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Model prediktivno upravljanje zasnovano na kliznim rezimima

Rezime:

Projektovanje regulatora koji sluzi za upravljanje procesom u cilju postizanja Zeljenih
performansi celokupnog sistema je standardni problem u svim granama industrije. Razvoj
ra¢unara i mikroprocesora je u znacajnoj meri uticao na povecanje interesovanja za is-
trazivanje u oblasti projektovanje regulatora u diskretnom domenu. Glavni cilj je do-
bijanje optimalnog upravljanja u prisustvu poremecaja bez obzira na tacnost modela
procesa. To podrazumeva robustnost regulatora kao i to da algoritam upravljanja ne
koristi previSe procesorskog vremena za izracunavanje. Istrazivanje koje je opisano u
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janja sa kliznim rezimima u ciju poboljsanja robustnosti pri promeni parametara sis-
tema. Predlozeni algoritam upravljanja pripada grupi zakona upravljanja sa kliznim
rezimima koji smanjuju Cetering i obezbeduju minimalnu vrednost kriterijumske funkcije
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Sledec¢i pristup prikazuje Tube model prediktivno upravljanje (TMPU) sa regula-
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torom zasnovanim na kliznim rezimima kao pomoé¢nim regulatorom. Pokazano je kako
se ra¢una §irina ’cevi’ (eng. Tube) pri upravljanju sa kliznim reZimima, i za koliko treba
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Chapter 1

Introduction

1.1 Motivation

The primary objective of this chapter is to provide a compact overview of some aspects
of the control approaches used as a starting point for the research in the area of control
systems leading to this thesis.

The idea was to examine how two different control methodologies can be combined to
obtain a robust control method which would give the desired performance to the closed-
loop system in the presence of the disturbances and uncertainties. One of these control
methodologies is MPC that has the capability to cope with constraints on the input,
output or states of the controlled system. The computational efficiency of a nominal
(error-free) MPC problem is acceptable, and the design for the online implementation
is straightforward, but as is noted in [1], optimal or close-to-optimal approaches to
robust MPC generally have prohibitive online calculation requirements. More practical
approaches are therefore a compromise between performance and online calculation
requirements.

To overcome this issue, some second control method can be combined with MPC. One
of the control methods known for its robustness to parameter variations and external
disturbances is Sliding Mode Control (SMC). Due to its order reduction property!, and
negligible online calculation requirements, SMC is a good candidate for combining with
MPC to develop a control approach inheriting the strengths of both.

For a better understanding of the work described in this thesis, the next sections
give the structure and contribution of the thesis, following the basic concepts of MPC,
SMC and related elements defined in Chapter 2.

1See section 2.3 for details



1. Introduction

1.2 Structure and Contributions of the Thesis

Chapter 2 presents background theory on dynamic system models, together with key
elements of the MPC and SMC control methodologies that are used as starting points
for this research.

Chapter 3 presents a novel control design algorithm for improving robustness of
the system using techniques inspired by a particular subclass of discrete-time SMC
algorithms. The design is based on an input/output model, combining Generalized
Minimum Variance Control (GMVC) and discrete-time SMC techniques. Developments
in the field of predictive control makes it natural to use of Generalized Predictive Control
(GPC) instead of GMVC [2], resulting in better system performance. Similar to the case
with GMVC, GPC replaces the equivalent control in the traditional discrete-time SMC
design based on state-space models. This combination of SMC and GPC is analyzed
and the results are published in [3]:

e D. Miti¢, M. Spasi¢, M. Hovd, D. Anti¢, “An Approach to Design of Sliding
Mode based Generalized Predictive Control,” Proceedings of IEEE 8th Interna-
tional Symposium on Applied Computational Intelligence and Informatics (SACI)
2013, pp. 347-351, May 2013.

This paper proposes the modification of the SMC component by implementing the
chattering free SMC algorithm, which results in improvement of the system robustness.
Chapter 4 presents a Tube Model Predictive Control (TMPC) method that uses
SMC as an auxiliary controller. In this chapter, it is chosen to use a nominal TMPC
as in the original TMPC formulation, in order to highlight the robustness improvement

from the auxiliary controller. The work in this area is published in [4]:

e M. Spasi¢, M. Hovd, D. Miti¢, D. Anti¢, “Tube Model Predictive Control with an
Auxiliary Sliding Mode Controller,” Modeling, Identification and Control, vol. 37,
pp. 181-193, November 2016.

In addition to describing the implementation of two proposed types of SMC auxiliary
controllers within a TMPC framework, the paper also presents how to calculate, for each
constraint, how far in the direction of constraint the true system can be driven by the
model uncertainty. This gives a direct measure of how much each constraint will need
to be tightened for the two proposed of SMC auxiliary controllers.

Chapter 5 extends the examination of the TMPC approach. The results presented
herein are the modified control methods, elaborated in previous chapter, where the
nominal traditional MPC is replaced by one based on discrete-time Laguerre functions.
Obtained results are published in [5]:

e M. Spasi¢, D. Miti¢, M. Hovd, D. Anti¢, “Tube Model Predictive Control based



1.3. Papers not included in the Thesis

on Laguerre functions with an Auxiliary Sliding Mode Controller,” Proceedings
of IEEE 15th International Symposium on Intelligent Systems and Informatics
(SISY) 2017, pp. 243-248, September 2017.

The main advantage of using Model Predictive Control based on Laguerre Functions
(MPCBLF) lies in the design of the nominal MPC defined by only few parameters of
the Laguerre functions obtained from the discrete-time Laguerre network. This allows
reduction of number of parameters, smaller number of decision variables, thereby making
the optimization problem smaller. It also provides possibility of faster online calculations
for the nominal MPC for large prediction horizons.

Chapter 6 deals with Predictive Sliding Mode Control (PSMC) that uses Laguerre
functions in the design of a control input signal. Two types of PSMC algorithms are con-
sidered: one originating from the discrete-time equivalent control method approach, and
another containing an additional sliding mode control component that provides robust-
ness and determines the system dynamics in reaching mode. In both cases, the Laguerre
functions compose the control components that are the analogues to the discrete-time

equivalent control of SMC. These results are published in [6]:
e M. Spasi¢, D. Miti¢, M. Hovd, D. Anti¢, “Predictive Sliding Mode Control based

on Laguerre functions,” Journal of Control Engineering and Applied Informatics,
vol. 21, no. 1, pp. 12 20, March 2019.

The improvement compared to the previously published approaches is obtained using
Laguerre functions for the controller design, where the cost function is optimized with
respect to the coefficients of the Laguerre functions. The system dynamics in reaching
mode is fully determined and the system state attains the sliding mode in a finite
number of steps. Improved system robustness and steady-state accuracy is achieved by

introducing the one-step delayed disturbance estimator.
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Chapter 2

Background theory

2.1 Dynamic System Models

Any MPC method is based on a dynamic model of the system, that describes the
process behavior over time. Most physical systems are more naturally described us-
ing continuous-time models. However, most controllers are implemented in computers,
leading to discrete-time control action. This is invariably the case for controllers with
substantial computational requirements, such as MPC. This leads to a need for dynamic
system models also in discrete-time. This thesis is not concerned with the development
of dynamic models per se. Therefore, the starting point for the presentation in this
thesis is the definition of a linear time-invariant model of the system.

If the system is defined by a continuous-time linear model in the form of

WU At + Baty)
y(t) = Corlt) (2.1)
z(0) = xo

in which z(t) € R™ is the state, u(t) € R™ is the input, y(t) € R™ is the output,
and ¢ € R is time, then the matrices A, € R™>*" B, € R"™*" and C, € R"*"
represent the state transition, input and output matrices of the system represented by
eq. (2.1), respectively. The initial condition is defined by the state x(t) at time ¢ = .
The solution of eq. (2.1) is

¢
z(t) = el +/ e~ " Beu(r)dr. (2.2)
0

The dynamics described by the discrete-time model corresponds to the behaviour
observed when sampling the states and outputs of the continuous-time model (2.1).
The aim is to obtain the discrete-time representation of the system model (2.1) that

describes its evolution in interval kT < t < (k + 1)T, where k € I is a non-negative
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integer representing sample instant, which is interconnected to time by ¢t = kT, where
T is the sampling time.

The evolution of the discrete-time state x; with time, starting from the initial con-
dition xg, as it is affected by the manipulated, discrete-time input u;, can be obtained
from eq. (2.1). Assuming a sampling time T and zero order hold, the value of the state

x at t = KT + T can be calculated by

kT+T
2K+ T) = AT (kT) + / AT B g (2.3)
kT

The discrete-time representation of eq. (2.3) is

Tet1 = AdIk + Bduk (24)
where
Ay = e, (2.5)
kKT+T
Bs — / AGTIT=0) B (2 (2.6)
kT

In that way, the corresponding discrete-time state-space model of the system de-

scribed in continuous time by eq. (2.1) has a form

T+l — Adl'k+BdUk (27)

Odl‘k

Yk

where C, = Cy. Throughout the thesis it is assumed that the model of the system is
known, i.e., a discrete-time model of the system is available. The subscript d in eq.
(2.7) will be omitted in the rest of the thesis for notational simplicity.

If the exact structure of a system is not known, it is possible to neglect the system
states and to consider only inputs and outputs. There are many forms of discrete-time
input-output system models that can be used, such as:

e Impulse Response Model (IRM), where the connection between the output and

the input of the system is described by

Yk = Z hiuk,i. (28)
i=1

The sampled output y; is obtained when the process is excited by the unit input
function h;. If the sum in eq. (2.8) is finite, the model is then called a Finite
Impulse Response (FIR) model, and is represented by

N
Yk = Zhiuk,i = H(z YHuy (2.9)
=1
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where 27!

is a backward shift operator such that uzz' = wj_q, and H(z™') is
written as

H(zY) =hiz 4 hoz 24+ + hyz Y (2.10)

e Step Response Model (SRM) where, by exciting the system with the step input
signal, the output is obtained by

N
Ye=1vo+ Y gilup_i = yo + G(z7") Auy, (2.11)
i=1
with A =1— 27!, and

e Transfer Function (TF) model in the form:
Az Dye = Bz (2.12)
with

A(Zil) = l+az ' +agz 2+ + A,z " (2.13)
B(z™") = bo+biz7 Fbez P by 2™

where A(z7!) and B(z—1) are appropriate polynomials of the system’s transfer
function G(27') = B(27')/A(z71), where n, and n; represents the order of A(z!)
and B(z7!), respectively.

In this thesis, for the design and demonstration of the control methods, only the

discrete-time TF and state-space models are used.

2.2 Model Predictive Control (MPC)

MPC is a family of advanced control methods. Traditionally, MPC has been applied
to systems with relatively slow dynamics, in particular those found in the chemical
processing industries. However, more recently this control method has found application
in a wide range of industries, owing both to more efficient optimisation formulations and
the availability of computational power. The main idea is to use a dynamical model
and an optimization formulation to optimize the predicted future plant behaviour, with
future inputs as degrees of freedom in the optimization.

The characteristics of all MPC-based strategies are presented in Fig. 2.1.

The future outputs of the controlled system within the prediction horizon N, are
denoted as ¥y, for j = 1,..., N,. They depend on the already known values of the
output up to instant k or equivalently the value of the state at time k, and the future
input signal ug,; for j = 0,..., N, that is going to be calculated and applied. N, is the

control horizon and it is less or equal to V. The future input signal ;. ; is obtained by
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uk+j

1
k=1 k k+1 k+ N, k+N,

Control horizon

Prediction horizon N

Figure 2.1: MPC-based strategy

minimization of some objective function J, with the goal of steering the process output
as close as possible to the given reference trajectory 744 ;. The objective function J is
usually a quadratic function of the deviation of the predicted output from the reference
signal (or the states from the desired reference trajectory) and the deviation of the inputs
from the desired input trajectory. From the set of calculated optimal control signals,
whose size is given by N, only the first element of this set is applied to the process.
The optimization is performed at every time instant with fixed control and prediction
horizons. This concept is used all controllers in the MPC family and, is known as the

receding horizon method.

Another feature that differentiates MPC from other optimal control methods is a
possibility that input, output and state constraints can be accounted for when opti-
mal control action is calculated. Such constraints typically arise from the technical
limitations of the system, or its related safety requirements. The ability to take such
considerations into account when calculating the optimal control action is a significant
advantage for MPC. It means that the optimal control action is calculated with consid-

eration of such previously defined bounds.

Despite the fact that the MPC family of controllers is very large, herein will be
presented in detail only the MPC formulations used later in this thesis. The next
section contains a short history of MPC, after which the basics of the MPC strategy
and the methods applied in this thesis will be described.
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2.2.1 A brief history of MPC

Although MPC is known as an optimal control strategy, at the very beginning of its
development the close connection with traditional optimal control theory was not re-
ally recognized [7-9]. The first representatives of MPC familly were Model Predictive
Heuristic Control (MPHC) and Dynamic Matrix Control (DMC). These approaches use
a finite-impulse response and finite-step response models, respectively, to forecast the
future system behaviour and calculate the future optimal control actions [10,11]. The
MPHC algorithm drives the predicted future output trajectory as closely as possible to
a reference trajectory, defined as a first order path from the current output value to
the desired set point. The speed of the desired closed-loop response is set by the time
constant of the reference trajectory. This is important in practice because it provides a
natural way to control the aggressiveness of the algorithm and increasing the time con-
stant leads to a slower but more robust controller. The DMC approach relates changes
in a process output to a weighted sum of past input changes, i.e. input moves. By using
the step response model one can write predicted future output changes as a linear com-
bination of future input moves. The matrix that ties these two together is the so-called
dynamic matrix. One of the disadvantages of the DMC algorithm was a fact that only
first N step response coefficients (where N is the number of time steps necessary to
reach the steady-state) can be used for the process modelling. This disadvantage was
also addressed in [12], where it is proposed to separate DMC into a predictor and an
optimizer. A tuning strategy for unconstrained multivariable DMC is proposed in [13].
The authors noted that the prediction horizon N, should be following the settling time
of the process. Also, the control horizon N, should be greater than or equal to the
number of unstable modes of the system [14]. An on-line tuning strategy based on the
use of sensitivity functions for the closed-loop response concerning the MPC tuning pa-
rameters is described in [15]. Both MPHC and DMC use Linear Program (LP) methods

for solving the optimization problem.

The next MPC formulation, named Quadratic Dynamic Matrix Control (QDMC),
is used for solving constrained, linear, open-loop optimal control problem employing
Quadratic Programming (QP) [16]. The method is based on the online solution of a
quadratic program to calculate the input required to keep the process variable close
to its reference, and at the same time avoiding violation of defined constraints. The
constraints are described by linear inequalities that capture the dynamic behaviour of

the constrained variables.

The impulse/step response plant models, obtained by reasonably simple experiments,
were very convenient for the approaches mentioned above, but the main issue is that a

large number of parameters are needed. To get better models with fewer parameters,
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researchers started to use TF models, based on physical models or system identification.
In [17] the authors worked with the TF model of the plant and used Diophantine equa-
tions to compute future Minimum Variance Control (MVC) input. The optimization
problem is solved by minimizing the error between the current output and the reference.
Generalised MVC (GMVC) was developed from MVC by including a cost on the input
and introducing modifications allowing it to handle non-Minimum Phase (nMP) zeros.
Generalised Predictive Control ( GPC) was then developed from GMVC [18-20]. The
quadratic optimization is defined by a cost function which penalizes predicted output
errors. There are different variations also of GPC, and the formulation used in this

thesis will be described in detail later.

From a system theoretic point of view, simple impulse or step inputs used for system
identification could be also an issue. This leads to the more common MPC formulation
nowadays, which also results in a low number of model parameters - the state-space
model based MPC. One of the first publications that presents the state-space model in
the MPC design is [21]. Linear quadratic filtering theory is used for the output feedback
realization. At the same time, the linear quadratic regulatory theory is used for the
target tracking and embedding the integral action in the controller. Here, tuning of
the controller for achieving nominal stability is eliminated by incorporating a nominal
stabilizing constrained regulator [14]. Nominal stability of the controlled systems can be
also achieved by adding a terminal cost and constraints or by introducing long horizons

for the online calculation of the optimization problem [22].

Earlier MPC methods have been designed to control systems based on nominal mod-
els when uncertainty is not taken into account. Different types of uncertainties can be
considered, like additive disturbance, model uncertainty, etc. This challenge produced
a new generation of MPCs, so-called robust MPC. The main characteristic of a robust
MPC is that the control objectives must be fulfilled by the controlled system for all
realizations of the uncertainty. Several approaches have been proposed for achieving ro-
bustness with MPC. The simplest one is to rely on the inherent robustness of feedback,
and hope that it provides adequate robustness for the closed-loop system. The second
method of achieving robustness in the context of conventional MPC is the introduction
of all possible realizations of the uncertainty in the MPC optimization problem, and
minimization the objective function for the worst case uncertainty (min-max open-loop
model predictive control). This generaly leads to very demanding optimization prob-
lems, which may be difficult to execute in real time. Other approaches combine the
nominal performance and constraint handling capabilities of MPC with some other con-
trol algorithm whose main purpose is to provide robustness. As is noted in [1], optimal
or close-to-optimal approaches to robust MPC generally have prohibitive online calcu-

lation requirements. More practical approaches are therefore a compromise between
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performance and online calculation requirements.

In last 15 years differente MPC methodologies are developed. So-called Tube MPC
(TMPC), where the MPC essentially controls the nominal plant, and an auxiliary con-
troller keeps ’all possible’ trajectories inside a ’tube’ close to the nominal plant response.
A thorough introduction to TMPC is given in [1]. The nominal trajectory is the center
of the tube, while the tube represents the set of the possible states. To ensure robust
constraint satisfaction, the state/output constraints of the nominal MPC have to be
modified to account for the width of the tube, and the magnitudes of control inputs
that are available to the nominal MPC also have to be reduced to account for the addi-
tional input component coming from the auxiliary controller. A modification of TMPC
is proposed in [23], where the authors developed a solution for the robust MPC problem
in the presence of bounded disturbances. The initial state is employed as a decision vari-
able in the quadratic optimal control problem solved online. Some recent contributions

in this area can be seen in [24-27].

Another contribution to the traditional MPC was introducing the orthonormal func-
tions for design of the controllers. To generalize the traditional design, authors in [2§]
suggested introducing a set of discrete-time Laguerre functions into the design. They
argue that this generalization helps with re-formulating the predictive control problem
and simplifying the solutions, in addition to providing a set of new performance-tuning
parameters that can be readily understood by engineers. Furthermore, a long control
horizon can be realized through the exponential nature of the Laguerre functions, with-
out having to solve a very large optimization problem. This method is used to replace the
conventional MPC providing the reduced burden of online calculations. In this manner,
in recent years, Model Predictive Control based on Laguerre Functions (MPCBLF) is
used for different applications such as control of three-phase voltage source inverter [29],
a real-time walking pattern generator [30] or control of dynamic positioning system of

vessels [31].

The next three sections of this chapter present the basic formulations and elements
of the used GPC, TMPC and TMPC based on orthonormal basis functions.

2.2.2 Generalized Predictive Control

GPC is a predictive control method that was proposed in 1987 [18,19,32]. The model
of the plant used for the design of the controller is a TF model. GPC can deal with a
wide range of plant control problems with a fair number of design variables, depending
on prior knowledge of the plant and control objectives. It is already mentioned that
GPC has been derived from GMVC. The design goal in GMVC is to define the control
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that provides a minimum variance of the variable g defined by

Grer = C)(Whrr — 1) + Q27N (2.14)

whose minimum value ensures the good system tracking of the reference input 7y i.e. in

the ideal case the zero value of the tracking error
€k = Yk — Tk- (2.15)
The polynomials C(z71) and Q(z7') are given by
Clz=c+azt+. .+ 2", (2.16)
Q) =q+qz" + .+ gz, (2.17)

having the degrees n. and ng, respectively, and should be selected to assign the desired

closed-loop systems dynamics. The variable 4, is obtained from the control input as
iy = C(z7 " ug. (2.18)

The predictions of the control signal is based on using a discrete-time model of the

single-input single-output (SISO) plant given by
Az Yy = 2Bz Dy, (2.19)

where wuy, is the input and yj, is the output. A(z7!) and B(z~!) are model polynomials
as defined in eq. (2.13).

To obtain a set of predicted control moves using this approach, a quadratic cost
function, which measures the distance between the future output signals and given

reference ones plus the control effort of the form
J=glg+a ' a (2.20)
have to be minimized, where X is a control weighting constant and

g= [§k+1 o §k+N]T (2'21)
a=[Ad, - Adgyi] (2.22)

with IV denoting the prediction horizon and A = 1 — 27! denoting the difference oper-
ator. By minimizing the objective function in eq. (2.20), the computed future control
increments drive the system output y; close to the reference ry.

To design GPC, let one consider the next two Diophantine equations

Ei(z YA A+ 2 F(z) =1, (2.23)
Ei(z"B(z") =Gz + 2 'H(z7h) (2.24)
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whose solutions are the following polynomials:

Ei(z7Y) = e +erdz i tej iz 0D (2.25)
Fi(z") = fi + fla7 + 4 fu 2, (2.26)
Gi(z™") = got gz gz VY, (2.27)
Hij(z™") = ho +hdzt 4 by 727D, (2.28)

for j =1,...,N . The first Diophantine equation (2.23) is used for obtaining the predic-
tion output, whereas the second one (2.24) distinguishes future and past control values.

By multiplying the both sides of eq. (2.19) with E;(27')A and by substituting
egs. (2.23) and (2.24) in the obtained result, the variable defined by eq. (2.14) can be

rewritten as

Gey = CEDFEE e+ Gz ) Auejor + Hi(z ') Aug_y]
- C(zfl)rkﬂ» + Q(zfl)Auk_l (229)

for j =1,...,N, or in more compact form as

g=CEHFE Yy +Ga—-Cz Hr+[CzHH(E) +Q(z H]Aus—1  (2.30)

where:

Fz™) = [FA(T) JEv (=], (2.31)
Q=" = QML i=n 17, (2.32)
H(:"") = [H(z7") - JHx(z")], (2.33)
a = [Aﬁ,k -Ail,kJrN,l] 5 (234)
r = [fk+1 Tran] i (2.35)

9o 0 0 0
a - @ » 0 ! (2.36)

|IN-1 gN-2 GN-3 .- G0

The next step is to minimize the cost function represented by eq. (2.20) with respect to

the control 4, taking into account eq. (2.30), which gives the following control vector

= — (GTG+N)'GT{Cz"YF(z Dy — C(zNr
+ [C"HH(E™Y + Q(z Y] Auk_1}. (2.37)

GPC algorithm is now given by the first row of eq. (2.37):
Aty = —m{C(zHF(z Dy, — Cz Hr + [C(zHH( ) + Q(z Y] Aup_1} (2.38)

13
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where
M = (GTG + )\I)_IGT = [1’1’11 mo e my T, (239)

and can be represented by

A P¢ = —d YT Y yr — U (2 Y rren), (2.40)
with
dz7h = CYH4+mez ' [CEHHE +Q(z), (2.41)
Tz = mCEHF(E, (2.42)
V(e Yy = mC(z Yr. (2.43)

Substituting eq. (2.40) in eq. (2.19) yields the closed-loop system transfer function
described by

Bz H¥(=")

Yht1 = Oz A(z7)A + B(z~ )T(zfl)zflr“N' (2.44)

As one can see, by the proper choice of the polynomials C(z71) and Q(z7!), the desired
closed-loop dynamics can be obtained. Moreover, the polynomials C(271) and Q(z71)

can be calculated uniquely from

Oz HAEHA+ 2B DY (=) = Por(z7h) (2.45)

if n. = n, +1 and ny, = n. + ny — 1, where PCL(Z’l) is the polynomial obtained by
assigning the desired closed-loop poles. Furthermore, the tracking error disappears if
T(1) =¥(1) [33].

2.2.3 General MPC calculations

General algorithm for calculation of MPC is given by the next steps:

e Specify prediction and control horizons, NN, and N, respectively.

e Define an optimization problem using appropriate form of an objective function
J.

e Define the set-point or the reference trajectory, r.

e Measure (or estimate) the states xj (or o when k = 0).

e Make the predictions over the prediction horizon N,.

e (alculate the predicted output trajectory u by minimizing the objective function
over the control horizon N., and apply the first one to the plant.

e Repeat the last three steps at every next time instant.
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Let one consider the linear, discrete-time system described by a state-space model

described by eq. (2.7) and assume that the state z; can be measured and is available to

the controller at each sampling instant k£ > 0. For ease of the presentation it is assumed

that SISO systems are used, but all following methods can be applied to multiple-input

multiple-output (MIMO) systems as well.

For the unconstrained case, the predictive model of the system described by eq. (2.7)

can be represented as

A B B
A? AB AB+ B
X = . Ty + . Uk—1 +
avl S A SEAB Y

where the predicted control trajectory is defined as
u=[up Upt1 o Ugin, T
and the predicted state trajectory is
_ T
X = [ifk+1 Tpto ifk+Np—1} .
Using this concept, the vector of the future output of the system
Y=[k1 Y2 yk+NP]T
can be calculated by

y = Fz; 4+ Pup_1 + Pu

where
[ ca ] oo ]
cA? CAB
F = o= |
C ANe Zfi"oCAiB
[ CB . 0
C(AB+B) - 0
@ p— . .
Zi\g’(;l CA'B ... z:;’\f:p(;NC CAB

=0

u

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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The general form of the objective function, where the aim is that the system output
follows the reference, and the control is penalized to reduce the big changes of the

manipulated variable, can be chosen as

Np Nec
J = Z(yk+j - Tk+j)TQ(yk+j — ptg) + Z(Wﬁ-j - uk+j—1)TR(Uk+j — Uptj-1), (2.53)
j=0 J=1

where @), R are positive definite matrices. If the vector of the future referent trajectory
is described by

r=[k+1) r(k+2) - r(k+N)], (2.54)
minimizing the cost function represented by eq. (2.53) gives the control action in a form
of

u=(®"'Q® + R)'®"(r — Fay, — Yuy,_,), (2.55)
where ~ _ ~ _
Q@ 0 0 0 R 0 0 0
_ 0@ . 0 _ 0 R 0
Q — ; R = (2.56)
Q@ 0 R 0
o0 --- 0 S 0O 0 --- 0 R

The first element, for SISO, or the first n, rows for MIMO systems, of the control u
given by
up =my(r — Foy, — Qug_q) (2.57)

is applied to the process, and my is the first row of the matrix (®7Q® + R)~1®7.
An incremental state-space model can be derived from eq. (2.7) as well. The design

is based on the computation of the future control increments
AukJrja J=1N.—1,

which means that the model for the design of the controller is embedded with an in-
tegrator as in [28]. By defining Az, = z;, — z5_1 and Auy = wy, — uj_1, a new state

variable vector can be formulated by
xkaug = [Al’k yk]T. (258)

The augmented model is now obtained in the form

Ten™ = A9 4 B9 A,
Y = g, (2.59)
where
A of B
A9 = ; B™ = ;O = [0 1}- (2.60)
CA 1 BC
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Vector 0 is the vector with zeros of appropriate dimension. For the notation simplic-
ity, A®™9, B9 C" 1, and y,*9 will be denoted as A, B, C', x and yy, respectively.

The predicted control trajectory is defined by
Au = [Auk Auk+1 e AU;CJFNC,l] (261)

then, the predicted, augmented state vector X = [Tgy1 Xppa - kaer]T can be

calculated using augmented system matrices described by eq. (2.60) as follows

Thyo — Azl‘k + ABAUk + BAuk+1

Tkt+N, = ANPZEk + AN”ilBAUk + -4 ANpiNCilBA’u/k+NC71.

Egs. (2.62) can be rewritten in a form

x = Fz,+ ®Au (2.63)
where
A B 0 0 e 0
- A? - AB B 0 S 0
F= ;0 © = . (2.64)
0
ANP AprlB AN,f?B ANP73B . AprchlB

The predicted output of the system can be calculated as well by
y = Cx = Fa + PAu. (2.65)
The cost function can be chosen as
J=(r—-y)"Q(r —y)+ Au’RAu (2.66)

where @ and R are defined by eq. (2.56) and r is a future set-point vector defined by
eq. (2.54). Substituting eq. (2.65) into eq. (2.66) the cost function J has a following

form
J=(r —Fa,)"Q(r — Fr) — 2Au” ®7Q(r — Fp) + Au” (®7Q® + R)Au  (2.67)
and by its minimization, the optimal control increment sequence is calculated from
Au = (®TQ® + R)'®"(r — Fuy), (2.68)

and once again, only the first control increment Awy from eq. (2.68) is applied to the
process in a form
U = Up—1 + Auy. (269)
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Constrained control problem for state-space models

The previous optimization problems are formulated without introducing the constraints
in the calculations of the optimal control actions. When constraints are present, the

optimization problem in MPC can be formulated as a QP problem in the standard form

mgin %HTHQ +hTo (2.70)

subject to
Lo<b (2.71)

where the structure and size of the appropriate vectors and matrices depends on the
used formulation. The matrix H is the Hessian matrix! that has to be positive definite.
The linear part of the objective function is defined by the vector h whereas the matrix
L and the vector b represent the linear constraints. Only the formulation for the state-
space model with embedded integrator will be presented, but the similar approach is
applicable to the other formulations presented in this thesis.

The constrained MPC problem can be defined by the following inequalities
Au < Auy, < Au (2.72)
y <

If the cost function for the predictive model described by eq. (2.63) is defined by eq.
(2.66), penalizing the deviation of the predicted output y from the reference signal r,
and the predicted increment of the control signal Au, then the constraints defined by
eq. (2.72) can be expressed in term of the parameter vector Au as follows. The control

signal constraints can be represented as

Q S Ll’uk,1 + LQAII S U (273)
where U=[u u -~ uf,U=[a @ --- u]l are the vectors of size Nc — 1 and
I I 00 0
I I 1720 0
Li=||: L= (2.74)
: 0
I I 117 1

IThe Hessian matrix defines the quadratic term in the objective function, and is a symmetric matrix.
Positive definiteness means that all eigenvalues are positive - for a mono-variable optimization problem

this implies that the coefficient for the quadratic term in the objective function is positive.
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of appropriate dimensions. In a standard QP formulation the constraints described by

eq. (2.73) are represented as

L U — Lyu,_
*lAu< B (2.75)

—L, U + Lyup—y

The increment of control signal constraints can be rewritten as

AU < Au < AU (2.76)
or in a standard QP form
I AU
Au < (2.77)
-1 AU
where AU = [Au Au -+ AT, AU = [Au Au --- Au]" are of the same

dimensions as vector Au. The output constraints can be also be expressed in terms of
the control increment signal Au, regarding the predictive output vector defined by eq.
(2.65) by

Y <Fz,+®PAu<Y. (2.78)

The form of standard QP problem formulation is then represented with

o3} Y/ - Fl‘k
Au < (2.79)
—-® Y + Fay

Finally, the constrained MPC problem as a standard QP formulation is defined by

H = ®'Q®+R (2.80)
Y = (r— 2, F)'Q® (2.81)

and the linear constraints matrices are

L2 U — Lluk,1
—L, —U + Liug—
I AU
L= ;b= . (2.82)
—I AU
—® —Y +Fux,
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2.2.4 MPC based on orthogonal basis functions

Another modification of the known MPC design procedures is orthogonal functions based
representation of the input signal. The purpose of introducing orthogonal basis functions
in the definition of the input signal is to be able to handle a long control horizon while
having an optimization problem of modest size. The formulation used in this thesis uses
Laguerre polynomials for the design of the MPC based on orthogonal basis functions.
Reducing the degrees of freedom in the optimization reduces the computational load,
caused by a very large number of parameters for on-line solving of the optimization
problem, which provides the controller with the ability to handle both slow and fast(er)
dynamics with a low number of decision variables. One of the Laguerre functions based

realization is described in [28, 34].

The assumption, which justifies the use of Laguerre networks, is that the control
increment performs like impulse response of a stable system. This means that it could
be expressed by a Laguerre impulse response model. A good property of using this class
of functions within the MPC framework is that there are only two tuning parameters
which are independent of the sampling time 7', and the closed-loop tuning is not much

of an issue.

The method, presented in [28], shows the procedure for calculation of control incre-

ment Awu using a set of discrete-time Laguerre networks defined by

Liz) = 1 (—1 ;;22 [1Z:1a_zillr_l’ (2:83)

where a represents the pole of the discrete-time Laguerre network, 0 < a < 1, and

i=1,...,N, where N denotes the number of Laguerre network terms.

The future control increment Awuy,; is defined using the parameters of the discrete-

time Laguerre function as follows

N
Aupy =Y ali(G); 5=0,-+, N, (2.84)
i=1

where ¢; are the coefficients to be determined by the optimization problem and I; is
a function obtained using inverse z-transform of the discrete-time Laguerre network
term L;. The set of Laguerre functions described by eq. (2.83), can be represented by

difference equation in a following form

Ly = QL (2.85)
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where
L= ) k) - k() (2.56)
a 0 0
a?—1 a 0
Q = a(a® —1) a?—1 e 0 (2.87)
¥ 2(a® = 1) P (a® - 1) al

with initial condition
L' =v(0—-a®)[1 a o* --- o7 (2.88)
Eq. (2.84) now can be represented in a vector form
Augyy = Ljn (2.89)

where 7 = [c; ¢a -+ c¢n]. Thus, computation of the optimal control input is ob-
tained by minimization of the cost function in a form defined by eq. (2.66). Because
the increment of the control action is parameterized in terms of 7, the coefficient vector
7 is going to be calculated by solving the MPC optimization problem.

Using Laguerre functions, the future state at sample instant j can be calculated as

j—1
Tpyj = Alzy + Z ALy, (2.90)
i=0
as well as the future output
j—-1
s = CAm + Y CA'BL", (2.91)
i=0

It is obvious that obtaining the optimal control move is done by the optimization of the
cost function over the coefficient vector of the Laguerre functions n. Hence, the new
cost function is formulated as
Np
J = Z $k+jTQ$k+j +nRn (2.92)
j=1
where weighting matrices > 0 is chosen as Q = CTC, and R > 0 have the dimen-
sions equal to 7. Substituting eq. (2.90) into eq. (2.92), and minimizing over n, the

unconstrained optimal solution of Laguerre functions coefficients are computed as

Np -1/ N,
n=- ( > 6o + R) (Z @-QAJ‘) T, (2.93)
j=1 j=1
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where
j—1
¢y =Y CA™'BL".

i=0

(2.94)

When 7 is calculated using eq. (2.93), control increment Awy is then obtained from

eq. (2.89), and applied control action is computed by

Up = Up—1 + Auk (295)

Constrained control problem for MPC based on Laguerre functions

If the cost function is represented by eq. (2.92), the future control increment constraints,

in terms of Laguerre coefficients vector 7, can be expressed as

The constraints on the future control signal vector, defined using Laguerre coefficient

IN

vector 7 can be represented by

1<
IN

Finally, the vector of future outputs in terms of 7, using eq. (2.94) can be transformed

as

ZzlL

0"

0,"

L™ 0,7
0,7 Lp"
0,7 0,7

0,7

ZzlL

0,7

and the constraints are defined as

I~
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If the matrices from eqs. (2.97), (2.96) and (2.99) are denoted as

L“T 02T . OmT Z;;B leT 02T . OmT
i—1
Ml _ OIT LiQT e OmT M2 _ OIT 2j=0 szT o OmT
i 01T 02T - LimT_ I 01T 02T L. Z;;%) ijT_
¢ 0 0
RN

then the standard QP formulation for the MPC problem based on Laguerre functions
as in eq. (2.70) subject to constraints defined by eq. (2.71) can be formulated as

H = ®7'Q®+R, (2.100)
B = ®TQA (2.101)
subject to constraints
[, ] AT
— M, —AU
[ e P v . (2.102)
—M, -U
® Y — Fzy
I —® ] | —Y + Fay |

2.2.5 Stability of MPC

Stability of MPC is not always guaranteed, especially for reason of using constrained,
finite-horizon optimal control principle. The typical way of establishing closed-loop sta-
bility is introducing terminal state xy, together with designing a hypothetical state-
feedback controller. This controller is usually discrete-time linear quadratic (LQ) con-
troller K, with already defined ) and R weighting matrices that are used in the MPC
formulation. It should be able to keep the state xy, within a set inside which all state
and input constraints are inactive for all ¢ > N,. This set is called the maximal output
admissible set (MOAS), denoted by O, whose properties and the algorithm for its

determination are presented in [35].
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Design of the stabilizing state feedback controller Kj,, together with calculation of
a stable weight on the terminal state, S, can be done by solving the Riccati equation.

The obtained results are the terminal weight S calculated by
S=ATSA+Q— ATSB(R+ B'SB)'B'SA (2.103)
and the corresponding controller given by
K, =—(B"SB+ R)"'BTSA. (2.104)

This controller, with the MOAS defined for it, will provide closed-loop stability and

assure that constraints are not violated over the infinite horizon, is defined by
Auk+Np = _Kquk+Np (2105)

Adding the terminal weight S to the objective function, and adding the MOAS as a
terminal set will ensure stability of the MPC. Note that the terminal controller K, is
never (explicitly) used, since the MPC is formulated to be equivalent to K, when no

constraints are active.

2.2.6 Tube Model Predictive Control

A popular approach among such MPC formulations that trade off performance against
online calculation requirements is the so-called Tube MPC [1,23]. The applied control
signal consist of two components: the auxiliary controller which is used to suppress
disturbances and uncertainties, and a standard MPC which is applied on a nominal
model of the system to be controlled.

Let one consider the plant to be controlled is described by

Y = Cl‘k (2.107)

where the state x, the input « and the output y are defined as in eq. (2.7), and w € R?,
is a bounded disturbance. Constraints on the state and input trajectories are defined
by

Fx <

Tu <~ (2.108)
or in a compact form

(a:k,uk) cZ (2109)
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It is assumed that sets W and Z are polyhedral, bounded, of full dimension and contain
the origin in their interior. The nominal model of the plant defined by eq. (2.106) can

be obtained by eliminating the disturbance. The nominal dynamics is given as
Zk+1 = Az, + Buy, (2110)

where z and v are the nominal state and nominal input, respectively. If the vector of
the future inputs is calculated for the nominal plant, then the predicted nominal state

trajectory (starting from x) can be obtained by the recursion
Zk+1 :Azk+ka; 20 = . (2111)

If the real plant is disturbed, the true state will differ from the nominal state trajectory,
causing a deviation, e, = xp — 2. To cope with this issue, the auxiliary controller can
be added. It will force the trajectory to lie as close as possible to the nominal one by

choosing the control action expressed as
u, = v, + Key. (2.112)
Using eqs. (2.106), (2.110) and (2.112), the dynamics of the error signal is obtained as
eps1 = Aep +wy; AN = A+ BK. (2.113)

The feedback control gain K is chosen such that A% is Hurwitz, so the evolution of error
is bounded and always is in a Robust Positively Invariant (RPI) set ¢ [23]. The set
¢ is called an RPI set for the system (2.113) if AK¢X & W C ¢& [36,37].

Regarding to this definition of the RPI set, the tube of trajectories can be represented
as the set of possible trajectories of the disturbed system defined by eq. (2.106) and
controlled by eq. (2.112). This set is defined by x;, € 2z, @ ¢X for any value of the

disturbance wy. Then, the trajectories and inputs satisfy
(g, v + K(xp — 2x)) €Z (2.114)

for any value of the disturbance wy, € R} as well. It means that using tighter constraints
for the nominal system will provide robustly admissible evolution of the disturbed system
[38].

The nominal optimal control problem is solved by the procedure described in section
2.2.3. The gain K, of the auxiliary controller, is very important because it affects
the closed-loop system dynamics when the disturbance is present. There are different
procedures for computation of the gain K, and some of them can be found in [38,39].

The objective in this section has been to give an introduction to TMPC, and therefore
the most basic formulation has been presented. However, various different forms of the
auxiliary controller and its design are possible. This thesis proposes a new method for
designing the auxiliary controller. The full details of this design are given in Chapter 4

for a traditional MPC, and in Chapter 5 for MPC based on Laguerre functions.
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2.3 Sliding Mode Control (SMC)

As it is already mentioned, one of the main issues of modern control theory is a control in
the presence of uncertainties. Uncertainty in the controlled system is usually caused by
differences between the actual plant and its mathematical model dynamics used for the
design of the controller. The most common differences are unknown plant parameters
and external disturbances. Providing the desired closed-loop system performance in such
a case is a very challenging problem, and it had led to huge research interest for finding
robust control laws and methods that will solve this problem. SMC, as a particular kind
of Variable Structure System (VSS), is one approach to robust controller design.

Dynamical systems, whose structure changes depending on the state in which the
system is currently located, are called VSS. They can be considered as systems consist-
ing of independent control structures and switching logic, whose control is formed as a
discontinuous function of the state. Due to the use of switching control, the dynamic
behaviour of the VSS is defined by the dynamics of its structures, which enables the
combination of the useful properties of each of the structures at the expense of addi-
tional complexity of the controller. A VSS may even have new features that are not
present in any one of its structures. For example, an asymptotically stable Variable
Structure Control Systems (VSCS) can consist of structures that are not individually
asymptotically stable.

SMC is based on definition of a properly designed function, named the switching
function. When the value of this function becomes equal to zero, it defines the sliding
manifold. The idea of SMC is to bring the system trajectory to the defined manifold, and
to keep the trajectory on the manifold thereafter using the properly designed controller.
The dynamics on the sliding manifold need to be stable. A brief history of development
of this method, as well as the SMC design technique, will be described in the sequel.

2.3.1 A brief history of SMC

The history of Variable Structure Control (VSC) originated in early 60’s, and Russian
scientist Emelyanov was a pioneer in this area of automatic control systems [40]. From
that time, the theory of VSC has been applied to many different types of automatic
control for both SISO and MIMO systems. Until the 1980’s, very few papers were
published in the field of discrete-time VSC where the discrete-time implementation of
the switching function and the hardware realisation of the continuous-time VSCS with
the help of digital electronic circuits were considered. Around the same time, interest
of researchers for this area of automatic control increased resulting in many published

papers [41-45]. In [44], the term of zigzag motion was introduced, which later became
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known as the chattering phenomenon. In discrete-time, VSC often forces the system
state to stay within the vicinity of sliding manifold rather than exactly on it, resulting
in so-called quasi-sliding mode (qSM) [45] or pseudo-sliding mode (pSM) in [46-48].

The necessary and sufficient conditions for the existence of gSM were analysed in
[49 52|, while discrete-time equivalent control?, Lyapunov stability and discrete-time
sliding mode were initially introduced and later elaborated and exploited in many papers
[53 56]. In the 90’s, discrete-time equivalent control, combined with triple relay control,
was used to ensure the system moves in the predefined region [55]. Based on the so-
called reaching law method for continuous-time systems, a new approach was developed
for the design of discrete-time qSM control, which does not only define the dynamics
of the system in the qSM but also defines a reaching phase [56]. The design of some
adaptive methods within discrete-time SMC shows that an ideal sliding motion could
be achieved if appropriate parameters are used [57]. The control algorithm considered
in [58,59] is inspired by the Gao’s chattering-free reaching law method [56]. Chattering
does not exist in the case of a nominal plant if the so-called continuous-time chattering
free SMC with discrete-time signal processing is applied [60]. Another posibility for
elimination of chattering is using higher-order SMC [61,62]. Since discrete-time quasi
Sliding Mode Control (qSMC) does not guarantee the invariance of the system to the
effects of external disturbance, to increase robustness, it is necessary to introduce a
disturbance estimator. The most commonly used type of estimator is the so-called one-
step-delayed estimator [63-65], whose use leads to the increase in the system accuracy.
VSCS are quite interesting because of their simple implementation.

There are many papers where VSC systems are analysed, and the surveys are given
in [65-71]. Herein, only the linear, discrete-time SMC will be considered, but the next
section will present the continuous-time SMC terminology for better understanding of
the SMC methodology.

2.3.2 Continuous-time SMC

Consider the following linear, continuous-time system described by
&(t) = Acx(t) + Bou(t) (2.115)

where z(t) € R™ is a state vector, u(f) € R™ is a control input vector, and A. and B,
are the continuous-time system matrices. As it is earlier mentioned, there are minimum
two diferent structures defined in VSCS. All such structures are determined by the
sign of the vector g(z(t)), representing the switching surfaces defined by the switching

2The term equivalent control will be explained in the next section in detail.
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functions
g(z(t)) = Kz(t) (2.116)

and
g(z(t) =0 (2.117)

defines a so-called sliding surface. Let x(0) = z(ty) represents the initial state of the
system at time to. If for any x(0), located at the switching surface g(z(ty)), all the
states of the system are always placed on that surface for ¢ > t,, then the trajectory x(t)
describes the sliding mode motion of the system defined by eq. (2.115). This means that
the system states move towards the switching surface described by eq. (2.116) whenever
they are not on it. Then, once they reach the switching surface, they slide along it, and
this surface is called a sliding surface, represented by eq. (2.117). Fig. 2.2 shows the
sliding mode motion of a 2"¢ order system.

As it is already mentioned, the properties of SMC are different for each of three parts
of the system motion. The first one is reaching mode, the second one is sliding mode,
and the last one is steady-state. In order to determine the condition for moving the
system states towards, and for falling onto the sliding surface, the reaching conditions
should be defined.

SMC design procedure consists of:

e the design of switching function g(z(t)) which provides design of the sliding surface

as in eq. (2.117) defining the desired system dynamics together with

e the design of the control law

ult) = ut for g(z(t)) >0 (2.118)
u™ for g(z(t)) <0

i

Figure 2.2: 2"? order system sliding mode motion
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which drives the state z(¢) to the sliding surface in a finite time, and provide that
it stays on that surface afterwards.
The motion of the system in sliding mode can be obtained and analyzed by the equivalent
control method [72,73], defined from the idea that the trajectories of the system remains
on the sliding surface described by eq. (2.117) after they reach it. That motion is defined
by

g(z(t)) = wfﬁlcx(t) + a‘g(;(%))Bcu(t) =0. (2.119)
From eq. (2.119), the equivalent control is calculated by
() — — (3% f((f))) BC> a“éfg))) Aa(t) (2.120)

and for a linear time-invariant systems is given by
-1
u(t)* =~ (KB.) KAa(t), (2.121)

Substituting eq. (2.121) in eq. (2.115) gives the dynamic of the system in sliding mode
as

() = [1 ~B. (KBC> 71K} Ac(t)eee. (2.122)

SMC can be realized by different switching schemes which have the switching function

of predefined order [72,73], the switching function of free order [74], or eventual switching

scheme based on a Lyapunov function candidate. When the sliding manifold and sliding

motion are defined, one can design the control as
u = u(t)* + u(t)? (2.123)
where
u(t)’ = =dsgn(g(x(t)), A>0 (2.124)

provides that trajectory reach the switching manifold. If Lypaunov function candidate

has the form

1
V(x(t) = 59(x(t)* (2.125)
the reaching and existence conditions of sliding mode are given by V (z(t)) < 0, i.e.
g(z(t)g(xz(t)) <0 (2.126)

Evaluating the time derivative of V(z(¢)) for the system defined by eq. (2.115) gives

V() = gla(t)(Ki)

= g(a(®) (K Aa(t) + KBat))

— g(z(t)) (KAca:(t) + K BJu(t)* + u(t)d]) (2.127)
= g(e)(KAa(t) + KBI-(KB.) " KAw(t) - Msen(g(a(t)))))

= —gla(t) KBAsgn(g(x(t))) = —K B g(x(0)

29



2. Background theory

Therefore, the reaching and existence conditions, defined by eq. (2.126), are obtained
using K > 0.
To ensure a finite reaching time, the condition defined by eq. (2.126) is often replaced
by
gla()g(a(t)) < —plg(x@®))], 1> 0. (2.128)

Thus, the finite reaching time ¢,, can be calculated from |g(z(t)) — g(«(0))| < —put as

by = lo(=O)I (2.129)
1

The reaching mode is commonly a fast phase of the system motion, because the
state trajectories reach the sliding surface in a short period of time. The dynamics of
the system before the reaching method control approaches [66,74] was described only
for the sliding mode as expressed by the reduced-order system model. To define the
reaching phase, which describes the motion of the system before the sliding mode, this
law has to satisfy the conditions defined by eq. (2.126).

The ideal sliding mode does not exist and finite switching time between the struc-
tures causes the undesirable excitation of high-frequency un-modelled dynamics of the
system. This oscillating motion is known as chattering (see Fig. 2.3) and can degrade
system response, as well as cause heavy heat losses in electric circuits, or fraying of the
mechanical parts of the system.

Among many methods for the suppression of the chattering phenomenon one can

use a continuous approximation instead of sgn(g(z(t))) function as
t
ut for 79(1:( ) >yt

sat (g(x(t))) = u~ for 9(=(®) <u” (2.130)
Hatt) e | o0 _

€ €

for a design of SMC [66,75-77]. This approach is called boundary layer control because

the switching function does not converge to zero but to close neighborhood defined

% (1)

Chattering

%

A

Sliding surface

Figure 2.3: Chattering of the 2"¢ order system trajectory
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by an aditional parameter e ~ 0. In [78,79] the boundary layer is replaced with a
sliding sector. Some algorithms uses second (or higher) order sliding mode to eliminate
chattering [80, 81] or by the integration of the relay component of the control [82].
Another method for chattering suppression is using of fuzzy sliding mode controllers as
in [83,84].

The next section presents key elements of discrete-time SMC.

2.3.3 Discrete-time SMC

Realisation of discrete-time SMC is very similar to the structure used in continuous-time

approach and can be achieved by partial or complete discretisation, which implies:

e discretization of the switching function g, = g(x(kT)), whereas the control signal
stays continuous, i.e. u = u(t);
e discretization of the control signal u; = w(kT'), whereas the switching function
stays continuous, e.i. ¢g(t) = g(z(t));
e discretization of both switching function and control signal, i.e. gx = g(x(kT))
and ug = u(kT), respectively.
In this thesis, the latter will be used, i.e. complete discretization of both signals. The
discretization affects the characteristics of the discrete-time SMC in the following way.
Firstly, ideal sliding of the system states on the sliding surface is not possible due to the
non-zero sampling time, which provides different control signal value for the different
sample instants, and the constant value of the control signal between to subsequent
time instants [55]. This causes the trajectory to stay in a close neighbourhood of the
switching surface. The second feature is that the equivalent control cannot be precisely
defined so that the system trajectory stays on the sliding surface [85]. These two reasons
leads to the definition of so-called quasi-Sliding Mode (qSM) [56].
Definition 1 The ¢SM is a motion that satisfies the following conditions:

e once the trajectory has crossed the switching surface gy the first time, it will cross
the surface again in every successive time instant, resulting in a zigzag motion
about the switching surface g;

e the size of each successive zigzagging step is mon-increasing, and the trajectory

stays within a specified band.

This definition is too restrictive, since moving in a predefined area can also be
achieved without the successive crossing of the switching surface in each subsequent
step, which is of great importance in the practical reliance of discrete-time SMC, since
such a movement does not produce chattering. Therefore, the following definition seems
to better describe gSM.
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Definition 2 [86]. ¢SM is motion in a predefined A environment of the sliding sur-
face g, such that once the trajectory of the system enters this area it never leaves, i.e.

it is always valid that |gx] < A, where 2A denotes the width of this area around gy.

The motion in discrete-time SMC also consists of three phases: the reaching phase,
the q¢SM, and the steady state according to [56], i.e. the reaching phase, switching phase
and chattering phase according to [87]. All three ones are described by the following

definitions.

Definition 3 Discrete-time VSCS is in the reaching phase if

sgn(gr+1) = sgn(gr), Vk € (0,0) (2.131)
and
gk11] < |gxl (2.132)

where 0 > 0 is a finite number.

Definition 4 Discrete-time VSS is in chattering phase if

sgn(grt1) = —sgn(gr), Vk. (2.133)
The existence condition for gSM can be proved using a Lyapunov function candidate
of the form
V() = |gel, (2.134)
and the result of the second Lyapunov method necessary and sufficient conditions for

existence of qSM, i.e.

|ge+1l < |gkl (2.135)

which is the same result given in eq. (2.132). Eq. (2.135) can be rewritten as in [50] as
(gr+1 — gr)sgn(gr) <0, (2.136)

(gr+1 + gr)sgn(gr) > 0. (2.137)

These inequalities show that trajectory of the system converges to the sliding surface
g = 0, and stays in the area around the sliding surface, changing the side in the
every future time instant, which represents the qSM motion of the system. In this way
sliding conditions and convergence conditions are defined by eqs. (2.136) and (2.137),
respectively.

Let one consider the discrete-time state-space model of the nominal plant is defined

as

Tpy1 = Axy + Buy, (2.138)
ye = Cuy (2.139)
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where
T
A=eAT B= / e* B.dry. (2.140)
0

A, and B, are the matrices of the continuous-time system described by eq. (2.115), and
it is assumed that (A, B,) is controllable. This implies that (A, B) is also controllable
for all T

As it is the case with continuous-time SMC, the design of discrete-time SMC consists
of two stages. The first one is choosing the appropriate switching function g that defines
the system dynamics in SMC and then, design of the discrete-time SMC. The reaching
and existence of ¢SM have to be achieved.

The sliding surface can be defined as
gk = K. (2.141)

The coefficients matrix K is chosen to provide sliding mode on the sliding surface g, =
gr+1 for all k. The equivalent control of the system (2.138), using eq. (2.141) is obtained
by

Ik = Gr+1
g = Ky
g = K(Azy — Bu") (2.142)

From above, the equivalent control has the following form
uf! = —(KB) (K Azy, — gi). (2.143)
The discrete-time SMC law is then defined as
up = !+ ul (2.144)

where u¢ is the discontinuous part of the control law. This part could be designed in
different ways. Two of them are used within this thesis and the design procedures will
be presented in Chapters 4 - 6.

If the system is not represented by the state-space formulation, and only the input
and output signals could be measured, one of the techniques used is discrete-time SMC
based on GMVC were the model used for the design of the controller is defiend by eq.
(2.19).

One version of this approach introduces the SMC component into GMVC [88].
GMVC is used to replace the discrete-time equivalent control. This control method

suppresses chattering using a discrete-time integrator, which provides almost smooth
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control action. If the plant is represented by the input-output model described by eq.
(2.19), then this control law can be designed as
F(zyr — Cz7ren + ug

U= T T EGOBET) + Q) (2.145)

where E(z7!) and F(z7!) are the solutions of the Diophantine equation
EC DAY+ 'FzH)=C(=1) (2.146)
and the switching function is defined by

Ger1 = C(z7 ) (Wrr1 — me1) + Q27 Huy, (2.147)

which is equal to the variable defined by eq. (2.14) in GMVC. The polynomial C'(z™1)
should be stable, i.e. roots should be inside the unit circle of the z-plane. In addition,

the polynomial Q(z7') should meet the equality
Q1) =0 (2.148)

and 1 is the reference signal at time instant £+ 1. There are many different forms of
SMC components that can be introduced within this framework. In [2], it is proposed

to use

oT
T -o8n(9) (2.149)
Substituting eq. (2.145) into eq. (2.19), taking into account eqgs. (2.146), (2.147) and
(2.149) yields in

ul =

g1 = g — aT'sgn(gy) (2.150)

An appropriate value for « is chosen by the conditions given in [2].

2.4 Combination of SMC and MPC

When confronted with the often diverse set of requirements of practical control problems,
it is a natural approach to try to combine the strengths of different control algorithms.
This is also the underlying idea of this thesis, which studies the combination of two
advanced control algorithms, MPC and SMC. When uncertainty is present, whether in
the form of additive disturbances or model error, the design of MPC can be a challenge
because of the complexity of the resulting optimal control problem. A good candidate
for improving robustness properties of MPC is introducing SMC which have lower online
calculation requirements. Herein will be presented some of the results that represent

the starting points for the research presented in this thesis.
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2.4. Combination of SMC and MPC

For the case when TF models are used in the design of the controller, authors in [89]
have suggested the addition of an auxiliary input realized by combining GPC, described
in Section 2.2.2 of this thesis, and SMC components. They shoved that the proposed
controller improves the closed-loop response of the system, minimizes the size of the
control signal during the transient response, and adds extra tuning parameters for the
nonlinear part of the control. The SMC component provides robustness with respect
to parameter variations, and damping to the transient response. The calculation of
the future sliding surface values are obtained only using the past values of the control
without considering its future values.

Authors in [90] uses a similar idea, but with included future control movements for
more precise prediction of the sliding surface. The discontinuous part of the control is
simple and has fewer tuning parameters in comaprison to the one in [89]. It is used
to guide the system to the sliding surface. A continuous part is developed in GPC
manner, and it is used to keep the controlled variable close to the reference value. It is
also demonstrated that proper values of the tuning parameters provide stability of the
sliding mode predictive controller when it is applied to the non-minimum phase systems.

In [91,92] the algorithm proposed in [90] is applied for controlling a chemical process
and a solar air conditioning plant, which is a non-minimum phase, nonlinear systems
with time delay. The cost function is partially optimized with respect to only the pre-
dictive part of controller, while sliding mode control is not involved in the optimization
problem.

Unfortunately, all these approaches cannot deal with MIMO systems. This is one
of the main reasons why the state-space models are dominantly used for the design
of the MPC and SMC approaches. Two different approaches in integrating discrete-
time SMC and MPC are proposed in [93]. The first one applies direct optimization
of a cost function criterion with respect to the equivalent control. The second control
method splits the controller into the equivalent control part, ensuring the system to stay
on sliding surface once reached, and the reaching control part that guides the system
towards the sliding surface. The cost function is optimized with respect to the latter
control term.

Hierarchical control schemes, consisting of a high level MPC and a low level SMC,
are considered in [94-97], where the SMC component rejects the matched disturbances

acting the plant, and reduces uncertainty for the MPC design in that way.
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Chapter 3

Sliding Mode based (Generalized Pre-
dictive Control (SMGPC)

This chapter presents the combination of GPC and SMC techniques in order to improve
system robustness to parameter variations. A modification of the SMC component of
the design in [89] is proposed to improve the system robustness. The minimum value
of the cost function for the perturbed systems is ensured by using the chattering free
SMC algorithm. The proposed control algorithm belongs to the group of chattering free
sliding mode control laws, and it provides the minimum value of the cost function in
the presence of parameter perturbations. Digital simulation results are given to verify
the sliding mode based generalized predictive controller.

The chapter is organized as follows. In section 3.1, the control problem is introduced.
Sliding Mode based GPC (SMGPC) is presented in section 3.2. The existence condition
of Sliding Mode (SM) is thoroughly discussed herein. Section 3.3 presents the results
of digital simulation of the system with the proposed control algorithm. Section 3.4

contains some concluding remarks.

3.1 Problem statement

The discrete-time model is considered, with the form as in eq. (2.19)

Az ye = 27 Bz g, (3.1)

with
A Y =14az + .. +ap,z ", (3.2)
Bz =by+biz 7 + . by 2™ (3.3)

where 2! denotes the unit delay operator, u;, and y; are the input and the output of

plant, n, and n; are the degrees of the polynomials A(z!) and b(z7!), respectively. It
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3. Sliding Mode based Generalized Predictive Control

is assumed that the control input uy is bounded, i.e. |uy| < U and U = cons, which
typically holds in practical implementations, due to saturation nonlinearities existing in
real plants.

The goal of design is to find the control law which will minimize the cost function:
J=glg+a"\ (3.4)
where )\ is a control weighting constant and:

g=1[gr1 - gran]" (3.5)
G=[Adp - Adgen] (3.6)

with N denoting prediction horizon, A = 1 — z~! denoting the difference operator, and:

grti = C(27) Wy — mrry) + Q27 Augy (3.7)

representing the variable whose minimum value ensures the good system tracking of the

reference input 7, i.e. in the ideal case the zero value of the tracking error:
€ =Yg — Tk (38)
The polynomials C(z7!) and Q(z71) are given by:

ClzN=c+az 4+ .. +epz ™™, (3.9)
Qe =+ qz + .+ a2 "™, (3.10)

having the degrees n, and n,, respectively, and should be selected to assign the desired

closed-loop systems dynamics. The variable 7y, is obtained from the control input as:

i = C(z M. (3.11)

3.2 Sliding Mode based Generalized Predictive Con-
trol Design

The basic idea of existing GPC strategies with SM is to use GPC as a replacement for
the so-called equivalent control in VSS with SM [72,98]. The basic GPC method and
design procedure are represented in subsection 2.2.2 and this section will describe how
to design the SMGPC.

If the switching function of the SMC is defined as

Gk =T yr — (e, (3.12)
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3.2. Sliding Mode based Generalized Predictive Control Design

note that
Je+1 =0 (3.13)
defines the sliding surface in our case, and:

gri1 = Ger1 + (271 Ay, (3.14)

Matrices T(z71), ¥(271), ®(27!) are defined as in Section 2.2.2.
The control law will be found next, and will establish the sliding motion in the
vicinity of (3.13) and provide gy1; = 0 at the same time. This sliding mode based

control algorithm can be expressed now in the following form
Auy = =@z (™ )y — Uz e — G + min(|gel, a)sgn(gr)}. (3.15)

Theorem 3.2.1. The system (3.1) with the control law (3.15) guarantees gr+1 = 0 and

vanishing of the tracking error if
a > 3\ = max [®(z 1) Auy_4|. (3.16)

Proof. As the input signal is bounded by assumption, there is a constant a always
satisfying (3.16). Substituting eq. (3.15) into eq. (3.14), taking into account eq. (3.12),
yields:
Jk+1 = Grpr — min(|grl, a)sgn(gr), (3.17)
ie.
1 = gr — min(|ge|, @)sgn(g) — (z7") Auy. (3.18)

Suppose that g > 0, g > 0 and gy > . Then, g converges to the domain:
Z:{gk: lgr| < a+ A} (3.19)
and enters it at k = K determined by:
Ko = int((lgo| —ar = A)/(a = A)) +1, (3.20)

where g denotes the initial value of eq. (3.14). Let gr = a+ A , then g could be still
greater than «a, but in the next step gr11 < 3A < a. It means that immediately after

the entrance in the domain defined by eq. (3.19), gr < a and eq. (3.18) become
Gi1 = gk — Gk — P(z7") Auy—y = 0. (3.21)
Assume that g, > 0 and g, < 0. In that case, ®(271)Auy_; is negative and
gk = |P(z7HAu 4| < (3.22)
so0 (3.21) occurs. The proof is similar for g < 0. O
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3. Sliding Mode based Generalized Predictive Control

Corollary 2.1. The control law, defined by eqs. (3.15) and (3.16), ensures the
existence of a quasi-sliding mode in eq. (3.1) in the vicinity of sliding surface gy41 = 0.

Proof. The implementation of eq. (3.15) into eq. (3.14) gives
a1 = gr — min(|gu|, @)sgn(gr) — (=71 Auy. (3.23)

If « is selected in accordance with eq. (3.16), g, reaches the domain defined by eq.
(3.19) with gy representing the initial value of eq. (3.12). In eq. (3.18) gx < a, so
Gre1 = —P(271)Auy and

Jrr1 < A (3.24)

for every value of k.

Corollary 1 presents the results of the chattering-free discrete-time SMC [59], ob-
tained by the discretization process of the well-known chattering-free power rate reach-
ing law method [74]. In this chapter, a similar chattering-free control law is obtained,
trying to ensure gy.1 = 0 by using the switching function g, of SMC, defined by eq.
(3.12).

3.3 Digital simulation results

In order to verify the proposed sliding mode based generalized predictive controller,
digital simulations are performed by using the Van der Vusse reactor as a plant. This
chemical process is very often utilized as a benchmark problem for desiging process
control algorithms. The example and the parameter values of the reactor are taken

from [89] and [99]. The normalized model of process is given by:

i = =50z — 1021% 4+ u(10 — 2y), (3.25)
i‘g = 501‘1 - 100]}2 + ’U/(—wg), (326)
Yy = g, (327)

where 1 and x5 denote the concentrations of components A and B, respectively, and u
is an inlet flow rate. The operating point is determined by X9 = 3.0, X5 = 1.12 and
Uy =34.4.

To obtain the discrete-time plant model described by eq. (3.1), linearization of the
nonlinear process defined by eqgs. (3.25)-(3.27) has been done around the operating
point, and discretization has been performed with the sampling period T = 0.005h.

The results are the polynomials:

b
—
[

L
~—
Il

1-0.9972"" +0.248272, (3.28)
B(z™h) = —1.29%107° +3.73%107%271. (3.29)
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3.3. Digital simulation results

The zero initial conditions of the plant are taken and the polynomials C'(z7!) and Q(271)

are chosen as:

Q
=~
S

N
N>
Il

14 151.6672 "' — 143.50227% 4 33.6752 3, (3.30)
Q(z7") = —879.661 + 828.8592 " —194.33127% + 0.01252 . (3.31)

yielding the closed-loop poles: p; = 0.1, py = 0.2, p3 = 0.4, p, = 0.4, p; = 0.5, pg = 0.6,
pr = 0.7. The prediction horizon of the proposed controller is N = 5 and o = 1. The
reference input is r, = 0.62 for kK = 1,2,..., and the system starts from the steady state
corresponding to the initial reference ro = Xoo = 1.12.

Figure 3.1 presents the output signal of the Van der Vusse reactor with GPC. The
system response is not satisfactory since the coefficients of polynomials A(z!) and
B(z71) caused by non-linearities significantly differs from the ‘nominal’ values used in
the calculation of GPC parameters. The control signal defined by eq. (2.40) is shown
in Fig. 3.2.

The implementation of the proposed sliding mode based GPC (SMGPC) in the
control of Van der Vusse reaction process yields the results presented in Figs. 3.3 -
3.6. The output response is given in Fig. 3.3, and the system response is much better
comparing to the response of system with GPC. The control signal defined by eq. (3.15)
is depicted in Fig. 3.4. As one can see, there is no high frequency component in the
control signal, so there is no chattering phenomenon at all.

The zero value of gy is ensured as it is shown in Fig. 3.5. The quasi-sliding mode is
reached on sliding surface defined by the switching function g, (Fig. 3.6).

In order to analyze the robustness of the proposed SMGPC, 20% perturbation of the
plant parameters is considered in digital simulation. Figs. 3.7 - 3.10 show the responses
of the perturbed system with the proposed control. The variations of plant parameters
cause the oscillation in output response (Fig. 3.7). There is no chattering in the system,
as the control contains only low frequency components (Fig. 3.8).

The zero value of g is still ensured (see Fig. 3.9), whereas the quasi-sliding motion

occurs in the vicinity of g, determined by eq. (3.24).
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3.3. Digital simulation results
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Figure 3.4: Control signal Auy of system with SMGPC
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3.4. Conclusion

3.4 Conclusion

A novel sliding mode based generalized predictive control is presented in this chap-
ter. The advantages of both sliding mode control and generalized predictive control are
combined in order to obtain the control algorithm that would improve the robustness
of system to parameter perturbations'. The given control law ensures the cost function
minimum in the presence of internal disturbances. As the main advantage of model
predictive control, compared to classical optimal control, is the ability to handle con-
straints in both inputs and states/outputs, the future work should consider the inclusion

of constraints in generalized predictive control formulation.

LAl files for the controller design can be found on http://automatika.elfak.ni.ac.rs/mspasic/
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Chapter 4

Tube MPC with an Auxiliary SMC

This chapter studies TMPC with a SMC as an auxiliary controller. It is shown how to
calculate the tube widths under SMC control, and thus how much the constraints of the
nominal MPC have to be tightened in order to achieve robust stability and constraint
fulfilment.

The chapter is organized as follows. In Section 4.1, the control problem is introduced.
Section 4.2 briefly describes two proposed discrete-time sliding mode control approaches.
The algorithms for calculating the constraints tightening is presented in Section 4.3. The
new TMPC with an auxiliary SMC has been applied to the real DC servo system [100],
and the digital simulation and experimental results are given in Section 4.4. Section 4.5

contains some concluding remarks.

4.1 Problem description
Consider the discrete time system described by the model

with the system state x € R™, the input v € R™, and the disturbance w € R™. There

are also constraints on the allowable state

reX={z|Fx < f}, (4.2)
constraints on the allowable input

u € U= {uTu <~} (4.3)
and constraints on the possible range of disturbances

weW={w/Hw< h}. (4.4)
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Figure 4.1: Control scheme

It follows from the description above that the sets XU, and W are polyhedral; it will
be also assumed that they are bounded (and thus that the sets are polytopic), of full
dimension, and contain the origin in their interior.

In the following, the system state is split into two components, a nominal component

z and a deviation from nominal €
r=z+e (4.5)

Similarly, the input is split into the input from the nominal MPC v, and the input v

from the auxiliary controller
u=uv+vr. (4.6)

The dynamics, described by eq. (4.1), may therefore be split into the nominal dynamics

and the deviation from nominal

Zk+1 = AZk + B’U;€ (47)
€rs1 = A€, + By + Ewyg (48)

Clearly, eqs. (4.7) and (4.8) add to eq. (4.1). The control scheme is illustrated in
Figure 4.1.

At each timestep, the nominal MPC solves the problem

nzlivn J(z,v) (4.9)
s:ubjoct to
Ziri € {zril Faps < f =67} i€{0,1,...,N},
ki € {prilTopr <y =07} i€{0,1,...,N}
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The function J(z,v) is the MPC cost function!, N is the length of the prediction horizon
for the MPC, z is the vector of present and future nominal states in the prediction

T

. _ [T T T : - ) ;
horizon, z' = [zk 2 - Zk+N]7 and v is the vector of present and future inputs from

the nominal MPC in the prediction horizon, v = [vf vf,, ... vl y]. The vector &7
quantifies how much the nominal state constraints have to be restricted at time &k + ¢
in order to ensure that the true state adheres to the original constraints, while the
vector ¢ quantifies how much the constraints on the nominal MPC input have to be
restricted at time k 4 ¢ in order to ensure that the total input adheres to the original
constraints. The simplest TMPC formulations treat §7 and ¢! as constants over the
prediction horizon, whereas other formulations allow these to vary to account for the
fact that the disturbance will typically be able to drive the true state further from the
nominal state (also under the action of the auxiliary control) over a time period of
several timesteps than over a single timestep.

Remark. A special terminal set for the state is a common ingredient in MPC
formulations guaranteeing closed loop stability. Such a terminal set is ignored in eq.
(4.9) for reasons of notational simplicity, but it adding such a terminal set would be
straight forward.

From eq. (4.9), it is clear that 67 and ¢Y have to be found in order to be able to
formulate the nominal MPC. This will be addressed in Section 4.3.

4.2 Discrete-time Sliding Mode Control

To design the auxiliary discrete-time SMC, the deviated system dynamics is considered
and described by eq. (4.8). Two control algorithms are implemented herein. The first

one is a traditional relay based sliding mode control defined by
v = —(KB) ™' (K Ae, — gk + Ausgn(gi)) (4.10)
where
gr = Keg (4.11)

denotes the switching function and
ge =0 (4.12)

is the equation for the sliding surface or the intersection of sliding surfaces if n, > 1.
Notice that Key is usually selected as an auxiliary control in TMPC and a matrix K

has dimension n, x n,. Here sgn(g;) is understood to be a vector with elements +1,

IThe cost function will not be specified at present, but it is naturally assumed a sensible cost function
ensuring that the control of the nominal system is stable, and one which allows the optimization problem

to be solved efficiently.
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and A, is a diagonal matrix with constants representing the relay outputs. The sliding
surface, i.e. K, should be selected so that the system [55]

ehn = (A—B(KB)'K(A—I))ey (4.13)
Kep = 0 (4.14)

is stable. Eqs. (4.13) and (4.14), describing system dynamics in sliding mode, are

obtained by implementing the well-known equivalent control
v = —(KB)™ (K Aey — g1) (4.15)
in eq. (4.8). Substituting eq. (4.10) in eqs. (4.8) and (4.11) yields
Ge+1 = gr — Ausgn(gr) + K Ewy, (4.16)

defining the switching function dynamics at time instant k, whereas in the prediction

horizon it is determined by
Grvitt = Gk+i — Dusgl(Grri) + K Ewgyy, (4.17)
i € {0,1,...,N}

In order to provide stable switching function dynamics, A, should be calculated accord-

ing to the following theorem.

Theorem 4.2.1. If A, is chosen to satisfy the following inequality
Al > Q> max | K Ewyl, (4.18)

where € is a positive real vector and 1 is a vector of 1’s, then, for every initial state
gk, there exists a positive integer number ko = ko(gr) < N, such that the system phase
trajectory, described by eqs. (4.17) and (4.18), enters the domain defined by

G =A{gr+i * |4l < Aul+Q}, (4.19)
after ko timesteps and remains in this domain for all i > kq.
Proof. See Appendix A. O

However, relay feedback is known to often result in very fast switching, which for
some applications will not be desirable. A common remedy is then to replace the ’infinite
gain’ at the switching surface with a steep linear function, leading to a chattering free
SMC. The second auxiliary discrete-time SMC, used in this chapter, is so-called robust

discrete-time chattering free sliding mode control [59]

Vi = — (KB)il(KAEk — Gk (420)
+ min(7]gx, Ay)sgn(gr))
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4.3. Calculating the required constraint tightening with SMC-based
auxiliary controllers

Implementing eq. (4.20) in eq. (4.8), the switching function dynamics becomes
k1 = gr, — min(Z|gx|, Ay)sgn(gr) + K Ewy, (4.21)

and, inside the prediction horizon it is formulated by

Grtitr = G — (| grpi], Av)sgn(gri)
+ KBuwp, i€{0,1,...,N} (4.22)

The next theorem gives sufficient conditions for stable sliding motion.

Theorem 4.2.2. The system phase trajectory, described by eqs. (4.22) and (4.18),
reaches the domain G defined by eq. (4.19) in ko = ko(gr) < N tlimesteps for every

initial g, and remains in it for all i > ky.

Proof. See Appendix B. O

4.3 Calculating the required constraint tightening

with SMC-based auxiliary controllers

This section describes how to calculate the required constraint tightening for TMPC for
each of the SMC controls defined by eqs. (4.10) and (4.20).

4.3.1 Constraint tightening for traditional SMC

Denote the relay term in eq. (4.10) as
I = Aysgn(Keg), (4.23)

To proceed, for each element ¥; of ¥} a binary variable s; is defined, such that
¥; > 0= s; =1, and 5; = 0 otherwise. Also needed are upper and lower bounds on
each component of the vector Ke. From eqgs. (4.2) and (4.5), it is clearly safe to assume
Fe < f, and the lower bounds m; and upper bounds p; on element j of Ke can be
found from the LPs

m; = lrrreusr} Kje (4.24)
and
Hj = max Kje (4.25)

where K is row j of K. Let 1 denote a vector of 1’s. Equation (4.23) is then implied
by [101]
I =AuS — Ayl —3) =A,(25 — 1), (4.26)
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4. Tube MPC with an Auxiliary SMC

where the value of the binary variables s follow from the constraints

— iS5 < —KjE (428)

Note that numerical optimization solvers cannot distinguish between strict and non-
strict inequalities. The formulation above will leave the value of s; undecided if Kje = 0.

It will then be left for the optimization routine to choose the optimal value.

The furthest from the origin the disturbance sequence {wy} may drive the deviation
state ¢, in the direction of the state constraint Fyx; < f; over a horizon of N timesteps

can then be found by solving

OfjN = MaXuyy s, F1EN (4.29)
subject to
=0

Huw, <h: k=0,...,N—1

€1 = A + BAL(25; — 1) + Ewy;
k=0,...  N-1
A=A- B(KB) 'K(A—1I)
B=-B(KB)
diag{m;}(1 —sx) < Key; k=0,...,N—1
—diag{p;}sp < —Key; k=0,...,N—1
sp € {0, 1}

For each state constraint j, this optimization should be solved for a number of horizon

lengths N. For each timestep %, the elements of §7 are given by df;,. If the system under

the relay feedback is stable, d f; v will approach an upper bound as N grows large.

4.3.2 Constraint tightening for chattering free SMC

Instead of eq. (4.23), the following control law is used

¥; = min(|Kjel, Ayj)sgn(Kje) (4.30)
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4.3. Calculating the required constraint tightening with SMC-based
auxiliary controllers

where A,; denotes the j’th element on the main diagonal of the diagonal matrix A,,

and K as before refers to row j of K. Eq. (4.30) is rewritten as

Auj if Kj€ Z Auj
¥; = sat(Kjx) = Kje if — Ay < Kje <Ay (4.31)

To capture this behaviour, two binary variables, s; and ¢; are needed for each auxiliary

input 9J;, such that

4.32
4.33
4.34
4.35

KjE < —Auj — S; = 0
KjE < Auj — tj =0

—~ o~ —~
— o D =

Define

where m; is calculated as in eq. (4.24). It is noted that ¢; is non-negative in the domain
of interest. The actual input from the auxiliary controller may then be calculated from
the expression

U = = (1= s5)Au; + (55— 15)(q; + my) + 1Ay, (4.37)

where is also noted that s; > ¢;. The difficulty in the above equation lies in the bilinear
terms s;q; and t;q;, both being the product of a binary variable and a non-negative real.
To proceed, the auxiliary variables o; = s;¢; and 7; = t;¢; are introduced. From [102],

it can be seen that the set
R ={(¢j,s5,07) 1 05 = 5;4;,0 < ¢; < a;,5; € {0,1}} (4.38)
can equivalently be expressed as
M= {(gj,85,05) : 0 <0; <ajs;, (4.39)
q; +a;8; —a; < 0; < ¢, 55 € {0,1}}
and similarly for (g;,t;, 7;). Recognizing that in this case a; = p; —m;, and introducing

4.40
4.41
4.42
4.43

my = mj+ Ay
piy = pjt Ay

(4.40)
(4.41)
Maj = m; = Dy; (4.42)
2 =y — Dy (4.43)
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4. Tube MPC with an Auxiliary SMC

Defining the diagonal matrices A = diag(a;), M, = diag(m,;), My = diag(p;), M, =
diag(my;), and My = diag(js;), and forming the column vectors m = vec(m;), s, =
vec(sgj), ty = vec(tyj), o) = vec(oy;), and 7, = vec(7y;), the optimization formulation

is obtained as

Of1.N = MATwy 0, 01,70 50,t0,ex FIEN (4.44)
subject to (4.45)

=0 (4.46)

Huw, <h, k=0,...,N—1 (4.47)
€h1 = Aep + BOy + Fwy; k=0,...,N—1 (4.48)
O = —Au(1 — sg) + M(sp —tx) + 0 — T (4.49)

+Auty; k=0,....N—1

M,(1—s;) < Keg+AL; k=0,...,N—1 ( )
—Msp < —Ke, — AL, k=0,...,N—1 (4.51)
My(1—t) < Kep, — AL k=0,...,N—1 ( )
—Moty, < —Ker, +A,l, k=0,...,N—1 ( )
o >0; k=0,...,N—1 (4.54)

>0 k=0,..., N—1 ( )

o <Asp; k=0,...,N—1 (4.56)

T < Atg; k=0,....N—1 (4.57)

o, < Key—m; k=0,...,.N—1 (4.58)
< Kxpy—m; k=0,...,N—1 ( )
Kep+Asp, —Al—m<oy; k=0,..., N—1 ( )
Ke,+ A, —Al—m<1; k=0,...,N—1 ( )
s, € {0, 1}, tr € {0,1}" (4.62)
Clearly, with v} as in egs. (4.10) and (4.20) taking into account Fe < f as specified

above, we have
0; = max(v) Vi. (4.63)

4.4 Digital simulation and experimental results

The validation of the proposed control methods is performed by using the modular servo
system [100] shown in Figure 4.2. The objective is to control the angular position of the
DC motor shaft. The system consists of the following components: a tachogenerator, a

DC motor, an encoder and an inertia load. This modular experimental setup supports
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4.4. Digital simulation and experimental results

real-time design and implementation of advanced control algorithms, and is interfaced
with the MATLAB/Simulink using specific RT-DAC4/USB board for transferring the
measured signals from the tachogenerator and encoder, and the control signals to the
power interface unit. The angular position 8 of the DC motor shaft is measured by the
incremental encoder, and the angular velocity w is proportional to the voltage produced
by the tachogenerator. The DC motor is controlled by a PWM signal with the scaled
input voltage

U(t) =V (t)/Vinas (4.64)

where |U(t)| <1 and Vi, = 12[V].

In order to identify the model of the system, the identification tool within Modular
Servo Toolbox, which operates directly in the MATLAB/Simulink environment, is used.
The identification procedure is also given in [100]. The following transfer function is

obtained

0(s) K
G(s) = = 4.65
(s) u(s)  s(Tys+1) (4.65)
where K, = 184.73 and T, = 1.3s.
By denoting z; = 6 and x9 = w, the state space model of servo system is
.i’l = T2 (466)

To = axg+bu+w
where a = —1/T; and b = K, /T, and w represents the Coulomb friction defined by
w = F.sgn(zs) (4.67)

treated as the unmodeled disturbance.

Inertia load
Tachogenerator Encoder

DC motor

Figure 4.2: DC servo system setup
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4. Tube MPC with an Auxiliary SMC

The sampling period is set to T'= 0.01s, and the discrete-time state space model is

given by
Try1 = Az + Bug + Ewyg (468)
y. = Cuxp
with
1 0.01 0.0071 0
= , B = , E=
0 0.9923 1.4155 1
c = [1 0]. (4.69)

The weight matrices are chosen as

50 0

Q = (4.70)
0 1

R = 1000 (4.71)

and the prediction horizon of N = 20 is considered.

The dynamics described by eq. (4.68) is split into the nominal one, eq. (4.7), and
the deviation from the nominal, eq. (4.8).

Three sets of the digital simulations and real-time experiments are conducted in
order to validate the proposed TMPC control methods. The reference signal is defined
by

0 if Time steps < 50
r =4 40 if 50 < Time steps < 500 (4.72)
0 if Time steps > 500

In all three sets, the nominal MPC, v, is calculated by the nominal model only, and

SMC, v, is used as the auxiliary controller to eliminate the disturbance.
A. Nominal MPC

In order to show the system response, when only the nominal MPC is applied, the
first set of the digital simulation and real-time experiment is conducted. The following

control
-1<u<l1 (4.73)
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4.4. Digital simulation and experimental results

and the state

—50 < 21 < 50 (4.74)
3 <1, <HM

constraints are defined.

Initially, the nominal MPC, shown in Figure 4.3, is applied to the nominal model.
The digital simulation results, together with the corresponding experimental results, are
depicted in Figures 4.4 and 4.5.

It is shown that both nominal and real states respect the constraints defined by eq.
(4.74), but there is discrepancy between the responses of the nominal model and real
plant. This demonstrates the lack of robustness of the nominal MPC when it is applied

to the real-time DC servo system in the presence of disturbance.

—O0f

L L L L L L
0 005 01 015 02 025 03 035 04 045 05
Time (h)

-2

Figure 4.3: Nominal MPC signal
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4. Tube MPC with an Auxiliary SMC

Angular position [rad]

Time steps

Figure 4.4: The angular position z; of the nominal model, and x; of the real plant for the nom-
inal MPC

40

—_2

30 —"

— 22max

— Z2min

Angular velocity [rad/s]

0 200 400 600 800 1000
Time steps

Figure 4.5: The angular velocity z2 of the nominal model, and x5 of the real plant for the nom-
inal MPC

B. Tube MPC with traditional SMC
The traditional SMC defined by eq. (4.10), as an auxiliary controller of TMPC, is

applied to cope with the disturbance. The two control components are now constrained
separately.
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4.4. Digital simulation and experimental results

The constraints for the nominal MPC and SMC are defined by

—0.7< v <0.7 (4.75)
—03< 1 <03 (4.76)

which satisfy eq. (4.73), i.e. =1 < wv+v < 1. The new state constraints are calculated by
using the tightening procedure described in Section 4.3. The tightened state constraints

used for the nominal system are now defined by

—45 < 2 < 45 (4.77)
—25 < 2 < 25

and the real system has to satisfy constraints defined by eq. (4.74). First, the digital
simulation is performed, where nominal MPC signal is applied to the nominal model.
Obtained results are shown in Figures 4.6 and 4.7.

It can be seen that the nominal states respect constraints defined by eq. (4.77).
The nominal MPC signal also respects the constraints defined by eq. (4.75), which
is illustrated in Figure 4.8. Then, the TMPC with the traditional auxiliary SMC is
applied to the real-time DC servo system in order to eliminate the disturbance. The
parameters of the SMC component are A, = 0.3 and K = [-0.0118 — 0.0071]. The

real-time system responses are also presented in Figures 4.6 and 4.7.

4 | | | |
I I I I -==T
40p - =t i - o
35F i NN m | —— 21
T o\ TS —— -
B : l j I ~_
- 25**1' ***** T T T T Tk = = - - — = ————7 ~ ~
g - l i | A\
2200 [ R T MR
8 1 | | o\ 27T \777
RCIEE S b T SR 3807400
R R SR W .
< 1 | | 1 | |
5 A Y O E | R [ 7
o e
R S
_10 1 1 1 L
0 200 400 600 800 1000
Time steps

Figure 4.6: The angular position z; of the nominal model for the nominal MPC, and x; of the

real plant for the proposed control
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4. Tube MPC with an Auxiliary SMC

40 T w ‘ ‘
s s s —
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Figure 4.7: The angular velocity z5 of the nominal model for the nominal MPC , and z2 of the

real plant for the proposed control
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Figure 4.8: Nominal MPC component of the proposed control

In Figure 4.9 the SMC component of the TMPC is presented. Comparing the
previous two experimental results, it is shown that the disturbance is rejected, but there
is a little chattering in the output signal. The next experiment demonstrates how to

eliminate the chattering phenomenon.
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Figure 4.9: Traditional SMC component of the proposed control

C. Tube MPC with chattering free SMC

The same control and state constraints, defined by eqs. (4.75), (4.76) and (4.77),
respectively, are used herein. The nominal MPC is applied to the nominal model first.
The obtained nominal and real-time system responses are illustrated in Figures 4.10 and
4.11. After that, TMPC with the chattering free SMC is applied to the real DC servo
system. The SMC component is defined by eq. (4.20) and the parameters are A, = 0.3
and K = [—0.0118 — 0.0071]. Figure 4.10 shows that the chattering is eliminated.

The oscillations in SMC component between 0 and 200, as well as 500 and 700
timesteps in Figure 4.13 originate from noise existing in angular velocity signal taken
from tachogenerator (Figure 4.11 ). Therefore, they are not caused by chattering phe-
nomenon. As in the previous experiments, all states and control signals respect the

defined constraints.
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_400____ |
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Figure 4.10: The angular position z; of the nominal model for the nominal MPC, and z; of the

real plant for the proposed control

- == Z22max

L2min

- == Z2min

) 600 800 1000
Time steps

400

200

[s/pe1] uonisod ren3uy

—40

Figure 4.11: The angular velocity z5 of the nominal model for the nominal MPC, and x5 of the

real plant for the proposed control
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Figure 4.12: Nominal MPC component of the proposed control
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4. Tube MPC with an Auxiliary SMC

4.5 Conclusion

In this chapter, the TMPC with a SMC as an auxiliary controller is studied in order
to improve the robustness of the overall system. Due to the presence of the SMC
component, it is necessary to tighten the constraints of the nominal MPC part. The
online calculations for SMC are not time consuming and the use of the SMC in a
TMPC setting allows for the use of a simple nominal MPC which also has modest
online calculation requirements. The traditional and chattering-free SMC algorithms are
introduced in TMPC in order to reject disturbances and to achieve better performances
of the real system. Procedures for calculating the required constraint tightening are
derived for the both cases. The good characteristics of the proposed control algorithms
2 are demonstrated by conducting several digital simulations and real-time experiments

on a DC servo system.

2 All files for the controllers design can be found on http://automatika.elfak.ni.ac.rs/mspasic/
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Chapter 5

Tube Model Predictive Control based
on Laguerre functions with an Aux-

iliary Sliding Mode Controller

This chapter deals with Tube Model Predictive Control (TMPC) based on Laguerre
functions with a Sliding Mode Controller (SMC) as an auxiliary controller. Two types
of SMC are implemented: the traditional one and the robust chattering-free discrete-
time SMC. It is shown how much the constraints of the nominal Laguerre functions based
MPC have to be tightened in order to achieve robust stability and control constraints
fulfilment. The proposed approach is verified by experimental results.

This Chapter is organized as follows. In Section 5.1, the control problem is intro-
duced. The Laguerre functions based MPC design is presented in Section 5.2. Section
5.3 describes two proposed discrete-time sliding mode control algorithms used for the
design of MPCBLF. The novel TMPC based on Laguerre functions with an auxiliary
SMC has been applied to a real DC servo system [100], and the experimental results are

given in Section 5.4. Concluding remarks are given in Section 5.5.

5.1 Problem description
The model of the considered discrete time system is described by
Tpy1 = Az + Buyg + Ewy, (5.1)

the system state , the input, and disturbance are defined as in eq. (4.1). The constraints
on the input and possible range of disturbance are defined as in eqs. (4.3) and (4.4) as
well. The input increment Awy, is also determined at time k&, i.e., Aup = up — Up_1.

It follows from those descriptions that the sets U, and W are polyhedral and it is also

assumed that they are bounded (and thus that the sets are polytopic), of full dimension,
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Auxiliary Sliding Mode Controller

and contain the origin in their interior as in the previous chapter.
If the system state is split into a nominal component z and a deviation from the
nominal € (eq. (4.5)), and the control is split into the input from the nominal Laguerre

functions based MPC v, and the input v from the auxiliary controller
u=v+v, (5.2)

then the dynamics of the system described by eq. (5.1), may therefore be split into the

nominal dynamics zj,; and the deviation from nominal €, as in eqs (4.7) and (4.8).

Zk+1 = AZk + B’Uk, (53)
€xr1 = A€, + By, + Ewy,. (5.4)

At each timestep, the nominal Laguerre functions based MPC solves the problem

miny J(v), (5.5)
subject to
Vyi € {Upgillopgs < v — 07} (5.6)

Here, J(v) is the Laguerre functions based MPC cost function and it is also assumed a
sensible cost function ensuring that the control of the nominal system is stable, and the
one which allows the optimization problem to be solved efficiently. The vector v consists
of present and future inputs from the nominal Laguerre functions based MPC in the
prediction horizon and N is the length of the prediction horizon. All the parameters are
defined as in Section 4.1.

From (5.5), it is clear that 07 have to be found in order to be able to formulate the
nominal MPC.

5.2 MPC based on Laguerre functions

Discrete-time Laguerre functions are obtained using the inverse z-transform of Laguerre

networks and can be represented in a vector form
L= [y log . Ing". (5.7)
The difference equation of discrete-time Laguerre functions is defined as
Ly = ALy (5.8)
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5.2. MPC based on Laguerre functions

where the matrix A;, containing the parameters a (as defined in section 2.2.4) and

B =1 — a? of the Laguerre functions , is given in the following form

a 0 0 0
0 0
a-| ¢ (5.9)
—af I5] a 0
—aV 728 —aV33 .. —aV VB

with the vector of initial condition represented by
LY =Bl —a a®> —d® .. (=D)V N (5.10)

In order to design Laguerre functions based MPC, an augmented state-space model

needs to be used. If the states difference is defined as
Zhtl — Bk = A(Zk — Zkfl) + B(Uk — Uk,l), (511)
and if Az and Av are introduced as

Azk = Zk — Zk-1, (512)
Avk = Vg — V-1, (513)

the augmented state-space model is obtained by connecting Az to the output

Az A 0T |Az B
k+1 _ k + A’Uk,
Yk+1 CA 1 Yk CB

we = |o 1 Aol (5.14)
Yk

The new matrices can be denoted as

Azk A OT
Zkaug _ , A9 — ,
Yk CA 1
B
Baug _ , Caug _ |:0 1:| )
CB

The nominal augmented state-space system model is now described by

2p1 ™ = A9z, " + B Avy, (5.15)

yp = Caugzkaug.
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The constraints on the input signal and its increment are defined in the form of a set of

linear inequalities

,Umin < Ukt < Umaz’ (516)
Av™ < Awypy < Av™?, (5.17)
where ™" ™% Ap™" and Av™® represents the lower and upper limits on the input

and the increment of the input signals, respectively.

The control increment Avy,; is captured by a set of Laguerre functions (5.7), i.e.

N
Avgy; = chklji, (5.18)
j=1
where k and ¢ are the initial time and future sampling instants, respectively, N is
the number of Laguerre terms, and c¢; are Laguerre coefficients. The main goal of
using such parameterization of the control input over the prediction horizon is that it
is calculated with only few Laguerre terms, i.e. Laguerre coefficients, which provides
smaller optimization problem.

Equation (5.18) can be written in vector form as
Avk+i = LiTnk, (519)

where n, = [c1p cor ... cng]T is a vector of Laguerre coefficients. In order to calculate
the control increment Avy, defined as in (5.19), the optimal Laguerre parameters n have

to be calculated and have to satisfy the new set of constraints defined by

O <11, (5.20)
where
Ml A/U’N'La(/;'
7M1 7A,Umin
0= , I = , (5.21)
]\42 pmaT _ Vk—1
—M, —omin gy
and
) (N O
0,7 L," .. 0oF
M, = _ _ _ _ , (5.22)
0.7 0,7 oL, T
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Sl T 0T 0,7
M, — 0,7 Sl 0T
i 0,7 0. Zj;%) L, T_

where n,, is the number of inputs.

The constraints defined by eq. (5.20) are linear in the decision variables and the
provided objective function is convex. There are a number of optimization routines that
can handle this type of optimization problems [103].

The Laguerre functions based MPC signal vy, is applied to the nominal system de-
scribed by eq. (5.3) and to the plant defined by eq. (5.1). The deviation from nominal
system dynamics is then eliminated using the auxiliary SMC. The design of proposed
SMC is described in sequel.

5.3 Auxiliary Sliding Mode Controller Design

To design the auxiliary discrete-time SMC, the deviation from nominal system dynamics

described by eq. (5.4) is considered. The proposed control law is given by
v = —(KB) (K Aey, — gi + 7(gx)), (5.23)

where
gr = Keg (5.24)

denotes the switching function and
g, =0 (5.25)

is the equation for the sliding surface or the intersection of sliding surfaces if n, > 1.

Two control algorithms are proposed: the traditional relay based sliding mode control
(k) = Ausgn(gr)) (5.26)

and the robust discrete-time chattering free sliding mode control [59]
7(gx) = min(/|gx|, Ay )sgn(gr)- (5.27)

Here sgn(gy) is understood to be a vector with elements £1, A, is a diagonal matrix
with constants representing the relay outputs and the min function produces a diagonal
matrix output by applying the scalar min operation to the diagonal elements of the

inputs. Substituting eq. (5.23) into eq. (5.4) and taking account eq. (5.24) yields
Grt1 = gk — T(gx) + K Ewy, (5.28)
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defining the switching function dynamics at time instant k, whereas in the prediction

horizon it is defined by

Gevitt = Grri — T(Ghys) + KBwp, (5.29)
i € {0,1,...,N}

To provide stable switching function dynamics, A, should satisfy the Theorems 4.2.1
and 4.2.2 as well.
Clearly, with v, as in eq. (5.23), taking into account egs. (5.2) and (5.6), it is
obtained that
07 = max(vg) Vi. (5.30)

5.4 Experimental results

The proposed control algorithms are verified on the modular servo system described

in [100]. The transfer function of the DC servo system has the following form

0(s) K,

Gls) = u(s) B s(Tys + 1)

(5.31)

where K, = 184.73 and T, = 1.3s.
By choosing T' = 0.01s for a sampling period, the parameters of the discrete-time

state-space model described by eq. (5.1) is calculated as

A= 5 B = 3

1 001 0.0071
C= [1 0} .
0 0.9923 1.4155

The parameters for design of Laguerre functions based MPC (5.14) are: prediction
horizon N, = 50, number of the Laguerre terms N = 4, Laguerre function parameter
a = 0.4. The parameters of the SMC components for the both auxiliary controllers are
A, =0.3 and K =[-0.0118 — 0.0071], and the reference signal is defined by

0 if Time steps < 50
r =4 40 if 50 < Time steps < 500 - (5.32)
0 if Time steps > 500

First, only the Laguerre functions based MPC is applied to the DC servo system with

the following constraints on control and its increment
—1<u, <1, —0.5<Au <0.5. (5.33)
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Figure 5.1: Laguerre functions based MPC signal increment Au
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Figure 5.2: Laguerre functions based MPC signal u

The results are given in Figs. (5.1), (5.2) and (5.3). It is obvious that the control
signal respects both constraints defined by eq. (5.33), but there is huge difference in the

responses of the nominal model and the real plant.

The constraints on the components of the control input signal and its increments for
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Figure 5.3: The angular position z; of the nominal model, and z; of the real plant for the La-

guerre functions based MPC

the Laguerre functions based MPC with auxiliary SMC are defined by

—0.7 < vy 0.7,
0.2 < A, < 0.2, (5.34)
~0.3 <1, < 0.3,

which satisfy eq. (5.33),ie. -1 <v+v <1,

The Laguerre functions based MPC signal and its increment, respecting constraints
defined by eq. (5.35), are presented in Figs. (5.4) and (5.5).

The traditional SMC defined by (5.23), as an auxiliary controller of TMPC, applied
to cope with the disturbance, is depicted in Fig. (5.6). The response of DC servo
system with Laguerre functions based MPC with auxiliary traditional SMC is given in
Fig. (5.7). It is clear that the disturbance is rejected, but there is a chattering in the
SMC controller signal, leading to slight oscillations in the real state x;.

The next experiment, which uses the control law defined by eq. (5.23) with eq.
(5.27) shown in Fig. (5.8), alleviates the chattering phenomenon significantly in DC
servo system response, given in Fig. (5.9).

74



5.4. Experimental results

0.2 :

0.151 N

01t g

0.051 i

-0.051 b

-0.151 b

Nominal Laguere—based control difference [-0.2,0.2]
o

I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000
Time steps

Figure 5.4: Laguerre functions based MPC signal increment Av when the auxiliary SMC con-

troller is introduced
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Figure 5.5: Laguerre functions based MPC signal v
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Figure 5.6: Traditional SMC component of the proposed control as an auxiliary controller
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Figure 5.7: The angular position z; of the nominal model for the Laguerre functions based

MPC, and 1 of the real plant for the proposed control
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Figure 5.8: Chattering free SMC component of the proposed control as an auxiliary controller
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Figure 5.9: The angular position z; of the nominal model for the nominal MPC, and x; of the

real plant for the proposed control
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5. Tube Model Predictive Control based on Laguerre functions with an
Auxiliary Sliding Mode Controller

5.5 Conclusion

In this chapter, the TMPC based on Laguerre functions with a SMC as an auxiliary
controller is studied in order to improve the robustness of the overall system. Due to
the presence of the SMC component, it is necessary to tighten the constraints on the
control input and its increment of nominal MPC component. The online solving of
constrained optimization problem for MPCBLF is not time consuming and the realisa-
tion of SMC is rather simple. The traditional and chattering-free SMC algorithms are
introduced as auxiliary control part to alleviate disturbances and to achieve better real
system performances. The proposed control laws demonstrate the good system charac-
teristics, which is shown by conducting several real-time experiments on the modular
DC servo system. Using the Laguerre functions based MPC parameters, the size of
the optimization problem is reduced while allowing for large prediction horizons. The
obtained results demonstrate that the performance of the modular DC servo system is
very good. Furthermore, better tracking results compared to the ones presented in [4]

are obtained.
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Chapter 6

Predictive Sliding Mode Control based

on Laguerre Functions

This chapter deals with Predictive Sliding Mode Control (PSMC) that uses Laguerre
functions in the design of a control input signal. Two types of PSMC algorithms are
considered: one originating from the discrete-time equivalent control method approach,
and another containing an additional sliding mode control component that provides the
robustness and determines the system dynamics in reaching mode. A one-step-delayed
disturbance estimator is introduced to account for system nonlinearities and unknown
disturbances, as well as to ensure better system steady-state accuracy. The proposed
algorithms are demonstrated by conducting several real-time experiments on a modular
DC servo system. Robustness of the closed loop, affected by tuning parameter values,

is demonstrated as well.

6.1 Problem Formulation

6.1.1 Mathematical Model of Plant

Consider a discrete-time state-space model of plant given by

T+l — A$k+BUk+dk, (61)
Y = Cl’k (62)

where z; € R™ u € R™, and dj, € R"* represent vectors of system state, control input
signals and disturbances, respectively. To introduce integral action in the controller, the
following augmented state-space model is obtained

Tek+1 = Aexe,k"—BeAuk'i_(sk (63)
Y = Ce-re,k (64)
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where the control increment Awu = u, — ug_; is used as an optimization variable and

Tk I
Tek = ;0 = d; (6.5)
Uk—1 0
A B B
A, = ; Be = ;Ce = |:C 0:| . (66)
0 I 1

It is assumed that the pair (A, B.) is controllable.

6.1.2 Sliding Mode Control

The design procedure for the sliding mode control of discrete-time systems can be carried

out in two steps. The first one involves the selection of a switching function
Gk = K"Ee’k (67)

where rank(K) = n,. Note that G, = 0 denotes a so-called sliding surface, also known
as a sliding manifold, defining the system behaviour in a desired manner. In the second
step, the discrete-time control signal Awy, is selected such that the reaching and existence
conditions of sliding mode are satisfied.

To determine the system dynamics in sliding mode, the equivalent control method
is used [72,73]. Starting with Gpy1 = Kz.p41 = 0, taking into account eq. (6.3), the

equivalent control input signal is obtained in the form of
Auty, = —(KB.) 'K (Ao + 0). (6.8)
Substituting eq. (6.8) into eq. (6.3), the system dynamics in sliding mode is defined by
Tepr1 = (Ae — Bo(GB.) 'GAL) 7oy (6.9)

in the absence of any disturbance. If the system state is close to the sliding manifold,
the equivalent control can drive the system along the sliding surface. However, since

is not available, a one-step-delayed estimator obtained from eq. (6.3) as
Ok = Okt = Teg — Aces 1 + BeAuy_ (6.10)
is usually utilized in design of Auwy
Auy, = —(KB.) 'K (Acze, + 01). (6.11)

Substituting eq. (6.11) into eq. (6.3), using eq. (6.7), the switching function dynamics
is described by

Grir = K (6 — 611). (6.12)
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6.1. Problem Formulation

This control approach belongs to the class of deadbeat controllers with some drawbacks.
The control input signal defined by eq. (6.11) drives the system state to the sliding
manifold at one sampling period T, so it may enter saturation because of its high
calculated values. Therefore, the system dynamics in reaching mode is not defined at
all. Oscillatory motion may also occur in perturbed systems (when the model used is in
error) due to such large control input values, since the system is overcompensated and
the system state crosses the sliding surface at the very next time instants. Finally, if

the disturbance depends on the control input
51@ = 5*k + (ABP)AU]C (613)

where AB, represents the error in B, and §*; is independent of the control input, the
system can either go unstable or produce chattering [63,85]. In the latter case, the

switching function dynamics is defined by
Gri1 = —KAB.(GB.) '[2G}), — Gy_1] + O(T?) (6.14)

and for significant error in the control matrix A B, the poles of the equation (6.14) can be
outside the unit disk in the z-plane. However, it is typically neither necessary nor optimal
to force the system to reach the sliding mode at the very next instant. Therefore, in
order to avoid high control input signals and to determine switching function dynamics in
reaching mode, the additional control component is introduced into the control algorithm

yielding

Auk = — (KBe)ilK(Aefl’e_’k + Sk — xe,k:
+ min (|G|, diag(K))sgn(Gy) (6.15)

and defining the switching function dynamics in the following form

Giy1 =G, — min (|Gyl,diag(K))sgn(Gy)
+ K(6) — 6k-1) (6.16)

where K € R™ is a gain vector. The control signal defined by eq. (6.15) will drive the

system state to the sliding manifold in a finite number of sampling instants if
K>A (6.17)
where
|K(0p — dp—1)| < A (6.18)
and A is a positive vector [104].
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6. Predictive Sliding Mode Control Based on Laguerre Functions

Unfortunately, if the disturbance has the form of eq. (6.13), the system may become
unstable in this case as well. In order to cope with the later issue and to incorporate
and solve the problem of control signal saturation in SMC design, model predictive
control (MPC) is used due to its ability to deal with constraints and stability problem
caused by model error. In this chapter, unlike the algorithm described in [93], Laguerre
functions based MPC is proposed to reduce the number of decision variables making the

optimization problem smaller.

6.2 Predictive SMC based on Laguerre functions

The procedure for using Laguerre functions in the design of MPC is already described

in section 5.2. The control increment is denoted as Awu and is defined by
Augyi = Li" (6.19)

already defined in section 5.2. Herein will be shown how to introduce that approach in
the PSMC design.

The PSMC based on the equivalent control method is considered first. The future
values of the switching function can be obtained by extending eq. (6.7) within the

prediction horizon as follows

Gry1 = Kzeprr = K(Acwey, + BeAuy + 0)
Griz = Kue,, = K(Acwepy1 + BeAujgy + Opq1)
= K(Ae2l‘e_’k + AeBEA’LLk + Aeék + BeAuk-H)

Gk+Np = KCBekJer
= K(Aepin,—1 + BeAupin,—1 + Opsn,—1)
Np—1

= K(AMwe+ Y AlBAuggn,—io1)
=0
Np—1

+ K AlGhin,-ia (6.20)
1=0

Substituting eq. (6.19) into eq. (6.20) one obtain the prediction of the future switching
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6.2. Predictive SMC based on Laguerre functions

function as

m—1
Gram = KAMaep+K() AP 'BL )y

i=0

m—1
+ KO Adiimeio1). (6.21)
i=0

The design goal is to find optimal 7, by minimising a cost function

Np

J =" Grim" Gram + m" Ripi (6.22)

m=1

subject to the constraints defined by eq. (5.20), where R > 0 is a weighting matrix.
The control input increment Awuy is then calculated using eq. (6.19). Unfortunately,
the latter control input does not define the system dynamics in reaching mode. That is
why PSMC, based on the control approach described by eq. (6.15), is considered in the

sequel.

One should expand the difference AGy,,, = Grim—Grim—1 in the prediction horizon
(m =1, N,) first. This gives

AGryr = Krepyr — Koep + Ko
= K(Ac— Dxep + KBAuy, + K,
AGrios = Ko, — Kep
= K(AcTepi1 + BeAugyr + Opi1)
— K(Acxep + BeAuy + 6;)
= K(A, —D)Acxer + K(A. — I)B.Auy,
4 KBAugss + K(Ae — Dog + Koy
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6. Predictive Sliding Mode Control Based on Laguerre Functions

AGhqn,

Substituting eq. (6.19) into eq. (6.23), the latter equation can be rewritten as

AGk+m

KxekJer - Kxekwv 1
K(Ae — ANz
Np—1
K Z AelBeAuk-Q—Np—i—l
i=0
Np—2
K Z AeiBeAukJerfifZ
=0
Np—1
K Z A Oy N, —i1
=0
Np—2
KDY Alopin, i (6.23)
i=0
K(A. — DA™ oy
m—1
K Z AZL*ileELiTnk
=0
m—2
KY  AM?BLTy
=0
m—1
K Z Aez(skwmeifl
=0
m—2
K Z A Cpmia. (6.24)
=0

within the prediction horizon. Now, the desired control should be calculated by mini-

mizing the cost function

Np

J=Y (AGM

=1

(AGker

84

+ " Ry,

+ min (|Gy| ,diag(K))Sgn(Gk)>

+ min ( |Gy ,diag(K))Sgn(Gk)>

(6.25)



6.3. Experimental results

with respect to 7, and subject to the constraints described by eq. (5.20). Again, the
control input increment Auy is calculated using eq. (6.19).
Notice that, if R = 0, the minimization of eq. (6.25) will lead to the predictive model

of switching function dynamics defined by eq. (6.16), represented in the following form

Gk+m+1 = Gk+m — min ( |Gk‘ adlag(K))Sgn(Gk)
4 K (Serm — Orimot) (6.26)

for m = 2,N,. If K is selected according to eq. (6.17), the sliding manifold will
be reached in a finite time within the prediction horizon [4]. By choosing an input
weight R > 0 of significant magnitude, the stability problem is solved in presence of the
disturbance depending on the control input signal.

The both optimization problems, defined by eqs. (6.22) and (6.25), can be handled
by a number of optimization routines [103]. The one used herein, which includes the
Kuhn-Tucker conditions [105], together with Hildreth’s algorithm [106], is described in
detail in [107].

6.3 Experimental results
The modular servo system [100] is used for the demonstration of proposed control algo-
rithms. The transfer function of the DC servo system is

0(s) K,
u(s)  s(Tys+1)

G(s) = (6.27)
where K = 184.95 rad/s, Ty = 0.9 s, and the system states are angular position 6 = 1,
and angular velocity w = 5. It is assumed that the control signal is dimensionless
scaled input voltage, u(t) = v(t)/Vmax Where vy, = 12 V which satisfies |u(t)] < 1.
The discretization is done using Matlab function ¢2d.m, with the sampling time

T = 0.01s, and the following augmented state-space model is obtained

T
1 0.0099 0.0102 0.0102 0
Ac= [0 09890 2.0437| ; Be= {2.0437|;Ce= |0
0 0 1 1 1

The parameters for design of the Laguerre functions based PSMC described in Sec-
tion 6.2 are: the prediction horizon N, = 30, the number of Laguerre terms N = 5,

Laguerre functions parameter a = 0.15, the switching function parameter
K =[-0.0358 —0.0071 0] (6.28)
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6. Predictive Sliding Mode Control Based on Laguerre Functions

Notice that the proposed approach uses four times less parameters in comparison to tra-
ditional MPC [4] and, consequently, provides that the optimization problem is smaller.

The reference signal r is defined by

0 if Time < 0.5s
r=14 40 if 0.5s < Time < 5s - (6.29)
0 if Time > 5s

The constraints on the control signal and its increment are defined as
—1<u, <1; —02< Ay, <0.2. (6.30)

The first type of proposed PSMC based on equivalent control is applied to the DC
servo system and two experiments are conducted in order to compare the performance
of the system with and without the one-step-delayed estimator. The results are shown
in Figs. 6.1 and 6.2. It can be seen that the steady state accuracy is better when the
one-step-delayed estimator is used in the design of the proposed control law.

The control signals, Figs. 6.3 and 6.4, and the corresponding control increments,
Figs. 6.5 and 6.6, respect the constraints defined by eq. (6.30) in both cases. One can
notice that in the steady state, the control signal is not equal to zero. That happens
because of the Coulomb friction and it is in the range of control signal from —0.15 to
0.15. From the previous set of experiments, it is concluded that the one-step-delayed

disturbance estimator is needed to improve the system response accuracy.
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Figure 6.1: The angular position z; for PSMC based on equivalent control method (without the
one-step-delayed estimator).
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Figure 6.2: The angular position 27 for PSMC based on equivalent control method (with the
one-step-delayed estimator).
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Figure 6.3: PSMC u based on equivalent control method (without the one-step-delayed estima-
tor).
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Figure 6.4: PSMC u based on equivalent control method (with the one-step-delayed estimator).
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Figure 6.5: PSMC increment Au based on equivalent control method (without the one-step-

delayed estimator).
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Figure 6.6: PSMC increment Au based on equivalent control method (with the one-step-

delayed estimator).
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Then, the second type of PSMC, with the additional SMC term in the form of
min (|G|, diag(K))sgn(Gy) is implemented. In the first experiment, the second type
of PSMC without the estimator is used to demonstrate the ability of additional control
term to reject the disturbance as good as in the case when the PSMC based on the
discrete-time equivalent control with the estimator is implemented. The additional con-
trol component parameter value was K = 0.1. The system output response is depicted
in Fig. 6.7. In the next experiment, the second type of PSMC is used with the estimator
providing the zero steady-state error, which is presented in Fig. 6.8. The constraints,
defined by eq. (6.30), are respected by the control signal and its increment, which is
shown in Figs. 6.9 - 6.12, respectively.

In order to show the effectiveness of the proposed PSMC, two additional experiments
are performed. It is demonstrated how the choice of the tuning parameter R affects the
robustness of the closed loop. The PSMC is using a model where the value of B matrix
is 40 % larger than the true value. Fig. 6.13 shows that the system is unstable with the
tuning factor R = 0.1, while in Fig. 6.14 it is stable and has good performance when
choosing R = 10. Next two figures illustrate system robustness when the additional
SMC term is used. Stable system with the oscillations in the output response with
R = 0.001 is presented in Fig. 6.15. In order to suppress the oscillations, tuning factor
is chosen to be R = 0.1, which is demonstrated in Fig. 6.16.

Angular position [rad]

Time [s]

Figure 6.7: The angular position 1 for PSMC with the additional SMC term
(K =0.1, R =10, without the one-step-delayed estimator).
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Figure 6.8: The angular position x; for PSMC with the additional SMC term
(K =0.1, R =10, with the one-step-delayed estimator).
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Figure 6.9: PSMC with the additional SMC term
(K =0.1, R =10, without the one-step-delayed estimator).
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Figure 6.10: PSMC with the additional SMC term
(K =0.1, R = 10, with the one-step-delayed estimator).
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Figure 6.11: PSMC increment with the additional SMC term
(K =0.1, R = 10, without the one-step-delayed estimator).

92



6.3. Experimental results

PSMC increment

Figure 6.12: PSMC increment with the additional SMC term
(K =0.1, R =10, with the one-step-delayed estimator).
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Figure 6.13: The angular position x; for PSMC based on equivalent control

(perturbed system; K = 0.1, R = 0.1, with the one-step-delayed estimator).
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Figure 6.14: The angular position x; for PSMC with the additional SMC term
(K =0.1, R = 10, with the one-step-delayed estimator).
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Figure 6.15: The angular position x; for PSMC with the additional SMC term
(perturbed system; K = 0.1, R = 0.001, with the one-step-delayed estimator).
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Figure 6.16: The angular position z1 for PSMC with the additional SMC term
(K =0.1, R = 0.1, with the one-step-delayed estimator).

6.4 Conclusion

In this chapter, an approach to design of Predictive Sliding Mode Control (PSMC) based
on Laguerre functions has been studied. Two PSMC algorithms are presented . The
first one came from the discrete-time equivalent control method approach, which belongs
to the class of deadbeat control laws and implies that the reaching law is not defined at
all. The second one is based on the chattering free reaching law method resulting in the
control signal with an additional Sliding Mode Control (SMC) component as proposed
by [59]. In that way, the system dynamics under the reaching law is fully determined
and the system robustness is improved. By using the Laguerre functions for PSMC, the
online optimization problem is smaller and possibly can be solved faster compared to
the traditional Model Predictive Control (MPC) approach. The constraints on control
input signal and its increment are incorporated, which is impossible to achieve with
traditional SMC. The stability problem of SMC, which may arise when the disturbance
depends on the control input signal, is overcome by using a sufficiently large weight R.
Improved system steady-state accuracy is achieved by introducing the one-step-delayed
disturbance estimator in the proposed control algorithms, in order to reduce the effects
of system nonlinearities and disturbances further. This combination of MPC and SMC

is demonstrated by experimental results.

LAl files for the controllers design can be found on http://automatika.elfak.ni.ac.rs/mspasic/
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Chapter 7

Summary and future work

This chapter provides the summary inferred based on the work presented in this thesis.
Additionally, Chapter 7 includes possible suggestions for future work for the presented

control framework.

7.1 Conclusions

The work presented in this thesis is focused on the development of new control algorithms
that provide the key properties of two different control methodologies. The reason
for focusing on MPC and SMC was to obtain a robust controller that can be used
in real-time, cope with defined constraints, and does not have prohibitive calculation
requirements.

In the method presented in Chapter 3, an improved control system robustness is
achieved using GPC in combination with SMC. GPC has been used as a replacement
for the so-called equivalent control method within the traditional SMC approaches,
which provides improved control system robustness.

TMPC with SMC as an auxiliary controller has been presented in Chapter 4. The
original TMPC formulation has been used to emphasize the effect of SMC, as a low
calculation demanding auxiliary controller, on the robustness properties of the controlled
system. The procedure for calculation of constraints tightening is also given. Both SMC
control laws, the traditional and chattering-free ones, are used in order to represent the
proposed SMC control components.

Introducing the discrete-time Laguerre functions in the design of MPC was presented
in Chapter 5. This chapter shows a way of implementation of the orthogonal-based func-
tions in the design of MPC. That provides a smaller number of the MPC design param-
eters, which could affect the reduced computational burden when the large prediction
horizon is needed.

Chapter 6 represents the PSMC approach that uses Laguerre functions in the de-
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sign of the controller. In order to obtain improved system robustness and steady-state
accuracy, the one-step delayed disturbance estimator has also been included, which ad-
ditionally affects better system response and its robustness.

Simulation and real-time experimental results corroborate the theoretical background

of all presented control algorithms.

7.2 Future work

The main drawback within SMC is a chattering phenomenon. In this thesis, so-called
boundary layer control has been used for the reduction of a chattering. One idea for
future improvements of presented algorithms can be realized by comparing these algo-
rithms with the ones where the SMC component is of a higher order. Higher-order SMC
is known as a method which is able to reduce the chattering effect while maintaining
good stability properties. Another approach can be realized using integral sliding mode
control (ISMC), which provides an "ideal" SMC and robustuess of the controlled system
since the initial time instant.

Orthogonal functions are widely used in the control systems and system identifica-
tion area. The main advantage of introducing Laguerre functions for the design of the
controller based on the orthogonal functions refers to the simplicity of the design proce-
dure. Possible future work will be directed to employing some other orthogonal based
functions in the design of MPC. The idea lies in opportunity for using complex poles,
besides the real ones (as it is the case with Laguerre functions), in their structures. This
approach will require a little more effort when it comes to programming, but it can
allow more efficient tuning of the controller for obtaining the desired closed-loop system
response.

Another direction for future work is to adapt the presented algorithms for its imple-
mentation on Arduino and programmable logic controller (PLC) platforms. This will

make the used approaches available in an educational setting.
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Appendix A

Proof of Theorem 4.2.1

The vector sequence (gx, gk+1, - - -, Jeris - - -) , denoted by (gg1i), converges point-wise to
the limit g € R™ if each element of gx,; converges to the corresponding element in g.
In other words, (gg+;) is convergent if lim gyy; = g, i.e. if for every real vector ¢ > 0

there exists the natural number N,(¢), such that
|gkz+i — g| < €, Vi > Nu(ﬁ) (A].)

(gr+i) is the positive (negative) vector sequence if gr; > 0 (g4 < 0) fori =0,1,2,....
For multiple-input systems, it is probable that the elements of vector g, have different
signs, as they represent the switching functions of SMC inputs. After splitting the vector
gr onto two sub vectors g and g; with separated positive and negative elements of g,

respectively, eq. (4.17) can be rewritten as
91:7+z‘+1 = gl:ri - A;rSgn(gljﬂ) + (KE)JFW;H (A.2)
Givir1 = Gis — Ausen(gy,) + (KE) w, (A3)
where A}, Ay (KE)" (KE)™ , wf,, and w;_, are diagonal matrices and sub vectors
obtained from A, , KE and wy; by extraction. Similarly, the theorem’s condition given
in eq. (4.18) can be expressed by
ALl > QF > maz|(KE) w) | (A.4)
A1 > Q7 > maz|(KE) wy | (A.5)

and the domain G defined by eq. (4.19) as

G=GTuUG~ (A.6)

with
GT = {gi 1 9] <AL+ QT (A7)
G = {gk_+i : ‘gk_-ul < A;l+ Q_} (A~8)
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It is obvious that (g;,) and (g,.,), defined by eq. (A.2), are positive and negative
sequences, respectively.

Let us prove now that (g,;li) enters the domain G in finite time for kg < i < N
and remains in that area. The proof is similar in the case of (g, ;) with respect to G™.
If eq. (A.4) is true, then

gij+z‘+1 - g/c++i = *Angn(gljﬂ) + (KE)JFU’/?H

< =Af1+Q" <0 (A.9)

+ + . .. . .
and g, ;. < gp,; so there exists a positive diagonal matrix

+

Qi = diag{gy; Gei - Gt} (A.10)
O<q,<Lji=12..,n5nf +n, =n,) (A.11)

such that
Givinr = Qrrigl Quei <1 (A.12)

where g/, and g, (p € N) can be written as

ki1
Gy = ( II QJ)g;? (A.13)
j=k

k+i+p—1
gljJrier = ( H Qj).qk+ (A.14)
=k

giving the following inequality (e > 0)

|gl:r+i+p - 91:+i|
ki1 Eti+p—1
j=k I=k+i

According to Cauchy‘s theorem, the convergence of vector sequence (gx;), satisfying

<€

(A.15)

eq. (A.15), is proved. Its convergence domain is
G ={gt,  lgrul > Af1+ Q") (A.16)

directly satisfying eq. (A.12).

Let us now show that system trajectory enters the domain G in finite time. The
sequence (g7, ;) converges inside domain G, so it is limited and Zlgrolo gt = gL . Assume
that g > AF1+QF . According to eq. (A.2)

ki1
91:4-1‘ =gy - Z (Ayl- (KE)+”LU;+]‘)- (A.17)

J=0
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Suppose that gkti never enters the domain G*. For ¢ — oo , we obtain

> (AfL— (KB w],,) < gf —Af1-QF. (A.18)
7=0
Equation (A.18) implies that the vector series
D (AL (KE) )
=0

is convergent, and its general element At1 — (K E)*w,;:j converges to zero as j — oo,
ie.

Afl=lim ((KE)Tw{,;) (A.19)

]—)OO
that contradicts eq. (A.4), and the initial assumption that g,:’ﬂ. never enters the domain
G is false. Moreover, g, ; enters the domain G* at time instant ko which is bounded

by the maximal element of vector
Fo = int (&1L 9990 (] - A71-9) ) +1
(A.20)

It is obvious that the length of the prediction horizon N should be greater than kg
and selected in accordance with eq. (A.20).
We will now show that for every kg < ¢ < N, _qktri remains in the domain G*. Let

Sk € GT ={gi; 1 0 < g, <AJ1+QF}. Then, according to eq. (A.2), we have

-Af1-0f (A<4) —AN1+ (KE) wl,,, (A.21)
(:4) g]:"ko A+1 + (KE) wk+k0

= Gluen 5,20 <AIL+O

and thus g/, does not leave the domain G*. This is also true when g, € G* =
{gif; : —AT1—QF < g, <0} since

ALY < 20t (A.22)
(A1)
+
(54) —QF + (KE) wl,,,
< =AM1-QfT+AML
(A1)
+ (KE) warko
(54) Tikort = Grpwe T AUL
+ (KE)* wk+k0
< Af1+0QF
(A1)
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7. Summary and future work

The case g1 <0 and gt . & GF for g7, g, > AF1+QF is not possible since
92_+k0+1 = g::_-i,-ko - A:l (A.QS)

(KE)erljJrko

OF + (KE) wy,,, > 0.

Vo o+

Similarly, the case g, ., > 0and g/, ., ¢ G for g, g/, < —AF1—QF cannot

happen as

Grkor1 = Grawe T AL (A.24)
+ (KE)+w2'+k0
< —Qt+ (KE)twi,, <0.

Therefore, we have proven that gk++1co+1 € G and, by induction, the latter can be

generalized to
I horm € G, (A.25)

for every m > 0. The sign of g, may change at each time step, causing the chattering
in that way, but g will stay in G*. Having demonstrated that eq. (A.25) is satisfied if
eq. (A.4) is valid, the proof ends.
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Appendix B

Proof of Theorem 4.2.2

Assume that g ¢ G. Then, eq. (4.22) becomes eq. (5.29) and the proof is similar to
the one discussed in Appendix A. This means that gyy, € G where kg is determined
by eq. (A.20). Let g] be the j element of g and assume that corresponding element
(KEwy1x,)? <0 . Then

gi+k0+1 = gi+k0 - 53@ - |(KEwk+ko)j| (B-l)
< WV — |(KEwp,p, )|
< 8 — [(KEwgyr,)|
< &

where 67 and / are the j elements in the diagonal of A, and in vector €, respectively
. Then, from egs. (B.1) and (4.22) we have

9£+k0+1 = (KEwgyk,) € &7 (B.2)
If (KEBwgyg,)? > 0, giﬂ- will continue to decrease and, after k; time instants
ky = int (67 + ) 7161 — 7)) + 1 (B.3)

gi-&-ko-&-kl € {gi+i : _52; -V < gi-;-i <0} and

Thikorkirr = Gorkork + 00 (B.4)
+ (K Bwgsrgir,)’|
> —V + [(KEwgs kg 1h,) |
> =00+ [(K Ewgyngin, )|
> -0

Meanwhile, if K Ew; < 0 for some i > k + ko then egs. (B.1) and (B.2) stand. It is
implied by egs. (B.4) and (4.22) that, from ¢ = ko + &

g£+k0+k1+1 = (KEwarkoJrlﬂ)j € e (B5)
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7. Summary and future work

From eqs. (B.2) and (B.5) we have that once gi enters G, it will stay in it, i.e.
Ohriv1 = KEBwp; € G

and, therefore, there is no chattering in sliding mode.
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