconducting leads are added to the spin valve
as shown in Fig. 1, the picture is modified. In a superconductor,
any temperature difference between spins of quasiparticles
with energies below the superconducting gap will decay with a
length scale of the superconducting coherence length, as these
particles convert into singlet Cooper pairs. The superconduct-
ing correlations induced in the normal metal via the proximity
effect therefore has a detrimental effect on 7. The decay is
largest near the superconducting leads, where the supercon-
ducting correlations are greatest. In addition, heat transfer
between the superconducting leads (where both spin species
have the same temperature) and the normal metal reduces T
as well. 7 is therefore expected to have a transversal variation,
with a maximum at the center of the spin valve. However, a
nonuniform 7 is not enough to generate a spin accumulation.
A phase gradient parallel to VT is required as well. This is
illustrated in Fig. 2, which shows the quasiparticle energy band
of a superconductor with an applied spin temperature gradient.
For simplicity, we assume that the temperature on its left side is
so low that there are no right-moving quasiparticle excitations.
On its right side, a higher temperature is applied, along with
a T, > 0, both of which reduce towards the left. When the
phase gradient Vg is zero, in Fig. 2a), there is indeed a higher
number of spin up quasiparticles excited than spin down. How-
ever, there are just as many hole-like excitations as there are
electron-like. There is therefore no net spin accumulated. In
contrast, when Vo > 0, a Doppler shift of the energy band is
created, reducing the gap for momentum k < 0, and vice versa,
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FIG. 2: Illustration of how a phase gradient in a superconductor
leads to a spin imbalance when there is a gradient in the temperature
difference between spin up and spin down particles, 7s = Ty — 7. a)
The energy band of the superconductor when there is no phase gradient.
b) The same energy band when V¢ > 0. The resulting Doppler shift
leads to a net spin imbalance. We show here for simplicity an extreme
example of a case where VT < 0, in which there are only left moving
quasiparticle excitations.

as shown in Fig. 2b). This creates an imbalance between spin
up and spin down excitations, resulting in a net magnetization.

To summarize, the simplified analysis above implies the
generation of a spin accumulation in the system shown in
Fig. 1. The role of the singlet superconductors is twofold.
Firstly, they introduce a transversal variation to an otherwise
constant temperature difference between spin up and down
particles. Secondly, when a phase gradient is applied parallel
to VT, a net spin imbalance is produced. To prove this, we
have to consider both the superconducting correlations induced
in the normal metal due to the proximity effect as well as
the non-equilibrium population of quasiparticles caused by
the temperature gradient applied across the normal metal. A
suitable theoretical framework for this purpose is the Keldysh-
Usadel theory for non-equilibrium Green functions [12, 13].
In recent years, this formalism has been used to predict several
interesting phenomena in superconducting hybrid structures
driven out of equilibrium [19-21]. We consider the diffusive
regime of transport, where impurity scattering randomizes the
momentum of quasiparticles, in which case the Green function
matrix in the normal metal can be obtained by solving the
Usadel equation,

DV - Vg +ileps, §1=0, @)

where D is the diffusion constant and ¢ is the quasiparticle
energy. The Green function matrix has the structure

AR ~K
~_ (8 &
8—(0 (QA)» 3

in Keldysh space, where g% are 4 x 4 matrices in particle-hole
and spin space. Furthermore, we have g4 = diag(p4, pa),
with g4 = diag(+1,+1,—-1,—1). The retarded and advanced
Green functions, §® and g4, determine the band structure of
the system, and these components satisfy an equation which is
identical in form to Eq. (7). The quasiparticle excitations are
determined by the Keldysh Green function, §X. Without loss of
generality, this matrix can be parametrized has §¥ = gR h-hg",

where £ is a distribution function. Its matrix structure in
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FIG. 3: Numerical simulations of the spin accumulation, scaled by
Mo, in the presence of temperature gradient. The superconducting
terminals (top and bottom), and the left ferromagnet have a temperature
of T; = 0.17,, whereas the right ferromagnet has a temperature of
Ty, = 0.5T¢. No magnetization is induced when Ag = 0.

particle-hole and spin space can be further parametrized as
=" hnpn ©
n

where po = I, p; = 67, and pasj = pap; for j € {1,2,3}.
The matrix [ is the identity, and 0; = diag (o7, o-j*) for Pauli
matrix 0. In the following, we assume that both ferromagnets
are aligned in the z direction, in which case the only relevant
distribution functions become hg, h3, hq and h7. Insertion into
Eq. (7) gives,

Ann YVl + b - Vi = 0, (10)
where ap, = DTr [ﬁ:nﬁn - ﬁngﬁngA] /4, and b, =
Vamn + DTt [pnpmgRVER = prnpng”?Vg*] /4. The function
hy is the energy mode, and gives the temperature distribution

of the system, with /9 = tanh ﬁ, where kg is the Boltzmann

constant, being the only nonzero component of /1 in equilibrium.
h3 is a spin-energy mode, and expresses an effective tempera-
ture difference between spin up and down quasiparticles. The
charge mode h4 gives the quasiparticle charge distribution in
the system, and the spin mode /7 gives the spin accumulation,
through the relation

is(r) = 4y f de hy(e, rv(e.r). (11

In Eq. (11), we have neglected any triplet superconducting
correlations, as is the case in our system, which would otherwise
also give a contribution. Furthermore, v(g,r) is the local
density of states, and o = gupvo/8, where g is the Landé
g-factor, up is the Bohr magneton and vy is the density of states
of the normal metal, at the Fermi level.

To describe the interfaces to the reservoirs, we use a gen-
eralization of the Kupriyanov-Lukichev tunnelling boundary
conditions, which take spin polarization into account [14, 15],

$i-§VE =&, 81+ Lnr [{63,8'}. 81 + $1 (038753, 8], (12)
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FIG. 4: The effect of varying the temperature in the right ferromagnetic
reservoir. a) shows the maximum spin accumulation as a function of
the interface polarization P, and b) shows the distribution of the spin
accumulation along a coordinate y moving in a straight line between
the superconductors. The annotations denote different 7}, /7., and
max(us) is the maximum spin accumulation located along y.

where 7 is the interface normal, ¢ expresses the in-
terface resistance, and g’ is the reservoir Green func-

tion. The parameters p, = P/(l +V1 - P2) and {; =

(1 -Vi- P2) /(1 +V1- PZ) give the spin filtering at the
interface, for a given polarization P. For interfaces to the
ferromagnets, we set { = 3 and P = 0.6, whereas for the super-
conductors, we set £ = 1 and P = 0. To generate a temperature
gradient in the normal metal, we set the temperature in the left
ferromagnetic reservoir, as well as in the two superconduct-
ing leads to be 7; = 0.17,, and the temperature in the right
ferromagnetic reservoir to be 7, = 0.57.. The retarded and
advanced components of Eq. (7), and subsequently, Eq. (10),
are solved using the finite element method [16], and the result-
ing magnetization is computed using Eq. (11). The results are
shown in Fig. 3. It is seen that when the phase difference Agp
is zero, no magnetization is induced in the normal metal. In
stark contrast, an antisymmetric magnetization appears when
A¢ = /2. Thus, a supercurrent carried by spinless Cooper
pairs induces a magnetization.

A magnetization can also be generated due to the presence
of the ferromagnets, which in proximity to a superconductor
can produce triplet superconducting correlations [17]. Another
source of triplet correlations are the spin filtering at the inter-
faces, which would polarize the supercurrent if it detours via
the ferromagnets on its way from one superconducting lead to
the other. However, for the present geometry, the ferromagnets
are located sufficiently far away from the superconducting leads
that these mechanisms can be disregarded. In other words, the
triplet superconducting correlations are completely negligible
in this system, and the magnetization is induced solely by the
interaction between the singlet (spin-0) Cooper pairs and the
nonequilibrium temperature distribution.

It is interesting to investigate how the induced magnetization
depends on the system parameters. In Fig. 4a) we show the
maximum spin accumulation as a function of the interface
polarization P, for a variety of different temperature gradients.
Polarizations up to 90% can be obtained e.g. by replacing the



ferromagnetic reservoirs in Fig. 1 with normal reservoirs that
couple to the central normal metal via a ferromagnetic insulator
such as EuS [18]. It is seen that the magnetization increases
with P, and that this increase is steeper for higher 7j,. This
result is reasonable, as both parameters combined generate a

spin temperature difference Ty, in correspondence with Eq. (6).

Fig. 4b) shows the distribution of the spin accumulation along
a straight line between the superconducting leads. For a low
temperature difference 7}, — T;, the largest spin accumulation
takes place about half way between the center of the system
and the superconductors. However, as T}, increases these
maxima are eventually overtaken by a larger spin accumulation
at the superconductor interfaces. This is likely because of the
increasing temperature gradient between the right ferromagnet
and the superconductors, which leads to an increasing heat
exchange between the two. Since the temperature in the latter
is spin independent, this serves to mollify the spin temperature
difference T near the superconductors, and thus increase the
gradient in /3. This, in turn, leads to a higher spin accumulation
when a phase gradient is applied. We note, however, that these
results are obtained while assuming the superconductors act
as temperature reservoirs. A continued increase in 7}, will
likely invalidate this assumption, and lead to a saturation of
the induced spin accumulation. We also note that a spin-heat
accumulation, described by a finite 43 and 7§, should in general

also occur close to the interface on the ferromagnetic side [22].

Finally, we remark that it is also possible to generate a spin
dependent temperature difference by applying a voltage bias
between the ferromagnets, rather than a temperature gradient.

In this case, the largest average T in the system would be
obtained for a parallel alignment of the ferromagnets. A phase
gradient between the superconducting leads will then produce
a spin accumulation by the same mechanism as previously
described. However, in addition to providing a Ty, the injected
quasiparticles lead to a spin imbalance, and thus directly
contribute to the spin accumulation. This spin accumulation
is independent of the phase gradient, and will likely dominate
any measurement.

Conclusion.—. We have shown that a supercurrent carried
by spinless Cooper pairs can induce a spin accumulation in a
normal metal. This is possible when a spin-energy distribution
mode is excited in the normal metal out of equilibrium, which
allows a spin accumulation to arise due to the Doppler shift
caused by the supercurrent in the quasiparticle energies. Our
finding shows that spin control is possible even with singlet
Cooper pairs in conventional superconductors, which could
open interesting avenues for further research in superconducting
spintronics.
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The two-dimensional nature of graphene Josephson junctions offers the possibility of creating effective
superconductor-ferromagnet-superconductor junctions with tunable Zeeman splitting caused by an in-plane
magnetic field. Such junctions would be able to alternate between a conventional superconducting ground state
and a ground state with an intrinsic phase difference, making them controllable 0-7r Josephson junctions. However,
in addition to the Zeeman splitting, an in-plane magnetic field will in general also produce an orbital effect
because of height variations in graphene, colloquially known as ripples. Both the Zeeman and orbital effect
will thus affect the critical current, so to be able to identify O-7 transitions it is necessary to understand their
combined effect. From both analytical and numerical solutions of the Usadel equation we find that ripples can
in fact produce a current response similar to that which is characteristic of a 0-r transition. Hence, additional
analysis is required in order to reveal the presence of a 0-r transition caused by spin-splitting in graphene with
ripples. We provide a closed form analytical expression for the critical current in the presence of exchange field
and ripple effects as well as an expression for the scaling of critical current zeroes with junction parameters.

I. INTRODUCTION

up and spin-down electrons. The non-zero momentum produces

‘When the spinless superconducting order of a conventional
superconductor comes in contact with a ferromagnet, it can
adapt by creating spin-triplet Cooper pairs [1]. The synergy
between superconductivity and ferromagnetism, two seemingly
incompatible orders, is a topic of fundamental interest, but
could also be of practical value. One interesting consequence
is that it allows for spinfull supercurrents. The promise of
low-dissipation spin transport has helped spawn the field of
superconducting spintronics [2].

In the last decade, the possibility of creating Josephson junc-
tions with graphene has attracted interest[3—7]. Superconductor-
graphene-superconductor (SGS) junctions provide an arena
for understanding the interplay between superconductivity and
otherwise distinct physical phenomena, such as special relativ-
ity [3] and the quantum Hall effect [8, 9]. Here, we are interested
in how the two-dimensional nature of monolayer graphene can
be utilized to create an effective superconductor-ferromagnet-
superconductor (SFS) junction with a tunable exchange field.
This is done by introducing a Zeeman splitting between the
spin-bands in the graphene by use of a strong in-plane magnetic
field. This is possible because the two-dimensional nature
of the graphene minimizes the magnetic depairing effect that
would otherwise quench the superconducting correlations. By
using electrodes with Ising-like superconductivity, like thin
NbSe,, one avoids destroying the superconducting state of the
electrodes via the Pauli limitation.

The possibility of in situ control of the exchange field could
open new avenues for manipulations that take advantage of the
combined effect of magnetic and superconducting order. In
addition to giving rise to the possibility of Cooper pairs with
non-zero total spin [2], the presence of a magnetic field gives
the Cooper pairs a non-zero total momentum, as first explained
by Fulde, Ferrel, Larkin and Ovchinnikov [10, 11]. The total
momentum of the Cooper pairs in the so-called FFLO-state is
given by the strength of the exchange field, as this determines the
displacement of the two Fermi surfaces corresponding to spin-

spatial variations in the superconducting order parameter [12].

One consequence of the spatial variations, is that the ground
state of a superconductor-ferromagnet-superconductor (SFS)
Josephson junction can be one in which the phases of the
order parameter in the two superconductors differs by 7, which
is known as a m-junction. Such junctions could have an
important role in the design of components for quantum com-
puting [13-15], superconducting computing [16, 17] or as
cryogenic memory [18].

Whether an SFS-junction is a 7-junction or not depends on
its length as well as the strength of the exchange field, which
are typically fixed parameters. If, however, the exchange field
could be tuned, this would allow for a controllable switching
between the O-junction state and z-junction state. Zeeman-
effect-induced O-7 transitions have previously been observed
in a Dirac semimetal with a g factor on the order of 103 [19].
The large g factor allowed the O-7 transition to occur before the
magnetic field extinguished the superconducting correlations.
Using a junction with a two-dimensional material, such as
monolayer graphene, would allow for Zeeman driven 0-7
transitions without the need for large g factors, since such
junctions can withstand much larger in-plane magnetic fields.

The prospect of a graphene Josephson junction being used as
atunable SFS-junctions is interesting, but it also demands a thor-
ough investigation into how the supercurrent in an SGS-junction
responds to the strong in-plane magnetic field necessary for
an appreciable Zeeman splitting. Even though monolayer
graphene is two-dimensional, it will in general not be perfectly
flat. It will have a curvature that depends on the underlying
substrate. If the graphene is placed on SiO,, it will be rippled
with peak-to-peak height difference of about 1 nm and typical
feature size of 30 nm [20]. Hence, the in-plane magnetic field
will have a component orthogonal to the graphene surface,
giving rise to an orbital effect. This orthogonal component
has been observed to suppress phase-coherent weak localiza-
tion [21, 22]. Consequently, extra care must be taken when
considering phase-coherent transport experiments relying on



in-plane magnetic fields. Here, we show that attention must
also be paid to ripples when considering SGS-junction with
tunable Zeeman splitting.

conduct‘or
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FIG. 1: Sketch of superconductor-graphene-superconductor junction
with rippled graphene and external magnetic field. The magnetic field
has out-of-plane component B and in-plane components By and By.

One property of a O-r transition is that the current changes

sign, giving zero net current exactly at the transition [23].

Characterization of an SGS-junction and the identification of
a possible 0-r transition will typically be done by measuring
the current response to an applied magnetic field. Therefore, it
is important to know whether features in the critical current,
such as the decay rate and zeros, can also be produced by an
interference effect that arises from ripples in the graphene. Of
particular interest is whether interference effects can give a
vanishing critical current at magnetic field strengths that are

comparable to the magnetic field necessary for a O-7 transition.

The Zeeman energy necessary for the transition is typically
smaller for diffusive systems [12], so diffusive systems are
most promising for tunable 7-junctions. However, computing
the supercurrent in a model with ripples in graphene is a

challenging task due to the non-trivial geometry of the system.

A sketch of the system under consideration is shown in
fig. 1. In order to model this geometry, we add a spatially
varying magnetic field to the equations governing diffusive
SFS-junctions, where the exchange field in the ferromagnet
comes from the Zeeman effect. In order to fully model the
disorderly ripples, one must be able to solve the equations with
arbitrary magnetic field distributions. We are able to do that
numerically by using the finite element method. Additionally,
we extend the analytical result by Bergeret and Cuevas [24]
for superconductor-normal-superconductor (SNS) junctions
with uniform magnetic fields to SFS-junctions with arbitrary
magnetic field distributions and arbitrary exchange fields.

II. METHODOLOGY

The critical current, as well as other physical quantities
such as the local density of states, can be calculated using the
quasiclassical Keldysh Green’s function formalism [25, 26].
Previous studies of ballistic systems have investigated the

interplay of the Zeeman and the orbital effect using an analytical
propagator approach [27, 28]. The diffusive limit considered
here, however, is more appropriately described by the Usadel
equation, which previously has been done to successfully model
experimental results for the supercurrent in SGS junctions [29].
We use natural units throughout, meaning that ¢ = % = 1.

In thermal equilibrium it is sufficient to solve for the retarded
Green’s function, g, which is normalized to g2 = 1 and solves
the Usadel equation,

DV . (gVg) +i[%, 8] =0, (1)

provided that the Fermi wavelength and the elastic impurity
scattering time is much shorter than all other relevant length
scales, and the Fermi wavelength is much smaller than the
scattering time. Here D is the diffusion coefficient and the
covariant derivative is V§ = Vg — ieA[p3, 8], where A is the
vector potential. The self-energy is

A
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where & is the energy, 6~ is the inelastic scattering time,
p3 = diag(l, 1, -1, —1), A is the superconducting gap parameter,
h is the exchange field and o is the vector consisting of Pauli
matrices. Defining “spin up” and “spin down” parallel to
the in-plane magnetic field gives h = hZ. We here disregard
the effect of the very weak k-dependent spin-orbit induced
effective Zeeman-field caused by ripples in graphene, which
is opposite in direction at the two inequivalent Dirac points of
graphene [30].

Let x and y be an orthogonal coordinate system of the
graphene surface such that the superconductors are located at
x = +£L/2 and the interfaces with vacuum are at y = +W/2.
The curved geometry of graphene will in general enter into the
Usadel equation (1) in two ways. First, the divergence operator
is altered by the presence of nonzero Christoffel symbols.
However, since the curvature of rippled graphene typically is
very small [20], this effect is negligible. Consequently, we
use V=%X09/dx +§ 0/0y. Second, and crucial for the effect
considered here, the in-plane magnetic field has a component
orthogonal to the surface. In the external coordinate system, or
“lab frame”, the magnetic field can be written B = (B, By, B, )7,
as illustrated in fig. 1, but in the coordinate system of the curved
graphene, the magnetic field has a z-component equal to

an . on
arctan(a)] By sin [arctan(ay,)]

on on
+B, = —Bxa —Bya +B., (3)

B:.Z=-B,sin

where 7 is the height distribution of the graphene, x” and y’ are
the coordinates in the lab frame and we have used the assumption



that dn/dx ~ dn/dx’ < 1 and dn/dy ~ dn/dy < 1. We
have also neglected the modulation effect that the curvature has
on the out-of-plane magnetic field component B, , since this
only gives a contribution that is negligible compared to that of
the much larger in-plane field, given by By and B,.

In order to capture the magnetic field given by eq. (3), we
use the vector potential

Yon o .
A=(Byn+B:| ——dy-B.ry|X. “4)
0 ox

Choosing the vector potential parallel to the x-axis allows us
to set A = 0 in the superconductors, which means that the
ground states in the superconductors have constant phases. In
the following we denote the superconducting phase in the left
(x < —=L/2) and right (x > L/2) superconductors by ¢; and ¢,,
respectively.

The Usadel equation (1) is not valid across boundaries of
different materials since the associated length scales are not
negligible compared to the Fermi wavelength. Instead, the
Green’s function in the different materials must be connected
through a boundary condition. For low-transparency tunneling
interfaces, one may use the Kupriyanov-Lukichev boundary
condition [31],

[ghgj] 5)

where the subscripts i and j denote the different sides of the
interface, fi is a normal unit vector pointing out of region 7, L;
is the length of region i in the fi-direction and ¢; is the ratio
of the normal-state conductance of region i to the interface
conductance. Equation (5) is used along the interface between
the superconductors and graphene at x = —L/2 and x = L/2.
Along the boundaries with vacuum at y = +W /2, the boundary
condition is i - V§ = 0.

It has been shown that one may use the bulk solution in the
superconductors,

GLif- (8V8) =

2z

J(e+io) - |A|2’

when the interface conductance is much smaller than the normal-
state conductance of length ¢ of the superconductor [32], where

D
=3 o

is the coherence length. The square root in eq. (6) must be
chosen such that it has a positive imaginary part.

Having found the Green’s function, the electrical current
density can be calculated from [33]

g BCS = (6)

No eD

Tr p3 2¥g - 578" s )tanh(’B )ds ®)

where Ny is the normal density of states and S is inverse
temperature. Finally, eq. (8) allows for calculation of the
critical current, given by

w2
1. = max J X j(x,y)dy, )
Pr=d1 J_w2

where the choice of x is arbitrary.
In order to solve eq. (1) numerically, we use the Ricatti
parametrisation,

. [N l+yy 2y
g‘( —N)( 2% 1+5y) 10)

where N = (1 — y7)"! and tilde conjugation is defined as
¥(g) = y*(—¢). This respects the normalization and underlying
symmetries of §. The resulting equations for the 2 X 2 matrices
v and ¥ are discretized by the finite element method [34] with
quadratic elements, and Gauss-Legendre quadrature rules of
fourth order is used to integrate over the elements. The resulting
nonlinear set of algebraic equations are solved by the Newton-
Raphson method [35], where the Jacobian is determined by
forward-mode automatic differentiation [36].

III. RESULTS AND DISCUSSION

In order to linearize the Usadel equation, we write
g=80+/1 an

where g is the bulk solution. In a ferromagnet, the self-energy
%, given by eq. (2), is diagonal. Hence, the bulk equatlon
[2 go] = 0 is solved by any diagonal matrix satisfying g go =1.
In order to find the correct solution one must solve the full
Gor’kov equation. The result is that o = p3. If we assume
that the proximity effect is weak, we can keep only linear terms
in f, yielding

DpsVAf +i[Z, f] =0, 12)

In order for the normalization g2 = 1 to hold to linear order
in f, we need {f, ﬁ3} = 0. This implies that

- 0 f
/= (_f 0) (13)
and
Vf=Vf-2ieApsf. (14)

In the weak proximity effect regime, the boundary conditions
read

(Lpsh-Vf [pz+ng+fb]—p%fA &f a3

where g, is the part of g,s proportional to Pz and f; is
the remaining part proportional to antidiag(A, —A, A*, —A*).
Additionally, we must have [ f, f:] = 0, since this term would
be block diagonal.

Since 2 is diagonal in the ferromagnet, the different compo-
nents of f decouple. Only the elements which are nonzero in
f; will have a constant term in the boundary conditions. The re-
maining elements must be zero. Hence, f must be antidiagonal,
just like 7;. This in turn implies that [ﬁ, f ] =281,



In order to solve the Usadel equation for arbitrary magnetic
fields, we first define

0= exp(—2ieﬁ3j L A(x',y) dx’)f (16)

With this, the Usadel equation can be written

N 2 A A c A A * aB ’
Dp3V<ii + 2ixi — 2Diepsil —dx
—L)2 0y

2 A ~ ’ ’ . ot * ’
—4De“i Bdx'| —4Die— Bdx' =0, (17)
L2 ay J_rp

where we have used that B = — dA/dy. We can neglect the
terms involving B (the magnetic field component orthogonal to
the graphene) by assuming that the magnetic field is sufficiently
weak. That s, for all x € (-L/2, L/2),

* o
J Bdx' < ®p4[ —, (18a)
-L/2 D
and
X 0B Dpo
—dx < —, (18b)
I—L/2 dy D

where @ = /e is the magnetic flux quantum.
The boundary conditions for i at y = +W /2 is

X
= —iﬁj Bdx'. (19)
y=W /2 -L/2

Equations (15), (17) and (19) can be solved exactly when B = 0
by assuming 62i1/dy* = 0. For B satisfying eq. (18) we can
find an approximate solution by neglecting the term 9% /dy>
ineq. (17).

With these approximations, the Usadel equation becomes an
ordinary differential equation,

@
ay

% 2ipE
— +
0x2 D

=0, (20)

with solution

a=exAtekxp (21

for some coefficients A and B. Here

2ips%

- :
D

(22)

which, since p3% is diagonal, k can be obtained simply by
taking the elementwise square root. To determine A and B one
must use eq. (15). The solution is

R . R 21—l
i = [(CLk + sy )6t = ((Lk = pg, e

x |p(x) + €Pp(-x)] f.  (23)

where

L2

0=¢,— ¢+ ZeJ‘ A(x,y)dx (24)
2

,L/
and
P00 = (LLE+p3g )t 4Lk = p3gy)e LD, (25)

Note that the boundary condition for the interfaces with vacuum,
eq. (19), is only approximately satisfied.

To find the current from eq. (23) we can use that the x-
component of the current, as given by eq. (8) can be written

NoeD J“X’
4 -0

on  .ont Be
Tr|p3ti— — ' ——p3 | tanh | — | d
I‘(p3uax u Ix p3) an ( ) ) £
(26)
To simplify this expression, note that eq. (23) can be written

jox=

d(h)e'®
—d(-h)e'®

d(hye: @n

=
1l

—d(=h)e™
where

[p(x) + e p(=x)]|Al/y(& +i6)* = |A]®
[({Lk + g;)Pekl — ((Lk - g5)%e7*L]

d(h) = (28)

with g = (e +i6)/~/(e +i6)% — |A]%, the square roots are those

which have positive imaginary parts, k = \/-2i(¢ + h +i8)/D

and
p(x) = ({Lk + g1/ + ((Lk — g )e XL (29)

Inserting eq. (28) into eq. (26) gives

yﬁ:MwD{mR%ﬂmaﬁ;m+dGm6§?]
X tanh (ﬁ;) de. (30)

By evaluating j at x = 0 we can factorize out the dependence
on the vector potential, since
ad(h)
ox

_ 2isinf

- i6
=0 1+e

NEALLJ 31)
ox

x=0

Inserting this into eq. (30) and integrating the current density
over y to obtain the total current finally gives

W /2 L2
I =2NyeD sin | ¢, — ¢ + ZeI A(x,y)dx|dy
2

-W/2 -L/
XJ Im [k; + -] tanh > de, (32)

—o0

where



with ks = \/=2i(e £ h +i5)/D.

4|A Pk [¢Lky cosh(ksL/2) — g sinh(k.L/2)] X [ Lky sinh(ksL/2) — g5 cosh(ksL/2)] 33)
Ki = N s
(& +i6)2 — |A]? [((Lks + go)2ekl — ({Lks — g Ye kL]
[
where
Equation (32) is our main analytical result and allows for
evaluation of the current at arbitrary exchange field strengths _ 1 (L2
. stributi ; ; : 7)) =+ n(x, y)dx (37
and magnetic field distributions. Of particular interest is the Llip

fact that the contribution from the vector potential and exchange
field decouples. One consequence of this is that a constant
magnetic field gives rise to a Fraunhofer pattern in the current
regardless of the strength of the exchange field, as long as the
magnetic field is weak enough. This can be seen from the fact
that for a constant magnetic field eA = -7 ®, y/DyW L, where
@, is the magnetic flux from the perpendicular field, so

w2 ®
I x I sin(zpr - ¢ -2 Y dy
—w/2 DWW
. sin(z®, /@)
= -Wsin(¢, — ¢))——————. (34
@ == T B9
Figure 2 shows the critical current found analytically using
eq. (32) for the case of no ripples, compared to the critical
current obtained numerically from the full nonlinear Usadel
equation. In addition to showing the agreement between the full
solution and the analytical approximation, fig. 2 also shows that
there is an exchange-driven O-r transition at & ~ 2&,, where

D

= ﬁ (35)

Er

is the Thouless energy.
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FIG. 2: Color plot of log(Ic/Iy), where I. is the critical current
and Iy = NOeWDz/ L3 for various exchange fields & and out-of-plane
magnetic fluxes. Figure a) shows the solution found numerically from
the full Usadel equation, and b) shows the analytical solution found
using eq. (32). Here, &; = D/L2, W =10L, L = 6&,6/A =0.01 and
By =By =0.

Since the contribution from the exchange field is independent
of the vector potential, we can focus on how the magnetic field
alters the critical current. With the vector potential given by
eq. (4), we get

L/2 y
j Ax,y)dx = By Lii(y) - @,
L/2 w

y
B, L (1(L/2.5) - n(-L/2 )45, (36)

is the longitudinally averaged height. From eq. (36) it can be
observed that the contribution proportional to By is small for
variations that are fast in the y-direction, since the integrand will
oscillate rapidly, and small for very slow variations, which will
contribute little to (L /2, y) —n(—L/2, y). Similarly, variations
that are fast in the x-direction will contribute little to the term
proportional to By. Otherwise, the contributions from the
terms proportional to By and By is similar, so we set By = 0
in the following. We also set 8 = 1000/A, corresponding to
T/T. ~ 1.8 % 1073, where T, is the critical temperature.
From eqs. (32) and (36) we can find how big the height
variations must be in order to possibly cause a vanishing
critical current at @, = 0. In order for the critical current to
vanish, the argument of the sine function in eq. (32) must have
variations of at least 7/2. Otherwise, the phase difference,
¢, — ¢y, can be chosen such that the integrand is of one sign.
This means that in order for there to be a root in the critical
current at @, = 0, the in-plane magnetic field must be at least

D

B, = —_—
Y7 4L(max 77 — min7)

(38)

assuming By = 0.

In order to apply eq. (32) to the case of rippled graphene
with vector potential given by eq. (4), we need a model of the
height distribution 7 of the ripples. From eq. (36) we find that
it is reasonable to categorize ripples into short ripples and long
ripples, depending on whether the wavelength is shorter or
longer than 2L. Ripples with wavelength shorter than 2L will
have a smaller contribution to 77 in eq. (36) since the integrand
oscillates between positive and negative values. For this reason,
short ripples will contribute less to interference effects than
long ripples with the same amplitude. On the other hand,
faster variations in the y-direction gives a larger magnetic field
component perpendicular to the graphene surface, and therefore
a larger depairing effect. Short ripples are therefore expected
to lead to larger deviations from the analytical approximation
given by eq. (32). In particular, they are expected to cause a
faster decay, which, as we will see, is also what happens.

In general, the height distribution will be a superposition
of long and short ripples. We look first at only long ripples,
then at only short ripples and finally at the combination of both
short and long ripples. In order to simplify the presentation and
analysis, we present solutions for height distributions that can
be written as product of cosines. We obtain qualitatively similar
result for more realistic, randomized height distributions.



FIG. 3: Critical current /. for various in-plane magnetic field strengths
By and out-of-plane magnetic fluxes @, for the height distribution
given by eq. (39) with n = 1 and m = 2. Here, Iy = NoeWD?/L3,
W = 10L, L = 10¢ = 400nm, 579 = 1nm, §/A = 0.02 and By = 0.
Figure a) shows the analytical solution of /. against By for @, =0
(blue line), compared to the numerical solution (red dots). b) shows
analytical solution of /. against ®, for By = 5T and c) shows a
logarithmically scaled color plot of analytical /. where white means
zero current and deep blue corresponds to large current.

To model n uniform ripples in the x-direction and m uniform
ripples in the y-direction, we use the height distribution

7o X y
n(x,y) = 5 cos (nﬂL) cos(mnw), (39)
where 79 is the peak-to-peak height difference. Figures 3—
5 show the critical current, given by eq. (9), for the height
distribution in eq. (39) withn = 1 and m = 2, m = 5 and
m = 10, respectively. The exchange field, 4, is set to zero in
order to isolate the orbital effect, such that it can be observed
whether the orbital effect alone is sufficient to produce roots
in the critical current. Physically, the situation with negligible
exchange field would be the case if the Thouless energy, &, is
much larger than the Zeeman splitting up By, where up is the
Bohr magneton.

It can be seen from figs. 35 that a height variation of only
1 nm is sufficient to produce oscillations in the critical current.
In particular, the critical current is zero for @, = 0 and finite
By when m = 2 and m = 10. Both zeros satisfies eq. (38),
which is By = 2T in this case. We can conclude from this that
a zero in the critical current of an SGS junction is not sufficient
to identify an exchange-driven O-r transition, since zeros can
also be produced from the ripples.

Since the junction widths are equal in figs. 3-5, larger m
means a larger orthogonal component from the in-plane magnet
field. Consequently, the magnetic field strengths for which the
weak field assumption, eq. (18), remains valid is reduced when
m increases. This is reflected in the correspondence between
the numerical simulations and the analytical predictions.

The color plots in figs. 3-5 ¢) show that the critical current
has especially large maxima at @, /®y = km/2 for integer k.

FIG. 4: Critical current /. for various in-plane magnetic field strengths
By, and out-of-plane magnetic fluxes @, for the height distribution
given by eq. (39) with n = 1 and m = 5. Here, Iy = NoeWD?/L3,
W = 10L, L = 10¢ = 400nm, 79 = I nm, 6/A = 0.02 and By = 0.
Figure a) shows the analytical solution of /. against By for ®; =0
(blue line), compared to the numerical solution (red dots). b) shows
analytical solution of /. against ®, for By = 5T and c) shows a
logarithmically scaled color plot of analytical /. where white means
zero current and deep blue corresponds to large current.

This is also reflected in figs. 3-5 b), which show that the lobe
structure has strong maxima at @, /®q = m/2. To understand
why, note that the orbital part of the current can be written as a
Fourier transform. That is,

W /2 B Lﬁ [0} y
I1=C(h sin( @, — ¢y + 21 —— — 21— )d
( ) _wp (¢r (] @ DWW y
) w2 ByLij @
=C(h)Im e’(¢’_¢’)J ex] [2711'( >t J'y)]d s
(h) { P o ogw )|

(40)

where C is a function of the exchange field. Hence, the critical
current can be written as

I = C(h)‘&" [rect(y/W)ez'”B-vLﬁ/%] (%) . @D
0

where rect is the rectangular function and F means Fourier
transform. Accordingly, a Fourier analysis of the current re-
sponse to out-of-plane magnetic fields can uncover properties
of the ripple structure. In this case, 7 is a cosine with wavenum-
ber mnr /W, so it is reasonable that the Fourier transform peaks
at 27 ®, /Wdg = kmm /W with strengths that depends on B, .

Figures 3-5 a) also give clues to how the full solution of the
Usadel equation deviates from eq. (32) when the magnetic field
is strong. Two things seem to happen when the flux density
is strong. First, compared to the analytical solution, the full
solution decays more rapidly as By increases. That the critical
current decays faster than the analytical solution predicts is
unsurprising, since we neglected the depairing effect of the
magnetic field in our derivation of eq. (32).
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FIG. 5: Critical current /. for various in-plane magnetic field strengths
By and out-of-plane magnetic fluxes @, for the height distribution
given by eq. (39) with n = 1 and m = 10. Here, Iy = NoeWD?/L3,
W = 10L, L = 10§ = 400nm, 579 = 1nm, §/A = 0.02 and By = 0.
Figure a) shows the analytical solution of /. against By for @, =0
(blue line), compared to the numerical solution (red dots). b) shows
analytical solution of /. against @, for By = 5T and c) shows a
logarithmically scaled color plot of analytical /. where white means
zero current and deep blue corresponds to large current.

Second, the functional dependence on By is slower in the
numerical case, in the sense that roots and extremal values

in the critical current are skewed towards larger values of B,,.

A plausible explanation for this phenomenon is that the full
solution varies more slowly in the y-direction compared to the
analytical approximation in eq. (23). The analytical solution
has 0 f /dy o« B, but it neglects the boundary condition that
demands df/dy = 0 when y = +W/2. Hence, it is possible
that the analytical solution overestimates the variation of f
with respect to y, at least close to y = +W /2. The roots in
the critical current occur because the magnetic field creates
mutually cancelling oscillations in the current density as a
function of y. If the analytical approximation overestimates
how fast these oscillations occur, it will underestimate the
magnetic field required to give I. = 0. The faster decay, but
slower variation is also exactly what happens in the case of

uniform magnetic fields, as can be seen from fig. 3 in Ref. [24].

Moving on to short ripples, fig. 6 shows the critical current
for the distribution given by eq. (39) with n = 11, m = 10
and np = 1nm. With L = 400nm, this corresponds to a
ripple length of 40 nm, which is comparable to the short ripples
observed in graphene on SiO, [20]. The exchange field is
again set to 0. What matters for the analytical approximation
is the longitudinally averaged height, 77, which in this case is
small because of the rapid oscillations. Hence, the analytical
approximation predicts very little change in the critical current
at @, = 0. On the other hand, the orbital depairing effect is
quite large because of the short ripples, which is reflected in the
decay of the critical current observed in the numerical solution
of the full Usadel equations.

Finally, fig. 7 shows the critical current for combinations
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FIG. 6: Critical current /. for B, = 0 and various in-plane magnetic
field strengths By, with the height distribution given by eq. (39) with
n=11and m = 10. Here, Iy = NgeWD?/L3, W = L = 10¢ =
400nm, 79 = 1nm, /A = 0.02 and By = 0. The blue line shows
the analytical solution, as found by eq. (32), and the red line with
dots shows the numerical solution found by solving the full Usadel
equation.

of short and long ripples, both with and without a non-zero
exchange field. The height distribution is in this case given by

Y X Y

7 =1nmxX cos(27rW) + Acos(mrL) cos(nnL), 42)
where n = 4 for “hBN” and “Large” and n = 10 for “SiO,”. The
amplitude of the shortripplesare A = 0.1nm, A = 0.5nm, A =
2nm for “hBN”, “SiO,” and “Large”, respectively. The values
for “SiO,” and “hBN” are chosen such that the short ripple
sizes correspond to the observed values for SiO, and hBN [20].
The values for “Large” are chosen such that amplitudes of the
short ripples are twice as large as the long ripples. In this case
the orthogonal component of the magnetic field is much too
high for the analytical solution to give accurate results.

Since n is even, the analytical solution given by eq. (32) is
equal for the three cases. The only difference is the magnitude
of the additional magnetic flux density that comes from the
short ripples. As mentioned above, we should expect a faster
decay for larger and faster ripples. This is indeed also what
we observe from the numerical results in fig. 7. Interestingly,
the location of the roots is not substantially altered by the short
ripples. Even in the lowermost panels, where the short ripples
are twice as large as the long ripples, the roots in the numerical
solution occurs not far from the values of By predicted by the
analytical solution, even if the amplitude decays much faster.

Long ripples, as we have seen, can give rise to interference
effects that produce oscillations and possibly roots in the critical
current. Short ripples, on the other hand, increase the magnetic
flux density and can lead to a substantial magnetic depairing
effect, which manifest as a rapidly decaying critical current.
Hence, the combined effect of short and long ripples can yield a
rapidly decaying critical current with zeros, much like what one
would expect from a ferromagnet undergoing a 0-7 transition.

From fig. 7 it can also be observed that the deviation between
the analytical and numerical solutions is smaller when the
exchange field is non-zero. This is as expected, since neglecting
the contribution from B in eq. (17) is a better approximation
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FIG. 7: Critical current /. for B, = 0 and various in-plane magnetic
field strengths By with the height distribution given by eq. (42) with
(A,N) = (0.1nm,4), (0.5nm, 10) and (2nm, 4), respectively from
top to bottom. The exchange field is # = 0 in the left panels and
h = upBy in the right panels, where up is the Bohr magneton. Here,
Iy = NoeWD?/L3, W = 10L, L = 10¢ = 400nm, 6/A = 0.02,
A = 1.5meV and By = 0. The blue line shows the analytical solution,
as found by eq. (32), and the red line with dots shows the numerical
solution found by solving the full Usadel equation.

when the self-energy 3 is larger. Note that in fig. 7, the presence
of the exchange field induces a O-r transition around By, = 1T,
which manifests as a root in the critical current.

Since the ripples and the exchange field both give rise to
oscillating and decaying critical currents, it is useful determine
whether a 0-7 transition is expected to occur before or after a
possible zero in the critical current coming from ripples. The
exact values of B, at which these events take place will in
general depend on several parameters, but we can give some
order of magnitude estimates based on eq. (32) and numerical
simulations. The first O-7 transition typically occurs around
h = 2¢&., but can occur at larger values if the inelastic scattering
time, 1/, is small. Inserting the definition of the Thouless
energy, &, and using that & = ugBy, this means that the
Zeeman driven 0-7r transition occurs at

N 2D
Y upl?

43)

Equation (38) gives a minimal value for By, at which a zero
can be produced from the interference effect that is due to
ripples. In the numerical result presented here, we see that the
zero occurs for a value of By that is about three times larger.
An order of magnitude estimate is that, for long ripples with
peak-to-peak height of 7, the first zero in the critical current
can occur at around

By~ =2 (44)

Notice that eqs. (43) and (44) scales differently with junction
length L. Therefore, it is more plausible that an observed
zero in the critical current correspond to a 0-rr transition when
the junction is long. Alternatively, one could try to limit the
presence of variations in the y-direction that are longer than L
by making W < L.

From figs. 3-5 we also observe that the ripples can substan-
tially alter the Fraunhofer lobe structure found when varying
B, while fig. 2 shows that the Fraunhofer pattern is unaltered
when the effect of ripples is negligible. Hence, investigating
how 1. depend on B, could also be useful when identifying
0-7r transitions. As long as the junction width and diffusivity
are approximately constant, a 0-7 transition will give rise to a
vanishing critical current for all values of out-of-plane magnetic
flux densities B, . If in addition the effect of ripples is small,
one should expect that the critical current as a function of B,
is a Fraunhofer pattern at any constant value of the in-plane
magnetic field B|. Accordingly, determining whether the min-
ima in critical current as a function of B, and B are straight
lines, as in fig. 2, or curved, as in figs. 3-5, can give clues as to
whether ripples are important. If ripples are important, eq. (41)
could give insight to their structure.

IV. CONCLUSION

We have solved the Usadel equation analytically in the
presence of an exchange field and an arbitrary magnetic field
distribution, under the assumption of a weak proximity effect
and a weak magnetic field. The solution has been applied to
SGS-junctions with the combined Zeeman effect and orbital
effect coming from an in-plane magnetic field. Deviations from
the analytical solution at large magnetic fields have been studied
numerically. We find that the orbital effect that results from a
curvature in the graphene can produce a critical current response
that is similar to what one would get by increasing the exchange
field. Slow variations in the graphene height distributions
give rise to interference effects that produce oscillations in
the critical current, while rapid variations cause larger orbital
depairing effects that lead to a faster critical current decay rate.

Since both the Zeeman splitting and orbital effects in rippled
graphene can cause similar behaviour, extra care must be taken
when identifying possible 0-7 transitions. The interference
effect from ripples is reduced if the width of the junction is
much smaller than the length. In addition to reducing the
relative effect of ripples compared to the Zeeman splitting,
which is achieved by increasing the length of the junction and
minimizing the height variations, it could also be useful to
look at how the critical current varies with a perpendicular
magnetic field. The effect of ripples, if present, will then
typically alter the Fraunhofer pattern observed at zero in-plane
magnetic field. Because slow height variations are difficult to
detect using surface probe techniques, we suggest the use of
parallel magnetic field as a means to probe the presence of such
variations.
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