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Abstract

The articulated intervention autonomous underwater vehicle (AIAUV) has emerged
from the underwater snake robot (USR) by equipping it with longitudinal and
tunnel thrusters. The AIAUV is an overactuated and highly redundant underwater
floating base manipulator, where its entire articulated body serves as a floating
manipulator arm, and its slender shape allows it to access narrow and confined
spaces. Motivated by the redundant and overactuated AIAUV, this thesis is
concerned with prioritized control of redundant robotic systems. Operational
space control is investigated in the context of multiple-input and multiple-output
(MIMO) feedback linearization, where conditions for input-output linearizability
and full-state linearizability by an operational space control law are given. With
the goal of including set-based tasks within a dynamic task priority framework,
operational space control is merged with control barrier functions (CBFs). However,
strict priority between tasks is lost in the process. As a consequence, operational
space control is not pursued further and a novel task priority framework based on
a hierarchy of control Lyapunov function (CLF) and control barrier function based
quadratic programs (QPs) is developed. This framework ensures strict priority
among different groups of control tasks such as safety related, operational and
optimization tasks, which entails that tasks with a lower priority have no effect on
the execution of all higher priority tasks. Moreover, a soft priority measure in the
form of tunable penalty parameters can be employed to prioritize tasks at the same
priority level. In contrast to kinematic control schemes, the proposed framework
is a holistic approach to AIAUV control which solves the redundancy resolution,

dynamic control and control allocation problems simultaneously.



Sammendrag

Artikulerte intervensjons-autonome undervannsfarkoster (AIAUV-er) har oppstatt
ved & utstyre undervanns slangeroboter (USR-er) med sideveis- og langsgaende pro-
peller. ATAUV-er er overaktuerte og sveert redundante undervannsmanipulatorer,
hvor hele dens artikulerte kropp fungerer som en flytende flerleddet manipulatorarm.
Denne oppgaven er motivert av den redundante og overaktuerte AIAUV-en, og
omhandler prioritert regulering av redundante robotsystemer. Sammenhengen
mellom dynamisk nullromsbasert regulering og multivariabel (MIMO) linearisering
ved tilbakekobling undersgkes, hvor kriteriene for inngang-utgang linearisering og
full-tilstand linearisering er gitt. Dynamisk nullromsbasert regulering fusjoneres
med kontrollbarrierefunksjoner (CBF-er) i et forsgk pa a designe en dynamisk
regulator som stgtter mengdebaserte reguleringsopppgaver. Fusjonen resulterer i et
optimaliseringsbasert rammeverk hvor streng prioritet mellom reguleringsoppgaver
ikke lengre kan garanteres. Dynamisk nullromsbasert regulering droppes dermed og
en reguleringsmetode basert pa et hierarki av kontroll Lyapunovfunksjon- (CLF) og
kontrollbarrierefunksjon-baserte kvadratiske programmer (QP-er) er utviklet. Dette
optimaliseringsbaserte rammeverket sikrer streng prioritet mellom ulike grupper
av reguleringsoppgaver som sikkerhetsrelaterte, operasjonelle og optimalisering-
soppgaver, noe som innebarer at oppgaver med lavere prioritet ikke har noen
effekt pa gjennomfgringen av alle hgyere prioriterte oppgaver. Videre kan et
mykt prioritetsmal i form av innstillbare straffeparametere benyttes for a prior-
itere oppgaver pa samme prioritetsniva. I motsetning til kinematiske regulatorer
er det foreslatte rammeverket en helhetlig tilnserming til styring av ATAUV-er
hvor redundansopplgsning, dynamisk regulering og kontrollallokering tas hand om

samtidig.
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Chapter 1
Introduction

This introductory chapter will present the motivation behind this thesis and a
description of the problems to be solved. Relevant literature is also reviewed, before

the contributions of the thesis are presented.

1.1 Motivation

As the number of subsea oil and gas installations continue to grow while ageing
subsea infrastructure requires more preventive maintenance, the need for subsea
inspection, maintenance and repair (IMR) solutions is increasing [1]. Historically,
the remotely operated vehicle (ROV) has been the go-to solution for all subsea IMR
operations. ROVs are operated by a human operator via a tethered telecommuni-
cations link from a submarine or surface ship, ROV operations are therefore both
costly and time consuming. Increasing the autonomy of subsea IMR operations has
the potential to significantly improve the safety and cost-effectiveness of operations
[2]. While AUVs and smaller inspection class ROVs have gradually taken over
subsea inspection operations, manipulation tasks still require the flexibility of a
robotic arm.

The articulated intervention autonomous underwater vehicle (AIAUV) has
emerged from the underwater snake robot (USR) by adding longitudinal and
tunnel thrusters along the body. AIAUVs are a special class of underwater vehicle

manipulator systems (UVMSs), where the system is both vehicle and manipulator
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at the same time [3]. The small size of the ATAUV and its articulated body enable
it to better access narrow and confined spaces compared to a traditional UVMS
with a large floating base. Because of its flexible shape, the AIAUV can assume an
energy efficient torpedo shape similar to a conventional AUV for transportation or
inspection tasks, while serving as a floating base manipulator for intervention tasks.
The Eelume AIAUV [4] is depicted in Figure 1.1 and is designed to permanently

live underwater by connecting to a docking station on the seabed.

Figure 1.1: The Eelume ATAUV. Courtesy of Eelume [5].

ATAUVs are highly redundant and overactuated robotic systems, and both of
these properties lead to optimization problems to be solved by the control system.
Although these problems have traditionally been decoupled, this thesis develops a

novel task priority control scheme that solves both problems in a unified manner.

1.2 Problem Description

ATAUVs are redundant with respect to typical equality tasks such as end-effector
configuration control since they possess more degrees of freedom (DOFs) than those

strictly required to execute the task. This presents the possibility of satisfying
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additional tasks simultaneously by utilizing the redundant DOFs of the system.
To this end, task priority frameworks enable multiple tasks to be defined and
prioritized with respect to their relative importance. Safety related tasks such as
collision avoidance and joint limit avoidance are inherently described by inequalities
that represent the sets in which they are satisfied. These types of tasks are referred
to as set-based tasks, and a large research effort has been put into extending task
priority frameworks to handle these tasks in recent years.

The overactuation property of AIAUVs entails that control allocation must
be performed. Traditional task priority frameworks for redundancy resolution
such as operational space control or kinematic control frameworks all decouple
redundancy resolution and control allocation. As a result, the commanded forces
and torques are computed with no regard to criteria such as actuator limits, actuator
rate constraints and minimization of the actuator inputs. This is an important
drawback for highly redundant robotic systems such as an ATAUV, where multiple
commanded forces and torques may satisfy the control objectives. When the
commanded forces and torques cannot be exactly allocated due to exceeding the
actuator limits or rate constraints, tasks are no longer prioritized and the control
performance degrades significantly, possibly destabilizing the system.

The main goal of the work presented in this thesis has been to develop a unified
approach to redundancy resolution, dynamic control and control allocation of an
ATAUYV that supports set-based tasks. Thereby ensuring that the redundancy and
overactuation properties can be fully exploited while strict priority among tasks

can be guaranteed at all times.

1.3 Literature review

This section reviews literature relevant to this thesis in the context of the problem

description in the preceding section.

1.3.1 Task priority frameworks

Redundant robotic systems are designed to accomplish multiple tasks simultaneously.

Tasks are usually functions of the system configuration, and can be divided into
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equality- and set-based tasks. Equality-based tasks (or simply equality tasks) are
control objectives that should be driven to a specific desired value, while set-based
tasks should be kept within their valid set. Kinematic task priority control is a
redundancy resolution method introduced in [6], developed in [7] and generalized to
any number of priority levels in [8]. This control approach decouples the controller
into a kinematic and dynamic controller, and has been successfully implemented on
a number of robotic systems. This scheme was extended to support tasks described
by sets or inequalities in [9], [10] and [11]. The aforementioned kinematic control
approaches all resolve redundancy at the velocity level by generating velocity
references for some dynamic controller to follow. An immediate drawback is that
acceleration references cannot be included, resulting in worse tracking accuracy.
Operational space control [12] is a holistic approach that assigns joint torques di-
rectly by transforming the equations of motion from joint space into the operational
space, which is also known as task space. Although it was mainly introduced for
non-redundant systems, a dynamically consistent null space operator was defined
in [12], that allowed two operational space tasks to be defined and controlled
simultaneously. In [13], the scheme was extended to a task priority framework
with an arbitrary number of tasks by generalizing the dynamically consistent null
space operator from [12] to an arbitrary number of priority levels. These null space
operators ensure that torques generated by lower priority tasks do not generate
accelerations or forces affecting the task dynamics of higher priority tasks. The
operational space framework was extended to include set-based tasks in [14], but
this approach does not scale well for systems with a high number of DOFs.
Generalizing the operational space framework to set-based tasks was also
attempted in [15] by utilizing the results in [9]. While this approach resulted in
a set-based task priority operational space framework, the commanded force and
torque vector exhibits discontinuous jumps whenever set-based tasks are activated
or deactivated. Moreover, overshoots above or below the boundary of the valid set
is observed whenever a set-based task is activated, which requires excessively large

derivative gains in order to mitigate.
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1.3.2 Control Lyapunov function based quadratic programs

Control Lyapunov functions (CLFs) extend Lyapunov theory to systems with
inputs and have become an essential part of nonlinear control design after the
groundbreaking work in [16-18]. The CLF concept was extended to rapidly
exponentially stabilizing control Lyapunov functions (RES-CLFs) in [19], which
achieve exponential convergence at a controllable rate. Through CLFs or RES-
CLFs, the control designer is free to chose among an infinite number of controllers.
An important example is the point-wise minimum norm controller [20, 21], which
selects the control value of minimum norm from all control values that render
the time derivative of the CLF negative definite. The point-wise minimum norm
controller has a closed form solution since it is the solution to a quadratic program
(QP) with only one inequality constraint. This QP can be augmented with control
input saturation limits and other control input constraints, at the expense of a
closed form solution [22]. For redundant robotic systems, two control tasks can
be satisfied simultaneously by defining CLFs for each task and solving a quadratic
optimization problem for the control input that ensures the negativeness of both

CLF time derivatives while minimizing some quadratic objective function [23].

1.3.3 Control barrier functions

Barrier functions have been used extensively in constrained optimization [24, 25],
and have motivated the concept of barrier certificates for safety-critical control.
Barrier certificates were introduced as a tool for proving forward invariance of sets
[26, 27]. These sets can encode safety related objectives, and proving the invariance
of a safe set implies that the system will remain safe, as long as you start safe.
Barrier certificates tend to infinity as the state tends to the boundary of the safe
set, and in order to obtain safety guarantees beyond the boundary of the safe
set, various Lyapunov-like approaches have been proposed such as in [28], where
a positive definite barrier certificate is employed as a barrier Lyapunov function.
However, the positive definiteness property is overly strong, since it enforces the
invariance of every level set, and not just the set in question.

Barrier certificates were extended to systems with inputs by introducing the first

notion of a control barrier function (CBF) in [29]. These control barrier functions
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were combined with control Lyapunov functions in [30], and further improved in
[31] to establish conditions for so-called control Lyapunov-Barrier functions, which
jointly guarantee safety and stability. These conditions were shown to be too
restrictive and was hence relaxed in [32]. CBFs were generalized to exponential
control barrier functions (ECBFs) in [33], which enforce forward invariance of
higher order set-based tasks. The barrier function conditions were extended to the
entire safe set in [34] by moving from reciprocal barrier functions to zeroing barrier
functions!, which enabled controller synthesis through optimization-based methods
[35]. In particular, the CLF based QP [22, 23] could be augmented with CBFs to
ensure stability and safety [32, 35].

1.3.4 Previous work on ATAUV control

The decoupled motion control framework depicted in Figure 1.2 was suggested and
utilized for an AIAUV in [1]. Within this framework, the kinematic controller re-

. . . . :
9d| Kinematic Ca| Dynamic | T Contrf)l Ul ATAUV £,¢
Control Control Allocation

Figure 1.2: Overall control architecture for an ATAUV when employing a kinematic
control scheme. The kinematic controller transforms a goal specified through an
operational space task into desired system velocities that accomplish the goal.

solves redundancy by transforming multiple prioritized task space control objectives
into system velocity references for the dynamic controller to track. The output of
the dynamic controller is a vector of commanded forces and torques, which have to
be transformed into thruster and joint torque control inputs by solving the control
allocation problem.

This framework has been employed extensively within AIAUV research in recent
years. Kinematic control schemes have been studied in [1, 15, 36-39], while sliding
mode control has been investigated as a dynamic controller within this framework

in [40]. Dynamic control of an ATAUV within this framework is also the topic of

'In this thesis, all barrier functions are zeroing barrier functions.
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[41], which considers sliding mode control and adaptive inverse dynamics control.

The framework in Figure 1.2 decouples the redundancy resolution, dynamic
control and control allocation problems into three separate parts. The main
advantage is that each part can be designed under the assumption that the other
parts are working perfectly, e.g. a kinematic controller can be designed under the
assumption that the output velocity references are perfectly tracked. However, there
are several inherent drawbacks to this scheme. Firstly, the mathematical stability
proofs for velocity level kinematic control assumes that the velocity references
are tracked perfectly by the dynamic controller, which entails that the kinematic
controller has to be substantially slower than the dynamic controller for practical
underwater applications. Secondly, task space acceleration references cannot be
included when resolving redundancy at the velocity level in a kinematic controller,
resulting in worse tracking performance. Finally, control allocation is performed
after the reference velocities and commanded forces and torques have been computed.
Hence, if exact control allocation is infeasible for the commanded forces and torques
(due to e.g. violating control input limits and/or rate constraints), the control inputs
are either saturated or found by minimizing the error between the commanded
and allocated forces and torques in some sense. In other words, no attempt is
made to utilize the inherent redundancy of the robotic system by optimizing the
velocity references and/or commanded forces and torques with respect to physically
realizable control inputs. As a result, priority among tasks is lost whenever exact
control allocation is not possible, resulting in performance degradation of the
control system, and instability in the worst case.

Alternatively, the kinematic and dynamic control blocks in the control architec-
ture in Figure 1.2 can be merged into one by resorting to task priority operational
space control [12, 13]. Within the operational space formalism, task space velocity
feedback and task space acceleration references can be employed in the control
laws, which improves tracking performance. In the context of AIAUV control,
this approach has been the pursued in [15]. Despite improving tracking accuracy
and unifying redundancy resolution and dynamic control, there are also several
drawbacks to this approach for AIAUV control. Firstly, while velocity level kine-
matic control schemes have been successfully extended to include set-based tasks

[9, 10], the same cannot be said for task priority operational space control. The
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method for set-based control within the operational space formalism in [15] results
in discontinuous commanded forces and torques, chattering in the activation and
deactivation of tasks and inevitable overshoots around the boundaries of the safe
sets corresponding to set-based tasks. Secondly, control allocation is still fully
decoupled from the control law, which means that the commanded forces and
torques are computed with no regard to criteria such as actuator limits, actuator
rate constraints and minimization of the actuator inputs. This is an important
drawback for highly redundant robotic systems, where multiple commanded forces
and torques may satisfy the control objectives, but where only some can be exactly
allocated. Finally, since this approach relies on input-output linearization of the
dynamics of every task, stabilizing terms are cancelled instead of exploited, and
PD controllers are designed for the linearized dynamics of every task in order to
achieve exponential convergence. The robustness of this input-output linearizing
approach is questionable for practical applications, where modeling errors may lead

to an unstable system.

1.4 Contributions

The main contributions of this thesis are:

e The connection between task priority operational space control as described
in [13] and multiple-input and multiple-output (MIMO) feedback linearization
as discussed in [42, 43]. This work includes formulating the task priority
operational space control law described in [13] in matrix-vector form in a
MIMO feedback linearization setting. Moreover, explicit conditions for input-
output and full-state linearizability of a robotic system by a task priority

operational space control law are given. (Section 3.1)

e A novel task priority framework in the form of a hierarchy of control Lyapunov
function and control barrier function based quadratic programs. Strict priority
levels are established by solving a quadratic program for every priority level,
ensuring that tasks at lower priority levels have no effect on the execution
of tasks at higher priority levels. This framework is especially useful for

redundant robotic systems that are also overactuated, since the control
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allocation and redundancy resolution problems are solved simultaneously.
(Section 3.2)

e The task priority framework is implemented and verified for an ATAUV
application through MATLAB simulations. (Chapter 5)

e The main contribution on dynamic task priority control of redundant robotic
systems using a hierarchy of CLF and CBF based QPs has been condensed
into a conference paper draft, which is to be submitted to the 2020 American

Control Conference. (Appendix B)

1.5 Outline

The rest of this thesis is organized as follows. Chapter 2 summarizes relevant
background theory. In Chapter 3, the conditions for input-output and full-state
linearizability of a robotic system under a task priority operational space control
law are given. Chapter 3 also develops a novel task priority framework based
on a hierarchy of control Lyapunov function and control barrier function based
quadratic programs. In Chapter 4, kinematic and dynamic models of an AIAUV
are presented for control and simulation purposes. Chapter 5 contains a case
study of the proposed task priority framework for an AIAUV, while the conclusion
and suggestions for future work can be found in Chapter 6. Finally, Appendix A
contains various mathematical definitions and theorems employed in this thesis
and Appendix B contains a draft for a conference paper based on the main result
of this thesis.



Chapter 2
Background Theory

In this chapter, the necessary background material relevant to this thesis will be
presented. A more thorough exposition on input-output linearization of MIMO
systems can be found in [42, 43|, while control barrier functions are discussed at
length in [35].

2.1 Modeling of Robotic Systems

The system configuration of an n degree of freedom (DOF) robotic system can
be expressed by the joint variables ¢ = [q1, qo, ..., ¢,] . The joint space dynamic

equations of motion for a robotic manipulator are given by [44]

M(q)q+C(q,4)q+g(q) =T, (2.1)

where M (q) is the manipulator inertia matrix, C'(q, ¢) is the Coriolis and centrifugal
matrix, ¢g(q) is the gravity torque vector and 7 is the joint torques.

A task is defined as a generic m-dimensional control objective, specified as a
function of the system configuration. The relationship between the joint space and

task space variables are given by the direct kinematics equation [45]

a(q) = fla(t)), (2.2)

where f : R™ — R™ is a mapping from joint space to task space, which is nonlinear

10
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in general. By differentiating (2.2) with respect to time once and twice, the first-

and second-order differential kinematics equation are obtained, viz.

o= J(q)4, (2.3)
&= J(q)i+ J(q,q)d. (2.4)

where J(q(t)) = %q(t)) € R™*" is the configuration-dependent task Jacobian
matrix, ¢(t) € R™ is the system velocity vector and G(t) € R"™ is the system
acceleration vector. A robotic system is kinematically redundant when it has more
DOFs than those strictly required to execute a given task [45], which requires the
dimension of the system configuration ¢ to be larger than the dimension of the

task variable o.

2.2 Operational Space Control

Operational space control [12] presents an alternative to controlling a robotic system
in joint space by transforming the dynamic equations of motion into operational
space. It is a holistic approach in the sense that forces and torques are computed
directly from operational space variables, instead of relying on a kinematic controller
to generate joint velocity or joint acceleration references for a dynamic controller
to track in joint space.

To obtain the operational space dynamics, (2.1) is solved for ¢, which is inserted
into (2.4)

G=JM Y (r—C4—g)+ Jq. (2.5)
By mapping the generalized torque into a generalized force through the relation
T=J"F, (2.6)
defining the inertia matrix associated with the task variable o as

A= (M) e rm, (2.7)
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and pre-multiplying both sides of (2.5) by A, the operational space dynamics are

obtained as

Ao+ A (JM'Cq— Jg) + AIM 'g = f, (2.8)
ANo+pu+p=tf. (2.9)

If the system is redundant with respect to the task o, i.e. dim(q) = n >
m = dim (¢), the generalized torque vector may be decomposed into a torque
corresponding to the primary task and another torque acting in the null-space of

the primary task as follows [12]
r=J7f + Nro, (2.10)

where 7y is an arbitrary torque and the null-space operator IV is given by

N=1I,—-J"J", (2.11)

with
J=M"1J"A (2.12)
= M (M) e R (2.13)

The matrix J is known as the dynamically consistent pseudoinverse of J, which is
a weighted pseudoinverse of J where the weight is the inverse of the inertia matrix
[12].

2.2.1 Extension to k tasks

The null space operator in (2.11) is extended to an arbitrary number of priority

levels in [13] as follows

N, =1, (2.14a)
k—1 1
Nipr =1 =Y NoJI (NIMTINJTT) JNFM (2.14b)

=1
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where J; is the Jacobian of task i. Moreover, by defining

A= (TNIMONTE) T = (BMOINTE) (2.15)
Ji = M1 ITA,, (2.16)

and employing certain properties of the null-space operator, (2.14) can be rewritten
[15]

N, =1, (2.17a)
Nipr = Nig (I = JETENG) . (2.17D)

An operational space control torque for k£ tasks arranged in priority is then
given by [13, 15]

T=J{fi+ NoJg fot -+ -+ Ny fie, (2.18)
where
fi = Nia; + pi + pi, (2.19)
a; = Gai — K00 — K65 — Jig — J;M ™ i N;JTAja;, (2.20)
j=1
pi =N (M'Cq — Jig) (2.21)
pi =N J; Mg, (2.22)

where 6 = 0 — 0,4 represents the task error and K;; and K,,; are derivative and

proportional gains, respectively.
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2.3 Input-Output Linearization of MIMO Sys-

tems

Consider an input affine nonlinear control system of the form

E=flo)+ ; il (2.23)

where x € D C R" is the state vector, f,g; : D — R™ are smooth vector fields, and
h; : D — R are smooth functions. Differentiating the 7th output y; with respect to

time yields

gi = Lihi + Y (nghi) u;. (2.24)

j=1
Observe that if Ly, h =0 for all j =1,...,m, then the input does not appear in ;.
Assume that y; has to be differentiated with respect to time r; times before at least
one component of the control input vector u explicitly appears in a time derivative

of y;, then the r;th derivative of y; is given by
W = Lihi+ " Ly, (L7 hi) (2.25)
j=1

The integer r; is defined as the smallest integer such that

Ly, Lihi(z) =0, 1<j<m, k<r;—2 (2.26)
ngL;i_lhi(:c) # 0, for at least one 1 < 7 < m. (2.27)

For single input single output (SISO) systems with m = 1, (2.26) and (2.27) is the
definition of the relative degree of y = h(z), with h : R™ — R. The relative degree

concept is extended to multiple-input and multiple-output (MIMO) systems as
follows [42, 43]:

Definition 2.1 (Vector relative degree). The system (2.23) has a vector relative

degree {ry,...,m»} at a point xg if
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(i)
Ly, Lihi(z) =0, 0<k<r;—2 (2.28)
forall 1 < j <m, for all 1 <i <m, and for all x in a neighborhood of x;.

(ii)) The m x m matrix

Ly L7 'hi(z) Lo, L7 'hy(x) ... Lg, L} 'hy(x)
L, L2 'ho(z) Lo L7? ‘ho(z) ... L, L7 ‘hy(x

A(.Z'): g1+ f . 2( ) g2+ f 2( ) gm—f 2( ) (229>
LglL}m’lhm(x) LQQL;m*hm(a:) LgmL’}m’lhm(x)

is nonsingular at x = x.

Remark. For SISO systems, Definition 2.1 reduces to (2.26) and (2.27) since m = 1
implies that A(z) is a scalar, which is invertible as long as it is non-zero. However,
for MIMO systems, the characterization of r; as the integer such that (2.26) and
(2.27) holds is only implied by, but not equivalent to Definition 2.1. Importantly,
MIMO systems also require that the matrix A(z) is nonsingular, which implies
that it is square and hence that the number of inputs must equal the number of
outputs. However, as long as the number of outputs is less than or equal to the
number of inputs, condition ii can be relaxed to requiring that A(x) has linearly

independent rows [42].

Remark. Several recent articles employ the notation L;h when A : R"™ — R™ and
f R™ — R"™, which is intended to represent the Lie derivative of h with respect
to f [22, 32, 33, 46]. However, these papers interpret the Lie derivative of h with
respect to f as % f(z), which is only correct whenever h : R” — R, i.e. when h is
a function. When h and f are both vector fields in R™, the Lie derivative of h with
respect to f is known as the Lie bracket, which is given by [42, 43]

Loh = [£1] = 9 1) = i, (2.30)

Moreover, the notation L,h(z) is also used when g : R® — R"*™, which is supposed

to be interpreted as % g(x). However, the Lie derivative of a vector field is not
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defined with respect to a matrix [47].

2.3.1 Input-output dynamics

As long as r; is well defined according to (2.26) and (2.27) for i = 1,...,m, the

input-output dynamics is given by

i Lyhy Ly L3 'hy oo Ly LV 'ha |
(r2) L'?h Ly L 'hy ... L, I'* 'hy | |u
Y2 _ f' 2 el f 2 | gm f 2 2 (2.31)
ylrm) L ho | | Lo Ly hy oo Lo, Ly hiy | |,
b(x) A(z)
Moreover, assuming that ry =ry = --- =1, = r yields
ye Lihy Ly, Ly 'hy o0 Ly, Ly 'hy | |y
1 r r—1 r—1
y(r) _ . _ thg n LglL.f hg . LgmL.f hg U2 ’ (232)
ys
Lihm LglL;_lhm . LgmL;_lhm U,
b(z) A(z)

and the system (2.23) can be decomposed into transverse dynamics states n =

T
{yT, yr,..., (y(rl))T} € R and zero dynamics states z € Z C R*"™"™, viz.

n=fn,2)+gn 2)u, (2.33a)
z= f.(n,2), (2.33b)
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with f(n, 2) = F'p+ Gb(z) and g(n, z) = GA(x) where

o 7 0 ---0 0
o o0 I ---0 0
F=1\{: - -~ -, G=l0|, (2.34)
o o0 o0 --- 1T
0O 0 0 0 O I

while 0 is the m x m matrix of zeros and I is the m x m identity matrix.
If the system (2.23) has a vector relative degree according to Definition 2.1, the

state feedback control
u=A"(u—0b), (2.35)
will yield the linear and decoupled system
n=Fn+Gpu, (2.36)

which can be exponentially stabilized by standard linear control techniques [48].

Remark. Recent articles such as [23, 32-35, 46] all characterize the scalar r in
(2.32) as the relative degree of the vector-valued function y € R™. However, the
relative degree concept is only defined for SISO systems [42, 43|, which means
that the aforementioned articles should resort to the concept of vector relative
degree for MIMO systems. Using the relative degree concept for MIMO systems is
problematic, because it is not clear what is assumed when it is stated that some
vector valued function y € R™ has a relative degree of r. For instance, it could
mean that at least one component of the control input v appears in at least one
component of the rth derivative of the vector-valued function y, with no guarantees
on the linear independence of the rows of the decoupling matrix A(z). Alternatively,
stating that y € R™ has a relative degree of r could mean that the vector-valued
function y has a vector relative degree of {ry,7q,..., 7} = {r,r,..., 7}, which

implies that A(z) is nonsingular.
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2.4 Control Lyapunov Functions

The control Lyapunov function (CLF) extends Lyapunov theory to systems for
which a feedback control has not already been selected [20]. For a nonlinear control

system of the form
i = flu), (2.37)

a CLF is a candidate Lyapunov function V(z) for which there exists admissible
control inputs u for every x # 0 such that VV(x) - f(x,u) < 0, which is to say that
for any x, the time derivative of the candidate Lyapunov function can be made

negative by appropriate selection of control input w.

Definition 2.2 (Control Lyapunov function). A continuously differentiable and
positive definite function V' : D — R is a control Lyapunov function (CLF) for the
system (2.33) if there exists oy, ag, a3z € Ko such that [20, 49]

([l < V) < (), (233)
inf [L7Ve(n, 2) + LyVilon, 2] < —as([n]). (2:39)

In order to explicitly control the rate of exponential convergence, a specific type
of CLF is defined in [19] as follows:

Definition 2.3 (RES-CLF). A continuously differentiable and positive definite
function V. : D — R is said to be a rapidly exponentially stabilizing control
Lyapunov function (RES-CLF) for the system (2.33) if there exists constants
1, Co, 3 > 0 such that for all 0 < € < 1 and for all states (7, z) it holds that

Co
erflnl* < Viln) < g\lnIIQ, (2.40)

inf [L;Ve(n,2) + LgVe(n, 2)u] < —%u(n). (2.41)

uelU

From Definition 2.3, the set of all stabilizing controllers for every n € R can

be expressed as

K.(n) = {u €U : LiVe(n, z) + LgVe(n, 2)u < —C:VE(U)} : (2.42)
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Any Lipschitz continuous feedback control law u € K (n) satisfies
Vi(n) < e 2 (n(0)), (2.43)

and
)] < £ /2 2 a0, (2.44)

which shows that the rate of exponential convergence can be directly controlled
with the constant e through < [19].

2.4.1 Constructing RES-CLFs

RES-CLFs can be constructed for the system (2.33) by solving the continuous time

algebraic Riccati equation
F'P+ PF — PGG"P+Q =0, (2.45)

for P = P" > 0, where () is any positive definite matrix. In order to stabilize the

transverse dynamics at a rate e define

ol O el 0 .
Ve(n) =n 0 P . n:=n"Pun, (2.46)

where P, = M_PM.. Inserting P = M_'P.M_ " into (2.45) yields

F*M*PM '+ M *P.M'F

(2.47)
~ M'P.M7'GG™M'P.M' +Q =0,
multiplying both sides of the equation by M, yields
M F*M*P.+ PM 'FM, — PM *GG*M_.P, + M.QM, =0 (2.48)
eF"P.+eP.F — PGG'"P.+ M.QM. =0 (2.49)

1 1
F'P.+ P.F — ~P.GG"P. + ~M.QM, = 0. (2.50)
€ €
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Now, let V.(n) = n" P.n and differentiate with respect to time, viz.

Vo(n,z) = (Fn+ Gb+ GAu)" Py +n"P.(Fn+ Gb + G Au) (2.51)
=" (F*P.+ P.F)n+ 20" P.Gb+ 29" P.G A u. (2.52)
———
LjVe(Tl) LEVe(ﬁ)

Inserting (2.50) yields

1 1
Vi(n,z)=n" (PEGGTP6 — MeQM€> n+2n"P.Gb+ 2n" P.G Au. (2.53)
€ €

— Amin (Q)
Amax (P)

eigenvalues of the matrix, respectively. It follows that vP < (), which yields

Define ~ : > 0, where A\yin(+) and A\pax(+) are the minimum and maximum

Vi(n,xz) <n® (iRGGTPE — ZR) n+ 20" P.Gb + 2" P.G Au (2.54)
—"P.G CGTPEU t bt 2Au> - gve(n), (2.55)

which implies that
nt [LiViln) + LyVi(myu] < —Lvi(a), (2.56)

as long as A(x) has linearly independent rows. In this case, V(¢) is a RES-CLF
for (2.33) with ¢1 = A (F), ¢2 = Amax (P;) and ¢3 = 7.
2.5 Control Barrier Functions

Control objectives described by inequalities or sets can be enforced by rendering

the superlevel set
C={xeDCR":h(zx) >0}, (2.57)

of some smooth function h : D — R forward invariant. For instance, the inequality

o(x) > o is satisfied by ensuring that h(x) = o(x) — o > 0. These functions
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h are known as control barrier functions if a control input v can be found rendering
the set C forward invariant [34, 35]:

Definition 2.4. Let C C D C R" be the superlevel set of a continuously differ-
entiable function h : D — R, then h is a control barrier function (CBF) for the

system (2.23) if there exists an extended class K, function a such that

sup |Lsh(z) +
uelU

gx)u| = —a(h(z)), (2.58)

for all € Int(C).

The existence of a CBF implies that the superlevel set of the function A is
forward invariant [34], which means that if x(ty) = zo € C, then x = z(t) € C for
all t > to. Equivalently, if h(z¢) > 0, then h(x) > 0 for all t > .

2.5.1 Exponential Control Barrier Functions

Definition 2.4 assumes that ag—(j)g(x) # 0, which is to say that at least one
component of the input vector u appears in the time derivative of the function h.
However, safety related tasks for robotic systems are often only a function of the
configuration variables, which means that they have to be differentiated twice for
the input to appear. Introduced in [33] and refined in [35], exponential control

barrier functions (ECBFs) generalize CBFs to functions h(z) that satisfy

aLZZ(”“”)g@):o? 0<k<p—2 (2.59)
p—1
Wg(x) £ 0, (2.60)

for an arbitrary integer p > 1.

Definition 2.5. Given a set C C D C R"™ defined as the superlevel set of an
r-times continuously differentiable function h : D — R, then h is an exponential

control barrier function (ECBF) for the control system (2.23) if there exists a row
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vector K, € R” such that

0 (L7 h(x))
P N7 7
sup Lih(x) + o

g(@)u| > —Ky&(z), (2.61)
where £ = col (h(:c), Lyh(x), Lih(z), . .. ,L'Joflh(x)), results in h(x) > 0 whenever
h(zo) > 0 for all z € Int (C).

Remark. For p = 1, Definition 2.5 is a special case of Definition 2.4 where a(-) is a
linear function of h(x), i.e. o (h(x)) = kh(z) with k € R.

Remark. The authors of [33, 35] define the value of p to be the relative degree of
the ECBF h. However, the relative degree concept is only defined for SISO systems
[42]. In the context of ECBFs for MIMO systems, p describes the number of times
h must be differentiated with respect to time for at least one of the components of
the control input to appear. In order to avoid any confusion, this thesis will refer
to the scalar p as the order of the ECBF.

2.6 Optimization Based Control

The RES-CLF and ECBF conditions in (2.41) and (2.61) are both affine in the
control input u. Consequently, these conditions can be employed as inequality
constraints in a convex optimization problem for u. More specifically, by selecting
a convex quadratic objective function, the convex optimization problem becomes a
quadratic program (QP). The CLF-ECBF QP is given by [23], [35]:
e . 1 T T 2
minimize —u'H(x)u + ¢ (z)u + wo
u€R™ SR 2

subject to
i
LiVe(n,2) + LVeln,2)u < =LV, 46,

0L]pc_1h(x)
ox

(CLF-ECBF QP)

Lih(x) + g(w)u = —Kaf(x),

where H(z) € R™*™ is any positive semi-definite matrix, c¢(z) € R™, § € R is a

slack variable penalized by w > 0, ensuring feasibility of the quadratic program



2.6 Optimization Based Control 23

(QP) in case of incompatible equality and set-based tasks, and the Lie derivatives
LiVe(n,z) and LgVe(n, 2) are given by (2.52). This controller ensures exponential
stability of the equality task described by the RES-CLF V,, as long as it does not
interfere with the satisfaction of set-based task encoded by the pth order ECBF

The CLF-ECBF QP can effortlessly be extended to incorporate control input

saturation limits and rate constraints [22]:

1
minimize iuTH(:c)u + T (z)u + wd?

u€R™ JER
subject to
LiVi(n,2) + LgVi(n, 2)u < =2V +3,
€ (2.62)
6Lp_1h(9c)
Lih(w) + ——"g(x)u > —Ka&(x),

ox

Umin S u S Umax,

Aumin S AU/ S Aumaxa

where Ui, and uy,., are the lower and upper limits on the control input, Aw is the
change in control input since the last time step, while Aty and Auga, represents

the maximum allowed change in control input from one time step to the next.



Chapter 3

Dynamic Task Priority Control of
Redundant Robotic Systems

This chapter presents the main results of this thesis. In Section 3.1, the connection
between operational space control of an arbitrary number of equality tasks and
MIMO feedback linearization is investigated. Explicit conditions for the solvability
of the input-output linearization and state space exact linearization problems are
found. Section 3.1.3 continues the work in [23] on optimization based operational
space controllers in an attempt to develop a dynamic controller that supports
set-based tasks, which is achieved by employing CBFs. However, strict priority
among tasks is lost when operational space control is combined with CLFs and
ECBFs, and null space based control is therefore not pursued any further. Instead,
the CLF-ECBF QP controller from [35] is extended to an arbitrary number of
equality and set-based tasks in 3.2.1. Section 3.2.2 builds on this framework in

order to achieve strict priority among different sets of tasks.

3.1 Operational Space Control and Feedback Lin-

earization

The dynamic equations of motion for a robotic manipulator are given by [44]

M(q)G+ C(q,4)q + g(q) =T, (3.1)

24
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and a task priority operational space control law for k equality tasks is given by

T:J1TU1+N2J2TUQ+...N;€J,€TU;€ (32)
U1
(%)

=|Jr NoJF ... NWJT| | (3.3)
(%3

=T(q)v, (3.4)

where v; € R™, v € R™ with m = Zle m; and where the null space operators
N; are given by (2.17). For i = 1,...,k, define the equality task variables as
oi(x) € R™ and y;(z) = oi(x) — 0;4(t) as the task error, where o, 4(t) are the
desired task values. By applying the pre-control law in (3.4), the dynamic equations

of motion can be expressed in state space form as a nonlinear affine control system

(3.5)

where z = [2T,23]" = [¢7,¢"]" € D C R®" is the state vector of joint angles and

joint velocities and

MO st €+ ooy >
g(z) = Oncm e Rxm, (3.7)
_M(Il)_lT(Il)
_3/1(37)
h(z)=1] : | eR™ (3.8)

Yi(z)
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3.1.1 Input-output dynamics

In the robotics literature, it is usually assumed that a task only depends on the

configuration of the robotic system [45], viz.

a(t) = fla(t)). (3.9)

In this case, the task error y;(z1) has to be differentiated with respect to time twice
for the input to appear. Taking the time derivative of y;(x1) and resorting to the

chain rule yields

_ Ooi(x1) |

yi(w) = or 7 Tid (310)
do; .
[y
where
= ]| 612
x —M(x1) ' (C(x1, 22)x2 + g(271))
i 80'2‘(1'1)
= 2o (3.13)
:Ji(ml)l?, (314)
and
80'2' X ) ) 0
a( 1)g($) _ [&giﬂfﬂ 8%;»";1)] (3.15)
T M (1) T (xy)
—0 (3.16)

As expected, the control input does not appear in ;. Differentiating the task error

with respect to time once more yields

1) = 3 (P25 10) 1@+ 5 (P s ) st oa a7
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L?Oil (.CE) — d—il,d LglLfUil (33) ce LgmLfUil (.CE)
_ L?fo'zé () — Tizd 4 Lg, Lo, (@) ... Ly, Lo, (2) v
_L?‘Uimi (IE) - &imi’d_ _LglLfO-imi (.I') T LgmLfUimi (.CIZ’)_
bi(x) A;(x)
where
8 80i(m1)
a) = o (252 1)) ot
0
= Or (Jz(iUl)fL’z) 9(95)
|:8J1 a:l)acz 6Ji($1)$2:| 0
T M) (@)
= Ji(z1) M (1) ' T (1),
and
8 aO'Z'(Zl’l)
ba) = 51 (25210 1)
0
= O (JZ(xl)fw) f(fl?) — Oid,
|:3J $1)$2 8J $1)$2:| ./L'Q _O-
oy Oxa -1 i
M (x1)™ (C(1, 22) 22 + g(21))
0J; 0J; _ .
= S, OB ) (Ol ) + 9(00) — i

aJ( )( 2®I)x2+J($1)%$2

Oy

O
_ 0Ji(z1)
n 8(131

8.1'2

(22 ® 1) wy — Ji(wy) M (1)~ (C(1, 22)x2 + g(21)) — Gigy

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

01,
(8 i(71) (xo @ I,) + Ji(Il)axQ> M (1) (C(z1, 22)12 + (1)) — Gias

(3.23)
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where the product rule for the partial derivative of the product of a matrix and a
vector with respect to a vector has been utilized [50], and ® denotes the Kronecker

product. Since Jl(:cl) = %ﬁl) (1 ® I,,) and &y = x5 it holds that

bZ<JZ> = jl'(xl)[)?g — Ji<l’1)M(ZL'1)_1 (C(C(Il, l‘g)l’z + g(l‘l)) — &i,d- (324)

The input-output dynamics of all tasks can therefore be expressed as

¥ bi(z) A (z)

) 62(.1‘) + A2.<x) v, (3.25)

Gk bi () Ax(z)

b(z) A(z)
where
Jizg — JIM ™Y (Cwy + g) — O1,d
jgl’z — JQM_l C:UQ +9) — O9.d
b(z) = (. ) = F2a| (3.26)
ijEQ — Jk;Mfl (Cl‘g + g) — d'kz,d
and
J1M71J;: 0m1><m2 0m1><m3 Omlxmk
(]2]\471Jir (]2]\471]\&(]5f Omgxm;; Omgxmk
A(z) = | M7 M ~'NoJ§ JsM7'N3JF o Opmyxms | (3.27)
JkM_lJlT JkM_lNQJQT JkM_1N3J3T e JkM_lNng

since A; = ;M T and J;M N, =0 for i < k.
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3.1.2 MIMO feedback linearization

A standard assumption in kinematic or operational space control is that all tasks are
compatible. For operational space control, assuming that all tasks are compatible

around a point zg is equivalent to assuming
Null (NJ]) =@, i=1,... .k (3.28)

at the point xy. Equation (3.28) implies that the matrix N;J has full rank at z,
and thus that (2.15) is well-defined without resorting to a pseudoinverse for all
i =1,...,k. Hence, every submatrix in (3.27) has full rank, which implies that

A(z) has full rank and the system in (3.5) has a vector relative degree
{ri,r,...,rm} =1{2,2,...,2}, (3.29)

at xg.
When the system (3.5) has a well-defined vector relative degree, the system is

input-output linearizable and the control input
b= A7) (1 — b(x)), (3.30)

will fully linearize the input-output dynamics

U1 431

Lo (3.31)

Uk Hk
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where the inverse of A(z) is given by

Ml O’ITL1 Xmo 0m1 Xms e Om1 XM
_M2J2M_1F21 M2 0m2 Xms .o 0m2><mk
Ail(x): —M3JsM~'T's;  —MsJsM T3y M3 T Omgxmg |2 (3:32)
—MkaM71Pk1 —MkaM71Fk2 —MkaMilrkg M;,
with
i—1
Lij = N;JTA; = > NediAeJ MTIN;JTA,, (3.33)
k=j+1

where A; is given by (2.15). Since (3.31) is a linear system, p can easily be designed
such that the input-output dynamics of every task is stable. However, the zero
dynamics must be asymptotically stable in order to guarantee that the MIMO
system is minimum phase, and hence stable [42].

In order to avoid analyzing complicated zero dynamics, the tasks can be designed
such that

T1+T2+"‘+Tm:2n7 (334)

and by assuming that g(z¢) has rank m in a neighborhood around zy, the state
space exact linearization problem is solvable by Lemma 5.2.1 in [42]. In other
words, if the tasks are defined in such a way that the system has a vector relative
degree in a neighborhood around zg, the matrix g(z¢) has rank m around z, and
r1 4+ 1y + -+ + 1 = 2n, then the system has no zero dynamics and the system is
full-state feedback linearizable. Consequently, stability of the entire system can be
guaranteed by designing p such that the linear system described by (3.31) is stable.

The task priority operational space control law in [13] can be formulated as
input-output linearization by employing PD control laws p; for every task. By

defining the vectors n; := [yF,9F]", eq. (3.31) yields the following differential
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equations
M = fi + Gittas (3.35)
= Fmi + Gipu, (3.36)
where
0 I 0
F, = . G = , (3.37)
00 1

forv=1,..., k. By employing the PD control law

Mi = {—KW- —Kd’i] Mis (3.38)
the closed loop system for each task becomes

Ui + Kaiyi + Kpyi = 0, (3.39)

under the assumption that all tasks are compatible, i.e. that the system exhibits a

vector relative degree.

Remark. The control law given by (3.4), (3.30) and (3.38) is exactly equal to (2.18),

which was introduced in [13].

3.1.2.1 Incompatible tasks

If the ith task becomes incompatible with one or more higher priority tasks at the
point xg, then A(xg) is singular and the system does not have a vector relative
degree. However, as long as all the higher priority tasks are still compatible with
each other, the submatrix of A(x) containing the first Z}::ll my, rows and columns
will still be nonsingular. Consequently, the first ¢+ — 1 tasks are still input-output
linearizable. As for the ith task, the singular value decomposition of A; ! can be
used to characterize the controllable directions and compute a pseudoinverse of
A;, which can be employed in (3.32). It can be shown that the error coordinates

representing the controllable directions are still GAS under the control law given
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by (3.4), (3.30) and (3.38) [51].

3.1.3 Implementation through quadratic programs

Instead of choosing a predetermined control law for each task, rapidly exponentially
stabilizing control Lyapunov functions can be utilized in order to guarantee rapid
exponential stability of the task variables 7; [52]. By constructing a RES-CLF,
Vei = nf P.;n; for (3.35), a control law p; € K ;(x) can be found by solving the
following quadratic program (QP)

o T, p
mﬁ?elﬁ%lize Hi Hi (3.40a)
subject to

Ly Ve 4 Lg Ve i < _%‘/ei. (3.40Db)

This QP has a single affine inequality constraint, and it therefore has an explicit

solution given by [53]

_ Yoilm)vri(m) ¢ Yoi(n;) > 0

pam) = 4 P’ , (3.41)
0, if ¥o,i(n:) <0,
where
Yo = L Ve, + 1?‘/6,7;7 (3.42)
P = (Lgi‘/E,’i>T' (3.43)

In order to obtain control inputs y; for every task according to (3.30), one possibility
is to employ (3.41) for i = 1,..., k. When A(z) has linearly independent rows, this
approach yields controllers that achieve exponential stability of every task at a
predetermined rate, while minimizing the control effort ;. However, set-based tasks
described by ECBFs cannot be accounted for without augmenting every QP in
(3.40) with additional inequality constraints, which entails that the QPs no longer

have closed form solutions.
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Alternatively, the QP in (3.40) can be extended from one task to k tasks by
solving a single QP with k affine inequality constraints as shown for the two task

case in [23], viz.

minimize p p+ WO (3.44a)
HER™ ScRF

subject to

Lﬂ@+%%wg—%%+% i=1,...k (3.44b)

where slack variables §, penalized by W € R¥** are added to each CLF constraint
in order to ensure feasibility of the QP, in case of conflicting tasks. Since this
formulation solves a single QP with one inequality constraint for each task, it is
a simple matter of extending (3.44) to account for [ set-based tasks described by
ECBFs h; € R as follows [32]

minimize p'p 4+ 6TWao (3.45a)

M€R7'L,56Rk

subject to

LMQ+Lmeg—%Kﬁﬁ“ i=1,... .k (3.45b)
LYy

@mfk—%;iwrwﬂ—mz—Kw@,j:L”wL (3.45¢)

where £; = col (h(x), Lih(z),..., Lfﬂv*lh(x» and K, ; = row (Oél,j, Qg j, ... ,ozpj’j)

A well known drawback associated with feedback linearizing control is the
reliance on exact cancellation of all nonlinearities. Nonlinearities are not inherently
bad, and stabilizing nonlinearities should be exploited instead of canceled by
feedback. In an attempt to mitigate this, the QP in (3.45) can also be formulated
in terms of v by solving (3.30) for p [23]

uw= Av+b. (3.46)
By rewriting the objective function term u"u as

p'p=v"ATAv + 2b" Av + b, (3.47)
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the QP in (3.45) be expressed as

minimize v"ATAv +2b"Av + 5" WO (3.48a)
veER™ SeR¥
subject to
Vi )
L'y
LY h; + #gv > — K&, j=1,...,1L (3.48¢)

In addition to including set-based tasks, the schemes in (3.45) and (3.48) can be
extended to incorporate control input saturation limits and rate constraints as

shown in Section 2.6.

3.1.3.1 Discussion

Both of the QPs in (3.45) and (3.48) extend operational space control to set-based
tasks, where the former includes the nonlinear task dynamics within the CLF
constraints. As a result, ‘good’ nonlinearities can be exploited instead of canceled,
possibly reducing the overall control effort and robustifying the system with respect
to modeling errors. However, the price to be paid is that whenever two or more
tasks are incompatible, both QPs yield control inputs p and v that do not respect
the strict priority between tasks. This is due to the fact that a single objective
function encodes the satisfaction/stability of all tasks through the value of the
slack variables 0 and penalty parameters in W. Therefore, when two or more
tasks cannot be achieved simultaneously, the solution p or v will invariably lead to
trade-off configurations that do not satisfy any of the tasks perfectly. The problem
can be somewhat mitigated by choosing excessively large penalty values for higher
priority tasks.

There is another issue in (3.48) that leads to coupled tasks. Consider the

following term in the second CLF constraint
Agv = JoM T vy + JoM Ny Jy v, (3.49)

which entails that the control inputs for higher priority tasks (such as v;) are
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optimized not only with respect to their own task dynamics, but also with respect
to how they influence the execution of lower priority tasks.

The aforementioned problems do not occur when applying the min-norm con-
troller from (3.40) for every task, since these QPs are fully independent of each
other. However, the closed form solutions come at the cost of a single inequality
constraint, which means that set-based tasks are not supported. These issues were
not addressed in [23], wherein the authors claimed that the QP in (3.48) with the
control law (3.4) does not allow for dynamic weighting of the tasks, because lower
priority tasks only act in the null space of higher priority tasks. While it is true
that the control input v, of some lower priority task does not directly influence the
task dynamics of some task p < k, the control inputs v, and v, are found through
(3.48), where the effect of v, on the pth task is explicitly taken into account, as
demonstrated for p = 1 and k = 2 in (3.49). Because slack variables are added to
each CLF constraint, the tasks can in fact be dynamically weighted by tuning the
penalty parameters.

The main idea behind null space based control such as operational space control
is to ensure strict priority between tasks by utilizing null space operators. As a
result, trade-off configurations do not occur when tasks are incompatible. In this
way, lower priority optimization tasks can safely be included without affecting the
mission related control tasks. By losing this defining feature, the author argues that
null space based control is not suitable in combination with the optimization-based
controllers from (3.45) and (3.48).

3.2 Prioritizing Tasks through Quadratic Programs

The conclusion of the previous section was that tasks at different priority levels
become coupled when combining control Lyapunov function and control barrier
function based optimization problems with an operational space pre-control law.
Importantly, lower priority tasks affect the execution of higher priority tasks. In
order to achieve strict priority between tasks, this section abandons the operational
space pre-control law in (3.4), and extends the CLF-ECBF QP controller in [35] to
N equality- and M set-based tasks distributed to an arbitrary number of priority

levels. Strict priority between tasks at different priority levels is achieved, while a
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soft, priority measure can be employed to prioritize tasks at the same priority level.

3.2.1 CLF penalty parameters as a priority measure

Consider the nonlinear affine control system

= f(z)+ g(z)u, (3.50)
y = h(z), (3.51)

where f and ¢ are locally Lipschitz, x € D C R" and u € U C RP? is the set
admissible control inputs. The N equality tasks are described by locally Lipschitz
vector-valued error functions y; : R™ — R™i, which are stacked in the output vector
yi(z)

h(z) = yz@ . (3.52)

yn ()

The following is assumed on the scalar output component y;. of every task:

Assumption 3.1. For every equality task y; € R™:, there exists an integer r; such
that

Ly Ly, =0, 1<j<m,0<k<r—2 (3.53)
ngL;"_lyil #0, for at least one 1 < j < m, (3.54)
forevery [=1,....m;andi=1,..., N.

Assumption 3.1 states that the control input appears in each component of ylm),

and in no components of yfk) for k < r;. Under this assumption, the input-output
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(r4)

dynamics of each task y,; " is given by
u@| [ L) || LaLi ya(e) f o Lo Ly ()
: = : + : : u. (3.55)
vl @] L5, @) Lo L @) L Ly, (@)
bi(x) Ai(x)

T
Transverse dynamics states 7; = [yf UL (yf”‘”)T € R"™ and RES-CLFs
Ve can then be defined analogously to (2.33a), (2.34) and (2.46) with the goal of
driving 7; =+ 0 for alls =1,... N.

Set-based tasks can be included if there exists control barrier functions or
exponential control barrier functions h(z) : R” — R encoding the set-based tasks.
A straightforward extension of the QP defined for two control tasks in [23] to an

arbitrary number of tasks N as well as M set-based tasks is given by

(ug}si)rel]}%r}nlg&[{ W H(x)u+ ¢ (2)u+ 0" Wo+ s"Ks (3.56a)
subject to
LiVei+ Ly Vi < —%V@i 46, i=1,...,N, (3.56b)
—1
L hj+ Wgu > —Koj&, j=1,...,M, (3.56¢)

where H(z) € R™™ is any positive semi-definite weighting matrix, c¢(z) € R™ is
an arbitrary vector of weights, 6 € R is a vector of slack variables, W € RV*¥ is
a diagonal matrix of penalty parameters and

LiVei =0} (F'Pei+ PoiFy) mi + 20] PeiGiby, (3.57)

1

Lg Vei = 2n; PeiGi 4, (3.58)

for i =1,..., N, where A; and b; are defined in (3.55). Moreover, note that the
omission of slack variables in (3.56¢) defines M hard constraints in the form of
safety related set-based tasks, and implicitly defines two distinct priority levels, the
safety related set-based tasks, and the relaxed equality tasks.
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The equality tasks encoded by RES-CLFs are prioritized by adjusting the
elements of the diagonal penalty matrix W. The satisfaction of all equality tasks
are therefore described by a single objective function through the value of the
slack variables 6 and the penalty parameters in W. Whenever equality tasks are
incompatible, this fact invariably leads to trade-off configurations that do not
satisfy any of the tasks. Hence, strict priority between tasks cannot be achieved
in the sense that lower priority tasks have no effect on the execution of higher
priority tasks. As a result, it is challenging to include lower priority optimization
based tasks since they will interfere with more critical higher priority tasks such as

end-effector control whenever the tasks are incompatible.

3.2.2 Enforcing strict priority between a selection of tasks

In order to establish more than two strict priority levels, we propose to solve a
quadratic program for every priority level as suggested for kinematic control in [11].
The idea is to begin by computing a control input according to (3.56) that only
accounts for equality tasks at the highest priority level and potential safety related
set-based tasks. Subsequently, a new quadratic program is solved for each priority
level, which refines the previously computed solution in an attempt to satisfy lower

priority tasks without affecting the execution of higher priority tasks.

3.2.2.1 Motivating example: Two priority levels

Consider N = 2 equality-based tasks and M = 2 set-based tasks distributed to
k = 3 priority levels. Three priority levels implies that two QPs are solved when
high priority set-based tasks are included. The first quadratic program finds a
control input that satisfies the highest priority set-based task, which is safety-
related, as well as attempting to satisfy the highest priority equality-based task as
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well as possible. The first control input is obtained by solving
e . 1 T T 2

minimize —u'H(x)u + ¢ (x)u + wo (3.59a)

(u,6)eR™+1

subject to

Lfl‘/evl + Lgl ‘/671“ S _le‘/e,l + 67 (359b>

oL hy(z
Lty (z) + f—l()g(w)u > —Kq1&1(x). (3.59¢)

ox

Note that the absence of a slack variable in (3.59¢) implies that this quadratic

program enforces strict priority between the safety-related task described by an

ECBF and the equality task in (3.59b) described by a RES-CLF.

Now, if the system is redundant with respect to these two tasks, the control

input uj can be changed to accommodate additional tasks, without affecting how

the two higher priority tasks are executed. This is achieved by solving another

quadratic program, viz.

1
minimize —~u"H(z)u + " (v)u + wé* + ks
(u,d,5)€ER™+2
subject to
Lg1‘/57lu S L§1‘/€,1u17

szvf»Q + Lg, Veou < _BVgQ + 0,

€2
aLpl_lh (3;) 8L'°1_1h ($)
oby Mm@ > T 1
o g(x)u > r g(w)uj,
AL ' hy(x
L ho(r) + faxwg(m)u > —Kogée(z) — s,

(3.60a)

(3.60D)
(3.60¢)

(3.60d)

(3.60e)

where s is a slack variable penalized by the penalty parameter k£ > 0. Equation

(3.60Db) is obtained by enforcing the condition

LiVir + Ly Voyu < LiVey + Ly, Voyu, < =2V, +6.

€1

(3.61)
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Similarly, (3.60d) is obtained from

OLS " hy(x)
ox

L} hy(x)

Ll;l hl (I‘) + O

g(w)u = L (z) + g(w)uy = =Ka&i().

(3.62)

3.2.2.2 Extension to k priority levels

Consider N equality-based tasks and M set-based tasks as in Section 3.2.1. In
contrast to (3.56), ECBFs are no longer restricted to the highest priority level. This
enables defining ECBFs for non-safety related tasks such as set-based optimization
tasks. Moreover, let the tasks be distributed to k priority levels, and let Ny +
...+ Ny =N and M; + ...+ M, = M, where N; and M; denotes the number of
equality and set-based tasks at priority level 7, respectively. A control input u] that
disregards all lower priority tasks is obtained by solving (3.56) with i = 1,..., Ny
and j =1,..., M.

If the system is redundant with respect to these N; + M; tasks, the control
input uj can be refined without affecting how the /Ny higher priority equality tasks

are executed by enforcing

which implies Lg, V. ;u < Lg, Ve jui for alli = 1,..., N;. Similarly, the higher priority

set-based tasks are unaffected by enforcing

L hy, oL 'hy |
—h—gu > =g, (3.64)

for all k =1,..., M;. Consider N, additional equality-based tasks and M, addi-

tional set-based tasks. The control input u} is obtained by solving the following
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QP
minimize uwH(x)u+ " (2)u+0"Wo+ s"Ks

u€R™ §cRN2 scRM2

subject to

L3 Veu < Lg Ve uj, i=1,...,Ny,

LiVej+ LgVeju < —%Ve,j +0j,  j=Ni+1,..,Ni+Nz, (3.65)
J

oL hy, L hy,

%Tgu > %Tguf, k=1,...M1,

o LYy
Lflhl + o gu > —Ko & — 81, I=Mi+1,... . Mi+ Mo,

where slack variables s penalized by the elements in the diagonal matrix K > 0
have been added to the lower priority set-based tasks enforced through ECBFs to
ensure feasibility of the optimization problem.

By observing that the solution u} to (3.65) enforces the constraints

LgVeguy < Lg, Veug, (3.66)
oL 'hy, 0L 'hy,
L——guy > —5——gu}, (3.67)

for all ¢ and k, it is straightforward to generalize (3.65) to an arbitrary priority

level n, viz.

minimize W H(x)u+ct(z)u+0"Wo+ s"Ks

u€R™ §eRVn scRMn

subject to
Ly Veiu < Lg Ve, _q, =10, Np_1,
i - .
L Vs + LoVt € =2V 4850 =it (369

J
oLy, oL hy,
%TQU > %Tgu;;_l, k=1,...M,_1,

Loy s 2l > Ko & — 81, =Ny 141,00
f l ax qu = a,lSl S, =Mp_1+1,....,Mnp,

where N, = Ny + No+ ...+ N, and M, = My + My + ...+ M,

Note that the objective function is slightly different at every priority level, since
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the slack variables § and s always correspond to tasks at the current priority level.
This prevents the occurrence of an optimal compromise between the satisfaction of
incompatible tasks, where a solution is found that minimizes the objective function,

and is hence optimal, but in which none of the tasks are fully satisfied.

3.2.2.3 Summary

Within this framework, equality tasks are satisfied by enforcing the negative
definiteness of the time derivative of rapidly exponentially stabilizing control
Lyapunov functions. RES-CLFs are employed to directly control the rate of
exponential convergence. Moreover, set-based tasks are satisfied by rendering their
valid sets forward invariant, which is achieved by formulating the valid sets as the
superlevel sets of exponential control barrier functions.

The procedure is summarized in Algorithm 1, where it is assumed that the N
equality and M set-based tasks are distributed to k + 1 priority levels' where N;
and M; represents the number of equality and set-based tasks at priority level 1,
respectively. In Algorithm 1, H(xz) € R™™ and ¢(x) € R™ are design parameters
that weight the control inputs.

Algorithm 1 Task priority CLF-ECBF QP controller

Input: H(x), c(z), Vei(ni), i=1,...,N, hj(z), j=1,..., M.
Output: u
: Solve (3.56) to obtain uj withi=1,...,Ny and k=1,..., M.
for p=2to k do

Solve (3.68) to obtain us.
end for
return u = uj

If there are set-based tasks without slack variables at the highest priority level. If not, there
are k priority levels.



Chapter 4

Modeling of ATAUVs

This chapter describes the dynamic and kinematic modeling of ATAUVs presented
in [54, 55]. The chapter was originally written for [15] and is restated here with

minor modifications for completeness.

4.1 Reference Frames

Because AIAUVs in work mode operate in local areas, approximately constant
longitude and latitude can be assumed. Moreover, the Earth’s rotation can be
neglected and a local Earth-fixed North-East-Down tangent frame denoted {n}
is used for navigation. This frame is assumed to be inertial such that Newton’s
laws still apply. The origin of the NED frame is fixed, the x-axis points North,
the y-axis points East while the z-axis points downwards normal to the Earth’s
surface. Note that in the navigation literature this frame is often referred to as
NED assumed to be inertial or a non-rotating tangent frame [56].

The body-fixed reference frame {b} is rigidly attached to the ATAUV and
located at the base, the z-axis points forward, z-axis points upwards and the y-axis
points sideways to complete the right-handed coordinate system. The reference
frame of the end-effector {e} is rigidly attached to the front of the AIAUV, where
the z-axis points forward, z-axis points upwards and the y-axis points sideways to

complete the right-handed coordinate system.

43



44 Modeling of ATAUVs

4.2 Kinematic Modeling of ATAUVs

The system configuration of an AIAUV is defined as & = [T, 07]" € R where
0 € R™ represents the joint angles and
n=|""|ere, (4.1)
®nb

where p, = [N, E, D] € R3 represents the position of the base frame in the afore-
mentioned NED frame, while the orientation between {n} and {b} is represented
by the Euler angles ©%, = ¢y, 0y, 1] € R3. The components of ©,; are denoted
roll, pitch and yaw, respectively. Alternatively, the orientation can be represented
by unit quaternions ¢ = [n,€%]" € R*, ||¢|| = 1, where n € R is the real part of the
quaternion, while € € R? corresponds to the vector part. By using a unit quaternion

representation, the system configuration is defined as £ = [17;, HT}T € R™" where

Db
ng=1|n|€eR". (4.2)

€

4.2.1 Differential kinematics

The body-fixed velocity of the AIAUV is given by

Vb Ub

C=| " eRrot, Vb =] " RS (4.3)
nb b
0 Wy

where v, = [u,v,w]" € R and W’ = [p,q,r]" € R3 are the linear and angular

velocities of the body-fixed frame, respectively. 6 € R” represents the joint
velocities.

The relation between the body-fixed velocities and the NED-frame velocities
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can be expressed by

¢ = Je(Om)C, (4.4)

where

R} (Onp) 03x3 03xn
Je(Om) = | 0303 Tup(Onp) Ozxn| - (4.5)
On><3 On><3 [n

The rotation matrix R} (©,;) = R,(¢s)R,(0y)R.(¢p) transforms the linear velocity
from the body-frame to the NED-frame and is computed according to the zyx con-
vention, which is common practice in guidance, navigation and control applications
[57]. The angular velocity transformation matrix that maps the body-fixed angular

velocities to the Euler angle derivatives is given by

1 singtanf cos¢tanf

T©)= |0 cos ¢ —sing |- (4.6)
sin ¢ cos ¢
0 cos 6 cos 6

4.2.1.1 Quaternions and Euler angles

While the Euler angle attitude parametrization is intuitive and only requires three
parameters, it suffers from a singularity corresponding to 8 = £90° as observed
from (4.6). This singularity is not a problem for surface vehicles, but for an ATAUV
it can become problematic if the vehicle is operating close to the singularities.
This is why a four-parameter unit quaternion representation is used in all of the
simulations conducted as part of this thesis.

By employing unit quaternions, the relation between the body-fixed velocities

and the NED-frame velocities can be expressed by

&= Jeq)C, (4.7)
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where

Ry(q) 0O3x3  O3xn
Jf(q) = 04><3 Tq(Q) 04><n . (48)
On><3 On><3 [n

The rotation matrix is given by
RQ(Q) = I3x3 + 2nex +2 (EX)Q ) (4.9)

where €, € s0(3) represents the skew-symmetric form of e. The transformation
matrix mapping the angular velocity decomposed in the base frame to the quaternion

time derivative is given by

—€1 —€ —€3
1 —€ €
L=y " (4.10)
€3 no —€
—€ € n

4.2.2 Differential task kinematics

For an AIAUV, operational space tasks are nonlinear mappings ;(§) = f;(£). The

first order differential kinematics are given by

(6.0 = L rtarc (@11
= JiC. (4.12)

4.2.3 Forward kinematics

An ATAUV consists of n + 1 links interconnected by n joints, the links are labeled
1,...,(n+1), where link 1 is the tail, or base link and link n + 1 is the head. All
joints are single DOF joints, and the ATAUV is assumed to only consist of revolute

joints. Joints with multiple DOFs are therefore modeled as two consecutive joints



4.2 Kinematic Modeling of AIAUVs 47

with an additional link between them.

For each link a homogeneous transformation matrix is defined

ni  Pni

H; = € SE(3), (4.13)
01><3 1

fori=1,...,n+ 1 which uniquely specifies the pose of link 7 in the NED frame
defined in Section 4.1. Furthermore, let A;(6;) € SE(3) represent the mapping from
the coordinate frame defined by H; to the coordinate frame defined by H;.1, where
0; is the joint variable of joint i. Given the transformation matrix H, describing the
position p, and orientation R} of the base frame in the NED frame, the position

and orientation of link ¢ + 1 is then given by the recursive equations

H = H (4.14)
Hiyy = H;Ai(0;) (4.15)
— HAL(01) As(8:) -+ Ai(6)). (4.16)

The position and orientation of link n + 1, or the head frame can then be written
H,1=HA, ,(0), (4.17)

where 0 = [0,0,,...,0,]" € R" is the vector of joint parameters and

Ai(00)Air1(0i1) -+~ Aj(0;), ifi<y
0, iti>

A,(6) = (4.18)

The instantaneous velocity of a rigid body in terms of its linear and angular
components will from now on be described by twists, which are infinitesimal
versions of a screw motion. Background material can be found in [58]. Let

a; = [BF, A\T]" € R® represent the twist coordinates of joint i, the corresponding

17N



48 Modeling of ATAUVs

twist is given by

A

>
ey

A
a = _ M7 e R, (4.19)

A 0 0

where the wedge operator represents the mapping A : R® — se(3) with se(3) defined

se(3) = {(B,\) : BE R A\ €50(3)}. (4.20)

The 4 x 4 matrix a” € se(3) can be interpreted as a generalization of the skew-
symmetric matrix w, € s0(3). The rigid motion associated with rotating and

translating along the axis of the twist can be represented by [58]
AZ(@) = Ai(O)eaiAei, (421)
where the exponential map e*"? : se(3) — SE(3) is given by

. Ml (T — eA0) (AL B) + AN 36
e — |© (1= ) Oueh) P . w0, (4.22)
01x3 1

M0 =T+ N\ sinf+ (M )* (1 —cos), [N =1, (4.23)

where e*<? : 50(3) — SO(3). Assuming that the ATAUV only consists of revolute

joints, the twist of each joint is given by

a; = (4.24)

o O O

>

7

where \; € R? is a unit vector defining the axis of rotation of joint 7. Moreover,

under the additional assumption that the coordinate frame of link 7 + 1 is attached
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to joint ¢ with its x-axis parallel to the link direction, (4.21) can be written

eXi)x0i 0
Ai(0;) = Ai(0) : (4.25)
leS 1
with
[3 liel
Ai(0) = , (4.26)
O1x3 1

where [; is the length of link i and e; = [1,0,0]".
The head frame defined by H,, .1 has its origin at head joint, which is at the back
of the head link. The transformation A, from the head frame to the end-effector

frame is given by a pure translation in the z-direction

I; 4
A= (4.27)

01x3 1

such that the position p? and orientation R, of the end-effector frame relative to

the NED frame is found by the transformation

Rne pp
H, = = H,.A.. (4.28)

01x3 1

4.2.4 Jacobians

The body twist of the base is defined as
(o) =HA, (4.29)

where H is the homogeneous transformation matrix from the base frame to the

NED frame. Hence, the body twist of link ¢ is given by

(Vniz‘)/\ = H'H;, (4.30)
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where H; is given by (4.16), (4.18) and (4.21). Since the joint twist given by (4.21)

is constant, taking the time derivative of (4.21) yields

Ai(6;) = Ai(0)e™ a6, (4.31)
which yields
ATYA; = e 9% ATH0) Ay (0)e% % ale; (4.32)

The body twist of link ¢ is then given by

(Vii)/\ - H;lHi
= Ajl  H'HA ;4 (434)
+ A;’Lla{\Au,l@'i + A;Llag\A&i,lég —+ ...

-1 A ) A
+ A'fl,iflai72Ai—1,i—10i—2 + a; 101

)

In order to proceed the adjoint operator and its inverse has to be defined. The
adjoint operator, Ad(4;) : R® — R® maps a velocity twist in frame i + 1 to
frame 7, representing the adjoint transformation associated with the homogeneous

transformation matrix A; and is defined by
(Ad(H)V)" = HV"H ™, (4.35)
and its inverse, Ad~'(H) : R® — RS is defined by
(Ad (V)" = HWAH. (4.36)
Both operators have matrix representations given by

R peR
Ad(H) = Pt ¢ goxo
O1><3 R

(4.37)



4.2 Kinematic Modeling of AIAUVs 51

RT —RT
AdY(H) = Pl ¢ roxs, (4.38)
O1><3 R*

Therefore, (4.34) can be rewritten in body velocity twist coordinates as

i—2
Vii=Ad" (A1) Vi, + aisbiog + Z Ad™H(Aj1.)a;0;. (4.39)

j=1
The body velocity twist coordinates of the base frame and the joint angle velocities
are collected in the vector ( = [Vb Q]T € RS Define the Jacobian matrices

nb?
J; € R6><(6+n) by
Vii = Jic, (4.40)

which maps the velocity twist coordinates V% and joint velocities 0 to link velocity
twist coordinates V', decomposed in their own frame. From inspection of (4.39)

the Jacobians are given by

J = []6 Om} , (4.41)
Jiy1 = [Adl(Am-) Ad YAy )ar ... a oGX(n_i)] (4.42)
= Adil(A@)J@ + {06><(5+i) a; 06><(n—i):| . (4'43>

The time derivatives of the Jacobians are found recursively by differentiation of

(4.41) and (4.43) as [54]

Ji = 06 (64n)» (4.44)
Ji+1 = — ad(ai)JiHQi -+ Ad_l(Al)Jl (445)

Since the transformation matrix A, from the head frame to the end-effector
frame is constant, the body manipulator Jacobian of the end-effector is therefore

given by

J, = Ad7" (AL) T, (4.46)
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where J,, 11 is the Jacobian of the head frame. The time derivative of the end-effector

Jacobian is

Jo = Ad™! (AL) Joyr. (4.47)

4.3 Equations of Motion

The equations of motion in the base frame are given by [54]

£ = Je(a)C, (4.482)
M(0)¢ + C(8,0)¢ + D(0,0)¢ + g(&) =, (4.48b)

where the control inputs u are mapped to commanded forces and moments 7

through the actuator configuration matrix B(0), viz.
T = B(0)u, (4.49)

where u = [ut, Uj:|T € R™ consists of the thruster inputs u; € RP and joint torque

inputs u; € R". The equations of motion can be rewritten in state space form as
i = f(2) + g(x)u, (4.50)

where x = [z], 23" = [€7,¢"]" € R¥™" y € R™ and

B Je (1) 29
flx) = ) , (4.51)
—M(z)' (C(z)xs + D(2)x2 + g(1))

g(z) = " : (4.52)
M(z)~'B(z1)

The actuator configuration matrix is given by

B(&): J1(9)T31 J2(9)T32 Jn<9)TBn Bjoint ) (453)
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where the link thrust configuration matrices B; are constant and expressed as

Bi _ 6t,i,l ﬁt,i,2 T ﬂt,i,p 7 <454>

Tti1 X Bt,i,l Tti,2 X ﬁm‘,z st Teip X Bt,i,p

where 3;; ; and r;; ; are the thrust direction and point of attack of the jth thruster

of link ¢ expressed in the frame of link 7. The matrix Bjyn is given by

0
Bige = | 7| (4.55)

I

Note that the thruster inputs also generate torques affecting the joints, while joint
torque inputs only affect the joints directly.
The inertia matrix M () is given by

M(8) = 32 T (O) M (6), (4.56)

where M; is the inertia matrix of link ¢ containing the rigid body mass and inertia

matrix and the added mass matrix
M; = Mp; + Ma,, (4.57)
where

T
m;ls my; (rg,z') o
MR i —

ol P (4.58)

and I, is the rigid body inertia matrix of link 7. By assuming cylindrical links
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with a common radius r and link lengths /; the added mass matrix for link i is

o 0 0 0 0 0
0o 1 0 0 0 i
) 00 1 0 - 0

My ,; = prrl;,C, , (4.59)
00 0 0 0 0
0 0 —3L 0 7 0
0 3 00 0 gl

where «; is a parameter that permits added mass in surge, p is the density of water
and C, is the added mass coefficient.

The Coriolis and centripetal matrix C(6, {) is given by
C(8.¢) = 3 (Jil6)"MJi(8,0) = Ji(0)" Wi(8,O)1i(0)) . (4.60)

(o (o))
({mvi})  ({mvi}) |

X
where {M Vrfl} € R? and {szrfz} € R? are the first three and final three entries
of M;V,

ni’

Wi(6,¢) = (4.61)

X

respectively. Hydrodynamic damping is modeled by D(6, (), which is
given by

where D;(0,() is the hydrodynamic damping matrix of link 7, such that D;V,
yields the hydrodynamic forces and moments on link 7.

The generalized hydrostatic force g(&) is given as

n

9(5) = ZJi(Q)Tgi(f)7 (4'63)

=1
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where g;(§) are the hydrostatic forces and moments on link i
9:(§) = GiRy0, (4.64)

where 7y is the constant direction of gravity in the NED frame, and R,; is the
rotation matrix from the NED frame to the frame of link i. The matrices G; € R6*6

are constant and given as

v; g — M, I
G — (pvig —mig) I | (465)

pLvig {’f’b,i] T mig [rg,z} o

where p is the density of water, v; is the effective volume of link ¢, g is the
gravitational acceleration constant, m; is the mass of link ¢ and r,; and r,; is the
location of the center of buoyancy and center of gravity of link ¢ expressed in the

coordinate frame of link 7, respectively.



Chapter 5

ATAUYV Control

In this chapter, an extensive case study of the task priority framework developed
in Section 3.2 is conducted for an ATAUV application. Section 5.1 presents the
ATAUYV simulation model, before the set-based and equality-based tasks to be
controlled are defined in Section 5.2 and Section 5.3, respectively. Two control laws

are developed in Section 5.4, followed by simulation results and a discussion.

5.1 AIAUYV Model

The AIAUV simulation model is identical to the one in [59]. The AIAUV consists
of 5 links with 4 cardan joints connecting them, which are joints that can rotate
about the y and z-axis that they are attached to. The cardan joints are modeled
as consecutive 1-DOF joints, thereby introducing short links separating two joints
actuated about different axes, creating four new links. The total number of joints
and links are therefore 8 and 9, respectively. Odd-numbered joints rotate about
the z-axis, and even-numbered joints rotate about the y-axis.

The ATAUV has 7 thrusters in total, two of which are positioned on the third
link, pointing in the z and y directions of the coordinate frame of link 3. Three
thrusters are positioned on the fifth link, pointing in the x,y and z directions in
the coordinate frame of link 5. The last two thrusters are located at the seventh

link, pointing in the y and z directions in the coordinate frame of link 7.

26
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5.2 Set-Based Tasks for AIAUV Control

This section introduces the safety related set-based tasks that should be satisfied at
all times. Their satisfaction is ensured through exponential control barrier functions
(ECBFs).

5.2.1 End-effector collision avoidance

To avoid a collision between the end-effector and some obstacle, the scalar distance

measure between them is employed as a set-based task

Oq = \/(png - pZe>T (pgbs - pge)ﬂ (51>
which must be differentiated twice for the control input to appear, viz.

Go = Jul, (5.2)
6o = J,M ™ (Bu—CC — D¢ — g) + JuC, (5.3)

where the task Jacobian J, € R™®+") is given by [60]

(pgbs _ pZe)T
Oq

Ju = R2(q) Oes) TG (5.4)
where the end-effector Jacobian .J, € R%*(+7) is given by the recursive equations
(4.41), (4.43) and (4.46). In order to obtain an expression for the time derivative

of the task Jacobian, consider the term

=2 5.5
R (5:5)
the time derivative is given by
dr Oz
7y 5.6
i~ ot (5.6)
]Ja + (po - p) 83%

= v (5.7)

2
Oq
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_ (I ~ (po—p) (po —p)T) N (5.)

da® (I ~ (Po—p) (po —p)T>T (5.9)

de Oa 0'2
I o — o —p)"
_ T (_(p p)(f p) ) (5.10)
Oq (o
Hence, the time derivative of the task Jacobian is given by
. [ n o _ n n _ ,n\T
Ja — (UZQ)T ( o (pobs pne) (‘fobs pne) ) |:RZ ngg] Je (511)
Oq g,
— (p'g‘bs B pze)T .
+ o Rz [wa]x O3><3 ‘]6 + RZ O3><3 Je y (512)

where the time derivative of the end-effector Jacobian J, () € R®*+" is given by
the recursive equations (4.44), (4.45) and (4.47).

5.2.2 Actuator singularity avoidance

The rank deficiency of the actuator configuration matrix B(f) was pointed out in
[1], and implies that no force or moment can be generated in certain directions in
the vector space R belonging to 7. Inspired by the manipulability index [44],
the actuation index task is introduced to prevent singular configurations and is
defined by

oy := det (B(0)B(6)") , (5.13)

where B(0) is the actuator configuration matrix. The actuator singularity avoidance
task must be differentiated twice with respect to time for the control input to show

up, as seen from

oy = G, (5.14)
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99

— M~ (Bu — CC — DC — g) + JiC,

where the task Jacobian is given by

= 9oy 9oy Oop . Doy
iy [lefﬁ 901 90, 90 aen}’

and the actuation index derivative is given by [61]

8ab o 623 f
ag, ~ o0 (89,»83 ) ’

(5.15)

(5.16)

(5.17)

where BT is the right Moore-Penrose pseudoinverse of B. Furthermore, the task

Jacobian derivative is given by [61]

[ — |0 ) 0 (00 O (g ... O (90w
I a5 (O1x6) 0 75 (ael) 0 2 (a(92> 4 96 (aen
Oﬁxl
920y N 920y, 9%0y, p 920y,
962 01 + aelae by + 96,003 O3 + -+ 00190, 2

020y, A 20y, 20y, p . 920y,
80200, 01+ ae? 92 + 802003 05 + + 80200, 9

920y, 920y,
80500, 91 + 89360 92 + 692 ‘93 +eet 90306, 9

020y, p 020y, p 020y, p
01+ 86,,005 02 + 86,,003 O+ + 892 ‘9

| 00,061
r 1T
06><1 06><n
01
9' &0y d2ay &0y . 9%ay
_ 2 067 002001 9503001 00,001
9' d%0y d20y d%0y . 920y
3 061002 003 003002 00,004
620‘1, 820‘1, BQO‘b . 820'1,
0601003 902003 89§ 00,003
920y d20y d20y . 920y
001060, 00200, 00300, 062

)]

T

(5.18a)

(5.18b)

(5.18¢)
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where the cross partials are given by

50, Do OB 9%B OB | (0B\"
-9 T Bt 20, T Bt — 1

9B g | g <83>T } (BB")"

0, 06;
When implemented, the actuator configuration matrix B(6) is computed symboli-

cally in order to find the partial and cross partial derivatives % and %%. The
1 7 1

computations are performed offline and stored in a look-up table depending on the

Bt

joint angle due to the computational complexity.

5.2.3 Joint limit avoidance

To avoid exceeding mechanical joint limits a set-based joint limit avoidance task is
defined by

0. =0, (5.20)
which when differentiated twice with respect to time yields

gc = JeC, (5.21)
Ge=J M (Bu—CC—DC—g), (5.22)

where the task Jacobian is constant and given by

Jc = |:On><6 Ian:| . (523)

5.2.4 Exponential control barrier functions

In order to ensure that the aforementioned set-based tasks are satisfied, exponential
control barrier functions are employed. Because the collision avoidance and actuator

singularity avoidance tasks are only bounded from below, the ECBFs of these tasks
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are given by

hl = 04 — Og,min; (524>

ho = oy — Ob,min- (525)

The joint limit avoidance task is bounded from below and above, i.e. 0¢min < 0 <

Ocmax- Oixteen ECBFs are therefore required, which are given by

h2+i = Oc¢i — ei,mina (5'26)
h10+i = ei,max — Ocyiy (527)

for: =1,...,8. All of the set-based tasks only depend on the system configuration,
¢. Hence, they have to be differentiated twice for the input to appear, as seen
from the second time derivative of the set-based tasks in (5.3), (5.15) and (5.22).
Differentiating the ECBFs twice with respect to time and inserting the second
time derivatives of the set-based tasks together with the equations of motion (4.48)

results in

hy = J,¢ — J,M ™ (CC + DC + g) + JuM ™ Bu, (5.28)
hy = Jy¢ — JuM ™ (CC + DC + g) + JuM ' Bu, (5.29)
hosi = —Jei M1 (CC + D¢ + g) + JosM ' Bu, (5.30)
hiosi = JeiMH (CC+ D¢ + g) — JeiM ™' Bu, ( )

where J.; is the ith row of J.. These equations can be rewritten in terms of the

state space model (4.50) as

() = Lihi(e) + =51 g(a)u (5.32)

fori=1,...,18.

5.2.5 Valid domains

The obstacle to be avoided by the collision avoidance task is a sphere with radius

Tobs = 0.3m centered at pops = [2.5m,0.5m, —10 m]T, where the coordinates are
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given in a North-West-Up coordinate frame. In order to visualize how the AIAUV
avoids the obstacle in a 3D plot, a threshold is defined such that the minimum
distance to the obstacle becomes slightly larger. The valid domains for all set-based

tasks are shown in Table 5.1.

Table 5.1: The valid domains for the set-based tasks.

‘ Oq Op Oci

Omin | Tobs +0.02m 0.1 —60°
Omax 00 oo 60°

5.3 Equality-Based Tasks for AIAUV Control

This section introduces the equality-based tasks and derives their input-output
dynamics. Moreover, rapidly exponentially stabilizing control Lyapunov functions
(RES-CLFs) are defined for each task, and conditions on the RES-CLF time
derivatives that ensure task stability are derived. Finally, the desired equality
task values are discussed, where a reference model that is presented to smooth out

discontinuous steps in the reference signal.

5.3.1 End-effector configuration control

The end-effector configuration task is divided into two tasks at the same priority
level, namely, an end-effector position task and an attitude task. In this way,
individual RES-CLFs can be defined for position and attitude control, which means

that the rates of exponential convergence can differ.

5.3.1.1 End-effector position control

The pose of the end-effector relative to the NED frame is given by the forward

kinematics as described in Section 4.2.3. Hence, the position of the end-effector
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can be found from

ln+1€1

Vo= |1 o] Hua®) |17 (533

where e; € R? is the unit vector in the z-direction, and the base position p, is

found by solving (4.48). The end-effector position error is defined by

Y1 i= Dpe = Pre.ds (5.34)

which must be differentiated twice with respect to time before the input shows up,

Viz.

Y1 = J1¢ — P, (5.35)
i1 =M (Bu—CC— D¢ —g)+ Ji¢ — P, (5.36)

where the Jacobian and its time derivative are given by

Ji = [Rg(q) ogxg} J.(0) € R3*(6Tm), (5.37)

= (B i 0o 2O+ [R20) 03] 1O (5:39)

5.3.1.2 End-effector attitude control

For attitude or orientation control, a unit quaternion representation is employed,
where the end-effector quaternion ¢ = [, €*]" can be obtained from the rotation
matrix R given by the forward kinematics. From a quaternion qg = [1g, €}]"
describing the desired attitude, a corresponding desired rotation matrix R} can
be calculated. The rotation matrix representing the attitude error between the
desired end-effector attitude and the end-effector attitude given by the forward

kinematics is given by [60]

R=R"(R")". (5.39)
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The quaternion associated with R can be computed from the quaternion product

d = ¢4 ® q" given by

il = man + €4€, (5.40)
€ = neEq — Ng€ + €x€q, (5.41)
where ¢* = [, —€T]" is the conjugate of the end-effector quaternion. Because

the rotation matrix representing two aligned frames is given by R = I, which
corresponds to the quaternion ¢ = [1,07]", it is sufficient to represent the attitude
error as the three-dimensional imaginary part € of the quaternion error vector §.

Define the end-effector attitude error by
Yo 1= € = NEg — Ng€ + €x€q. (5.42)

Note that the attitude error is not a simple subtraction between a measured and

desired value. Differentiating the attitude error with respect to time yields [45]

. 1 . N
Uy = 5 (nls — éx) @), (5.43)

where @), = wg — wy, is the angular velocity error, expressed in the NED frame.

Differentiating with respect to time once more yields

. 1 * 2 ~n ~ ~ . d n, e
b2 =5 [(77[3 — €><) on,+ (nls — éx) (wd % (Rewne)>] , (5.44)
where
d, . . d
& (Rewne) = & <|:03><3 Rg:| JeC) (545)
= R [wne] Wne + [03x3 RZ] JoC + |:03><3 R?} JeC (5.46)
———

=0

- [ogxg RQ} (Je¢ + JM T (Bu—C¢ = D¢ — g)) (5.47)
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where J, € R6*(6+7) is the end-effector Jacobian, which is given by the recursive
equations (4.41), (4.43) and (4.46), while J, € RO*(6+7) is the time derivative of
the end-effector Jacobian, which is given by (4.44), (4.45) and (4.47). Equation

(5.44) is affine in the control input u and can be rewritten

o () = ba(x) + Az(7)u, (5.48)
where
1 ~ ~ _
As(w) = =5 (0l3 — &) [ngg RQ} J.M™'B, (5.49)
and
b . 1 LI ~ ~n
o(7) = 2 [(77 3~ Ex) Wyt
. (5.50)
(/’7[3 - gX) <Wd - RZJ670JC - |:03><3 RZ:| JeM_l (Og —|— Dg —|— g)) s
with
e 5.51
n= —56 Whe- ( . )

5.3.2 Base position control

The ATAUV essentially has two end-effectors, since there is no well-defined base
from a physical perspective. Nonetheless, the base is defined as the tail link of the
ATAUYV in this thesis, while the end-effector is at the front of the head link. The
base positioning task will serve as a lower priority equality task, in this way, the
effect of incompatible tasks on the control performance can be tested.

The position of the base in the NED frame is given by p?, € R? the base

position position error is defined by

Y3 1= Dy — PZd» (5.52)

which must be differentiated with respect to time twice for the input to appear,
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Viz.

Y3 = J3C — Dyas (5.53)
jjs = JsM ™" (Bu— C¢ — D¢ — g) + Js¢ — By g, (5.54)

where the Jacobian J; € R3*(6+7) and its time derivative are given by

Js = Ry(a) Oneiain] (5.55)
Js = [RQ(Q) (wﬁb)x O35 (34m) | - (5.56)
(5.57)

5.3.3 Joint velocity regulation

The end-effector configuration and base positioning tasks only consume 9 DOFs,
which means that internal instability will occur if the zero dynamics is not asymp-
totically stable. In order to ensure system stability, a task at the lowest priority
level is defined which attempts to regulate the first n — 1 joint velocities to zero,
thereby consuming any residual DOFs in the system. The task is defined by the

error

Ys = JuC, (5.58)

which depends on the generalized system velocities, and hence only has to be

differentiated once for the control input to appear, viz.
Yo = JAM " (Bu—C(— D¢ —g), (5.59)
where the Jacobian J; € R"~1Dx(6+7) j5 constant and given by
Ji=10p-1)x6 Tn-1 Ognoyx1] - (5.60)

Note that end-effector attitude control implicitly determines the angle of the
nth joint, which ensures stability of the nth joint angle. Finally, remark that in

the robotics literature, it is common to define a null space tasks similar to this one
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at the configuration level, and thereby also attempting to obtain a desired pose

while regulating the joint velocities to zero [62].

5.3.4 RES-CLFs

As shown in the preceding sections, the end-effector configuration and base posi-
tioning tasks have to be differentiated twice in order for the input to appear, which

yields transverse dynamics on the form

The joint velocity regulation task is a function of the generalized system velocity,

which yields transverse dynamics of the form

By defining n; = [yF, yF]" for i = 1,2,3 and 14 = y4, the transverse dynamics (5.61)

and (5.62) can be rewritten as

n; = fix) + gi(x)u, (5.63)

where f;(z) = Fyn + G;bi(x) and g;(z) = G;A;(z) with

0 I ol
Fi = y Gl = y 1 = 1,2,3 (564)
0 0 I
Fy=0pm-1)x(n-1), Ga=In1, (5.65)

for the end-effector configuration and base positioning tasks, where 0 is a 3 x 3
matrix of zeros and [ is the 3 x 3 identity matrix.
RES-CLFs are then defined for each task as follows

1 1
V) =t [0 L e =0 Y= s i=1,2.3 5.66
ci(m) = N Rl D L (5.66)
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2
1
Vea(na) := <E> Ny Pang = ny Peana, (5.67)
4
where P; = P" > 0 is the solution to the continuous time algebraic Riccati equation
F'P+ P,F, — PG:GIP,+ Q; = 0, (5.68)

where the positive definite matrix @); is chosen to be the identity matrix. From the
analysis in Section 2.4.1, V,; is a RES-CLF for (5.63) as long as A;(z) has linearly
independent rows. Rapid exponential stability of the task variables can be ensured
by selecting the control input v € R™ such that

i
Ly Vei(m) + Lg Vei(n)u < —

i

Vei(ni), (5.69)

where ~; 1= :\\m;((%g and the Lie derivatives are given by
Ly Vei(ns) = 0} (F*Pes + PoiF) 1 + 20} P.yGby, (5.70)
Lg Vei(mi) = 2n; PeiGA;. (5.71)

5.3.5 Desired equality task values

The end-effector configuration task consists of a series of constants steps at 50
second intervals from ¢t = 0 to ¢ = 350. The base positioning task is constant and
does not change, with the goal of minimizing base movement while reconfiguring
the end-effector. From ¢ > 350 s, the end-effector position is commanded outside of
the manipulator workspace (when the base is kept at its current position) which
implies that the base positioning task is no longer compatible with the end-effector
positioning task. This is done to verify that tasks at lower priority levels have
no effect on how higher priority tasks are executed in the novel hierarchical task
priority framework from Section 3.2.2, ensuring that the end-effector position is
reached perfectly at the expense of larger steady state errors in the lower priority
base positioning task.

The discontinuities in the end-effector configuration set-points are smoothened

by employing a third order reference model. A third order model was chosen to
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obtain continuous acceleration references. In this way, large and discontinuous
jumps in the end-effector configuration set-point are avoided, mitigating excessive
rates of change of the control inputs when the set-points change, which manifests
itself as overshoots and slow convergence when control input rate constraints are

employed. The reference model is given by [57]
o 4+ (2N + 1) Q64+ 2A + 1) Q%64 + QPoy = Do, (5.72)

where A > 0 and 2 > 0 are diagonal design matrices of relative damping ratios
and natural frequencies, o, = [pz,d, qﬂT € R7 is the constant (and discontinuous)
reference signal and oy 4,014 and &, are the smoothened desired end-effector
configuration, linear and angular velocity and linear and angular acceleration,
respectively. The first and second time derivative of the desired quaternion ¢, is

mapped into desired angular velocities wy and accelerations wy through

wq = T} (qa)da, (5.73)
g = T} (qq) (dd - Tq(Qd)Qd) : (5.74)

where TqJr € R*** is the Moore-Penrose pseudoinverse of T, and

. oT,
Ty(qq) = 67; (4@ 13), (5.75)
with
8Tq _3 o) 0 o)
R (5.76)
000100 0 100 0 -1
100 0 0 0 0 0 10 -1 0 o
= € R™= (5.77)
010 0 0-10 0010 0
001 0 1 0 -1 0 00 0 0

(5.78)
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5.4 Control Laws

In this section, the two control schemes from Section 3.2 are developed for an
ATAUYV performing the tasks described in the preceding sections. The objective is
to control the configuration of the end-effector while minimizing base movement,
avoiding a collision with a spherical obstacle, respecting the joint limits and avoiding
configurations for which the actuator configuration matrix is singular.

The design matrix H(x) and design vector ¢(z) in the objective functions of the
quadratic programs are selected by following the approach in Section 3.1.3, where

the virtual control input g = Au + b was minimized. In terms of w, this yields
i =u"A"Au + 20" Au + b, (5.79)
which implies that H(x) = ATA and ¢"(z) = 2b" A.

5.4.1 N task CLF-ECBF QP controller

The control input is found from (3.56) with H(z) = AT A, ¢"(x) = 20" A and the
ECBFs and RES-CLFs from Section 5.2.4 and Section 5.3.4, respectively. The

modified quadratic program is

minimize u'ATAu + 20" Au + 0TW6 (5.80a)
u€R® §cR4

subject to

LjVij+ Ly Viju < —%VEJ 8, j=1,....4, (5.80b)

j
OL¢h

L3hy, + aj;,- gu > —Koibe, k=1,...,18, (5.80c)
~ 50N <u < 50N, (5.80d)
—0.1N/s < Au<0.1N/s, (5.80¢)

where W = diag {wy, ws, w3, w4} is a diagonal matrix of penalty parameters and

the Lie derivatives Ly V. ; and Ly, V. ; are given by (5.70) and (5.71), respectively.
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5.4.2 Hierarchical task priority CLF-ECBF QP controller

By employing Algorithm 1 with H(z) = ATA, ¢"(z) = 2b" A and the ECBFs and
RES-CLFs from Section 5.2.4 and Section 5.3.4, respectively, the following QP is

solved

minimize  u"ATAu + 2" Au + w167 + wa by (5.81a)
u€R® 51 €R,52€R
subject to
LiVes+ Ly Voyu € =2V 48, j=1.2, (5.81D)
J
OL¢h
L2hy + ai gu > — Ko i, k=1,...,18, (5.81¢)
— 50N < u < 50N, (5.81d)
—0.1N/s < Au < 0.1N/s, (5.81e)

which yields a control input v = uj that only accounts for the safety-related tasks
and the end-effector configuration task. The end-effector configuration task only
consumes 6 DOFSs, which means that at most 8 DOFs may still be uncontrolled.
Hence, the solution uj can be refined by attempting to keep the base stationary

and minimizing the joint velocities through the following QP

minimize  uT AT Au + 20" Au + w303 + w,6; (5.82a)
u€R™ 63€R,04€R
subject to
Lgi‘/e,iu < L@i‘/e,iu; 1=1,2, (582b>
LiVij+ LgVeyu < =BV, +68;, j=3.4, (5.82c)
€
8thk. 8thk.
— " gqu > i k=1,...,18 5.82d
81: gu = 895 guy, ) ’ ) ( )
~ 50N < u < 50N, (5.82¢)
—0.1N/s < Au< 0.1N/s, (5.82f)

which yields the final control input that is applied to the ATAUV.
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5.5 Simulation Results

The QPs are solved in MATLAB using quadprog and the closed loop system is

simulated in Simulink using ode3.

5.5.1 Control parameters and initial conditions

The control parameters for the equality-based tasks consists of the RES-CLF
convergence rates ¢; and the penalty parameter values w;, these are all shown in

Table 5.2. As seen from (2.44), the rate of exponential convergence is inversely
Table 5.2: Equality task convergence rates and penalty parameters.

‘ o1 09 03 04
e 1.2 0.2 1.2 0.5
w| 60 60 10 10

proportional to ¢€;, which entails that lower values of ¢; results in faster convergence.
The set-based gains K, are chosen by placing the eigenvalues of the closed

loop systems

& = (F = GKak) &, (5.83)
where
0 1 0
F= . G=| |, (5.84)
00 1

and Ko, — {%1 am] at A = —1 and Ay = —3 for k= 1,...,18. Solving
det (m ~(F- GK,M)) — A+ DA +3), (5.85)

for a1 and ag o yields K, p = [3 4].

The relative damping ratios and natural frequencies of the reference model are
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chosen as

A = diag {, Aoy MY = 1, (5.86)
Q = diag {wy,ws, . ..,wr} = 0.121, (5.87)

where [ is the 7 x 7 identity matrix.
The system is initialized from the following initial configuration

T

™ s ™ s
= (1.43m,2.2m,-10m, 1,0,0,0, -,0,-,0, =,0, =,0] . 5.88
50 m, m, m, L, U,V 767 767 767 767 ( )

5.5.2 N task CLF-ECBF QP

Simulation results for the NV task CLF-ECBF QP controller in (5.80) are presented
in Figure 5.1.

Pe
Do
Pd

West [m] 0 0 North [m]

(a) North-West-Up plot. pe,py and pg represents the end-effector, base and the desired
end-effector position, respectively.
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(h) Joint torque inputs.

Figure 5.1: Simulation results for the N-task CLF and CBF based QP controller.
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5.5.3 Task priority CLF-ECBF QP

Simulation results for the hierarchical task priority CLF-ECBF QP controller given
by (5.81) and (5.82) are presented in Figure 5.1.

De
Dy
Pa

West [m] 0 0 North [m]

(a) North-West-Up plot. p.,pp and pg represents the end-effector, base and the desired
end-effector position, respectively.
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Figure 5.2: Simulation results for a task priority framework based on a hierarchy
of CLF and CBF based QPs.
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5.6 Discussion

Observe that the optimization problems in (5.80), (5.81) and (5.82) are all for-
mulated in terms of the thruster and joint torque control inputs u, and not the
generalized forces and torques 7 = Bu. Consequently, the hierarchical CLF-ECBF
QP controller solves the control allocation problem in addition to resolving redun-
dancy and acting as a dynamic controller. By unifying the redundancy resolution
and control allocation problems, strict priority among tasks can always be ensured
under the assumption of a perfect dynamic model. The same cannot be said for
decoupled ATAUV control approaches that resort to e.g. kinematic or operational
space control. Kinematic or operational space control frameworks provide no a
priori guarantees that the commanded force and torque vector computed by the
dynamic controller can be exactly allocated, since the commanded forces and
torques are typically computed with no regard to physical actuator limits, rate
constraints, or actuator configuration matrix singularities. If the commanded forces
and torques cannot be exactly allocated, the forces and torques are usually allocated
to thruster inputs and joint torques by minimizing the allocation error, which is
done independently of the redundancy resolution algorithm. Hence, tasks are no
longer prioritized and the control system performance may dramatically decrease
even though the allocation error is somewhat small.

Intervention and inspection tasks are performed at low-speed, where thruster
dynamics are essential to the control problem [63]. Instead of modeling the entire
thruster dynamics, the rate of change of the thruster input can be limited as seen
in (5.80e), (5.81e) and (5.82f). As a result, more realistic behavior is obtained
without affecting the priority between tasks. This is an important advantage of
the proposed scheme with regard to a future experimental implementation.

By comparing Figure 5.1f and Figure 5.2f, it is evident that the non-hierarchical
approach in (5.80) does not achieve strict priority between the end-effector and base
positioning tasks for ¢ > 350s. At t = 350s, the end-effector position is commanded
outside of the manipulator workspace (when the base is kept at p?, = [0,0, —10m]").
Instead of executing the higher priority end-effector task perfectly, a compromise
between two incompatible tasks, weighted by the penalty parameters in (5.80a)

is found. Even though this compromise is optimal with respect to the objective
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function, it is not what is desired. The end-effector task is classified as mission
related, and should be satisfied whenever it does not conflict with safety related
tasks. However, the base positioning task (or any other optimization task) is only
included because of the redundancy of the system, and should never affect how the
end-effector (or any mission related task) is executed. This is achieved by resorting
to the hierarchical task priority CLF-ECBF QP scheme as seen in Figure 5.2f,
where perfect end-effector position tracking is achieved at the expense of a greater
error in the base position.

Observe from Figures 5.1c and 5.2¢ that four joints have non-zero angles at
t = 400s. This is somewhat unexpected since a configuration for which all joint
angles are equal zero will yield the largest distance between the end-effector and the
base. However, the actuator configuration matrix of the particular ATAUV used
for simulation exhibits a singularity at the configuration for which all joint angles
are zero, i.e. o, = det (B(0)B(0)") = 0. By inspecting Figures 5.1b and 5.2b it is
clear that the actuation index oy is at its lower limit from ¢ > 375s. Consequently,
multiple joint angles are kept non-zero by the actuation index task, resulting in a
larger deviation in the base position than strictly necessary.

In general, the control performance is excellent for both approaches, all set-
based tasks are satisfied at all times, while the end-effector configuration tracking
is fast and accurate. There is a noticeable deviation in the x-coordinate of the
end-effector position from ¢ ~ 268 s to t ~ 281 s, since the desired xz-position of the
end-effector is inside of the spherical obstacle.

The simulation results are very similar whenever tasks are compatible. Con-
sequently, the non-hierarchical approach could be employed whenever tasks at
different priority levels are compatible, and the hierarchical approach whenever
tasks are incompatible, thereby ensuring strict priority between the end-effector
and base task at all times, while reducing the computational burden. One possible

check for compatible tasks is given by the condition (3.28).



Chapter 6
Conclusion

This thesis has presented task priority operational space control in a MIMO
feedback linearization setting, where explicit conditions for input-output and full-
state feedback linearizability of a task priority operational space control law has
been given. This work led to the merging of operational space control with control
Lyapunov function and control barrier function based quadratic programs, with
the goal of obtaining a dynamic set-based task priority framework. The unification
resulted in a framework that supports set-based tasks; however, strict priority
among tasks was lost in the process. As a result, null space based control was not
pursued any further. Instead, a novel task priority framework based on a hierarchy
of control Lyapunov- and control barrier function based quadratic programs was
developed, generalizing the work in [23, 32] to any number of priority levels. There
is considerable design freedom within this framework, soft priority measures can be
employed between tasks at the same priority level, while a strict priority measure
in the form of solving another quadratic program can be used to ensure that lower
priority tasks have no effect on higher priority tasks. This allows optimization
based control objectives to be safely included, without affecting the execution of
mission related tasks.

The proposed framework has been verified in simulation for an AIAUV, which
is an overactuated and redundant robotic system. For these types of systems, the
proposed task priority framework also solves the control allocation problem, which

is highly advantageous since control input bounds and rate constraints can be
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accounted for when resolving redundancy, effectively avoiding a situation in which
commanded generalized forces and torques cannot be allocated explicitly, leading

to a loss of priority among tasks.

6.1 Future Work

The effect of modeling uncertainties on the CLF-ECBF QP controllers should be
investigated. This is especially relevant for an underwater vehicle application such
as an ATAUV, since accurate identification of the dynamic model parameters is
difficult [60]. In order to mitigate the negative effects of modeling uncertainties,
robust and adaptive control methods that are applicable to the task priority CLF-
ECBF QP framework presented in this thesis can be investigated. Robust control
of CLF based QPs has already been investigated to some extent in [64]. A robust
experimental implementation of the proposed control system will help investigate
the effect of modeling uncertainties.

Another topic for future work is to include force-based multi-contact tasks
directly through the QP based formulations as done in [23]. In this way, the
proposed framework could be employed for intervention tasks. Different objective
functions could also be utilized in order to weight the usage of thruster inputs

versus joint torque inputs.



Appendix A

Definitions and Theorems

Definition A.1. The Lie derivative of a scalar function h : R™ — R along a vector
field f : R™ — R" is given by [42]

" Oh Oh
Lih = 32 g hle) = 5 S(@) (A1)

Definition A.2. An extended class K. function is a function o : R — R that is
strictly increasing and with a(0) = 0 [65].

Definition A.3. For a,b € R3, the cross product by a is a linear operator. Hence,

b — a x b can be represented by a skew-symmetric matrix [58]

a X b= axb, (A.2)
where
0 —das a9
ax = | as 0 —ay| € 50(3), (A3)
—a2 aq 0
and
s0(3) = {S eR¥F: 5T = —S} (A.4)

83
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Definition A.4. If A € R™*" and B € RP*?, then the Kronecker product A® B €
R™P*"4 i given by [66]

allB ce alnB
A@B=| . i . (A.5)

a1 B ... amnB,

Definition A.5. The partial derivative of a matrix A(z) with respect to x, where
A R" — R™*? is given by [55]

%
ox

0A  0A 0A

dz1 Oxzs °°°  Ozm

e R™*wn, (A.6)

Theorem A.1. The time derivative of a matriz A(x) € R™ P with x(t) € R™ is
given by [55]

d " 0A. 0A,.

i=1
where ® denotes the Kronecker product.

Theorem A.2. The partial derivative of the product of two matrices A(x) € R™*P
and B(x) € RP** with respect to a vector x € R™ is defined by the following rule

[50]

where I, is the n X n identity matriz.

Definition A.6. Given a dynamical system

and a trajectory z(t, zg) where zy is the initial point. A set M is said to be forward

invariant if [65]

rg € M = x(t) € M, (A.10)
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for all t > 0.



Appendix B

Conference paper

This appendix contains a draft of a conference paper based on the main result on
dynamic task priority control of redundant robotic systems. The article will be

submitted to the 2020 American Control Conference.
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Task Priority Control of Redundant Robotic Systems using Control
Lyapunov and Control Barrier Function based Quadratic Programs

Erlend A. Basso! and Kristin Y. Pettersen!

Abstract—Redundant robotic systems are designed to ac-
complish multiple tasks simultaneously. Tasks are functions of
the system configuration, and can be divided into groups by
their priority. System redundancy can be exploited by including
lower priority optimization tasks within the control framework.
However, it is important that the inclusion of such lower priority
tasks does not have an effect on higher priority safety related
and operational tasks. This paper presents a novel task priority
framework based on a hierarchy of control Lyapunov function
(CLF) and control barrier function (CBF) based quadratic
programs (QPs). The proposed method guarantees strict pri-
ority among different groups of tasks such as safety related,
operational and optimization tasks. Moreover, a soft priority
measure in the form of penalty parameters can be employed
to prioritize tasks at the same priority level. As opposed to
kinematic control schemes, the proposed framework is a holistic
approach to robot control that solves the redundancy resolution,
dynamic control and control allocation problems simultaneously.
Simulation results of a hyper-redundant articulated intervention
underwater autonomous vehicle (AIAUV) is presented to validate
the proposed framework.

I. INTRODUCTION

A robotic system is kinematically redundant when it has
more degrees of freedom (DOFs) than those strictly required
to execute a given task. This enables additional tasks to be
executed simultaneously by utilizing the redundant DOFs of
the system. It is useful to divide control tasks into three
groups, safety related tasks, operational tasks and optimization
tasks, arranged by decreasing priority [1]. Redundancy should
be resolved such that lower priority tasks do not affect the
execution of higher priority tasks.

Kinematic task priority control is a redundancy resolution
method introduced in [2], developed in [3] and generalized
to any number of priority levels in [4]. This control approach
decouples the controller into a kinematic and dynamic con-
troller, and has been successfully implemented on a number
of robotic systems. The framework was extended to support
tasks described by sets or inequalities in [S], [6] and [7].
These kinematic control approaches all resolve redundancy at
the velocity level by generating velocity references for some
dynamic controller to follow. An immediate drawback is that
acceleration references cannot be included, resulting in worse
tracking accuracy.

Operational space control [8] is a holistic approach that
assigns joint torques directly by transforming the equations
of motion from joint space into the operational space (also
known as task space). Although it was mainly introduced for
non-redundant systems, a dynamically consistent null space

1 Department of Engineering Cybernetics, Norwegian University of Science
and Technology, Trondheim, Norway, erlenab@stud.ntnu.no

operator was defined in [8], that allowed two operational space
tasks to be defined and controlled simultaneously. In [9], the
scheme was extended to a task priority framework with an
arbitrary number of tasks by generalizing the dynamically con-
sistent null space operator from [8] to an arbitrary number of
priority levels. These null space operators ensure that torques
generated by lower priority tasks do not generate accelerations
that affect the task dynamics of higher priority tasks. The
operational space framework was extended to include set-
based tasks in [10], but this approach does not scale well for
systems with a high number of DOFs.

Control Lyapunov functions (CLFs) extend Lyapunov the-
ory to systems with inputs and have become an essential part
of nonlinear control design after the groundbreaking work in
[11]-[13]. The CLF concept was extended to rapidly exponen-
tially stabilizing control Lyapunov functions (RES-CLFs) in
[14], which achieve exponential convergence at a controllable
rate. Through CLFs or RES-CLFs, the control designer is free
to chose among an infinite number of controllers. An important
example is the point-wise minimum norm controller [15],
[16], which selects the control value of minimum norm from
all control values rendering the time derivative of the CLF
negative definite. The point-wise minimum norm controller has
a closed form solution since it is the solution to a quadratic
program (QP) with only one inequality constraint. This QP
can be augmented with control input saturation limits and
other control input constraints, at the expense of a closed form
solution [17]. For redundant robotic systems, two control tasks
can be satisfied simultaneously by defining CLFs for each
task and finding a control input that minimizes some quadratic
objective function while ensuring that the time derivatives of
the CLFs are negative definite [18]. However, strict priority
between tasks cannot be ensured.

Barrier functions have been used extensively in constrained
optimization [19], [20], and they have motivated the concept
of barrier certificates for safety-critical control. Barrier certifi-
cates were introduced as a tool for proving forward invariance
of sets [21], [22]. Since these sets often encoded safety related
objectives, proving invariance of a safe set implies that the
system will remain safe, as long as you start safe. These barrier
certificates tend to infinity as the state tends to the boundary
of the safe set, and in order to obtain safety guarantees beyond
the boundary of the safe set, various Lyapunov-like approaches
have been proposed such as [23], where a positive definite
barrier certificate is employed as a barrier Lyapunov function.
However, these conditions are overly strong since the positive
definiteness property enforces the invariance of every level set,
and not just the safe set of the set-based task in question.



Barrier certificates were extended to systems with inputs
by introducing the first notion of a control barrier function
(CBF) in [24]. These control barrier functions were com-
bined with control Lyapunov functions in [25], and further
improved in [26] to establish conditions for so-called control
Lyapunov-barrier functions, which jointly guarantee safety and
stability. These conditions were shown to be too restrictive
and was hence relaxed in [27]. CBFs were generalized to
exponential control barrier functions (ECBFs) in [28], which
enforce forward invariance of set-based tasks with a higher
relative degree. The barrier function conditions were refined
and extended to the entire safe set in in [29], which enabled
controller synthesis through optimization-based methods [30].
In particular, the CLF based QP [17], [18] could be augmented
with CBFs to ensure stability and safety [27], [30].

The main contribution of this paper is a novel task priority
framework in the form of a hierarchy of control Lyapunov
function and control barrier function based quadratic pro-
grams. In contrast to the CLF based QP in [18], the proposed
framework establishes strict priority levels by resorting to a
hierarchy of QPs, where tasks at a lower priority level have no
effect on the execution of tasks at higher priority levels. This
framework is especially useful for redundant robotic systems
that are also overactuated, since the control allocation and
redundancy resolution problems are solved simultaneously.

II. BACKGROUND MATERIAL

In this section, the necessary background material will be
presented. For compactness, we will abuse notation and denote

oh
Loh(x) = 5 a(x), M

whenever h(x) is a scalar or vector-valued function, and g(x)
is a vector field or a matrix. Note that (1) is only equal to the
Lie derivative of h(z) along g(x) when h(z) is a multivariable
scalar function and g(z) a vector field.

A. Model

Consider the nonlinear affine control system

i = f(@)+ g, @)

where f and g are locally Lipschitz, x € D C R™ and u €
U C RP is the set admissible control inputs. Let the locally
Lipschitz vector-valued function y = o(x)—04(t) describe the
error coordinates of the equality task ¢ : R” — R™. Under
the following assumption

LyLijy=0, 0<k<p-2 3)
L,y #0, “

the input-output dynamics becomes

Y = Lhy(z) + Lyl ty(z) u. ®)
b(x) A=)

The system (2) can be decomposed into transverse dynamics
states ) = col (y,7,...,y»~1) € R*™ and zero dynamics
states z € Z C R"™P™, viz.

= fn,2)+30n, 2, (62)
z= f.(n, 2), (6b)
with f(n,z) = F'n+ Gb(z) and g(n, z) = GA(x) where

0 I 0 -0 0
0 0 I -0 0

F= 6=, o
0o 0 0 - I :
00 0 0 0 I

where 0 is the m x m matrix of zeros and I is the m x m
identity matrix.

B. Control Lyapunov Functions

A control Lyapunov function is a candidate Lyapunov func-
tion V (z) for which V (z) can be made negative by appropriate
selection of the control input u. In order to explicitly control
the rate of exponential convergence, a specific type of CLF is
defined in [14] as follows:

Definition 1. A continuously differentiable and positive defi-
nite function V.(n) : D — R is said to be a rapidly exponen-
tially stabilizing control Lyapunov function (RES-CLF) for the
system (6) if there exists constants c1,ca, c3 > 0 such that for
all 0 < e < 1 and for all states (n, z) it holds that

2 C2 2
cillnll” < Ve(m) < Zlnll", @)

. C3
inf [LiVe(n, 2) 4+ LgVe(n, 2)u] < —Vem2). O

Such a function can be constructed by solving the continu-
ous time algebraic Riccati equation
FT'P4+ PF - PGGTP+Q =0, (10)

for P = PT > 0, where @ is any positive definite matrix. In
order to stabilize the transverse dynamics at a rate e define

ir o0 i1 o0
— T | € T
Veln) =0 [0 I]P{O I}n-—n Pep. (1)

When A(z) has linearly independent rows, it can be shown
that the time derivative of (11) satisfies [14]

. 0
where v := i‘“:LEQP)) > 0 and
LiVe(n,z) =n" (F'P.+ P.F)n+ 2n" PGb, (13)
LgVi(n,2) = 2n" P.GA. (14)



C. Control Barrier Functions

Control objectives described by inequalities or sets can be
enforced by rendering the superlevel set

C={xeDCR":h(z)>0}, (15)

of some smooth function h : D — R forward invariant [30].

Definition 2. Let C C D C R™ be the superlevel set of a
continuously differentiable function h : D — R, then h is a
control barrier function (CBF) for the system (2) if there exists
an extended class Ko function o such that

sup [Lyh(s) + Lyh(e)] = ~a(h(x). (16

Sor all x € Int(C).

The existence of a CBF implies that the superlevel set of
the function A is forward invariant [29], which means that
if x(tg) = 2o € C, then x = x(t) € C for all ¢ > #,.
Equivalently, if h(xg) > 0, then h(z) > 0 for all ¢ > to.

D. Exponential Control Barrier Functions

Definition 2 assumes that the relative degree of h is equal
to one. However, safety related tasks for robotic systems are
often a function of the configuration variables only, meaning
that they have a higher relative degree. Introduced in [28]
and refined in [30], exponential control barrier functions
generalizes CBFs to functions h(z) with arbitrary relative
degree r > 1.

Definition 3. Given a set C C D C R" defined as the su-
perlevel set of an r-times continuously differentiable function
h: D — R, then h is an exponential control barrier function
(ECBF) for the control system (2) if there exists a row vector
K. € R" such that

sup [L;;h(x) + LLy h(z)] > ~Kab(x),  (7)
uclU

where ¢ = col (h(:v), Lyh(x), L?h(z), e L;flh(x)), re-
sults in h(x) > 0 whenever h(xo) > 0 for all © € Int (C)

E. Combining CLFs and ECBFs

The RES-CLF and ECBF conditions in (9) and (17) are
both affine in the control input u, which means that the control
problem can be formulated as a convex optimization problem,
enabling the incorporation of control input saturation limits
and rate constraints [17]. The CLF-ECBF based QP is [18],
[30]:

minimize 1uTH(J:)u + T (z)u + wd?
u€R™ §ER 2

subject to

~
LiVe(n,2) + LgVe(n, z)u < =2 Ve +3,
Lyh(x) + LgLy™ M(a)u > —Kof(x),

(18)

where H(z) € R™*™ is any positive semi-definite matrix,
c(x) € R™ and 6 € R is a slack variable penalized by w > 0,
ensuring the feasibility of the QP in case of conflicting set-
based and equality-based control objectives.

III. QUADRATIC PROGRAMS FOR N EQUALITY- AND M
SET-BASED CONTROL TASKS

This section extends the CLF-ECBF QP controller in [30]
to an arbitrary number of equality- and set-based control tasks
distributed to an arbitrary number of priority levels.

A. CLF Penalty Parameters as a Priority Measure

Inspired by [18], the QP in (18) can be extended to N
equality-based control objectives by deriving the input-output
dynamics for each control objective as in Section II-A and
defining

W T n@ ] [ Ll @
Y2 L ya(x) Lyl ya()
_ _ ' ) u. (19)
y}(\;;zv) L;N yn(x) LgL?N_lyN(ac)
—_—
b(x) Az)
Transverse dynamics states 7; = col (yn Yiseos ?Jgprl)) and

RES-CLFs V. ; can then be defined analogously to (6a),
(7) and (11). Moreover, M set-based tasks described by the
superlevel sets C; of some r; times continuously differentiable
function hj(x) can be included at the highest priority level
(which is implied by no slack variables). The control input
can then be obtained from the QP:

minimize w’ H(x)u + ¢’ (x)u + 6T W§

ueR™ 6eRN

subject to

Ly Vei+ Lo Vequ € =2Vei 46, i=1,... N,

L hg+ Lol hiu > =Ko ple, k=1,..., M,

(20)

where W € RV*¥ is a diagonal matrix of penalty parameters
and

LiVei=n (FPei+ PeiFy)mi + 20 PiGib;,  (21)
Lg Vei =20 PeiGiAs, (22)
fori=1,...,N, where A; and b; are given by
yz(pi)(x) = Liyi(z) + LgL"f”’_lyi(x) u. (23)
——

bi(z) Aqi(z)

The equality tasks encoded by RES-CLFs are prioritized
by adjusting the elements of the diagonal penalty matrix W.
The satisfaction of all equality tasks are therefore described
by a single objective function through the value of the slack
variables J and the penalty parameters in W. Whenever
equality tasks are incompatible, this fact invariably leads to
trade-off configurations that do not satisfy any of the tasks.
Hence, strict priority between tasks cannot be achieved in the
sense that lower priority tasks have no effect on the execution
of higher priority tasks. As a result, it is challenging to include
lower priority optimization based tasks since they will interfere
with more critical higher priority tasks such as end-effector
control whenever the tasks are incompatible.



B. Main Result: Enforcing Strict Priority Between a Selection
of Tasks

In order to establish more than two strict priority levels,
we propose to solve a quadratic program for every priority
level as suggested for kinematic control in [7]. The idea is to
begin by computing a control input according to (20) that only
accounts for safety related set-based tasks and equality tasks
at the highest priority level. Subsequently, a new quadratic
program is solved for each priority level, refining the previous
solution in an attempt to satisfy lower priority tasks without
affecting the execution of higher priority tasks.

Consider N equality tasks and M set-based tasks distributed
to k priority levels, with N = Ny +...4+ Ny and M = M; +
...+ Mj, where N; and M; denotes the number of equality
and set-based tasks at priority level 4, respectively. A control
input u] that disregards all lower priority tasks is obtained by
solving (20) with ¢ = 1,..., Ny and k = 1,..., M;. If the
system is redundant with respect to these N; + M tasks, the
control input u] can be refined without affecting how the Ny
higher priority equality tasks are executed by enforcing

L7 Vei+ Lg Veou < L7 Vei+ Lg, Ve juy (24)

which implies that Ly, V, ;u < Lg, V, ;uj foralli =1,..., Ny.
Similarly, the higher priority set-based tasks are unaffected
by enforcing LgL;’flhku > LgL}“lhku’{ for all k& =
1,...,M;. Consider N, additional equality-based tasks and
M, additional set-based tasks. The control input u3 is obtained
by solving:

minimize ul H(z)u + ¢’ (2)u + 6TWé + sTKs

(1,6,5) ER™ N2 +M2
subject to
L, Veiu < Lg, Ve ui,
L Vej+ Lg; Ve ju < _%‘/e,j +90j,
Lo ' hyu > Ly L~ by,
L hy+ LeLy ™ hiu > =Ko = s,

i=1,...,N1,
j=Ni1+1,...,N1+Na2,

k=1,...,M,

I=M1+1,...,M1+Ms,

(25)
where slack variables s penalized by the elements in the
diagonal matrix K > 0 have been added to the lower priority
set-based tasks enforced through ECBFs to ensure feasibility
of the optimization problem.

By observing that the solution u35 to (25) enforces the
constraints Lg, V. ;u5 < Lg Ve ,uj and LgL;L’“_lhkug >
LgL;’“_lhku}‘ for all 7 and k, it is straightforward to generalize
(25) to an arbitrary priority level n, viz.

minimize uWHu+ cTu+6TW,0 + sTK,s
u€R™ ,§eRN? seRMn
subject to

* . _
Lg,i‘/e7iu S Lgi‘/eﬂu i=1,...,Ny,_1,

n—1»
ijVE,j + Lg, Ve ju < *%Ve,j +90j,  j=Na—1+1,.,Nn,
LgL;’“*lhku > LgL’}rlhku*

n—1

L hi+ LeL’ " hw > =Ko & — s1, 1=N_1+1,...M,,

where N,, = Ny + Ny + ...+ N,, and M,, = M; + My +
...+ M,,. Note that the objective function is slightly different
at every priority level, since the slack variables § and s always
correspond to tasks at the current priority level. This prevents
trade-off configurations where none of the tasks are satisfied
from occurring. The procedure is summarized in Algorithm 1.

Algorithm 1 Task priority CLF-ECBF QP controller

Input: H(x), c(x), Vei(mi),i=1,...,N, hj(z),j=1,..., M.
Output: v
1: Solve (20) to obtain uy withi =1,..., Ny, k=1,..., M1.
: forp=2to k do
Solve (26) to obtain u,.
end for
return u = uj.

heAl R

IV. SIMULATIONS

In this section, the proposed hierarchical control scheme
is validated in simulation on an articulated intervention au-
tonomous underwater vehicle (AIAUV) based on the Eelume
robot [31], [32], see Figure 1. The ATAUYV is a floating base
manipulator, with n+1 links interconnected by n joints, where
link 1 is the tail, or base link and link n + 1 is the head. The
simulation model has n = 8 joints and p = 7 thrusters, where
all joints are single DOF and revolute. The system configu-
ration can be described by & = col (pi,, q,6) € R"™", where
p’, € R3 is the position of the base of the AIAUV in an inertial
frame, ¢ € R* is a unit quaternion describing the orientation
of the base and # € R® are the joint angles. The linear and
angular velocities of the base frame with respect to an inertial
frame are denoted v}, and w,, respectively. These quantities

are collected in a velocity vector ( = col (v;—’b,w;—' b). The
equations of motion are given by [31]

£=Jela)g, @D

M(0)C + C(0,¢)¢ + D(0,¢)¢ + g(§) = B(O)u,  (28)
which can be rearranged in state space form

&= f(z) + g(x)u, (29)

where z = col (z1,22) = col (&, (). With 6 +n = 14 DOFs
and n + p = 15 control inputs, the system is overactuated as
well as redundant with respect to typical control tasks such as
end-effector configuration control.

For an AIAUYV, operational space tasks are defined by ¢ =
f(&), and the Jacobians by

6.0 = 2L rea)¢ G0)
- JC. 31)

We consider three equality tasks and three set-based tasks,
at three different priority levels for simulation. The set-based
tasks are safety related and are thus placed at the highest
priority level. The safety related tasks consist of end-effector
collision avoidance, joint limit avoidance, and actuator matrix
singularity avoidance and are all encoded by ECBFs with a



Fig. 1. The Eelume AIAUV [33].

relative degree of two, since they are only functions of the
configuration variables. The end-effector collision avoidance
and actuator matrix singularity avoidance ECBFs are given by

hy = \/ (s — Do)’ (Digs — Ple) —(rovs + €, (32)

hy = det (B(0) BT (0)) —0b,min,
—_—

Ob

(33)

where pi, and pi,, is the position of the end-effector, which
is placed at the front of the head link and the obstacle,
respectively. Eight joints with upper and lower limits yield
a total of 16 ECBFs of the form

hitya = 0; — oc; min, (34)
hi+10 = O¢;,max — 01 (35)
for ¢ = 1,...,8. The second priority level contains the end-
effector configuration task
i i
= [p b d’e} : (36)

where pi, € R3 is the end-effector position in the inertial
frame, and € is the imaginary part of the quaternion error
vector ¢ = qq ® q*, which is given by

€ = neq — nae + [€] €q, (37)

where [-], : R? — s0(3) C R**? is the skew symmetric map.

The third and final priority level consists of a base position-
ing task, intended to keep the base of the AIAUV stationary
while reconfiguring the end-effector. The end-effector configu-
ration and base positioning tasks only consume 9 DOFs, which
entails that there are still 5 uncontrolled DOFs if all set-based
tasks are inactive. Stability of the entire system is ensured by
eliminating the residual DOFs by a joint velocity regulation
task. The task errors are given by

(38)
(39

i i
Y2 = Pip — Pdb

yz = 0.

Because y; and ys only depend on the configuration variables
&, they have to be differentiated twice with respect to time
for the input u to appear. The joint velocity regulation task
ys is a function of the generalized velocity ¢, and thus needs
to be differentiated once for the input to show up. Hence,
p1 = p2 = 2 and p3 = 1. Similarly, (32)-(35) all have to be
differentiated twice with respect to time for the input to show
up, hence r; = --- =115 = 2. According to Algorithm 1, we
solve the following QP:

minimize uT AT Au + 207 Au + wléf
u€R 5, €R
subject to
L7Ver+ Lg Veau < —%11‘4,1 + 61, (40)

Lfchk—b—Lgthku > _Ka,kflw k=1,...,18,

— 50N <u < 50N,

—0.1N/s < Au<0.1N/s,
which yields a control input v = wuj that only accounts
for the safety-related tasks and the end-effector configuration
task. However, since the end-effector configuration task only
consume 6 DOFs, we may potentially have 8 remaining un-
controlled DOFs. The solution uj can be refined by attempting

to keep the base stationary and minimizing the joint velocities
as follows

minimize ul AT Au + 207 Au + wy 02 + w35§

u€R™,(62,63)ER?
subject to
Lglve,lu < Lglvs,1UT7

ijVf»j + Lﬁjvﬁju < _%Ve,j +5j7 J=2,3, D
J

Lgthku Z Lgthkuf,
— 50N < u < 50N,
—0.1N/s < Au<0.1N/s,

k=1,...,18,

which yields the final control input v = u3 that is applied to
the ATAUV.

The optimization problems are formulated in terms of
the thruster and joint torque control inputs w, and not the
commanded forces and torques 7 = Bu. Consequently,
the proposed framework also solves the control allocation
problem. By unifying the redundancy resolution and control
allocation problems, strict priority among tasks can always be
ensured. The same cannot be said for other redundancy res-
olution schemes which decouple dynamic control and control
allocation, since the commanded forces and torques may not
be exactly allocable, leading to a loss of priority among tasks.

Simulation results are presented in Figures 2 to 5. From
Figures 4 and 5 we observe that the set-based tasks are satisfied
at all times, where the collision avoidance task results in a
small deviation in the x-coordinate of the end-effector position
from t ~ 268s to ¢t ~ 281s. Moreover, from ¢t > 350s, the
end-effector position is commanded outside of the manipulator
workspace (when the base is kept at its current position), which
implies that the base positioning task is no longer compatible



with the end-effector positioning task. As expected, the end-
effector position converges to its desired value at the expense
of a greater error in the base position.
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Fig. 3. The thruster and joint torque control inputs.

V. CONCLUSION

This paper has presented a novel framework for dynamic
control of redundant robotic systems based on a hierarchy of
CLF-ECBF QPs. The framework generalizes the work in [18],
[27] to any number of priority levels. There is considerable
design freedom within this framework, soft priority measures
can be employed between tasks at the same priority level,
while a strict priority measure in the form of solving another
QP can be used to ensure that lower priority tasks have no
effect on higher priority tasks. This allows optimization based
control objectives to be safely included, without affecting the
execution of mission related tasks.
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Fig. 4. The distance to the center of the spherical obstacle o, and its minimum
value, and the actuation index o and its minimum value.
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Fig. 5. The joint angles 6, their maximum and minimum limits and the
attitude response.

The proposed framework has been verified in simulation for
an AIAUYV, which is an overactuated and redundant robotic
system. For these types of systems, the proposed task priority
framework also solves the control allocation problem, which
is highly advantageous since control input bounds and rate
constraints can be accounted for when resolving redundancy,
effectively avoiding a situation in which commanded general-
ized forces and torques cannot be allocated explicitly, leading
to a loss of priority among tasks.
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