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A B S T R A C T

A wide range of previously designed methods for faster parametrization of partial differential equations requires
them to be solved using existing finite volume, finite element, and finite difference solvers. Due to the re-
quirement of high degrees of freedom to accurately model the physical system, computational costs often be-
comes a bottle-neck. It poses challenges to conducting efficient repeated parametric sampling of the input
parameter that disrupts the whole design process. Model reduction techniques adopted to high fidelity systems
provide a basis to accurately represent a physical system with a lower degree of freedom. The present work
focuses on one such method for high-fidelity simulations that combines finite volume strategy with proper
orthogonal decomposition and Galerkin projection to test reduced-order models for high Reynolds number flow
applications. The model is first benchmarked against flow around a cylinder for which extensive numerical and
experimental data is available in the literature. The models are then tested to full-scale NREL 5MW offshore wind
turbines to evaluate wake evolution in the downstream direction. The simulations results show relative errors of
wind turbines for the first seventy modes approach 4.7% in L2-norm for velocities.

1. Introduction

Wind power has witnessed tremendous growth over the last two
decades. According to H.Kazimierczuk (2019), the global installed ca-
pacity has reached to almost 600 GW at the end of 2018
Siddiqui et al. (2019b). In this regard, wind turbines potential has been
exalted by restricting their operation to close proximity, thereby en-
abling maximal gains from sites having enormous wind
potential (Sørensen and Zahle, 2016; Tabib et al., 2017b). Although
dense layouts have affected the wind power business positively,
nevertheless, from an engineering standpoint, such tight placement has
given rise to complex flow characterization, analysis of which is para-
mount for successful long-term operations of a wind park
(Siddiqui et al., 2017c). To study this complex dynamic flow interaction
requires highly sophisticated tools in the form of experimental, analy-
tical, or numerical techniques. Large sizes of modern wind turbines
restrict such experimental investigation owing to limited cross-sections

of wind tunnels (Siddiqui et al., 2017b). On the other hand, analytical
methods developed through various approximations are not considered
suitable to obtain realistic estimates of aerodynamic loads
(Siddiqui et al., 2020). Numerical modelings approach at this point
provides an efficient alternative - thanks to the immense computational
power of modern supercomputers (Siddiqui et al., January 5-11, 2017;
Troldborg et al., 2015; Krogstad and Saetran, 2012). Such methods are
capable of analyzing turbines in fully resolved high fidelity numerical
settings. However, given the need to employ these methods for opti-
mization/control problems which require repeated sampling of field
variable to draw parametric estimates, the numerical procedures still
become exhaustive even for the most advanced scientific computing
clusters (Tabib et al., 2017a; Rozza, 2015; Siddiqui et al., 2019a).
Recently, Reduced Order Modeling (ROM) is getting significant at-

tention for engineering applications (Khalid et al., 2014; Fonn et al.,
2017). They offer a unique ability to parametrizes time-dependent
Partial Differential Equations (PDEs) for flow-related problems that
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have been previously solved using Finite Volume (FV) Zahoor et al.
(2028, 2018), Finite Element (FE), and Finite Difference (FD)
solvers (Mandar Tabib, 2017; Patera and Rønquist, 2007). The con-
struction of such methods is associated with a single time computa-
tional cost of high fidelity solutions in the offline phase. The solutions
can be stored at each parametric value in the form of a flow snapshot
matrix. Once a reasonable database is constructed, Greedy Methods
(Centroidal Voronoi Tessellations (CVT) Taylor, Lagrange, Hermite, and
Proper Orthogonal Decomposition (POD) Proper Generalized Decom-
position (PGD)) are applied to obtain basis/modes that constitute of a
major part of system energy (Khalid et al., 2015). The new basis is then
projected on the governing equations through a Galerkin approach to
obtain ROM. The resulting system is capable of approximating its high
fidelity counterpart, in the online stage, with reasonable accuracy and
in a relatively short time.
The application of the first use of POD to an engineering problem is

found in the study (Bakewell and Lumley, 1967; Berkooz et al., 1993) to
identify the flow structures of variable spatial length and sizes. Subse-
quently, (Sirovich, 1987; Aubry, 1991) employed them to analyze the
flow in the boundary layer along with turbulence characteristics. The
author (Akhtar et al., 2007; 2009) used these techniques to develop
snapshots using direct numerical solver and analyzed the character-
ization of the turbulent structure around cylindrical structures and
tandem foils. The authors in (Bastine et al., 2014) employ POD to study
wakes of wind turbines. The authors in (Tallet et al., 2015) used this
technique to develop velocity-pressure coupled ROM parametrizing the
Navier Stokes (NS) equations. The authors (Ballarin et al., 2015a) have
provided a substantial contribution to POD by an enrichment procedure
that adds supremizer to velocity space and satisfied the inf-sup La-
dyzhenskaya Babuska Brezzi (LBB) condition. The author of (Lorenzi
et al., 2016b; Stabile et al., 2017a; Lorenzi et al., 2016a; Stabile et al.,
2018) further improved the methods to develop ROM through direct
integration with finite volume methods capable of analyzing moderate
to high Reynolds (Re) number engineering flows.
In this article, the aim is to explore the wake dynamics behind NREL

5MW offshore reference wind turbines through a comparison of high
fidelity and low fidelity (ROM solution) solutions by adopting metho-
dology presented in (Stabile et al., 2017b). Full-order finite volume
approximations are employed using OpenFOAM® (OF®) to conduct high
fidelity simulation performed with a Sliding Mesh Interface (SMI)
technique. The coherent wake structures are analyzed by applying the
POD technique, which extracts the reduce basis with dominant modes
corresponding to higher eigenvalues. The high fidelity solution is pro-
jected onto a reduced basis, and the field variable (velocity and pres-
sure) is reconstructed and compared against the full model solution.
The results are initially validated against the available numerical and
analytical results in the literature (Hsu et al., 2014; Jonkman et al.,
2005, Tech. Rep. NREL/EL-500-38230). The POD procedure is applied,
and the modes are qualitatively discussed by the coherence in the flow
field. The ROM implementation is then discussed, followed by the
comparison of results through outlining the spectrum, L2 error and
speedups. The wake is reconstructed on a plane passing through the
turbine center, and a detailed comparison (quantitative and qualitative)
is presented for a full-scale problem. The present results of exploring
the possibilities for a full-scale wind turbine is novel, and to the best of
the author’s knowledge is described the first time. The complete pro-
blem is presented in a well defined and three-dimensional manner of
reduced basis method, unlike previous investigations that usually adopt
two-dimensional procedures to reduce computational
complexity (Troldborg et al., 2015; Krogstad and Saetran, 2012;
Siddiqui et al., 2016). This research is expected to motivate the wind
engineers working in the field to adopt online/offline ROM strategy to
compute faster wake’s loading downstream of wind turbines.
The present manuscript is organized as follows. In section 2, a

comprehensive overview of the theoretical framework employed in the
present work is summarized. Section 3 describes the complete high

fidelity numerical solution of the wind turbine and formulation of ROM
online/offline strategy along with discussion. Section 4 highlights the
main findings of the present work along with future outlooks.

2. Theory

2.1. Governing equations

Flow field around stationary and dynamic objects is governed by
PDEs. For the present case, the equations are classified as parametrized
incompressible unsteady NS equations. These constitute of standard
laws of conservation of momentum and continuity equations and are
described as follows.

+ + =u u u fp( · ) in (1)

=u· 0 in (2)

=u g on D (3)

+ =n u n hp ( ) on .N (4)

In an Eulerian context ν is the fluid kinematic viscosity, u is the flow
velocity vector, p is the normalized pressure.

2.2. Finite volume (FV) discretization

The equations described in the previous sections are written in
conservative form. To discretize respective terms, FV framework is
adopted that convert volume integrals to surface integrals. An ad-
vantage of FV method is that it ensures local enforcement of the con-
servative law. The discretization of each term of the governing equa-
tions is presented as follows

+ =u u udV dV p dV( · ) 0
V V V (5)

Applying Gauss theorem to discretize the volume integrals into surface
integrals

= = =u u uu S uu S u u udV dV d F( · ) ·( ) ·( ) ·f f f f fV V S
f f

(6)

The Laplacian, continuity and pressure terms are also similarly dis-
cretized

= =u S u S udV d F·( ) ·( ) ·( )f fV S
f

f
f (7)

= = =u S u S udV d F· ·( ) ·f fV S
f f (8)

= =S Sp dV d p p·( ) ·fV S
f (9)

p represents the values at the center of each control face of the control
volume. uf is the velocity vector evaluated at the center of each face of
the control volume. F is the max flux through each face (for further
details readers may review (Stabile et al., 2017b))

2.2.1. Rotor and turbulence modeling
The turbine rotation is handled through accurate yet computation-

ally expensive Sliding Mesh Interface (SMI) technique. This procedure
model flow around turbine by moving the mesh at the rate of prescribed
rotational speed and computing solution at each new time instant (Mo
et al., 2013; Siddiqui et al., 2017a).The governing equations of con-
tinuity and momentum are described as follows:

+ + + + =u u u u u u
t

p f·(( ) ) ·( )( ( ) )g t
T

(10)

=u u·( ) 0g (11)
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Here u is the fluid velocity and ug is the grid velocity (which is zero
for the static part of grid), p the fluid pressure, ν and νt are the fluid
viscosity and the turbulent eddy-viscosity, respectively and f applied
volume forces.

2.3. Turbulence modeling

For what concerns the industrial nature of modeling of turbulent
flow (wind turbine in the present case) Unsteady Reynolds Average
Navier Stokes (URANS) solution of governing equations is deemed
sufficient in comparison to Direct Numerical Simulation (DNS) or Large
Eddy Simulation (LES) owing to exhaustive computational require-
ments of latter for complex geometries for achieving the desired
accuracy (Siddiqui et al., 2015a). To model the turbulent stress for the
closure of turbulence quantities ( + t) arising from Reynolds aver-
aging k-ω Shear Stress Transport (SST) is employed given by the fol-
lowing set of k and ω equations (Menter, 2009)

+ = + + +k
t

k k k ku u u·(( ) ) · ( ( ) )ij
t

k
g

T

(12)

+ = + + +

+

t

F k

u u u·(( ) ) · ( ( ) )

2(1 )
t

ij
t

g
T 2

1
2

(13)

Standard model damping functions, auxilliary relations and the trip
terms are employed as defined in Menter (1994)

2.4. Reduced Order Model (ROM) construction

The present reduced order modeling strategy is motivated from the
study (Lorenzi et al., 2016a) in which the methods for developing ROM
based on finite volume applications are proposed. Similar reduced basis
space is constructed to approximate solution ur(x, t) as a linear com-
bination of basis function consisting of the spatial distribution of modes
ϕi(x) with the product to ai(t) (Ballarin et al., 2015b). For the field
variable of velocity, flux, and viscosity becomes

=
=

u x u x xt t a t( , ) ( , ) ( ) ( )r
i

N

i i
1

r

(14)

=
=

x x xF t F t a t( , ) ( , ) ( ) ( )r
i

N

i i
1

r

(15)

=
=

x x xp t p t a t( , ) ( , ) ( ) ( )r
i

N

i i
1

r

(16)

The spatial basis developed for the velocity, flux and pressure are ϕi(x),
Ψi(x), χi(x) respectively, and are constructed from the combination of
snapshots computed by high fidelity simulation through Unsteady
Reynolds Averaged Navier Stokes (URANS) calculations over various
time instants =i N( 1, ..., )r to construct the snapshot matrix of velocity
as = =u x u x t n N( ) ( , ), 1, ...,n n s. The POD is applied such that the dif-
ference between full order snapshot and projection of snapshots with
spatial modes in the X-norm (Bizon and Continillo, 2012) remain
minimum in L2

=
= =

u x u x xX arg min
N
1 ( ) ( ), ( )Nr

POD

s n

N

n
i

N

n i L
1 1

2
s r

2
(17)

A Singular Value Decomposition (SVD) strategy could be employed to
construct the basis, however it has been found to increase the dimen-
sions of grid employed for the discretization of domain (Stabile et al.,
2018). Therefore, a similar and more efficient technique in the form of
eigen value decomposition is employed. The correlation matrix is thus
constructed using the ensemble solutions

=x x C( ), ( )i j H ij1 (18)

Using the eigenvalue problem approach the matrix is written as

= =C i N1, ...,i i i s (19)

The closeness of the performed approximation is calculated in a specific
norm ‖ · ‖a, where squaring this norm determine the variance in the
solution. The inner product ⟨ · , · ⟩a induces the norm and corresponds
to covariance. The covariance matrix is determined as

= u x u xC
N

[ ] 1 ( , ( )kl
r

k l L2
(20)

The eigenpairs of the following matrix (qi, λi) provide the modes ζi such
that

= q1 .i
i j

i
j

j

The (λi, ζi) eigen value and vector pair enable to construct the POD
basis for velocity field in the following manner

= =
=

x u x i N( ) 1 ( ) 1, ...i
i n

N

i n n r
1

,

s

(21)

Similarly, for face flux χi(x) and pressure Ψi(x), spatial basis is con-
structed using the eigenvalue decomposition from the full order model.

= =
=

x F x i N( ) 1 ( ) 1, ...,i
i n

N

i n n
1

,

s

(22)

= =xF x F t n N( ): ( , ) 1, ...,n n s (23)

= =
=

x xp i N( ) 1 ( ) 1, ...,i
i n

N

i n n s
1

,

s

(24)

= =x xp p t n N( ): ( , ) 1, ...,n n s (25)

For interpretation, the present approach considers the system as if the
state vector is developed as the linear combination of state vector
spatial modes (Bergmann et al., 2009).

=
=

x
x
xp p

a t
u x t
F x t

x t

u x t
F x t

x t

( , )
( , )
( , )

( , )
( , )
( , )

( )
( )
( )
( )r i

N

i i

i

r

r

i

1

r

(26)

To construct the ROM, Galerkin projection is applied to the system of
equation through POD basis. Note that since the purpose here is not to
evaluate the parameterized variation of the boundary conditions,
therefore parameterized condition at the boundaries for velocity are not
taken into consideration

= =
= = = =

da t
dt

B a t C a t a t A a t j N
( )

( ) ( ) ( ) ( ) 1, ...,j

i

N

ji i
k

N

i

N

jki k i
i

N

ji i r
1 1 1 1

r r r r

(27)

where

=B ,ji j i L2 (28)

=C , ·( , )jki j k i i L2 (29)

=A ,ji j i L2 (30)

The system with corresponding ROM matrices thus becomes

=a Ba a Ca AaT (31)

Turbulence is added to develop ROM procedure for the present system
of highly turbulent flow around wind turbine to conduct efficient si-
mulations at high Re number. For the present case of URANS in FV
framework, turbulent viscosity is already embedded in the governing
system of equations, thus only eddy viscosity is expanded as a linear
combinations of spatial modes as described in Lorenzi et al. (2016a).
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=
=

x x xt t a t( , ) ( , ) ( ) ( )t r
i

N

i i,
1

r

(32)

where ϕi(x) are spatial basis for the eddy viscosity, which are expanded
similar to procedure conducted for velocity, pressure and face flux
previously. Thus the eigen values and vector reads

= =
=

xx i N( ) 1 ( ) 1, ...,i
i n

N

i n n s
1

,

s

(33)

= =x x t n N( ): ( , ) 1, ...,n n s (34)

The time dependent coefficients for turbulent problem becomes

=
=p p a t

u x t
F x t

x t
x t

u x t
F x t

x t
x t

x
x
x
x

( , )
( , )
( , )
( , )

( , )
( , )
( , )
( , )

( )

( )
( )
( )
( )t

r

t r
i

N

i
i

i

i

r

r

i

,
1

r

(35)

Hence for the ROM equations after application of POD from the URANS
solution with turbulent term becomes

= + +

+
= = = =

= = = =

B a t BT a t C a t a t

CT a t a t CT a t a t

( ) ( ) ( ) ( )

1 ( ) ( ) 2 ( ) ( )

da t
dt i

N
ji i i

N
ji i k

N
i
N

jki k i

k
N

i
N

jki k i k
N

i
N

jki k i

( )
1 1 1 1

1 1 1 1

j r r r r

r r r r

(36)

the additional terms arising from the incorporation of eddy viscosity are
represented as

=BT , ·( )T
ji j i L2 (37)

=CT1 , T
jki j k i L2 (38)

=CT2 , · ( )T
jki j k i L2 (39)

The dynamical system that includes the eddy viscosity is modeled as

= + +a B BT a a C CT1 CT2 a Aa u D Ea( ) ( ) ( )BC
T

(40)

The advantage of adopted procedure, in the context of present work, is
that it does not impart a stringent requirement on turbulent modeling.
Moreover, it is applicable to the high fidelity simulations carried out
with wall functions. The non-linear term arising in Eq. 40 are crucial
and discretized with the backward Euler method (Milosevic, 2018)
while the resulting non-linear system is solved using a Newton Iteration
procedure (Kumar et al., 2013). Once the solution is, the velocity field is
approximated over a plane using Eq. 35 to capture wake.

3. Computational setup

3.1. CAD model

The CAD model of the NREL 5MW turbine is developed using an
open-source description of the geometric data given in Jonkman et al.
(2005, Tech. Rep. NREL/EL-500-38230). The turbine has three blades
comprising of Delft University (DU) and National Advisory Committee
for Astronautics (NACA) airfoil sections, i.e., DU21, DU25, DU30,
DU35, DU40, and NACA64 from root to tip in the span-wise direction.
The turbine is designed to work in an upwind configuration with the
nacelle located at 87.5m from the bottom surface and the cylindrical
hub diameter of 3m. The CAD description is shown in the Fig. 1.

3.2. Mesh and boundary conditions

The computational mesh is developed with a combination of tetra-
hedral and hexahedral cells, having a total number of 10 × 106 ele-
ments. High-quality prisms cells are generated near the geometrical
surfaces to resolve sharp flow gradients. To obtain a thorough estimate

of wake deficit in the downstream direction, a block comprising of
dense, high-quality hexahedral cells are positioned in the downstream
direction as depicted in Fig. 1. A zonal approach is adopted to char-
acterize the rotating (turbine rotor) and stationary (rest of domain)
regions (Siddiqui et al., 2014; Tariq Rabbani and Akhtar, 2014; Siddiqui
et al., 2013). A interface boundary condition is enforced to allow ac-
curate computation of fluxes across two region boundaries. Inflow and
outflow boundary conditions are applied to inlet and outlet boundaries.
No-slip boundary condition is imposed to turbine geometry and ground
surface while a slip boundary condition is implemented on lateral/top
surfaces of the domain (more information about boundary condition
can be found in Jasak (1996)). Fig. 1 outlines the schematic of the CAD
model, along with information about the boundary conditions.

3.3. Discretization schemes

The solver is developed in opensource multiphysics toolbox
OF® (Jasak, 1996; 5-8 January, 2008). It is based on the FV framework
and uses Gauss theorem to discretize spatial derivatives to transform
cell center values to face centers. For the discretization of convective
terms, a second-order upwind interpolation scheme is employed to
calculate the face values. To discretize the diffusive term, a central
differencing interpolation scheme with non-orthogonality correction is
adopted to attain higher accuracy. The pressure gradient term is han-
dled with the second order least squares interpolation scheme. It is also
ensured that the neighboring cell values conform corresponding to the
extrapolated face value. To establish continuity of modified pressure,
OF® uses an elliptic equation. It involves combining the continuity
equation with the divergence of the momentum equation. Both equa-
tions (elliptic & momentum equation and turbulence equation), are
solved in a segregated manner using the Semi-Implicit Method for
Pressure-Linked Equations (SIMPLE) algorithm for steady solutions and
a combination of SIMPLE and Pressure Implicit with Splitting of Op-
erator (PISO) for the transient solutions (also known as PIMPLE algo-
rithm). For the discretization of the time derivative, second-order ac-
curate backward Euler scheme is employed.

3.4. Solver settings

The standard operating conditions are chosen for high fidelity si-
mulations with reference fluid density = 1.225 kg/m3, dynamic visc-
osity = ×µ 1.82 10 5 kg/m.s incoming wind velocity =U 12 m/s and
turbine rotational speed of = 0.8 rad/s. The governing equations are
solved using a URANS procedure with k-ω SST turbulence model, while
SMI strategy is adopted to handle the rotor modeling. Self adjusting
time step procedure is selected to allow time steps to adjust based on
Courant number requirements to overcome initial instabilities per-
taining to cyclic movement of rotor region. The high fidelity offline
simulations are executed on parallel clusters Vilje - high performance
computing facility at Norwegian University of Science & Technology
(NTNU). The mesh is partitioned into eight regions based on
SCOTCH (Jasak, 1996) approach, which decomposes mesh block to
minimise the number of processor boundaries. Strict emphasis is placed
on convergence criterion and residuals of flow quantities are monitored
to reach below the levels of 10 5 for all flow quantities. The residual are
calculated for the matrix system =x bA as outlined by Jasak (1996) in
the following way.

=r
n

b x1 | A | (41)

where n is evaluated with residual scaling and using the following
normalization

= +n x x b x(|A A | | A |) (42)
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4. Results and discussions

4.1. Benchmark test case: Flow around a cylinder

The methodology is first tested against a benchmark problem of
flow around a cylinder presented in Stabile et al. (2018) with POD-
Galerkin approach at a low Re number. Under the present operating

condition, both numerical and experimental data are available for the
given problem. Validation is conducted under the same computational
characteristics of height and width (defined as a function of diameter (D
= 0.027 m)) and mesh points (43762 cells). Fig. 2 represents the
computaitonal mesh employed along with description of boundary
conditions. Viscosity is used as a physical parameter, and high fidelity
simulations are performed over five values of the Re=[100, 125, 150,

Fig. 1. NREL 5MW: Schematic of computational setup employed with information about boundary conditions. The extent of the domain is 5R × 1.5R × 3R. The
computational mesh is composed of tetrahedral and hexahedral elements with high-quality prisms having fifteen successive layers of refinement near the turbine
geometry. A zonal approach with an interface boundary is coupling the rotating (rotor) and stationary (rest of the domain) regions. The computational grid consists of
10 × 106 elements.

Fig. 2. Cylinder: Schematic of the hexahedral computational mesh used for high-fidelity simulations of the cylinder. The computational domain has a length of 20D
and a height of 8D (where D represents the diameter of the cylinder). The mesh has the base refinement of two hundred cells in the x-direction and eighty cells in the
y-direction and refined in five successive layers of refinement. The total size of computational grid points elements is 43762.
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175, 200] with varying levels of viscosity. Snapshots are collected at
each value of Re over 200 s of simulation time. The numerical problem
is tested under periodic response conditions between the 190 s and
200 s. Strict emphasis is placed to enable flow to turn into a fully de-
veloped state before the ensemble matrix is constructed. The resulting
ensemble consists of five hundred snapshots gathered from five dif-
ferent high fidelity simulations captured over an interval of 0.05 s. POD
is accomplished over the snapshot ensemble matrix to obtain modes,
which are later projected over governing equations to develop ROM for
velocity and pressure. The comparison of ROM against high fidelity
solution is shown in Fig. 3. The ROM is reconstructed based on the first
fifteen modes of velocity and pressure, respectively. Two simulations
match well with negligible apparent variations in the underlying flow
field. Cumulative eigenvalues depicted in Table 1 represent close

agreement and the flow spectrum of velocity and pressure decay close
to the rate presented in the benchmark test case. Fig. 4 shows a com-
parison of lift and drag coefficient for the high fidelity and ROM solu-
tions. The aerodynamic coefficients computed using ROM solutions
match within 0.05% of high fidelity simulations and benchmark test
case (Stabile et al., 2017a), giving the confidence to scale the procedure
to a full-scale turbine.

4.2. NREL 5MW high fidelity simulations validation

The high fidelity numerical simulations of NREL 5MW wind turbine
is conducted at full scale at the design operating Tip Speed Ratio (TSR)
of 7.5. Validation of high fidelity simulation is performed against
benchmarked numerical and analytical solutions available in literature
by Jonkman et al. (2005, Tech. Rep. NREL/EL-500-38230);
Yu et al. (2011). Independence studies such as grid, time, turbulence
model, etc. are conducted to arrive at accurate computational para-
meters (more details could be retrieved from a previously published
article by authors in Siddiqui et al. (2019c)). Total aerodynamic torque
transient evolution computed by high fidelity solution using the SMI
approach is shown in Fig. 5. In order to validate the torque distribution
in the direction of the blade span, the blade is divided into 18 span-wise
patches, as presented in Yu et al. (2011). The torque has matched well
at most of the patches with minor discrepancies observed at some lo-
cation (patch 7, 15, 17) along the span. It is believed to happen due to
possible differences in the underlying computational mesh resolution or
numerical solver settings employed in two studies. The Fig. 5(b) depicts
the transient evolution of aerodynamic torque. The plots report initial

Fig. 3. Cylinder: Comparison of the velocity field (m/s) for high fidelity (HF - top row) and reduced order model (ROM - bottom row) at time instants of t=190s,
195s, 200s. ROM solution obtained using fifteen modes of velocity. Note: the velocity magnitude is restricted to 0 - 1 m/s to provide better contrast

Table 1
Cylinder: The table outlines the cumulative eigenvalues for flow around cy-
linder problem against number of modes. Comparison is shown for high fidelity
(HF), reduced order model (ROM) and the result of benchmark study
(Ref) Stabile et al. (2018) for velocity and pressure flow variables.

N Modes U - Ref U - HF U - ROM p - Ref p - HF p - ROM

1 0.390813 0.391238 0.391576 0.793239 0.797466 0.797466
2 0.598176 0.597255 0.597981 0.85809 0.859376 0.859376
3 0.802176 0.805723 0.80622 0.911636 0.917934 0.917934
4 0.879096 0.87936 0.874914 0.978072 0.975848 0.975848
5 0.949519 0.95003 0.95103 0.98669 0.984727 0.984727
10 0.986025 0.988475 0.989458 0.998307 0.996476 0.996476
15 0.995922 0.997918 0.99884 0.999732 0.999871 0.999871

Fig. 4. Cylinder: Comparison of the lift (left) and drag (right) coefficient obtained from high fidelity(HF), reduced order model (ROM) against the benchmark
results (Stabile et al., 2018). The solution from ROM is computed using fifteen modes.
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fluctuations in torque value for high fidelity simulations, which happen
because of initial instabilities in the numerical solutions subjected to
the turbine rotation. The torque eventually settles at a stationary value
of approximately 2,570 kN m, which is within 3% of the
reference (Jonkman et al., 2005, Tech. Rep. NREL/EL-500-38230). This

value is also close to the results of (Yu et al., 2011), which reports an
average torque value of 2, 670 kN m using numerical simulations. The
validation problem has given solid grounds for high fidelity numerical
procedure, thereby providing confidence to ensemble accurate flow
snapshot matrices for ROMs in the upcoming section.

4.3. ROM implementation

Once the high fidelity simulations are tested against benchmarked
solutions, the offline phase of ROM simulations is conducted in OF®.
The velocity, scalar pressure and face flux fields are extracted from the
high fidelity simulations at various time instants. The choice of velocity
is crucial at this point as it represents a direct measure of the total
kinetic energy present in the flow field. This is also justified by the fact
that one of the motivations of the present study, as mentioned earlier in
the introduction, is to analyze the wake evolution downstream from
both high fidelity and ROM solutions. Fig. 6 represents the plane used
to construct an ensemble of high fidelity snapshots that are collected
after initial numerical fluctuations arising from turbine rotation have
been suppressed. The snapshots are acquired at a rate of 0.05 s, and a
total of 1000 snapshots are accumulated over three turbine cycles.
For the generation of POD basis and construction of ROM matrices,

Fig. 5. NREL 5MW: Transient evolution of aerodynamic torque of wind turbine compared against reference solutions of (Bazilevs et al., 2011; Jonkman et al., 2009,
Tech. Rep. NREL/TP-500e38060). (left) the blade has been divided into 18 patches, and the torque contribution is accounted for each at t = 0.8 s. (right) Initial
instabilities are observed in torque evolution which smothered out with more turbine rotations.

Fig. 6. NREL 5MW: Schematic of computational planes passing through the
turbine. This is used to store high fidelity solutions to develop the ensemble
matrix over which POD procedure is applied to obtain energy-rich significant
modes.

Table 2
NREL 5MW: The table outlines the first seventy cumulative eigenvalues for the
velocity and pressure against number of modes.

Velocity Pressure
N Modes

=i i1
70

=i i1
70

1 0.215145 0.656455
15 0.720673 0.817616
30 0.819303 0.860142
45 0.930040 0.959034
60 0.985422 0.989752
70 0.997549 0.999151

Fig. 7. NREL 5MW: Spectrum of velocity and scalar pressure for first two
hundred modes. The decay in values is observed to be rapid for the first seventy
modes, after which the behaviour seems to flattens out.
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python is employed. Given the two platforms, python and OF® (C++
library), share common similarities of object-oriented programming
framework which enable to compute direct solutions of ROM matrices
in the online stage. Moreover, python’s powerful and efficient cap-
abilities allowed handling large sets of data matrices. A standard solver

for Ordinary Differential Equation (ODE) using the Runge-Kutta
method is implemented in python to solve the ROM system in the online
phase. The solution is computed to relative tolerance levels of ×1 10 5

for quantities of interests.

Fig. 8. NREL 5MW: The first six POD modes for the wind turbine. Modes are sorted in a hierarchical manner of high to low energetic states. Along with representing
the distribution of energy in the flow field the modes also highlight the spatial coherence of large and small scale eddies.
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4.4. POD modes

The high fidelity snapshots ensemble collected at various time in-
stances for velocity over multiple turbine cycles are applied with the
POD in the offline stage to generate an optimal basis according to the
procedure described in Section 4.4. Fig. 8 represent the qualitative
description of modes that results after POD procedure. The modes are
sorted in a hierarchical manner of high to low energetic states of the
system. In addition to representing the distribution of energy, the ac-
quired modes also provide a brief description of the spatial evolution of
underlying dominant scales of motion. It can be seen that the first mode
illustrates the mean flow behavior of the flow field around the turbine
and comprises almost 21% of the system’s energy. A significant portion
of this energy is seen to be concentrated in the downstream wake ad-
jacent to the turbine structure. In the following modes, the large scale
structures are observed to become less pronounced and distinct smaller
structures start to appear. Thus the procedure has segregated wakes
energy into individual contributions from underlying scales of large and
small coherent structures. It is evident that initial modes fully capture
the mean flow field structure, while higher modes contain energy cor-
responding to coherent scales that emanate primarily from the turbine
blades. According to the Fig. 8, flow coherence close to the turbine
blade starts to become more pronounced from mode number of four and
above. The subsequent modes continue to represent small scales
structures present in the flow field. In general, the POD procedure has

provided an optimal linear subspace for the present wind turbine flow
problem by working as an energy filter and identifying large coherent
structures, while bypassing less coherent structures to the lower
modes (H., 2000; Gamard and George, 2002).
In the context of the aforementioned discussion, once notice that

POD procedure has successfully generated reduced basis while limiting
the degrees of freedom of high fidelity problem to fewer modes that
constitute of a significant portion of energy governed by corresponding
eigenvalues (first seventy cumulative eigenvalues with an increment of
fifteen shown in Table 2). This reflects that almost seventy modes
capture almost 99% of systems energy. In addition to providing the
basis for the successful construction of ROM matrices, modes obtained
through POD has also provided a rather intricate assessment of the
composition of the flow and the underlying scales of motion.

4.5. Spectrum

Fig. 7 depicts the spectrum of the velocity and pressure field plotted
over the first two hundred modes (quantitative data tabulated in
Table 2). The spectrum outlines the number of modes required for
suitable construction of ROM with corresponding energy content for
velocity and pressure. According to the plot, scalar pressure is observed
to decay faster than the velocity. It is apparent that the first seventy
modes account for a significant portion of energy. Additional modes can
be selected to improve the overall accuracy of ROM for the given wind
turbine related problem. However, it may rather come at the expense of
increasing the computational effort, which is not of interest at this
point.

4.6. ROM reconstruction - wake deficit

After the completion of the offline phase, ROM matrices are for-
mulated according to the procedure described in Section 4.4. The ROM
simulations are executed for time instants t=0.8 s that are considered
in the high fidelity solution benchmarked studies. Here the ROM cap-
ability is tested for reproducing the outputs against full order simula-
tions. Both the ROM simulation and the high fidelity simulation are
formulated under similar conditions to avoid inconsistencies that arise
due to the change in operating procedures. ROM simulation is per-
formed with an increasing number of modes starting from one until
seventy modes. Table 3 reports modes against speedups and relative error
of ROM and high fidelity simulations. It depicts that by employing

Table 3
NREL 5MW: Illustration of speedups achieved from ROM using different
number of modes compared to high fidelity simulations. It shows that by em-
ploying fewer degrees of freedom massive speedup are achieved with sig-
nificant reduction in accuracy. Speedup is defined as time taken for high-fidelity
divided by the time taken for the reduced solution on average. Relative error is
absolute L2 norm error divided by L2 norm of the velocity of the reference/high-
fidelity solution.

Modes Speedup Relative error (Velocity)
High-fidelity 200 1 0

Reduced Order Model 15 18,842 ×1.3 10 1

30 7,899 ×9.1 10 2

45 5,433 ×7.5 10 2

60 4,332 ×6.1 10 3

70 3,285 ×4.7 10 3

Fig. 9. NREL 5MW: Contours of the velocity field on a plane passing through the center of the turbine rotor (inertial reference frame) (left) high fidelity simulation
(right) reconstruction of velocity field by reduced order model (ROM) using 25 POD modes. It is interesting to observe that ROM has captured adequately small scales
present in flow field (tip and hub vortices). Note: the velocity magnitude is restricted to 0–20 m/s to provide better contrast.
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fifteen modes, massive speedup of 18,842 is observed from the present
ROM methods, with an accuracy of approximately 13% measured in L2

norm. Given the lower accuracy levels in comparison to the ones that
were aimed, thirty and forty-five modes are tested, which provides a
speedup of approximately 7,899 and 5,433 along with corresponding
relative errors of 9.1% and 7.5% for velocity respectively. Further,
employing seventy modes results in speeds of 3,285 with an efficiency
of 4.7%, which is believed to be accurate enough (since less than 5%
accuracy is targeted) for the present investigation.
The qualitative comparison between the high fidelity and ROM si-

mulations is depicted in Fig. 9. It shows that the overall dynamics in
flow field has been captured with reasonable accuracy employing se-
venty POD modes in ROM. The central wake (region shown in blue
color adjacent to the turbine) along with small scale eddies (tip/hub
vortices), which are often quantities of interests in studies related to
wake dynamics, are reconstructed successfully. Given the lower di-
mension of the basis used in the ROM, few minor differences are an-
ticipated. However, considering the acquired accuracy and minimal
computational times, such differences seem negligible from an

engineering standpoint.
The quantitative comparison between the ROM against the high

fidelity solutions is conducted realizing that the real purpose of ROM is
not to approximate a physical system better than its high fidelity
counterpart, that is

= +µ µ µ µ µ
µ

Physical( ) ROM( ) Physical( ) HF( ) HF( )
ROM( )

for what concerns the present investigation, the focus primarily is to
evaluate µ µHF( ) ROM( ) rather than µ µPhysical( ) HF( ) , which
has been the main focus of many previous studies conducted in the
literature. For quantitative comparison of the wake, ROM solutions are
compared in Fig. 10 against high fidelity solutions as published in
study (Siddiqui et al., 2019c), previously performed under similar op-
erating conditions. Wake deficit and turbulent intensity levels are
compared at nine locations (0.15R, 0.30R, 0.45R, 0.60R, 0.90R, 1.30R,
2.00R, 2.50R, 3.00R) starting from central hub in the streamwise di-
rection at t=0.8 s. It is observed that the ROM solution manage to
capture the wake deficit and turbulent intensity (Siddiqui et al., 2015b)
pattern behind the wind turbine in a realistic manner. Full-scale mod-
eling of turbine geometry (nacelle and monopole) has given rise to
complex flow configuration, causing oscillations in the profiles adjacent
to the structure. ROM manages to capture these profiles adequately
adjacent to the turbine; however, a rather good match is observed away
from the turbine where sharp variation in the flow field seems to settle
down due to recovery of wake strength owing to molecular diffusion.
From the standpoint of accuracy, the ROM has captured reasonably the
wake deficit and turbulent intensity profiles corresponding to its high
fidelity counterparts.

4.7. L2 error

L2 error of absolute and relative velocity between high fidelity and
ROM versus the decay of eigenvalue distribution is displayed in Fig. 11.
To study error accumulation in higher modes, the plot show modes
starting from a single-mode with an increment of fifteen modes. The L2

error convergence follows a similar curve for absolute and relative error
and a monotonic overall drop is observed against the cumulative ei-
genvalues data. No significant decrease in error value is reported after
seventy modes, which represent that ROM solution will not benefit
from the use of higher modes to approximate its high-fidelity coun-
terpart with greater accuracy; rather, it will contribute directly to

Fig. 10. NREL 5MW: Wake deficit and turbulent intensity in vertical direction for high fidelity (solid line) and reduced order model (dotted line) at successive
locations in downstream direction (0.15R, 0.30R, 0.45R, 0.60R, 0.90R, 1.30R, 2.00R, 2.50R, 3.00R from hub). Note*: Successive profiles have been offset for better
clarity.

Fig. 11. NREL 5MW: Absolute and relative error analysis for the velocity field.
The L2 norm of the error is plotted against cumulative eigenvalues. The marks
are given for the first mode and then in intervals of fifteen modes.
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increasing computational effort.
In this work, a proper orthogonal decomposition - Galerkin frame-

work was tested in a finite volume setting to evaluate the prediction
capabilities of a reduced order model by determining wake character-
istics for flow around an NREL 5MW wind turbine. High fidelity si-
mulations were conducted by Unsteady Reynolds Average Navier
Stokes procedure using opensource code OpenFOAM® and the solutions
were benchmarked against the available results presented in the lit-
erature. A proper orthogonal decomposition technique was applied to
obtain significant modes, which were projected onto the governing
system to obtain the reduced-order model. A detailed quantitative and
qualitative comparison of modes and reconstructed velocity field was
conducted. The reduced order model has successfully captured the co-
herent structures of turbulence along with accurate estimates of wake
deficit and turbulent intensity on a plane passing through the turbine
center. The results showed that approximately seventy modes comprise
of 99% of systems energy with corresponding speeds of 3,285 and a
relative velocity error of 4.7% in L2 norm.
In the future, the work will be explored further to account for the

three-dimensional effects of flow in the construction of the reduced
order model, which certainly poses a challenge at present from the
standpoint of computational requirements. Other interesting aspects
could be to study the entire wind park in a high fidelity context to
enable accurate and realistic estimates of offshore wind farms in a re-
latively short time.
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