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Abstract—1In this paper we derive a minimum time conver-
gent bilateral observer for a 2 x 2 system of linear coupled first-
order 1-D hyperbolic PDEs. First, a Volterra integral transfor-
mation is combined with a Fredholm integral transformation to
derive a minimum time collocated observer for a class of 2 4 2
systems (four coupled PDEs). Then, it is shown that the 2 x 2
system (two coupled PDEs) can be transformed to a 2-+2 system
via an invertible coordinate transformation. The 2 x 2 bilateral
observer is subsequently obtained from the 2+2 minimum time
collocated observer, and it is shown that it has convergence time
equal to the theoretical minimum time for bilateral sensing. The
performance of the 2 x 2 bilateral observer is demonstrated in
a simulation and compared to a previously derived observer
using only unilateral sensing.

I. INTRODUCTION
A. Problem statement

We are interested in systems with dynamics, in terms of
the state (u,v), given by

ur(z,t) + MNx)ug(z,t) = o (2)v(z, t) (1a)
ve(x,t) — p(x)vg(z,t) = o~ (x)u(z, t) (1b)
u(0,8) = qu(0, ) + U1 (t)  (Io)
o(L,t) = pu(L, 1)+ Ua(t), (1)

defined over = € [0,1] and ¢ € [0, 00), where
A€ CH0,1), M), u(z) > 0,Vz € (0,1),  (2)

ot o™ € 0%0,1), ¢,p € R, and Uy(t) and U,(t) are
boundary control inputs. We assume that the initial condi-
tions u(z,0) = up(x) and v(x,0) = vo(z) satisfy wuo, vy €
Ls(0,1).

System (1) is referred to as a 2 x 2 hyperbolic system, and
u and v are scalar values that carry information in opposite
directions on (0, 1). More generally, u and v may be vector-
valued with n and m components, respectively, in which case
the system is referred to an n+m hyperbolic system. Notice
that 2 x 2 systems and 1 + 1 systems are the same.

We assume that measurements from (1) are taken at the
boundaries, only, defined as

y1(t) = u(1,1)
y2(t) = v(0,t).

The goal of the paper is to design an observer for (1), using
the measurements (3), only, that provides state estimates u, 0

(3a)
(3b)
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which converge to the correct system states in the minimum
time for bilateral sensing, defined in [1] as
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which is strictly smaller than the theoretical lower boundary
t1,min When only measuring a single boundary, also defined

in [1] as
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In [2], the problem is solved for a general n 4+ m system,
and the bilateral minimum time observer for (1), that is the
n =m = 1 case, takes the form

+ P () (ya () — a(1,t
+ P (@)(y2(t) — 9(0,1))  (6a)
0¢(,t) — p(@)iz(2,t) = o~ (2)i(z,1)
+ P () (yu(t) — (1,
+ P77 (2)(y2(t) — 9(0,¢))  (6b)
w(0,t) = qua(t) + Ui (t) (6¢)
o(1,t) = pyr(t) + Ua(2), (6d)

where PT+, PT—, P~% and P~ are observer gains tailored
to achieve convergence in finite time given by (4). The initial
conditions of the observer 4(x,0) = dg(x) and o(z,0) =
0o () are assumed to satisfy g, 09 € L2(0,1).

The contribution of the present paper is twofold: First, we
design a minimum time convergent observer for a class of 2+
2 systems using a single measurement taken at one boundary.
This problem has to the best of the authors’ knowledge not
been solved before. Second, we show that the 2 + 2 system
can be transformed by an invertible change of coordinates
into the 2 x 2 system (1), thereby obtaining the observer
gains in (6) by an alternative route.

To facilitate the design of the observer for the 2+2 system,
we impose the following assumption on the transport speeds
of (1), in addition to (2):

p(z) SE <A< M), Vo € (0,1). ©)

Notice that the direction of the inequality signs in (7) is
chosen without loss of generality in view of the symmetry
in (1). In [2], constant transport speeds are considered, so
there (7) holds trivially. One immediate consequence of (7)
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Systems of coupled first-order linear hyperbolic PDEs,
along with their observation and control problems, have
been subject to research recently due to their application
in modeling various physical scenarios. Applications include
heat exchangers [3], gas pipelines [4] and oil well drilling
[5], to name a few.

A gradually more common method for observer and
controller design for this type of systems is the infinite
dimensional backstepping method, initially pioneered for
parabolic PDE control design in [6], and subsequently ap-
pearing in its fully infinite dimensional form in [7]. Applying
the backstepping method for observer design was first seen
for parabolic PDEs in [8].

In [9], the first observer for 2 x 2 systems (1) relying on the
single boundary measurement (3a), only, was presented. An
observer with single boundary sensing for the more general
class of n + m hyperbolic systems was achieved in [10],
albeit converging in non-minimum time. The 2 + 2 system
observer designed in the present paper builds on the n + m
system observer from [10] by modifying the non-minimum
time target system used there with the help of a Fredholm
integral transformation, following ideas from [11], [12]. We
find expressions for the 2 x 2 bilateral observer gains using a
domain folding trick similar to the one suggested in [13] for
stabilization of systems of reaction-diffusion equations, and
demonstrate in simulations that our 2 x 2 bilateral observer
converges within (8), which is quicker than (5) achieved by
the observer from [9].

This paper is organized as follows. Section II presents
the minimum time collocated observer design for the 2 + 2
system, and the result is applied in Section III to obtain
the minimum time 2 x 2 bilateral observer. Results from a
simulation are given in Section IV before some concluding
remarks are offered in Section V.

II. MINIMUM-TIME COLLOCATED OBSERVER
FOR 2 + 2 SYSTEMS

A. Class of 2 + 2 systems
Consider now the 2 4 2 system defined as

B. Background

Ug(x,t) + AT (2)tg (2, t) = BT (2)0(x, t) (9a)
5@, t) — A~ (@)5 (2, t) = S H(@aw,t)  Ob)
’U’(Ov t) = QO’E(Ov t) (90)
o(1,t) = Ryu(1,t) + U(¢), (9d)

evolving over x € [0,1] and ¢ € [0, c0), where
a(z,t) = [ug(x,t), uz(x, )] (10a)
o(x,t) = [v1(z, 1), va(z, t)]T (10b)

are the states. We assume that initial conditions, de-
fined as @(z,0) = [u10(7),u20(z)]T and v(x,0) =

[’Ul’o(l‘), UQ’O(m)]T satisfy U1,0,U2,0, V1,0, V2,0 S LQ(O7 1)
The transport speed matrices, which are defined as

A*(z) = diag{ A1 (2), X2 ()}
A (z) = diag{p1(2), p2(z)},

have components satisfying A1, Ao, pi1, 2 € C1(0,1) and
are Vz € (0,1) subject to the restriction

(11a)
(11b)

Ao(z) > Ai(2) > 0> —pa(z) > —pa(x).  (12)

The two coupling coefficient matrices
() = {U$7(f)}1gi,j§2 (13a)
2 () = {a;*(a‘s)}mm, (13b)

have components satisfying a” T e Co([0,1]), Vi,j €
{1, 2}, whereas the reflection coefficients

(14a)
(14b)

Qo = {Qij}lgi,jgz
R, = {pij}lgi,jg%

have Vi, j € {1,2} components satisfying g;;, p;; € R. The
term U(t) = [Uy(t), U2(t)]T is a boundary control input for
(9), entering at x = 1. In addition to right boundary actua-
tion, it is assumed that the collocated boundary measurement
vector y = [y1,y2]7 with components

1 (t) = ur(1,t) (15a)
y2(t) = ua(1,¢), (15b)
is available.
B. Collocated observer for the 2 4 2 system
We consider here the observer
g (z,t) + AT (2) iy (2, t) = ST (2)0(a, t)
+ PH@)(y(t) — a(L,1) (16a)
o(@,t) — A7 (2)0,(2,t) = 27 (2)u(z, 1)
+ P ()(y(t) —a(L,t)  (16b)
(0,t) = Q19(0,1) (16c)
o(1,t) = Ryy(t) + U(t) (16d)
providing state estimates % = [ii1, i2]? and ¥ = [0y, 92)T,
where

W@=meﬁm+WuH/Mmﬁﬁ©%

(17a)
1
P~ (x) = N(z, )AT(1 +/N x, 6T (€)dE, (17b)

are the observer gains. The initial conditions for the ob-
server (16), denoted u(z,0) = [u0(x),Uz2,0(z)]T and
0(z,0) = [010(x),020(z)]" are assumed to satisfy
Ql)o,ﬁg}o,’lv}Lo,fJg’o S LQ(O, 1). M and N in (17) are 2 x 2
matrix-valued functions

M(x,&) = {M;;(z,&) }1<ij<2 (18a)



N(x,&) = {Ni;(z,&) hr<ij<2

which are solutions to the kernel PDE

(18b)

AT () My (2,€) + Me (2, §)AT(€) = —M (2, )AL (€)
+ X7 (2)N(2,€)
(192)
—A7 (2) N (2, €) + Ne(z, AT(E) = —N(z, )AL (€)
+ X7 (@) M(,6)
(19b)
A" (x)N(z,2) + N(z,2)AT (z) = £~ () (19¢)
QoN(0,8) — M(0,) = H(§)7 (19d)
Mis(z,x) = Moy (z,2) = (19e)
Moy (z,1) = 0, (199

defined over the triangular domain 7, = {(z,£) | 0 < <
& < 1}. In (19d), H = {hij}lgi,j§2 is a strictly lower
triangular 2 X 2 matrix, and its only non-zero component
ho1 is defined as

hzl(f) = ZQ%NM(O,&) - le(oyf)-

The term T+ = {T;;}lgw-gg appearing in (17) is a

strictly lower triangular 2 X 2 matrix, and its only non-zero
term T3, is defined as

Ty () = kaa (2, 1)As (1),
where ko7 is the solution to the PDE

kot (2, E) A2 () + ko1 e (2, E)A1(§) = —kar (2, §)A1,¢(§)

(20)

2

(22a)
k21(0,€) = ha1(§) (22b)
ko (2, 0) = 0. (22¢)

Provided that (12) holds, well-posedness of (19)—(20) is
ensured by Theorem 3.2 in [14] whereas in [11] the explicit
solution to an equation of the form (22) is given. Note that
in [14] the well-posedness proof is given for the case of
constant transport velocities, but it is claimed that the proof
extends to cases involving spatially varying transport speeds.
Next, we present a convergence result for the observer (16).

Theorem 2.1: Consider system (9) with outputs (15) and
the observer (16). If the output injection gains are selected
as (17)—(22), then @(x,t) and ©(x, t) converge to u(x,t) and
o(z,t), respectively, in finite time given by

1 1

P / dzx n / dx
0 0

Subsections II-C and II-D are devoted to proving Theorem
2.1.

(23)

C. Volterra backstepping transformation

Define the estimation errors &« = 4 — % and ¥ = v — 9.
The error dynamics can then be found from (9) and (16) as

U (z,t) + AT (2) (2, ) = ST (2)0(x, 1)

— P (x)u(1,1) (24a)
(2, t) — Af(il?)ﬂx(imt) = E*+( Ju(z,t)
P (z)u(1,t) (24b)
a(0, t) Qo0(0,¢t (24¢)
o(1,t) = 0. (244d)
with initial conditions are given by @(z,0) = [d10(x) —
ti0(z), U20(z) — tao(x)]T and ¥(x,0) = [v10(z) —

’lv)l’o(l‘), 172’0(1‘) — ’IVJQ’()(.%‘)}T.

The proof of the following Lemma follows similar steps
as the proof of Lemma 10 in [10], but is included here to
show the details behind the new observer gains (17), which
are different from those in [10] to accommodate minimum
time convergence.

Lemma 2.2: The invertible Volterra integral transforma-
tion

u(z, a(z,t) /M (z,§)a(g, t)d¢E, (25a)
( (1) + / N(x.&)ale.0)de  (25b)
maps '
ay(x, t) + A+( Y (x,t) = E+7(x)ﬁ~(:c,t)
/ D™ (z,8)B(&, t)dé — TT(x)a(1,t) (26a)

1
Be(x,t) — A~ (2)Ba(w,t) = /D (z,€)B(€,t)de (26b)

a(0,t) — (26¢)

1
QoB(0,t) = [ H(¢
[
0

B( ) b
with initial conditions a&(z,0) = [d10(z),d20(2)]” and
B(x,0) = [Bro(x), Ba.0(x)]" where a1, d2,0, 51,0, 2.0 €
L5(0,1), into (24), where M and N satisfy (19)-(20). DT =
{dz;},-7j€{172}, D™ ={d;;}ije{1,2) are the solutions to the
integral equations

(26d)

Dt (z,6) = M(w,ﬁ)?‘(f)
—]M(E,S)Dﬂs,&)ds (27a)
D™ (2,8) = EN<w,§)2+‘(£)
_ ] N(¢,5)D (s,£)ds, (27b)

3
respectively.

Proof: Differentiating (25) with respect to time and
space, substituting in the target error system (26), integrating



by parts and combining with (24) we find

g (w,t) + AT (2)ig (2, 1) — BT (2)0 (2, t) + PT(z)u(1, 1)
— [M(a, 2)A () — A (2) M (2, 2)] iz, )
n / (M (2, A (€) + M(z, AT () + A* (2) M, ()

T
1

S @N glat 0de + [ 95 ©)

x

D (,6) - / M(E,$)D* (s, €)ds) (&, 1)de

P (2) - Mz, DAT(1) - T (2)

- [M@ort©wann =0 o)
and
(5 ) ~A i) =5 i)+ P00

(2)0z
= [N(z,2)A"(z) +

+ [ Welw, OAT© + V@ OAL©O - A (@) Ne(,)

x

A" (@)N (2, 2) — B (2)]a(z, t)

1

S (@) M, €))alE, £)de + / [N (z, 6=+ ()

/N@

(w) N (z, )AT(1)

(s,€)ds]B(&, t)dE

—/N(:c,g)T+(§)d§}d(1,t) =0. (29)

From (28) and (29) we obtain (17), the definitions of DT
and D~ (27), the PDE (19b) and the first two boundary
conditions (19¢) and (19¢). For the third boundary condition
(19d), set x = 0 in (25) and substitute this into (24c), and
then apply (26¢) to obtain

/ H()a(e, 1)d / Qo (0.€) — M (0, ©)a(, t)de
0 0

(30)
from which the required boundary condition (19d) trivially
follows. Finally, (19f) is an additional boundary condition re-
quired for well-posedness, as was done in [14] for equations
in the same form. u

D. Fredholm integral transformation

Now a target system which converges in minimum time
(23) is introduced, and proved to be equivalent with (26). The
proof of the following Lemma relies on similar steps as in
the proof of Lemma 11 in [10] together with straightforward

application of the method of characteristics, but is included
here for completeness.

Lemma 2.3: Consider the error system with states 7 =
[71,72] and 7 = [P, )T, governed by the dynamics

Fi(z,t) + A1 (2)Fu (2, t) = BT (2) (2, 1)
1

_/D+(x,§)ﬁ(§,t)d§—/l?1(x,§) <i+‘(€)ﬁ(§»t)

1
- [ st nas ae
3
(31a)
D(x,t) — A™ (z,0) 0y (z,t) = /D (z,§)D(&,t)dE
(31b)
(0,t) = Qor(0,1) (31c)
7(1,t) =0, (31d)
and initial conditions 7(z,0) = [P10(x),Pe0(x)]T
and 5(z,0) = [§1,0(2),32,0(x)]" assumed to satisfy
1;17071;270,’3/17(),’3/270 € LQ(O,].) Here Kl, EJr and D+ in
(31a) are defined as
y [0 0
600 =[3 ) 62
< 0 0
() = Z z ] (32b)
D= ol @) oy @)
D+(CE7§) = + 0 + 0 :| . (32C)
11 (%,€)  diy(x,€)
Then 4(x,t), v(x,t) converge to zero in finite time given by

(23).
Proof: By the method of characteristics and cascade
structure of (31), we see from (31b) w1th boundary (31d) that
v(x,t) =0Vt > fo
this to 4 + AT, = 0 W1th boundary condition 4(0,¢) = 0,
which vanishes after another fol /\fl(“;) time steps. [ ]
We will now consider the Fredholm integral transformation

1

Gz, 1) = A t) + / Ky (2, €)7(€, )de

0

(33a)

B(x,t) = i(x, t)

with Ky = {ki;}ijeq1,2) being a strictly lower triangular
2 x 2 matrix, with ko; being the only nonzero element. We
know from [11] that since K is strictly lower triangular, the
Fredholm integral transformation (33) is invertible.

Lemma 2.4: 1f koq satisfies (22), then the invertible Fred-
holm integral transformation (33) maps the error system (31)
into (26).

Proof: Noticing that (33b) is the identity, and that the
first component of & equals the first component of 7 due to
the structure of K7, we only need to deal with the second
component of &, &s. Differentiating & in (33a) with respect

(33b)



to time and space, substituting in (31a), integrating by parts
and combining with (26a) we find that

0 = 642 t(l‘ t) + /\2(1‘)5{273;(.%, t)

—0dy (2)Ba(x,t) = [T5 (z) —
1
+/[k21,x(937§))\2(33) + ko1 ¢ (z,§) A1 (&)
0
+k21 (J), g)/\lf (5)]:71 (57 t)d€ + le (Jf, O)/\l (0)5/1 (07 t)a
(34)
where (21)—(22) were used in the last step. Setting x = 0
into (33a), and comparing with (26c) we find

0/ K1(0,€)3(

due to the boundary condition (22b), and the fact that &; =
Y- ]
We can now prove Theorem 2.1 by combining the Lemmas.
Proof: [Proof of Theorem 2.1] By Lemma 2.2 and Lemma
2.4, the dynamics of (24) and (31) are equivalent. Since by
Lemma 2.3, (7, B) = 0 in finite time given by (23), it follows
(see (33) and (25)), that (@,©) = 0 in finite time given by
(23). [ |

II1. MINIMUM-TIME BILATERAL OBSERVER FOR
2 x 2 SYSTEMS

A. Folding the 2 x 2 system into the 2 + 2 system

(L2([0,1]))

‘721 (z )51(33 t)
kor (2, )AL (1)]31(1, 1)

€. 1)dé = / HOale,0de  (39)
0

Lemma 3.1: Let the transformation 7' :
(L2([0,1]))* be defined by

Tl = (U360 L)) G ) e
with inverse 771 : (Ly([0,1]))* — (L2(]0,1]))? given by
Y (vo(1 —2z),u1 (1 — 2x)), = €0, %]

LN ULIC) {(u2(2x— 1),v1(2z — 1)), IS (%,1] '

(37)

The invertible change of coordinates (u(z,t),v(x,t)) =
T[u, v](x,t) maps (1) into (9), with coefficients given by

A () = _2u(§((1)—w)) 2A(§(§)+x))] (380)
Qo = E) (1)] , R, = [2 g} (39a)
R | BRO R | FEED

Proof:  Differentiating (36) with respect to z and
applying the chain rule we can express u, and v, in terms
of u, and v, as

—50z(3(1 = 2),1)
’u,z(x,t) - |: %Zw(%?l + x)’t) :| (40a)
1, (L T
5ale, ) = [221’”((2 %(ht i)t)t)] (40b)

Also, differentiating (36) with respect to time, we find

_ _ Ut(l(l —Jf),t)
U (z,t) = |: (%( + )t ):| (41a)
_ (1 +2),0)
'Ut(xvt) = |: (%( :E) ):| (41b)

Inserting (40) and (41) into (9) and comparing to (1) we
find that the transport speeds can be assigned as (38a)—(38b)
and the coupling coefficients become (38c)—(38d). In order
to obey the restriction (12) which is a prerequisite for well-
posedness of (19), we must have

)\(%(1—&—3:)) > u(%(l —2) (42a)
MG (1) > pl5 (1 + ) (42b)

which trivially satisfies (7) Vz € [0,1]. Applying (36) for
z=0and z =1 we find

(0,t) = [Z%iﬂ . 0(0,t) = [Z%g] (43a)
a(1,t) = [Zggg] L, o(lt) = még] (43b)

which confirms that the inverse transform (37) is well-defined
and the boundary condition matrices along with boundary
measurement and control assignments can be found as (39).

|

B. 2 x 2 bilateral observer with minimum time convergence

Now we find the observer gains for (6), and prove that
using these it converges within time ¢2 ,,q, given by (8).

Lemma 3.2: The invertible change of coordinates
(i(x,t),0(x,t)) = T~ [uy,Ug, 91, 92)(2,t), maps (16) into
(6) with observer gains given in terms of (17) as

reo-{E0 T
rro- {0 T e
ro-{f0 1
o S

Proof: Consider first the left half-interval z € [0, 3].
From (37) we have d(x,t) = 09(1 — 2z,¢) and 0(x,t) =
@1(1 — 2z,t). Taking the terms for 02(x,t) and uq(z,t)
from (16), applying the coefficient assignments (38)—(39) and



substituting in @(z, t) and ¢(x,t) along with their respective
partial derivatives, which are equivalent to the ones from
(40)—(41), we find

i1y (2,1) — zA(x)(—%aw(x,t)) — ot (2)d(a, )+
Py (1 —22)(y2(t) — (0, ¢))+
Py (1 —2z)(y1(t) —u(1,t)), (45a)
b0l 1)+ 2(r) (~ 0, ) = 0 ()0, )+
P (1 —2z)(y2(t) — 9(0,8))+
PL(1—2x)(y1(t) — a(1,t)).  (45b)

Comparing (45) to (6), we obtain the observer gains in
(44) valid Vz € [0, %] Applying the same steps for the right
half-interval = € (%, 1], the observer gain assignments in
(44) valid Vz € (1,1] are obtained. n

Theorem 3.3: Consider system (1) with outputs (3) and
the observer (6). If the output injection gains are selected as
(44), then 4(z,t) and 0(x,t) converge to u(z,t) and v(z,t),
respectively, in finite time given by (8).

Proof: From Lemma 3.2 we know that (6) is mapped
into (16) using the invertible transform (36). Hence the
convergence time of (6) can be expressed as (23) using the
relevant transport speeds from (38a)—(38b) as

[ -
J 2u(3(1+ 7)) J 2u(5(1— 1))

Applying the change of variables & = 2x — 1 to the first
integral and z = 1 — 2x to the second integral, we find

(40)

1

1 1 2
2dx 2dx dx dx
mzn = + 47
/ /u() /u(x) O/u(w)()
) 2
/ dz_
()
0
which is (8). |

IV. SIMULATION

The 2 x 2 system (1) is implemented along with the
bilateral observer (6) in MATLAB using the method presented
in [15] for solving the kernel equations. The right boundary
observer from [9] is also implemented for comparison. The
system and observers are implemented with coefficients

1
Az) =1, w(x) = 3 (48a)
ot (z) = 22, o~ (x) = —sin(3z) (48b)

1
q=1, P=3 (48c)

and initial conditions and inputs

ug(z) = cos(8z), vo(x) = e " (49a)
Ui (t) = sin(t), Us(t) = cos(8t). (49b)

Unilateral observer gains P*(z) and P~ (z)
T T T T T

0.2 T

0+ 4

02 -

04 |

Observer gains

-0.6 [

-0.8

. . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Position z

Fig. 1: Graphs of observer gains P*(z) and P~ (z), z €
multiplied by %(1) in unilateral observer.

Bilateral observer gains P**(z) and P~ ()
T T T T T T

(0,1),

0.2

0 4

-0.2

04 |

Observer gains

-0.6

08 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Position x
(a) Observer gains PT" and P~" multiplied by (1) in bilateral

observer.
Bilateral observer gains P*~(x) and P~ ()
T T T T T T

02
0 \I —
T02 |
g
g -04f J
06 - o]
P (o)
08 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Position z
(b) Observer gains PT~ and P~ multiplied by #(0) in bilateral

observer.

Fig. 2: Graphs of observer gains P+ (z), PT~(z), P~ (2)
and P~ (x), = € (0,1), used by bilateral observer.

The unilateral observer only uses the right boundary
measurement y1(¢t) = u(1,t), whereas the bilateral observer
additionally uses the left boundary measurement yo(t) =
v(0,t). A graph of the gains P*(x) and P~(x), used by
the unilateral observer to weight the measurement error
4(1,t) are shown in Fig. 1. Fig. 2 shows the gains used
by the bilateral observer, for comparison, where in Fig. 2a
the graphs of P™*(z) and P~*(x), which weight the
same measurement error «(1,¢) for the bilateral observer,
are shown, whereas Fig. 2b shows the gains P~ (z) and
P~ (z) which weight the other measurement error ©(0, t).

Next, in Fig 3 we see the Lo-norms ||u(¢)||, ||v(t)|] of
the respective states u(x,t), v(x,t) of the system (1) with
parameters given by (48)—(49). Hence we see that the system
states do not go to zero for the duration of the simulation
and the observation problem is thus nontrivial.

In Fig. 4 the norms of the estimation errors along with the
theoretical convergence times are on display. Here Fig. 4a
shows ||a(t)|| for both observers, whereas Fig. 4b shows



System state norms ||u(t)|| and ||v(t)]|
T T T T T

02 L o |

Norm of system states

0 0.5 1 1.5 2 2.‘5 3 3.5 4 4.5 5
Time ¢
Fig. 3: Time evolution of the Lo-norms ||u(t)|| and ||v(t)]|
of respective system states u(x,t) and v(x,t).

, Unilateral and bilateral observer [|a(t)]|
: : : T

Bilateral observer [[()|| q

Unilateral observer ||a(z)]|

— — _Bilateral observer ¢y = max{%,1}
i

— — —Unilateral observer tr = 1 + 1 | |

Time ¢

(a) Time evolution of ||a(t)||.

Unilateral and bilateral observer ||3(t)]|
: : T

Bilateral observer [[3(2)]] Bl
——— Unilateral observer [i(t)||

— — —Bilateral observer ¢ = max{, 1}
|| = — — Unilateral observer t = it 4

Time t

(b) Time evolution of ||o(¢)]|.

Fig. 4: Time evolution of the Lo-norms [|a(t)|], ||0(¢)|| of
the errors u(x,t),0(x,t), respectively.

[|o(¢)|| for both observers, shown as solid lines in both plots.
The theoretical convergence times ¢ are represented by the
dashed lines.

Note that the estimation errors associated with both the
bilateral and unilateral observer have slightly non-zero val-
ues when crossing the dashed lines corresponding to their
respective convergence times. This is most likely due to the
first-order numerical scheme used when implementing the
simulation. The theory was proven for a continuous PDE
system with the observer gains expressed exactly; however
in practice this ideal scenario is generally not possible to
reproduce perfectly and some approximation error must be
expected.

V. CONCLUSIONS

We have shown an alternative way of deriving a 2 x 2
minimum time bilateral observer than the one presented
in [2]. An observer for (1) utilizing measurements from
both boundaries was derived, going via the derivation of a
minimum time collocated observer for the 2 4 2 system (9),
which was done by making the target system converge in
minimum time with the help of a Fredholm transformation.
The bilateral observer was shown to converge within the

theoretical lower convergence bound from [1] for observers
using both boundary measurements. As was noted in [13],
some of the ideas considered there for control design could
be applied to the design of bilateral observers. Indeed, this
paper demonstrates that the trick of domain folding is also
applicable within the venue of observation problems, and it
would therefore be interesting to investigate its applicability
to the design of observers for systems different from the
hyperbolic ones considered here.
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