
Mathematical multi-physics modeling and simulation

of a solid oxide fuel cell unit for thermo-mechanical

stress analyses

Konrad W. Eichhorn Colombo1;�, Vladislav V. Kharton2,

Filippo Berto3, Nicola Paltrinieri3

1Department of Chemical Engineering, Norwegian University of Science and Technology
(NTNU), Trondheim, Norway

2Institute of Solid State Physics RAS, Moscow District, Chernogolovka, Russian Federa-
tion

3Department of Mechanical and Industrial Engineering, NTNU, Trondheim

Abstract: We use a mathematical model of a solid oxide fuel cell (SOFC) unit for stress
analyses. The model comprises a thermo-electrochemical-chemical performance model that
calculates the temperature �eld in the solid part which is then used as input for the thermo-
mechanical stress model. The level of detail allow system analyses with computational e�-
ciency. Displacement is used as primary variable for stress calculations and thermo-mechanical
failure probabilities. The operation envelope of the SOFC unit is de�ned through design and
operational constraints. The applied multi-physics approach combines the disciplines of pro-
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List of symbols

A area [m2]
a activity [-], constant for degradation rate [-]
C gas concentration [mol/m3]
cp heat capacity [J/(mol K)]
E Young's modulus [Pa]
E� Gibbs potential [V]
F Faraday constant [C/mol]
FU fuel utilization [-]
�h enthalpy change of reaction [J/mol]
hc heat transfer coe�cient [W/(m2 K)]
i current density [A/m2]
I current [A]
L length [m]
M number of cell bundles [-]
m Weibull modulus [-]
_m mass ow [kg/s]
N number of stacks [-]
_n mole ow [mol/s]
p partial pressure [Pa]
P power [W]
Pf failure probability [-]
R universal gas constant [J/(mol K)], ohmic resistance [
]
r radius, spatial distribution variable in radial direction [m]
_r reaction rate [mol/s]
t time [s, hr]
u displacement [m]
v uid velocity [m/s]
V voltage [V]
T temperature [K]
~T temperature di�erence between operation temperature and sintering temperature [K]
T o reference/sintering temperature [K]
z number of electrons exchanged in global reaction [-], spatial distribution variable in axial

direction [m]
� thermal expansion coe�cient [1/K]
� constant for Butler-Volmer equation [-]
 constant for activation polarisation [A/m2]
� thermal conductivity [W/(K m)], �rst Lam�e coe�cient [-]
� overpotential [-], e�ciency [-]
� density [kg/m3]
" strain [Pa]
� second Lam�e coe�cient [-]
� Poisson ratio [-]
� stress [Pa]
�o characteristic strength [Pa]
� shear stress [Pa]
[::] closed interval for boundary condition
(::) open interval for boundary condition
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List of subscripts

act activation polarisation loss
con concentration polarisation loss
g gaseous
i chemial specie

ohm ohmic loss
r spatial r-direction
s solid material
z spatial z-direction
� spatial �-direction

List of superscripts

an anode
ca cathode
el electrolyte

1 Introduction

Fuel cell systems continue to receive much attention because of their potential as an important
building block for sustainable energy solutions [1, 2, 3, 4, 5, 6, 7, 8, 9]. The most promising
fuel cell types for application in micro-(combined heat and power) systems are solid oxide
fuel cell (SOFC) and proton exchange membrane fuel cell technologies. Due to high operating
temperatures, SOFCs can employ non-precious metal, earth-abundant oxide electro-catalysts,
or both. Furthermore, in SOFC systems gaseous and liquid hydrocarbons as well as solid fuels
can be utilized and converted into electricity. Operation of SOFCs in reverse mode o�ers, in
principle, the opportunity to produce fuels at low power demand, which can afterwards be
consumed again by the system. However, such switching may be problematic from a durability
point of view [10, 11, 12], also leading to additional requirements in terms of functional
properties and stability of the electrodes' materials. In fact, for a wide commercialization the
system's lifetime needs to be further improved.

Analysis of fuel cell stacks have been studied relatively extensively from primarily two
perspectives. First, from a thermodynamic perspective where the mathematical formulation
ranges from lumped steady state to spatially distributed dynamic models. Second, from a
materials and mechanical perspective, with a strong focus on �nding material combinations
which lead to high performance and proper combined stability. The need to merge these
two perspectives has already been identi�ed some time ago because the thermodynamic and
kinetic phenomena are strongly linked to mechanical properties and vice versa.

Refs. [13, 14, 15, 16, 17, 18, 19, 20] present analyses from a systems perspective for SOFCs.
Ref. [21] presents a review of thermo-mechanical modeling of SOFCs. Other electrochemical
systems were also analysed with this modeling approach (see e.g., Refs. [22, 23, 24, 25]). At
the heart of this multi-physics modeling and simulation approach is the physical description
by means of partial di�erential equations. The purely data-driven approach is not further
discussed here as we regard it as an auxiliary element rather than an alternative.

The main general purpose of this paper is to present the thermo-mechanical extension of
the performance model adopted from Refs. [26, 27]. The temperature �eld for the electrolyte
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Figure 1: Solid oxide fuel cell (SOFC) system.

and electrodes is fed to a thermo-mechanical stress model. The thermo-mechanical stress
model was validated against that from Ref. [14] and showed good agreement.

2 Solid oxide fuel cell unit

Figure 1 shows a simple SOFC-based system with hydrogen as fuel. This con�guration is one
of the simplest possible for fuel cells operating at elevated temperatures. In this work the
focus is on the SOFC stack, but input data are obtained from simulations of this system.

2.1 Principal operation

A simpli�ed fuel cell scheme comprises �ve components, i.e. two gas channels and three
ceramic or composite layers. Its operation requires also two metallic current collectors (in-
terconnects) and a sealant. The gas channels provide the uid for reduction (cathode) and
oxidation (anode), respectively. Between anode and cathode there is an oxygen-ion conducting
solid electrolyte. Charge neutrality and movement of negative charges (electrons) is provided
through an outer electrical circuit. The principal mechanism in an individual SOFC is shown
in Figure 2.

In the electrochemical cell, oxygen ions are transported from the cathode across the elec-
trolyte membrane to the anode according to the following half-cell reactions on the cathode
(oxygen reduction) and the anode (fuel oxidation), respectively [28]

O2 + 4e� 
 2O2�

2H2 + 2O2�

 2H2O + 4e�

(1)

with the resulting global equilibrium reaction

2H2 +O2 
 2H2O (2)

In this work, a tubular design of the SOFC unit is assumed [29, 30, 31, 32], shown in
Figure 3.
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Figure 2: Principle of a solid oxide fuel cell (SOFC) with hydrogen as fuel.

Figure 3: SOFC unit with part of the repeating manifold of the tubulur solid oxide fuel
stacks and cells design.
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Table 1: Design and operation constraints.
constraint potential e�ect limit
max. leakage rate (intercon-
nects)

performance loss, failure due to leakage 0.1%

power density concentration polarization, cell degradation 80-90%
of max.

max. impurities concentration performance loss, degradation, failure 30%
max. di�erence in thermal ex-
pansion coe�cients

performance loss and failure due to thermo-
mechanical stresses

10-17%

temperature gradients (tran-
sient)

performance loss, failure due to thermo-
mechanical stresses

20K/cm

max. temperature di�erences
along stack

performance loss, failure due to thermo-
mechanical stresses

150K

max. temperature performance loss, failure due to thermo-
mechanical stresses and chemical interaction

1300K

min. temperature performance loss, failure due to thermo-
mechanical stresses

900K

max. fuel utilization fuel starvation, e�ciency loss 90%
min. fuel utilization thermo-mechanical stresses 40%
max. total pressure di�erence
between uid streams

mechanical stress 3bar

2.2 Design and operation constraints

SOFC stacks are complex systems in which thermal, electrochemical, chemical, and mechan-
ical phenomena are strongly interlinked. The values of several physical properties are thus
dependent on state conditions. The operation envelope of the SOFC unit is constrained
by hard or soft constraints. Operation beyond hard constraints is not possible. While soft
constraints can, but should not be exceeded, e.g. to avoid loss of performance, high failure
probabilities, or both. Table 1 lists some critical design and operation constraints. Further
constraints will need to be considered for balance-of-plant system components (not further
discussed in this paper).

3 Mathematical model

In this section the mathematical model is briey presented. The connection between the
thermo-electrochemical-chemical and thermo-mechanical sub-models is shown in Figure 4.
The mathematical model was implemented in gPROMS [33], which solves complex large-
scale problems of index one. The model consists of about 18k algebraic and 1k di�erential
equations.

3.1 Model assumptions

General assumptions for the mathematical model are as follows:

� pure hydrogen as fuel

� steady state conditions
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Figure 4: Link between the thermo-electrochemical-chemical performance model and
thermo-mechanical stress model.

� e�ects due to current collectors and sealants are neglected

� symmetry in circumferential �-direction

� bundle e�ects in stack are neglected [26, 27]

� electrical potential reduction due to activation polarisation and concentration polarisa-
tion as well ohmic losses [26, 27]

� heat transport between gas and solid based on Newton's law [26, 27]

� heat transport in solid due to conduction [26, 27]

� heat generation in solid due to electrochemical reaction is accounted for [26, 27]

� one-dimensional discretisation of gas channels (axial), plug ow, laminar ow [26, 27]

� two-dimensional discretisation of solid (axial and radial) [26, 27]

� stress-free conditions at sintering temperature (homogeneously distributed) [34]

� thermo-mechanics are based on Navier equations and Hooke's law [35, 36]

� stresses in the solids occur due to temperature and pressure di�erences [37]

� boundary conditions de�ned at interfaces between gas phase and electrodes as well as
between electrolyte and electrodes

� mechanically supported at cathode (one end), i.e. displacement de�ned; all other ends
of solid materials are free [14] (Figure 5)

� dependencies (e.g., on temperature) for thermodynamic [26, 27] and thermo-mechanical
properties (Table 2 and associated equations) are included

� Weibull approach for failure probability due to thermo-mechanical stresses [38, 39]

3.2 Energy conservation

Heat transfer between the gases and solid is given by [26, 27]

vg
@Tgcp;g�g

@z
=

2hc
r
(Ts � Tg): (3)

The spatially distributed energy balance in axial and radial direction for the solids is [26, 27]

0 = �sr
2Ts; (4)
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Figure 5: Geometry of the tubular SOFC with the individual layers.

with the following boudary condition between fuel and the anode, including heat generation
through the electrochemical reaction [26, 27]

�s
@Ts

@r
= hc(Ts � Tg) +

_r�h

2�rL
; (5)

where the reaction rate follows [26, 27]

_r =
iA

2F
: (6)

3.3 Mass conservation

Mass conservation for the gases follows [26, 27]

vg
@Ci

@z
= _r (7)

3.4 Momentum conservation

Spatial distribution in momentum were neglected. But pressure drops in both gas streams
were considered using Reynolds number and friction factor correlations (laminar ow) [40, 26]

f =
64

Re
(8)

3.5 Electrochemistry

The cell voltage is [28]

Vcell = VOC � �anact � �caact � �ancon � �cacon � �ohm: (9)

The open circuit voltage (OCV) is given by the Nernst equation [28]

VOC = E� +
RT

zF
ln
aoxi

ared
: (10)

The activation polarization losses on anode and cathode are given implicitly by the Butler-
Volmer equation [28]

ii = i�i

�
exp

�
ni�fiF�act;i

RT

�
� exp

�
�
ni�riF�act;i

RT

��
: (11)
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The concentration polarization losses describe interactions between the bulk gas phase to
electrode surfaces as well as between electrode surfaces and triple-phase boundary (TPB)

�con;i =
RT

niF
ln(pi;g; pi;TPB): (12)

The ohmic loss is
�ohm = iAR; (13)

with an ohmic resistance comprising temperature-dependent layer resistivity of electrodes and
electrolyte and a constant resistivity for the interconnects [26, 27].

3.6 Thermo-mechanics

The displacement is used as the primary unknown variable. Deformations and displacements
of solid are relatively small resulting in a system of linear equations [41]. The Navier equations
for the three solid materials in cylindrical coordinates are [35, 36]

�

�
r2ur �

ur

r2

�
+ (�+ �)

@

@r

�
1

r

@

@r
(rur) +

@uz

@z

�
= �

@ ~T

@r
;

�r2uz + (�+ �)
@

@z

�
1

r

@

@r
(rur) +

@uz

@z

�
= �

@ ~T

@z
:

(14)

The displacements for the three solid materials are related to the strains according to [36]

"r =
@ur

@r
;

"� =
ur

r
;

"z =
@uz

@z
;

"zr = "rz =
1

2

�
@ur

@z
+
@uz

@r

�
:

(15)

The stress-strain relations for the three solid materials are given by Hooke's law [36]

�i = �("r + "� + "z) + 2�"i � � ~T ;with i = r; �; z;

�zr = �rz = 2�"zr:
(16)

The following subsections show the boundary conditions for the three materials (elec-
trodes, electrolyte) as part of the thermo-mechanical stress model. The direction of represen-
tation is from the inner to the outer radius, i.e. from the air channel to the solid material
(cathode, electrolyte, anode) and then to the fuel channel. As mentioned earlier, the solid
material is �xed at one end of the cathode (cathode-supported) whilst all other ends are free
[14] (Figure 5). For an e�ective and lean representation, boundary conditions for the bulk
material do not show the respective material index (e.g., 'ca'). Notice the di�erence between
open and closed intervals.

Interface between cathode and air channel

The following boundary conditions are valid for r = rcain and 8z 2 [0; L] [35, 36, 37]

2�
@ur

@r
+ �"� � ~T � Pair = 0 (17)

�

�
@ur

@z
+
@uz

@r

�
= 0 (18)
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Cathode bulk material

The following boundary conditions are valid 8r 2 (rcain ; r
ca
out) [35, 36, 37]

uz = 0 ; z = 0; (19)

2�
@uz

@z
+ �"� � ~T = 0 ; z = L; (20)

�

�
@ur

@z
+
@uz

@r

�
= 0 ; z = L: (21)

Notice here that the Navier equation for the calculation of radial displacement ur is continued
for z = 0 (see di�erence to the set of boundary conditions for electrolyte and anode).

Interface between cathode and electrolyte

The following boundary conditions are valid for relin = rcaout and 8z 2 [0; L] [35, 36, 37]

uelr = ucar ; (22)

uelz = ucaz ; (23)

2�
@uelr
@r

+ �"el � � ~T el = 2�
@ucar
@r

+ �"ca � � ~T ca; (24)

�

�
@uelr
@z

+
@uelz
@r

�
= �

�
@ucar
@z

+
@ucaz
@r

�
: (25)

Electrolyte bulk material

The following boundary conditions are valid 8r 2 (relin; r
el
out) [35, 36, 37]

2�
@uz

@z
+ �"� � ~T � Pfuel = 0 ; z = 0; (26)

�

�
@ur

@z
+
@uz

@r

�
= 0 ; z = 0; (27)

2�
@uz

@z
+ �"� � ~T � Pfuel = 0 ; z = L; (28)

�

�
@ur

@z
+
@uz

@r

�
= 0 ; z = L: (29)

Interface between anode and electrolyte

The following boundary conditions are valid for ranin = relout and 8z 2 [0; L] [35, 36, 37]

2�
@uelr
@r

+ �"el � � ~T el = 2�
@uanr
@r

+ �"an � � ~T an; (30)

�

�
@uelr
@z

+
@uelz
@r

�
= �

�
@uanr
@z

+
@uanz
@r

�
; (31)

uelr = uanr ; (32)

uelz = uanz : (33)
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Table 2: Thermo-elastic properties of SOFC component materials.
component material E [GPa] � [-] � [1E-6 K�1] �o [MPa] m [-]
anode (re-
duced)

Ni-3YSZ f2(T ) [42] 0,387 [42] 12,6 115,2 [14] 6 [14]

electrolyte 8YSZ f3(T ) [42] 0,31 [42] 10,9 [42] 52 [14] 6 [14]
cathode LSM 41 [43] 0,28 [43] 12 [44] 446 [45] 7 [45]

Anode bulk material

The following boundary conditions are valid 8r 2 (ranin ; r
an
out) [35, 36, 37]

2�
@uz

@z
+ �"� � ~T � Pfuel = 0 ; z = 0; (34)

�

�
@ur

@z
+
@uz

@r

�
= 0 ; z = 0; (35)

2�
@uz

@z
+ �"� � ~T � Pfuel = 0 ; z = L; (36)

�

�
@ur

@z
+
@uz

@r

�
= 0 ; z = L: (37)

Interface between anode and fuel channel

The following boundary conditions are valid for r = ranout and 8z 2 [0; L] [35, 36, 37]

2�
@ur

@r
+ �"� � ~T � Pfuel = 0; (38)

�

�
@ur

@z
+
@uz

@r

�
= 0: (39)

The temperature �eld of the solid is given by

~T (r; z) = T (r; z)� T o: (40)

The initial stress distribution during the sintering process, and hence the reference tem-
perature, is assumed to be homogeneously distributed in the material. Thermo-mechanical
parameters are as follows with the input parameters given in Table 2 [35, 36]

�(z) =
E(z)�

(1 + �)(1� 2�)
;

�(z) =
E(z)

2(1 + �)
;

�(z) =
�E(z)

1� 2�
:

(41)
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3.7 Failure probability

Solving the eigenvalue problem leads to the following equation system to obtain the principal
stresses [39]

�r + �� + �z = �1 + �2 + �3;

1

2
((�r + �� + �z)

2 � �2rz) = �1�2 + �2�3 + �3�1;

�r���z � �2rz�� = �1�2�3:

(42)

The calculation of the SOFC stack's overall failure probability for brittle material is then
obtained by [38, 39]

Pf = 1�
3Y

j=1

3Y
i=1

exp

�
�

1

Vref

Z
V

�
�i

�o

�m

dV

�
8�i � 0 (0 otherwise): (43)

Input parameter values for the calculation of the survival and overall failure probabilities are
listed in Table 2. The failure probability used in this work is a well-established approach but
may have limitations when applied to systems operating under non-laboratory conditions. In
this work hydrogen is used as fuel. Fuels containing carbon can lead to carbon deposition
on the Ni-YSZ cermet anode and can thus alter the material [46, 47, 48]. Sulphur species in
uids can react with the hydrogen from the fuel or oxygen ions from the cathode-electrolyte
which leads to the formation of H2S and SO2, respectively [49, 50]. Other chemical species
which commonly occur in standard fuels can also have a detrimental e�ect on the durability
of the SOFC system. These e�ects are disregarded here.

4 Results and discussion

Table 3 shows input parameters, and results for depending variables, for the thermo-electro-
chemical-chemical performance model to generate the temperature �eld for the thermo-mechanical
stress model. With the total current density, fuel utilisation and mean solid material tem-
perature as degrees of freedom for simulation, the power output, voltage and uid mole ows
at the inlets are determined1. These values were obtained from simulations with the entire
system shown in Figure 1, also including the balance-of-plant process components. Figure
6 shows the solid material temperature (average in radial direction) and uid temperatures
as well as the temperature-dependent current density in axial direction of the SOFC stack.
The temperature �eld is input for the thermo-mechanical stress model (see Figure 4). Table
4 shows a comparison between the chosen design conditions and speci�ed constraints. Table
1 shows a comparison of actual operation conditions in the simulation and speci�ed design
and operation constraints (Table 1). Also included was the temperature gradient in axial
direction, which is of particular interest during transients. All constraints are respected for
the chosen operation point.

Figure 7 shows the displacement for the electrolyte and electrodes in axial direction. Com-
parison of the slopes of the mean solid temperature (Figure 6) with the displacements shows a
strong correlation. For the chosen operation conditions displacements in the z-coordinate are
higher than in the corresponding r-coordinate. A displacement of material means changes in
the physical dimensions. Mismatches in physical properties leading to di�erent displacements
of adjacent materials can cause breakage. One possible failure scenario is the mixing of fuel
(here hydrogen) and oxidant at elevated temperature, which must be avoided from a safety

1Essentially any variable in the model can act as input parameter as long as the model remains

well-posed.
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Figure 6: Temperature and current density distribution over stack length.

perspective. Figure 8, Figure 9 and Figure 10 show the spatial distribution of stresses in the
electrolyte, cathode and anode, respectively. Material boundaries are mathematical singu-
larities which can lead to physical excessive stresses or stress variations in their distribution,
or both. The strong temperature-dependency is again visible. Table 5 shows the resulting
survival probabilities for the electrolyte and anodes as well as overall failure probability. The
operation conditions led to relatively high survival probabilities and a low failure probability.
Failure on a cell level (see Figure 3) can propagate further to the stack and unit level. In this
work, all cells are considered as equal.

Figure 11 shows results from a sensitivity analysis with respect to the ratio between the air
and fuel channel pressure, and the mean solid temperature whilst all other input parameters
were kept constant. The failure probability decreased with increasing pressure ratio. The
failure probability decreases with increasing pressure ratio. In Table 1, however, a maximum
pressure di�erence of three bar was speci�ed. Exceeding this value makes mechanical failure
more likely. Increasing the mean solid temperature, i.e. the mean operation temperature of
the unit, reduces the calculated failure probability because the di�erence between this and the
sintering temperature gets smaller and thus also the force term in the Navier equations. The
obtained overall failure probabilities for these cases were relatively high. It is emphasised that
operation conditions, in particular those leading in larger di�erences between the temperature
�eld and initial stress temperature will generate larger stresses and therefore also to higher
failure probabilities.

5 Conclusion

A mathematical model of an SOFC unit was simulated for stress analyses and overall failure
probabilities by means of the Weibull approach. Operation conditions (steady state) were
obtained from simulations on a system level which also comprised balance-of-plant process
components. The cases presented here show all relatively low failure probabilities (<3%).
However, simulations also revealed a strong thermo-mechanical coupling and therefore depen-
dency of stress distribution on the actual operation conditions. Any changes that increase
the force term, e.g. temperature di�erences between the actual operation and reference tem-
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Figure 7: Displacement for electrolyte and electrodes over stack length.

Figure 8: Stress distribution for electrolyte.
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Figure 9: Stress distribution for cathode.

Figure 10: Stress distribution for anode.
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Figure 11: Overall failure probability as function of mean solid temperature and pres-
sure ratio.

Table 3: Default input parameters for simulation.
parameter value
sintering temperature [K] 1473 [34]
stack length [m] 0,5
inlet air temperature [K] 983
inlet air mole ow [mol/s] 15,3
inlet air mole fraction [-] 0,79 N2, 0,21 O2

inlet air pressure [kPa] 200
inlet fuel temperature [K] 1310
inlet fuel mole ow [mol/s] 1
inlet fuel mole fraction [-] 1 H2

inlet fuel pressure [kPa] 200
DC power output [kW] 87
voltage [V] 0,52
current density [A/cm2], (current [A]) 0,5 (139)
fuel utilisation [-] 0,85
mean solid material temperature [K] 1250
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Table 4: Comparison of actual operation conditions and speci�ed design and operation
constraints.
quantity de�ned (Table 1) simulated
min. temperature [K] 900 1186
max. temperature [K] 1300 1289
max. current density [kA/m2] - 5 (set)
max. temperature gradients (during transients) [K/cm] 20 5
max. temperature di�erence over length [K] 150 103
fuel utilisation range [-] 0,4-0,9 0,85 (set)
max. pressure di�erence [bar] 3 �1
min. air-to-fuel ratio [-] 1 �1

Table 5: Survival probabilities and overall failure probabilty.
parameter simulation result
P

an
s [-] 99,8
P

ca
s [-] 99,9
P

el
s [-] 98,4

P
system
f [-] 1,8

perature (zero stress temperature during manufacturing), will have a detrimental e�ect on
the material's survival probabilities. O�-design operation conditions (also during transients)
need therefore be carefully chosen and controlled to keep the system in a safe region.

A potential avenue for further investigation is to incorporate the e�ect of porosity on
thermo-mechanical properties such as the Youngs modulus (see e.g., Ref. [51]).
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