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We investigate the unsteady hydrodynamic force of solid objects vertically entering water with
an air cavity behind the falling body. Physical models are proposed to represent the force
components corresponding to the body acceleration, the gravity and the velocity of the body and
the fluid particles. The theoretical or numerical solutions of the physical models are presented to
understand the evolution of the force components. The body-acceleration force component is
expressed as the high-frequency added mass times the body acceleration. Near the undisturbed
free surface, the added mass grows strongly with increasing the submerged depth. It tends to be
steady after the submerged depth is greater than a few characteristic lengths. The gravity force
component consists of an upward hydrostatic term and a downward dynamic term. Generally,
the hydrostatic term, which is obtained by integrating the gravity term in the Bernoulli’s equation
over the wetted body surface, is much larger than the gravity force component. For the three-
dimensional bodies, the gravity force component is found to vary as a power of the submerged
depth, where the exponent is about 0.83. The velocity force component is represented as the drag
coefficient defined by the V-squared law, which is characterized by the body geometry. The drag

coefficient may experience three successive stages with increasing the submerged depth.

I. INTRODUCTION

Solid objects entering a water (liquid) surface often involves large unsteady hydrodynamic loads
and rapid deformation of free surface. The phenomena are of great interest to the study of seaplane
landing,' ship slamming,? planning vessels,’ air-to-sea projectiles,*’ and the impacting of waves on solid
structures.®® Even the relevant hydrodynamics play an important role in biological creatures walking on
water.'!! The initial stage of water entry, characterized by the jet flow on the body surface, has been
widely studied.'??* During this period, the hydrodynamic force on the body is dominated by the change
rate of momentum of the added fluid mass, which can be related to the change rate of area of the wetted
body surface.!: > 2 If the water-entry speed is sufficiently large, an air cavity will be formed behind the
falling body.” The cavity expands at the beginning and the gravity effect resists the expansion of the
cavity causing its contraction and pinch-off (closure).?® This stage involves two important aspects: (i) the
evolution of the air cavity behind the falling body; and (ii) the hydrodynamic force on the body. The
cavity dynamics of solid objects vertically entering the water surface have been extensively
investigated,*% !> 2432 since Worthington & Cole’s work?®. The hydrodynamic force on the body is
essentially transient and it plays key role in modeling the projectile dynamics. Very few literatures can
be found on the deep investigation of the transient hydrodynamic force, which is the focus of the present

work.
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Plesset & Shaffer studied the drag force of the steady cavity flow past symmetrical wedges.’> A
cavitation number of zero results in an infinite cavity, which corresponds to the limiting state of a wedge
vertically entering the water surface with constant speed in a gravity-free environment. It was reported
that the predicted drag coefficients of zero cavitation number agree well with experimental data.’* May
& Woodhull investigated the drag coefficients of steel spheres entering water vertically.’> The drag
coefficient was defined by the relation C, = drag/(0.5pV?mR?), where p is the density of the water,
V is the velocity of the sphere, and R is the radius of the sphere. For the evaluation of the drag coefficient
defined by the V-squared law, they suggested excluding all forces having a different independence on V.

Then the equation of motion of the body was expressed as
av 1
M—=Mg — Cp5pV*mR* = pghS + (pc — Pa)S, (1

where M is the mass of the sphere, g is the acceleration of gravity, h is the submerged depth of the
sphere, S is the projected wetted area, p, is the cavity pressure and p, is the atmospheric pressure.
Their analysis used S = 0.45mR? instead of the measured value 0.8mR? for the evaluation of the term,
pghsS, giving satisfactory results. It implies that the force obtained by directly integrating the hydrostatic
term in the Bernoulli’s equation over the wetted body surface strongly overestimates the force due to the
gravity effect, which is confirmed by Yan et al.3!. The reason for this will be explained by the present
work and the proper method for the evaluation of the force due to the gravity effect will be proposed.
The force due to the body acceleration, i.e. the added mass force, was neglected. It is safe because in
their study the mass ratio defined by D = M/A35 (A3 is the vertical added mass of the sphere and is
estimated as pmR3/3) is as large as about 31 and the Froude number, Fn =V/ \/g_R , is sufficiently high.
The added mass force should appear as an independent term at relatively small mass ratios and Froude
numbers.*? Furthermore, the last term in Eq. (1) is due to the air flow and can be neglected at relatively
small entry velocities.3? 36-37

In this work, the unsteady hydrodynamic force of solid objects vertically entering water with an air
cavity behind the falling body is deeply investigated within the framework of potential flow. By
neglecting the surface tension and the air flow, the hydrodynamic force is decomposed into the
components corresponding to the following physics: i) the body acceleration; ii) the gravity; and iii) the
velocity of the body and the fluid particles. Exact physical models are proposed to represent the force
components. The physical models for the force components dependent on the body acceleration and the
gravity are simplified by assuming a uniform air cavity, which gives good results. The
numerical/analytical solutions of the physical models are presented for understanding the evolution of
the force components. The key physical parameters of affecting the force components are explored and

discussed in details.

Il. DECOMPOSITION OF UNSTEADY FORCE

Consider a solid object with mass M and breadth 2¢y vertically impacting the still water surface
with initial entry speed V). The surface tension o can be neglected provided that the Weber number
W = pV¢cy/o > 1. Viscous effects may be excluded within the short duration of the impact and for
high Reynolds number Re = pV,c,/u. Further, we neglect the influence of the air flow. Then the impact
is characterized by the body geometry, the Froude number Fn =V, /\/E , and the mass ratio D =
M/As; . Here, the vertical added mass As; of the body can be estimated as 0.5pmcZ for two-

dimensional cases and 4pcd /3 for three-dimensional cases.
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Fig. 1. Sketch of a symmetrical body vertically entering the water surface. V" denotes the instantaneous

speed of the body.

Fig. 1 illustrates a symmetrical body vertically entering the water surface with an open cavity behind
the falling body. Q denotes the water domain, Si the free-surface boundary and Sy the wetted body
boundary. In the two-dimensional space, a Cartesian coordinate system is adopted: the x-axis is along
the horizontal direction and coincides with the still water surface; the z-axis is along the vertical
direction in the center plane of the body and is positive upwards. In the three-dimensional space, a
cylindrical coordinate system is adopted: the radial axis, r-axis, is parallel to the still water surface; the
z-axis coincides with the symmetrical axis of the body and is positive upwards. These notations and
coordinate systems are used throughout the paper.

Assuming that the flow is irrotational and the water is incompressible, the water flow can be well
represented by the potential-flow model.?% 37 The velocity potential satisfying Laplace’s equation

Vig=0 2)
is introduced. The local velocity is given by u = V. On the wetted body surface, Sg, the impermeability
boundary condition holds

dp .
L=v-m, G)

where n is the interior normal to the boundary surface. The water velocity far away from the body

should vanish

Ve =0. 4
On the free surface, Sy, fully nonlinear kinematic and dynamic boundary conditions are satisfied
DX
Do _1 2 _
o =z 1Velt —gz. (6)

. o . a . .
Here, X is the position vector of the water particle and the operator, % =gt Vo -V, is the substantial
derivative following the water particle on the free surface. Based on the Bernoulli’s equation, the vertical

force acting on the body is expressed as
ap 1
E =5, (92 + 50+ 1912 n, ds. ™)
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The d¢/dt term can be evaluated by solving the boundary value problem for the auxiliary function

Y = dp/dt + V- V. It can be proved that the auxiliary function 1 satisfies the Laplace equation’®

V3 = 0.
The Bernoulli’s equation gives the Dirichlet boundary condition for 1 on the free surface
1
Y=V-Vp—-|Vp|> - gz.
On the body surface, the boundary condition for i can be derived as
W _y

V-n.
on

Far away from the body, Y should vanish
P =0.

)

©)

(10)

(11)

The solution of the function 3 can be divided into three parts Y = Y, + P, + 3. P, corresponds to

the body acceleration and satisfies

V2, =0 in Q,
lpl =0 on SFa
9

L e
—=V'non S
an B>

P, - 0 at |[X]| - oo,

1, corresponds to the gravity effect and satisfies

V3, =0 in Q,
Y, = —gz on S,
2 _

Pl 0 on Sg,

Y, = 0 at |X| - oo,
15 corresponds to the effect of the velocity of the body and the fluid particles and satisfies
VA, =0 in Q,

1
3 =V-Vp —1Vp[> on S,

s

=0 on S
an B>

Y3 — 0 at |X| - oo,

Then the vertical force can be rewritten as

1
F, = pnglplnz ds +png(gZ+¢2)nz dstp f53(¢3 _V'V(p+zlv¢|2)nz ds.

the acceleration term the gravity term the velocity term

(12.a)
(12.b)

(12.¢)
(12.d)
(13.2)
(13.b)
(13.0)

(13.d)

(14.2)

(14.b)

(14.0)

(14.d)

(15)

The acceleration term, denoted as Fz(a), is proportional to the body acceleration and can be written as

Fz(a) = —A;3V, where Ajs is the high-frequency added mass of the solid object in the vertical direction.

The gravity term, denoted as Fz(g), consists of the ‘hydrostatic’ term p |. 55 97Nz ds and an additional

term p fsB Y,n, ds. The latter is called gravity-induced dynamic term, since the dynamic pressure

component 1, is induced by the gravity. The velocity term, denoted as FZ(U), is related to the body

velocity and the velocity field of the water on the deformed free surface and on the body. So far, the

unsteady hydrodynamic force has been exactly decomposed into three parts corresponding to different
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physics. In the following section, these components of the unsteady force will be analyzed in details.

lll. INVESTIGATION OF FORCE COMPONENT

The acceleration term Fz(a), gravity term Fz(g) and velocity term Fz(v)are denoted as the a-term, g-
term and v-term force respectively, which are investigated by the numerical and analytical methods.
A. Numerical model

The water-entry problem represented by Egs. (2)-(6) can be solved by the single-fluid boundary
integral method. 37 *° Here, we outline the key steps of the two-dimensional numerical model and then
generalize it for three-dimensional axisymmetric water-entry flows.

Using Green’s second identity, the two-dimensional velocity potential can be represented in the

boundary integral equation (BIE):

0-p(x,z)= faﬂ[logr n-Vo —@pn-Vlegrlds(é,n). (16)

Here, (x,z) are the field point coordinates, (&,n7) are the integration coordinates, 1 =

V(& —x)%+ (n — 2)?, and n denotes the interior normal to the boundary Q of the water domain Q.
In the water, 8 is equal to 2m. On 0Q), 6 is the local interior angle of the boundary. The boundary
integral equation is solved by the linear element method: the boundary of the fluid domain is represented
by straight line segments; ¢ and d¢ /0 n are assumed to vary linearly along each segment; the boundary
integral equation is satisfied at the nodal points of segments, which results in the linear equation system
for the solution of ¢ and d¢/d n. It notes that other potential functions, such as 1, can be also solved
by the boundary integral method. The body motion and the water flow are solved in a decoupled manner,
where the evolution of the free surface is tracked by a second-order Lagrangian method and the motion
of the body by a first-order method. The position and velocity potential of the fluid particles on the free
surface and the submergence depth, velocity and acceleration of the body, denoted as X, ¢, h,, Vj,
V,, respectively, are assumed known at time step 7. To predict these parameters at step n+1, the following
time-advancing schemes are adopted: i) solve the velocity potential represented in Eq. (16), based on
X, @n h, and V,; ii) evaluate the potential gradient V¢, , solve 1 for the vertical force F, based on
Vg, and V,, and use F, to compute V,,; by the Newton’s second law; iii) transport the body and the
fluid particles on the free surface to the intermediate position based on V,, and Ve, resulting in X,,
@, and h, as the first prediction of X,,,.1, @n+1 and h,.q; iv) solve the velocity potential once more,
basedon X,, ¢, h, and V, =V, + V,,,At, to obtain Ve,; V) finally, we set X,,; = X,, + At[Vo, +
Vo.1/2, Oni1 = @n +At[(De/Dt), + (De/Dt),]/2, hyiq = h, and V,, = V,. To avoid the fluid
particles becoming too close to each other or too far away from each other, the boundary is re-gridded
every time step.

The numerical model can be generalized to three-dimensional axisymmetric flows by just changing

the boundary integral equation (16) to that for the three-dimensional axisymmetric flows,* i.e.

6-¢(r,z) = [, lpgn VG —Gn-Vo]rds,n). (17)
Here, z is the axial coordinate, r is the radial distance, and (&,7) are the integration coordinates. The

function G is defined as G = 2K(m)/A, where K(m) = fon/Z%
—m=< sin

integral of the first kind, A = \/(E +71)24+ (M —2)% and m= 2\/§_r/A.

At each time step, the force components Fz(a), Fz(g) and Fz(v)can be evaluated through solving Egs.

is the complete elliptic

(12)-(14) by the boundary integral method. Fig. 2 illustrates the evolution of the vertical unsteady force
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for the water entry of the wedge corresponding to Wang et al. ’s experiment.?” The wedge with a deadrise
angle of 30° falls vertically into the calm water with an initial entry speed of 2.5m/s. The half breadth of
the wedge is 0.083m and the mass 32.3kg/m. These parameters correspond to Fn = 2.77 and the mass
ratio of 3. The v-term force is dominant at the beginning and is decreasing with increasing the submerged
depth, which is consistent with the deceleration of the wedge. The g-term force increases with the growth
of the submerged depth and cannot be neglected when the wedge is deeply submerged. The ‘hydrostatic’
component strongly overestimates the g-term since the ‘dynamic’ component results in a significant
downward force. The a-term force, i.e. the added mass force, seems negligible compared to the sum of
the v-term force and the g-term force. After the closure of the cavity, the air compressibility matters

resulting in the oscillation of the hydrodynamic force, which is beyond the scope of this work.
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Fig. 2. Evolution of the unsteady force for the vertical water entry of the wedge with deadrise angle 30°,
initial entry speed 2.5m/s, half breadth 0.083m and mass 32.3kg/m. The numerical simulation ends at the
closure of the cavity; % is the distance between the top of the wedge and the still water surface; ¢ is the
half breadth of the wedge. The experimental total hydrodynamic force in the z-direction is computed

from the measured body acceleration through the Newton’s second law, i.e. F, = M(g — V).

Fig. 3 illustrates the evolution of the vertical unsteady force for the water entry of the cone with the
same parameters. We note that the mass ratio for the cone is defined by D = M/(4pc3/3) and is 3.
The evolution of the unsteady force for the cone is similar to that for the wedge. It has a higher percentage

of g-term force with increasing the submerged depth.
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Fig. 3. Evolution of the unsteady force for the vertical water entry of the cone with deadrise angle 30°,
initial entry speed 2.5m/s, half breadth 0.083m and mass 2.29 kg. The numerical simulation ends at the

closure of the cavity; 4 is the distance between the top of the cone and the still water surface; ¢ is the
half breadth of the cone.

B. g-term force

Wedge. First, we investigate the g-term force for the water entry of the wedges with the deadrise angle
of [ and the half breadth of ¢y. A simplified model is introduced: a uniform open cavity behind the
body is assumed; the free-surface boundary above the still water surface is transferred to the still water
surface; the body boundary keep unchanged; and all corresponding boundary conditions are the same as
the fully nonlinear case, i.e. follow Egs. (13.b)-(13.d). The model is illustrated in Fig. 4. We will show
that the g-term force is not sensitive to the cavity configuration and is well approximated by the simplified

model. It should be noted that similar simplified models will be used for the g-term force of different
body geometries and also for a-term forces.

1
/'y \ 19) ¥ |
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\ I
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h ; | Vipp = 0, whenr =+/x2 +22 >
V| Y=gz ]
\ |
1 !
o -‘[ ______ \ I
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P, /on =0 B
C

Fig. 4. Simplified model for estimating the g-term force of a wedge vertically entering the water surface.
The real free-surface boundaries are represented by the dashed lines, which are replaced by the solid
lines FAB and DEF in the simplified model.
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Let ¢ =1, + gz. Obviously, 1, corresponds to the ‘dynamic’ component and gz the ‘hydrostatic’
component. Integrating ¢ over the wetted body surface results in the g-term force. ¢ satisfies the

Laplace equation and the following boundary conditions

¢ = 0, on the free surface, (18.2)
Z—f = —g cos f3, on the body boundary, (18.b)
V¢ = gkat r =+vVx2+ 2% > oo, (18.¢)

Here, Kk denotes the unit vector in the z direction. It notes that h = 0 results in a zero ‘dynamic’
component and a ‘hydrostatic’ component equal to the weight of the displaced water by the body. By the
Schwarz-Christoffel transformation, the upper-half plane of { can be mapped into the fluid domain,

w = x + zi, as presented in Fig. 5:

1
—1)7_51;2[?/”

40
w()=C+C, [ W‘it- (19)
(=&+mi
n
F A B D E F
! | ! | .
—a -1 0 (0 1 a '3

Fig. 5. The upper {-plane, mapped by the Schwarz-Christoffel transformation.

Here, the parameters a, Ci, and C, are determined by w(0) = —i(cotanf + h), w(=1) = —¢; —

ih, w(1) = ¢y — ih, w(—a) = —c,, and w(a) = c¢,. Then, we have

co/cos B
G| = —FF%—, (20)
1(1-t2)2 me2B/m

0" (a2_¢2)1/2

1B
a(t?-1)2 nt2B/m
1 Wi

h/cy = (21)
0 cos B 1(1—t2)%_gtzﬁ/”
0 (@2-t)1/z
On the {-plane, ¢p satisfies the Laplace equation and the following boundary conditions
¢ =0, on (|§] > 1,0), (22.a)
2 = —geosp 16, 2T L el < 1,40, (22.b)
(a?-§2)z
Vo = —|C,lgk,at { - oo (22.¢)

¢ can be split into ¢ = —|C,|gn + ®. Since n = 0 on the body surface, the term, —|C,|gn, has no

contribution to the g-term force. The function @ satisfies the following boundary conditions

® =0, on (J¢] >1,0), (23.2)

FI) (1 & )2 ﬁ 2B

2 glcyl(1-cosp CEETER ) on (g1 < 1,40).  (23b)
(a2-§2)2

Vo = 0,at { - oo. (23.0)

Let ® = ¢, + ¢,, we have
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@, =0, on (|¢] >1,0), (24.2)

acpl—gICzIon(IEI<1.+0), (24.b)
Vo, =0,at { — o, (24.0)
and

@, =0, on (|¢] >1,0), (24.d)
2 17:

92 _ _gcosp|C,| 2T 2 TE% on (€] < 1,4 0) (24.¢)

on (@?—g22

Vd, = 0,at { - . (24.9

On the body, i.e. (|¢] < 1,+0),

;= —glCly1-¢2 (25)

@, can be represented as

®, (& m) = 5PV [ y(©) tan~ e, (26)

i.e. the vorticities on the line segment of (|é| < 1,0). The vortex strength y(t) is obtained by solving
the following integral equation

(1-=¢ 2)2 "
(@22
The solution for the homogeneous problem, corresponding to the right-hand-side of the above equation
equal to zero, is C /\/1——52 . Here C is a constant and should be determined by some condition. Note
that the distribution of the vortex strength is antisymmetric. It results in C=0. Let’s change the variables

PVf1 YO ge = —gcosf |Cy| ——"—+

1§t

f" forlél <1 27)

as follows: § = —cosy, t = —cosf,and a(0) = y(£) sin 6. Then, we have an integral equation
1 T a(9) 1—-(cos )
—PV wos0-cosy 40 = g cosB |G |%(COS){)" (28)

(a?-(cos )2
Inserting the Fourier expansion,

a(8) = —2gcosB|Cy| Yoy @y, cos(2n — 1)0, (29)

into Eq. (28), we obtain

1B
(1-(cosy)?)2' ™

do = — (cos )() T, 30)
(a?—(cos x)?)2

T Y, an cos(2n—1)8

~PV [

cosO—cosy
This will require the evaluation of the Glauert integrals

fn: cos(2n-1)6 9 = 7_[sin(Zn—l))(' (31)

0 cosf-cosy sin y

Then the integral equation (30) becomes

2B
T(cos ).
(a%~(cos x)?)2

The coefficients of the above Fourier series can be expressed as

B
o . (sin°* 7
Yn=1anSin(2n — Dy =

By
. 2(1—
a, =2 f”%(cos )()n sin(2n — Dy dy. (32)

(a?—(cos x)?)2
So far, we have the vortex distribution
y(&) = y(—cosB) = —2g cosB |C,| ﬁzz’:l a, cos(2n — 1)0. (33)

The velocity potential on the body can be obtained:
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@, (¢,+0) fs 0P, f L (t)dt
) = ) = __)/
2 _, ot 4 2

X [oe]
= f gcosﬁlCZ|Zan cos(2n —1)6 do
0 n=1

=g cos B |Gyl Yoy 55 sin(Zn — Dy (34)

(2

The total velocity potential becomes
D(,+0) = —g |Cylsiny + g cos B |Cy| Yo (2 sm(Zn - 1y. (35
Thus, the vertical hydrodynamic force due to the gravity effect is written as

Fy = —pcosB [ dds

T 2B
= —pcos[)’f D(t, +0)|C2|& twdt
(a%-t2)2
B
. 2(1-3) 28
(sin6) 7 (cosB) = db

(a%—-(cos 6)2)2

= pg|C,|? cosﬁf {sme—cosﬁzn 1(2 sm(2n 1)0}

2
= 2pglGoI? cos B {a; — cos p X ) (36)

The series in the above equation converge very fast. The approximation,
~ pglC,|* cos B~ (a; — afcos B), (37)

is very close to the exact solution. Fig. 6 presents the solutions of the g-term forces at different deadrise

angles. A larger deadrise angle results in a higher g-term force for a given submerged depth.

9

c2
pec,

F(g)/
z
N~

-=-=-- Approximate analytic solutions
Exact analytic solutions

h/c0

Fig. 6. Evolution of the g-term force of wedges vertically entering the water surface. It is predicted by
the simplified model; /4 is the distance between the top of the wedge and the still water surface; ¢y is the

half breadth of the wedge; the exact analytic solutions and the approximate analytic solutions are given
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by Eq. (36) and Eq. (37) respectively.

Asymptotically (a — oo, corresponding to an infinite cavity), we have

h ~ a? COC—SOBA(ﬁ’)a (38)

1G] ~ a2 AB), (39)
2 cmo, . 2(1—£) B

an ~ = [ (sin ) ** 7% (cos?y)w sin(2n — Dy dy (40)

o~ [AIEBE) cos ) [ “n

B B B B
where, A(B) =1/ fon/z (cos )?@ @ (sin2y)ndy and B(B) = fon (sin x)2®™@ (cos?y)= sin y dy .

Eq. (41) indicates that for deeply submerged wedges the theoretical g-term force is linearly dependent
on the square root of the submerged depth. This may be applied to other two-dimensional solid objects.
Numerical experiments are conducted to verify the simplified model of assuming a uniform cavity
behind the falling body. The water-entry problem is solved in the time domain by the fully-nonlinear
model presented in Section A. At each time step, the corresponding g-term force is evaluated after solving
,, governed by (13.a)-(13.d), based on the exact free-surface boundary. The numerical solutions of the
fully-nonlinear model are compared with the analytical solutions of the simplified model at the relatively
small deadrise angle of 8 = 30° and at the relatively large deadrise angle of f = 60°, as shown in Fig.
7. The agreement between the simplified model and the fully-nonlinear model confirms that the g-term
force is not sensitive to the cavity shape. The key physical parameters of affecting the g-term are the
projected wetted area, the submerged depth and the body geometry. It notes that Fz(g ) (h =0) is equal
to the weight of the water displaced by the body. Excluding this, the g-term force is not sensitive to the
body geometry near the still water surface. The body geometry has a significant influence on the g-term

force when the body is deeply submerged.
12

c2
pge;
N
\
st
+
+
+

F(g)/
z
8
+0

+O

=

4 R

OI i ; H
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h/cO
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Fig. 7. Comparison of the g-term force of wedges vertically entering the water surface. The solid lines
represent the analytic solutions, of the simplified model, given by Eq. (36). The colored markers represent
the numerical solutions of the fully-nonlinear model: the blue color denotes the mass ratio,
M/(0.5pmcd), of 1, the green color denotes the mass ratio of 3, and the red color denotes the mass ratio
of 9; the ‘square’ marker denotes the Froude number, V, /\/E, of 2, the ‘circle’ marker denotes the

Froude number of 4, the ‘+’ marker denotes the Froude number of 8.

Flat plate. The flat plate corresponds the wedge with zero deadrise angle, i.e. f§ = 0. The Schwarz-

Christoffel transformation is expressed as

w(Q)=—ih+C, f{ | de. (42)

The parameters a and C; are determined by w(1) = ¢, — ih and w(a) = ¢,, which results in

co = 1G,| [aE (3) - @1y 3)]. (43)

a a

) 152

h= |C2|[aE(T .

K is the complete elliptic integral of the first kind and E is the complete elliptic integral of the second

kind. a is the root of the following equation

o) 2
hfco = ———"7r (45)
5(5)- ()
The coefficient a, becomes
i 2
a, = % On%sin(Zn — Dydy. (46)
(a2~(cos x)?)2
The velocity potential on the body is
®(§,+0) = —g|C,| siny + g 1G] Xz 5,5 sin(2n — Dy 47)

Further, the vertical force due to gravity can be expressed as
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=—pf (L, +0)|C] | tzdt

pgl|Cy|? f {sme > 1(2 sm(Zn— 1)9} (sinB)?/(a? — (cos 9)2)% do

2
pglC,1? 2 fa, — B, ) (48)

(2n-1)

For small h/c,, we have the following approximation

£y = glCal* 5 (e = ab) with @y = V@ =T+ 2 - a)sin? Q} “49)

Cone. The above simplified model is generalized to the three-dimensional space for estimating the g-
term force of the vertical water entry of cones. It is difficult to solve the three-dimensional model
analytically but easy by the proposed boundary integral method. To avoid the infinite still water surface,
an image flow above the undisturbed free surface is introduced as shown in Fig. 8, where, Z = z/c, is

the dimensionless coordinate vertically upwards, 7 = r/c, is the dimensionless radial coordinate and

1/72 = lpz/gco'

B'(h,1)

\\ /azﬁz Jon =0

v

c' (h+tan,8 0)

Fig. 8. Simplified model for estimating the dynamic component of the g-term force of a cone vertically

entering the water surface.

Integrating 1, over the wetted body surface will result in the ‘dynamic’ component in the g-term

force. By including the ‘hydrostatic’ component, the g-term force is expressed as

(2)
Fg

- (“‘“ﬁ+h) + [, P, n.d5. (50)

hydrostatic term dynamic term

npgcy

Excluding the weight of the water displaced by the body, i.e. tan S /3, the g-term force is assumed to be

E® = ah. (51)
The numerical solutions, of the simplified model for the g-term force of the cones, at 1 < h < 10, are
presented in Fig. 9, where Fj A = = [F, (@) P;Z) (h = 0)]/mpgcd. It can be seen that the g-term force
indeed follows Eq. (51) and the coefficient, y, corresponding to the slope of the solid line, is nearly
independent on the deadrise angles. The coefficients, a and Yy, at different deadrise angles are presented
in Table 1. Similar to wedges, a larger deadrise angle results in a higher g-term force at a given

submerged depth.
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0 0.5 1 1.5 2 2:5

log(h)
Fig. 9. The log-log plot of the g-term force, by the simplified model for cones vertically entering the

FY _wangp

3 is the g-term force excluding the
Tpgcy 3

water surface, over the submerged depth. P_:q(z) =

buoyance of the cone, i.e. the weight of the water displaced by the cone. The solid lines from bottom to
top correspond to the deadrise angle 0°, 10°, 20°, 30°, 40°, 50° 60°, and 70° respectively.

Table 1. Coefficients of the g-term force, represented as Fg(z) = ah, for cones at the deadrise angle of

B.
B(0) 0 10 20 30 40 50 60 70
a 04860  0.5054  0.5274  0.5531 0.5838  0.6220  0.6714  0.7387
% 0.8204  0.8216  0.8233  0.8257  0.8292  0.8345 08429  0.8575

6

Fig. 10. Evolution of the g-term force of cones vertically entering the water surface. The solid lines
denote the numerical solutions of the simplified model. The ‘circle’ markers denote the approximation

of the numerical solutions by Eq. (51). f denotes the deadrise angle of the cone.
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Numerical experiments, similar to those for wedges, are conducted to verify the simplified model.
Fig. 11 presents the solutions of the fully-nonlinear model and the simplified model at the deadrise angle

of 30°and 60°. Again, the simplified model gives the good approximation of the g-term force.

4
7
/ N
3 SERES SERSHISIRLY ({YSIRNm—e,
/ :
: +
mg;: O+
g2 SRD A0 - W F—
o / o+
6 9 12
h/cO
(a B =30°

c3
pec,

F(g)/TE
z

0 4 8 12 16

h/cO

(b) B =60°
Fig. 11. Comparison of the g-term force of cones vertically entering the water surface. The solid lines
represent the numerical solutions of the simplified model. The colored markers represent the numerical
solutions of the fully-nonlinear model: the blue color denotes the mass ratio, M/(4pmcd/3), of 1, the
green color denotes the mass ratio of 3, and the red color denotes the mass ratio of 9; the ‘square’ marker
denotes the Froude number, V;/ \/E , of 2, the ‘circle’ marker denotes the Froude number of 4, the ‘+’

marker denotes the Froude number of 8.
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Circular cylinder. Fig. 12 illustrates the water entry of circular cylinders. The flow separates from the
body at the angle of f5. The steady cavity flow, past the circular cylinder, at zero cavitation number,
results in the separation angle of about 55° and an infinite cavity.>* It corresponds to the limiting state
of a circular cylinder vertically entering the water surface with constant speed in a gravity-free
environment. This section studies the g-term force at the flow separation angle from 55°to 90°, based
on the simplified model assuming a uniform cavity behind the falling body. Fig. 13 shows the half of the
simplified model, where the reference length ¢, is the half of the maximum wetted length equal to
Rsinf,_.

Fig. 12. Sketch of the water entry of a circular cylinder. R is the radius of the circular cylinder. g is

the separation angle.

s(ChD Yo=-z s'(R,1)
0, /0 =0 TN 0y, 0n=
\ \\ o \\
% x(7)
ﬁs \\ J \
e AN A B -
C (o) Z C

Fig. 13. Simplified model for estimating the dynamic component of the g-term force of a circular

cylinder/sphere vertically entering the water surface. S is the flow separation angle.

Fig. 14 compares the g-term force between circular cylinders and wedges. It is observed that, for a
given flow separation angle of the circular cylinder, there is a wedge with some deadrise angle resulting
in the good approximation of the g-term force. Table 2 suggests using the g-term force of the wedge of

the deadrise angle of [ to approximate that of the circular cylinder with the flow separation angle of .
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==== Circular cylinder, flow separation angle Bf'ﬁ"Ou

Q

Circular cylinder, flow separation angle B‘=55

==== Wedge, deadrise angle p=51°

Wedge, deadrise angle p=41°

0 2 4 6 8 10
higy
Fig. 14. Comparison of the g-term force between wedges and circular cylinders.
Table 2. Approximating the g-term force of the circular cylinder with the flow separation angle S, by
that of the wedge with the deadrise angle f.
Bs(deg) 55 60 65 70 75 80 85 90
B(deg) 41 45 48 51 54 57 60 63

Sphere. The g-term force of spheres is estimated by the simplified model presented in Fig. 13. The
solutions of the simplified model may also follow Eq. (51), which is confirmed by the log-log plot of
the g-term force over h as shown in Fig. 15. The coefficients, a and y, at the flow separation angle
from 55°to 90° are presented in Table 3. It is observed that y is weekly dependent on the flow

separation angle and is close to that of cones.
2

Tz

)

(g
V-4

log(F

0.5 1 _ 1:5 2 2.5

log(h)
Fig. 15. The log-log plot of the g-term force, by the simplified model for spheres vertically entering the
water surface, over the submerged depth. Fg(z) = [Fg(z) — Fg(z) (h = 0)]/mpgc? is the dimensionless g-
term force excluding the weight of the water displaced by the sphere. The solid lines from bottom to top

correspond to the flow separation angle 55°, 70°, and 90° respectively.
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Table 3. Coefficients of the g-term force, represented as F;Z) = ah?, for spheres with the flow

separation angle of f.

Bs(0) 55 60 65 70 75 80 85 90
a 0.6214 0.6383 0.6567 0.6768 0.6990 0.7234 0.7505 0.7806
V4 0.8298 0.8317 0.8338 0.8362 0.8390 0.8423 0.8460 0.8503

8 .
---------- Hydrodstatic force '
M----- May & Woodhull's approximation G
5 The present model ’.‘."'.
- 5 L i -
%[) R -~
g 4} : o
B o
CJN
53

0 2 4 6 8 10
h/R
Fig. 16. Comparison between May & Woodhull’s approximation®® and the present model for the g-term

force.

May & Woodhull investigated the drag coefficients of steel spheres entering water vertically.>> For
the evaluation of the drag coefficient defined by the V-squared law, they excluded all forces having a
different independence on /" and expressed the equation of motion of the body as Eq. (1). It notes that
the term pghS in Eq. (1) corresponds to the hydrostatic force obtained by directly integrating the
hydrostatic term in the Bernoulli’s equation over the wetted body surface (here, the weight of the water
displaced by the sphere is excluded). Their analysis used S = 0.45mR? instead of the measured value
0.8mR? (R is the radius of the sphere) for the evaluation of pghS, giving satisfactory results. The
projected wetted area of 0.8mR? corresponds to the flow separation angle B, of about 65°. Fig. 16
shows that the hydrostatic force strongly overestimates the force due to the gravity effect. May &
Woodhull’s approximation is close to the present solution throughout the early part of the sphere’s

trajectory, where the drag coefficient is reasonably constant and was studied.*®

C. a-term force

The a-term force is proportional to the body acceleration and can be written as Fz(a) = —As,V.
A3 represents the high-frequency add mass of the body in the vertical direction and is expressed as

Az =p /], Sg lf)lnz ds, where 1, is the solution of the following equations
V2, =0 in Q, (52.a)
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Y, =0 on S, (52.b)
21— —n, on Sp. (52.c)
P, — 0 at |X| - oo, (52.d)

Wedge. By assuming a uniform open cavity behind the body and following the procedure presented in

the previous analysis, we can express the added mass for wedges as

Aza/ Cped) = = |ColPcos? B Xy =22 (53)
33 Zpo iz b2 n=1(n_1)"
1.2
p=0°
1.1
p=15°
N;::, 1 5:300
4 ]
=45
5 0'9/7 g—6oo
<m 0.8 /f
0.7
0.6
0 2 4 6 8 10
h/c0

Fig. 17. Evolution of the added mass predicted by the simplified model for wedges vertically entering

the water surface. 8 is the deadrise angle of the wedges.

Fig. 17 presents the evolution of the vertical added mass predicted by the simplified model. With
increasing the submerged depth, the added mass grows strongly near the undisturbed free surface and

quickly approaches the value of h = co. At h = 0 (corresponding to a = 1), A3 is expressed as
2

(54

n-—1

2B B
2 o 1 | (sin )()(1_?) (cos?x)™ sin(2n-1)xd
Ags(h = 0)/Cpcd) = B2 55 [ 2 e
/2 (1_?) in2 )
Jo " (cos ) (sin? )7 dy
Itis easy to verify As3(h = 0) = mpc/2 for B = 0°, which is exactly the high-frequency added mass
of the flat plate. Letting h — oo, we have a = o and (a? — (cos x)?)'/? ~ a. Then, the added mass

becomes
2

Ass(h = 0)/Gpcd) = (D)2 it (55)

n-1

_B B
1 f: (sin )()2(1 n) (cos?x)™ sin(2n-1)xdyx
/2 2(1—£) B
Jo " “(cos )"\ T/ (sin2 )m dy

The added mass of h =0 and h = o from B = 0°to f = 80° is presented in Fig. 18.
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Fig. 18. Added mass, at h = 0 and h = oo, for wedges vertically entering the water surface. f is the

deadrise angle of the wedges.

Numerical experiments are conducted to verify the added mass predicted by the simplified model
of assuming a uniform cavity behind the falling body. The water-entry problem is solved in the time
domain by the fully-nonlinear model presented in Section A. At each time step, the corresponding added
mass is evaluated after solving 1/71, governed by (52.a)-(52.d), based on the exact free-surface boundary.
The numerical solutions of the fully-nonlinear model are compared with the analytical solutions of the
simplified model at the deadrise angle of § = 30°and B = 60°, as shown in Fig. 19. It confirms that
the added mass grows strongly near the undisturbed free surface with increasing the submerged depth.
The simplified model accurately predicts the added mass of the wedges near the still water surface and
may overestimate that of the deeply submerged wedge (about 6%). The key physical parameters of

affecting the added mass are the body geometry and the submerged depth.
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Fig. 19. Comparison of the added mass of wedges vertically entering the water surface. The solid lines
represent the analytic solutions, of the simplified model, given by Eq. (53). The colored markers represent
the numerical solutions of the fully-nonlinear model: the blue color denotes the mass ratio,
M/(0.5pmcd), of 1, the green color denotes the mass ratio of 3, and the red color denotes the mass ratio
of 9; the ‘square’ marker denotes the Froude number, V, /\/E, of 2, the ‘circle’ marker denotes the

Froude number of 4, the ‘+’ marker denotes the Froude number of 8.

Cone. The simplified model is generalized to the three-dimensional space for estimating the added mass
of the vertical water entry of cones. Again, an image flow above the undisturbed free surface is introduced
as shown in Fig. 20, where, Z = z/c, is the dimensionless coordinate vertically upwards and 7 = r/c,

is the dimensionless radial coordinate. ¢ can be solved by the boundary integral method and then the

added mass is evaluated by A33/(§pc§) = %fsg 17)an ds.

___________ B'(h, 1)
R om 7
\
\
\
A\
B Y —_— . — .\_.__._,_
C(—h—tanf,0) 0 z C'(h+tanp,0)

Fig. 20. Simplified model for estimating the added mass of a cone vertically entering the water surface.

The evolution of the vertical added mass of cones, presented in Fig. 21, is similar to that of wedges. It is
noticed that the added mass of cones approaches the value of h = co more quickly with increasing the
submerged depth. The added mass of h =0 and h/cy, = 20 from f = 0°to B = 80° is presented in
Fig. 22. For a given deadrise angle, the difference between the added mass of h = 0 and the added mass
of h/cy = 20 is smaller than that of wedges. The added mass of cones is more sensitive to the deadrise

angle, comparing to wedges.

1.3

1.2

1.1

3
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ARRRD

A33/(4/3pc
=
\O
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0.6 B=60"
0.5 .
0 3 4 6 8 10

Fig. 21. Evolution of the added mass predicted by the simplified model for cones vertically entering the

water surface. 8 is the deadrise angle of the cones.
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Fig. 22. Added mass, at h = 0 and h/c, = 20, for cones vertically entering the water surface. [ isthe

deadrise angle of the cones.

Numerical experiments are conducted to verify the added mass predicted by the simplified model
of assuming a uniform cavity behind the falling body. The fully-nonlinear model is solved in the time
domain by the numerical method presented in Section A, which results in the exact cavity configuration
and added mass. The numerical solutions of the fully-nonlinear model are compared with the analytical
solutions of the simplified model at the deadrise angle of f = 30° and B8 = 60°, as shown in Fig. 23.
It confirms that the added mass grows strongly near the undisturbed free surface with increasing the
submerged depth. The simplified model accurately predicts the added mass of the cones near the still
water surface and may slightly (less than 5%) overestimate that of the deeply submerged cone. It notes
that the predicted added mass of the disk on the free surface, i.e. A;3(h =0) at § = 0°, agrees with
Glasheen & McMahon ’s experiments.!! The key physical parameters of affecting the added mass are the
body geometry and the submerged depth. [As5(h = 0) + As3(h = ©0)]/2 can be used as the first
approximation of the added mass of the cone at any submerged depth.
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Fig. 23. Comparison of the added mass of cones vertically entering the water surface. f is the deadrise
angle of the cones. The solid lines represent the numerical solutions of the simplified model. The colored
markers represent the numerical solutions of the fully-nonlinear model: the blue color denotes the mass
ratio, M/(4pc3/3), of 1, the green color denotes the mass ratio of 3, and the red color denotes the mass
ratio of 9; the ‘square’” marker denotes the Froude number, V,/ \/E , of 2, the ‘circle’ marker denotes

the Froude number of 4, the ‘+> marker denotes the Froude number of 8.

Circular cylinder and sphere. The simplified model for estimating the added mass is presented in Fig.
24, where the reference length ¢, is the half of the maximum wetted length equal to R sin S, . The flow
separates from the body at S resulting in the flow separation angle of S;. A uniform cavity is assumed

behind the body. An image flow above the undisturbed free surface is introduced.

0 S(-h1) 1= 0 s' (b 1)
—_— = - T T timmememesme e 1
an z \ S =N
\\ \ an Z
~ %) W
.Bs \‘\ J \
e Lo e e e do_._. -
C 0 z C

Fig. 24. Simplified model for estimating the added mass of a circular cylinder/sphere vertically entering

the water surface.

The evolution of the vertical added mass of circular cylinders/spheres can be shown being similar
to that of wedges/cones: with increasing the submerged depth, the added mass grows strongly near the

undisturbed free surface and quickly approaches the value of h = oo, Table 4 presents the dimensionless
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added mass of circular cylinders and spheres on the still water surface, i.e. h = 0 and at a deeply-
submerged depth of h = 20. A33 = 1,i.e. As3 = mpcg/2 for circular cylinder and A3 = mpcd /3 for

spheres, can be used as the first approximation of the added mass at any submerged depth.

Table 4. Dimensionless added mass of circular cylinders and spheres. S is the flow separation angle.
The dimensionless added mass is defined as A3; = A33/ (g pcd) for cylinders and Az = Az3/ (g pcd)

for spheres.

Circular cylinder
Bs(0) 55 60 65 70 75 80 85 90
Az (h=0) 0.891 0.894 0.901 0.910 0.924 0.942 0.967 1.000
As3(h = 20) 1.104 1.110 1.119 1.132 1.149 1.173 1.203 1.241
Sphere
Bs(0) 55 60 65 70 75 80 85 90
Az3(h=0) 0.975 0.963 0.954 0.949 0.950 0.958 0.974 1.000
As3(h = 20) 1.113 1.100 1.090 1.085 1.084 1.090 1.103 1.126

D. v-term force
Through the definition of the v-term force, i.e. F =p fSB (s —V- Vo + % |[Ve|*)n, ds and the

governing equations of 5, it is natural to express the dimensionless v-term force as C, =
FZ(U) /(0.5pV2S). Here, S is the area of the maximum cross section of the falling body. C, may be called
as the ‘velocity-drag coefficient’. Fig. 25 illustrates the typical evolution of the velocity-drag coefficient
of wedges vertically entering the water surface until the cavity pinch-off. At the early stage, C, is
decreasing strongly with increasing the submerged depth. At the very early stage, i.e. near the still water
surface, C, is independent of the mass ratio and Froude number. After the submerged depth is greater
than a few characteristic lengths, C, evolves gently. During this stage, C, is reasonably constant and
overestimates the steady-state value, corresponding to an infinite open cavity and a constant drag
coefficient.> It notes that the steady state is the limiting state of a wedge entering the water surface
vertically with a constant speed in a zero-gravity environment (equivalent to the infinite Froude number).
Therefore, C, is closer to the steady-state value for the larger Froude number. The duration of this stage
becomes longer for the larger mass ratio. Close to the pinch-off of the open cavity, C, is growing strongly

especially for small mass ratios. These physical phenomena will be discussed qualitatively.

24 / 32



3 —
—g=§,£n=i i H [——y—)
c=sie D3 B H
-------- D=3,Fn=8 2.5 .E ﬁi’ﬁ:g
o | (=
, ) i : - D=9,Fn=4
D=9,Fn=8 i i D=9 Fn=8
Theoretical H i Theoretical
o (Plasset & Shaffer) o 1.5 ! (Plasset & Shaffer)
/
/
1
[ Sz
0.5
0 0
0 5 10 15 20 0 5 10 15 20
h/cO h/co
(a) B =30° (b) B =60°

Fig. 25. Evolution of the velocity-drag coefficient of the wedge with the deadrise angle of £ vertically
entering the water surface until the cavity pinch-off. D = M/0.5pmcé is the mass ratio. Fn = Vy/\/gco
is the Froude number. The blue and green lines indicate the numerical solutions of the fully nonlinearly

model.

Instead of solving 153, we consider an equivalent problem, 13 = 13 — V- Vg. Based on Eqs

(14.a)-(14.d), ¥ can be decomposed into 3 = él) + wéz), which satisfies the following equations

V2 3gl) =0 in Q, (56.a)
:gl) — _%lv(plz on SF’ (56b)
(1)
i =0 on S, (56.c)
and
V2 3EZ) =0 in Q, (57.a)
3(,2) =0 on S, (57.b)
ap® a
ai =—--(V-Vg) on S, (57.¢)
3(,z) 0 at |X| - oo. (57.d)
Then, we have
1
E” =p [, Y +5 1V, ds +p f;_piPn, ds. (58)
F(2)

F(1)
When the water-entry problem is solved in the time domain by the fully-nonlinear model presented in

Section A, ngl) and ngz) can be evaluated by the boundary integral method based on the exact free-
)
z

surface boundary at each time step, resulting in the numerical evolution of F®V, F® and F,
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Fig. 26. Numerical evolution of F®, F® and FZ(V) for the wedge with Fn =4,D =9 and f =
30° vertically entering the water surface until the cavity pinch-off. D = M/0.5pmc? is the mass ratio;
Fn =V,/./gcy is the Froude number; f is the deadrise angle.

Fig. 26 illustrates the evolution of F(, F®) and FZ(U) for a wedge vertically entering the water
surface. It can be seen that F® is the dominant component of FZ(U). This fact tends to be confirmed by
our numerical results of other combinations of Froude number, mass ratio and deadrise angle for the
wedge/cone vertically entering the water surface.

Eq. (57.¢) is the unique non-trivial boundary condition for wéz). Therefore, the solution of ngz) and
the corresponding C,, strongly depend on Eq. (57.c), which is related to the velocity field near the wetted
body and characterized by the body shape and the shape of the attached open cavity. The cavity dynamics
of solid objects vertically entering the water surface have been extensively investigated,*% - 2432 since
Worthington & Cole’s work?. Here, we only outline several aspects for the further discussion. If the
water-entry speed is sufficiently large, an air cavity will be created behind the falling body.” The cavity
expands at the beginning and the gravity effect resists the expansion of the cavity causing its contraction
and pinch-off (closure).? This procedure is illustrated by Fig. 27. The slenderness of the closed cavity is
characterized by the ratio, 2c,/l. In general, larger mass ratios of the falling body result in slenderer

closed cavities.3>40

Creation Expansion Contraction Pinch-off

Still water surface

Fig. 27. Illustration of the evolution of the air cavity for a wedge vertically entering the water surface

until the cavity pinch-off. The slenderness of the closed cavity is characterized by the ratio, 2¢, /1.
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For the velocity-drag coefficient defined by the V-squared law, the non-dimensional boundary
condition, i.e. [—d(V - V¢)/dn]/V?, should be considered. It can be shown that,

a(V-Vp)/on__
— 3

0 0¢/0s

cosp —-[——] (59)

for wedges. Here s refers to the tangential direction. The right-hand side of Eq. (59) is cosf8 times the
variation of the dimensionless tangential velocity along the wetted body surface. At the apex of the wedge,
the dimensionless tangential velocity is fixed to be —sin 8 throughout the water-entry process. Near
the still water surface, the water particle leaves the knuckle point somehow ‘freely’. For smaller deadrise
angles, both cosf and the detaching speed are larger, resulting in the stronger variation of the
dimensionless tangential velocity and therefore greater C,. At the very early stage, the gravity effect is
commonly negligible. So, the flow is not sensitive to the mass ratio and Froude number and C,(h = 0)
can be regarded to be a constant for a given body. With increasing the submerged depth, the effect of the
surrounding water constraining the detaching speed becomes stronger, which leads to the weaker
variation of the dimensionless tangential velocity and therefore the decreasing of C,. This effect tends
to be steady after the submerged depth is greater than a few characteristic lengths. Then C, is not
sensitive to the increment of the submerged depth. The evolution of C, goes to the second stage. During
that C, is reasonably constant. If the air cavity continues the expansion, the second stage is lasting and
C, will slowly approach the limiting value presented by Plasset & Shaffer®’. The expansion of the air
cavity is of relevance to the strong transferring of the energy from the falling body to the water. This
process becomes longer for the falling body with higher energy, i.e. larger mass ratio and/or higher
Froude number, which results in the longer second stage of the evolution of C,. Fig. 25 has shown that
the second stage is very short or even obscure for the wedge with relatively small mass ratio/ Froude
number. The gravity resists the expansion of the cavity causing its contraction and pinch-off.2* 3 The
contraction of the open cavity influences the evolution of C,, through modifying the velocity field near
the wetted body. The numerical experiments show that the contraction of the air cavity strengthens the
variation of the tangential velocity along the wetted wedge surface. Closer to the pinch-off, this effect

3240 and therefore the

becomes stronger. Further, smaller mass ratios result in blunter closed cavities
stronger variation of the velocity field near the wetted body. So, C, for the objects with small mass ratios
evolves dramatically close to the pinch-off of the open cavity. These analyses are confirmed by Fig. 28,
which plots the variation of the tangential velocity along the wetted body surface of the wedge, predicted
by the fully nonlinear numerical method. At h = 0, the good agreement of the tangential velocity is
consistent with the good agreement of C,, as shown in Fig. 25. At h = hyj.p, /2(within the second stage),

the variation of the tangential velocity becomes closer to the theoretical value,*

corresponding to
C, closer to the theoretical value. At the pinch-off of the cavity, the variation of the tangential velocity is

strong especially for the small mass ratio, which results in the large value of C,,.
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Fig. 28. Variation of the tangential velocity along the wetted body surface of the wedge. D = M /0.5pmc?
is the mass ratio. Fn =V,/,/gc, is the Froude number. hyp;, ., is the submerged depth at pinch-off.
The blue and green lines indicate the numerical solutions of the fully nonlinearly model.

Fig. 29 illustrates the typical evolution of the velocity-drag coefficient of cones vertically entering
the water surface, which is similar to that of wedges. The evolution of C,, of the cone goes to the second

stage more quickly compared to the wedge. During this stage, C, is very close to the theoretical value

for the relatively large deadrise angle.
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Fig. 29. Evolution of the velocity-drag coefficient of the cone with the deadrise angle of £ vertically
entering the water surface until the cavity pinch-off. D = M /(4pcd/3) is the mass ratio. Fn = V//gco
is the Froude number. The blue and green lines indicate the numerical solutions of the fully nonlinearly

model.

For the water entry of spheres, the flow separation point is unnecessarily fixed and its position may
move along the body surface. May & Woodhull’ experiments showed that the corresponding flow
separation angle, for the steel spheres, at large Froude numbers (21 < V,/,/gR < 180), is about 65°.3
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The experiments by Aristoff e al.>? showed: the flow separation angle, for the steel spheres, at the Froude
numbers 1 <V /\/g_R < 10, is about 70° before the pinch-off; the flow separation angle, for the
spheres made of polypropylene or nylon (corresponding to relatively small mass ratios), is also about
70° at the early stage but can become larger than 90° close to the pinch-off. Here, we only discuss the
evolution of the velocity-drag coefficient of steel spheres, of which the flow separation angle can be
regarded to be constant. The mass ratio of steel spheres, M/(pmR3/3), is as large as about 31. Further,
the flow separation angle of 65° or larger make the steel sphere behave like the cone with a relatively
large deadrise angle. Based on the previous study, we expect the following: C, decays quickly at the
early stage and it goes to the second after the submerged depth is larger than a few characteristic lengths ;
C, is very close to the limiting value of 0.30-0.3134 at the second stage; the duration of the second stage
is longer for the higher Froude number; the contraction of the air cavity results in the growth of C,.

These are confirmed by the numerical solutions of the fully nonlinear model presented in Fig. 30.
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Fig. 30. Evolution of the velocity-drag coefficient of the steel sphere vertically entering the water surface
until the cavity pinch-off. Fn =V, /,/gc, is the Froude number; [, is the flow separation angle; R is
the sphere radius; C, = F."/(0.5pV2R?).

IV. CONCLUSIONS

This work investigated the unsteady hydrodynamic force of solid objects vertically entering water
with an air cavity behind the falling body within the framework of potential flow. The unsteady
hydrodynamic force is exactly decomposed into three components, i.e. the acceleration term Fz(a), the
gravity term Fz(g) and the velocity term FZ(U). The acceleration term is equal to the high-frequency
added mass times the body acceleration, i.e. Fz(a) = —A3;3V. The gravity term consists of a hydrostatic
term and a dynamic term. The hydrostatic term is obtained by integrating the term, —pgz, in the
Bernoulli’s equation over the wetted body surface, is upwards, and strongly overestimates Fz(g ). The
dynamic term is downwards. The added mass and the gravity term can be well estimated by the proposed
simplified models, which assume a uniform cavity behind the falling body. Near the undisturbed free
surface, the added mass grows strongly with increasing the submerged depth. It tends to be steady after
the submerged depth is greater than a few characteristic lengths (the characteristic length, ¢y, is defined
as half of the wetted breadth). The solution of the added mass of different geometries, at the still water
surface and deeply submerged, is presented. The added mass can be approximated as As; = mpcZ /2 for

the circular cylinder and the wedge with small deadrise angles, As; = 4pc3/3 for the cone with small
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deadrise angles, and A;; = mpcd/3 for spheres. The key physical parameters of affecting the gravity
term are the projected wetted area, the submerged depth and the body geometry. The gravity term is
proportional to the projected wetted area. Excluding the buoyance, i.e. the weight of the water with the
volume of the wetted body, the gravity term is not sensitive to the body geometry at small submerged
depth, but it is strongly influenced by the body geometry at large submerged depth. The analytical
solution of Fz(g ) of the wedge with any deadrise angle is presented. Asymptotically (h — o0), Fz(g) is
proportional to the square root of the submerged depth. For the three-dimensional bodies, the
dimensionless gravity term follows Fg(z) = ah’, where h = h/c, and y is about 0.83. The velocity
term is represented as the drag coefficient, C, = FZ(V) /(0.5pV2S), which is characterized by the body
geometry. The submerged depth and the cavity shape influence the drag coefficient through modifying
the velocity field near the wetted body. The evolution of the drag coefficient can be divided into three
stages: 1) near the still water surface, €, decays strongly with increasing the submerged depth; ii) after
the submerged depth is greater than a few characteristic lengths, C, evolves gently and is reasonably
constant; and (iii) C,, grows due to the contraction of the air cavity. C, at the second stage becomes
closer to the limiting value, which corresponds to the steady cavity flow at zero cavitation number. Larger
mass ratios and/or higher Froude numbers result in the longer period of the second stage. Smaller mass

ratios can lead to the dramatical growth of C,, close to the pinch-off of the open cavity.
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