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ABSTRACT. We prove that if {¢;}; is a sequence of subharmonic func-
tions which are increasing to some subharmonic function ¢ in C, then the
union of all the weighted Hilbert spaces H(¢;) is dense in the weighted
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1. INTRODUCTION

Let ¢ be a measurable function, locally bounded above on a domain
QcCC". Set

H(Q,p)={fc0OQ): /Q |f|?e™%d\ < 400}

where O(12) stands for the space of holomorphic functions on Q2 and dX is
the Lebesgue measure. If 2 = C, let H(¢) be the space of entire functions
f with L?(C", ¢) norm, i.e., Hf||%2(cn o) = Jon | FIPe™PdX < +o0.

Since f € H(£, ), the function |f|? is plurisubharmonic (psh) and ¢ is
locally bounded above, then
C, C!
(1.1) |f(w)] < TZHfHL?(B(w,r),O) < 77?||f||H(Q,<p),
1



2 JOHN ERIK FORNZASS AND JUJIE WU

if the ball B(w,r) CC Q and for K CC Q

szp |1 < CllfllH0,0)

where C' depends only on K and Q. So H(,¢) is a closed subspace of
L%(2,¢) and thus a Hilbert space. Let Kq(z,w) denote the weighted
Bergman kernel corresponding to the Hilbert space H(, ). If ¢ = 0, then
Kq(z,w) := Kq (2, w) is the classical kernel introduced by Stefan Bergman.

In 1971, B. A. Taylor [5] investigated weighted approximation results for
entire functions on C". He proved:

Theorem 1.1. Let ¢1 < g < 3 < --- be psh functions on C", assume
@ = lim ¢; is psh, and suppose that fK e Pld\ < oo for every compact
J]—00

set K. Then the closure of |J H(p; + log(1 + ||2||?)) in the Hilbert space
j=1
L%(¢ +log(1 + ||2]|?)) contains H(¢p).

In [3] we improved Taylor’s result as follows

Theorem 1.2. Let o1 < @9 < 3 < -+ be psh functions on C" with psh
limit. For any € > 0, let ; = ¢;j + elog(1 + ||2]|?) and ¢ = ,lir+n ©;. Then
‘]*) o0

U H(j) is dense in H(p).
j=1

It is an important question whether this theorem is true or false when
e = 0. Here by using some potential theoretic properties of subharmonic
functions we show that it holds in one dimension.

Theorem 1.3. Let o1 < @9 < 3 < --- be subharmonic functions on C.
o0
Suppose that p = liin ok and @ is locally bounded above. Then |J H(py) is

k=1
dense in H(p).

Remark 1.4. Let ¢ = lillcn k. We define ¢ = ¢* := limsup ¢(¢), z € C,
(—z
which is the upper regularization of ¢. Then ¢ is subharmonic, ¢ < ¢,

¢ = ¢ almost everywhere on C and we have H(y) = H(¢) (See Theorem
3.4.2 in [10)).

We need the strong openness theorem as follows, see [6], [7], [8], [9].

Theorem 1.5 (strong openness theorem). Let V. .CC U C C" be two open
sets. Let p1 < g < 3 < --- be non-positive psh functions on U such that
= lilgn v and ¢ is locally bounded above. If f € O(U) is such that

/ |f|?e™%d) < oo,
U
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then there exists jo so that when j > jo
/ |fIPe™%d) < oc.
\%

For convenience, we will use K, (z,w)(resp. K,(2,w)) to denote the
weighted Bergman kernel corresponding to the Hilbert space H(p;) :=
H(C,pj) (resp. H(p) := H(C,¢)). As an application of the approxima-
tion theorem 1.3, we will prove

Theorem 1.6. Let ¢1 < w3 < 3 < -+ be subharmonic functions on C.
Suppose that p = hlf:n v and @ s locally bounded above. Then

lim K, (2,2) = Ky(2,2), VzeC.
J
Ligocka showed that the classical Bergman kernel of certain Hartogs do-
mains can be expressed as the sum of a series of weighted Bergman kernels
defined on another domain of lower dimension. We set

Qj = {(z,w) € Cx C: w| < e ¥}

and
Q={(z,w) eCxC:|w <e?@},

We note that a domain {(z,w) € C x C : |w| < e ¥*)} is open exactly
when ¢(z) is upper semicontinuous. Hence we use ¢ in the definition of 2
and not ¢.

We denote by Kq,[(2,t), (w,s)] (resp. Kql(2,t),(w,s)]) the Classical
Bergman kernel of the Hilbert space H (25, 0)(resp. H(,0)), where z,t,w, s €
C. Ligocka’s formula [4] implies that

o0

Ko,[(z,1), (w,s)] = Z 2(k + 1) Ko y1)p, (2, w)(t, sk 2 t,w,seC
k=0

where Kok 11)p, (z,w) is the weighted Bergman kernel of the Hilbert space

H(C,2(k + 1)pj).
According to the result of Theorem 1.6 we obtain that

Theorem 1.7. Let {p;} and ¢ be as in theorem 1.6, then the sequence
Kq,[(2,t), (w,s)] converges to Kql(z,t), (w, s)] locally uniformly in Q x Q.

The set-up of the paper is as follows: We prove in Section 2 an integral
estimate for subharmonic weights. In Section 3 we discuss some potential
theoretic properties of subharmonic functions which we will need. In Section
4, we prove the Main Theorem, Theorem 1.3. In Section 5, we prove the
convergence of the Bergman Kernel which can be seen as an application of
the main Theorem 1.3.
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2. SUBHARMONIC FUNCTIONS IN C

Lemma 2.1. Let o; > 0,2, € C,i=1,...,N and let « =), ;. For any z
which is not one of the z; we have the inequality

1\ a1\
oy <N =2 (— .
H(\Z—Zil) _;a <|Z—2z‘>

mL( : )m = Zhe(()”)

Since exp is convex,

$h s es((7))

a

Proof.

IN

([
Lemma 2.2. Let |20| < R and suppose 0 < a < 2. Then
1 \“ 28 R?
/ <> rz) < BE
lz2l<r \ |z — 20| 22—«
Proof.
1 @ 1\“
ool = [ (2o
l2l<r \ |2 — 20] zl<2r \ 2]
(2R)27a
— op Y
Tz o
< 28R*/(2 - «).
U

As a direct consequence, we obtain

Theorem 2.3. Leto; > 0,|z| < R,i=1,...,N andlet o« = ), a;. Suppose
that a < 2. Then

1 i 28 R?2
v d\(z) < .
tL<Rll<v—a> =5

Lemma 2.4. Let K be a compact set in R™. Suppose f(z,y): K x K — R
is continuous. Let u be a positive measure on K with finite total mass . Let
€ > 0. Then there are p; € K and r; > 0 fori=1,2,..., N, such that the
measure o = Ef\il 1i0p, has total mass o, and if ¢p(x) = fyGK f(x,y)du(y)
and () = fyeK f(z,y)do(y) then ¥(z) < ¢(z) + €.
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Proof. Divide K into finitely many small sets K; and pick p; € K;. By
uniform continuity of f we may assume that for any y € K; we have that
|f(z,y)—f(z,pi)| < €/a. Let r; = p(K;). Define o = Zf\il ri0p;. Let x € K.
Define

vw) = [ rewia)
= Zf(x,pim
= X st /K du(y)
= X/ sepauty
> /K (F(,9) + /)i

= 0()+(c/a) [ du
= ¢(z)+e

IN

O

Theorem 2.5. Let du be a positive measure on the disc of radius R with
total mass o < 2. Set ¢(z) = fIC\<RIOg |z — Cldu(C). Then

28 R?
/ e @ dN(z) < .
|z|<R -

Proof. Define ¢, (z, () = max{log |z — (|, —n}. Define

[\
Q

on(z) = / n(2Q)dp(¢) for =z € A(R).
[{I<R

Then ¢, : A(R) — R is continuous and ¢, \, ¢ pointwise for z € A(R).
Hence e=%7(*) 7 ¢=% on A(R). Therefore, in order to show that

9 2
/ e ?GdA(z) < SR ,
|2|<R 2-a

it suffices to show that
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We fix n. Let § > 0. Since v, is continuous, according to Lemma 2.4 we can
N

find a finite positive measure p, = > o;d,, with total mass a so that
i=1

b= [ e Odial6) < 60() +0.
[CI<R

By Theorem 2.3,

1 i 28 R?2
oY, [ ——— ) d\z) < .
/M @—1<|z—zz-> =5

2
/ e—ziailog\z—zﬂd)\ < 28R )
|z|<R

Hence

2 —«

So

2
/ 6_flC\<RIOg|Z_C|dMn(C)d)\(Z) < 28R '
|z|<R 9

—

Since max{log|z — (|, —n} > log|z — (|, it follows that
—max{log|z — (|, —n} < —log |z — (|.

Hence f|z|<R e=9nd\ < %. Choosing § small enough we get that
28R? 1
/ e Pd\ < +—.
|z|<R 2—« n
O
3. COMPARISON OF WEIGHTS
Lemma 3.1. Suppose that |(| < R and z € C. Then
1 1
log|z — (| < §log(1 +2]?) + log 2 + §log(1 + R?).
Proof.
log|z = ¢ < log(lz| +[¢])
< log2 + max{log|2|,log ¢}
1 1
< log2+ 5 log(1 + [2]%) + 5 log(1 + |¢]?).
O

Proposition 3.2. Let u be a nonnegative measure on the disc |(| < R with
mass M. Let ¢1(z) = fIC\<RIOg |z — ¢|du(C) and ¢2(2) = M/21og(1 + |2|?).
Suppose that ¢ = ¢1 + o and Y = ¢ + 0. Then there exists constant C so
that Hin < C’HfHé In particular, H(¢) C H(v).
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Proof. By the previous lemma,

1
1 < 60+ 01 (1og2 4 3 1og(1+ 7).
hence 1
p<y+M <10g2+ §log(1 +R2)> .
It follows that e™¥ < Ce™®. Thus we have H(¢) C H(v)). O

For the other direction we need some extra hypothesis.

Proposition 3.3. Let o be a nonnegative measure on the disc || < (R+¢)
(e > 0 some constant) with mass B € (0,2). Let o be the u mass of A(R).
Suppose that ¢ is subharmonic on C and that %Agf) =u on A(R+¢€). Let

61(2) = 08 2~Cldu(C) and 62(2) = 0/2108(1+|=[2). Write ¢ = 10
and 1) = ¢o + 0. Then H(y)) C H(9).

We prove first a lemma:

Lemma 3.4. There exists a constant C so that if |2| > R+ § and || < R,
then

1
log|z — ¢| > S log(1+ |2*) = C.
Proof. We get

log|z = (| = loglz|

1_<’
z

2R
1 1 1-—
i 1 )

L 2|2 I Liog (L 41

2 %8\ F \ B2 2 %%\ B2
2R

log 1 —

+og< 2R+€)

1 9 1 1 2R
> - + - — 41+ — )
5 log(1 + |z|*) 5 log < 5 1> log (1 5 6)

Y

v

The proof gives that we can choose C' = %log (% + 1) —log(1 — Qéig). O

In order to prove the above Proposition 3.3 we also need the following well
known Riesz Decomposition Theorem (see Ransford [10] Theorem 3.7.9).

Theorem 3.5 ( Riesz Decomposition Theorem). Let u be a subharmonic
function on a domain D in C, with u Z —oo. Then, given a relatively
compact open subset U of D, we can decompose u as

u= [ loglz = (ldu(¢) +1
ceu
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on U, where = %Auhj and h is harmonic on U.
We prove Proposition 3.3:

Proof. Let F be an entire function so that [ |F|?e"¥d\ < co. If |2| > R+,
by the previous Lemma,

oi(z) = /KI<Rlog|z—<rdu<<>

> Slog(1+]2*) —aC

= ¢2(z) —aC.
Here C' is the explicit constant from Lemma 3.4. It follows that
/ |F[2e=%d) < eac/ |F|2e7Yd\ < 400.
|z[=R+e/2 |2]>R+e/2

On the disc of radius R+¢, according to Riesz decomposition theorem we can
write ¢(z) = f|(|<R+e log |z — ¢|du(¢) + 7 := ® + 7 where 7 is a subharmonic
function which is harmonic of radius R + €. In particular, 7 is bounded on
the disc of radius R + %e. By Theorem 2.5 we have

2
/ e d) < / e P\ <~ (2(R + €))% < +00
|2|<R+Le |2]<R-+e 2-p

and hence the same is true for the integral |F|?e~® on the disc of radius
R+ e That means we have [ |F|?¢7?d\ < 400. Thus

H(y) C H(9).

4. PROOF OF THEOREM 1.3

In this section we prove the Main Theorem, Theorem 1.3. We prove first
the case when the upper regularization ¢ is a harmonic function. We can
suppose that (1 is not identically —oo.

Lemma 4.1. If ¢ is harmonic, then there are constants c; < cg < -+ ,¢cj —
0 so that pj = +c; = ¢ +cj.

To prove the lemma, observe that ¢; — ¢ < ¢; — ¢ < 0. Then p; — ¢
must be constant. Thus we have ¢ = ¢. The Lemma follows.

Then the theorem follows in the case when ¢ is harmonic.

We can generalize this to the following case:

Condition (A): The upper regularization ¢ of ¢ is a subharmonic function
with the following property: A¢ = )", a;0., where 2; is a sequence in C and
a; > 0.

Lemma 4.2. In the case of (A), there exist non-positive constants c¢; so
that ©j :(,O—I-Cj :¢+Cj.
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Proof. Fix N. We can write

N
6= a;loglz—z| + ¢y
i=1
where 9 is subharmonic and AyYy = > a;d,,. We get for any j, N
i>N

N

0; — Zailog|z —zi| < YN
i=1

N

for z # z;. Then ¢; — > a;log|z — 2| extends across z; as a subharmonic
i=1

N
function wjv. That is ¢; = > a;log|z — 2| + wjv for any N on C. Thus
i=1

N
p; = —oo at z; and Ag; > > a;0,,. It follows that Ag; > A¢ on C for all
i=1
J- So we can find some subharmonic function A; such that ¢; = ¢+ ;. But
Aj <0 thus it must be constant. The Lemma follows and hence the theorem

also follows in this case. O

Condition (B): Let ¢ be a subharmonic function on C. Let p denote the
Laplacian of %gf) We say that ¢ satisfies condition (B) if there exist some
constant R > 0 and ¢ > 0 such that on the disc |¢| < R+ ¢, the mass of u is
equal to 3, with 0 < 8 < 2 and the mass of p on the disc |(| < R is a > 0.
According to Proposition 3.2 and Proposition 3.3 with the same notation as
there we have the following Corollary:

Corollary 4.3. If ¢ satisfies the above condition (B), then the spaces L*(C, ¢)
and L?(C,)) are the same. Moreover the norms are equivalent.

Lemma 4.4. Let v1 < o < 3 < --- be subharmonic functions on C
with p = lilgn wr. Suppose the upper reqularization ¢ of @ satisfies the above

Condition (B). Then \J H (k) is dense in H(yp).
k=1

To prove Lemma 4.4 we need the following L?-estimate by Berndtsson
(see [1]).

Lemma 4.5 ([1]). Let  C C" be a pseudoconvex domain and ¢ € psh(§2).
Suppose 1 is a C? real function satisfying

1100 (p + ) > 10 N O
for some 0 < r < 1. Then for each O-closed (0, 1)-form v, there is a solution

u to Ou = v satisfying

6
2.9—¢ - 2 _ Y-
(4.1) /Q lu|“e¥"?dX < a=n? /Q |v‘i88(<p+'¢))e dA.
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Proof of Lemma 4.4 . Put %Aqf) = u, %Agpj = p; for each j. The mass
of pu (resp. pj) on the disc A(R) will be denoted by « (resp. ;). Since ¢,
is increasing to ¢ and ¢ = ¢ a.e., we have that Ay; converges to A¢ in the
sense of distributions. That means we can find some 0 < ¢ < ¢ with the
mass of p; on the disc A(R+ ¢’) belongs to (0,2) when j is sufficient large.
Moreover the mass of y; on the disc A(R) is a; > a/2 for all sufficiently
large j. By the Riesz decomposition theorem we can write

¢:$+/ log |2 — Cldu(0), %‘I%’Jr/ log |2 — Cldy (C), V.
[CI<R

ICI<R
Here qz and ¢; are subharmonic functions on C. Put
o )
cp; =@, + ?] log(1 4+ |z]?), Vj
and
~
o =3+ 5 log(1+ |2P?)

By Corollary 4.3 we have that H(¢}) = H(p;) for each j and H(¢') =
H(¢) = H(p). The following proof is similar to [3]. Let x : R — [0, 1] be a
smooth function satisfying X|(—oo,log%) =1, X|(0,400) = 0 and [x'| < 3. Set

Y = —log (log(l + |z|2)) .
Then we have

o= 00log(1+]z]?)  .Olog(l+ |z]*) ADlog(1 + |z]?)
00V == ) (log(1 1 27)?

and
. = 0log(1+ |z[*) A Dlog(1 + |z]?)
VNV = g (11 [2)?

For each j, put ®; := ¢’ + G =¢;+Flog(1+42*) + G and ¥ = S
By calculation, if |z| > 2

B a; .001log(1 + |2]*)
2 log(1+ |2[?)
ﬁlﬁlog(l + |2?) A Olog(1 + |2|?)
2 (log(1 +[2[?))?
o n
8

= —OU, AV,
aj J J0

i00(®; +U;) > %iaglog 1+ |22
J J 9

v

while & < & < 1. Let f € H(p) = H(¢'). We fix 0 < e < 3. Put

ve == [ - x (log(—1) + loge) .
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Apply Lemma 4.5 for 2 = C with ¢ and ¢ replaced by ®; and ¥; respec-
tively, we then obtain a solution u; of du = v, satisfying

/ e P75 dA
C

e¥i=®ig\

IN

6 2
1= 7 Je o)
¢ .

< e/ |f|2e?idA.
A e

2e —

Put K :={z:2¢€C, —¢ < %} Since f € H(yp), according to the
strong openness theorem there exists jp so that when j > jg we have
[ | fIPe™?id\ < oo.

Next by using Lemma 3.1 we obtain that for some constant C, indepen-
dent of j and €

/|f’26¢;dA — /’f‘Qe—?log(HZP)—%d)\

K K

< C/ |f|2eif\CKRlOg'Ziqd'uj(C)i@jd)\
K

= C/ |f|?e™%id)\ < oo.
K

Set
Fje=f-x(log(—v) +loge) — uj.
Then Fj. is an entire function for each j > jo > 1 with

1Fjellz ey < (1+ NSl L2y < +00-

V&

o0 oo
That is Fj. € U H(¢;) = U H(p;). We also obtain
j=1 j=1

1Fje = flZacyy < 2/ \f|2e¢dx+c/ | c|>e %5 d\
—¢>L C

IN

2/ \f|2e—%u+o’ez/ |f|?e™%idA.
=5 K

Still keeping € fixed, but letting j — oo, we get

s | Fic — fliae <2 [ IfPerans o' [ (fpevan
TV 2e

J—00

7j=1
proof. ([l

oo
Finally we let € — 0. Then |J H(y;) is dense in H(y), which completes the
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For any subharmonic ¢ on C, we let y = %Aqﬁ which is a locally finite
positive measure on C. Then p decomposes into a sum g = uy + pg where
p2 = > ;a;0, is an at most countable sum of Dirac masses and where ji
has no point mass. Thus Theorem 1.3 follows as above, using Condition (B)
because of the following lemma.

Lemma 4.6. Suppose p1 is not identically zero. Then there exist a point
20 € C and 0 < r < s so that u(A(zg,r)) > 0, u(A(zp,s)) < 2.

Proof. The support of the measure p1 is uncountable. Hence we can choose a
point zq in the support of 11 which is not one of the z;. Then pu(A(zg,s)) — 0
as s — 0 while p(A(zg,7)) > 0 for all » > 0. O

5. PROOF OF THEOREM 1.6 AND THEOREM 1.7

Proof of theorem 1.6. We assume that the upper regularization ¢ of ¢ sat-
isfies Condition (B). For other ¢, we may use the same method as in the
proof of Theorem 1.3, we skip the details. Fix r < +00. We prove that

]lggo Ky (w,w) = Ky(w,w)

for all |w| < r. Set B, = {|z| < r}. Let e < 1. Let x, ¢, ¥;,®; and K as
before in the proof of Lemma 4.4. The proof is similar to [2]. Set

Ae = x(log(=v) + loge).

Let w € Bg := {|]z| < R}. Applying Lemma 4.5 with ¢ and v replaced by
®; and ¥; respectively, we get a solution u; . of

such that

/ C c’
/ ujePe”%id\ < 62/ |Kyp(-,w)|?e?id) < —€*Ky(w, w)
C Qaj  Ji<—y<t a;
for sufficiently large j. The last inequality holds because of the following
argument.
By the strong openness theorem |K,(-,w)|?e™%/ is integrable on K for
some j, hence by the monotone convergence theorem we have

J P nax — [ K)oty < Kyl w)

for sufficiently large j. Note that if K,(w,w) = 0, then K, (z,w) = 0 for
all z € C.

Since Bri1 C {—t% < }. We claim that ¢’; is uniformly bounded above
on OBpi1. The reason is that [p; — ¢} is uniformly bounded on dBg1
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independent of j and ¢; < ¢ is uniformly bounded. u;, is holomorphic on
{—1 < 2}, the mean value inequality yields

[uj.e(w)]?

It follows that

<

<

<

Cn |Uj.e
Bry1

[2d\

;L,R/ ’uj,e’%w;d/\
Br+1

1"
n,R

@

K, (w,

w).

fie = AK (-, w) — e

is an entire function satisfying

|fj,€(w)| > KQD(U)?w) -

and

1 fiellme) < 1EKe(w)llr2x,g,) + Cllujellzz e,
< Ot Il
< (1+ Ce) K, (w,w)
< Vs o(w,w).
Thus we have
| fj,e(w)] Ky(w,w) — Cp, pa€

Cn,R
———€

V5

> )
[ fiellre,) — (14 Ca,€)y/Kyp(w, w)

that is

lim inf K, (w, w) > Ky(w,w).

j—+oo

Since ¢; < ¢ we know that K, (w,w) < K,(w,w) for each j > 1, thus we

obtain

lim Ko (w,w) = Ky(w,w),

Jj—+oo

This completes the proof.

Yw € C.
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Proof of Theorem 1.7. For each compact F© CC C, each fixed w € F and
z € F, according to the mean value inequality we know that

]K%.(z,w) - Kw(z,w)\Q

< Ky, (- w) = Ko (- w) w0
< CHK%(',U/) - K@('7w)H%‘I(U,Lp)
< OllKy, (5 w) = Kol w) e

</ Ky, (-, w)[%e —¢dA+/ | Ky (- )]26_‘pd/\—2K¢j(w,w)>

< (/ | Ko, (- w)Pe”?1d\ + K, (w, w) — 2K¢j(w,w))
(5.1)= C(Ky(w,w) — Ky, (w,w))
where U is some neighborhood of the compact set F. By Theorem 1.6,

K. (z,w) pointwise converges to K,(z,w) in C x C. Similarly

(5.2) jlig)lo Ko(kt1)y, (z,w) = Ky(pt1)p(2,w) Vz,weC.

On the other hand, from Ligocka’s formula

[e.9]

KQ]-[(Z,t), (’LU, 8)] = Z Q(k + 1)K2(k‘+1)30j (Z, ’l,U)<t, 8>k7 z,t,w, s € C,
k=0

we can easily obtain that

8%
Otk o5 kK [(2,1), (w, 8)]|t=s=0-

For each (zg,%9) € Q C C2, there exist 71,72 > 0 so that
(Zo,to) e P:= A(Zo,T’l) X A(O,T’z) ccQc Qj, j > 1

(]{ + 1)K2(k+1)<,0] (Z ’IU)

Since (; is increasing to ¢, for each j > 1
(5:3) |Ka,[(2,0), ()l < Ko,l(z0), (0] Ka,l(w, s), (w, )2
< Kal(z1), (2] Kal(w, s), (w, 5)]7.
Put M := sup sup |Kq;[(z,t), (w, s)]|, we have M < +o0. By Cauchy esti-

J PxP
mates we obtain
o2k M
'8tk8 Ko, [(2,1), (w, s)] L < Ck%ﬁ, Vz,w € A(zo,71).

Let 0 < 7y < r1, 0 < rh < ry, then for each € > 0, there exists ke > 1, so
that

> 20k 1) Koy, () (t5)F| < € Vw0 € Az0,10), Wt s € A0, 1),
k>ke
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and

Z 2(k + 1)]K2(k+1)¢(z,w)(t§)k\ <e, Vz,w e Az, 1)), Vt, s € A0, 1h).
E>ke

Since
k. €

Z 2(k + 1) Karr1)p, (2, w)(t5)" — Y 2(k + 1) Kp(ra1yp (2, 0) (85)"
k=0 k=0

by (5.2), it follows that Kq,[(2,t), (w, s)] pointwise converges to Kq[(2,1), (w, 5)]
in A(zo,77) x A(0,75) C Q x Q. By (5.3), the functions Ko [(2,1), (w, s)]
form a normal family in Q x . It follows from the normality and the point-
wise convergence just proved that the convergence is uniform on compact
subsets of (2 x €. This completes the proof. O
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