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Abstract— This paper presents a harmonic-domain single-input 

single-output (SISO) equivalent modeling technique for the 

impedance modeling and stability analysis of a single-phase grid-

connected Voltage Source Converter (VSC). The basis is a 

conversion technique that transforms a harmonic-transfer-

function (HTF)-based model into a SISO equivalent model while 

preserving all the information of frequency couplings. The 

proposed SISO modeling concept is useful for understanding the 

meaning and consequence of SISO impedance measurement of an 

interconnected system with frequency couplings which further 

enables a simpler impedance measurement and impedance-based 

analysis. Applications of this method for the VSC model reduction 

and stability characteristic analyses are presented, from which 

some useful conclusions regarding the accuracy of three types of 

reduced-order VSC impedance models and the stability effects of 

the VSC control with and without compensation for dc voltage 

variation are obtained. Also, these examples of applications 

demonstrate how the presented SISO modeling technique 

facilitates a simpler and efficient impedance-based analysis. 

Finally, experimental results verify the validity of the proposed 

VSC-SISO admittance and corresponding analyses. 

 
Index Terms—impedance, Nyquist, SISO, stability, VSC 

 

I. INTRODUCTION 

OLTAGE source converters (VSCs) are being commonly 

utilized in electrical systems due to their flexibility and 

controllability. Common applications include grid-integration 

of wind/photovoltaic power generation [1], interconnection of 

AC systems through the high-voltage dc (HVDC) transmissions 

[2], as well as electric drive systems for locomotives [3], etc. 

With the increasing penetration of VSCs in power systems, 

interactions among the VSCs and the grid can lead to small-

signal instability, e.g. oscillations in [4] and [5]. Thus, it is 

necessary to analyze the small-signal behavior of VSCs and its 

consequences on stability. In this respect, the impedance-based 

method can be applied and is gaining popularity since the 

impedance of the VSC can be readily derived either from 
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analytical modeling or measurement [6]-[9]. 

In terms of the impedance modeling, there are two main 

methods: the linear-time-invariant (LTI) framework-based and 

the linear-time-periodic (LTP) framework-based methods [7]. 

The former one usually applies to VSCs whose linearized 

models can be represented as LTI systems via transformations 

(e.g. dq-transformation). Therefore, corresponding impedance 

models can be readily obtained by using the Laplace transform 

or the complex-vector notation [8]. Impedance modeling of a 

three-phase VSC under this method is for instance discussed in 

[9]-[11]. On the other hand, if such an equivalent LTI model is 

unachievable, then the impedance modeling has to be 

conducted directly on the original linearized system which is an 

LTP system in general. In this regard, the harmonic 

linearization method based on the principle of harmonic 

balance [12] can be adopted. Applications of this method in 

deriving the impedances of a single-phase VSC, a three-phase 

VSC and a modular-multi-level-converter (MMC) [13] are 

presented in [14], [15] and [16] respectively.  

Recent analyses have shown VSCs generally exhibit 

frequency coupling behavior and the number of coupled 

frequencies depends on the studied topology. For example, the 

number of frequency couplings in a three-phase VSC is 

typically bounded by two [17]-[19], which is interpreted as the 

mirror-frequency coupling (MFC) effect in [19]. For a single-

phase VSC, the number of coupled frequencies is conceptually 

infinite [16], due to the time-periodic nature of the system. It is 

also noticed that using the harmonic linearization method to 

obtain the VSC impedance exhibiting a large number of 

frequency couplings is cumbersome to some extent. Instead, the 

LTP framework-based methods, e.g., harmonic-state-space 

(HSS) [20] or the harmonic-transfer-function (HTF) [21] 

method is more feasible for the impedance modeling of such 

systems. This is because the process of transforming an LTP 

system from time- to frequency-domain is well-defined and the 

frequency couplings are inherently accounted in that process. 

Examples of applying the HSS in the harmonic stability 
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analysis of a single-phase VSC and a MMC are for instance 

presented in [22]-[25]. Besides, it is noticed that although this 

HSS/HTF method can model an LTP system and the frequency 

characteristic systematically, the resulting impedance is usually 

a large dimensional matrix representing a multi-input multi-

output (MIMO) system. This brings significant challenges in 

impedance measurement and impedance-based analysis, thus 

feasible simplification is desired, e.g., exclude the frequency 

components that are insignificant for impedance modeling. 

 Relevant analyses with respect to the single-phase VSCs are 

introduced in [26]-[28]. In which, development of these 

impedance models is commonly based on the assumption that 

the steady-state harmonics in the system are negligible, this 

simplification brings two effects: the number of frequency 

coupling for impedance modeling is drastically reduced, and the 

approximate system is LTI so that the conventional time to 

frequency-domain transformation can be applied for impedance 

extraction. Based on a similar assumption, [14] and [29] 

developed the sequence impedance of a single-phase VSC by 

means of harmonic linearization. Basically, the above 

impedance models regardless of modeling domains are 

characterized by a 2-by-2 matrix which can primarily capture 

the MFC effect with the single-phase VSC system. A latest 

work in [30] extends the model into a 3-by-3 matrix being able 

to capture more frequency components so that the model 

accuracy is improved. It can be obtained that the more 

frequency components considered in the modeling process, the 

more accurate the resulting model. However, here lacks a model 

comparison and a clarification on how many frequency 

components should be considered for modeling.  

To fulfill such a study, or more generally to facilitate better 

impedance-based analyses, the MIMO impedance obtained 

from the HSS/HTF is not a desirable choice, thus it would be of 

significant importance to developing a simple and high-fidelity 

model that can simplify the impedance-based analysis.  

To fill this gap, this paper presents a single-input and single-

output (SISO) equivalent modeling technique for the 

impedance modeling and analysis of the single-phase grid-

connected VSC. Based on this SISO modeling technique, this 

paper further clarifies the accuracy of several reduced-order 

VSC impedance models obtained from different truncations of 

the HTF-based model and discusses the stability impacts of the 

VSC controls with and without compensating the dc voltage 

variation. These studies also demonstrate how the proposed 

SISO modeling technique facilitates a simpler and more 

practically applicable impedance-based analysis. 

II. HARMONIC DOMAIN IMPEDANCE MODELING AND 

ANALYSIS OF THE SINGLE-PHASE GRID-VSC SYSTEM 

A. Study system 

Fig. 1 depicts a typical single-phase grid-VSC system 

composed of a full-bridge VSC, an L-type filter, a resistive dc 

load, and a Thevenin equivalent grid. The outer-loop controls 

the average value of the squared dc voltage using a 

proportional-integral (PI) regulator while the inner-loop 

controls the ac current using a proportional-resonant (PR) 

regulator. The grid-synchronization is fulfilled by a quadrature-

signal-generator (QSG) based on a Second Order Generalized 

Integrator (SOGI) and a conventional phase-locked-loop (PLL).  

As also indicated in the lower left of Fig. 1, two approaches 

for calculating the modulation index ma
ref are considered:  

DM ref ref
a a dc

CM ref
a a dc

/

/

m u V

m u u

 =


=

         (1) 

where DM
am  obtained with a constant dc voltage ref

dcV  is 

referred to as the Direct Modulation (DM) case in this paper; 

and CM
am obtained with an instantaneous dc voltage dcu  is 

referred to as the Compensated Modulation (CM) case. In 

addition, the CM usually has better power quality than the DM 

[31]. In this paper, the CM and DM cases are used mainly 

because they represent two different operating conditions for 

steady-state harmonics without introducing too many 

differences in control systems. Thus, they are useful examples 

not only for illustrating the application of the proposed SISO 

equivalent modeling, but also for evaluating the impacts of 

steady-state harmonics on the extent of frequency couplings, 

model reduction, and small-signal stability. 
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(a) Main circuit and control strategy (b)  Control blocks  
Fig. 1  Schematic of a typical single-phase grid-VSC system 
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B. Modeling conventions 

For an LTI element, e.g. the dc voltage controller 𝐻dc(𝑠) =

𝑘pdc +
𝑘idc

𝑠
, its harmonic domain model (i.e. the HTF) is 

composed of the frequency-shifted copies of 𝐻dc(𝑠) [21]: 

( ) ( ) ( ) ( )( )dc dc 1 dc dc 1, j , , j ,s diag H s H s H s = − +H (2) 

For brevity, in the later analysis, the notation ( ) ( )dc k
H s  will be 

adopted for representing the component ( )dc 1jH s k +   and 

the Laplace variable in ( ) ( )dc k
H s  is often omitted. 

For an LTP element as A(t), its harmonic domain model is a 

Toeplitz matrix [20] (P{} is the Toeplitz operator): 

( ) 
0 -1 2

+1 0 -1

2 +1 0

A A A

P A t A A A

A A A

−

+

 
 
 
 =
 
 
 
 

     (3) 

in which kA  is the k th Fourier coefficient of A(t).  

In general, the harmonic-domain models of the VSC and grid 

are derived according to the following steps: i) perform the 

linearization on system blocks; ii) transform the linearized 

blocks into the harmonic domain; iii) formulate the harmonic 

domain impedance/admittance using the transformed blocks in 

conjunction with circuit and control diagrams. In later analysis, 

these steps are applied without any further detailed discussions. 

C. Harmonic domain models of the grid-VSC system  

1) The VSC harmonic-domain admittance  

Based on the above-mentioned modeling process, the VSC 

harmonic domain admittance defined as  

( ) ( ) ( )HTF
a c as s s− =  I Y U        (4) 

can be derived, where ( )HTF
c sY  is given in (5). By setting the 

parameters K1 and K2 in (5) as:  
-1 ref

1 dc0 2 0

ref
1 dc 2

CM : ,

DM : 1/ ,V

= =

= =

K U K M

K K 0
      (6) 

admittance under the CM or the DM case can be determined. 

The detailed steps required for the harmonic domain modeling 

of the studied system are presented in Appendix A. 

2) The grid harmonic-domain impedance  

The grid harmonic-domain impedance of this study is 

straightforward which is  

( ) ( ) ( ) ( ) ( ) ( ) ( )( )HTF
g g 1 g 0 g 1

, , , ,s diag Z s Z s Z s
− +

=Z  (7) 

where ( )HTF
g sZ contains the frequency-shifted copies of 

( ) ( )g 0
Z s  and ( ) ( )g 0 g gZ s R sL= + . 

D. HTF truncation and VSC-MIMO admittance analysis 

Practically, the truncated version of ( )HTF
c sY  and ( )HTF

g sZ

are adopted for numerical analysis. If the HTFs are truncated to 

a harmonic-order of N, they can be generally represented by a 

(2N+1)-by-(2N+1) dimensional matrix as (8). In later analysis, 

the truncated VSC-HTF and grid-HTF model are denoted by 

the VSC-MIMO admittance (e.g. ( )N N
c s

Y ) and the grid-

MIMO impedance (e.g. ( )N N
g s

Z ). 

( )
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(8) 

The choice of harmonic-order N for truncation is important 

for model accuracy. Prior knowledge regarding the number of 

dominant frequency couplings in the system is helpful. In this 

regard, it is already noticed that the MFC effect (i.e. ±𝑓𝑝 and 

∓𝑓𝑝 + 2𝑓1) due to dq asymmetry of VSC controls (e.g. PLL) 

are dominant components for balanced three-phase VSCs. As 

for the single-phase VSC, qualitatively, due to the ac/dc 

modulation process, the frequency response will at least contain 

components:  ±𝑓𝑝 and  ±𝑓𝑝±2𝑓1, thus at least 2N =   should 

be selected for HTF truncation. Different from the MFC in 

three-phase VSC, frequency responses at ±𝑓𝑝±2𝑓1 are not only 

related to dq asymmetry of VSC controls but also affected by 

the 2nd harmonic in the dc voltage. In addition, the triple 

harmonic on the ac-side could also be relevant for modeling. 

Therefore, in this paper,  3N =   is selected for truncation and 

the resulting VSC-MIMO admittance is denoted by ( )7 7
c s

Y .  

To better visualize the frequency coupling effect, the VSC-

MIMO admittance ( )7 7
c s

Y  under both the CM and DM case 

will be plotted together with the measured frequency response 

from PSCAD/EMTDC (main parameters are listed in Table I). 

Due to the limited space, only the magnitude response is shown, 

and the Y-axes of subfigures are scaled to an identical range 

[10−3, 10−1] to highlight the dominant components.  

As shown in Fig. 2 (a), magnitude responses under either of 

the cases are primarily located at the diagonals

( )
7 7

c k
, 0, 2, 4Y k =    ( the subscript k denotes the element in (8)) 

since other responses present null values in the defined scale. 

Also, for each two of adjacent diagonals, they are separated by 

2ω1, which means the frequency couplings existent in this 

( )
( )

( )

1

blk c

HTF -1 ref
c i u m del dc0 PR b0 θ_udc

m del 1 PR cos pll0 dc dc0 2 PR

i

2

s

s


−
+ − − 

 
= − −   − −      

I N A

Y C B B G U H I GC
B G K H A H U K H

C

      (5) 
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system is primarily related to components at  ±𝑓𝑘  and  

±𝑓𝑘±2𝑓1 , where 𝑓𝑘 = 𝑓𝑝 + 𝑘𝑓1  are the shifted copies of 𝑓𝑝 . 

This observation justifies the aforementioned dominant 

frequency components in the system. Besides, responses away 

from the central diagonal gradually reduce, e.g., components in 

( )
7 7

c 4
Y 


 are much smaller than those in ( )

7 7

c 0
Y 


. On the other hand, 

magnitude responses under the  CM case are different from 

those under the DM case, see Fig. 2 (b),  in particular, the 

differences are evident for components away from the central 

diagonal. This analysis implies that a smaller steady-state 

harmonic can bring a lower extent of frequency couplings. 

Overall, this VSC-MIMO admittance analysis indicates that 

i) the order of this VSC-MIMO admittance (𝑁 = ±3) can be 

further reduced since the magnitude responses away from the 

central diagonal are decaying in a great extent; ii) 

characteristics of the VSC-MIMO admittance under the CM 

and DM case are not the same which implies that the impacts 

 
(a)  VSC-MIMO admittance plot  

 
(b) Zoomed in plots of the extracted three components 

Fig. 2  Magnitude responses of the VSC-MIMO admittance (𝑁 = ±3 and 𝐼𝑞
𝑟𝑒𝑓

=  −3 𝐴, 𝑅𝐿 = 1𝑒5 𝑜ℎ𝑚) 

TABLE I MAIN CIRCUIT AND CONTROL PARAMETERS  

Circuit parameters Control parameters 

UN = 200 V(rms) Lg = 6.6 mH HPLL: kppll = 0.1, kipll = 100 

IN = 7 A (rms) Rg = 0.258 ohm HPR:  kpc = 20, kic = 628 

Lf = 3.3 mH Ccap = 200 uF Hdc: kpdc = 5*10-5, kidc = 2.5*10-4   

Rf = 0.129 ohm VdcN = 320 V kQSG = 5.0  

fsw = 10 kHz  fsample = 50 kHz Td = 50 us 
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on model simplification are expected. These two main findings 

will be discussed more in detail after the introduction of the 

SISO equivalent modeling techniques. 

III. SISO EQUIVALENT MODELING TECHNIQUE AND 

COMPARATIVE ANALYSIS OF VSC REDUCED-ORDER MODELS 

The developed VSC-MIMO admittance ( )7 7
c s

Y is rather 

complicated to analyze and implement due to the large model 

dimension. For instance, to measure this 7-by-7 matrix, seven 

independent perturbations should be used at each frequency 

point which is cumbersome for frequency-sweeping. In regard 

to stability analysis, although the generalized Nyquist criterion 

(GNC) can be used [32], stability assessment is not intuitive due 

to the presence of multiple eigenloci. All these arguments point 

to the benefits of using a SISO model. 

The most simplified SISO model is the component ( ) ( )7 7

c 0
Y s  

in ( )7 7
c s

Y . Clearly, this SISO model ignores all the frequency 

coupling effects and may not be useful for analysis. In order to 

preserve the frequency couplings while using the SISO 

representation, authors in [33] introduced an equivalent SISO 

modeling by viewing the grid and VSC as a closed-loop system. 

Inheriting this spirit, this section will present the SISO 

equivalent modeling technique applied to the harmonic domain. 

A. Principle of the MIMO to SISO conversion 

In essence, the previously derived VSC and grid MIMO 

models (i.e. ( )N N
c s

Y  and ( )N N
g s

Z ) are defined in an open-

loop sense. When they are connected, they will form a closed-

system and interactions will occur among them. As illustrated 

in Fig. 3 (a), if the VSC is perturbed at 𝜔𝑝  by an independent 

voltage source, the current responses will not only contain the 

component at 𝜔𝑝 but also contain harmonics at 𝜔𝑝 + 𝑘𝜔1 , 𝑘 =

±1…± 𝑁 according to ( )N N
c s

Y . When flowing through the 

grid impedance ( )N N
g s

Z , the current responses of the VSC 

will induce harmonics voltages at the grid-side as 

( ) ( )pg k
, 0, 1,..,k N =  U . Also, since there is only one 

independent source 𝑼𝑝𝑡𝑏(𝜔𝑝) in the circuit, the harmonic 

voltages of  the VSC and grid must comply with 𝑼𝑔(±𝑘)(𝜔𝑝) =

 𝑼𝑎(±𝑘)(𝜔𝑝), 𝑘 ≠ 0, which means they are mutually dependent. 

From the above illustration and Fig. 3 it can be found that 

viewing the grid-VSC as a closed-loop system, the dependent 

paths can be eliminated from circuit operations. From which, 

an equivalent relation of the input-voltage and output-current 

under the same frequency p  is established, which 

corresponds to the SISO equivalent model of this paper. 

B. Method for deriving the SISO equivalent model 

To make the circuit operations easier, the columns and rows 

of the ( )N N
c s

Y  and ( )N N
g s

Z  are rearranged so that they can 

be compactly represented by vectors or sub-matrix blocks. The 

concept to achieve this rearrangement is shown in Fig. 3 (b), 

where e.g., the columns and rows of ( )7 7
c s

Y  are sequentially 

switched until the component ( ) ( )7 7

c 0
Y s

 is moved to the left-top 

corner of the matrix.  

Thus, for a N-order model of the VSC and grid, the following 

equations can be established 

( ) ( )

( )
( ) ( ) ( )

( )

( ) ( )

( )

( ) ( ) ( )

( )

N N
a 0 a 01 2Nc 0

ah ah2N 1 2N 2N

N N
1 (2N 1)g 0 a 0g 0

ah ah(2N 1) 1 2N 2N

I s U sY

s s

U s I sZ

s s




 


 −

−  

    
− =     

        

    
 =   
        

a

I Ub Q

0

U I0 c

   (9) 

where ( )
N N

1 2N 2N 1 2N 2Nc 0
, , ,Y 

  a b Q are known components that 

can be extracted from ( )N N
c s

Y . ( )
N N

2N 2N g k
, 0k

 = c Z , 

( )ah a( N) a(k) a(+N),..., ,...,
T

s I I I−
 =  I , and ( )ah sU (𝑘 ≠ 0) has a 

similar format as ( )ah sI .  

According to Fig. 3 (a) and (10), there are 2(2𝑁+ 1) + 2 

unknown variables (i.e. 𝑼𝑎(±𝑘) , 𝑰𝑎(±𝑘), 𝑼𝑝𝑡𝑏 , 𝑼𝑔(0) ) and  

2(2𝑁+ 1) + 1 sets of known equations where one augmented 

equation that is not shown in (9) but can be derived from Fig. 3 

(a) is 𝑼𝑝𝑡𝑏 + 𝑼𝑔(0) =  𝑼𝑎(0) . Based on this, the relation of  

𝑼𝑎(0) and 𝑰𝑎(0) is can be established which is written as 

( ) ( )

( ) ( )( )
( )

( ) ( )

SISO
c

a 0

1N N
1 2N 2N 2N 2N 2N 2N 2N 2N 1c 0 a 0

Y s

I s

Y U s
−

    

− =

− + a I c Q c b (11) 

and the grid-SISO model is  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )N N SISO
gg 0 g 0 a 0 a 0

ZU s Z s I s s I s= =    (12) 

It can be seen that the derived VSC-SISO admittance 

( )SISO
cY s  is composed of two terms, the first term ( )

N N

c 0
Y 

 

 
(a) Circuit illustration of the harmonic interactions  

 
(b) Illustration of the matrix rearrangement  

Fig. 3 The principle and method of MIMO to SISO conversion 
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reflects the relation of input and output at the same frequency 

while the second-term reflects the effects of the harmonic 

interactions between the grid and the VSC. Furthermore, when 

the Nyquist-based stability analysis is performed, it has been 

proven in [33] that the SISO equivalent system has an identical 

critical stability condition to that of the original MIMO system 

(A similar proof based on a simplified representation of the 

cases studied is presented in Appendix. B). Therefore, the 

presented SISO equivalent modeling technique itself will not 

compromise the accuracy in analysis. 

C. Comparative analysis of the VSC full- and reduced-order 

admittances by using the SISO modeling technique 

Based on the above method, VSC reduced-order models from 

different truncations of ( )7 7
c s

Y  can be effectively compared 

via their SISO equivalents. In Fig. 4, the following VSC models 

of different orders are considered for comparison: 

1) the full-order model uses all the components of ( )7 7
c s

Y  

2) the reduced-order Model 1 directly uses the component 

( ) ( )7 7

c 0
Y s

 of  ( )7 7
c s

Y , thus this is a scalar model; 

3) the reduced-order Model.2 extracts the frequency 

components 𝑓𝑝  and 𝑓𝑝 + 2𝑓1  from ( )7 7
c s

Y , thus it is a 2x2 

matrix model and resembles the ones in  [26]-[29];  

4) the reduced-order Model.3 extracts the frequency 

components 𝑓𝑝 and 𝑓𝑝 ± 2𝑓1  from ( )7 7
c s

Y , thus it is a 3-by-3 

matrix model and resembles the one in [30]. Notations of 

corresponding SISO equivalent models are listed in Table II. 

In order to test these models under a relatively critical 

condition, i.e., low stability margin, the current controller gain 

is reduced while the dc voltage controller gain is increased. 

Similar conditions with low stability margin state can occur in 

practical situations, e.g. for operation in weak AC grids. 

According to the comparative results in Fig. 5, the SISO 

model Yc_full
SISO  converted from the full-order MIMO model is 

consistent with measurements and is accurate under both the 

CM and DM cases. Thus, Yc_full
SISO  will be served as the reference 

model for later comparisons.  

The model accuracy of different truncations under the DM 

case is compared and shown in Fig. 5 (a). The accuracies of the 

reduced-order VSC models, if ranked in a descending sequence, 

is given by Yc_rm3
SISO > 𝑌c_rm2

SISO > 𝑌c_rm1
SISO . From the plots, it can be 

seen that Yc_rm3
SISO  only has small differences from Yc_full

SISO  under 

this DM case. Thus, its accuracy is defined as: High. Besides, 

𝑌c_rm2
SISO  exhibits evident discrepancies from Yc_full

SISO  , thus its 

accuracy is defined as: Medium (−), whereas 𝑌c_rm1
SISO  is defined 

as Low if compared to the accuracy of  𝑌c_rm2
SISO .  

 

Fig. 4 Extraction of the reduced VSC-MIMO admittances 

TABLE II NOTATIONS OF DIFFERENT SISO EQUIVALENTS  

Name MIMO model 

dimension 
SISO model 

 notation 

Full-order model 7x7 𝑌c_full
SISO  

Reduced-order model 1 scalar 𝑌c_rm1
SISO  

Reduced-order model 2 2x2 𝑌c_rm2
SISO  

Reduced-order model 3 3x3 𝑌c_rm3
SISO  
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(a)   Comparisons under the DM case                                                                             

 
(b)  Comparisons under the CM case 

Fig. 5 SISO equivalents-based comparative analysis of reduced-order VSC 

admittances (kpc = 2, dc voltage control gain is doubled,  𝐼𝑞
𝑟𝑒𝑓

=

 −3 𝐴, 𝑅𝐿 = 1𝑒5 𝑜ℎ𝑚, other configurations are identical to Table I)  
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Next, model accuracies under the CM case are compared and 

shown in Fig. 5 (b). Overall, the model accuracies of reduced-

order VSC models are improved compared to the DM case. In 

detail, Yc_rm3
SISO  is as accurate as Yc_full

SISO  under this CM case 

Furthermore, Yc_rm1
SISO  and Yc_rm2

SISO  are almost close to Yc_full
SISO  in 

terms of admittance shapes although one of the resonances is 

mispredicted. Also, it is noted that the differences between 

Yc_rm2
SISO  and Yc_rm1

SISO  are very small though Yc_rm2
SISO  turns out to be 

slightly more accurate (as can be seen from the zoom-in 

subfigure), thus their accuracies are defined as: Medium (−) 

and Medium (+) respectively. A summary of this analysis is 

shown in Table III.  

TABLE III SUMMARY OF THE MODEL REDUCTION ANALYSIS  

Name SISO model 

 notation 
Accuracy 

DM case 

Accuracy 

CM case 

Full-order model 𝑌c_full
SISO  Accurate Accurate 

Reduced-order model 1 𝑌c_rm1
SISO  Low Medium 

Reduced-order model 2 𝑌c_rm2
SISO  Medium (−) Medium (+) 

Reduced-order model 3 𝑌c_rm3
SISO  High Accurate 

IV. COMPARATIVE STABILITY ANALYSIS OF THE CM AND DM 

CASES BY USING THE SISO IMPEDANCES 

The previous analysis has shown that reduced-order models 

exhibit different accuracies under the CM and DM case. This 

implies that stability differences may also exist, which is 

interesting to investigate. In this section, the effect of the CM 

in comparison with the DM case will be analyzed through the 

full-order SISO impedance 𝑌c_full
SISO. 

A. Qualitative analysis of the CM effect 

According to the harmonic domain modeling presented in 

Appendix A, the overall system can be represented by Fig. 6. It 

can be seen that the main model difference between the CM and 

the DM lies in the parameters K1 and K2, where 𝑲1 = 𝑼𝑑𝑐0
−1 , 

𝑲2 = 𝑴𝑎0
𝑟𝑒𝑓

 for the CM case and 𝑲1 = 1/𝑉𝑑𝑐
𝑟𝑒𝑓

, 𝑲2 = 𝟎 for 

the DC case according to (6). 

 
Fig. 6 Harmonic-domain control diagram of the single-phase grid-VSC system  

Further, if 𝑴𝑎0
𝑟𝑒𝑓 = 𝟎 holds true, then the CM model and DM 

model will be approximately the same. However, this condition 

is barely valid since the VSC needs to output an AC voltage that 

is comparable to the grid, i.e. 𝑴𝑎0
𝑟𝑒𝑓 ≠ 𝟎. This means, the model 

difference always exists, and this difference is reflected in the 

additional feedback loop gain 𝑴𝑎0
𝑟𝑒𝑓

 of the CM case. This gain 

effect can also be physically interpreted as a sort of damping to 

the VSC circuit, while the sign of this damping yet remains to 

be determined.  

To evaluate the additional damping characteristic present in 

the CM model (i.e. positive or negative), a straightforward way 

is to change 𝑴𝑎0
𝑟𝑒𝑓

 and see how it shapes the admittance. 

However, 𝑴𝑎0
𝑟𝑒𝑓

 cannot be operated directly since it is not an 

independent control variable.  

To overcome this issue, the gain of the parallel control loop 

can be changed instead, and the resulting effect will be 

approximately the same as changing the gain of 𝑴𝑎0
𝑟𝑒𝑓

. For 

instance, the effect of increasing the gain 𝑴𝑎0
𝑟𝑒𝑓

 can be 

qualitatively studied by reducing the parallel control loop gain, 

where the latter one can be readily fulfilled by reducing the 

current controller gain. 

 

     
Fig. 7  VSC-SIO admittance comparisons of the CM and DM case (𝐼𝑞

𝑟𝑒𝑓
=

 −3 𝐴, 𝑅𝐿 = 1𝑒5 𝑜ℎ𝑚, other configurations in Table I remain unchanged) 

B. Negative damping characteristic of the CM effect  

Based on the above method, 𝑌c_full
SISO under two types of current 

controller gains are compared to identify the damping 

characteristic. As can be seen from Fig. 7, overall, the VSC-

SISO admittance under the CM case has higher magnitudes 
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than those of the DM case. From the impedance-based analysis 

perspective, it can be obtained that a larger VSC admittance will 

result in a larger impedance-ratio so that the stability margin is 

lowered. This implies that the CM case is less stable than the 

DM case, and thus this additional damping effect presented in 

the CM case is expected to be negative. 

To further study the incremental effect of 𝑴𝑎0
𝑟𝑒𝑓

 to the CM 

model itself, the VSC-SISO admittances of the CM case, under 

kpc = 8 and kpc =4 can be compared. It can be seen that the 

magnitude response is increased as the current controller gain 

is reduced, thus a lower stability margin is anticipated. This 

observation in combination with the previous interpretation that 

the effect of reducing the current controller gain is equivalent 

to the effect of increasing 𝑴𝑎0
𝑟𝑒𝑓

, indicates that this incremental 

effect of 𝑴𝑎0
𝑟𝑒𝑓

 to the CM model itself is negative. Based on the 

above two aspects, it can be concluded that this CM gain effect 

has a negative damping characteristic.  

Further, in order to directly study the stability effect, in the 

following, the Nyquist-based analysis will be performed. 

C. Comparative stability analysis of the CM and DM case 

A classic source and load system partitioned at the PCC and 

based on the SISO equivalent models can be established 

according to [6]. Thus, the impedance ratio of the closed-loop 

system can be formulated, from which the Nyquist diagram can 

be drawn. For this study, the impedance-ratio is derived as  

𝐿(s) =  𝑌c_full
SISO𝑍g(0)

SISO.  

In Fig. 8 (a), Nyquist plots of the DM and CM case are 

compared under a smaller current controller gain (i.e. kpc = 

1.25), other configurations are identical to Table I. Under such 

a condition, both the CM and DM case conclude a stable system 

(there are no right-half-plane poles in this case). However, it is 

noticed that the stability margin of the CM case is much lower 

than that of the DM case, justifying the negative damping 

effect. In fact, the DM case of this study is a marginally stable 

system since one of its eigenloci is close to the critical point (-

1, 0 j) when it crosses the real axis.  

To verify the conclusion from the Nyquist-based stability 

analysis, time-domain simulation in PSCAD/EMTDC is 

conducted, where the VSC initially operates under the DM case 

and then it is switched to the CM case at 3.6s. The current 

response from this simulation is shown in Fig. 8 (b), from which 

it can be confirmed that the system is marginally stable under 

the CM case since the current response is weakly damped. 

Besides, from the magnified plots it can be observed that the 

steady-state current waveform of the CM case is much better 

than the DM case. This is a known benefit of CM. However, as 

identified in this analysis, the CM will push the system more 

towards the stability margin. It is worth mentioning that this 

analysis is conducted in a low-margin state on purpose, where 

the waveform of the DM case seems not acceptable. However, 

if the overall system margin is improved, the DM case can also 

provide decent power quality. Besides, additional features 

could be included in the control system to improve the stability 

margin of the CM case.  

V. EXPERIMENTAL VERIFICATION 

This section presents experimental impedance measurement 

and verification of the developed full-order VSC-SISO 

admittance i.e., 𝑌c_full
SISO  along with some experimental stability 

tests to consolidate the theoretical analyses. 

A. Experimental setup 

The experimental setup is briefly illustrated in Fig. 9 (a), 

which is composed of a signal generator, an analog 

superposition circuit, a linear amplifier, a single-phase VSC and 

an oscilloscope. The VSC control system is implemented in a 

digital controller based on the PE-expert4 platform, with a 

control cycle 𝑇𝑑 = 50 𝑢𝑠. 

Regarding the SISO admittance measurement, both the 

supply voltage and the small-signal perturbation voltage are 

generated by the signal generator, however, from separate 

output channels. Thus, an analog circuit in Fig. 9 (a) is used to 

superpose the signals and send them to the power amplifier, 

please see the depiction in Fig. 9 (b). The single-tone injection 

method is applied, which means for a specific time-interval T, 

only one specified frequency is injected into the system. Then, 

    
(a) Nyquist plots comparison of the CM and DM case 

 
(b) Time-domain ac current waveforms 

Fig. 8 Comparative stability analysis and time domain verification of 

the CM and DM (kpc = 1.25, other parameters are identical to Table I) 
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this method is repeated for each frequency ranging from 5 Hz 

to 1 kHz. The time interval T used in this experiment is 6 s to 

assure the system reaches a good steady-state in this period and 

to avoid the influence of transients when injecting a new 

perturbation. Voltage and current data are recorded by the 

oscilloscope and exported to MATLAB for impedance 

calculation and analysis (the sampling rate is 50 kHz, and the 

window for discrete Fourier analysis is 5s). 

B. Experimental verification of the VSC-SISO admittance  

The admittance verification was conducted under both the 

CM and DM case. Main circuit and control parameters are listed 

in Table I, and the following two cases are considered: 

1) Case I: 𝐼𝑞
𝑟𝑒𝑓 =  −3 𝐴,𝑅𝐿 = 1𝑒5 𝑜ℎ𝑚, i.e. a reactive power 

load condition. 

2) Case II, 𝐼𝑞
𝑟𝑒𝑓 =  0 𝐴, 𝑅𝐿 = 128 𝑜ℎ𝑚 (𝑖. 𝑒.  𝐼𝑑

𝑟𝑒𝑓 ≈ −6 A ), 

i.e. an active power load condition. 

              
(a) Experimental system layout                                              (b) Illustration of impedance measurement 

Fig. 9 Experimental setup for SISO impedance measurement verification  

       
(a)  VSC-SISO admittance comparisons under Case I 

 

     
(b) VSC-SISO admittance comparisons under Case II 

Fig. 10 Experimental verification of the full-order VSC-SISO admittance model (Case I, 𝐼𝑞
𝑟𝑒𝑓

= −3 𝐴, 𝑅𝐿 = 1𝑒5 𝑜ℎ𝑚; Case II, 𝐼𝑞
𝑟𝑒𝑓

=  0 𝐴, 𝑅𝐿 =

128 𝑜ℎ𝑚 (𝑖. 𝑒.  𝐼𝑑
𝑟𝑒𝑓

≈ −6 A ) ) 
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The comparative results are shown in Fig. 10, from which it 

can be seen that the full-order VSC-SISO admittance 𝑌c_full
SISO is 

basically consistent with the experimental results for all the 

scenarios (i.e., under the CM and the DM case, and under 

different operating points). At the highest frequencies, small 

deviations between the model and the experiments can be 

noticed, mainly due to the influence of the sampling effects and 

frequency- and temperate- dependency of parameters that are 

not represented in the analytical model. However, a point-to-

point match is achieved when compared with the simulated 

results where the above issues are greatly alleviated. This 

analysis proves that the developed full-order VSC-SISO 

admittance 𝑌c_full
SISO is effective and accurate, this also indicates 

that the MIMO to SISO conversion technique is valid. 

Besides, from the comparisons, it can also be noticed that the 

operating conditions have evident impacts on the admittance 

characteristics as well. 

C. Experimental stability tests  

This section presents experimental stability tests under both 

the DM and the CM case along with further justifications on 
model accuracy and damping analysis. In which, the marginally 

unstable condition is focused.  

Such a condition is achieved by continuously varying the 

control parameters until the marginally unstable state presents 

in the Nyquist plot. Corresponding control parameters for the 

CM and the DM cases are registered and listed in Table IV. 

Then, these theoretically predicted control parameters will be 

set in the experimental system seeing if the marginally unstable 

state will occur or not. It should be noted that, before this 

change, control parameters in Table I are adopted to assure a 

stable state. 
TABLE IV THEORETICAL PARAMETERS FOR STABILITY TESTS  

Parameters  DM case CM case 

HPR kpc = 2, kic = 2 kpc = 1, kic = 2 

Hdc kpdc = 5*10-5 

kidc = 0.05 

kpdc = 5*10-5 

kidc = 2.5*10-4   

Hpll kppll =0.1, kipll =100 

Load  𝐼q
ref =  −3 𝐴, 𝑅load  =  105  𝑜ℎ𝑚  

Others The same as Table I 

An experimental stability test under the DM case is first 

conducted and analyzed. According to the Nyquist plot in Fig. 

11 (a), the system will be marginally unstable due to the 

clockwise encirclement of the critical point (no right-half-plane 

open-loop poles). Corresponding control parameters are listed 

in Table IV. After setting these new control parameters to the 

experimental system around 9.5s, the system gradually 

becomes oscillatory as can be seen from the time-domain 

waveforms, proving the Nyquist-based analysis is correct. Also, 

from the dc voltage and ac current spectra, it can be obtained 

that the dc-side oscillation frequency of this case study is 

around 50 Hz, and this oscillation leads to two evidently 

coupled frequency components on the ac-side, which are at the 

dc and the 100 Hz. Moreover, the magnitudes of the ac current 

at these two frequency components are different, implying an 

asymmetric oscillation similar to the MFC effect of a three-

phase VSC. 

Next, a similar stability test under the CM case is conducted 

and the results are shown in Fig. 11 (b). From the Nyquist plot, 

it is obtained that the system will be marginally unstable due to 

  
       (a) A stability test under the DM case                                           

   
       (b) A stability test under the CM case                                           

             Fig. 11 Experimental stability tests under the CM and the DM case 
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the encirclement. This conclusion is justified by the 

experimental waveforms where instability occurs after the new 

parameters are set in the experimental system. The dc-side 

oscillation frequency of this case is around 15 Hz, as a result, 

the ac side presents two evidently coupled frequency 

components at 35 Hz and 75 Hz.  

The above two stability tests further consolidate the validity 

of the proposed model and the Nyquist-based analysis. Besides, 

it is noticed that a simulated stability test under the CM case has 

been conducted in Fig. 8, where it concludes a marginally stable 

system with a current controller gain at kpc  = 1.25. However, as 

shown in this experimental stability test in Fig. 11 (b), if the 

current controller gain is reduced to kpc = 1 while keeping other 

conditions unchanged from Fig. 8, the system stability 

condition is changed from marginally stable to marginally 

unstable. This conclusion confirms again that the additional 

damping characteristic of the CM case is negative. 

VI. CONCLUSION 

This paper presents a SISO equivalent impedance modeling 

technique that enables a simpler impedance measurement and 

stability analysis for the single-phase grid-connected VSC. The 

developed VSC-SISO admittance preserves all the frequency 

couplings presented in the HTFs, thus they are equivalent in 

terms of model accuracy. Also, it is noted that since the overall 

impedance modeling is still based on the principle of switch-

average, the resulting model is mainly valid for control-related 

stability analysis where the frequency-range is far below the 

switching frequency. For this purpose, the developed VSC-

SISO admittance is experimentally verified below 1 kHz. 

Applications of the SISO modeling technique for the VSC 

model reduction and stability characteristic analysis, under the 

CM and DM cases (i.e. with and without compensating the dc 

voltage variation in VSC control), are presented. Some main 

conclusions are listed as follows:  

1) Three reduced-order VSC models extracted from its HTF 

model are compared with respect to model accuracy. The 3-by-

3 matrix model characterizing the frequency components 

p p 1, 2f f f  is accurate in most cases. The 2-by-2 matrix model 

characterizing the frequency components p p 1, 2f f f−  

performs decently overall, in particular with relatively small 

steady-state harmonics (e.g., under the CM case). The scalar 

model characterizing the frequency component pf  has the 

lowest accuracy compared to others. 

2) In terms of stability, the CM case exhibits an additional 

negative damping effect to the system compared to the DM 

case, i.e. the CM case is less stable. Thus, attention should be 

paid to this unfavorable stability influence from the CM case 

though it has some benefits in power quality. Ancillary 

stabilization controls for the CM case are expected to be 

developed in future works, which can be better fulfilled based 

on the SISO modeling technique. 

At last, although the mathematical development of this SISO 

equivalent model is rather cumbersome, the process provides 

insightful evidence on the understanding and the consequences 

of SISO impedance measurement of an interconnected system 

with frequency couplings.  

Indeed, when measuring the VSC impedance only using the 

current and voltage at the same frequency, the information of 

frequency couplings will not be lost as long as such a 

measurement is conducted in a grid-connected condition. This 

concept is significantly useful for impedance measurement-

based analysis where tedious modeling is not necessary, 

however, this concept also results in one drawback that the 

obtained SISO equivalent model is in a closed-loop sense and 

due to which the VSC-SISO model should always be updated 

in accordance with the grid conditions. 

APPENDIX 

A. Harmonic domain VSC admittance modeling 

In the following, the detailed harmonic domain impedance 

modeling process of the single-phase grid-VSC system as 

shown in Fig. 1 will be presented. 

1) Modeling of the SOGI-QSG PLL 

Based on the control blocks in Fig. 1 (b), the HTF of SOGI-

based QSG is 

( )

( )

( )

( )
( )

QSGaa

a

QSGbb

ˆ

ˆ

ss
s

ss

   
=   

      

HU
U

HU
       (A.1) 

where QSGa,bH  are composed of the frequency-shifted copies of 

QSGa,bH ; ( ) ( ) ( ) ( )a,b a,b 1 a,b 0 a,b 1
[..., , , ,..]Ts U U U

− +
=U . 

Then, the linearized q-axis input of PLL is  

( ) ( ) ( )a

q pll0 pll0 d0 pll

b

ˆ
ˆsin cos

ˆ

u
u t t U t

u
  

 
  = − −     

(A.2) 

where ( )pll0 1 pll0t t  = + , ( )d0Û t  is the steady-state d-axis 

grid voltage estimated by the QSG. Since the SOGI-QSG is 

very selective, the ac components of ( )d0Û t  will be greatly 

attenuated, thus ( )d0 d0Û t U  is obtained, where d0U  is the dc 

component. Thus, its HTF model of is  

( )

( ) ( )
( )

( )
( )

q

a

sin pll0 cos pll0 d0 pll

ˆ

ˆ
b

s

s
s

s
 

 =

 
 − −       

U

U
A A U θ

U

 (A.3) 

where ( )  sin pll0 pll0sinP =A , within which the nonzero 

components are pll0j

1 0.5jA e


 =  ; whereas the nonzero 

components of ( )cos pll0A  are pll0j

1 0.5A e


 =  ; 

 d0 d0P U=U  is a diagonal matrix.  

Since ( )
( )

( )
pll

pll q

H s
s U s

s
 =  , substituting its HTF 

model into (A.3) yields 

( ) ( ) ( ) ( )
( )

( )

a

pll pll sin pll0 cos pll0

ˆ

ˆ
b

s
s s

s
 

 
  = −      

U
θ T A A

U
  (A.4) 
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where ( )pll sT contains the frequency-shifted copies of 

( ) ( ) ( )( )pll d0 pllpll 0
/T H s s U H s= + . Finally, combining (A.2) 

and (A.5) yields the HTF of the QSG-PLL 

( )

( ) ( ) ( )
( )

( )

( )

( )

θ_u

pll

sogia

pll sin pll0 cos pll0

sogib

a

s

s

s
s s

s
 

 =

 
 −  
 

  

G

θ

H
T A A U

H
 (A.5) 

2) Modeling of the dc voltage control 

By linearizing the squared dc voltage, the HTF model of the 

dc voltage controller is obtained 

( ) ( ) ( )ref
d dc dc0 dc2s s s =  I H U U      (A.6) 

where ( ) dc0 dc0P U t=U . ( )dc0U t  is the steady-state dc 

voltage usually containing even harmonics. ( )dc sH  contains 

the frequency-shifted copies of Hdc. 

Subsequently, the linearized ac current reference is  

( )ref ref ref ref
a pll0 d pll0 q b0 pllcos sini i i I t   =  −  −    (A.7) 

where ( ) ( ) ( )ref ref ref
b0 pll0 d0 pll0 q0sin cosI t I t I t = + , ( )ref

d0I t  and 

( )ref
d0I t  are steady-state d-axis and q-axis current references. 

Since this work assumes a constant reactive current control, 

thus ref
q 0i = , so that the HTF model of (A.7) is obtained as  

( )ref ref ref
a cos pll0 d b0 pll =  − I A I I θ      (A.8) 

where ( ) ( ) ref ref ref
b0 pll0 d0 pll0 q0sin cosP I t I t = +I .  

Then, combining (A.4), (A.6) and (A.8), the following 

relation is obtained: 

( )

( ) ( ) ( ) ( ) ( )

ref
a

ref
cos pll0 dc dc0 dc b0 θ_u a2

s

s s s s

 =

  − 

I

A H U U I G U
(A.9) 

3) Modeling of the current control 

The HTF model of the ac current control is 

( ) ( ) ( ) ( )( )ref ref
a PR a as s s s =   − U H I I     (A.10) 

Then, considering a second-order Pade approximation of the 

control and PWM delay 

( )

2
2d d

del 2
2d d

3
1

4 4

3
1

4 4

T T
s s

G s
T T

s s

− +

=

+ +

          (A.11) 

the HTFs of the CM and DM cases are obtained as  

( ) ( )

( ) ( ) ( )( )

DM ref
a del aref

dc

CM -1 ref ref
a del dc0 a 0 dc

1
s s

V

s s s


 = 


 =  − 


M G U

M G U U M U

 (A.12) 

where 𝑚𝑎0
𝑟𝑒𝑓 (𝑡)  is the steady-state modulation index, and 

𝑴0
𝑟𝑒𝑓

= 𝑃{𝑚𝑎0
𝑟𝑒𝑓

(𝑡)}  is its Toeplitz matrix. ( )del sG  contains 

the frequency-shifted copies of ( )delG s . 

4) Modeling of the VSC circuit 

According to Fig. 1 (a), the linearized state-space model of 

the main circuit is 

( ) ( ) ref
c c c a am u

d
X A t X B t m B u

dt
 =  +  +    (A.13) 

where 
dc

c

a

u
X

i

 
 =  

 
, ( )

( )

( )

ref
a0

cap cap

c
ref
a0 f

f f

1

L

m t

R C C
A t

m t R

L L

 
− − 

 
=  

 −
 
 

, 

( )
( ) ( )a0 dc0

cap f

,

T

m

i t u t
B t

C L

 
= − 

  

 , and 
f

1
0,

T

uB
L

 
= − 

 
.  

Transforming (A.14) into harmonic domain yields 

( ) ( )

( ) ( ) ( )

blk c

ref
c c m a u a+

s s

s s s

+ 

=  +  

I N X

A X B M B U
   (A.14) 

where ( )blk 1 2 2 2 2 1 2 2, j , , , , j ,diag k k   = −N I 0 I is a 

block diagonal matrix; cA , mB , and uB are the Toeplitz 

matrices of ( )cA t  , ( )mB t  and uB ; 

( ) ( ) ( ) ( )c c 1 c 0 c 1
..., , , ,...

T

s X X X
− +

  =   
 

X ; ( )ref
a sM and 

( )a sU  are in a similar format as ( )c sX .  

Finally, by assembling HTFs (A.8)-(A.12) and (A.14), the 

VSC harmonic-domain admittance ( )HTF
c sY  is established.  

B. Proof of the identical stability conclusion of the SISO 

equivalent and MIMO original system 

cY

gZ

+-
inU outI

SISO
cY+-

( )1inU ( )1outI

SISO
gZ

(a) MIMO-model based 

closed-loop system

(b) Equivalent SISO-model based 

closed-loop system  
Fig. A1 The MIMO and SISO equivalent model-based source and load system 

To achieve a clear comparison in forthcoming analysis, the 

detailed models of the grid and VSC are assumed to be 2-by-2 

matrices. This will not compromise the generality if higher-

dimensional matrices are analyzed.  

Suppose the grid and VSC model are developed as  

11 12 11 12

21 22 21 22

,
g g c c

g c
g g c c

Z Z Y Y

Z Z Y Y

   
= =   

  
Z Y . According to Fig.A1 

(a), the closed-loop model for the MIMO system is 

( ) ( )
1 1

out c g c ptb c g ptb

− −
= + = +I I Y Z Y U Z Z U   (A.15) 

Then, the characteristic equation MIMOC  of this MIMO system 

is obtained from the numerator of ( )det c g+Z Z , which is  

( )( )

( )( )

11 11 22 22

12 12 21 21

g c g c

MIMO

g c g c

Z Z Z Z
C

Z Z Z Z

 + + 
=  

− + +  

    (A.16) 
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where   is defined as an operator extracting the 

numerator of a s-domain function. 

Further, based on the SISO modeling technique, the VSC 

and grid- SISO equivalent model evaluated under the first 

input of Uin and the first output Iout are derived as: 

( )

21 21

11 12

22 22

12 21 21

11

22 22

c gSISO
g g g

c g

c c gSISO
c c

c g

Z Z
Z Z Z

Z Z

Z Z Z
Z Z

Z Z

 +
= −

+


+
= −

+

    (A.17) 

Corresponding closed-loop model based on Fig.A1 (b) is 

( )

( ) ( ) ( ) ( )
1 1

1

1 1 1

out

SISO SISO SISO SISO SISO
c g c ptb c g ptb

I

Y Z Y U Z Z U
− −

=

+ = +

(A.18) 

Then, the characteristic equation SISOC  of this SISO 

equivalent system is obtained as  SISO SISO
c gZ Z+ , which is 

( )( ) ( )( )11 11 22 22 21 21 12 12

22 22

SISO

g c c g c g g c

c g

C

Z Z Z Z Z Z Z Z

Z Z

 + + − + + 
=  

+  

 

(A.19) 

It should be noted that all the components, e.g. 11 11,g cZ Z  are 

functions as 
( )

( )
11

11

11

g

g

g

N s
Z

D s
= . Since the denominator of 

22 22c gZ Z+  also appears in the denominator of

( )( ) ( )( )11 11 22 22 21 21 12 12g c c g c g g cZ Z Z Z Z Z Z Z+ + − + + , thus 

they are canceled in (A.19). Based on this, it obtains 

( )( )

( )( )

11 11 22 22

21 21 12 12

g c c g

SISO

c g g c

Z Z Z Z
C

Z Z Z Z

 + + 
=  

− + +  

    (A.20) 

By comparing (A.16) and (A.20) 

SISO MIMOC C=          (A.21) 

is obtained and the proof is done. This derivation also shows 

that the SISO impedance modeling technique is applicable to 

a grid exhibiting frequency coupling behavior.  
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