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,is paper is concerned with liquid sloshing in a partially filled container due to 3-dimensional vehicle motion.,e liquid sloshing
is described by a set of linear modal equations derived from the potential flow theory, which can be applied to liquid sloshing
induced by arbitrary combination of lateral, longitudinal, and rotational excitations.,e sloshing force andmoment are expressed
with a set of hydrodynamic coefficients that are determined by the linear velocity potential. ,ese coefficients can be precalculated
and incorporated into the motion equations of the vehicle system so that a fully coupled vehicle-sloshing model is available. In
addition, we propose an approach to calculate the hydrodynamic coefficients using the outputs of commercial frequency-domain
boundary element software in order to maximize the efficiency of modelling and computation. ,e accuracy of the proposed
model is examined by comparison with available CFD andmodel test data in the literature.,e case of a road tanker encountering
a road bump during acceleration/braking is investigated. Results show that the tank rotational motion will affect the amplitude
and the sloshing force, and neglecting tank rotation may lead to underestimation of the sloshing force magnitude.

1. Introduction

Liquid sloshing frequently takes place when vehicles car-
rying partially filled tanks are subject to acceleration and has
attracted researchers’ interest in the fields of aerospace,
marine, road, and rail engineering. Sloshing in zero-gravity
environment has been investigated for space vehicles with
partially filled fuel tanks [1]. In marine vessels such as oil and
gas tankers, the sloshing induced by ocean waves and its
coupling with the ship motion have been extensively in-
vestigated [2–4]. In road/rail vehicles, the most well-known
circumstance is the sloshing induced by the accelerating,
braking, and turning manoeuvring of vehicles. Abrupt ve-
hicle acceleration would cause transient sloshing in the tank,
which would last for a period of time even after the external
excitation vanishes. Previous studies [5, 6] have shown that
liquid sloshing is often an undesirable phenomenon which
may increase the risk of rollover and reduce the manoeu-
vrability of the vehicle. In addition, sloshing exerts extra

force and moment on the vehicle as well, which affects the
running safety and the structural integrity of the vehicle. In
practice, baffles are often installed in liquid tanks to reduce
the sloshing effect [6–10].

Sloshing has been studied by numerical methods such as
the finite element method (FEM) [11], the computational
fluid dynamics (CFD) method [3, 12], or the smoothed
particle hydrodynamics (SPH) method [13, 14]. For most
practical problems, the sloshing is determined by both the
tank properties and the motion of the vehicle carrying it. As
a result, coupled vehicle-sloshing analysis often requires
iterative interaction between two different solvers. For ex-
ample, the coupled SPH-FEM analysis in [2], coupled BEM-
CFD in [4], and BEM-FEM [10, 15] studies in offshore
engineering have been carried out. Although effective in
solving violent coupled vehicle-sloshing problems, the
computational effort is intensive. On the other hand, it has
been observed that if the sloshing is relatively mild, the free
surface does not break and the sloshingmotion is not chaotic
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[16], and its motion pattern is analogous to a mechanical
system. ,erefore, many past studies simplify the sloshing
liquid into a spring-mass [17, 18] or a pendulum [19, 20]
system. ,e complication encountered in this approach is
that since the mechanical analogy is not based on the fluid
theory, it is hard to derive the parameters (mass, stiffness,
damping, and natural frequency) of the analogical model
directly, unless the tank geometry is simple such as a
rectangular tank. A CFD analysis or a model test has to be
carried out in advance to calibrate the parameters of the
mechanical model. In this way, the expensive computational
cost of CFD simulations still cannot be avoided although a
fully coupled mechanical liquid-vehicle model could be
established. In addition, most of the current studies based on
mechanical models focus only on sloshing excited by
translational accelerations, while in reality vehicle rotation
will also take place when travelling on uneven road surface,
such as a road bump. Unfortunately, studies accounting for
the effect of vehicle rotational motion on liquid sloshing
motion are rare.

For an incompressible, inviscid, and irrotational fluid,
sloshing motion satisfies the Laplace equation and can be
described by a velocity potential. Based on the linear po-
tential flow theory, the simplified fluid motion can be de-
scribed by a set of linear modal equations in a similar form as
the motion equation of a mechanical analogy model. In
1998, Bogomaz et al. [21] proposed that the liquid sloshing
be considered as a set of pendulums whosemass and stiffness
properties are related to the hydrodynamic coefficients that
are dependent on the tank geometry and fluid density. Since
simple analytical solution to these coefficients may not exist
for random tank shapes other than simple geometries such
as rectangular or vertically placed cylindrical tanks, it is
highly desirable that a computationally efficient numerical
approach still needs to be established for evaluating the
hydrodynamic coefficients. For example, both linear and
nonlinear boundary element methods [8, 22] have been
employed to evaluate the hydrodynamic coefficients by
solving the velocity potential. Semianalytical methods to get
the velocity potential and eigenvalues for certain tank ge-
ometry have also been investigated [23]. A lot of commercial
programs are able to solve the linear sloshing problem in-
duced by harmonic external excitations, but for transient
sloshing, extra effort is needed for the frequency domain
solution due to the frequency-dependent properties.

,is paper studies the sloshing problem inside a road
tanker that is subject to an abrupt acceleration. ,e 6-DOF
liquid motion is described by modal equations based on
linear potential flow theory. A commercial BEM solver is
employed to evaluate the hydrodynamic coefficients for
modelling the sloshing motion. ,e accuracy of the pro-
posed approach has been examined by comparing the results
with available CFD simulations and model test results that
are available in the open literature. A parametric study has
also been carried out to investigate the liquid sloshing under
combined 3-dimensional vehicle translational and rotational
prescribed accelerations. In particular, the effect of vehicle
pitch motion due to a road bump or a road pit on the liquid
motion and sloshing force is examined.

2. Liquid Sloshing inside Container

Consider a rigid container partially filled with liquid, with
the Cartesian coordinates system shown in Figure 1.
According to the linear potential flow theory, the fluid is
assumed to be incompressible, inviscid, and irrotational.
Under the assumptions, the velocity field of the fluid in the
entire fluid domain can be described by a velocity potential ϕ
which satisfies the continuity equation, i.e.,

z2ϕ
zx2 +

z2ϕ
zy2 +

z2ϕ
zz2 � 0. (1)

On the free surface y= η, the kinematic (2) and dynamic
free surface boundary conditions have to be satisfied:

zϕ
zn

− ∇η · ∇ϕ �
zη
zt

, (2)

zϕ
zt

+ gη +
1
2
(∇ϕ)

2
� 0. (3)

,e above boundary conditions are nonlinear. Higher
order terms come from the convective derivatives in
equation (2) and the kinetic energy term in equation (3).
For linear sloshing problems, the free surface elevation is
considered to be small. ,us, the higher order terms in
the above equations are neglected. ,e boundary con-
ditions are linearized as below at the mean water level as
η⟶ 0:

zϕ
zy

�
zη
zt

onMWL, (4)

zϕ
zt

+ gη � 0 onMWL. (5)

Note that the assumption that the free surface elevation is
small is appropriate for gentle and mild sloshing discussed in
this paper. When violent sloshing takes place, the contribution
of the higher order terms should not be neglected. Further, the
solid-wall boundary condition is satisfied on the rigid tankwall:

zϕ
zn

� vn on SB, (6)

where η is the free surface elevation and vn is the velocity of
rigid body motion on body surface SB. In addition, since the
fluid domain in sloshing problem is a confined space and the
free surface is non-breaking in potential flow problems, the
fluid in tank should satisfy overall fluid volume conserva-
tion, which requires the integral of free surface elevation on
the mean water level to be zero:

􏽚 η dx dy � 0 onMWL. (7)

,e boundary value problem (1) and (4)–(7) is solved
analytically by separating the total velocity potential into
three parts, namely, the rigid body motion, the liquid ve-
locity induced by free surface elevation, and the Stokes–
Joukowski potential. By integrating both sides of the
equation and utilizing the orthogonality property, the
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sloshing in liquid tank can be expressed by a series of modal
equations as [16]

€βj + ω2
jβj � Kj(t), (8)

Kj(t) � −
λ1j

μj

( €η1(t) − gη5(t))

−
λ2j

μj

( €η2(t) + gη4(t)) − 􏽘
6

k�4

€ηk(t)λkj

μj

,

(9)

where βj is a generalized coordinate, ωj is the circular natural
frequency of the j-th sloshing mode (note that j can be an
integer for 2D sloshing or an integer pair j= (a, b) for 3D
sloshing), and η1, η2, η4, η5, and η6 denote the prescribed surge,
sway, roll, pitch, and yaw motions of the sloshing tank, re-
spectively. Equations (8) and (9) show that η3, which denotes
the heave motion of the tank, does not show up in Kj(t), which
means a pure heave motion will not induce liquid sloshing.
However, in the coupled fluid-vehicle problems, if there is a
coupling of heave motion with other DOFs in the vehicle
motion equation, the heave motion still has to be considered
and a 6-DOF equation ofmotion needs to be established. λi and
μi are the hydrodynamic coefficients corresponding to the j-th
sloshingmode;Kj(t) is jointly determined by external excitation
and hydrodynamic properties of the fluid.

,e hydrodynamic parameters corresponding to the j-th
sloshing mode are given by [16]

μj �
ρg

ω2
j

􏽚
􏽐 0

f
2
jdx dy, (10)

λ1j � ρ􏽚
􏽐 0

fjx dx dy, (11)

λ2j � ρ􏽚
􏽐 0

fjy dx dy, (12)

λ4j � ρ􏽚
􏽐 0

fjΩ4dx dy, (13)

λ5j � ρ􏽚
􏽐 0

fjΩ5dx dy. (14)

,e hydrodynamic parameters are derived from the free
surface shape function fj and the Stokes–Joukowski potential
Ωij, with the same scale of mass. ,e sloshing force and
moment are calculated by solving the modal equation

(equations (8) and (9)), given that all the prescribed motion
and hydrodynamic parameters are known. Neglecting the
sloshing moment induced purely by Stokes–Joukowski
potential and considering only the effect of free surface
vibration, the sloshing force and moment components can
be written as [16]

F1(t) � − 􏽘
∞

j�1
λ1j

€βj, (15)

F2(t) � − 􏽘
∞

j�1
λ2j

€βj, (16)

F3(t) � 0, (17)

M4(t) � − 􏽘
∞

j�1
gλ2jβj + λ4j

€βj),􏼐 (18)

M5(t) � − 􏽘

∞

j�1
− gλ1jβj + λ5j

€βj),􏼐 (19)

M6(t) � − 􏽘
∞

j�1
λ6j

€βj. (20)

,erefore, the fluid-induced force and moment can be
decomposed into an inertial term that is equivalent to a solid
mass, and a sloshing term induced by liquid vibration inside
the tank.

3. Frequency Domain Numerical Solution

,e velocity potential required for calculating the hydro-
dynamic coefficients in equations (10)–(14) can be solved
numerically by frequency-domain boundary element
method. A lot of highly efficient BEM programmes are
available, most of which are designed to solve harmonic
potential problems, apply nonhomogenous boundary con-
ditions on the tank surface, and solve velocity potential
induced by each degree of freedom of the rigid body motion
[24]. In this way, the influence of fluid is simplified into
added mass terms that can be incorporated into the rigid
body motion to account for the sloshing effect, without
introducing extra degrees of freedom. By taking advantage of
Green’s second identity and by using a fundamental solution
that satisfies the Laplace equation (equation (1)), the velocity
potential at any point within the fluid domain except for the
source point is expressed as an integral on the wetted surface
of the tank [25]:

Φ(P) � 􏽚
S

zΦ(Q)

zn(Q)
G(P, Q) − Φ(Q)

zG(Q)

zn(Q)
􏼢 􏼣dS. (21)

,e fundamental solution G(P, Q) is the wave source
function, determined by field point P(x, y, z) and source
pointQ(x0, y0, z0), satisfying free surface boundary condition
and may be written as [26, 27]

Z

X
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O

Figure 1: Coordinate system of linear sloshing problem.
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(P, Q) �
1
r

+
1
r′

+
2K

π
􏽚
∞

0
dk

(k + K)

k sinh kH − K cosh kH
e

− kH
J0(kR),

(22)

r �

��������������������������

x − x0( 􏼁
2

+ y − y0( 􏼁
2

+ z − z0( 􏼁
2

􏽱

, (23)

r′ �
�������������������������������

x − x0( 􏼁
2

+ y − y0( 􏼁
2

+ z − z0 + 2H( 􏼁
2

􏽱

, (24)

where J0 is the Bessel function of zero-th order, K is the
infinite depth wave number, and H is the water depth.
Alternative forms of fundamental solution also exist, such as
in [28, 29]. ,e free-surface Green function for external
domain as in equations (22)–(24) is presented here because
the velocity potentials in the external and internal domain
are solved together in the commercial program.

,e velocity potential can be solved in both the time
domain and frequency domain. For a time domain solution,
a transient Green function has to be applied in order to take
into account the memory effect of the fluid, which includes a
convolution integral that has to be evaluated from the
current time step back to a certain period of time [30]. A less
time-consuming way is to solve the problem in frequency
domain and convert the results to time domain by the in-
verse Fourier transform. Essentially, the approach regards
the input excitation force and the resultant fluid response as
the superposition of a series of harmonic components. In
this way, the velocity potential at each calculated frequency
will be considered as periodical:

Φ(x, y, z, t) � Re Φ(x, y, z)e
− iωt

􏼐 􏼑. (25)

If the 6-DOF external excitation ηi is periodical, i.e.,

ηi � Re Aie
− iωt

􏼐 􏼑, (26)

where ηi � (η1, η2, η4, η5, η6)T is the 5 components of the
prescribed tank motion.,en, the modal response βm can be
written as [16]

€βm � Pm€ηi, (27)

Pm �
ω2

ω2
m − ω2 􏼠 −

λ1m

μm

, −
λ2m

μm

,
1
ω2

gλ2m

μm

−
λ4m

μm

, −
1
ω2

gλ1m

μm

−
λ5m

μm

, −
λ6m

μm

􏼡,

(28)

where λ1m is the hydrodynamic coefficient. ,e resultant
sloshing force and moment induced by the m-th mode may
be written as

Fm � − M€ηi + Qm
€βm) � − (M + A)€ηi,􏼐 (29)

where βm is the modal displacement, sloshing force Fm is
written in 5× 5 matrix form, andM is the liquid mass matrix
considered as solid. Qm is the transfer function between
modal response β and the sloshing forces in 5×1 matrix
form, which can be summarized from equations (15)–(20):

Qm � − λ1m, − λ2m,
gλ2m

ω2 − λ4m, −
gλ1m

ω2 − λ5m, − λ6m􏼠 􏼡

T

.

(30)

Equation (25) shows that if the excitation is periodical,
the effect of sloshing is like changing the mass of the body by
an amount of A. ,us the matrix A is called added mass
matrix. ,e added mass can be either positive or negative.
Note that when the added mass is negative, the “resultant”
mass of the tank becomes lighter which makes the tank more
likely to capsize. If more than one sloshing modes are
considered, the total added mass should be the sum of the
modal component corresponding to every sloshing mode.
,e added mass can be calculated by the integration of total
radiation potential at the tank wetted surface [25]:

Aij � ρB
S
φjnidS. (31)

Note that the off-diagonal terms Aijmeans the effect of i-
th DOF on j-th DOF, which is the coupling effect between
different DOFs. φj is the radiation potential component of
the j-th mode, while ni is the normal vector of the i-th mode.
In marine applications, the added mass terms is in-
corporated into the total mass of the marine structure, so
that the water effect is fully described by added mass alone,
without additional DOFs to the motion equation. ,e wave
load has a spectral nature and as a result a steady-state
solution can be achieved. However, the excitation due to
vehicle operation such as sudden braking is highly transient.
,e duration of the acceleration can be several seconds only.
Since the discontinuous and transient excitation make it
difficult to apply the spectral method and Fourier transform,
the added mass calculated for steady-state sloshing cannot
be directly used in transient sloshing analysis. In view of this,
we explore the possibility of utilizing existing hydrody-
namics software for use in marine engineering, with some
modification and postprocessing, to solve the transient
sloshing problem under vehicle operation. Alternatively, one
may also compute the hydrodynamic coefficients by solving
the eigenvalues and eigenfunctions of the homogenous
boundary value problem by changing equation (6) into a
homogenous boundary condition.

From equations (25)–(30), it can be found that the added
mass terms are functions of the hydrodynamic parameters
λ1m, λ2m, and μm and natural frequency ωm, in the following
form [16]:

A11 � 􏽘
∞

m�(1,0)

λ21m

μm

ω2

ω2
m − ω2, (32)

A22 � 􏽘
∞

m�(0,1)

λ22m

μm

ω2

ω2
m − ω2, (33)

A15 � 􏽘
∞

m�(1,0)

gλ1m

ω2 + λ5m􏼠 􏼡
λ1m

μm

ω2

ω2
m − ω2, (34)
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A24 � 􏽘
∞

m�(0,1)

−
gλ2m

ω2 + λ4m􏼠 􏼡
λ2m

μm

ω2

ω2
m − ω2. (35)

Note that the above added masses are induced by the
liquid sloshing mode only.

4. Sloshing in Cylindrical Tank during Turning
or Braking

4.1. Derivation of Hydrodynamic Coefficients from Added
Mass. From equations (32)–(35), it can be seen that five hy-
drodynamic coefficients λ1m, λ2m, λ4m, λ5m, and μm are related
to four added mass terms A11, A22, A15, and A24. In order to
calculate these hydrodynamic coefficients using the added mass
results, the free surface shape of each vibration mode has to be
assumed as an extra equation, or there will be one more un-
known equation than established equations. For longitudinal
sloshing, the free surface shape is in sinusoidal form. But for
lateral sloshing in cylindrical tanks, the free surface shape does
not have a simple analytical form. In the following analysis, we
assume that the free surface of lateral sloshing is still a trigo-
nometric function, which is proved to be accurate enough,
though it does not strictly satisfy boundary conditions in
equations (4)–(6).

If the lowest mode only is considered while all other
higher modes are neglected, the hydrodynamic coefficients
are calculated using added mass at infinite frequency. With
the free surface shape known, the required hydrodynamic
coefficients can be solved using equations (10)–(14) and
(32)–(35). If higher order modes are considered as well, the
added mass contributed by each sloshing mode needs to be
calculated by fitting the numerical results to the analytical
function (equations (32)–(35)). ,e commercial BEM
program HydroSTAR will be used in the following studies
for calculating added mass terms. It is expected that higher
order modes will have lesser influence on the values of the
added mass. Only the first three sloshing modes are
employed for calculation of hydrodynamic coefficients (λ
and μ), sloshing forces, and moment.

4.2. Comparison between Analytical and Numerical Results.
Consider the case of a partially filled rectangular tank where
analytical solution is available in [16]. ,e tank has a length
L� 8.0m, width B� 2.0m, and a liquid filling depth d� 0.8m.
,e numerical model of the rectangular tank is shown in
Figure 2.,e origin of the coordinate system is at the centre of
the rectangle on the mean water level, and the x direction is
along the length of the rectangle, as can be seen in Figure 2.,e
numerical model consists of 470 panel elements. It can be seen
from the analytical solution to the added mass as expressed in
equations (32)–(35) that added mass becomes infinite at
sloshing natural frequencies. To avoid the singularity problem,
an artificial damping term is added to the velocity potential by
adding an imaginary term to the boundary condition on the
tank wall according to [25] in the following form:

zϕ
zn

� vn + iεk0ϕ, (36)

where ε is an arbitrary damping coefficient.,e simulation is
performed within a frequency range from 0.1 rad/s to
5.0 rad/s, which is deemed large enough to capture the
fundamental sloshing frequencies of concern. Added mass
properties are determined at a frequency of 50.0 rad/s which
is deemed far away from the sloshing periods so that the
effect of the damping is negligible. Figure 3 shows the added
mass A11 and A22 with respect to the excitation frequency
with the inclusion of viscous damping. ,e results show that
in the calculated frequency range, three longitudinal natural
sloshing frequencies are captured at ω� 1.05 rad/s, 2.95 rad/
s, and 4.25 rad/s, while only one lateral natural frequency is
found to be prominent at 3.65 rad/s. It should be noted that
for longitudinal sloshing, higher order sloshing modes also
have contribution to the added mass while lateral sloshing is
predominated by the fundamental sloshing mode.

,e hydrodynamic coefficients required for calculating
transient sloshing are then evaluated based on the added
mass results and compared with available analytical solution
reported in [16]. Table 1 shows the hydrodynamic co-
efficients when only the fundamental sloshing mode is
considered. It can be seen from Table 1, the results obtained
numerically match well with those by analytical solution.
Some minor differences exist which may be explained as due
to the neglect of the 3D effect in the numerical model. Due to
the effect of higher order modes, the parameters of the
longitudinal sloshing have more difference than those of the
lateral sloshing when compared to analytical solution.

When considering the two higher order modesm� (1, 0)
andm� (3, 0) for longitudinal sloshing and fitting the added
mass data with the added mass expression with three
components, the hydrodynamic parameter results are closer
to the analytical results with λ1(1,0) � − 23505 kg and
λ5(1,0) � 13907 kgm. ,e magnitude of λ1(1,0) and μ(1,0) is
reduced by ruling out the contribution of higher order
sloshing modes.

4.3. LongitudinalSloshing InducedbyBraking. In this section,
the liquid sloshing in horizontal cylindrical tank modelled as
shown in Figure 4 is studied. Numerical method has to be
applied in order to calculate the natural frequency and hy-
drodynamic coefficients of this tank geometry. As stated in
Section 4.1, the hydrodynamic coefficients are calculated by
fitting equations (32)–(35) into the added mass output, with a
prescribed free surface shape function. Cosine function is
chosen as a free surface shape function in this case because for
longitudinal sloshing it satisfies the boundary condition in
equation (7). ,e validation case of sloshing during braking
refers to [22], in which the tank is subject to a 0.1g de-
celeration with a linear ramp function from t� 0.0 s to
t� 2.0 s. ,e sloshing force and moment are then calculated
using a direct BEMmethod and CFD simulation.,e tank has
a length L� 5.75m and radius R� 1.2m. ,e tank is filled
with water at two filling levels: hl � 1.0R and 1.5R. ,e water is
assumed to have a density of 1000 kg/m3 and low viscosity.
,e sloshing force and moment in three and half cycles of the
natural period are calculated.
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,e numerical model is created using the same program
in a similar manner. 680 panels are used for the tank with
hl � 0.5R while 1076 panels are used for the case with
hl � 1.5R. ,e results of added mass are shown in Figure 5.
For both filling levels, the second sloshing mode has a
prominent effect on the distribution of added mass. For 50%
filling level, the first two sloshing frequencies are 1.65 rad/s
and 3.75 rad/s. ,ey become 2.05 rad/s and 4.15 rad/s for
hl � 1.5R.

Table 2 shows the hydrodynamic coefficients deducted
from added mass results. Compared with a half-filled tank,
the tank with a filling level hl � 1.5R has a significantly higher
mass, while the virtual mass is not increased proportionally.
As a result, the hydrodynamic parameters are only slightly
increased as well. Consequently, it is expected that the
sloshing with hl � 1.5R should have a smaller dynamic
amplification factor. Figure 6 shows the time history results
of the liquid force. Also plotted in this figure are the results

XY

Z

Figure 2: Numerical model of rectangular tank.

0.5 1 1.5 2 2.5 3 3.5 4 4.5 50
ω (rad/s)

–20

–10

0

10

A 1
1 (

M
)

(a)

0.5 1 1.5 2 2.5 3 3.5 4 4.5 50
ω (rad/s)

–20
0

20
40

A 2
2 (

M
)

(b)

Figure 3: Added mass calculated by HydroSTAR: (a) A11; (b) A22.

Table 1: Hydrodynamic coefficients calculated by analytical and numerical methods.

Parameter
Lateral

Parameter
Longitudinal

Analytical Numerical Analytical Numerical
ω(0,1) 3.62 3.65 ω(1,0) 1.08 1.05
λ2(0,1) − 5512 − 5764 λ1(1,0) − 22047 − 26638
μ(0,1) 5092 5231 μ(1,0) 56920 72982
Kt(0,1) − 1.082 − 1.102 Kt(1,0) − 0.387 − 0.365
λ4(0,1) − 3908 − 3848 λ5(1,0) 17494 20052

Z
XY

(a)

Z
XY

(b)

Figure 4: Numerical model of horizontal circular tank: (a) hl � 1.0R; (b) hl � 1.5R.
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reported in [22]. Note that in Figure 6 the time and force are
normalized with respect to fundamental sloshing period and
the liquid force corresponding to the rigid body motion,
respectively. It can be seen from Figure 6 that the sloshing
forces predicted by the proposed method with only the first
order sloshing mode agree well with those in [22]. ,e
inclusion of the second order sloshing mode is found to
contribute only 1.7% to the total liquid force for both
hl � 1.0R and hl � 1.5R. It is also found that a higher filling
level leads to a larger increase in the inertia effect than the
free surface sloshing effect. ,e moment dynamic amplifi-
cation factor (DAF) is found to be 1.44 for hl � 1.5R and 1.64
for hl � 1.0R. Note that DAF is defined as a ratio of the
maximum response to the mean response.

4.4. Lateral Sloshing Induced by Vehicle Turning. ,e above
case shows that the adoption of the free surface shape cor-
responding to a rectangular tank for a horizontally placed
cylindrical tank is able to yield satisfactory results. ,e case of
a vehicle carrying a half-filled cylindrical tank subjected to the

operation of switching rail as reported in [17], is next con-
sidered. Unlike the above cases, the cosine function no longer
satisfies the boundary condition at body surface, but as an odd
function, it still fulfils the requirement of mass conservation.
A free surface shape has to be assumed in order to calculate
the hydrodynamic coefficients. In the following case, two free
surface shapes represented with: (1) a cosine function and (2)
a linear function f(0,1)� − x/R are applied in order to in-
vestigate the influence of the shape function on the sloshing
force results. Figure 7 shows the centrifugal acceleration of the
vehicle during the turning. ,e tank has a length L� 15.5m
and a radius R� 1.5m. ,e liquid inside the tank is gasoline
with density of 820 kg/m3 Note that all the parameters listed
above are the same as those reported in [17].

,e modal displacement, acceleration, and liquid force
and moment are shown in Figure 8. Compared with the
results from cosine free surface shape, the sloshing force and
moment calculated based on the linear shape function re-
main identical, and these two trial functions result in a
similar accuracy. As can be seen in Figure 8, the results
generated using the proposed model agree reasonably well
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Figure 5: Added mass calculated by HydroSTAR: (a) A11; (b) A15.

Table 2: Hydrodynamic coefficients calculated based on added mass.

Parameter Unit hl � 1.0R hl � 1.5R
M kg 13000 20860
ω(1,0) rad/s 1.65 2.10
A11 kg − 10660 − 14924
A15 kgm 9806 21022
μ(1,0) kg 25434 13571
λ1(1,0) kgm − 16465 − 14231
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Figure 6: Comparison of sloshing forces: (a) hl � 1.0R; (b) hl � 1.5R.
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with available CFD results reported in [17]. Although there
are some minor discrepancies between the current results
and CFD simulations, the difference is well within the ac-
ceptable engineering tolerance. Moreover, the current re-
sults are on the conservative side.

4.5. Sloshing Induced by Vehicle Pitching Motion. ,e
aforementioned investigations examined the accuracy of the
proposed liquid sloshing model for a partially filled tank
subject to longitudinal or centrifugal accelerations. In reality,
road tankers also experience pitching motions due to the
existence of road bumps and/or road roughness. ,e
pitching motion of a vehicle can also induce the liquid
sloshing (see equation (9)), and its effect on the liquid
motion is worth investigation. In this section, a rectangular
tank with length L� 0.92m, width W� 0.46m, and height
H� 0.62m subjected to a periodical pitching excitation with
two amplitudes, namely, 4 degrees and 8 degrees, are
considered. Note that this represents the case of a sloshing
tank undergoing a shaking table test as reported in [31]. ,e
output of the model test is the fluctuating pressure on the
vertical walls, measured by pressure sensors. ,e dimension
of the rectangular tank is 0.92m by 0.46m by 0.62m. ,e
pressure sensor is located at the side wall 6 cm above the tank
bottom. Different filling levels are tested provided a pre-
scribed tank pitch amplitude of 4 degrees or 8 degrees.
During the liquid sloshing motion, the hydrodynamic

pressure at any point in the fluid field under pure pitch
excitation is given by [16]

p � p0 − ρgz + ρgxη5 − ρΩ5(x, y, z)€η5 − ρ􏽘
∞

i�1

€βiκ
− 1
i φi(x, y, z),

(37)

where Ω5 is the lateral component of the Stokes–
Joukowski potential and φ(x,y,z) is the velocity potential
induced by free surface vibration. It is easy to observe that
the total pressure comprises a hydrostatic component (p0-
ρgz) and a hydrodynamic component induced by sloshing.
Since the tank is rectangular, the analytical solution is
directly adopted here to validate the output of linear
modal equation. Figure 9(a) shows the pressure mea-
surements inside a tank with 25% filling level subject to a
harmonic excitation with a circular frequency of 2.0 rad/s.
It can be seen that the numerical results match well with
the experimental test results, thereby validating the cur-
rent model accounting for the liquid sloshing induced by
the pitch motion of the tank.

,e case of a half-filled tank subject to harmonic
pitching excitation is next examined, as shown in
Figure 9(b). It can be seen that when the amplitude of the
excitation is as small as 4 degrees, the linear numerical
results agree very well with the model test results. When
the amplitude of the pitch is increased to 8 degrees, the
results are found to be overestimated by the numerical
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model. ,is may be explained as due to the nonlinearity of
the sloshing inside the tank when the excitation is con-
sidered large enough, since with 8 degree pitching, ir-
regularities show up in the period and amplitude of the
measured total pressure, which implies nonlinearity.

5. Liquid Sloshing under Combined
Translational and Rotational Excitations

In order to investigate the sloshing behaviour inside a tank
under combined translational and rotational excitations, a
vehicle carrying a partially filled horizontal cylindrical tank

passing a road bump or a road pit when subjecting to a
braking is next investigated. In this case, an articulated
tractor-semitrailer representing a road tanker carrying liq-
uid cargo is considered as shown in Figure 10. ,e com-
ponents of the vehicle are modelled as rigid bodies and the
suspension systems are idealized using spring-dashpot units.
By neglecting the interaction between vehicle components in
the longitudinal direction and assuming that the vertical
displacement of tyres is following the road surface profile
[32], the equations of motion governing the vertical and
pitch DOFs of the tractor and semitrailer as well as the liquid
sloshing model can be written as

Mt €zt + 2cw + cbt( 􏼁 _zt + − cwlw1 + cwlw2 + cbtlbt( 􏼁 _θt − cbt _zs + cbtlbs
_θs − cw _zw1 − cw _zw2 + 2kw + kbt( 􏼁zt

+ − kwlw1 + kwlw2 + kbtlbt( 􏼁θt − kbtzs + kbtlbsθs − kwzw1 − kwzw2 � − Mtg,

It
€θt + − cwlw1 + cwlw2 + cbtlbt( 􏼁 _zt + − cwl

2
w1 + cwl

2
w2 + cbtl

2
bt􏼐 􏼑 _θt − cbtlbt _zs + cbtlbslbt

_θs + cwlw1 _zw1 − cwlw2 _zw2

+ − kwlw1 + kwlw2 + kbtlbt( 􏼁zt + − kwl
2
w1 + kwl

2
w2 + kbtl

2
bt􏼐 􏼑θt − kbtlbtzs + kbtlbslbtθs + kwlw1zw1 − kwlw2zw2 � 0,

Ms + Ml( 􏼁€zs − cbt _zt − cbtlbt
_θt + 2cw + cbt( 􏼁 _zs + cwlw3 + cwlw4 − cbtlbs( 􏼁 _θs − cw _zw3 − cw _zw4 − kbtzt − kbtlbtθt

+ 2kw + kbt( 􏼁zs + kwlw3 + kwlw4 − kbtlbs( 􏼁θs − kwzw3 − kwzw4 � − Ms + Ml( 􏼁g,

Is + Il( 􏼁€θs + λ5(1,0)
€β(1,0) + cbtlbs _zt + cbtlbslbt

_θt + − cbtlbs + cwlw3 + cwlw4( 􏼁 _zs

+ cbtl
2
bs + cwl

2
w3 + cwl

2
w4􏼐 􏼑 _θs − cwlw3 _zw3 − cwlw4 _zw4 + kbtlbszt

+ kbtlbslbtθt + − kbtlbs + kwlw3 + kwlw4( 􏼁zs + kbtl
2
bs + kwl

2
w3 + kwl

2
w4􏼐 􏼑θs − kwlw3zw3 − kwlw4zw4

− gλ1(1,0)β(1,0) � − Mldla + Mlgll,

€β(1,0) +
λ5(1,0)

μ(1,0)

€θs + ω2
(1,0) −

λ1(1,0)

μ(1,0)

gθs +
λ1(1,0)

μ(1,0)

a � 0,

(38)

where Mt, Ms, and Ml refer to the mass of the tractor,
unladen semitrailer, and liquid cargo, respectively; It, Is, and
Il denote the mass moment of inertia of the tractor, semi-
trailer, and liquid cargo, respectively; cw, cbt and kw, kbt are

the damping and stiffness coefficients of the suspension
systems connecting the wheels and the vehicle bodies as well
as the connection between the tractor and the semitrailer,
respectively; lw1 and lw2 are the horizontal distances from the
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Figure 9: Comparison of pressure on tank wall: (a) hl � 0.5R; (b) hl � 1.0R.
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mass centre of the tractor to wheel 1 and wheel 2, re-
spectively; likewise, lw3 and lw4 are the horizontal distances
from the mass centre of the semitrailer to wheel 3 and wheel
4, respectively; lbt and lbs are the horizontal distances from
the tractor-semitrailer connection point to the mass centres
of the tractor and semitrailer, respectively; ll and dl are the
horizontal and vertical distances between the mass centres of
the liquid cargo and semitrailer, respectively; zt, zs and θt and
θs are the vertical and pitch degrees of freedom of the tractor
and semitrailer, respectively; and a is the longitudinal ac-
celeration of the vehicle.

,e vehicle with an initial velocity V0 begins to de-
celerate at a distance x0 from the bump at until the vehicle
velocity becomes zero.,e length of the cylindrical tank is L,
and the road bump or road pit is represented by a parabolic
arch with a span of s and a height h. ,e geometry suggests
that the vertical displacement of four wheels when travelling
on the road bump can be written as (for s� 3.7m)

zw1 � −
400
1369

h V0t +
1
2

at
2

− x0􏼒 􏼓
2

+
40
37

h V0t +
1
2

at
2

− x0􏼒 􏼓,

zw2 � −
400
1369

h V0t +
1
2

at
2

− Lw12 − x0􏼒 􏼓
2

+
40
37

h V0t +
1
2

at
2

− Lw12 − x0􏼒 􏼓,

zw3 � −
400
1369

h V0t +
1
2

at
2

− Lw13 − x0􏼒 􏼓
2

+
40
37

h V0t +
1
2

at
2

− Lw13 − x0􏼒 􏼓,

zw4 � −
400
1369

h V0t +
1
2

at
2

− Lw14 − x0􏼒 􏼓
2

+
40
37

h V0t +
1
2

at
2

− Lw14 − x0􏼒 􏼓,

(39)

where Lw12, Lw13, and Lw14 denote the horizontal distances
from wheel 1 centre to centres of wheel 2, wheel 3, and wheel
4, respectively.

,e vertical and pitch motions of the tank can be cal-
culated accordingly. Different h� 0.2m, 0.0m, and − 0.2m
representing a road bump, flat surface, and a pit are con-
sidered as the source of three different pitching excitations.
,e length of the tank L and radius R are taken to be 14m
and 1.125m [32]. Table 3 lists the properties of the vehicle
components. Note that these values are identical with those
presented in [32]. ,e liquid tank is half-filled with water,
i.e., hl � 0.5R. ,e fundamental sloshing mode is considered
in this case. ,e corresponding hydrodynamic coefficients
are listed in Table 4.,e initial vehicle velocityV0 is 10.0m/s,
and a constant deceleration due to braking is set to
a� − 0.98m/s2 [22]. ,e deceleration of the vehicle with a
rise and a decrease at the start and end of the vehicle braking
is shown in Figure 11.

Figure 12 shows the longitudinal liquid sloshing forces
and moments inside the tank during the course of vehicle
braking for the case when x0 �10m. In this case, the four
wheels encounter the road bump or pit at t� 1.018 s, 1.58 s,
2.79 s, and 2.96 s, respectively. In all cases, the vehicle was
put to a halt at t� 11.20 s, when the longitudinal acceleration
a drops to zero. ,is leads to a sharp change of the liquid
sloshing force as shown in Figure 12. Such a sharp change
may be smoothened by employing a more realistic model
that accounts for the longitudinal contact between the
wheels and the road. For the case of h� 0 where no road
bump or pit exists, the liquid sloshing is mainly induced by
the sudden application of vehicle braking. ,e liquid sloshes
at a long period due to the fact that the tank is quite long. It is
also observed that the existence of a road bump or pit has a
significant effect on the liquid sloshing force by inducing
oscillations at a high frequency corresponding to the sce-
nario of vehicle wheels encountering the road bump or pit.
Such effect may be explained as due to the coupling between
the longitudinal and rotational sloshing, which can be ob-
served in the modal equation (see equation (9)). ,e
maximum sloshing forces during vehicle brake are 25.1 kN,
21.2 kN, and 26.6 kN, respectively, for h� − 0.2m, 0m, and
0.2m. However, the liquid sloshing moment is found to be
governed by longitudinal deceleration of the vehicle while
the presence of a road bump or pit has little effect on the
sloshing moment. ,is is due to the fact that the liquid tank
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Figure 10: Schematic drawing of vehicle model.
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is quite long and the duration of excitation arising from the
road bump or pit is rather short.

Figure 13 shows the effect of liquid sloshing on the
dynamic pitch motion of the liquid tank during vehicle
braking with the existence of a road bump. For comparison,
the dynamic pitch motion of the same road tanker carrying
solid cargo of equivalent mass and filling level is also plotted
in Figure 13. It can be seen that the sloshing of liquid cargo
significantly amplifies the pitch motion of the tank and thus
reduces the stability of the vehicle. ,is agrees with the
finding of another study presented in [33]. It is also found
that the mean pitch motion of the liquid tank is larger than
the solid cargo tank. ,is is reasonable in view that the
inertia effect of liquid cargo during vehicle braking tends to
impose a positive-pitch moment on the semitrailer.

,e effect of different vehicle accelerations accounting
for the presence of a road bump or pit is next studied. In

Table 3: Parameters of the vehicle model.

Parameter Unit Value Parameter Unit Value
Mt kg 4819 lw1 m 2.3
Ms kg 6400 lw2 m 2.9
It kgm2 10220 lw3 m 2.206
Is kgm2 36854 lw4 m 3.516
kw N/m 500000 lbt m 2.3
kbt N/m 100000 lbs m 8.494
cw Ns/m 10000 lw12 m 5.2
cbt Ns/m 1000 lw13 m 12.3
ll m 2 lw14 m 13.61

Table 4: Hydrodynamic coefficients.

Parameter Unit hl � 0.5R
Ml kg 27832.55
ω(1,0) rad/s 0.675
λ1(1,0) kg − 85382.9
λ5(1,0) kgm 82010
μ(1,0) kg 300440
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Figure 11: Deceleration during vehicle braking.
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Figure 12: Road bump effect on liquid sloshing during vehicle
braking: (a) sloshing force; (b) sloshing moment.
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this case, the initial velocity V0 is set to zero, while the
initial distance x0 and the bump shape remain unchanged.
,e sloshing forces and moments in a half-filled road
tanker considering h � − 0.2m, 0.0m, and 0.2m, subjected
to a constant vehicle acceleration a � 0.1g and 0.2g are
shown in Figures 14 and 15, respectively. When a � 0.1g,
the four wheels encounter the road bump or pit at t � 4.52 s,
5.55 s, 7.19 s, and 7.37 s, respectively. ,ese time points are
t � 3.19 s, 3.93 s, 5.08 s, and 5.21 s, respectively, for a � 0.2g.
In all cases, the presence of a road bump or pit is found to

cause significant fluctuations in the longitudinal sloshing
force. However, the sloshing moment is almost unaffected,
which agrees with aforementioned observations on vehicle
deceleration. By comparing Figures 14 and 15, one may
find that the degree of acceleration strongly affects the
magnitude of the sloshing force and moment. ,e effect of
road bump or pit on the sloshing force reduces as a in-
creases due to the fact that the entire road tanker travels
across the road bump/pit in a shorter duration at a higher
encounter speed.
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Figure 13: Effect of liquid sloshing on tank pitch motion.
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6. Conclusions

,is paper presents a novel approach for determining the
transient liquid sloshing in road tankers subjected to
complex vehicle motions in the time domain. Linear modal
equations based on the linear potential flow theory are
employed, and the time-independent hydrodynamic co-
efficients required to establish the motion equation are
derived from the added mass obtained by using available
frequency-domain boundary element software.

With an assumed free surface shape function, the hy-
drodynamic coefficients are conveniently calculated, and the
modal equations describing 3-dimensional sloshing problem
can be fully coupled with the mechanical vehicle model. ,e
accuracy of the proposed approach is examined in detail by
comparison with available numerical and experimental re-
sults in the literature. Satisfactory agreement between the
results is obtained for different case studies. However, the
assumptions of linear potential flow theory restrict the
application of this approach to mild sloshing, which requires
the external excitation frequency to be away from the natural
frequency of the liquid and the excitation amplitude to be
small.

A parametric study was carried out to allow for the
effect of a coupled vehicle translational and rotational
motion on the liquid sloshing behaviour. ,e results show
that the vehicle pitch motion has a significant effect on the
sloshing force, which should not be neglected in practical
applications where road surface roughness and/or road
bump/pit exist. Parametric study has shown that the am-
plitude of sloshing force is jointly determined by the
surface roughness, vehicle properties, acceleration/de-
celeration of vehicle, and hydrodynamic properties of the
liquid cargo.

Although this study focuses on the sloshing inside a road
tanker subject to a selected combinations of vehicle motions,
the method described here applies to a 3D vehicle ac-
counting for complicated scenario of all 6-degree-of-free-
dom motions as well. Furthermore, the accuracy of the
proposed model can be further improved by including more

sloshing modes in the computation. Compared with com-
putational intensive CFD simulations, this approach has the
advantage of computational efficiency for solving linear
sloshing problems.
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