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.

8 In their study of the application of crossed-product functors to the Baum-
9 Connes conjecture, Buss, Echterhoff, and Willett introduced various prop-
10 erties that crossed-product functors may have. Here we introduce and study
11 analogues of some of these properties for coaction functors, making sure
12 that the properties are preserved when the coaction functors are composed
13 with the full crossed product to make a crossed-product functor. The new
14 properties for coaction functors studied here are functoriality for general-
15 ized homomorphisms and the correspondence property. We also study the
. connections with the ideal property. The study of functoriality for gener-
- alized homomorphisms requires a detailed development of the Fischer con-
— struction of maximalization of coactions with regard to possibly degenerate
® homomorphisms into multiplier algebras. We verify that all “KLQ” func-
9 tors arising from large ideals of the Fourier-Stieltjes algebra B(G) have all
20 the properties we study, and at the opposite extreme we give an example of
2l a coaction functor having none of the properties.

22

23

- 1. Introduction
24

25 As part of their study of the Baum—Connes conjecture, [Baum et al. 2016] considered
26 exotic crossed products between the full and reduced crossed products of a C*-
»7 dynamical system, and a crucial feature was that the construction be functorial
2s for equivariant homomorphisms. In [Kaliszewski et al. 2016a], we introduced
20 a two-step construction of crossed-product functors: first form the full crossed
30 product, then apply a coaction functor. Although this recipe does not give all
31 crossed-product functors, there is some evidence that it might produce the functors
32 that are most important for the program of [Baum et al. 2016].

33 In [Baum et al. 2016], the applications to the Baum—Connes conjecture lead to
34 the desire that the crossed-product functors be exact and Morita compatible, and it
35 was proved that there is a smallest (for a suitable partial ordering) crossed product
36 with these properties. The idea is that every family of crossed-product functors has
37 a greatest lower bound, and that exactness and Morita compatibility are preserved

38 .
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by greatest lower bounds. In [Kaliszewski et al. 2016a] we proved analogues of
these facts for coaction functors.

In further study of the application of crossed-product functors to the Baum—
Connes conjecture, Buss et al. [2014] studied various other properties that crossed-
product functors may have. This motivated us to investigate in the current paper
the analogous properties of coaction functors.

There is a subtlety regarding the appropriate choices of categories. To study short
exact sequences, the morphisms should be homomorphisms between the C*-algebras
themselves, and we call the resulting categories classical. On the other hand, some
of the properties considered in [Buss et al. 2014] (hereafter cited as [BEW]) require
homomorphisms into multiplier algebras. Most of the literature on noncommutative
C*-crossed-product duality uses nondegenerate categories, where the morphisms
are nondegenerate homomorphisms into multiplier algebras; the nondegeneracy
guarantees that the maps can be composed. On the other hand, for some of the
properties studied in [BEW] it is actually important to allow possibly degenerate
homomorphisms into multiplier algebras. Of course this is problematic in terms of
composing morphisms, but nevertheless Buss et al. introduced a reasonable notation
of functoriality for generalized homomorphisms, involving such possibly degenerate
homomorphisms. In this paper we chose to develop the theory along three parallel
tracks: first we prove what we can in the context of generalized homomorphisms,
then we specialize to the classical and the nondegenerate categories. However, our
main interest is in the classical categories, and for much of this paper the classical
case will be our default, with occasional mention of nondegenerate categories.

Nondegenerate equivariant categories have been well studied, but (perhaps un-
expectedly) the classical counterparts have not, especially in noncommutative
crossed-product duality. In [Kaliszewski et al. 2016a], we began to fill in some of
these gaps in the theory of classical categories, and here we will continue this, to
prepare the way for our study of analogues for coaction functors of some of the
properties introduced in [BEW]. In [Kaliszewski et al. 2016a], we gave a brief
indication of how maximalization of coactions is a functor on the classical category
of coactions, which we make more precise in Section 3.

We begin Section 2 by recording a few of our conventions for coactions and
actions. We also discuss the distinction between nondegenerate and classical
categories of C*-algebras with extra structure. For the study of exactness of coaction
functors, the classical categories are appropriate, so we focus upon them in this paper.
Coaction functors involve maximalization of coactions, and we outline Fischer’s
construction of maximalization as a composition of three simpler functors. We finish
Section 2 with a short discussion of coaction functors, taken from [Kaliszewski et al.
2016a; 2016b]. In particular, we recall a few properties that coaction functors may
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1 have: exactness, Morita compatibility, and the ideal property. The first of these occu-
> pies a central position in the application of coaction functors to the crossed-product
3 functors of [Baum et al. 2016], while the second and third are analogues of properties
, of action-crossed-product functors discussed in [BEW]. In Proposition 2.3, we
5 record a more precise statement of a result in [Kaliszewski et al. 2016a] regarding
¢ greatest lower bounds of exact or Morita compatible coaction functors. The whole
, point of coaction functors is that they give a large (albeit not exhaustive) source
g of crossed-product functors in the sense of [Baum et al. 2016]. There are numerous
o open problems regarding the relationship between these two types of functors, and in
10 Section 2 we mention one of these, involving greatest lower bounds. We also recall
11 another type of coaction functor: decreasing, which include those coaction functors
1» arising from large ideals of the Fourier-Stieltjes algebra B(G); the associated
13 crossed-product functors for actions have been referred to as “KLQ functors” [Buss
14 etal. 2014; 2016] or “KLQ crossed products” [Baum et al. 2016].

15 In Section 3, we discuss how to maximalize possibly degenerate equivariant
16 homomorphisms into multiplier algebras, with an eye toward developing an analogue
17 for coaction functors of the functoriality for generalized homomorphisms discussed
15 in [BEW]. This requires consideration of generalized homomorphisms for each of
10 the three steps in the Fischer construction. As a side benefit, we close Section 3
20 by remarking how Theorem 3.9 gives a more precise justification than the one
o1 in [Kaliszewski et al. 2016a, Section 3] that maximalization is a functor on the
2 classical category of coactions.

23 InSection 4, we introduce an analogue for coaction functors of the property called
24 functoriality for generalized homomorphisms in [BEW]. Here the term “generalized
25 homomorphism” refers to a possibly degenerate homomorphism ¢ : A — M (B);
26 these are somewhat delicate, and some care must be exercised in dealing with
27 them. We prove some analogues for coaction functors of results of [BEW]; for
28 example, coaction functors that are functorial for generalized homomorphisms in
20 the sense of Definition 4.1 satisfy a limited version of the usual composability
30 aspect of actual functors, and every functor arising from a large ideal of B(G) has
31 this generalized functoriality property. We also give a further discussion of the ideal
32 property, in particular proving that it is implied by functoriality for generalized
33 homomorphisms. This is weaker than the corresponding result of [BEW], namely
34 that for crossed-product functors these two properties are equivalent. We also prove
35 that both the ideal property and functoriality for generalized homomorphisms are
36 inherited by greatest lower bounds.

37 In Section 5, we introduce the correspondence property for coaction functors,
38 which is an analogue of the correspondence crossed-product functors of [BEW].
39 This is much stronger than Morita compatibility, and we need to do a bit of work
ZE to develop it. As a side benefit of this work, we prove that if a coaction functor



19

20
201/, —

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38
39

391/, —
40

PROOFS - PAGE NUMBERS ARE TEMPORARY

104 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

is Morita compatible then the associated crossed-product functor for actions is
strongly Morita compatible in the sense of [BEW], and we also prove a technical
lemma showing that, in the presence of the ideal property, the test for Morita
compatibility can be relaxed somewhat. We prove that a coaction functor has the
correspondence property if and only if it is both Morita compatible and functorial
for generalized homomorphisms, which is an analogue of a similar equivalence for
crossed-product functors in [BEW]. It follows that if a coaction functor has the
correspondence property then the associated crossed-product functor for actions
is a correspondence crossed-product functor in the sense of [BEW]. Among the
consequences, we deduce that every coaction functor arising from a large ideal of
B(G) has the correspondence property, and that the correspondence property is
inherited by greatest lower bounds, so that in particular there is a smallest coaction
functor with the correspondence property. Also, a result of [BEW] showing that the
output of a correspondence crossed-product functor carries a quotient of the dual
coaction on the full crossed product strengthens our belief that the most important
crossed-product functors are those arising from coaction functors.

2. Preliminaries

Throughout, G will be a locally compact group, A, B, C, D will be C*-algebras,
actions of G are denoted by letters such as «, 8, y, and coactions of G by letters
such as 6, €, ¢. Throughout, we assume that G is second countable, so that the
Hilbert space L%(G) will be separable; second countability of G is needed for the
use of Fischer’s result, and in that proof separability of L>(G) is essential. We refer
to [Echterhoff et al. 2004; 2006, Appendix A] for conventions regarding actions and
coactions, and to [Echterhoff et al. 2006, Chapters 1-2] for C*-correspondences’
and imprimitivity bimodules.

We write A x4 G for the crossed product of an action (A, «), and (ia, ig)
for the universal covariant homomorphism from (A, G) to the multiplier algebra
M (A x4 G), occasionally writing i¢ to avoid ambiguity. We write & for the dual
coaction.

We write A x5 G for the crossed product of a coaction (A, §), and (j4, jg) for the
universal covariant homomorphism from (A, Co(G)) to M (A x5 G), occasionally
writing jg to avoid ambiguity. We write § for the dual action.

Given a coaction (A, §), we find it convenient to use the associated B(G)-module
structure given by

fra=(@d®f)od(a) forfe B(G),acA,

and in [Kaliszewski et al. 2016a, Appendix A] we recorded a few properties. We will
need the following mild strengthening of [Kaliszewski et al. 2016a, Proposition A.1]:

I These are called right-Hilbert bimodules in [Echterhoff et al. 2006].
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1 Proposition 2.1. Let (A, §) and (B, €) be coactions of G, and let ¢ : A — M(B)

2", be a homomorphism. Then ¢ is § — € equivariant if and only if it is a module map,
5 thatis,

Y o(f-a)=f-¢a) forall fe B(G), acA.

5 Proof. As we mentioned in [Kaliszewski et al. 2016b, proof of Lemma 3.17], the
6 argument of [Kaliszewski et al. 2016a, Proposition A.1] carries over, with the minor
7 adjustment that in the expression “(id ® /) ((¢ ®id) o 5(a))” there, the map ¢ ® id
8 must be replaced by the canonical extension

o $®1d: M(A®C*(G) — M(B®CH(G)),

11 which exists by [Echterhoff et al. 2006, Proposition A.6], and where we recall the

12 notation

B M(AQC*(G))

% ={meMARC*(G)  m(1RC*(G)U(1RC*(G)mC ARQC*(G)}. O
E Classical and nondegenerate categories. In all of our categories, the objects will
17 be C*-algebras, usually equipped with some extra structure, and the morphisms will
18 be homomorphisms that preserve this extra structure in some sense. We consider two
19 main types of homomorphisms: nondegenerate homomorphisms ¢ : A — M (B),
20 and what we call classical homomorphisms ¢ : A — B, and these give rise to what

22 we call nondegenerate and classical categories, respectively. We are concerned

22 mainly with the classical case, but occasionally we will refer to the nondegenerate

23 case, and sometimes we will develop the two in parallel. We also need to consider

24 what Buss, Echterhoff, and Willett call generalized homomorphisms ¢ : A — M (B),

25 which are allowed to be degenerate. Perhaps surprisingly, in the noncommutative

26 crossed-product duality literature, the nondegenerate categories are used almost

27 exclusively; here we will devote more attention to developing the tools we need for

28 the classical categories.

29 Warning: in this paper we will slightly modify some of the notation from

30 [Kaliszewski et al. 2016a]: given a coaction (A, §), recall from [Echterhoff et al.

31 2004] that § is called maximal if the canonical map ®: Ax G x;G — AQK(L2(G))

32 is an isomorphism. Recall also that an arbitrary (A, 6) has a maximalization, which

33 is a maximal coaction (A™, §™) and a 8™ — § equivariant surjection, which we will

34 write as ¥4 : A™ — A, rather than ¢}, having the property that

% YaxG: A" xisn G — A5G

37 is an isomorphism. On the nondegenerate category of coactions, Fischer proves

38 that ¥4 gives a natural transformation from maximalization to the identity functor;

39 in [Kaliszewski et al. 2016a] we stated this for the classical category, and we will

40 make this more precise in Theorem 3.9.
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1 On the other hand, we will use the same notation as in [Kaliszewski et al. 2016a]
27, for the surjections A4 : A — A" giving a natural transformation from the identity
5 functor to the normalization functor (A, §) — (A", §") (for both the classical and
, the nondegenerate categories).
5 Givenacoaction (A, §), we call a C*-subalgebra B of M (A) strongly §-invariant it

span{é(B)(1® C*(G))} = B® C*(G),

1l

in which case, by [Quigg 1994, Lemma 1.6], § restricts to a coaction §p on B. If
I is a strongly §-invariant ideal of A, then by [Nilsen 1999, Propositions 2.1 and
o 2.2, Theorem 2.3] (see also [Landstad et al. 1987, Proposition 4.8]), I X5, G can
o be naturally identified with an ideal of A x5 G, and § descends to a coaction 8" on
1, A/I in such a manner that

13 0—>1x5G—> AxsG— (A/I) x50 G — 0

14

is a short exact sequence in the classical category of coactions.

% Remark 2.2. Given a coaction (A, §) and an ideal I of A, the existence of a
o coaction 8 on the quotient A/I such that the quotient map A — A/I is § — &'
o equivariant is a weaker condition than the above strong invariance, and when it is
o satisfied we say that § descends to a coaction on A/1.

201 /zﬂ The Fischer construction. For convenient reference we record the following rough
21 outline of Fischer’s construction of the maximalization of a coaction (A, §) [Fischer
222004, Section 6] (see also [Kaliszewski et al. 2016c; 2017]). First of all, letting X
23 denote the algebra of compact operators on a separable infinite-dimensional Hilbert
24 gspace, a K-algebra is a pair (A, t), where A is a C*-algebraand ¢ : L — M(A) is a
25 nondegenerate homomorphism. Given a [C-algebra (A, ), the A-relative commutant

26 of K is
o7 CA, ) =meMA):mu(tk)=1t(kyme A forall k € K}.

2% The canonical isomorphism 0, : C(A, 1) ® K —> A is determined by

29

. Oa(a®k) =at(k)

£ fora € A, k € K (see [Fischer 2004, Remark 3.1; Kaliszewski et al. 2016c, Propo-
32 sition 3.4]). If (B, ) is another K-algebra and ¢ : A — M (B) is a nondegenerate
33 homomorphism such that ¢ ot = j, then there is a unique nondegenerate homomor-
34 phism C(¢) : C(A, ) > M(C(B, j)) making the diagram

35 ®

. A M(B)

5 a |-

38

391/; C(A,L)@/CWM(C(B:])@)’C)
o

ﬂ commute.
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1 A K-coaction is a triple (A, §, ), where (A, §) is a coaction and (A, ¢) is a K-
~, algebrasuchthat §or=1®1. If (A, §, ¢) is a K-coaction, then the relative commutant
3 C(A,)isstrongly §-invariant, and the restricted coaction C (8) =8| (4, is maximal
, iféis,and 0, is (C(8) ®,id) — 8 equivariant [Kaliszewski et al. 2017, Lemma 3.2].
5 An equivariant action is a triple (A, «, i), where (A, «) is an action of G and
6 M1 :Co(G) —> M(A) is a nondegenerate rt —a equivariant homomorphism, and
~, where, in turn, rt is the action of G on Co(G) given by rt;(f)(t) = f(ts).

A cocycle for a coaction (A, §) is a unitary element U € M (A®Q C*(G)) such that

o]~

" (d®sc)(U)=U®1)(®id)(U) and AdUo8(A)(1®C*(G)) C AQC*(G).

11 Then AdU o § is a coaction on A, and is Morita equivalent to §, and hence is
12 maximal if and only if § is. If U is a §-cocycle, (B, €) is another coaction, and
13 ¢:A— M(B) is anondegenerate § —e equivariant homomorphism, then (¢ ®id)(U)
14 is an e-cocycle and ¢ is AdU o § — Ad(¢ ®id)(U) o € equivariant.

15 Given an equivariant action (A, «, 1), the unitary element

16

17 Vi i=((iaop) ®id)(we)

® jsan a-cocycle, and we write & = Ad V4 0@&. Then (A x4 G, &, 4 X G) is a maximal

19 K-coaction [Kaliszewski et al. 2017, Lemma 3.1].

201/2g Now, if (A, §) is a coaction, then (A x5 G, S , Jg) 1s an equivariant action, so

391/

21

22 (Ax5G %3G, 8, jgxG)

23

o4 18 a KC-coaction, and hence

25

. (A", 8™) := (C(A x5 G ;3 G, jo » G),C())

27

28

29 Pp:AXsGH;G—> AQRK

30 .

31 be the canonical surjection, which is §— (6 ®4 1d) equivariant, Fischer proves that
3> there is a unique §™ — § equivariant surjective homomorphism ¥4 : A™ — A such

33 that the diagram

is a maximal coaction. Letting

Ei, A As G ><S G
35 QANSGNSG Dy
36 \
A™ A
i ¥k YA®id ®K

38

39 commutes, and moreover ¥4 : (A™, §) — (A, §) is a maximalization of (A, §).
2 . . . . .
40 Fischer goes on to prove that maximalization is a functor on the nondegenerate
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;1 category of coactions, by showing that if ¢ : A — M (B) is a nondegenerate § — €

> equivariant homomorphism then there is a unique homomorphism
2 ¢™: A™ — M(B™)

4
E making the diagram
= AxsGx;G
L GAW ‘ X
8 ~
2 A"®K AQK
10 © Ya®id ®
; Lﬁ XGXG
12 ¢" ®id M(B %G x;:G) $®id
13 ~ Dp
I 93 ><gG><1gG
e m
15 M(B"®K) o M(BQK)
16
17 commute. Consequently, the diagram
18
9 Am s M(B™)
20
— ¢Al l‘/ls
21
2 A T) M(B)

24 also commutes, and ¢ is nondegenerate and §” — € equivariant.

25

26 Coaction functors. A functor 7 : (A, §) — (A7, 38%), ¢ — ¢' on the classical
o7 category of coactions is a coaction functor if it fits into a commutative diagram

28

- m sm
. (Am8m

3 2N

2

2@ (A, 8) (A7, 87)
2

3 k‘ M

3 (A", ")

35

g of surjective natural transformations. In [Kaliszewski et al. 2016a, Lemma 4.3], we
37 proved that the existence of the natural transformation A" is automatic, provided
38 we insist that kergy Cker Ay oa.

39 We observed in [Kaliszewski et al. 2016a, Example 4.2] that maximalization,

40 normalization, and the identity functor are all coaction functors.
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1 Given two coaction functors T and o, we say o is smaller than t, written o < 7,

, if there is a natural transformation I'*-? fitting into commutative diagrams
3 m m

— (A™, &™)
4 T o

_ qa qa
5

o r

> (A7, 8%) (A%, 87)
7

2 Af AR

i (An , 811)

10

11 in other words, ker qz C kerg§. In [Kaliszewski et al. 2016a, Theorem 4.9], we
1> proved that every nonempty family 7 of coaction functors has a greatest lower
13 bound glb T, characterized by

14 —
_— ker ¢¥°7 = spankerg®.
15 teT

1 A coaction functor 7 is exact [Kaliszewski et al. 2016a, Definition 4.10] if for

17
—— every short exact sequence

18

10 0— (I,y) 2> (A,8) L (B,e) > 0

20

o in the classical category of coactions the image

2 0— (17, 7)) 5 (A7,59) L5 (BT, ") - 0

23

-, under T is also exact. Maximalization is exact, see [Kaliszewski et al. 2016a,
o5 Theorem 4.11].

26 A coaction functor t is Morita compatible (as defined in [Kaliszewski et al. 2016a,
>7 Definition 4.16]) if for every (A, 8§)— (B, €) imprimitivity-bimodule coaction (X, ¢),
-g Wwith associated (A™, §™) — (B™, €™) imprimitivity-bimodule coaction (X™, ¢™),
29 the Rieffel correspondence of ideals satisfies

o kergy = X"-Indkerqyp,
31

32 equivalently there are an A* — BT imprimitivity bimodule X* and a surjective ¢ ; —qp,
33 compatible imprimitivity-bimodule homomorphism gy : X" — X7 [Kaliszewski
34 et al. 2016a, Lemma 4.19]. Trivially, maximalization is Morita compatible, and
35 routine linking-algebra techniques show that the identity functor is Morita com-
36 patible [Kaliszewski et al. 2016a, Lemma 4.21]. In [Kaliszewski et al. 2016a,
37 Theorem 4.22], we proved that the greatest lower bound of the family of all exact
38 and Morita compatible coaction functors is itself exact and Morita compatible. It is
39 easy to check that the arguments can be used to prove the following more precise
40 statement:
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1 Proposition 2.3. Let T be a nonempty family of coaction functors. If every functor
~, in T is exact, then so is glb T, and if every functor in T is Morita compatible then
5 soisglbT.

4 In particular, there are both a smallest exact coaction functor and a smallest
5 Morita compatible coaction functor.

6 Every coaction functor t determines a crossed-product functor CP* on actions
7 by composing with the full-crossed-product functor (A, @) — (A x4 G, &). If
8 T is exact or Morita compatible then so is CP?, and if T < o then CP* < CP”.
9 However, if 7 is a nonempty family of coaction functors, and S = {CP* : 7 € T} is
10 the associated family of crossed-product functors, with respective greatest lower
11 bounds glb S and glb 7, then

12 CP*7 < glb S,

2 but we do not know whether this is always an equality. In particular (see [Kaliszewski
 etal. 2016a, Question 4.25]), we do not know whether the smallest exact and Morita

B compatible crossed-product functor is naturally isomorphic to the composition with
2 the full crossed product of the smallest exact and Morita compatible coaction functor.
A coaction functor 7 is decreasing if there is a natural transformation Q° fitting

% into the embellishment

9 (A™,8™)

20 VA 94

2 o

2 (A, 5) : (A7, 87)
g

i Aa A

25 (A", 8")

2 of the diagram (2-1), equivalently T < id (the identity functor). This property
7 tends to simplify considerations of various properties of coaction functors, mainly

z by replacing ¢g* by Q. For example, a decreasing coaction functor 7 is Morita
. compatible if and only if whenever (X, ¢) is an (A, ) — (B, €) imprimitivity-
% bimodule coaction, there are an A* — BT imprimitivity bimodule X* and a Q' — Q5
— compatible imprimitivity-bimodule homomorphism Q% : X — X' [Kaliszewski

2 etal. 20164, Proposition 5.5].
33 . . . .
—  The most studied decreasing coaction functors are those determined by large

' ideals of the Fourier—Stieltjes algebra B(G), i.e., nonzero G-invariant weak* closed
*ideals E of B(G). The preannihilator *E is an ideal of C*(G), and, denoting the
*® quotient map by

37 ge : C*(G) — CL(G) :=C*(G)/'E,

38

. for any coaction (A, §) we let

40 AE = A/ker((id ®qE) 0 8).
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. Then & descends to a coaction 8% on the quotient A%, and the assignments (A, §) —
5 (AE, 8F) determine a decreasing coaction functor tz. We write

QF =Q": A— A"

The maximalization functor is not decreasing, so is not of the form 7z for any
large ideal E. Moreover, [Kaliszewski et al. 2016b, Example 3.16] gives an example
of a decreasing coaction functor t such that for every large ideal E the restrictions
of 7 and 7¢ to the subcategory of maximal coactions are not naturally isomorphic;

in particular, t is not itself of the form tg.

0 We call the large ideal E exact if the coaction functor g is exact. It is quite
1, [frustrating that so far we have few exact large ideals; for arbitrary G we only know
1, of one exact large ideal, namely B(G), and () is the identity functor. If the group
15 G is exact, then it seems plausible —although we have not checked this — that
T B, (G) is also an exact large ideal, and would obviously be the smallest one. The
15 frustrating thing is that for arbitrary G we do not know whether there is a smallest
1o exact large ideal E. On the other hand, for every large ideal E the coaction functor
o TE is Morita compatible [Kaliszewski et al. 2016a, Proposition 6.10]. We do not
15 know whether the intersection of all exact large ideals is exact; the best we can say
1o for now is that the set of all exact large ideals is closed under finite intersections
20 [Kaliszewski et al. 2016b, Theorem 3.2]. In a similar vein, if F is a collection of
o large ideals, with intersection F', we do not know whether 7y is the greatest lower
,, boundof {tg: E € F}.

» A coaction functor T has the ideal property [Kaliszewski et al. 2016b, Defini-
5, tion 3.10] if for every coaction (A, §) and every strongly §-invariant ideal / of A,
5 letting ¢ 1 < A denote the inclusion map, the induced map (" : I* — A" is injective.
., For every large ideal E, the coaction 7g has the ideal property [Kaliszewski et al.
>, 2016b, Lemma 3.11]. We do not know an example of a decreasing coaction functor
s thatis Morita compatible and does not have the ideal property (see [Kaliszewski

5 etal. 2016b, Remark 3.12]).
g 3. Maximalization of degenerate homomorphisms

32 Our main objects of study are coaction functors, which involve maximalization

ofe|~]ofa]s]o]

33 of coactions. We will need to maximalize possibly degenerate homomorphisms.
34 Maximalization can be characterized by a universal property (see [Fischer 2004,
35 Lemma 6.2] for nondegenerate morphisms, and [Kaliszewski et al. 2016a] for the
36 classical case), but this does not seem well-suited to handling possibly degenerate
37 homomorphisms. Instead, we rely upon the Fischer construction, which involves
38 three steps: first form the crossed product by the coaction, then the crossed prod-
39 uct by the dual action, and finally destabilize, which roughly means extract A
40 from A ® K.
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1 Our strategy for maximalizing possibly degenerate homomorphisms is to do it
27, for each of the three steps in the Fischer construction, then combine. The steps are
5 Lemmas 3.1, 3.7, and 3.8, which will be combined in Theorem 3.9.

4 Lemma 3.1. Let (A, ) and (B, €) be coactions, and let ¢ : A — M(B) be a
5 possibly degenerate 5 — € equivariant homomorphism. Then there is a unique
6 homomorphism

7 dXG:AxsG—> M(B x:G)

8

1l

5 such that

0 (3-1) ($x6)(ja(@)ji(9) = jrop(@)j&(g) forall acA, geCe(G)CC*(G).
11

1> Moreover, ¢ x G is nondegenerate if ¢ is, and is 5 — € equivariant, and if $ (A) C B
13 then

14 (¥ G)(Ax5G) CBxG.

1> Finally, given a third action (C, y) and a possibly degenerate € —y equivariant

1% homomorphism W : B — M(C), if either ¢(A) C B or V is nondegenerate then
17

18 (Y xG)o(pxG)=(op)xG.
% Proof. The first part is [Echterhoff et al. 2006, Lemma A.46], and the other
gol/zﬂ statements follow from direct calculation. Ol

21

5,  For the next step, we need some ancillary lemmas. Lemmas 3.2-3.4 are com-

53 Dletely routine— we record them for convenient reference. Lemmas 3.5-3.6 are

5, included to prepare for Lemma 3.7.

g Lemma 3.2. Let B be a C*-algebra, and let D and E be C*-subalgebras of M (B).
26 Suppose that
27 span{ED} =D,

3 so that also span{D E} = D. Then there is a unique homomorphism p : E — M (D)
o such that
. p(m)d=md forall me E,deD,

32 and moreover p is nondegenerate.

3* Lemma3.3. Let D, B, F be C*-algebras, with D C M(B), and let v : F — M(B)

* bea nondegenerate homomorphism. Suppose that span{v(F)D}= D. Let E =v(F).

*® Let p: E — M(D) be the homomorphism from Lemma 3.2. Then

36

37 T:=pov:F — M(D)

s the unique nondegenerate homomorphism satisfying

1 39
92, 7 (32) v(f)d=t(f)d forall feF,deD.
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1 Lemma 3.4. Keep the notation from Lemma 3.3, and let C be another C*-algebra.

11/27 Let w € M(F @ C). Define

2
201/, —

39
391/

Wm=Um forall meM(D@C).

3 U=@weid)(w)e M(E®C) C M(B®C),
? W = (r ®id)(w) € M(D & C).

6 Then

Z W= (p®id)(U),

8 and

9

o

. Let D, B, and C be C*-algebras, with D C M(B). Leto : D — M (B) be
— the inclusion map. Then, by [Echterhoff et al. 2006, Proposition A.6], o ® id :

% D ® C — M(B ® C) extends canonically to an injective homomorphism,

_

14 oc®id: M(D®C) — M(B® C),

% that is continuous from the C-strict topology to the strict topology, and we frequently
o identify M (D ® C) with its image in M(B ® C).

15 Lemma 3.5. Keep the notation from the Lemmas 3.2—3.4, and let F = Cy(G),
10 C=C*(G), and w = wg. Also let € be a coaction of G on B. Suppose that D
20 IS strongly e-invariant, and let ¢ = €|p. Suppose that U := (v ® id)(wg) is an
51 €-cocycle, and W .= (1 @ id)(w¢) is a {-cocycle. Define

2 & =AdUoe and ¢:=AdWoc.
23
24 Then D is also strongly é-invariant, and L = &|p.

25 Proof. For d € D, we have
26

- E(d) = AdU o e(d)

28 =AdUot¢(d) (since £ = €|p)
29 =AdWol(d) (by Lemma 3.4)
30 ~

o =¢(d).

32 Since ¢ is a coaction of G on D, we conclude that D is strongly é-invariant. [

z% Lemma 3.6. Let (A, §) and (B, €) be coactions, and let ¢ : A — M(B) be a
o possibly degenerate 5 — € equivariant homomorphism. Let i : Co(G) — M (A) and

ol Co(G) — M(B) be nondegenerate homomorphisms, and assume that

7 b(an(f)) =@v(f) forall acA, feCy(G).

38
— Define

40V =(ueid)(we) € MARCH(G) and U= (v®id)(we) € M(B®C*(G)).
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1, 1 Suppose that V is a §-cocycle and U is an €-cocycle. Define
% §=AdVos and é=AdUoe.

Z Then ¢ is also § — & equivariant.

% Proof. Define D = ¢ (A). Then there is a unique coaction { of G on D such that the

- surjection ¢ : A — D is § — ¢ equivariant. It follows that D is strongly e-invariant.

o Moreover, ¢ = €|p, since for all d € D we can choose a € A such that d = ¢ (a),

o and then, regarding M (D ® C*(G)) as a subset of M (B ® C*(G)),

0 {d)=to0¢(d)=(p®id)oé(a)
11

; :60¢(a)=e(d).

13 The canonical extension ¢ : M(A) — M (D) takes 4 to the unique nondegenerate
14 homomorphism 7 : Co(G) — M(D) satisfying (3-2) with F = Cy(G), and the
15 unitary

o W =(¢p®id)(V) = (r ®id)(wg)

17
g is a ¢-cocycle. The hypotheses imply that v(Co(G))D = D. Thus we can apply
19 Lemma 3.5: the right-front rectangle (involving D and M (B)) of the diagram

20
201/, —

21 A ¢ M(B)
g

23 ¢

24 5 D z
25 ¢

2 ~ Poid

27 M(A® C*(G)) M (B ® C*(G))
% \ /

— $Rid

29 N

30 M(D ® C*(G))

> commutes, and the left-front rectangle (involving A and D) commutes by naturality

2 of cocycles, and therefore the rear rectangle (involving A and M (B)) commutes,

33 P ~ . .
~ giving § — € equivariance of ¢. O
34

35 We are now ready for the second step of the Fischer construction for possibly

36 degenerate homomorphisms:

*" Lemma3.7. Let (A, o, n) and (B, B, v) be equivariant actions, and ¢ : A — M (B)
* bea possibly degenerate a — B equivariant homomorphism such that

blap(f)) =p(@v(f) foral aeA, feCy(G).

39
391/, —
40
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E Then there is a unique ( possibly degenerate) homomorphism
1%/2—

2 dxG:AxyG— M(BxgG)
%suchthat

E (3-3)  (@xG)(ia@ig(c)) =ip o¢(a)i§(c) forall ae A, c e C*(G).

6 ~
~ Moreover, ¢ x G is nondegenerate if ¢ is, and is & — B equivariant, and

E (3-4) (px G)(c(,u X G)(k)) =(@xG)(c)(vxG)k) forall ce Ax,G, kek.
%Also, if p(A) C B then

11 (@ xG)(AxyG)CBXxpG.

= Finally, given a third action (C, y) and a possibly degenerate 8 — y equivariant

B homomorphism r : B — M (C), if either ¢ (A) C B or  is nondegenerate then
14

15 (WxG)o(pXG)=(Yod)xG.

al Proof. The first statement, up to and including (3-3), is [Echterhoff et al. 2006,

" Remark A.8(4)], the preservation of nondegeneracy is well known, and the last part,

® starting with “Also”, follows from direct calculation. We must verify the &@ — 8

o equivariance and (3-4). We first claim that for all c € A %, G, d € C*(G), a € A,
20%% and f € Co(G) we have

2 (3-5) (¢ % G)(ci&(d)) = (¢ x G)(©)if(d)

z (3-6) (@ % G)(cia(@) = (¢ x G)(c)ipop(a)
24

% -7 (@ > G)(ciaou(f)) =@ xG)(cigov(f).

26 Equations (3-5) and (3-6) follow by first replacing ¢ by appropriately chosen
27 generators, and to see (3-7) we use nondegeneracy of i4 and the Cohen factorization
28 theorem to write

29 c=clis(b) forc’ e Axy,G,beA,

30

31

and then compute

2 (¢ X G)(cinon(f)=(pxG)c iab)iaoun(f)
= = (¢ % G)(iabp(/)))

w = (¢ x G)(c)ip o p(bu(f))
30 = (% G)(ip(@BIV(f))

. = (¢ x G)(c)ip(p()ig(v(f))

3 =(p @ G)('ia(h))ig((f))
391/, —

40 = (@ G)(©)ipov(f).
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; Combining (3-7) w~ith the other hypotheses, we can apply Lemma 3.6 to conclude

il 27, that ¢ x G is @ — 8 equivariant.
3 For (3-4), it suffices to consider a generator
. k=icy)(if(d) for f € Co(G).d € CH(G),
~° and then compute
% (@ % G)(c(ux G)(k)) = (¢ X G)(ciaou(f)ig(d))
E = (@2 G)(ciaou(N)igd  (by (3-5)
= = (¢ x G)(©)ipov(fifd)  (by (3-7)
1 = (@ X G)(c)(v x G)(k). u

2 Finally, we are ready for the third step of the Fischer construction for possibly

13 degenerate homomorphisms:
14

5 Lemma 3.8. Let (A, 6, t) and (B, €, j) be K-coactions, and let ¢ : A — M(B) be

16

17 Park))=¢(a)jk) forall ac A, kek.

. Then thereis a unique ( possibly degenerate) homomorphism,
19

a possibly degenerate § — € equivariant homomorphism such that

201/, 20 C(¢):C(A,1) > M(C(B, ))),
% making the diagram
5 C(A,)®K 0—;> A
% (3-8) C(¢)®idl P,
2% M(C(B,J)®IC)0—:B>M(B)

27
.g commute. Moreover, C(¢) is nondegenerate if ¢ is, and is C(3) — C(€) equivari-

5o ant. Also, if (A) C B then C(¢)(C(A, 1)) C C(B, j). Finally, given a third
20 K-coaction (C, ¢, w) and a possibly degenerate € — ¢ equivariant homomorphism
51 VB — M(C) satisfying Y (bj(k)) = ¥ (b)w (k) for all b € B and k € K, if either
3 @ (A) C B or is nondegenerate then

* (39 C()oC(9) =C(Yog).

34

55 Proof. By [Deaconu et al. 2012, Lemma A.5], ¢ extends uniquely to a homomor-
56 phism

- ¢ : Mic(A) > M(B)

38 that is continuous from the K-strict topology to the strict topology. Since C (A, t) C

391/22 M. (A), we can define

40 C(9) =dlca,-
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1 We will show that the diagram (3-8) commutes, and then the uniqueness will be

11/27 obvious. For m € C(A, t) and k € K we have
- 05 0 (C(¢) ®id)(m @ k) = 0 ($(m) @ k)
B =$(m); ()
2 = ¢ (mu(k))
. =¢olr(mk),
9

where the equality at * follows from C-strict to strict continuity. The preservation
19 of nondegeneracy is proven in [Kaliszewski et al. 2016¢, Theorem 4.4], and follows
11 from a routine approximate-identity argument.
12 For the equivariance, let f € B(G), m € C(A, 1), and k € K. Since C(A, 1) is a

13 B(G)-submodule of M (A), we can compute as follows:
14

15 C@)(f-m)j(k)=¢(f-m)j(k) (since C(¢) = plc(a,n)

- = ¢ ((f -m)u(k)) (by [Deaconu et al. 2012, Lemma A.5])
% =¢(f - (mu(k))) (since Sor=1®1)
19 = f-¢p(mu(k)) (by Proposition 2.1)
20 =/ <¢:5<m>1 (k)
2 = f-(p(m))) k)
=3 = £ (C@)m)); (k).

** Thus C@)(f -m)=f-C(¢)(m) since j : K — M(B) is nondegenerate, and hence

® ¢ is equivariant by Proposition 2.1.

* Now suppose that ¢ (A) C B. Then for all m € C(A, ¢) and k € K we have

27

el C(¢p)(m) (k) = p(m) (k)
% = ¢ (mu(k)) = p(t(kym)
o = J (k)¢ (m) = j (k)C(p)(m),

*2_ which is an element of B since mi(k) € A.

* The final statement, regarding composition, seems to not be recorded in the
**literature, so we give the proof here. First suppose that ¢(A) C B. Then by
% [Deaconu et al. 2012, Lemma A.5] the extension ¢ maps My (A) into My (B) and
3% s continuous for the KC-strict topologies. Also, ¥ : Mx(B) — M(C) is continuous
" from the K-strict topology to the strict topology. Let {a;} be a net in A converging
il KC-strictly to m € My (A). Then ¢ (a;) — o (m) IC-strictly in M (B), and so

391/2g

40 V(p(a;)) — v (p(m)) strictly in M(C).
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E On the other hand, the composition
1%/a— — _
2 Yog: Mi(A) — M(C)

3
— is continuous from the /C-strict topology to the strict topology, so

Vog(aj) > Yop(m).
Since ¥ (¢ (a;)) = (Y op)(a;) for all i, we conclude that

Y og(m) =1y o¢(m).
Since C(¢) and C (/) are the restrictions to the relative commutants C (A, ¢) and
10 C(B, ), respectively, we get C (¥ o @) = C () o C(¢).
11 For the other case, where  is nondegenerate, we use the canonical extension of i/
12 to M(B) to compose, getting a § — ¢ equivariant homomorphism ¢ o¢: A — M(C)
13 such that

14 (¥ o¢>)(at(k)) =Wop)a)wk) forall ae A, kek,

5o that C ( o ¢) makes sense. Since C(¢) is computed by restricting the canonical

1 extension ¢ : Mc(A) — M(B), and similarly for C(¥ o ¢), and since we can

. compute the extension of i on all of M (B), (3-9) follows. O
18

19
g Theorem 3.9. Let (A, §) and (B, €) be coactions, and let ¢ : A — M(B) be a
21 possibly degenerate § — € equivariant homomorphism. Then there is a unique
22 (possibly degenerate) homomorphism ¢™ : A™ — M (B™) making the diagram

23

=
ol || N[O |0 |

We are now ready to maximalize possibly degenerate homomorphisms:

201/,

— AXxsG X G

QL €A><15(;>4(§G (o

26

— A™ A

27 ?K Va®id ®K
2 (3-10) | lwcxc

29 P"®id | M(B x.G x; G) $®id
30 : ~ bp

3t 4 OBxeGx,G

32 m

2 M(B" ®K) — M(B®K)

33

34 commute, where Yy : (A™,8™) — (A, d) is the maximalization (and similarly
35 for Wp). Moreover, ¢ is nondegenerate if ¢ is, the diagram

36 "

- Am —2 5 M(B™)
38 (3-11) wl lws
39

391/, —
/240 A T) M(B)
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1 also commutes, and ¢™ is 8™ — €™ equivariant. Further, if ¢(A) C B then

11/27 @™ (A™) C B™. Finally, given a third coaction (C, {) and a possibly degenerate

20
201/, —

391/,

5 € — ¢ equivariant homomorphism w : B — M (C), if either ¢(A) C B or m is
, nondegenerate then

5 (o) =a" oo™

- Proof. The right-rear rectangle in the diagram (3-10) (involving A X G x G and

" A®K) commutes by direct computation.
8

. Now, (Ax;G, 34, jg) and (B %G, €, j§) are equivariant actions. By Lemma 3.1,
2 the homomorphism

o dxG:AxsG— M(Bx.G)

11

12 is § — € equivariant and satisfies

13

2 @ xG) () =@ %GO forall ce AxsG, feCoG).

14

E Thus, by Lemma 3.7 the homomorphism
16

o PHGXNG:AXsGX5G—> M(Bx:G % G)

18 js § — € equivariant and satisfies
19

o (¢ % G x G)(c(j&xG)K) = (¢ x G x G)()(j§ x G)(k)

2l forallce A xsG x5 G and k € K. Furthermore, (A x5 G X3 G, $, jg x G) and

2 (BXG %G, €, j&»G) are K-coactions. Thus, by Lemma 3.8 the homomorphism
23

2 C@xGxG):C(Ax5Gx;G, j&xG)— M(C(Bx:Gx;G, j& xG))

*_ makes the diagram
26 04x5Gx5G
27 C(AxsG %3G, jeéxG) QK

28

2 C(¢><1G>4G)®idl J/¢><G><1G

AxsG X G

0 M(C(B %G x; G, j&xG)®K) ————— M(B % G x; G)
31 BXeGXeG

32 .
~~ commute. Since

2 A™ = C(A x5G %3G, ian60Jjo),
34

g by Lemma 3.8 we can define

36

o " =C(pxGxG),

37

g which is then the unique homomorphism making the left-rear rectangle in the
39 diagram (3-10) (involving A" ® K and A x G x G) commute. The preservation
40 of nondegeneracy follows immediately from the corresponding properties of the
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; functors whose composition is ¢ — ¢™. Then the front rectangle (involving

5, A" ®K and A ® K) commutes, and hence so does the diagram (3-11). Moreover,
53 since 8 = C(8) and € = C(¢€), by Lemma 3.8 again we see that ¢ is §”" — €™
, equivariant.

5 For the final statement, involving composition, suppose that we have C, ¢, and 7.
s We consider the two cases separately: first of all, assume that ¢ (A) C B. Then
~, from Lemma 3.1 we conclude that the equivariant actions

— (Ax35G,3, j&),

; (B >d€ G’ g’ Jé)’

_

1 (C N; Gaé\'s]é)

5 and the homomorphisms

14 dXG:AXsG—> Bx G,

o 7 XG:Bx.G— M(C x;G)

16
17 satisfy the hypotheses of Lemma 3.7. Thus, Lemma 3.7 now tells us that the
18 KC-coactions

19 3 .
. (A>45G>43G,5,]2;>QG),

0 (BXxcGx:GLéE, jixG),

2 (C ;G x;G.L. j§%G)

3 and the homomorphisms

g PHNGHG:AXsG N3G —> Bx.G %G,

g 7T>4G><IGZB>4€G>4gG—>M(C><I;G>42G)

28 satisfy the hypotheses of Lemma 3.8, and hence, by construction of the maximal-
29 izations §™, €™, ¢™ of §, €, ¢, we get

30
o " o™ = (o)™

32 On the other hand, if we assume that 7 is nondegenerate instead of ¢ (A) C B, the
33 argument proceeds similarly, except we keep tacitly using the canonical extension
34 to multiplier algebras of any homomorphism constructed from 7. ]

% Remark 3.10. Theorem 3.9 gives a precise justification that the assignments
& (A.8) > (A", 8™),
s ¢ > "

39
40 define a functor on the classical category of coactions.
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4. Generalized homomorphisms

> Definition 4.1. We say that a coaction functor t is functorial for generalized
2 homomorphisms if whenever (A, §) and (B, €) are coactions and ¢ : A — M(B)
Yisa possibly degenerate § — € equivariant homomorphism there is a (necessarily
o unique) possibly degenerate homomorphism ¢* making the following diagram

—_ commute: o

L Am M(Bl’l’l)
8

5 4-1) q;l quz
0 AT — - — -5 M(B")
11 ¢

2 Note that the existence of the homomorphism ¢™ is guaranteed by Theorem 3.9.
1 If ¢7 is only presumed to exist when ¢ is nondegenerate, then we say that 7 is
Y functorial for nondegenerate homomorphisms. Note that if T is functorial for gener-
> alized homomorphisms, it automatically sends nondegenerate homomorphisms to
° nondegenerate homomorphisms. This follows immediately from the corresponding

17 property for the maximalization functor A — A™.

18

1o Remark 4.2. Let T be a coaction functor, and let CP* be the associated crossed-
5o Pproduct functor for actions, given by full crossed product followed by 7. If 7 is
5, functorial for generalized homomorphisms, then CP* is also functorial for gener-
~,_alized homomorphisms in the sense of Buss et al. — see the paragraph following

22
»; Definition 3.1 in [BEW].

24 Thus, a coaction functor t is functorial for generalized homomorphisms if and

25 only if for every possibly degenerate § —e equivariant homomorphism ¢ : A — M (B)
26 we have

21 kergy Ckergg oo™,

28
5o and similarly for nondegenerate functoriality.

39 Example 4.3. The maximalization functor is functorial for generalized homomor-
31 phisms, by Theorem 3.9. Thus the identity functor id is functorial for generalized

32 homomorphisms, since we can take qi{l =14 and ¢4 = ¢.
33
5. Remark 4.4. Suppose that 7 is functorial for generalized homomorphisms, and

. that ¢ : A — B is § — € equivariant. Then the map ¢* vouchsafed by Definition 4.1
Lo agrees with the one that we get by the assumption that 7 is a coaction functor. In
; particular, if ¢ : A < M (A) is the canonical embedding then (* coincides with the
o canonical embedding A® < M(A").

g Lemma 4.5. Let T be a coaction functor that is functorial for generalized homo-
40 morphisms, let (A, ), (B, €), and (C, {) be coactions, and let ¢ : A — M(B)



1/,

201/,

391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

122 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

1 and vy : B — M (C) be possibly degenerate equivariant homomorphisms. If either

» ¢(A) C B or ¥ is nondegenerate, then (Y o )" =% o @".

3 Proof. First assume that ¢(A) C B. Then y o¢p: A — M(C) is § — ¢ equivariant.

4 Consider the following diagram:

o

8 q; M(C™) a5
9

10 qc

; T Ll T

w

13 (o)’ v

14 M(CY)

1> The top triangle commutes by Theorem 3.9. The rear, right-front, and left-front
1° rectangles commute since T is functorial for generalized homomorphisms. Since
17 the left vertical arrow g 1s surjective, it follows that the bottom triangle commutes,
1% as desired.

1 On the other hand, assume that v is nondegenerate. Then again we have a § — ¢

20 equivariant homomorphism v o ¢ (extending ¥ canonically to M (B)), the above
2! diagram becomes

2 Am i M(B™)

23

2 a4 M(C™) 95

3

2 %

2 AT ? M(BY)

20

o (Wop)’ /

3 M(CT)

2 and the argument proceeds as in the first part. U

33

2 Essentially the same techniques as in the above proof can be used to verify the
55 following:

g Lemma 4.6. Let t be a coaction functor that is functorial for nondegenerate
37 homomorphisms, let (A, §), (B, €), and (C, ¢) be coactions, and let ¢ : A — M (B)
38 and . B — M(C) be possibly degenerate equivariant homomorphisms. If  is
39 nondegenerate, and if either ¢(A) C B or ¢ is nondegenerate, then (Y o ¢)" =
40 Yt o', In particular, every coaction functor that is functorial for nondegenerate
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1 homomorphisms in the sense of Definition 4.1 is also a functor on the nondegenerate

A — N
1 > category of coactions.

As usual, things are simpler for decreasing coaction functors:

Lemma4.7. A decreasing coaction functor t is functorial for generalized homomor-
phisms if and only if whenever (A, 8) and (B, €) are coactions and ¢ : A — M (B)
is a possibly degenerate § — € equivariant homomorphism there is a (necessarily
unique) possibly degenerate homomorphism ¢* making the diagram

A—" M

(4-2) Q;l lQ%

AT~~~ M(BY)

=
N[ R | O|lOW|® | N |O |0 | &~ | W

13
14

15
o Junctorial for nondegenerate homomorphisms.
17 Proof. The above diagram fits into a bigger one:
18

commute. If ¢ is only presumed to exist when ¢ is nondegenerate, then t is

19 A" A
0
1,
20 /221 a4 o5
o " AIT ¢
23 (4-3) .
24 Vs 1
— M(B™) | M(B)
25 |
26 B | QT
— qp B B
7 M (BY)

28

29 The top and bottom triangles commute since 7 is a decreasing coaction functor.
30 The rear rectangle commutes since the identity functor is functorial for generalized
31 homomorphisms. If there is a homomorphism ¢* making the left-front rectangle
32 commute, then the right-front rectangle also commutes since V4 is surjective.
33 Conversely, if there is a homomorphism ¢* making the diagram (4-2) commute,
34 then the right-front rectangle in the diagram (4-3) commutes, and hence so does

35 the left-front rectangle. U
36

5, Thus, a decreasing coaction functor 7 is functorial for generalized homomor-
s Phisms if and only if for every possibly degenerate § — € equivariant homomorphism

o ¢ : A — M(B) we have
39—

40 ker Q% C ker Qp 0 ¢.
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; Example 4.8. We apply Lemma 4.7 to show that for every large ideal E of B(G),
~, the coaction functor 7 is functorial for generalized homomorphisms. Let ¢ :
A — M(B) be a § — € equivariant homomorphism, and let

aekerQﬁ:{beA:E-a:{O}}.
Then for all f € E we have

f-¢@ =¢(f-a)  (by equivariance)
= O’

,
[ fe|e|~]ofa]s]w]

so a € ker Qg o ¢. In particular, the identity functor and the normalization functor
are functorial for generalized homomorphisms. For the identity functor this fact
12

~“ was already noted in Example 4.3.
13

E The ideal property. A coaction functor t has the ideal property [Kaliszewski et al.
15 2016b, Definition 3.10] if for every coaction (A, §) and every strongly invariant
16 ideal I of A, letting ¢ : I < A denote the inclusion map, the induced map

_

1

— FIT— AT
19 1s1njective.

g Example 4.9. The identity functor trivially has the ideal property.

2 Example 4.10. Every exact coaction functor has the ideal property, and hence by
. [Kaliszewski et al. 2016a, Theorem 4.11] maximalization has the ideal property.
— However, normalization has the ideal property, but is not exact unless G is, since by
-l [Kaliszewski et al. 2016a, Proposition 4.24] the composition of an exact coaction
®_ functor with the full-crossed-product functor is an exact crossed-product functor,
g and the composition of normalization with the full-crossed-product functor is the
. reduced crossed product, which is not an exact crossed-product functor unless G is
o an exact group.

30 Remark 4.11. If a coaction functor 7 has the ideal property, then the associated
31 crossed-product functor for actions has the ideal property in the sense of [BEW,
3> Definition 3.2], since the full-crossed-product functor is exact [Green 1978, Propo-
33 sition 12]. For crossed-product functors, [BEW, Lemma 3.3] includes the fact that
34 functoriality for generalized homomorphisms and the ideal property are equivalent.
35 In the following proposition we show that part of this carries over to coaction
36 functors. However, our naive attempts to adapt the argument from [BEW] to show
37 that the ideal property implies functoriality for generalized homomorphisms seem
3g to require that if ¢ : A — M(B) is a § — € equivariant homomorphism then there
30 18 a strongly e-invariant C*-subalgebra E of M (B) containing both B and ¢ (A),

40 which we have unfortunately been unable to prove.
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1 Proposition 4.12. If a coaction functor t is functorial for nondegenerate homomor-
~» phisms, in particular if T is functorial for generalized homomorphisms, then T has
3 the ideal property.

4 Proof. We adapt the proof from [BEW]: let (A, §) be a coaction and let / be a
5 strongly d-invariantideal of A. Let ¢ : I < A be the inclusion map, let vy : A — M (1)
6 be the canonical map, and let ¢ : I < M(I) be the canonical embedding. Note
7 that and v are nondegenerate equivariant homomorphisms, and ¢ is a classical
8 equivariant homomorphism. We have ¥ o ¢ =, so by Lemma 4.6 we also have
9 YTo@p" =" Since (* is the canonical embedding I < M (I*), we conclude that
10 ¢° is injective. (]

1/,

! Remark 4.13. By combining Example 4.8 with Proposition 4.12, we recover
12 [Kaliszewski et al. 2016b, Lemma 3.11]: for every large ideal E of B(G) the
13 coaction functor 7z has the ideal property. In particular, the identity functor and
1% the normalization functor have the ideal property (and for the identity functor we

1> already noted this in Example 4.9).

% Example 4.14. We adapt the techniques of [Kaliszewski et al. 2016b, Example 3.16]
o (which was in turn adapted from the techniques of [Buss et al. 2014, Section 2.5
o and Example 3.5]) to show that if G is nonamenable then there is a decreasing
— coaction functor for G that does not have the ideal property, and hence is not exact,

20
201/2; and also, by Proposition 4.12, is not functorial for nondegenerate homomorphisms,

o and a fortiori is not functorial for generalized homomorphisms. Let

23 R={(C[0,1) ® C*(G),id®3c)},

24 and for every coaction (A, §) let R4 s be the collection of all triples (B, €, ¢),
25 where either (B,€) €e R and ¢ : A — B is a § — € equivariant homomorphism or
26 (B,e)=(A",6") and ¢ : A — A" is the normalization map. Then let

27
g <@<B,e,¢>em,5(3’ €, @w,e,a&)em,f)

29 be the direct-sum coaction. Define a nondegenerate § — @( B.c.p)eR,,€ Cquivariant
39 homomorphism

31 R
2 - A M( B),
32 Qi @w,emem,s(p - @w,e,@em,a

33 andlet AR = Q7A3(A). Then there is a unique coaction 8 of G on A™ such that Q}
34 is § — 8™ equivariant. Moreover, for every morphism ¢ : (A, 8§) — (B, €) in the clas-

35 sical category of coactions there is a unique homomorphism ¢’ making the diagram

36 ®

— (A,8) —— (B, ¢)

38 Q?l lQL?

39
391/, — R SRy _ _ R R
fa (AR 87) - =+ (B, €F)
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. commute, giving a decreasing coaction functor T* with (A™, §™®) = (AR, §®)
~, and ¢7R = ¢,
We will show that (assuming that G is nonamenable) the coaction functor T
does not have the ideal property. Consider the coaction

(A4,8) = (CI0, 11® C*(G), 1d ®5c).

s w

Then
I:=C[0,1)®C*(G)

is a strongly invariant ideal of A, because ¢ restricts on / to the coaction

=
ol | |N O |O

87 :=1idcjo,1) ®G-

_

1

12 To see that QF is faithful, note that R(; 5,) contains the triple (1, §;, id). On the
13 other hand, to see that QZ} is not faithful on I, note that, since / has no nonzero
14 projections, there is no nonzero homomorphism from C|[0, 1] to I, and hence no
15 nonzero homomorphism from A = C[0, 1]® C*(G) to I, and so the only morphism
16 in R(a,s) 1s the normalization map

1 id®i: C[0,11® C*(G) — CI0, 1]1® C/(G),
18
1o Which is not faithful on 7 because G is nonamenable.

g Proposition 4.15. Let T be a nonempty family of coaction functors. If every functor
21 in T is functorial for generalized homomorphisms, then so is glb T.

2 Proof. Let ¢ : A — M (B) be a § — € equivariant homomorphism. We must show
23

o4 kerq§ C ker(qg o¢™),

25

5, (4-4) ¢" (kerq%)B™ C kerg$%.

28 For each 7 € 7 we have

29
o ¢" (kergqy)B™ C kerqp C kergg,

31 so by linearity

2 " (span ker qf‘) B™ = span¢™ (kerq;)B" C kerg$%,
33 teT teT

**and hence by density and continuity

35

36 ¢" (Spankerqj) B" C kergq3,.
TeT

equivalently

37

;s By definition of greatest lower bound, we have verified (4-4). (]

g Proposition 4.16. Let T be a nonempty family of coaction functors. If every functor
40 in T has the ideal property, then so does glbT.
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1 Proof. Let (A, §) be a coaction, let / be a strongly invariant ideal of A, and let
5 t:1 < A denote the inclusion map. We must show that the induced map

017 - A°
is injective, equivalently
4-5) M(kergy) =/"(I")Nkerq§.

We know that for every T € T the map

-
[Blefe|~]o]a]a]w|

i IT— AT

11

o is injective. The computation justifying (4-5) is the same as part of the proof of
5 [Kaliszewski et al. 2016a, Theorem 4.22]:
14 " (kerqy)

15

o =!"(spankergqy)

— teT

17

— =span!"(kerg;)

18 teT

% =span (" (I"™) Nkerg}) (since T has the ideal property)
teT

2o =mUmn spankerqy  (since all spaces involved are ideals in C*-algebras)

22 TeT

B =M"I")Nkergg. O

24

25 This might be an appropriate place to record a similar fact for decreasing coaction
26 functors:

27
s Proposition 4.17. The greatest lower bound of any family of decreasing coaction

oo Junctors is itself decreasing.

%% Proof. We first point out a routine fact: if o and 7 are coaction functors, and if

3 g <t and 7 is decreasing, then o is decreasing. To see this, let (A, §) be a coaction.

32 o
>* Sinceo <,
33

T o
v kergy Ckergy.

35 Since t is decreasing,
3 ker 4 C kerg}.

37
3g Thus ker 4 C ker q%, S0 o is decreasing.
30 Now let o be the greatest lower bound of 7. For every T € T we have o0 <t

40 and 7 is decreasing, so ¢ is decreasing. O
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1 5. Correspondence property

11, —

% Given C *-algebras A and B, recall that an A — B correspondence is a Hilbert
> B-module X equipped with a homomorphism ¢4 : A — £(X), inducing a left
% A-module structure via ax = @4 (a)x. We sometimes write X = 4 X g to emphasize

°> Aand B.If A= B wecall X an A-correspondence.

°  Theclosed span of the inner product, written span{(X, X) g}, is an ideal of B, and

T Xis full if this ideal is dense. By the Cohen—Hewitt factorization theorem, the set

PAX = {ax:a € A, x € X} is an A — B subcorrespondence, and X is nondegenerate
9 .

— if AX =X.

I () ¢: A — M(B) is a homomorphism, the associated standard A — B correspon-

 dence, denoted by 4 Bp, has left-module homomorphism ¢4 = ¢.

12 . .
— If X is an A — B correspondence and Y is a C — D correspondence, a corre-

B spondence homomorphism from X to Y is a triple (m, ¥, p), where m : A — C

* and p : B — D are homomorphisms and v : X — Y is a linear map such that

2 (ax) = m(@y (x), Y(xb) =Y (x)p®), and (Y (x), ¥(»))p = p((x, y)5) (and

* recall that the second property, involving x b, is automatic). If & and p are understood

" we sometimes write Y for the correspondence homomorphism. If 7, i, and p are

B oall bijections then ¥ is a correspondence isomorphism, and we write X >~ Y. If

P oA= C, B=D, m =idy, and p =idp, we call {y an A — B correspondence homo-

20 . . . .
20/, —— morphism, and an A — B correspondence isomorphism is an A — B correspondence

391/, —

21 . . . .
= homomorphism that is also a correspondence isomorphism.

> An A — B Hilbert bimodule is an A — B correspondence X equipped with a

% Jeft A-valued inner product 4(-, -) that is compatible with the B-valued one. X is
= left-full if span{4 (X, X)} = A; to avoid ambiguity we sometimes say X is right-full
it span{(X, X)p} = B. If X is both left- and right-full, it is an A — B imprimitivity
*° bimodule. We write X* for the reverse B — A Hilbert bimodule.? The linking

o algebra of an A — B Hilbert bimodule X is L(X) = ( )?* g ), but we frequently just

% write (i‘ g) because the lower-left corner takes care of itself. The linking algebra

*_ of the reverse bimodule is L(X*) = (}B( )g) The linking algebra of an A — B

o correspondence X is defined as the linking algebra of the associated (left-full)

I K(X) — B Hilbert bimodule.

2 Recall from [Echterhoff et al. 2006, Definition 1.7] that if X is an A — B

> correspondence and / is an ideal of B, then X/ is an A — B subcorrespondence

#* oof X , and the ideal

= X-Indl =X-IndA T :={a e A:aX C XI}
36

57 of A is said to be induced from I via X. If X >~ Y as A — B correspondences, then
35 X-IndI =Y-Ind [ for every ideal I of B.

39 2Although the notation X is perhaps more common, it would conflict with another usage of =~ we

40 will need later.
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1 The quotient X/ X I becomes an (A/X-Ind I) — (B/I) correspondence.
»  Let J =span{(X, X)p}. Then X is a nondegenerate right J-module and J is an
5 ideal of B, so
o XI=XNI=XUJD)=X{I).
E Thus X-Ind I = X-Ind(J ). Moreover, X may also be regarded as an A — J corre-
6 spondence, and the quotient X/ X1 may also be regarded as an (A/X —Ind’}(] 1)) —
7 (J/(J1I)) correspondence.
If 7 and J are ideals of B, and we regard J as a J — B correspondence with the

given algebraic operations, then

1/,

=
o |© | ©

- J-IndjI={aeJ:aJ CJI}=JI.

E On the other hand, regarding B as a J — B correspondence with the given algebraic
13 operations, then, since BI = I, we nevertheless still get the same result:

14

= B-IndjI={acJ:aBCcl}=JNI=JI

16 Given a homomorphism ¢ : A — M (B) and an ideal [ of B, and regarding B

17 as the associated standard A — B correspondence (with left-module multiplication
18 givenby a-b=¢(a)bfora € A and b € B), then

1 % B-Indy I ={ac A:¢(a)B C I}

* /22 is sometimes denoted by ¢*(1).
22 Regarding A as a standard A — A correspondence, for every ideal / of A we
23 have A-Ind} I = 1.
24 If X is an A — B correspondence and Y is a B — C correspondence, we write
25 X ®pY for the balanced tensor product, which is an A — C correspondence. Letting

26 K = K(X), X becomes a left-full K — B Hilbert bimodule, and
27
. aXp =~ (aKg) ®k (k¥B).

£ Letting J = span{(X, X)p}, X becomes a full A — J correspondence, and
30
- AXp = (aXy)®y (;Bp).

32 By Rieffel’s induction in stages theorem, if X is an A — B correspondence, Y is a

33 B — C correspondence, and I is an ideal of C, then
34

. (X ®3p Y)-Ind I = X-Indj} Y-Ind2 1.

36 If X is an A — B imprimitivity bimodule then
s X*®a X >~ pBp,
38

30 soif [ is an ideal of B, then
391/ R
*40 X*-Ind? X-Indj I =1.



1/,

201/,

391/, —

PROOFS - PAGE NUMBERS ARE TEMPORARY

130 S. KALISZEWSKI, MAGNUS B. LANDSTAD aND JOHN QUIGG

1 Given actions « and 8 of G on A and B, respectively, and an o« — 8 compatible
~, action y on X, we say (X, y) is an (A, a) — (B, B) correspondence action. The
3 crossed product X x,, G is an (A Xq G) — (B xg G) correspondence, and we let
4 ix : X — M(X %, G) denote the canonical iy —ip compatible correspondence
"5 homomorphism. Writing " for the induced action of G on K(X), there is a

s canonical isomorphism
— K(X %, G) = K(X) Xy, G,

7
“& and, blurring the distinction between these two isomorphic algebras, the left-module
9 homomorphism of the crossed-product correspondence is given by

1o PargG =94 X G 1 A xg G — MK(X) %0 G).

% In particular, if X is a left-full A — B Hilbert bimodule, then X x,, G is a left-full
— (A Xq G) — (B xg G) bimodule, and is moreover an imprimitivity bimodule if X is.
o Let (X,y)bean (A,x)—(B, B) correspondence action, and let J =span{(X, X)z}.
o Then J is a B-invariant ideal of B, and we write n for the action on J gotten by
o restricting 8. As in [Echterhoff et al. 2006, Proposition 3.2],

17 span(X X, G, X Xy, G)px,6 = J Xy G,

% where the latter is identified with an ideal of B x5 G in the canonical way.

9 If (X, y)isan (A, @)— (B, B) Hilbert bimodule action (so that 4 (ys(x), y5(y)) =

29 ag(4(x, y)) also), there are a canonical 8 — a compatible action y* on X* and a

2! canonical isomorphism

22 (X %, G)" = X" x,:G.

23

o Dually, given coactions § and € of G on A and B, respectively, and a 6 — €

. compatible coaction ¢ on X, we say (X, ¢) is an (A, §) — (B, €) correspondence
— coaction. The crossed product X .G is an (A xsG)—(B xG) correspondence, and

26

S we let jx : X — M (X x;G) denote the canonical j,— jp compatible correspondence
o homomorphism. Writing ¢V for the induced coaction of G on K(X), there is a
o canonical isomorphism

— K(X % G) ~ K(X) X G,
30

5; and, blurring the distinction between these two isomorphic algebras, the left-module
3, homomorphism of the crossed-product correspondence is given by

i (pANan(pAXGIAN‘;G—)M(IC(X) NE(I) G).

34
35 In particular, if X is a left-full A — B Hilbert bimodule, then X x; G is a left-full

36 (A X5G)— (B X G) bimodule, and is moreover an imprimitivity bimodule if X is.
57 Suppose that (X, ¢) is an (A, §) — (B, €) correspondence coaction, and let
55 J =span{(X, X)p}. Then J is a strongly e-invariant ideal of B [Echterhoff et al.

39 3The theory of [Echterhoff et al. 2006] uses reduced crossed products, but for the results of concern

40 to us here the same techniques handle the case of full crossed products.
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E 2006, Lemma 2.32], and we write n for the coaction on J gotten by restricting €.
v/ 27, As in [Echterhoff et al. 2006, Proposition 3.9],

span(X X; G, X X G)pu.c =J X, G,

where the latter is identified with an ideal of B X, G in the canonical way.
If (X, ¢)isan (A, §) — (B, €) Hilbert-bimodule coaction (so that

MAeCc(G)(§(x), £(y)) =68(alx, y))

also), there are a canonical € — § compatible coaction ¢* on X* and a canonical
isomorphism
(X % G)* > X" X+ G.

If (X, y) is an (A, @) — (B, B) correspondence action, the dual coaction y on
Xx,G isa— B compatible, and dually if (X, ¢) isan (A, §)— (B, €) correspondence
coaction, the dual action 2 on X x; G is §—¢ compatible. Moreover, if (X, ) is an
(A, @) — (B, ) Hilbert-bimodule action, the isomorphism (X X, G)* >~ X* x,+ G
17 s p*— );* equivariant, and dually if (X, ¢) is an (A, §) — (B, €) Hilbert bimodule
15 coaction, the isomorphism (X X G)* >~ X* X+ G is r— 1+ equivariant.

1o Given equivariant actions (A, o, i) and (B, B, v), and an (A, o) — (B, B) cor-
-0 respondence action (X, y), by [Kaliszewski et al. 2017, Lemma 6.1], there is an
. & — B compatible coaction* 7 on X X, G given by

= 7 () =Va? (V3.

24 Moreover, if (X, y) is a Hilbert bimodule action, the isomorphism (X X, G)*
25 X* %, G is 7* — y* equivariant.’

2  Given K-algebras (A,:) and (B, j), and an A — B correspondence X, Theo-
o7 rem 6.4 of [Kaliszewski et al. 2016¢] and its proof construct a C(A, ) — C(B, j)

28 correspondence C(X, ¢, j) given by

% CX,t, ) ={x e MX):t(k)-x=x- (k) € X forall k € K}.

e e S I S B S = I
ol | WINMN|IH|O|lWO|[WW| N[O | O |~ ]|w

£ Writing « : L — M (K(X)) for the induced nondegenerate homomorphism, there is
32 a canonical isomorphism

3 K(C(X, ¢, ) = C(K(X), k),

34
35 and, blurring the distinction between these two isomorphic algebras, the left-module

36 homomorphism of the relative-commutant correspondence is given by

Z% Pcan = Clpa) 1 C(A, 1) = M(C(K(X), k).

391/, 39 4Recall from Section 2 the definition of & We define ,3 similarly.

40 SHere is where the notation * for the reverse bimodule is important.
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1 In particular, if X is a left-full A — B Hilbert bimodule, then C (X, ¢, y) is a left-full
>, C(A,1) — C(B, ) bimodule, and is moreover an imprimitivity bimodule if X is.

Given K-coactions (A, §,t) and (B, €, j), and an (A, §) — (B, €) correspondence
coaction (X, ¢), by [Kaliszewski et al. 2017, Lemma 6.3] there is a C(8) — C(¢)
compatible coaction C(¢) on C(X, ¢, j) given by the restriction of the canonical
extension to M (X) of ¢. As before, let J =span{(X, X)p}, and let n = €| be the
restricted coaction. Letting p : B — M (J) be the canonical homomorphism, which
is nondegenerate, we can define a nondegenerate homomorphism

1l

s w

w=poj:K—> M),
and (J, n, w) is a K-coaction. It is not hard to verify that

span{(C(X, ¢, 1), C(X, ¢, D)c.pt=C{, w),

4 which we identify with an ideal of C(B, j).
15 If (A,68,1) and (B, €, J) are K-coactions and X is an (A, §) — (B, €) Hilbert
16 bimodule coaction, there is an isomorphism

= C(X., 1. )" = C(X*, .0
18
19 of C(B, j)—C(A, 1) Hilbert bimodules, and moreover this isomorphism is C (¢)* —
) 20 C(¢*) equivariant.
20/ *,1  Recall that the maximalization of a coaction (A, §) is the coaction

% (A", 8™) = (C(A x5 G x5 G, j&xG),C@5)),

i where

~ §=8=Ad Vg o.

g Definition 5.1. Given coactions (A, §) and (B, €), the maximalization of an (A, §)—
27 (B, €) correspondence coaction (X, ¢) is the (A™, §™) — (B™, €™) correspondence
28 coaction

29 . . s

= (X", ¢™) = (C(X x; G % G, j& %G, j&xG),CQ)),

31 Where

oy E() = () = Va6 £ () VG

33 forye X™.

34 . L .
. There is a canonical isomorphism

36 (5-1) (Kx™), ™M) = (Ko™, ¢ Dym).

37 . T . .
. Blurring the distinction between these two isomorphic algebras, the left-module

. homomorphism of the A™ — B™ correspondence X™ is given by

391 _
" oan = @ A" = MUC(X)™) = MUC(X™)).

R R e
W N | +H|O|lO || N | O | U

==
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1 In particular, if X is a left-full A — B Hilbert bimodule, then X™ is a left-full
~, A™ — B™ Hilbert bimodule, and is moreover an imprimitivity bimodule if X is.

Letting J = span{(X, X)p} with coaction n = €|; as before, it follows from the

above properties of the functors in the factorization of the Fischer construction that

s w

span{ (X", X")gn} = J™,

which we identify with an ideal of B™.

If (X, ¢)isan (A, ) — (B, €) Hilbert bimodule coaction, then it follows from
the properties of the steps in the Fischer construction that there is a canonical
isomorphism

(Xm*’ é.m*) ~ (X*m’ C*WI).

=R e
N |=|O|]WO|[0WW| N[O |0

13 Let T be a coaction functor, and let (X, ¢) be a Hilbert (B, €)-module coaction
14 (equivalently, a (C, uiv) — (B, €) correspondence coaction, where iy is the trivial
15 coaction on C). Then X" ker g is a Hilbert B"-submodule of X™. We define

16
o X" =X"/X"kerqp,

% which is a Hilbert B "-module, and we further write

19

20 gy : X" —> X°

21

o, for the quotient map, which is a surjective homomorphism of the Hilbert B"-
;3 module X™ onto the Hilbert B*-module X*. It follows quickly from the definitions
5, that there is a (necessarily unique) Hilbert-module homomorphism ¢* making the

o5 diagram

o xm— L R(X" @ CHG))
2 q}J/ lq)‘(@id
28 ~

29 Xr———{r———>M(XT®C*(G))

30

31 commute, and that ¢7 is moreover a coaction on the Hilbert B*-module X*. Let

32
= (g K(X™) — K(X7)

**_ e the induced surjection, which is equivariant for the induced coactions ()" on

® k(x™y and (9D on K(XT).
3% Recall from [Kaliszewski et al. 2016a, Definition 4.16] that we call a coaction
" functor T Morita compatible if whenever (X, ¢) is an (A, §) — (B, €) imprimitivity-

38 . .
> bimodule coaction we have
39

a0 kergy = X"-Indkerqyp,.
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; Remark 5.2. Lemma 4.19 of [Kaliszewski et al. 2016a] says that a coaction functor
", T is Morita compatible if and only if for every (A, §)— (B, €) imprimitivity-bimodule
3 coaction (X, ¢) the maximalization X™ descends to an A" — B? imprimitivity
", bimodule X7. Thus, if CP? is the crossed-product functor given by t composed
5 with the full crossed product, then Morita compatibility of r implies that CP? is
¢ strongly Morita compatible in the sense of [BEW, Definition 4.7].

7 Example 5.3. The maximalization functor, and also the functors tg for large ideals
8 F of B(G), are Morita compatible, by [Kaliszewski et al. 2016a, Lemma 4.15,
9 Remark 4.18, and Proposition 6.10].

% Remark 5.4. Proposition 5.5 of [Kaliszewski et al. 2016a] can be equivalently
o stated as follows: a decreasing coaction functor 7 is Morita compatible if and only
o if whenever (X, ¢) is an (A, §) — (B, €) imprimitivity-bimodule coaction we have

14 ker Q% = X-Indj ker Q%.

= Remark 5.5. Let (A, §) be a coaction, and let / be a strongly §-invariant ideal
o of A. The diagram

m

[A

18 m —— A"
¥ (5-2) q;l lqz
20

; II —I) AT

- L

22

5, commutes because t is a coaction functor. The top arrow is always injective, so we

5. can identify /" with the ideal ™ (1) of A™. Thus we always have

25 kerg; C ker(gj ot™)=1" Nkerq},

26

- and since kerg; C I"™ we have kerq; C kerg}. The ideal property for r means

o that the bottom arrow is injective, equivalently

2 (5-3) kerg? = I" Nkerq?,
30
5, in which case the quotient map g; may be regarded as the restriction of ¢} to the

o ideal 1™.

g Lemma 5.6. Let t be a coaction functor that has the ideal property. Then t is
34 Morita compatible if and only if for every left-full (A, 8) — (B, €) Hilbert-bimodule
35 coaction (X, ¢) we have

? (5-4) ker g’ = X"-Ind4, ker g5.

g Proof. The condition involving (5-4) of course implies Morita compatibility, so
39 suppose that T is Morita compatible and (X, ¢) is a left-full (A, §) — (B, €) Hilbert-
40 bimodule coaction.
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1 As before, let J = span{(X, X)p} with the restricted coaction n = €|;. Then
5 (X, ¢)isan (A, §) — (J, n) imprimitivity-bimodule coaction, so by Morita compat-
5 ibility we have

2(5-5) ker ¢} = X"-Ind%, ker¢.

Identify J™ with an ideal of B™ in the usual way. Regarding B™ as a standard
J™ — B™ correspondence, we have

(5-6) kerg} = J™ Nkerqf = B"-Ind}. ker g.
1% Thus by induction in stages we can combine (5-5) and (5-6) to conclude that
11

12 ker g} = X"-Ind4, ker g§. O

— Definition 5.7. We say that a coaction functor t has the correspondence property
— if for every (A, §) — (B, €) correspondence coaction (X, ¢) we have

16 ker g} C X™-Ind, ker g .

15 Note that we have a commutative diagram

19 Am " pxm)
20

o1 l l%’(
22 A™/X™-Indkergp, —— L(XT)
23

5, With

o X"-Indker g = ker(qy o @am).

% The composition gy o am gives X* a left A”-module multiplication, and 7 has

>’ the correspondence property if and only if this left A”™-module multiplication

% on X7 factors through a left A*-module multiplication, making (X7, ¢%) into a

2 (A%, 8%) — (B", €") correspondence coaction.
30

31 Example 5.8. Trivially the maximalization functor has the correspondence property.

32 Theorem 5.9. A coaction functor T has the correspondence property if and only if

it is Morita compatible and functorial for generalized homomorphisms.

34
35 Proof. First assume that 7 has the correspondence property. For the Morita compat-

56 ibility, let (X, ¢) be an (A, §) — (B, €) imprimitivity bimodule coaction. We must
57 show that

(57 kerg} = X" — Indker g}
9

E By the correspondence property the left side is contained in the right side. Since
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(X*,¢*)isa (B, €) — (A, §) imprimitivity bimodule coaction, we also have
kergp C X*"-Indker gj.
By induction in stages and the properties of reverse bimodules,
kergy C X"-Indkergp C X™-Ind X*"-Ind ker ¢} = ker g},

so we must have equality throughout, and in particular (5-7) holds.

For the functoriality, let ¢ : A — M(B) be a § — € equivariant homomorphism.
9 Then (B, €) is a standard (A, §) — (B, €) correspondence coaction. By assumption,
10 we have kerg; C B"-Indkergp. Since
11
o B™-Indkergp ={a € A™ : " (a)B" C kerqp} =ker(qg o ™),

13 ¢ is functorial for generalized homomorphisms.
14 Conversely, assume that T is Morita compatible and functorial for generalized
15 homomorphisms. Let (X, ¢) be an (A, §) — (B, €) correspondence coaction. We

16 need to show that
17

15 (5-8) ker g} C X™-Ind, ker g .

[e |~ fofols]e|w]-

Y LetK = K(X), with induced coaction u. Let ¢4 : A - M(K) be the left-

Qol/zg module homomorphism, which is § — u equivariant. We use the associated §”* — u™

391/

2 equivariant homomorphism ¢’} : A™ — M(K™) to regard (K™, ") as a standard
Z(A™, 8™ — (K™, ™) correspondence coaction. By functoriality for generalized

23 .
= homomorphisms we have
24

3 (59) kerg} C K™-Ind§, kergk.

g Note that (X, ¢) may be regarded as a left-full (K, u) — (B, €) Hilbert-bimodule
- coaction. Since 7 is functorial for generalized homomorphisms, by Proposition 4.12
o it has the ideal property, so, since t is also assumed to be Morita compatible, by
o Lemma 5.6 we have

31 (5-10) kergL = X"-Ind% kerg}.

32

= By induction in stages we can combine (5-9) and (5-10) to deduce (5-8). [l

g Remark 5.10. Although we do not need it in the current paper, it is natural to

35 wonder whether a coaction functor with the correspondence property will auto-

36 matically be functorial under composition of correspondences. More precisely,

37 let T be a coaction functor with the correspondence property, and let (X, ¢) and

38 (Y,n)be(A,d8)—(B,¢€)and (B, €)—(C, v) correspondence coactions, respectively.

39 Then the balanced tensor product (X ®p Y, ¢ §n) isan (A, §) — (C, v) correspon-
’ 40 dence coaction (see [Echterhoff et al. 2006, Proposition 2.13]). The assumption
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;1 that T has the correspondence property implies that there are (A%, §7) — (B%, €7),
5 (BY,€") —(CT,v"),and (A%, 8%) — (C*, v") correspondence coactions (X7, ¢7),
5 (Y, nY),and (X ®p Y)', (¢ t n)"), respectively. The functoriality property we
, are wondering about here is whether there is a natural isomorphism

% (X®p V)", (¢ gmT) = (X" ®p Y, ¢  E0")

; of (A%, 8%) — (C*, v") correspondence coactions. It seems plausible that this could
"¢ be checked via a tedious diagram chase, or via linking algebras.

E Example 5.11. Combining Example 4.8, Example 5.3, and Theorem 5.9, we see
10 that tg has the correspondence property for every large ideal E of B(G).

 Remark 5.12. Theorem 5.9 is similar to the equivalence (2)<=(3) in [BEW,
2 Theorem 4.9], except that, as we mentioned in Remark 4.11, we have not been able
¥ to prove that for coaction functors the ideal property is equivalent to functoriality
* for generalized homomorphisms.

15

16 Remark 5.13. [BEW, Theorem 5.6] shows that every correspondence crossed-

17 product functor produces C*-algebras carrying a quotient of the dual coaction on
15 the full crossed product. This reinforces our belief in the importance of studying
1o crossed-product functors arising from coaction functors composed with the full
5o Cross product.

21 Corollary 5.14. Let T be a nonempty family of coaction functors. If every functor
22 in T has the correspondence property, then so does glb T. In particular, there is a

23 smallest coaction functor with the correspondence property.

* Not surprisingly, the correspondence property is simpler for decreasing functors:
25

26

5, and only if for every (A, 8) — (B, €) correspondence coaction (X, {) we have

28 ker Q% C X-Ind4 ker Q5.

29
3 Proof. We must show that the stated condition involving Q7 holds if and only if

5, kergj C X"-Ind4, ker qp- Let

32 I =keryy, J =keryp, K =kerq}, L =kerqg.

33

5, Then I C KNX™"-IndJ, I CK,and J C L, and we can identify A with A™/I,

5 ker Q) with K /I, X with X™/X™J, B with B"/J and ker Q} with L/J, so the

56 desired equivalence follows from the general Lemma 5.16 below, which is probably
5, folklore. (]

g Lemma 5.16. Let X be an A — B correspondence, let I C K be ideals of A, and let
39 J C L beideals of B. Suppose that I C X-Ind J, sothat X/ X J isan (A/1)—(B/J)

40 correspondence. Then K C X-Ind L if and only if K /I C (X/XJ)-IndL/J.

Lemma 5.15. A decreasing coaction functor t has the correspondence property if
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1 Proof. Let

> ¢:A— A/, V:X—>X/XJ, p:B— B/J

~ be the quotient maps. First assume that K C X-Ind L. Then

(K/D(X/XT) =¢(K)y(X)
=y (KX) CyY(XL)
=¥ (X)p(L) =(X/XJ)(L/J),

so K/I C(X/XJ)-IndL/J.
Conversely, assume that K /I C (X/XJ)-Ind L/J. Then

KX Cy '(W(KX) =y (¢(K)Y (X))
13 cy ' (vX)p(L)) =y '(Y(XL) = XL,

14
15 Where the equality at * holds since v is a surjective homomorphism of correspon-

16 dences and XL is a closed subcorrespondence containing ker ¢ = K J. (]

17

18
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