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Abstract

We present the theory of 7-tilting over finite dimensional algebras and show how silting
modules over arbitrary rings is a generalization, in particular we prove that silting modules
coincide with support 7-tilting modules over finite dimensional algebras. Quasitilting mod-
ules will play an important role in the concept of silting modules, as they classify torsion
classes which provide left approximations with Ext-projective cokernel. Furthermore, we
will show how equivalence classes of silting complexes in the derived categpry correspond bi-
jectively certain t-structures and co-t-structures. These correspondences are then adjusted
for equivalence classes of 2-term silting complexes which are in bijection with equivalence
classes of silting modules.

Sammendrag

Vi presenterer teorien om 7-tilting over endelig dimensjonale algebraer og viser hvordan silte
moduler over vilkarlige ringer er en generalisering, spesielt viser vi at silte moduler sammen-
faller med stgtte 7-tilte moduler over endelig dimensjonale algebraer. Kvasitilte moduler
vil ha en viktig rolle i konseptet for silte moduler, siden de klassifiserer torsjonsklasser som
gir venstre tilnserminger med Ext-projektiv kokjerne. Videre vil vi vise hvordan ekvivalen-
sklasser av silte komplekser i den deriverte kategorien er i bijeksjon med visse t-strukturer
og ko-t-strukturer. Disse forbindelsene vil bli justert for ekvivalensklasser av 2-ledds silte
komplekser som er i bijeksjon med ekvivalensklasser av silte moduler.
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Introduction

The definition of tilting modules over finite-dimensional algebras (artin algebras) is due to
Brenner and Butler, [BB80] . The foundation of tilting theory lies there, as does many of the
classical results concerning tilting modules. Brenner and Butler are also due credit for the
naming of tilting modules. The definition of tilting modules was later relaxed a bit by Happel
and Ringel in [HR82]. That is also where much of the modern approach to tilting originates
from, particularly, as it relates to this thesis, the connection between tilting modules and
certain pairs of categories called torsion pairs. That is, let T' be a tilting A-module, 7 (T") the
category of all A-modules generated by T" and F(T') the category of all A-modules X such
that Homa (7T, X)) = 0, then (7(7'),F(7')) is a torsion pair. An important result in tilting
theory due to Bongartz is that for any partial tilting module M there exists a complement
X such that M @ X is a tilting module, commonly known as Bongartz’ completion [Bon81].
Over a finite dimensional k-algebra A over a field k, a partial tilting module M is called an
almost complete tilting module provided that the number of non-isomorphic indecomposable
direct summands of M is one less than the number of isomorphism classes of simple modules
in A. A well known fact is that over such an algebra, an almost complete tilting module
has precisely either one or two non-isomorphic complements. Tilting theory has also been
studied extensively in the ”large” module categories Mod(A) over a ring A.

The notion of 7-tilting was introduced by Adachi, Iyama and Reiten in [AIR14], and in
particular the 7-tilting and support 7-tilting modules over A. They rely on the existence
of the Auslander-Reiten translation 7, and thus 7-tilting is only applicable when A is a
finite-dimensional algebra over a field k. In the sense of tilting completion, 7-tilting has
stronger results than classical tilting. In particular, an almost complete support 7-tilting
module has exactly two complements. They also show that support 7-tilting modules are
in bijection with certain 2-term complexes in K®(proj(A)) called silting or semi-tilting.

This brings us to the concept of silting modules introduced by Hiigel, Marks and Vitéria
in [HMV15], which is the main focus of this thesis. As a generalization of support 7-tilting
modules over A, silting modules are defined over Mod(A) for arbitrary unitary rings A,
where the definition is heavily motivated by certain key properties of both tilting mod-
ules and support 7-tilting modules. In particular, silting modules coincide with support
7-tilting modules over mod(A). An important feature of silting modules is that they are
always finendo quasitilting modules, which correspond to torsion classes providing left ap-
proximations with Ext-projective cokernel. There is also an analog of Bongartz completion
for silting modules, which relies on the existence of left approximations. Furthermore, silting
modules are in bijection with 2-term silting complexes in K°(Proj(A)), similarly to support
7-tilting modules.

The structure of this thesis will be roughly as follows. In section 2.1 we give a few
introductory results on tilting as it is the foundation of the entire theory mentioned above.

Sections 2.2 and 2.3 are dedicated to 7-tilting theory, of which we will give a condensed
introduction to provide some technical backstory and understanding of the generalization
to silting modules. Theorem 2.37 is of particular interest to us as it provides generalized



descriptions of key properties in 7-tilting, which both motivate the definition of silting
modules and provide the means to show that silting modules in fact generalize support
7-tilting modules. We will also give a fairly comprehensive description of how support
7-tilting modules relate to 2-term silting complexes in K°(proj(A)).

Then we present the theory of silting modules in section 3, starting with the quasitilting
modules. They correspond to torsion classes providing left-approximations, which is an
important property as both tilting and support 7-tilting modules provide approximations
sequences. Section 3.2 is dedicated to the theory of silting modules. It turns out that tilting
modules are always silting modules, and that silting modules are always finendo quasitilting.
We also prove an analog of Bongartz completion for silting modules, and conclude the section
by proving that silting modules coincide with support 7-tilting modules over A.

In section 4 we give an introduction to the morphism category Mor(A) and show in
particular that (partial) silting A-modules correspond bijectively to (partial) tilting objects
in Mor(A).

Section 5.1 is dedicated to silting complexes and their relationship with (co)-t-structures
in the derived category of A. The main theorem of that section is theorem 5.21, proving a
bijection between silting complexes and certain t-structures and (co-)t-structures. In section
5.2 we give the theory linking silting modules and 2-term silting complexes. Theorem 5.21
is then adjusted in theorem 5.28 to the case of 2-term silting complexes which then also
provides bijections with silting modules.



1 Preliminaries and notation

Throughout this thesis, A will be any unitary ring. We will denote by Mod(A) (respectively
mod(A)) the category of (finitely generated) left R-modules, and Proj(A) (respectively
proj(A)) the subcategories of (finitely generated) projective modules. The unbounded de-
rived (respectively homotopy) category of Mod(A) is denoted by D(A) (respectively K (A)).
The restriction of these categories to right bounded or bounded complexes will be denoted
by the superscripts ~ and ° respectively. The bounded homotopy category of complexes
of (respectively finitely generated) projective A-modules will be denoted by (respectively
K*(proj(A))) K*(Proj(A)). For an object X in some category, we will denote the identity
morphism on X by 1y, and sometimes simply by 1 when no confusion can arise. We will
always use the term subcategory to mean a strictly full subcategory.
For an A-module T', we define the following subcategories of Mod(A)

Sub(T) : the category consisting of all submodules of arbitrary direct sums of copies
of T.

Add(T) : the category consisting of all A-modules isomorphic to a direct summand
of an arbitrary direct sum of copies of T

Gen(T) : the category consisting of all A-modules X such that there exists a set I, an
A-module S € Add(T) and a short exact sequence 0 — S — T) — X — 0. We say
that X is T-generated or generated by T. The category Gen(T) is also often denoted
by Fac(T) as all objects in Gen(T') are factors of T) for some set 1.

Pres(T) : the category consisting of all A-modules X such that there exists a right
exact sequence Ty — Ty — X — 0 where T1,Ty € Add(T'). Such a presentation
is sometimes called an Add(T)-presentation, and we say that X is T-presented or
presented by T.

Note that Pres(T) C Gen(T), indeed if X € Pres(T') and Tp — X appears as the epimor-
phism in the Add(7T)-presentation of X, then it induces a short exact sequence 0 — Ty —
TU — X — 0 for some set I. Also Add(T) C Gen(T), for if X € Add(T) such that
X Y =T then there is a short exact sequence 0 = Y — TU) — X — 0.

Some familiarity with triangulated categories will be assumed. For a triangulated cat-
egory D, we denote the suspension functor by [1] : D — D. We will in particular use
that K°(Proj(A)) and D(A) are triangulated without mention. Sometimes we refer to the
axioms for triangulated categories, they will be denoted by (T'R1),(T'R2), (T R3), (T R4).

For a subcategory C of D(A), we define the following subcategories

C>9 : consists of all objects D in D(A) such that Homp4(C, DIi]) = 0 for all i > 0.
CL<0 : consists of all objects D in D(A) such that Homp4)(C, DI[i]) = 0 for all i < 0.

C1o : consists of all objects D in D(A) such that Homp4)(C, D) = 0.

6



Should the subcategory have only one object C, we write the subcategories above as C1>0,
C*<0 and Cto.

Let B be a subcategory of some category C. A homomorphism f : B — C for some B
in B and C in C is a left C-approximation of B if for any C’ in C, the map Home/(f, C) is
surjective. Similarly, a homomorphism f : C' — B is a right C-approximation of B if for
any C’ in C, the map Hom¢(C', f) is surjective.

Let A C B be two subcategories of some category C. We say that A is

covariantly finite in B if every object B in B admits a left A-approximation.
contravariantly finite in B if every object B in B admits a right A-approximation.
functorially finite in B if it is both covariantly finite and contravariantly finite in B.

We will at the end of every proof write the symbol [J to mark the end. Similarly we use
the symbol at the end of a result which we do not prove and to mark the end of examples.



2 Tilting theory

This section will provide the foundation for large parts of this thesis. We begin by defining
tilting modules and torsion classes.

2.1 Tilting modules

This section on tilting in Mod(A) follows section 2.1 in [HMV15], but we provide a few
additional results in order to create a more self-contained text. Let us first give the definition
for (not necessarily finitely generated) tilting modules over A.

Definition 2.1. An A-module T is said to be tilting if it satisfies the following
(T1) p.d.(T) <1 (projective dimension less than or equal to 1).
(T2) Exty(T, 7)) = 0 for any set I.

(T3) There is an exact sequence

0 AT, T 0

where Ty, T7 € Add(T') and ¢ is a left Gen(T")-approximation.

The following proposition provides an alternative definition for tilting modules, which is
easier to work with. For that reason, we will for the most part use the alternative definition
throughout this thesis. See [CT95, Proposition 1.3(i)] for proof.

Proposition 2.2. An A-module T is tilting if and only if Gen(T) = T+'. The class Gen(T)
1s called a tilting class. O

Recall that for an A-module T, the subring Ann(7") C A consists of all a € A such that
at = 0 for all t € T. An A-module T is called faithful if Ann(7") = 0, or equivalently
if multiplication by elements of the ring A induce unique endomorphisms of 7. An easy
observation is that tilting modules are always faithful.

Lemma 2.3. Let T be a tilting A-module, then it is faithful.

Proof. Since T is tilting, there is an exact sequence

0 A", T, 0

where Ty, 71 € Add(T) and ¢ is a left Gen(T')-approximation. Let ¢ € Ann(T), then
a € Ann(Ty) since Ty € Add(T). But then ¢(a) = ap(1) = 0, so a € Ker(¢) = 0, so T is
faithful. O

Torsion classes play a critical role in tilting theory, and will be important also for the
theory of silting modules. We adopt the definition from [BRO7].



Definition 2.4. Let A be an abelian category, and 7, F two subcategories of A. We say
that (7, F) is a torsion pair if it satisfies the following:

(1) Homu(7,F) =0.
(2) For any M € A, there is a short exact sequence

0 T M F 0

where T'€ T and F € F.

If (T, F) is a torsion pair, we call T the torsion class and F the torsion-free class.
We will also say ”7T is a torsion class” if it appears as the first argument in some torsion
pair, and dually for a torsion-free class. It follows directly that F = 710 and 7 = Lo F.

We say that an object M € T is Ext-projective in 7 if M € T+1.

Lemma 2.5. Let (T,F) be a torsion pair in an abelian category A. Then the following
hold.

(1) T is closed under factors, extensions and coproducts.

(2) F is closed under subobjects, extensions and products.

Proof. (1) : Let T' € T, and consider a short exact sequence

0 M T M’ 0

Applying Hom 4(—, F) to the sequence, one sees that M’ € T, i.e. it is closed under factors.
Now, assume instead that M, M’ € T. The same argument as above shows that then T € T,
i.e. it is closed under extensions.

Finally, let {T;};cr be a family of objects in 7 and consider the coproduct @,.; T;. The
functor Hom 4 (—, F) takes coproducts to products, so we have

Homu(EP T, F) = [ [ Homa(T;, F) = 0
iel il
i.e. it is closed under coproducts.
(2) : The proof is dual to that of (1). O

Remark 2.6. For a torsion class 7, one can always form the torsion pair (77,7 °), and
dually for a torsion-free class. By [AK96, Section 1.2], a subcategory 7 of A which satisfies
property (1) in lemma 2.5 is a torsion class . Dually for torsion-free classes. Moreover, an
equivalent definition for torsion pairs is that Hom 4(7,F) = 0 and that they are maximal
with respect to that property.

The notion of left (or right) approximations will turn up frequently throughout this
thesis. Torsion classes 7 which provide left T-approximations will be of particular interest
later on. We now give an easy proof that they provide right 7-approximations by default
(and dually for torsion-free classes F).



Lemma 2.7. Let (T,F) be a torsion pair in an abelian category A. Then T (respectively
F) is contravariantly finite (respectively covariantly finite) in A.

Proof. Let M € A, then it fits in a short exact sequence

0—sT L s 9 Fr_ 49

where T € T and F € F. Let T € T and consider h € Hom (7", M). Clearly, gh = 0, so
h factors through T via f, thus f is a right T-approximation of M.
Similarly, one shows that g is a left F-approximation of M. O

The following definition of partial tilting modules is from [CT95].
Definition 2.8. An A-module T is said to be partial tilting if it satisfies:
(PT1) T™! is a torsion class.
(PT2) T € T+,

Remark 2.9. Note that if (PT1) holds for an A-module 7', then condition (PT2) is equiv-
alent to Gen(T) C T+t since Gen(T) consist of factors of direct sums of copies of T and
T+ is closed under factors and coproducts by lemma 2.5.

The following lemma shows that partial tilting modules satisfy some of the axioms of
tilting modules, which is not directly clear from the definition. The proof is based on [Tr192,
Lemma 1.2]

Lemma 2.10. Let T be a partial tilting A-module. Then it satisfies axioms (T'1) and (T2)
in definition 2.1.

Proof. (T1) : Let I = Homy(A,T) and consider the map v : AU — T, which is surjective
because for all ¢t € T there exists a unique map f : A — T with f(1) = ¢t. We will show
that K := Ker(u) is projective. The sequence

0 — K —— A 2,7 0

is exact. Let N € Mod(A) and apply the functor Hom4(—, N) to the sequence above to get
the long exact sequence

0 —— Homy(T, N) —— Homa (A, N) —— Homy(K, N) U

L Exty (T, N) —— BExt} (A", N) —— Ext}(K, N) U

[» Ext% (T, N) — Ext}(AD N) ———— ...

10



Since AU) is projective we have Extl(AU), N) = 0 = Ext% (A, N). Thus it follows from
the long exact sequence that Exth (K, N) = Ext% (T, N).
Next, let I(N) be the injective envelope of N, then the sequence
0O — N—— I(N) — I(N)/N — 0

is exact. Apply the functor Hom 4 (7', —) to the sequence above to get the long exact sequence

0 —— Homu(T, N) —— Homu(T, I(N)) —— Homu(T, I(N)/N) j

[» Exty (T, N) —— Exty(T,I(N)) —— ExtY(T,I(N)/N) j

L Ext4(T,N) —— Ext}(T,I(N)) ————— ...

Since I(N) is injective we have Ext (T, I(N)) = 0 = Ext% (T, I(N)). Thus it follows from
the long exact sequence that Extl (T, I(N)/N) = Ext% (T, N).
Now we have
Extl (K, N) = Ext}(T, N) = Exty (T, I(N)/N).

Since I(N) is injective, we have I(N) € T, and since T is closed under factors we also
have I(N)/N € T+1. Thus ExtY (K, N) = 0 for all A-modules N, so K is projective. Then
the following is a projective presentation of 7' of length 1, finishing the proof

0 — K —— AD 27 50

(T2) : Since T € T+t and T is closed under coproducts, we have TU) € T4 for any
set I. O

We give a short proof showing that taking the direct sum of a partial tilting module T
with certain modules 7" preserve the partial tilting property.

Lemma 2.11. Let T be an A-module. If T is partial tilting and T’ a projective-injective
A-module, then T =T ® T' is partial tilting.

Proof. Let X be an A-module, then ExtY (7", X) = 0 since T" is projective. Therefore we
have 3
Extl (T, X) = Ext!{(T, X) @ Ext}(T', X) = Ext4 (T, X)

so T+t = 711, Then we have that T is a torsion class since T2 is a torsion class.
Finally, since T" is projective-injective and T is partial tilting, we have

Exth(T,T) = Exty (T, T) ® Exty(T,T") ® Ext}(T", T) ® Ext}y (T, T") = 0

soT €T, O

11



By remark 2.9 we have Gen(T) C T for a partial tilting A-modules T. The class T
is then by definition a torsion class, and the following lemma shows that then so is Gen (7).

Lemma 2.12. If an A-modules T satisfies Gen(T) C T, then (Gen(T), T0) is a torsion
pair.
Proof. Clearly we have Hom4(Gen(T), T-°) = 0. By remark 2.6 it is then sufficient to show
that
Gen(T) = Lo (T0) (2.1)
(Gen(T))*o = T+0 (2.2)
First we show (2.2). Let N € (Gen(T))°, and since T € Gen(T) we have N € T-o.
Conversely, if N € T+0, then clearly N € (Gen(T))*° as Gen(T') consists of A-modules of
the form TW /K for some K € Add(T).

We are then left to show (2.1). First we show Gen(T) C Lo(T+0). Let M € Gen(T),
then there is a surjection ¢ : TU) — M for some set I and an induced short exact sequence

0 —— Ker(o) YA LI SN
Let N € T+0 and apply Homy(—, N) to the sequence above, yielding
0 —— Homy (M, N) —— Hom (T, N) —— Homy(Ker(¢),N) — ...
Since Hom4 (T, N) 2 [, Homa(T, N) = 0, we have that Hom4 (M, N) = 0, and thus
M € Lo(To),

We now show the inclusion +0(7+0) C Gen(T). Let M € +0(T+0), and consider the
following exact sequence where Trp(M) = 37,5, Im(f) denotes the trace of T' in M

0—— TI‘T(M) M u M/TI‘T(M) — 0

~

Apply Hom (T, —) to the sequence to get a long exact sequence

0 —— Homy(T, Trp(M)) —— Homa(T, M) ——— Hom (T, M/ Trr(M)) U

L ExtY (T, Trp(M)) ————— 0

Clearly, Trr(M) € Gen(T), so Extl (T, Trr(M)) = 0. Furthermore, because T, is then
surjective, any map f : T — M/ Trp(M) factors through = : M — M/ Trp(M) via some
map f': T — M. That is, there exists an f’ such that the following diagram commutes.

T
s

M T M Tep(M)

12



But Im(f’) C Trp(M), so nf' =0 = f for all such maps f. Therefore we have
Hom (T, M/ Trp(M)) =0
that is M/ Trp(M) € T+0. Since M € Lo(T+0), we have
Homu (M, M/ Trp(M)) = 0.
In particular, 7 = 0 and so Trp(M) = M which means M € Gen(T). O

We will, without reference, frequently use the fact that Gen(T)) is a torsion class in the
later proofs given that Gen(T') C T+!.

An important result due to Bongartz states that a partial tilting module P € mod(A)
for some finite dimensional k-algebra A, is in fact a direct summand of a tilting module T,
which is known as the Bongartz completion of P. It also holds true in Mod(A), which was
proven in [CT95]. Later in this thesis we will present some lemmas with similar statements,
but for other sorts of modules, specifically completing 7-rigid A-modules to 7-tilting A-
modules and completing partial silting A-modules to silting A-modules. For context, we
present the theorem for Mod(A), see [CT95, Theorem 1.9] for the proof.

Lemma 2.13. Let P € Mod(A). Then P is a partial tilting A-module if and only if P is
a summand of a tilting A-module T such that Pt = T1.

2.2 r7-tilting modules

In this section we give a condensed introduction to 7-tilting which was introduced in [AIR14].
Most of the results presented here are from [AIR14], and we will explicitly say so when we
include results from other sources. As 7-tilting is not the main focus of this thesis, not all
presented results will be proven. Rather, we give the proofs when they contain important
constructions. Throughout this section, A will be a finite dimensional algebra over an
algebraically closed field k.

The main purpose of this section is to provide the motivation for the concept of silting
modules. The properties of silting modules will in many cases be analogous to certain
properties of 7-rigid and support 7-tilting modules, therefore it is beneficial to be somewhat
familiar with 7-tilting theory before consider the silting modules. In particular, theorem
2.37 shows that the conditions for 7' € mod(A) to be 7-rigid or support 7-tilting will have
equivalent conditions in Mod(A), thus making a rather explicit motivation for the definition
of silting modules.

Let M € mod(A), we denote by add(M) (respectively gen(M) and sub(M)) the subcat-
egory of mod(A) consisting of all direct summands (respectively factors and submodules)
of finite direct sums of copies of M. For a subcategory T of mod(A), we denote by P(T)
the direct sum of one copy of each of the indecomposable objects in 7 which are proj Ext-
projective in T .

13



First, we give the construction of the AR-translation 7. From the dualities

D := Homy(—, k) : mod(A) — mod(A)°P
(—)* := Homp(—, A) : proj(A) — proj(A)°P

we construct the Nakayama functor
v:= D(—=)" : proj(A) — inj(A)

The Nakayama functor plays an important role in representation theory. In particular,
it is necessary for the theory of 7-tilting as we shall see later. First we prove a lemma
showing the existence of an important isomorphism (invertible natural transformation in
fact) involving v.

Lemma 2.14. Let P € proj(A), then
Homp (X, vP) = D Homy (P, X)
for all X € Mod(A).

Proof. From tensor-hom adjunction, we have that
Homy (X, vP) = Homu (X, DHomp (P, A)) = D(Homy (P, A) ®p X) (2.3)
To complete the proof we prove that the following morphism is an isomorphism.

® : Homy (P, A) ®)y X — Homy (P, X)
fore— f(-)z

Suppose that ®(f @ z)(p) = f(p)x = 0 for all p € P, then f = 0 or x = 0 in which case
f®xz =0. The map @ is therefore injective. To prove that it is surjective, we need that P is
a finitely generated projective module. Let P = (p1,pa,...,pn) and f : A" — P a surjective
map such that f(A1, Aa,..., An) = D, Aips. Since P is projective and f surjective, there
also exists a map f’ : P — A" such that 1p = ff’. We have p = Y | \;jp; for all p € P,
and f'(p) = D7 Ai. We also have component maps f/ : P — A such that f/(p) = \;.
Thus, for any p € P we have p =Y.' | f/(p)pi.

Let g € Homp (P, X), and consider the element Y ;" | (f/ ® g(p;)) € Homa (P, A) @5 X.
Then we have

(> (flogm) ) =>_ Hpglp) =D Xiglpi) = > _ g(Xipi) = g(p)
i=1 i=1 i=1 i=1
so the map @ is surjective and thus an isomorphism. Picking up from equation 2.3, we have

Homy (X, vP) = D(Homp (P,A) ®, X) = D Homy (P, X)

and we are done. O

14



Remark 2.15. The isomorphism above is usually proved for X € mod(A), but it only de-
pends on P being finitely generated and projective. Additionally, we need the isomorphism
for large modules X € Mod(A) later in this section, so we stated the lemma in that way.

Let M € mod(A) and P_; 2= Py 2% M — 0 be a minimal projective presentation of
M. Applying the duality (—)* to p_; yields a map p* : P§ — P*;. The module Cok(f*)
is called the transpose of M and denoted by Tr M.

The following proposition gives the existence of a particularly important functor, which
relies on the functor v as mentioned earlier.

Proposition 2.16. Let P_; LN Py 2% M — 0 be a minimal projective presentation of a
non-projective A-module M. Then there is an exact sequence.

00— DTM —— v(P1) "2 uipy) 2% i) —— 0

Proof. Apply (—)* to the sequence P_q Lt Py 2% M — 0 to get an exact sequence

0 M P pr 2 opy TTM — 0

Then, applying D to the sequence yields the desired exact sequence. O

We following functors are called the Auslander-Reiten translations, shortened to
AR-translations.

7:=DTr(—) : mod(A) — mod(A)
77 :=Tr(—)D : mod(A) — mod(A)

where mod(A) denotes the stable category modulo projectives and mod(A) the costable
category modulo injectives. They have the same objects as mod(A), but the vector spaces
Hom, (X,Y) (respectively Homy(X,Y)) are quotients of Hom(X,Y) by all morphisms
X — Y which factor through a projective (respectively injective) A-module. There also
exists isomorphisms known as the Auslander-Reiten formulae, see [ASS06, Theorem
2.13]

Ext} (X,Y)) & DHom, (77Y, X) = DHomy (Y, 7X) (2.4)

Let’s look at an easy example of the use of 7 in the representation theory of quivers.

Example 2.17. Let k£ be an algebraically closed field, I' be the quiver

1 — 2

and let A = kI" be the path algebra over I'. There are three indecomposable modules over
A which corresponds to the following representations

P2:0*>k Plzk*>k Ilzk*>0
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and P; = I». Now, I; admits the minimal projective presentation

0 P P I 0
and so
7Ih =Ker(vPy — vP) =Ker(I} — 1) = P
by proposition 2.16.

The following lemma will be useful later.

Lemma 2.18. Let M € mod(A). Then Tr DM = 7~ M has no non-trivial projective
summands and D Tr M = M has no non-trivial injective summands.

Proof. We prove that Tr DM has no non-trivial projective summands. The proof for D Tr M
is dual.

Let M € mod(A) and P_; LN Py - M — 0 a minimal projective presentation of
M. Then Tr M = Cok(p*_l) where p*, : Py — P*,. If Tr M has a non-trivial projective
summand Q*, then 0 — @Q* is a summand of Py — P*;. But since (—)* = Homy(—,A)
is an equivalence taking finitely generated left A-modules to finitely generated right A-
modules, it follows that ) — 0 is a summand of P_y — Py, which contradicts the fact
that it is a minimal projective presentation of M. Thus, Tr M has no non-trivial projective
summands. O

We now define the main objects under consideration in this section.
Definition 2.19. Let M in mod(A). We say that M is
o 7-rigid if Hom (M, 7M) = 0.

e 7-tilting (respectively almost complete 7-tilting) if M is 7-rigid and |M| = |A]
(respectively |[M| = |A| — 1)

e support 7-tilting if there exists an idempotent e € A such that M is 7-tilting as a
(A/{e))-module.

The following definition and proposition allows for easier arguments later on.
Definition 2.20. Let M € mod(A) and P € proj(A), then the pair (M, P) is called a
(1) 7-rigid pair if M is 7-rigid and Homp (P, M) = 0.

(2) support 7-tilting (respectively, almost complete support 7-tilting) pair if (M, P) is
7-rigid and |M| + |P| = |A| (respectively, |M| + |P| = |[A] — 1).

A 7-rigid or support 7-tilting pair does in fact correspond bijectively to 7-rigid or support
7-tilting modules, as one might expect. We include the following proposition from [AIR14,
Proposition 2.3(a)] as a reference point, but we will not present the proof as it relies on
several properties which we have not considered.
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Proposition 2.21. Let (M, P) be a pair as above and e € A some idempotent such that
add(P) = add(Ae). Then (M, P) is a T-rigid (respectively, support T-tilting, almost com-
plete support T-tilting) pair if and only if M is a T-rigid (respectively, T-tilting, almost
complete T-tilting) module over A/(e). O

We also include the following proposition from [Jasl5, Proposition 2.14] which states
that support 7-tilting modules are precisely those which admit certain left approximation
sequences. The proof is excluded as it would take us outside of our scope, but the result
provides some motivation for the studying of quasitilting modules in section 3.1.

Proposition 2.22. Let T € mod(A) be T-rigid. Then T is a support T-tilting A-module if
and only if there exists an exact sequence

JEA AN 0
where Ty, Ty € add(T') and f is a left add(T')-approximation of A. O
The following proposition collects some useful properties from [Sma84, Theorem)].

Proposition 2.23. Let (T,F) be a torsion pair in mod(A). Then the following are equiv-
alent

(1) T is functorially finite in mod(A).
(2) T = gen(X) for some X in mod(A).
(3) P(T) is a tilting (A/ ann(T))-module.

(4) T = gen(P(T)).

Proof. The first three conditions are equivalent by [Sma84].

(4) = (2): Tt is clear.

(3) = (4): We first show gen(P(7)) C 7. We have by definition P(7) C 7. The
category gen(P(T)) consists of factor modules of P(7)" for some n € N. Since P(7) C T
and 7T is closed under coproducts and factors, we have that gen(P(7)) C 7.

We now show the converse. Since P(T) is tilting over A/ann(7), there is an exact

sequence

¢

0 —— A/ ann(T) To T1 0

where Ty, T1 € add(P(T)). Take any X in 7 and a surjection f : (A/ann(7))¥ — X. Then
because Ext} (P(7)*, X) = 0 we also have Ext} (TF, X) = 0. Applying Homy (—, X) to the
sequence above we get an exact sequence

0 —— Homp (TF, X) —— Homp (T, X) —— Homyp ((A/ann(7))*, X) —— 0

and we see that the map f factors through ¢* via a surjection f’ : Té“ — X, thus X €
gen(P(T)). O
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This next lemma from [AS81, Proposition 5.8] shows that for two A-modules M, N we
have N € +0(7M) if and only if gen(N) C M1,

Proposition 2.24. Let M, N € mod(A), then the following are equivalent.
(1) Exti(M,N") =0 for all factor modules N' of N.
(2) Homy (N',7M) = 0 for all factor modules N' of N.
(3) Homp (N, 7M) = 0.
Proof. (1) <= (2) : By the Auslander-Reiten formulae, we have
Homy (X, 7Y) = D Ext} (Y, X)

for all X,Y € mod(A). Since D is a duality, in particular Homy (X,Y) — D Homy (X,Y)
is a bijection, it follows that D Ext} (Y, X) = 0 if and only if Ext} (Y, X) = 0. The claim
then follows.

(3) = (2) : If Homp (N, 7M) = 0, then Homy (N’, 7M) = 0 for all factor modules N’ of
N and clearly also Homy (N', 7M) = 0.

(2) = (3) : Suppose that f: N — 7M is a non-zero map, then N’ = Im(f) is a factor
module of N which induces a monomorphism g : N’ — 7M. Let I(N’) be an injective
envelope of N’, and suppose that g factors through an injective module I. It then follows
that g factors through I(N’) as indicated by the dashed arrow in the following diagram

N —— 5 (N

S

™M

Let h = hgoj so that we have the following commutative diagram

N —— I(N')

b A

™M

Now, if Ker(h) = 0, then h is a monomorphism starting in an injective, so it splits and
I(N’) is a direct summand of 7M, which is a contradiction by lemma 2.18, so Ker(h) # 0.
Since N’ is an essential submodule of I(N’), we have that N’ N Ker(h) # 0. But then, the
composition hi = g is not a monomorphism, which is another contradiction. Therefore, g
does not factor through an injective module.

Thus, if Homa (N’,7M) = 0 for all factor modules N’ of N, then we have
Homy (N, 7M) = 0. O
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We collect a few results from [AS81] which are useful when studying 7-tilting theory,
specifically as it characterizes 7-rigid modules. We do not present the proofs.

Proposition 2.25. Let X, € mod(A). Then the following are equivalent.

(1) gen(X) is closed under extensions.
(2) Exti (X, X") = 0 for all factor modules X' of X.
(3) X is T-rigid.

Proof. (1) <= (2) : See [AS81, Proposition 5.5].
(2) <= (3) : Follows directly from proposition 2.24. O

Note that (2) says gen(X) C X*1. The following theorem from [AS81, Theorem 5.10] is
similar to lemma 2.12, but stronger in that gen(X) is actually a functorially finite torsion
class.

Theorem 2.26. Let X € mod(A). If any of the equivalent conditions in proposition 2.25
hold, then gen(X) is a functorially finite torsion class in mod(A) and X € add(P(gen(X))).

Proof. The first part of the statement is precisely [AS81, Theorem 5.10]. Concerning the
last statement, X is a A-module such that Ext} (X, gen(X)) = 0. We have X = @}, X;
as a sum of indecomposable A-modules X;, and let Y € gen(X). Then since Ext}(—,Y)
commutes with finite direct sums, we have

n n
Ext)(X,Y) = Exty (@ X, Y) = @ Extj (X;,Y) = 0.
i=1 i=1
Clearly we have X; € gen(X), so then we have X; € P(gen(X)) and thus X € add(P(gen(X))).
O

The following is a direct consequence of the previous theorem.
Proposition 2.27. Let X,Y be 7-rigid A-modules. Then the following hold.
(1) X] < |A] and |Y] < Al
(2) If X € add(Y) and | X| > |Y|, then add(X) = add(Y").

Proof. (1) : By theorem 2.26, if X is 7-rigid then X € add(P(gen(X))) which implies that
| X| < |P(gen(X))|. Furthermore, since P(gen(X)) is a functorially finite torsion class in
mod(A), we have by proposition 2.23 that P(gen(X)) is a tilting A/ann(gen(X))-module.
That is,

|P(gen(X))| = |A/ann(gen(X))| < [A].

It then follows that |X| < |A|. Similarly for Y.

(2) : Surely, if X € add(Y") then also add(X) C add(Y). In particular, every indecom-
posable direct summand of X is also an indecomposable direct summand of Y. Therefore
| X| < |Y], and so we get | X| = |Y|. We conclude then that add(X) = add(Y). O
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The A-module P(T) for a subcategory 7 will play an important part in one of the main
theorems of [AIR14]. We have already seen in proposition 2.23 that if 7 is functorially finite
then P(T) is tilting over A/ ann(7) and that P(T) generates 7. The next proposition gives
another property of P(T), but does not require 7 to be functorially finite.

Proposition 2.28. If T is a torsion class in mod(A), then P(T) is a T-rigid A-module.

Proof. Let T be a torsion class. Then since P(7) is a direct sum of modules X € 7 and
T is closed under coproducts, we have P(7T) € T. Furthemore, since Ext}(—,7) turns
coproducts into products, and each summand X of P(T) satisfies Ext} (X, 7) = 0 we have
Ext} (P(T),7T) =0. Let Y € gen(P(T)), so there is a surjection ¢ : P(T)" — Y for some
n € N, then Y € 7 since T is closed under factors. Then we have Ext}(P(7),Y) = 0 for
all Y € gen(P(T)). By proposition 2.25 we have that P(7) is a 7-rigid A-module. O

In light of theorem 2.26, we begin to see a connection between (functorially finite) torsion
classes and 7-rigid modules. The follows proposition gives a more concrete approach to
determining if a A-module X is 7-rigid, as well as when Homa(Y,7X) = 0 for some A-
module Y.

Proposition 2.29. Let X lie in mod(A) and let P_; =% Py 2% X — 0 be a minimal
projective presentation of X, then the following hold.

(1) For any Y € mod(A), there exists an exact sequence

D *
0 —— Homp (Y, 7X) —— DHomy(P-1,Y) ﬁ D Homy (FPy,Y) 7

& D(p)
DHomp(X,Y) ———— 0

(2) For anyY € mod(A) Homy (Y, 7X) = 0 if and only if the morphism
Homy (P, Y) RN Homp (P-1,Y) is surjective.
(3) X is T-rigid if and only if Homp (Py, X) LN Homy (P-1, X) is surjective.
Proof. (1) : By proposition 2.16, there is an exact sequence

00— 7X —— v(P_y) "2 y(Ry)

Applying Homy (Y, —) to the sequence, and using lemma 2.14 we have the following com-
mutative diagram with exact rows.

0 — Homy (Y, 7X) — > Hom (Y, v(P_1)) “2=% Homy (Y, v(Ry))

//

DHoma(P_1,Y) —2=% DHoma(Py,Y) —%2 D Homy (X,Y) — 0
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which completes the proof.
(2) : It follows from the exact sequence in (1). Indeed, if Homy (Y, 7X) = 0, then

D *
DHoma(P_1,Y) 224 D Homy (P, V)

is injective, which means that

Homa (Py, X) —— Homy (P_1, X)

is surjective. Similarly one shows the converse.
(3) : It follows from (2) replacing Y with X. O

Denote by s7-tilt A the set of isomorphism classes of basic support 7-tilting A-modules,
and f-tors A the set of functorially finite torsion classes in mod(A). We conclude this section
with a theorem from [AIR14, theorem 2.7], giving an explicit bijection between s7-tilt A and
f-tors A.

Theorem 2.30. There is a bijection
sT-tilt A «—— f-tors A
given by
sT-tilt A 5 T +— gen(T') € f-tors A
f-tors A T — P(T) € st-tilt A

Proof. Let T be a functorially finite torsion class in mod(A). By proposition 2.28 we have
that 7= P(T) is a 7-rigid A-module. Let e € A be an idempotent which is maximal such
that 7 C mod(A/{e)). Then we have

[A/(e)| = |A/ ann(T)|

and since T is a tilting A/ ann(7)-module by proposition 2.23 we have that |A/ann(7T)| =
|T|. Then (T, Ae) is a 7-rigid pair since T is 7-rigid and Homy (Ae, T) = 0. Furthermore, it
is a support 7-tilting pair since

|T| + |Ae| = |A/ann(T)| + |ann(T)| = |A|

and so T is a support 7-tilting A-module. Furthermore, by proposition 2.23(4) we have
T = gen(P(T)).

Conversely, let T' be a support 7-tilting A-module, i.e. T is a 7-tilting A/(e)-module for
some idempotent e € A. In particular T is 7-rigid, so by theorem 2.26 we have that gen(T")
is a functorially finite torsion class in mod(A/{e)) such that 7' € add(P(gen(7"))). Then
P(gen(T)) is a 7-rigid A/(e)-module by proposition 2.28. By proposition 2.27 we have

[P(gen(T))| < [A/(e)| = [T
and add(7T) = add(P(gen(T))). Thus, T' = P(gen(T)). O
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Given a 7-rigid A-module U, there exists a 7-tilting A-module T such that U is a direct
summand of T, i.e. it’s possible to complete U to a 7-tilting module. This is the analog
of Bongartz completion for 7-tilting modules, see [AIR14, Theorem 2.10]. We state the
theorem without proof, and instead give an example.

Theorem 2.31. Let PU be a 7-rigid A-module. Then T := +(7U) is a sincere functorially
finite torsion class and T := P(T) is a 7-tilting A-module satisfying U € add(T') and
L(7T) = gen(T). O

Example 2.32. Let k be an algebraically closed field, I' the quiver

1L>2L3

and A = kT" the path algebra over I'. Then the AR-quiver of A = kI' is

SN
A

Let U = Py®I5, which is 7-rigid. Then 7U = P», and let T = 10(7U) = add({ Py, I2, S2, S1}).
We show that the A-module P(T) is 7-tilting. We have Ext} (P, 7) = 0 since P; € T is
projective, and so P; is a direct summand of P(7). We have the following projective
presentations of Iy, .Ss, 51 respectively.

0—-P3—P—1,—=0 (2.5)
0—>P;3— P, —5—0 (2.6)
0—)P2—>P1—>S1—>0 (27)

Applying Homy (—, S2) to the sequences (2.5) and (2.6) we get the following exact sequences
respectively.

0— HOHIA(IQ, SQ) —>HOH1A(P1, SQ) — HOHIA(Pg, SQ) — Ethlx(Ig, Sg) —0 (2.8)
0— HOIIIA(SQ, Sg) —>H0mA(P2, Sg) — HOInA(Pg, SQ) — EXt}‘(SQ, SQ) —0 (2.9)

Since Homp(P3,S2) = 0, sequence (2.8) gives us that Ext}(ls,S2) = 0. Furthermore,
EXt}X(IQ,{Pl,IQ,Sl}) = 0 since Pp, 15,57 are all injective. Thus, Is is a direct summand
of P(T). Similarly, one gets that Sy is a direct summand of P(7) by the sequence (2.9).
Finally, applying Homu (—, S2) to sequence (2.7) one sees that Ext} (S, 92) # 0, so S is not
a direct summand of P(7). Then, we conclude that P(7) = P, @ I» ® Ss is the Bongartz
completion of U = P; & I. Clearly it is 7-tilting.

Note that Py @ I» @ S is also a 7-tilting module, but not the Bongartz completion of U.
One can obtain this second 7-tilting module from the first by a process known as mutation,
which is another topic in [AIR14]. O
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We conclude this section with an important theorem which will be crucial when we
consider silting modules in section 3. The aim is to generalize the notions of 7-rigid, r-tilting
and support 7-tilting to arbitrary rings A and arbitrary A-modules. Since the Auslander-
Reiten translation 7 does not exist in Mod(A) for arbitrary rings, we need descriptions of
the aforementioned notions which does not rely on 7. There are three particular results we
need, which we will present here without proof as they take us somewhat outside of our
scope. First, we need a more general version of the Auslander-Reiten formula. We state a
proposition from [Kra03, Corollary 2 on p.269] which provides that.

Proposition 2.33. Let X be a finitely presented A-module and Y an arbitrary A-module.
Then there is an isomorphism

DExt}(X,Y) = Homy (Y, 7X).
O

Note that A is both artinian and noetherian, and thus any finitely generated A-module
is also finitely presented. Indeed, if there is a surjection A™ — M, then A™ is notherian and
so the kernel of the map is again finitely generated, thus M is finitely presented.

We also need the following proposition from [AIR14, Corollary 2.13]

Proposition 2.34. Let (M, P) be a T-rigid pair in mod(A). Then (M, P) is a support
T-tilting pair if and only if o (M) N PLo = gen(M). O

Remark 2.35. Recall that P = Ae for some idempotent e € A by proposition 2.21, and
let d : P_1 — Py be a minimal projective presentation of M. Since Homy (Ae, M) = 0, then
also d' : P_1 ® Ae — P, is a projective presentation of M.

The category -0(7M) N P10 then consists precisely of those finitely generated
A-modules X such that Homy (d, X) is surjective. It follows easily by proposition 2.29.

We also need the following proposition from [Marl5, Proposition 7.4.2]

Proposition 2.36. If (T,F) is a torsion pair in Mod(A) and Ty = T N mod(A) is a
functorially finite torsion class (respectively if Fo = F N mod(A) is a functorially finite
torsion-free class) in mod(A). Then (T, F) is the unique torsion pair in Mod(A) such that
To €T and Fo C F. O
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Now we give the theorem from [HMV15, Theorem 2.5]. Note that we now use the
notation Gen(T"), meaning factors of direct sums of arbitrarily many copies of 7.

Theorem 2.37. Let T € mod(A) and let o : P_1 — Py be a minimal projective presentation
of T. Then the following hold.

(1) Let M € Mod(A), then Homp(M,7T) = 0 if and only if the morphism of abelian

groups Homy (o, M) is surjective.
(2) Homp (T, 7T) = 0 if and only if Gen(T) C T,

(8) T is support T-tilting if and only if Gen(T') consists of the A-modules M such that
Homy (o', M) is surjective, where o' is the following projective presentation of T

P_1 ® Ae @) P()

for a suitable idempotent e € A.

Proof. (1) : The proof is exactly the same as the proof for proposition 2.29(2), using lemma
2.14 and remark 2.15.

(2) : The proof is very similar to the proof of proposition 2.24 with the replacements
M =T and N = TU for some set I. The only different part is the first equivalence, which
then uses the generalized Auslander-Reiten formula from proposition 2.33. We have

D Ext}(T,T") = Homy (1", 7T)

for any T' € Gen(T). Then Ext} (T,7’) = 0 if and only if Homy(7”,7T) = 0. The rest of
the arguments are the same as in the proof of proposition 2.24 with the replacements above.

(3) : By proposition 2.34 and remark 2.35 we have that 7" is support 7-tilting if and only
if

gen(T") = Gen(T") N mod(A)

consists of the finitely generated A-modules M for which Homy (¢/, M) is surjective.

If Gen(T') C Mod(A) consists precisely of the A-modules M such that Homy (¢/, M) is
surjective, then T is support 7-tilting by the equation above.

We prove the converse, so suppose that T' is support 7-tilting. Then T is 7-rigid, and
by (2) we have Gen(T) C T, which by lemma 2.12 implies that

(Gen(T), T+0) (2.10)
is a torsion pair in Mod(A). Then there is an induced torsion pair in mod(A) given by
(gen(T), TH° N mod(A)). (2.11)

The next step is to show that the subcategory 7 C Mod(A) consisting of all A-modules

M such that Homp (o', M) is surjective is a torsion class, giving rise to the following torsion
pair in Mod(A).

(T,F) (2.12)

24



Then because gen(7T) = 7 Nmod(A), we also have T° Nmod(A) = F Nmod(A). Since
torsion pair (2.11) is then contained in both torsion pairs (2.10) and (2.12), with respect to
their torsion and torsion-free classes of course, we can invoke proposition 2.36 to conclude
that Gen(T') = 7. This finishes the proof.

To show that 7 is a torsion class, we have to show that it is closed under factors,
extensions and coproducts by remark 2.6.

Proving that 7 is closed under factors: Let M € Mod(A) such that Homy (¢/, M)
is surjective, and M’ a factor of M with the canonical projection 7 : M — M’. Let
(R}, h%) : P_y@®Ae — M’ be a morphism, then since P_; @ Ae is projective and 7 surjective,
it lifts to a morphism (hi, ha) : P_1 @ Ae — M such that (h}, h}) = 7(h1, he). But we have
Homy (Ae, M) = 0 by assumption, and so therefore we get ha = 0 = hf, as indicated by the

following diagram.

P19 Ae ﬂ) Py

-
-
-

M s M’ > 0

Furthermore, since Homy (¢/, M) is surjective, there is a morphism p : Py — M such that
(h1,0) = p(0,0), and then we also have

(h},0) = m(hy,0) = 7p(c,0) = (7pa,0)

so Homy (o, M) is surjective as well.

Proving that 7 is closed under extensions: Let M;, My € Mod(A) such that
Homy (o7, M;) is surjective for ¢ = 1,2. Consider a short exact sequence in Mod(A4) and
suppose there is a morphism from P_1 @ Ae to the middle term, as indicated in the following
diagram

P_1 @® Ae ﬂ) P()
l(hlth)
0 s M, — s x — 9 0

By assumption, the composition g(hi,h2) factors through (o,0) via some morphism p :
Py — Ms,. We then have

9(h1,h2) = p(0,0) = (po,0).
In particular, ghs = 0 and so ho factors through f via some map Ae — M;j. Since
Homy (Ae, M7) = 0 by assumption, we have hy = 0.

Since Py is projective and g is surjective, there is a morphism p’ : Py — X such that

p = gp’, which gives us

9(h1,0) = p(0,0) = (990, 0)

and so (h_1 — p'o) factors through f via some morphism ¢ : P_y — My, indicated by the
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following diagram

P1®Ae —=

(q,0 l(hy l

0 0

Finally, since Homy (o/, M) is surjective, the morphism (g,0) factors through (o,0) via
some morphism ¢’ : Py — Mj, which then gives us the following

=fqg+po=fdo+po=(fd+1)o

and therefore we have that Homy (0/, X) is surjective.

Proving that 7 is closed under coproducts: Let {M;};c; € Mod(A) be modules
such that Homy (o’ M;) is surjective for all ¢ € I. Then Homp (o', @, M;) is surjective if
and only if we have

Homp (P_; @A@, @ M;) = @HomA(P_l @Ae, M;)
el i€l

and

Homy (Po, @ M) = @D Hom (Po, M;)
icl icl

By lemma 3.13(2), the isomorphisms above hold, and so T is closed under coproducts.
Then 7T is a torsion class, and we are done. O

2.3 Support 7-tilting modules and 2-term silting complexes

In this section we present some of the main results from section 3 in [AIR14], show-
ing correspondences between support 7-tilting in mod(A) and 2-term silting complexes in
K®(proj(A)). It is of particular interest to us as silting modules in Mod(A) turn out to be
in bijection with 2-term silting complexes in K®(Proj(A)), as we shall see in section 5.2.

Let A be a finite dimensional k-algebra. A complex o in K®(proj(A)) will be called
2-term if it is concentrated in degrees —1,0.

Definition 2.38. Let P € K®(proj(A)).
(1) We call P presilting if Hom s (,r5(ay) (£ P[i]) = 0 for all i > 0.

(2) We call P silting if it presilting and satisfies thick(P) = K°(proj(A)), where thick(P)
is the smallest subcategory of K®(proj(A)) which contains P and is closed under cones,
[£1], direct summands and isomorphisms.

(3) We call P partial silting if it is a direct summand of a silting complex.

An example of a silting complex in K°(proj(A)) is the stalk complex A.
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Proposition 2.39. Let P be a basic silting complex in K°(proj(A)), then |P| = |A|.

Proof. By [AI12, Theorem 2.28], any two silting objects T, T" satisfy |T| = |T’|. Now, since
A = @}, P, where each P; is an indecomposable projective A-module and A is silting, then
for any basic silting complex P we have |P| = |A]. O

Here we present another analog of Bongartz completion, but for 2-term silting complexes.

Proposition 2.40. Let P be a 2-term presilting complex in K°(proj(A)). Then the follow-
ing hold

(1) P is a direct summand of a 2-term silting complezx.
(2) P is silting if and only if |A| = |P|.

Proof. (1) : We follow the proof in [Aih13, Proposition 2.16]. For the sake of simplicity, we
write K := K°(proj(A)).

The stalk complex A is silting in K?(proj(A)), as is A[1]. First note that P € A+>° and
A[1] € P+>0. Now, take a triangle

Q P —25 Afl] Q[

where P’ € add(P) and ¢ is a right add(P)-approximation of A[1], and set T := P® Q. We
first prove that T is presilting in two steps, then verify that thick(7") = thick(A[1]), thus
showing that T is silting.

(i) We first show that Homg (P, Q[i]) = 0 for all 4 > 0. There is an exact sequence

Homp (P, P'[i — 1)) RULN Homp (P, Afi]) j

[» Hompg (P, Q[i)) ——— Hompg (P, P'[i])
D e Y —

=0

The last term is 0 because P is presilting, and ¢[i]. is surjective because any map P — A[i]
factors through the right add(P)-approximation ¢[i]. Thus, we have Homg (P, Q[i]) = 0 for
all ¢ > 0.

(ii) Next, we show that Homg (@, T'[i]) = 0 for all i > 0.

There is an exact sequence

N———

Hompg (P, T[i]) ——— Homg(Q, TYi]) 7

L Homg (A, T[i]) —— Hompg (P'[-1],Ti])

/

=0
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By (i) we have Homg (P, Q[i]) = 0 for all ¢ > 0, then since P is presilting and P’ € add(P)
we have
Homg (P, Qli]) = 0 = Homg (P', P[i]) for all i > 0.

Therefore, Homg (P, T[i]) = 0 for all ¢ > 0, so the first and last terms in the exact sequence
above are 0. Then we get the isomorphism

Hompg (Q,T[i]) = Hompg (A, Ti]). (2.13)
Furthermore, there is an exact sequence

Homy (A[1], A[1 + i) —— Hompg (A[1], Qfi + 1)) —— Homy (A[1], P'[i + 1])

=0 =0

The first term is 0 because A[1] is silting, and the last term is 0 because P’ € add(P) and
P € A>0 as mentioned in the beginning of the proof. So then

Homy (A[1], Q[i + 1)) = 0 = Homg (A[1], Pli + 1])  for all i > 0.

By the isomorphism 2.13, we then have Homg (Q, T'[i]) = 0 for all ¢ > 0.
By combining the fact that P is presilting with the properties (i), (ii), we have

Hompg (T, T[i]) = Homg (P, P[i]) ® Homg (P, Qli]) ® Homg (Q,T[i]) = 0

so T is presilting.

Furthermore, since T'= P @® Q and P’ € add(P) clearly both @, P’ € thick(T"). Then
by the first triangle, also A[1] € thick(7"). But A[1] is silting, and since thick(A[1]) is the
smallest triangulated thick subcategory of K®(proj(A)) containing A[1], we have

K®(proj(A)) = thick(A[1]) C thick(T).
But thick(T) is a subcategory of K°(proj(A)), so we then conclude that
thick(T") = thick(A[1]) = K°(proj(A))

and T is silting with P as a direct summand.

(2) : By proposition 2.39, if P is silting then |P| = |A|. Conversely, suppose that P is
presilting with |P| = |A]. Then by (1), there exists a complex P’ such that P& P’ is silting.
But then again by proposition 2.39, we have |P & P’| = |A| = |P|. So in fact, P’ € add(P),
so P is silting. O

The following lemma is useful in the context of 7-tilting as the concept of 7-rigid modules
is correlated to presilting complexes. Furthermore, the equivalent statements translate very
well to the concepts of silting modules and large silting complexes in sections 3 and 5.2.
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Lemma 2.41. Let M, N € mod(A), and let P_; LEN Py 2% M and Q-1 a1, Qo DOy N be
minimal projective presentations of M and N respectively. Consider the 2-term complexes
P and Q induced by the presentations. Then the following are equivalent.

(1) Homy (Py, N) e Homp (P-1, N) is surjective.
(2) Homp(N,7M) = 0.

(3) Home(prOj(A))(P,Q[l]) =0.

Proof. (1) < (2) : It follows directly by proposition 2.29(1).

(2) = (3) : Let f € Homgo(proj(a)) (£ Q[1]), determined by f € Homa(P-1,Qo). Then
qof € Homp (P_1, N), and since p*; is surjective, there exists a map g : Py — N such that
qof = gp—1, i.e. the following diagram commutes.

Since Py is projective, the map g lifts to some map hg : Py — Qo such that g = gohg. Then
we have

qof =gp-1 = q@hop—1 = qo(f —hop-1) =0

Therefore, there is some map h_1 : P_1 — Q_1 such that f — hgp_1 = q_1h_1, meaning f
is null-homotopic, as indicated in the following diagram.

P, R

h_y-~ ho.””
ol s
K )ig
Qo

g-1 q0 N

Q-1

(3) = (1) : Let f € Homy(P-1,N), and since P_; is projective, f lifts to some map
g: P_1 — Qg such that f = qqg.

Q15 Q25N

Then g induces a map in Hom g (p05(a)) (P Q[1]), which by assumption is null-homotopic,
so there are maps h; : P, — Q; for i = —1,0 such that ¢ = hop_1 — ¢_1h_1. Then we have

= qog = qo(hop—1 — q—1h—1) = qohop-1

so f factors through p_;, making p* ; surjective. O
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Remark 2.42. An immediate consequence of lemma 2.41 is that a module M with minimal
projective presentation P_; — Py is 7-rigid if and only if P = (P_; — P) is presilting.

Lemma 2.43. Let M € mod(A) and P_; P2l Py 2% M be a minimal projective presen-
tation of M. Consider the 2-term complex P induced by the presentation. Then for any Q
in proj(A), the following are equivalent.

(1) Homa(Q, M) = 0.
(2) Hompgo pro5(2)) (@ P) = 0.

Proof. (1) = (2) : Let f € Homgs(p050)) (Q, P), then it is given by f € Homy(Q, Fy). By
assumption, pgf = 0, so f factors through P_; as follows

Q
k’// if
p, P P " 0

so f is null-homotopic in K?(proj(A)).

(2) = (1) : Let f € Homy(Q, M), then it factors through pg via some map g: Q — Py
since @ is projective. By assumption, ¢ is null-homotopic in K®(proj(A)), so there exists a
map h : QQ — P_; such that g = p_1h.

Q
hel N
e 19
k/p—l v Po
P_, P M
Then f = pog = pop—1h = 0. O

Recall that a morphism f : X — Y of A-modules is right minimal if fg = f implies
that g is an automorphism for any g € Ends(X). Furthermore, an epimorphism g : P — X
with P being projective is a projective cover of X if and only if it is right minimal, see
[ARS95, Proposition 4.1]

This next result from [ARS95, Proposition 2.2] will be used later. The proof is easy, but
we exclude it because it’s not part of our main focus.

Proposition 2.44. Let f: X — Y be a morphism in mod(A). Then there is a decomposi-
tion X = X1 @ Xo such that f|x, is right minimal and f|x, = 0. O
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Next, we prove a lemma, which is similar to the one above, but it will allow us to draw
some important conclusions about the 2-term complexes we're working with.

Lemma 2.45. Let f: X — Y be a morphism in mod(A). Then f is right minimal if and
only if f|x: # 0 for all direct summands X' of X.

Proof. Decompose X as @,.; X; and suppose that f|x, = 0 for some k& € I. Then let
g € Enda(X), denote the component maps by g¢;; : X; — X, and let

0 ifij
g=10 ifi=j=k
1 ifi=j+#k

i.e. using matrix notation, g is the diagonal matrix with the identity morphism for the
respective summands along the diagonal, and at index kk it is the zero-morphism. Then
fg = f but g is not an isomorphism, so f is not right minimal.

Conversely, suppose that f|x, # 0 for all i € I. Let g € Enda(X) be such that fg = f.
Writing the equation using matrices, denoting the component maps of f and g by f; and
gij respectively, we get > . ; figi; = fj for all j € I. Then we get g;; = 0 for i # j and g;;
is an isomorphism. Thus, g is an isomorphism, so f is right minimal O

For two A-modules M, N, the radical rad(M, N) consists of morphisms f : M — N
such that there does not exist a decomposition M = M; & Ms and N1 & Ny where My, No
are non-zero and f|pz, is an isomorphism. We prove now that every 2-term complex in

K®(proj(A)) is actually isomorphic to a complex P_; 4 Py such that d € rad(P_1, Pp). It
is important in proposition 2.47, because in particular it ensures that for a 2-term complex

Py 4 Py, the map Py — Cok(d) is a projective cover.

Lemma 2.46. Let P = (P N Ry) be a 2-term complex in K®(proj(A)). Then P is

isomorphic to a 2-term complex P' = (P, <, P}) such that d' € rad(P’, P}). Moreover,
the map Py — Cok(d) is right minimal up to isomorphism.

Proof. Suppose that d ¢ rad(P_1, Fy), then there is a decomposition of P

(94)

P ,eP' —— Pj® P}

where d' = d|pr and d” = d|pr such that P, and Fj are non-zero and d” is an iso-
morphism. Then, it’s clear from the following diagram that d” is null-homotopic, and thus

P, LN PY is isomorphic to the zero-object in K®(proj(A)).

d//
Py Ry

d//

0
4

P . d P(/)/
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Then, P = (P, £/—> Pj). The same argument can be applied recursively to P until it’s
isomorphic to a 2-term complex with differential in the radical.

Now, let P = (P_; % Py) such that d € rad(P_1, Py), and let M = Cok(d) with the
canonical projection 7 : Py — M. Suppose that there exists a direct summand X of Py such
that 7|x = 0. Then there is an epimorphism P_; — X, which splits since X is projective,
so X is a direct summand of P_;. But then P_; and P, share a common summand, so
d ¢ rad(P_1, Py). Therefore, |x # 0 for all direct summands of Fp, and 7 is right minimal
(and a projective cover of M) by lemma 2.45. O]

The following two results show an important correspondance between silting complexes
and support 7-tilting complexes.

Proposition 2.47. Let P = (P_ LN Py) be a 2-term complex in K°(proj(A)) and let
M := Cok(P).

(1) If P is silting and d is right minimal, then M is T-tilting.
(2) If P is silting, then M is support T-tilting.

Proof. We prove (2) first because (1) follows directly.

(2) : By propotision 2.44, we have a decomposition d = (d’,0) : Py = P, ® P", — B,
such that d’ is right minimal. Furthermore, the map Py — M is right minimal by lemma
2.46. Thus, the sequence

U
P, -4 p y M

Vv
@)

is then a minimal projective presentation of M. Since P is silting, and in particular pre-
silting, M is 7-rigid by remark 2.42. Furthermore, since P”; is a summand of P_; we have
Hom ¢t (proja)) (P1, P) = 0. Then by lemma 2.43 we have Homp (P”;, M) = 0. Because d’
is a minimal projective presentation of M and taking projective presentations is additive,

we have |M| = |P, LN Py| and therefore also

M|+ |P")| =Py L Pyl + [Py = | P
By proposition 2.40(2), we have
|M| + |P"y| = |P| = |A|

So (M, P",) is a support 7-tilting pair, and then M is a support 7-tilting A-module by

proposition 2.21.
(1) : This proof is the case where P”; =0 in (2). O
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Proposition 2.48. Let M € mod(A) and P = (P_ 4 Py) a minimal projective presenta-
tion of M, and let Q € proj(A).

(1) If M is T-tilting, then (P-q 4 PRy) is silting in K®(proj(A)).

(2) If (M, Q) is a support T-tilting pair, then (P_1 ®Q 120), Ry) is silting in K°(proj(A)).
Proof. (2): Let P = (P-1®Q (40, Py). Since (M, Q) is a support 7-tilting pair, we have
that M is 7-rigid and Homu (Q, M) = 0. By remark 2.42 we have that P is presilting, and
by lemma 2.43 that Hom g (p105(a)) (@s@ P) = 0. Therefore, ¢ P is presilting. Because d is a
minimal projective presentation of M, we have |M| = |P|. Furthermore, because (M, Q) is
a support 7-tilting pair, we have |M| + |Q| = |A|, but then

M|+ Q| = |P|+ Q| = [oP| = |A|
so the complex oP = (P-1 ® Q % Py) is silting by proposition 2.40.
(1) : This proof is the case where @ =0 in (2). O

Denote by 2silt A the set of isomorphism classes of basic 2-term silting complexes in
K®(proj(A)). Now, we conclude this section with an important theorem from [AIR14,
Theorem 3.2]. The work is all done, as the theorem follows directly from propositions 2.47
and 2.48.

Theorem 2.49. There is a bijection
2silt A «—— s7-tilt A
given by
2silt A 5 P — HO(P) € s7-tilt A

sr-tilt A 3 (M, P) s (P_y & P L% By e osite A

where P_q i> Py is a minimal projective presentation of M.
Let’s look at an example.
Example 2.50. Let k£ be an algebraically closed field, I' the quiver
l1—2 —— 3

and A = kI" the path algebra over I'. We have the AR-quiver of I"

SN
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Then T' = I & S is 7-tilting over A/(es), so (T, P3) is a support 7-tilting pair. We have a
minimal projective presentation of T’

P3@P2L>P1@P1 *)IQ@Sl — 0

so by theorem 2.49, the complex P = (P3 & P, & P ﬂ) P, @ Pp) is 2-silting. Indeed, it

is clearly presilting and |P| = 3 = |A].
Note that the choice of projective presentation is important, as the minimal one does
not give a 2-silting complex. O
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3 Silting Modules

This section is dedicated to the concept of silting modules, first introduced in [HMV15].
Most of the results are from [HMV15, Section 3|, but some additional results are included
and some proofs are restructured. We specify where this is done.

3.1 Quasitilting modules, torsion classes and approximations

We begin by introducing the quasitilting modules. Their importance is due to the fact that
they classify torsion classes which provide left approximation sequences. Recall proposition
2.22 that 7-rigid modules are support 7-tilting if and only if there is a particular left ap-
proximation sequence, which is part of the motivation for the classification of such torsion
classes.

Lemma 3.1. Let T € Mod(A), then the following are equivalent.
(1) Pres(T) = Gen(T) and T is Ext-projective in Gen(T).

(2) Gen(T) = Sub(Gen(T)) N T+, where Sub(Gen(T)) denotes the category of all sub-
modules of modules in Gen(T).

A module T satisfying one of the equivalent conditions above is called quasitilting.

Proof. (1) = (2): Since T is Ext-projective in Gen(T'), it is a torsion class by lemma 2.12.
We will without further mention use that Gen(7') is closed under factors, extensions and
coproducts for this part of the proof.

Clearly Gen(T) C Sub(Gen(T)) and Gen(T) C T*! by assumption. So we must show
that Sub(Gen(T)) N T+t C Gen(T).

Let N € Sub(Gen(T)) NT*! and let M € Gen(T) such that there is a monomorphism
f:N — M. Then C := Cok(f) € Gen(T), and also C € Pres(T") by assumption. Consider
an Add(T)-presentation of C:

N e 0

Exactness at 7" gives Ker(g) = Im(h) = T”/Ker(h) and since 7" € Gen(T) we have
K :=Ker(g) € Gen(T'). Now, apply Homy4 (7", —) to the exact sequence
/

0 N M "= C 0

to get the long exact sequence

0 —— Homy (7', N) —— Homu (T, M) —— Homu (1", C) ?

[» ExtY{(T',N) ——— ...
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Since T € Add(T), there exists an A-module X such that 77 @ X = T for some set I,
from which we get

Ext} (T", N) @ Exty (X, N) = Ext} (T, N) = [ Ext4 (T, N) = 0.
I

Thus the map Hom (7", M) — Homy4 (77, C) in the long exact sequence above is surjective.
Then there exists a map b : 7" — M such that ¢ = wb. Furthermore we have gi = 7wbi = 0,
so bi € Ker(m) = Im(f), so there exists a map a : K — N such that bi = fa. We then have
the commutative diagram with exact rows

OKi;”gco
b H

M —T—C 0

!

!

1 a
N2

0 N

where at this point, all modules except N belong to Gen(7"). We have Cok(a) = Cok(b)
by the Snake lemma. Since Cok(b) € Gen(T') we have Cok(a) € Gen(T"). The canonical
epimorphism K — Im(a) gives us that Im(a) € Gen(T), so there is an exact sequence

0 —— Im(a) —— N —— Cok(a) —— 0

from which it follows that N € Gen(T).

(2) = (1) : We have by assumption that Gen(T) C T*!, i.e. T is Ext-projective in
Gen(T'). Recall that Pres(T') C Gen(T"). Thus it is sufficient to show Gen(7") C Pres(T).

Let M € Gen(T) and consider the map u : TU) — M with I = Hom (T, M), which is
universal in the sense that any map 77 — M with 77 € Add(T') factors through u. Since M
is generated by T, there is an epimorphism f : 7" — M with 7" € Add(T), and f factors
through the universal map, showing that u is surjective. Since TWU) e Gen(T), we have
Ext (T, TU) = 0 by assumption. Now, apply Hom4(T, —) to the short exact sequence

0 — Ker(u) —2— 70 Lo M 0
to get the long exact sequence

0 —— Homy (T, Ker(u)) —=— Hom (T, 7)) —~— Hom (T, M) U

[» Ext! (T, Ker(u)) 0

Since w, is surjective by the arguments above, we have Ker(u) € T+'. We also have
Ker(u) € Sub(Gen(T)), so Ker(u) € Gen(T). Then there is a map w : T/) — Ker(u) and
we have following Add(7')-presentation of M which completes the proof

W) v (1) _u_ gy 0
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The following two lemmas are useful, specifically for the proof of proposition 3.6.

Lemma 3.2. Let T be an A-module and A = A/ Ann(T). Then Ann(T) = Ann(Gen(T))
and Gen(,T) = Gen(;T).

Proof. First we prove Ann(7") = Ann(Gen(7")). Let a € Ann(T") and M € Gen(T'). Then
M is a factor of TU) for some set I, and thus aM = 0. Conversely, note that T' € Gen(T), so
if a € Ann(Gen(T")) then also a € Ann(T"). The claim follows as T" and any M € Gen(,7T")
is trivially an A/ Ann(7T')-module. O

Lemma 3.3. Let T be an A-module, let A = A/ Ann(T) and suppose that Gen(T) is closed
under extensions. Then Exth (T, Gen(T)) = 0 if and only if Extk(T, Gen(T)) = 0.

Proof. By lemma 3.2 we have Gen(4T') = Gen(4T'), so we just write Gen(7'). Suppose that

ExtY (T, Gen(T)) =0, let M € Mod(A) such that M € Gen(T') and consider a short exact
sequence in Mod(A).

0 M X > T > 0

Since Gen(T') is closed under extensions, also X € Gen(7T). Then the sequence can be
taken in Mod(A), where it splits. Thus, it splits in Mod(A) as well, and then we have
Ext’ (T, Gen(T)) = 0.

Similarly one shows the other implication. O

A module is said to be finendo if it is finitely generated as a module over its endomor-
phism ring. The following proposition collects some characterizations of finendo modules
which we will need. The first two results are from [CM93] and [CT95] respectively.

Proposition 3.4. Let A be a unitary ring and A a finite dimensional k algebra over an
algebraically closed field k. Then the following hold

(1) A module M € Mod(A) is finendo if and only if Gen(M) is closed under direct
products.

(2) If a module M € Mod(A) is tilting, then it is finendo..

Proof. (1) : See [CM93, Lemma on p.408].
(2) : See [CT95, Proposition 2.5]. O

Recall (definition 2.1 and proposition 2.22) that the existence of sequences with left
approximations is a determining factor for a module to be tilting or support 7-tilting. The
reason for considering quasitilting modules is because they classify torsion classes which
admit left approximation sequences, and thus will turn up frequently in this section. For
tilting modules, the left approximation is injective, but this is not always the case (for
instance not for support 7-tilting modules). Recall that tilting modules are always faithful.
We prove a lemma which says that for a module T" and a left Gen(7T')-approximation of A,
the approximation is injective if and only if T is faithful.
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Lemma 3.5. Let T' € Mod(A), and suppose there is morphism

ALT’

such that T" € Add(T') and ¢ is a left Gen(T)-approxzimation of A. Then Ann(T) = Ker(¢).

Proof. We first prove the inclusion Ann(7") C Ker(¢). Since 7" € Add(T') there exists an
A-module X such that 77 ® X = T for some set I. Let a € Ann(T), then we have

al’ ® aX = aT") =0

so Ann(7") € Ann(7”). Then we have ¢(a) = ap(1) =0, i.e. Ann(7T) C Ker(¢).
To prove the other inclusion, we first prove that

K:= () Ker(f)=Am(T). (3.1)

FAST

Let @ € Ann(T), then for all morphisms f : A — T we have f(a) = af(l) = 0, so
Ann(T) C K.

Conversely, let ¢ € K and note that for every t € T there exists a unique morphism
f A — T such that f(1) =t. Then we have

fla)=af(l)=at=0 foralteT

and thus K C Ann(T), so equation 3.1 holds.
Since ¢ is a left Gen(T)-approximation of A, any morphism f : A — T factors through
¢ as indicated by the following commutative diagram

ALT’
lf 7
ko f

and thus Ker(¢) C K. We then conclude with

Ann(T') C Ker(¢) C Ann(T).
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We continue with the following proposition, showing the interplay between finendo qu-
asitilting modules and torsion classes with important properties.

Proposition 3.6. The following are equivalent for an A-module T.

(1) T is a finendo quasitilting module.

(2) T is a tilting A/ Ann(T')-module and Gen(T) is a torsion class containing all injective
A-modules.

(8) T is Ext-projective in Gen(T) and there is an exact sequence
¢
A > To > Th > 0

where Ty, Ty € Add(T) and ¢ is a left Gen(T)-approximation.

Proof. Let A = A/ Ann(T). Note that by lemma 3.1 and lemma 2.12, Gen(T) is a torsion
class in all three statements.

(1) = (2): Since Gen(4T) = Gen(4T'), the module T is finendo quasitilting over A
if and only if it is finendo quasitilting over A. Therefore, without loss of generality it is
sufficient to show that any faithful finendo quasitilting A-module is a tilting A-module. We
write Gen(7T') = Gen(;7') = Gen(4T'). Because T is finendo, there is an exact sequence

Ends(T)" — T —— 0

and because it is faithful we have that A is a subring of End4(T"). Let R := End4 (7). Now
apply Hompg(—,T') to the sequence above to get the following commutative diagram with
exact rows

0 aA R
l i (3.2)
0 » pR Hompg(R™,T)

and since n is finite we have

Homp(R™,T) = 5 Hompg(R, T).

Let ® : Homg(R,T) — T be defined by ®(f) = f(1g). The R-homomorphism & is an
isomorphism, so then we have
Homp(R™, T) = 1"

Therefore, by diagram (3.2) there is an injection ¢ : A — T, Now, let E be any injective
A-module and 1 : AUY) — E a surjection, then v factors through ¢ : AU — (T("))(I) via
a surjection as indicated by the following commutative diagram.

0 — AD ﬂ) (7))



Then E € Gen(T). By [Rot09, Prop. 3.38], which states that every A-module can be
embedded as a submodule in an injective A-module, we have Sub(Gen(7)) = Mod(A) since
Gen(T') contains all injective A-modules. Therefore, since T is quasitilting, we have

Gen(T) = Sub(Gen(T)) N T+ = Mod(A) N T+t = T4

So T is tilting over A.
(2) = (1) : Since T is tilting over A, we have Gen(T) = T, and thus Pres(T) =
Cen(T). Indeed, let M € Gen(T) and u : TU) — M the universal surjective map for
I = Homu(T, M). Then, by similar arguments as those used in the last part of the proof of
lemma 3.1, it can be shown that Ker(u) € Gen(7') which induces an Add(T)-presentation
of M. By proposition 3.4(2) we have that T is finendo, and by lemma 3.3 we have that T'
is Ext-projective in Gen(7T') as an A-module.
(2) = (3) : Since T is tilting over A we have a short exact sequence
¢

0 A y Tp T s 0

where Ty, T1 € Add(T) and ¢ is a left Gen(T)-approximation of A. Compose ¢ with the
projection m : A — A to get ¢ := ¢m : A — T,. We show that v is a left Gen(T)-
approximation in Mod(A). Let M € Gen(T') and f € Homu(A, M), then since Ann(7) =
Ann(Gen(T)) by lemma 3.2, there exists a map f': A — M with f'(a + Ann(T)) = f(a).
Then, f'm = f. Furthermore, M € Gen(T) also as a A-module. So the map f’ factors
through ¢ via some map f” : Ty — M, i.e. f”¢ = f', as indicated by the following diagram
AT A%,

s

K- i
MY
Then f = f"¢m = "), so ¢ is a left Gen(T')-approximation A. Finally, T is Ext-projective
in Gen(7') by lemma 3.3.

(3) = (2) : Gen(T) is a torsion class and contained in Ker(Ext}g(T, —)) by lemma 3.3.
By assumption, there is an exact sequence

A—Csn—m 0
By lemma 3.5 we have Ann(7") = Ker(¢), so we get a short exact sequence

T ¢

0 A >T0 T1 > 0

Finally, let X € Ker(Ext' (T, —)) and apply Hom 4(—, X) to the short exact sequence above
to get the following long exact sequence

0 —— Hom (71, X) —— Hom 5(7p, X) AN Hom4(A4,X) —— 0 —— ...
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There is a surjective map ¢ : AY) — X, and since ¥* is surjective it factors through some

map ¢ : Tél) — X which must also be surjective. So then X € Gen(T'), and

Gen(T) = Ker(Ext%(T, —)) = ;T
In other words, T is tilting over A = A/ Ann(T). O

There exists an equivalence relation on the class of quasitilting modules, which is given
by the following lemma. For our purposes, the existence of such a relation is important
because it gives an equivalence relation on silting modules in section 3.2.

Lemma 3.7. Let T be a quasitilting A-module. Then Add(T) is the class of Ext-projective
modules in Gen(T).

Proof. 1f T is Ext-projective in Gen(T"), then so are the modules in Add(7"). Conversely,
if M is Ext-projective in Gen(T') = Pres(T), then there is a surjection f : 7" — M where
Ker(f) € Gen(T). By applying Hom4(—, Ker(f)) to the short exact sequence induced by
f one sees that it splits, and thus M € Add(T). O]

So, for a quasitilting module T, its associated torsion class, i.e. Gen(T'), completely
determines the class Add(T). In particular, if 77, T are two quasitilting modules, then we
have Add(71) = Add(T?) if and only if Gen(T1) = Gen(7%). Therefore, we will say that the
two quasitilting modules are equivalent if Add(7)) = Add(T?).

Theorem 3.8. The following are equivalent for a torsion class T in Mod(A).

(1) For every A-module M, there is a sequence

¢

M B » C 0

such that ¢ is a left T -approzimation of M and C is Ext-projective in T .
(2) There is a finendo quasitilting A-module T' such that Gen(T') = T.

In particular, there is a bijection between equivalence classes of finendo quasitilting A-
modules and torsion classes T in Mod(A) such that every A-module has a left T -approximation
with Ext-projective cokernel.

Proof. (1)= (2): Set M = A with the given exact sequence
A2, B > C > 0

and let T'= B® C. Now, B € T by assumption, and C € T because it is a factor of B,
so T € T and thus Gen(T') C 7. Conversely, let X € T, then any surjection f: A — X
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factors through the left T-approximation ¢!) via a surjection BY) — X as indicated by
the following commutative diagram.

A Y g o

fl ////
v
X

Thus X € Gen(T) since BY) € Add(T), and so T = Gen(T).

Due to proposition 3.6 it remains to show that T is Ext-projective in Gen(T'), but this
property holds for C' by assumption, so it suffices to show it for B.

By lemma 3.5 we have Ker(¢) = Ann(T). Let A = A/ Ann(T') as before, then there is

a short exact sequence in Mod(A)

0 A28 >y C > 0

We have by assumption that Gen(T) C K(ir(Extil(C,—)). But Gen(47) = Gen(47T) by
lemma 3.2, and since C' € Gen(T), it is an A-module, and then we have

Gen(T) C Ker(Ext4(C,—))

by lemma 3.3. Now, let X € Gen(T'), and apply Hom z(—, X) to the short exact sequence
above to get the long exact sequence

0 —— Hom 4(C, X) —— Hom (B, X) —— Hom 4(A, X) U

[» Ext}(C, X) —— Ext%(B,X) —— Ext5(4,X) —— ...

| S | S S—
=0 =0

The last term is 0 since A 7 is projective in Mod(A). Then we have Extlla(B7 X) =0 for all
X € Gen(T), so we have Gen(T) C Ker(Ext%(B,-)).
Finally, let X € Gen(T") again, and suppose there is a short exact sequence in Mod(A).

0 » X N B 0

Since Gen(T') = T is closed under extensions we have N € Gen(T'). Furthermore, since
Gen(4T) = Gen(4T) by lemma 3.2, the sequence is short exact in Mod(A). We have
established that Ext}@(B,Gen(T)) = 0, so the sequence splits in Mod(A). Thus it splits
over Mod(A) as well, and so Ext! (B, Gen(T)) = 0 as desired.

(2) = (1): By Proposition 3.6 there is exact sequence

A d TO > T 0
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where Ty, T € Add(T") and ¢ is a left Gen(T")-approximation of A. Let M € Mod(A) and
7 : AU — M a surjection. Consider the pushout diagram

0
A 2, 7D 7D > 0
T
M » B » Cok(¢') —— 0

Since 7 is surjective, so is ¢ and therefore B € Gen(T"). Let X € Gen(7') and consider a
morphism f : M — X. The composition fr factors through the Gen(T')-approximation
#), but then the pushout property yields a morphism 6 : B — X such that f = ¢/, that
is ¢’ is in fact a left Gen(T)-approximation of M.

oD
AD 2, Té )
M—2 B

~

Clearly C := Cok(¢’) is Ext-projective in Gen(T) as it is isomorphic to Tl(I). So the desired
sequence is

O

We finish this section with proving that the statements (1) and (3) in lemma 2.41 are
also equivalent statements in Mod(A). This will be used later, and even though the proof
is very similar, we include it for completion.

Lemma 3.9. Let M, N € Mod(A) and let P_y 2= Py 2% M — 0 and

Q_1 i Qo Dy N =0 be projective presentations of M and N respectively. Let P and QQ
denote the 2-term complexes of the projective presentations of M and N respectively. Then
the following are equivalent.

(1) Homy(Py, N) LR Hom(P-1, N) is surjective.

(2) Homp(a)(P, Q1]) = 0.

Proof. (1) = (2): Let f € Homp4)(P, Q[1]), then it is determined by some morphism
f € Homug(P-1,Qo). By assumption, the composition gof factors through p_; via some
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morphism [/ € Hom4(FPy, N). But since Py is projective and qq is surjective, f’ lifts to a
morphism hg € Homy4 (P, Qp) such that f' = gohg, as indicated by the following diagram

P, 2 R

s

Q1 — Qo

l‘m £

N

We then have
qf = f'r—1 = q@hop—1 = qo(f —hop-1) =0

and so (f —hop—1) factors through ¢_; via some morphism h_; € Hom4(P-1,Q_1), yielding
f=q-1h_1+hop_1

(2) = (1): Let f € Homa(P-1,N), and since qo € Homa(Qo, N) is surjective, f lifts
to a morphism f’ € Homa(P-_1, Qo) such that f = gof’. But f’ induces a null-homotopic
morphism by assumption, so there are morphisms h; € Homu(P;, @;) for i = —1,0 such
that

I =hop—1+ q-1h_1.

Then we conclude with
f=af = qo(hop—1 + g-1h—1) = qohop—1

i.e. p*, is surjective. O

3.2 Silting modules

We will now turn to the concept of (partial) silting modules. First, we define an important
class of A-modules and prove some of its properties. For a morphism o € Proj(A), consider
the class of A-modules

Dy :={X € Mod(A) | Hom4(o, X) is surjective}
Lemma 3.10. Let 0 : P_y — Py be a morphism in Proj(A) with Cok(c) =T.
(1) The class D, is closed under factors, extensions, and direct products.
(2) The class Dy is contained in T+1.

(3) An A-module X belongs to D, if and only if for some (resp. all) projective presenta-
tion(s) w of X the condition Hompa)(o,w(1]) = 0 is satisfied.
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Proof. (1) :

Proving closure under epimorphic images. Suppose f : X — Y is a surjection
with X € D,, and let ¢ : P_; — Y be any morphism. Because P_; is projective and f is
surjective, there is a morphism v : P_;1 — X such that ¢ = f.

Then we conclude that ¢ = fi = f¢'o,so Y € D,.
Proving closure under extensions. Let X,Z € D, and suppose there is a short

exact sequence

0—sx -ty 9,7 9

Further suppose there is a morphism p : P_.; — Y, then gp : P_1 — Z factors through o
since Z € D,, as shown in the following diagram with commutative square.

0 X

The projectivity of Py gives a morphism hg : Py — Y such that p’ = ghg. Then gp = ghgo,
and consequently g(p — hgo) = 0. Therefore, there is a map h_y : P-y — X such that
fh—1 = (p — hoo). Then, because X € D,, there is a morphism ¢ : Py — X such that
h_1 =qo.

Then we conclude that
p= fh_1+ hoo = fqo + hoo = (fq+ ho)o

soY € D,.

45



Proving closure under direct products. Suppose X; € D, for all 7 in some set I.
Let f; : P_1 — X; be morphisms for each i which factor through o as f; = f/o. Consider
the product morphisms

H]fi : P,1 — H[XZ and H]fll : Po — HzXz

Writing them in matrix form, we have
fie 0.0 ..0 f100 ..0

That is II; X; € D,,.
(2) : Consider the factorisation of o = im through its image, with 7 : P_; — Im(c) and
i:Im(o) — Py, which induces a short exact sequence

0 —— Im(o) —— P, T 0

Let X € D,, then applying Hom 4(—, X) to the short exact sequence above we get a long
exact sequence

0 — Homa(T, X) — Homu(Py, X) —— Hom4(Im(c), X) U

L Ext (T, X) 0

We will prove that 7* is surjective, which completes the proof. Suppose there is a morphism
f :Im(oc) — X. Because X € D,, the composition fr factors through o via some morphism
g : Py — X, as indicated in the following commutative diagram.

P_1 —7 PO

lﬂ f

Im(o) — X

g

Then we have
fm=g0=gir

but since 7 is an epimorphism we get f = gi which proves that i* is surjective.

(3): Suppose that X € D,. Then for all projective presentations w of X we have
Hom p4(o,w[1]) = 0 by lemma 3.9. Conversely, if there exists a projective presentation w
of X such that Hompa)(o,w[1]) = 0, then by lemma 3.9 we have X € D,. O



We are now ready to define silting modules.
Definition 3.11. We call an A-module T
e partial silting if there is a projective presentation o of T" such that

(S1) D, is a torsion class.
(S2) T € D,.

e silting if there is a projective presentation o of 1" such that Gen(T) = D,.

We say that T is (partial) silting with respect to o, and the class Gen(T') is then called a
silting class.

Remark 3.12. (1) Because D, is always closed under factors and extensions by lemma
3.10(1), it is then a torsion class if and only if it is closed under coproducts by remark
2.6.

(2) Note that the definitions in 3.11 depend on the choice of o, as not all projective
presentations will satisfy the conditions (S1) and (S2). We will give some examples
demonstrating this later.

Following up on remark 3.12(1), the class D, for ¢ : P_y — Py is closed under co-
products if Homyu(P;, —) preserves coproducts for ¢ = —1,0. This property on P; is
known under several names, small and dually slender being the most common ones.
For an A-modules M and any family of A-modules {N;};c;, there is a canonical injection
® : P,c;Homy (M, N;) — Homuy(M,P,;c; Ni). Then M is small if and only if ® is a
surjection. It is useful to know when modules are small so that one has more control over
when D, is a torsion class. We prove a lemma which provides some cases of when modules
are small.

Lemma 3.13. Let A be a ring, then the following holds
(1) The module ,A is small.
(2) Any finitely generated A-module is small.
(8) Any finitely presented A-module is small.

Proof. (1) : Let {M;}ics be an infinite family of A-modules, and let f € Homa( A, @,c; M;).
Then f is an infinite family of maps (fi)ic; where f; : 4A — M;. Clearly, fi(1) = 0 if and
only if f; = 0. Suppose that f; # 0 for all i € I, so then f(1) = @;c; fi(1) € D;c; M:
has infinitely many non-zero components. This contradicts the structure of the coproduct
D, M;, so then (f;)icr has in fact only finitely many non-zero components. The map ¢
above is then surjective, and 4A is small.

(2) : Let M be an A-module, and suppose it is not small. We show that then M cannot be
finitely generated. Let {X;}iesr be an infinite family of A-modules and let 7; : @, ; Xi — X
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be the canonical projection. Then since M is not small, the map ® : @, .; Homa (M, X;) —
Hom (M, @, ; Xi) is not surjective, so there is some map f € Homy (M, P, ; X;) such
that 7;f # 0 for infinitely many j. Without loss of generality, suppose I = N, and let
M, = {m € M |n;f(m) = 0Vi > n}. Then M = |J;,cyy Mn, but clearly M # M, for all
n € N. In particular, M cannot be finitely generated.

(3) : Any finitely presented module is finitely generated, so it follows from (2). O]

Remark 3.14. If A is a finite dimensional k-algebra over an algebraically closed field k as
in sections 2.2 and 2.3, then a minimal projective presentation o of a module 7" € mod(A)
is a map in proj(A), and thus always yields a torsion class D,,.

We saw in lemma 2.12 that partial tilting modules give rise to torsion pairs, and the
following lemma shows that partial silting modules share that property. In particular, the
torsion class is given by Gen(7T) in both cases.

Corollary 3.15. If T € Mod(A) is partial silting, then Gen(T) C D, C T+ and
(Gen(T), T+°) is a torsion pair. Furthermore, every silting module is partial silting.

Proof. Let T' € Mod(A) be partial silting, then since D, is a torsion class, TU € D, for
all sets I. Then, also all factors T) /K € D,, so Gen(T) C D,. By lemma 3.10 we have
Gen(T) C T+ and by lemma 2.12, the pair (Gen(T'),T0) is a torsion pair.

Now, let T be silting. As above, combining the lemmas 3.10 and 2.12, we get that T is
partial silting. O

The definition of silting modules clearly resembles the definition Gen(7T) = T+ for
tilting modules. We prove a proposition relating tilting, silting and quasitilting modules.

Proposition 3.16. The following hold in Mod(A).
(1) All tilting A-modules are silting A-modules.
(2) All silting A-modules are finendo quasitilting A-modules.

Proof. (1): Let T' € Mod(A) be tilting and suppose that p.d.(T)) = 1. Take a projective
presentation o of T, which is injective.

0—— Py 7= R T 0

Let X € Mod(A) and apply Hom4(—, X) to the short exact sequence above to get a long
exact sequence

0 —— Homu (T, X) — Homu(Py, X) —Z— Homyu(P_1, X) j

[» Exty (T, X) ———— ...
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By assumption we have Gen(T) = T1. Suppose that X € D,, then o* is surjective and
so X € T+ = Gen(T). Conversely, suppose that X € Gen(T) = T, then ¢* is surjective
and X € D,. Thus, Gen(T') = D, and T is silting.

If p.d.(T) = 0, then T is projective and thus T+ = Mod(A). Furthermore, the projec-
tive presentation of 7" is 0 — 7', and clearly we have X € Dy for every X € Mod(A).

(2): Let T € Mod(A) be silting with respect to a projective presentation o. Then
Gen(T) = D, is closed under direct products and D, C T+* by lemma 3.10, so T is Ext-
projective in Gen(T'), and also T is finendo by proposition 3.4(1). It then remains to show
that Pres(T) = Gen(T) by lemma 3.1(1). Recall that Pres(T) C Gen(T), so we need to
show Gen(T') C Pres(T).

Let M € Gen(T), let I = Homy(T, M) and take the universal morphism u : TU) — M.
Let K := Ker(u) and k : K — TD) be the canonical inclusion. We will show that

K € D, = Gen(T)

which then yields an Add(T")-presentation of M.

Suppose there is a morphism f : P_y — K and consider the composition kf. Since
TW € D,, there is a morphism g : Py — T'Y) such that kf = go. Furthermore, since ugo =
ukf = 0, the morphism ug factors through 7" = Cok(o) via some morphism h : T — M,
i.e. the following diagram commutes.

P g Po T T 0
[ N
0 K —F 7@ v 0

By the universal property of u, there exists a morphism #' : T — T such that h = uh'.
Then we have
ug=hr =uh't = u(lg—hm)=0

So there is a morphism ¢’ : Py — K such that
g—h'n=kg

and then we have

kf =go= (kg +h'r)o=kgo
Since k is injective, we have f = ¢'o, and so K € D, = Gen(T'). Then there is a surjection
v:TW) - K, which induces an Add(T')-presentation of M

T¢) kv, p) vy 6 > 0
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Recall that quasitilting modules are equivalent if they have the same additive closure.
Consequently, as all silting modules are finendo quasitilting, we say that two silting modules
T, and T; are equivalent if Add(7) = Add(T3).

As was shown in the proposition above, tilting modules are examples of silting modules.
The following proposition provides further connections between tilting and silting modules.

Proposition 3.17.

(1) An A-module T is (partial) tilting if and only if T is (partial) silting with respect to
an injective projective presentation o.

(2) The following are equivalent for an A-module T .

(i) T is tilting.
(ii) T is faithful silting.
(iii) T is faithful finendo quasitilting.

Proof. (1) : The ’only if’ direction is clear since all (partial) tilting modules are (partial)
silting by proposition 3.16. We show the ’if’ direction for a partial silting module, as the
proof for silting modules follows the same line of arguments. So, let T" be a partial silting
A-module with respect to an injective projective presentation o : P_y — Fy. Then, D,
is a torsion class and T € D,. It is then sufficient to show that D, = T+, So take any
X € Mod(A), and apply Hom4(—, X) to the short exact sequence

0—— P_1 g P() T 0

to get a long exact sequence

0 —— Homu(T, X) —— Homu(Py, X) —Z— Homu(P_1, X) U

L Ext! (T, X) 0

Suppose that X € T, then ¢* is surjective and X € D,. Conversely, if X € D,, then ¢*
is surjective and X € T1.

(2) : (i) = (4i) : All tilting modules are silting by proposition 3.16 and faithful by lemma
2.3.

(7i) = (i4i) : All silting modules are finendo quasitilting by proposition 3.16, the claim
follows.

(7i7) = (i) : By proposition 3.6, we have in particular that T is a tilting module over
A/ Ann(T). But Ann(7") = 0 since T is faithful, so T is a tilting module over A. O

For an A-module T, the definition for silting Gen(T") = D, resembles the definition for
tilting Gen(T') = T, as was mentioned earlier. There is also a strong resemblence between
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the axioms (S1) and (S2) for partial silting modules and axioms (P71) and (PT2) for
partial tilting modules, and also axioms (7'1) and (7'2) for tilting modules. The following
proposition provides a third axiom (S3) for silting modules, which is analog to (7'3) for
tilting modules.

Proposition 3.18. Let T' € Mod(A) with a projective presentation o. Then the following
are equivalent.

(1) T is a silting module with respect to o.
(2) T is a partial silting module with respect to o, and

(S3) there is an exact sequence

A ¢>T0 > Th > 0

where Ty, Ty € Add(T) and ¢ is a left Dy-approximation.

Proof. (1) = (2): By corollary 3.15 T is partial silting. Furthermore, by propostion 3.16,
T is finendo quasitilting and then by proposition 3.6, there is an exact sequence

AT . T 0

where Ty, T1 € Add(T') and ¢ is a left Gen(T")-approximation of A. The claim follows since
Gen(T) = D,.
(2) = (1): Let M € Gen(T). Then there is a surjection f : T!) — M for some set I,
and so M = T /Ker(f). Since D, is a torsion class and TU) € D, we have M € D,.
Conversely, let M € D, and consider any surjection f : AD) — M. Then f factors
through the left D,-approximation ¢, say as f = f'¢), where f’ : TO(I) — M must be
surjective. Thus M € Gen(T). O

We now include a small lemma which will be used in the proof of theorem 3.20.
Lemma 3.19.
(1) Let (0;)icr be a family of maps in Proj(A) and 6 = @,.;0;. Then Dy = (1,1 Do, .
(2) Let a: Q—1 — Qo and : Q_1 — Q) be maps in Proj(A), and
(a,8): Q-1 — Qo ® Qg
q— (a(q), B(q))
Then Doy € D(q,p)-

o1



Proof. For the sake of simplicity, we write @; and (; instead of @, ; and ), respectively.

(1):Set 0; : P, - Q;and 0 : P =P; P, - P; Qi = Q. Let X € Dy and take a map
f: P — X. Then f factors through 6 via some map [’ : Q@ — X. Now, f is really the
direct sum f = €, f; of component maps f; : P; — X, and similarly for f’. So,

D 1= €D rio:
I I

Therefore, each f; factors through 6;, and so X € Dy, for all i € I, and then X € (); Dy,.
Conversely, let X € (; Dp,. So for any map f; : P, — X there is a map f] : Q; = X
such that f; = f/6;, i.e. for all i € I there is a commutative diagram

0;
P —— Q;

fzi /
i
X

Taking the direct sum indexed by I of the top rows induces a commutative diagram which
shows that X € Dy.

(2) : Let X € D, and take a map f: Q_1 — X. Then there is a map f’': Qo — X such
that f = f’a. Consider the following diagram

Q-1 % Qo ® Q)

',
X

Clearly it commutes, so X € D, g). O
The following theorem generalizes Bongartz completion to silting modules.

Theorem 3.20. Every partial silting A—modzile T with respect to a projective presentation
o is a direct summand of a silting A-module T =T & M with Gen(T) = D, = Gen(T).

Proof. Let T € Mod(A) be partial silting w.r.t a projective presentation o : P_1 — Py. First

we construct an approximation sequence of A. Consider the universal map v : Pﬁll) — A
with I = Hom4(P-1, A), and take the pushout to get the following commutative diagram.

ph) <2, pih T —— 0

-1
y le H (3.3)
A2 oM7) s 0

If M € D,, then follows directly from the pushout property that ¢ is a left D, -approximation
of A. So we will show that every map g : P_1 — M factors through o, thereby showing that
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M € D,. Since TY) € D,, the composition mg factors through o, so we have the following
commutative diagram.

A2 oM —T51h 4

Furthermore, because Py is projective, there is a map hg : Py — M such that ¢’ = mhy.
Then by the commutativity of the square, (g — hoo) = 0, so (g — hoo) factors through ¢,
say as g — hgo = ¢h_1, as illustrated in the following diagram

P,1 —7 PO

hoy” ho-””
~ lg Jbie g
, Py

k!
A oM -—T 7 4

Now, the universal property of ¢ and the commutative square in diagram (3.3) gives two
component maps ¢ : P_.1 — A and 0 : Py — M such that

¢ =00=g—g'c
Then g factors through o, and thus M € D,.

The claim now is that T := T & M is silting with Gen(T) = D,. The left square of
diagram 3.3 is a pushout square, so there is a projective presentation of M

()

JR A gy Py O RGNS Vi 0

and by setting v = o & (;f}) ) we get a projective presentation of T'

PioPD 2y poAapd AT

where c is the cokernel map ¢: Py — T.
By lemma 3.19(1), we have

Dy =Dy NDy,myr and Dy =)Dy =D,
I

By lemma 3.19(2) we have
D,y = Do © Dy p(nyr

But then
Do- N D(wp.(j))’r - DO-

and so D, = D,.
Since M,T € D, = D, we have Tc D,. Therefore, T is partial silting. Furthermore,
the sequence
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is exact with M, T\) ¢ Add(T), and ¢ is a left D,-approximation of A. Finally, T is then
silting by proposition 3.18. O

We now prove that silting modules actually generalize support 7-tilting modules. That
is, silting modules over a finite dimensional k-algebra A for an algebraically closed field k
coincide with support 7-tilting modules.

Theorem 3.21. Let A be a finite dimensional k-algebra over some algebraically closed field
k, and let T € mod(A) with minimal projective presentation o : P_y — Py. Then the
following hold.

(1) T is partial silting if and only if it is T-rigid.
(2) T is silting if and only if it is support T-tilting.
(8) T is (finendo) quasitilting if and only if it is support T-tilting.

Proof. (1): Suppose that T is partial silting. Then Gen(T) C T by corollary 3.15, and it
follows by theorem 2.37(2) that T is 7-rigid.

Conversely, suppose that T" is 7-rigid. Then Homy (o, T') is surjective by theorem 2.37(1),
i.e. T € D,. Furthermore, by the discussion following lemma 3.13 we have that D, is a
torsion class, thus T is partial silting.

(2): Suppose that T is silting, then it is 7-rigid by (1). Furthermore, by proposition
3.18 there is an exact sequence (which can be taken in mod(A))

A ¢>T0 T > 0

where Ty, Th € add(T) and ¢ is a left gen(7")-approximation of A. Since add(T") C gen(T)
we have that T is support 7-tilting by proposition 2.22.

The converse follows immediately from theorem 2.37(3).

(3): Clearly all finitely generated A-modules are finendo. Then by (2), it suffices to
prove that T is silting if and only if T is quasitilting. If T is silting, then it is quasitilting
by proposition 3.16. Suppose then that T is quasitilting, then by proposition 3.6 there is
an exact sequence

A2 T ' 0

where Ty, T} € Add(T) and ¢ is a left Gen(T)-approximation of A and T is Ext-projective
in Gen(7'). Then T satisfies condition (S3) in proposition 3.18. Furthermore, since

Gen(T) C T+, theorem 2.37(2) gives us that T is 7-rigid. But then we have that T is
partial silting by (1), and since it satisfies condition (S3) in proposition 3.18 we conclude
that T is silting. O
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3.3 Examples

Because all tilting modules are silting, and all silting A-modules over a finite dimensional k-
algebra A are support 7-tilting, there is no shortage of examples of silting modules. We first
give an example showing explicitly the link between silting modules and support 7-tilting
modules.

Example 3.22. Let k be an algebraically closed field and consider the quiver

I 12,9 P .3

Let A = kI'. There are 6 indecomposable modules over A, and we have the AR-quiver

SN
NN

We adapt example 2.50 to silting modules, so let T'= Iy & S1. We have
Gen(T) = Add({I2, S1})
and T admits the following projective presentation
PsoP, —2s P oP —— LdS —— 0

but Gen(T') € D,. For instance P; € D, but P; ¢ Gen(T). It’s clear from the AR-quiver
that P;-0 = Add({Ss, I, S1}) and Sy ¢ D,. Then we have

D, N P;° = Gen(T).
Then letting v = (0, 0) be the following projective presentation of 7'

P;® Py® P BGUN PoeP —— L®eS ——0
we have D, = Gen(T), and so T is silting with respect to 7. Note that T" is support
7-tilting by example 2.50. Furthermore, « is precisely the unique 2-term silting complex
corresponding to T" by theorem 2.49. The link between 2-term silting complexes and silting
modules will be described in detail in section 5.2.
The need to extend o to 7 is an example of the choice of projective presentation men-
tioned in remark 3.12. O

Next we give an example of a silting module which is neither finitely presented nor
tilting.
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Example 3.23. Consider the Kronecker quiver I' with countably many arrows

r: 1772
Let k be an algebraically closed field and let A = kI'. We have the two indecomposable
projective modules P; = Ae; for i = 1,2
Y PR
P kT kM P 0 *k
and the two indecomposable injective modules

TN YN
I : k70 Iy : k/;ﬂk(N)

Let T = P;/soc(P;) which is the simple module corresponding to vertex 1. Clearly,
Gen(T) = Add(T) and Gen(T) C P3. In fact, Gen(T') consists precisely of all semisimple
injective A-modules. The inclusion is in fact an equality. Indeed, let M be the A-module
given by some representation

M : U’ v

and suppose that M € PQLO. Then Homy(k,V) = 0 and so V = 0, and thus M € Gen(T).
Furthermore, since Gen(T") consists of injective A-modules, we have

P;° = Gen(T) C T+.

However, I ¢ Gen(T) but clearly I € T, so the inclusion above is proper, and therefore
T is not tilting.
The A-module T admits the following (infinite) presentation.

0—— PN <2, p y T —— 0 (3.4)

Now, applying Hom 4(—, X) to the sequence above for some A-module X, one easily checks
that D, = T1. We adjust sequence 3.4 slightly to a new projective presentation as such

0*>P2(N)@P2 780, p, s T

~
o

and let v = o0 & 0. Then

D, =D, N P;° =T NP = P3 = Gen(T).
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Then, T is silting with respect to 7, but it is not tilting (nor finitely presented). The exact
same construction can be applied to the path algebra of the quiver

1—=2
B

to show that Pj/soc(P;) is silting but not tilting. Of course, it admits a finite presentation
in this case.

Finally, note the similarity between the construction of the silting class D, and the
construction of 2-term silting complexes from minimal projective presentations of support
7-tilting A-modules in example 2.50. O
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4 Tilting in the morphism category

In this section we present the theory from [MS18], which connects the theory of silting
modules with tilting in the morphism category. In particular, we prove that (partial)
silting A-modules correspond bijectively to (partial) tilting objects in the morphism category
Mor(A). The results are mostly from [MS18], but we provide some additional prerequisite
results regarding the morphism category.

For any unitary ring A, we define the morphism category Mor(A) where the objects are
A-homomorphisms f : M — N, and morphisms are given by commutative diagrams

ML N

bl

M —2— N’

We denote the object f: M — N in Mor(A) as Zy. The morphism given by the diagram
above is then written as h : Zy — Z;,, and for any given morphism h we always write hy, ho
for the two component A-homomorphisms. The zero-object Zy € Mor(A) is 0 — 0. We
show what kernels, cokernels, monomorphisms and epimorphisms look like in Mor(A).

Lemma 4.1. Let Zy = f : M — N and Z; = g : M' — N’ be objects in Mor(A) and
h = (hi,h2) : Zy — Zy a morphism in Mor(A).

(1) The object Ker(h) is given by Ker(hy) — Ker(hsg)
(2) The object Cok(h) is given by Cok(hy) — Cok(ha)

(8) The map h is a monomorphism in Mor(A) if and only if hi, ha are monomorphisms
in Mod(A).

(4) The map h is an epimorphism in Mor(A) if and only if hi, he are epimorphisms in
Mod(A).

Proof. (1) : Let Ker(h) = X — Y, and let Z; = B — C an object in Mor(A) with
a morphism p = (p1,p2) : Z; — Zy such that hp = (hip1,hop2) = 0. Then p factors
through Ker(h), in particular p; factors through Ker(hy) and py factors through Ker(hs),
thus X = Ker(h;) and Y = Ker(hz), as illustrated in the following commutative diagram.



(2) : The proof is similar to the proof of (1).

(3) : Suppose that both A1, hy are monomorphisms, then Ker(h) =0 — 0 by (1), so h is
a monomorphism.

Conversely, suppose that h; is a monomorphism and ho is not. Then it follows that
there is a non-zero object 0 — Ker(hg) in Mor(A) and a map Z(g_,Ker(hy)) — Z such that
composition with h is zero. Thus, h cannot be a monomorphism. Similar arguments show
that if Ay is not a monomorphism then h cannot be a monomorphism.

(4) : The proof is similar to the proof of (3). O

Objects in Mor(A) can be thought of as chain complexes of A-modules concentrated in
degrees —1,0. The morphism category also goes by the name arrow category, and is then
denoted by C7(A) or Arr(A).

Denote by T5(A) the ring of lower triangular matrices over A. The following proposition
shows that Mor(A) is an abelian category.

Proposition 4.2. The category Mor(A) is equivalent to the category Mod(T2(A)).

Proof. Define a functor F': Mor(A) — Mod(72(A)) as follows. The functor sends an object

Zy =M I Nin Mor(A) to the abelian group M @& N, where for m € M and n € N, the
T5(A)-action is defined as

(0 ) () = (o™ )

The functor acts on morphisms of objects in Mor(A) as follows

ML N MaN
lhl ho F7 ih1€Bh2 (4'1)
Y AN N M & N

It is straightforward to check that F' is indeed a functor. We will show that it is an
equivalence.

F is faithful: Fix two objects Zy = f: M — N and Zp = f': M — N’ and consider
diagram 4.1. Clearly, if hy & hy = 0 we have h; = ho = 0, so

F: HomMor(A)(Zf7 Zf/) — HOmT2(A)(M e N, M @ N/)

is injective.

F is full: Again, fix Zp = M Iy N and Zp =M S N in Mor(A), and let

h:M&N— Mo N

be a map in Mod(Ty(A)). We write h((m,n)T) = (m/,n')T. First we show that there are
induced maps M — M’ and N — N'. Let e; = ({3) and e2 = (J9). Then

hex(m,n)") = h((m,0)") = (m’,0)"
h(ea(m,n)") = h((0,n)") = (0,n")"
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and so we have the induced maps hy : M — M’ with hi(m) = m' and he : N — N’ with
ha(n) =n'. Let a € A, then we have

1o 0) () = Cartm) = Canosion)
- (2 8>h(rg> - (2 8) (}212(&1))) - <af’h?(m)>'

In particular, for a = 14 we have haf(m) = f'hi(m), so the following diagram commutes

which implies that F' is full.
F is dense: Let M & N be a Ta(A)-module. Then there must be some map f: M — N

such that
ar O m\ aim
ag az) \n/) \aaf(m)+azn
The object Zy = M i> N is then sent to M & N via F. O

The following subcategories of Mor(A) will be of particular interest to us.

L := Mor(proj(A)) ={Z, | o0 € proj(A)}

BL := Mor(Proj(A)) ={Z, | 0 € Proj(A)}

They are clearly both additive and full subcategories of Mor(A). We now define exact
categories in the sense of Quillen, for which we adopt the definitions due to Happel, [Hap88,
Chapter 1.2].

Definition 4.3. Let B be an additive category, embeddded as a full and extension-closed
subcategory of an abelian category A. Let S be the set of short exact sequences in A with
terms in B, then (B,S) is called an exact category. Let the following be a sequence in S.

f

0 X vy 2z 0
then f is called a proper monomorphism and g an proper epimorphism.

There is also an axiomatic approach to defining exact categories, where the axioms
mimic some key properties of short exact sequences, see [Qui73]. We also need the following
definition of projective and injective objects in an exact category.
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Definition 4.4. Let (B,S) be an exact category as defined above. Then

(1) An object P in B is said to be S-projective if for all proper epimorphisms g : Y — Z
and morphisms p : P — Z, there exists a morphism p’ : P — Y such that p = gp'.

(2) An object I in B is said to be S-injective if for all proper monomorphisms f: X — Y
and morphisms ¢ : X — I, there exists a morphism 4’ : Y — I such that ¢ = 7' f.

For the sake of simplicity, when no confusion can arise we will just use the terms pro-
jective and injective when working with exact categories.

Lemma 4.5. The categories L and BL are closed under extensions. Consequently, they
are exact categories.

Proof. We only prove that BL is closed under extensions as the proof for £ follows the same
arguments.
Let Zy, Zy € BL and suppose there is a short exact sequence in Mor(A).

B

0 Zy —— Z, Zn 0

Since monomorphisms and epimorphisms in Mor(A) are given by degree-wise monomor-
phisms and epimorphisms in Mod(A) by lemma 4.1, the short exact sequence above is given
by a commutative diagram with exact rows as follows

0 p—, pr Py pr 0
l f L" lh
0 Q a2 Q/ B2 Ql/ 0

Since P”,Q" € Proj(A), the two rows split, therefore P’, Q" € Proj(A) and Z, € BL. O

As a consequence of lemma 4.5, the exact sequences in £ and BL (as exact categories)
are given by degree-wise short exact sequences in Mod(A).

Recall that an abelian category A is called hereditary if g.d.(A) < 1 (global dimen-
sion at most 1), or equivalently if the functor Extil vanishes. The category A is said to
have enough projectives if for any object X there exists a projective object P and an
epimorphism P — X. Dually, A is said to have enough injectives if for any object X
there exists an injective object I and a monomorphism X — I.

Lemma 4.6. The categories L and BL are hereditary, and they have enough projectives
and enough injectives. In particular, for an object P € Proj(A) (respectively proj(A)) the
object Z1, € Mor(A) is projective-injective in BL (respectively L).

Proof. First we prove that BL has enough projectives and injectives. The proof for £ follows
the same arguments.
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Let the following be a short exact sequence in Mor(A) with terms in BL.

00— 2; —2» 7z,

Zp, 0

given by the diagram

a1

P P p" 0

P
lf lg lh (4.2)
0 Q/ 2 Q// B2 Q/// 0

Now take any P in Proj(A), consider the object Z_,p) and suppose there is a morphism
¢ = Zoypy — Zp. The morphism ¢y : 0 — P factors trivially through P”, and the
morphism ¢ : P — Q" factors through Q" because P is projective in Mod(A) and (35 is an
epimorphism. Thus, Z_,p) is projective in BL as it is projective with respect to proper
epimorphisms (in fact, it is projective even in Mor(A)). A similar argument shows that Z;,
is projective in BL (and in Mor(A)).

Now, for the same P and exact sequence as above, consider the object Zp_,p) and
suppose there is a morphism ¢ : Zy — Zp_,p). The exact rows in diagram 4.2 split since
P"" and Q" are projective A-modules, so the morphism v : P’ — P factors through P” via
the summand P’. The morphism 15 : Q" — 0 factors trivially through Q”. Thus, Z(p_,q)
is injective in BL as it is injective with respect to proper monomorphisms (note that it is
not always injective in Mor(A), as the proof relies on the fact that the exact sequences split
degree-wise). A similar argument shows that Z, is injective in BL (not always in Mor(A))

Then for any object Zy = f : P — @Q in BL, there exists a projective object Z € BL
and an epimorphism Z — Z; given by the following diagram.

p—t .p

L) lf
1

rPog YUY (f )

So BL has enough projectives. Similarly, one sees that BL has enough injectives.

Now we show that BL is hereditary. The proof for £ follows the same arguments. Take
some object Z, =0 : P — @ in BL, and consider the following commutative diagram.

0 0 p—L .p 0
l (1) l(é) la (4.3)
OHPLP@QQQHO

The diagram induces a projective resolution of Z, of length 1

0 —— Pl(ZO') — P(](ZU) Zo— 0

Then we have p.d.(BL) < 1, and similarly one can show that i.d.(BL£) < 1. Then
Ext’l\%or( ) vanishes on objects of BL for all n > 2, so BL is hereditary. O
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Extensions of objects in BL or L are fairly easy to deal with as we have shown in the two
last lemmas, but extensions in Mor(A) are significantly harder to work with. The following
lemma provides a very useful isomorphism concerning extension groups when the left-most
term is in BL.

Lemma 4.7. For all objects Zy in BL and Zg in Mor(A), we have the isomorphism
Exthtor(a)(Zos Zg) == Hom o 4y(Zo, Z4[1])

Proof. Let Z, € BL be given by ¢ : P — ). By the proof of lemma 4.6, a projective
resolution of Z,

0 —— Pi(Z,) — Py(Z,) Z, 0 (4.4)

in BL is given by a commutative diagram of A-modules.

0 0 p—L . p 0
l(l) l(fll) l"
0—»P""%paglshog_ o

Let the object Z, € Mor(A) be given by g : M — N, and apply Homyor(a)(—;Z,) to
sequence 4.4 to get the long exact sequence.

. — Homyjor(4)(Po0(Zo), Zg) —— Homyor(a) (P1(Zs), Zg) U

L Extytor(4)(Zos Zg) 0

So every element in Ethl\/Ior( A)(ZU, Z,) is represented by some morphism
h € Homyor(a)(P1(Zs), Zg) given by the commutative diagram

0O—— P
i h
M2 N

Now consider Z, and Z, as 2-term complexes in K 5(A), then an element in
Hom v 4y(Zo, Zg[1]) is given by the diagram



So, elements of Exti/lor(A) (Zo, Zg) and Homgo(4)(Zo, Zg[1]) both rely on finding a morphism
h € Homy (P, N).

Now we show that elements of these two sets are 0 under the same conditions. By the
exact sequence above, an element of Ethl\/Ior( A)(ZU, Zg4) is 0 if and only if the morphisms
P\(Zy) — Z, factor through the inclusion Pi(Z,) — Py(Z,). This is true if and only if

there exists morphisms P <> M and Q L, N such that the following diagram commutes

0 P s M
1
JESSI SO &

h
Then h = gs — to, so the chain complex morphism above is null-homotopic. O

The lemma is useful in the sense that working with Homgs(4)(Z,, —) is far easier than
working with Exty, or(4)(Zo, —). The class Y1 for some set ¥ of objects in BL is needed in
order to consider tilting objects in Mor(A). The following lemma gives an explicit construc-
tion of £11, and moreover it provides a way of translating information between Mor(A) and
Mod(A). The importance of such a link is self-evident. We now extend the class D, from
earlier sections slightly. For a set of objects X in BL, consider the full subcategory Dy, of
Mod(A)

Dy, = {X € Mod(A) | Hom4(o, X) is surjective for all o € ¥}

It follows from lemma 3.10 that Dy is always closed under extensions and factors.

Lemma 4.8. Let X be a set of objects in BL. Then the full subcategory L1 of Mor(A) is
given by
¥t = {Z, € Mor(A) | Cok(g) € Dx}.

Furthermore, ¥ is closed under extensions and factors.

Proof. Let Z, € Mor(A), such that Z, € X1, Then we have
Hom o (4)(Zo, Zg[1]) = 0
for all Z, € ¥ by lemma 4.7. Let Z, =0 : (P-1 — Py) € X, then the morphism
Hom 4 (P, Cok(g)) — Homy (P-1, Cok(g))
is surjective by lemma 3.9, and thus Cok(g) € Dyx. Similarly, if Cok(g) € Dx, then
Hom v (4)(Zo, Zy[1]) = 0

for all Z, € ¥ by lemma 3.9, and thus Z, € Y11 by lemma 4.7.
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Let Zy, Z, € Y11, and suppose there is a short exact sequence

0 Z, Zh Zy 0

Let Z, € ¥ and apply Homyjor(4)(Z5, —) to the short exact sequence to get a long exact
sequence

- —— Extygor(a)(Zos Zg) —— Extygy)(Zos Zn) ]
=0

L Exth\tor(a)(Zos Zf) ———— ...

=0

from which it follows that Z; € 311, and 1 is therefore closed under extensions.
Now, let Z; and Zy be given by f: M — N and f': M’ — N’ respectively such that
Zy is a factor of Z¢, i.e. the following diagram is commutative and the vertical maps are

surjective

ML N

b

M —— N’

Suppose that Z; € Y11 we show that then Zp € Y11, Take some object Z, € ¥ given
by o : P — @, then by lemma 4.7 an object in Ethl\/Ior(A)(Zf” Zyr) is given by the following

diagram in K®(A)
P—"-Q
s
M =L N

Since P is projective and ho : N — N’ is surjective, there is a map ¢t : P — N such that
g = hot. But, the map ¢ is null-homotopic since Z; € Y11 ie. there are mapsd_q : P — M
and dg : Q — N such that t = dpo — fd_1. Then we have

g = hgt = hgdoU — hgfd_l = hgdoa — f/hld_l
which shows that g is null-homotopic, i.e. Zy € yh O

Remark 4.9. Since 1! is closed under extensions and factors, it is a torsion class if and
only if it is closed under coproducts in Mor(A).

We include a small but important lemma which shows that for an object Z, € BL, the
class Z}! is a torsion class if and only if D, is a torsion class.

65



Lemma 4.10. Let Z, € BL. Then Z}' is a torsion class if and only if Dy is a torsion
clas.

Proof. The class Zf;l is closed under extensions and epimorphic images in Mor(A) by lemma
4.8. Similarly, the class D, is closed under extensions and epimorphic images in Mod(A)
by lemma 3.10. Therefore, we only need to show that Z}! is closed under coproducts in
Mor(A) if and only if D, is closed under coproducts in Mod(A).

Suppose that Z21 is closed under coproducts in Mor(A), and let {7} };c; be a family of
A-modules such that T; € D, for all ¢ € I. Let f; : P; = @Q; be a projective presentation
of T; for all ¢+ € I. Then by lemma 4.8 we have Zy, € ZX+1 for all i € I. By assumption we
then have @, ; Zy, € Z;', and so by lemma 4.8

Cok(EP f:) =D Ti € D,
i€l el

Thus, D, is closed under coproducts in Mod(A).

Suppose now that D, is closed under coproducts in Mod(A), and let {Z,,}ic; be a
family of objects in Mor(A) such that Z,, € Z2! for all i € I. Then by lemma 4.8 we have
Cok(g;) € D, for all i € I, and by assumption we also have

@ Cok(g;) = Cok(@ gi) € Dy

icl iel
which by lemma 4.8 again implies that @, ; Z, € Zlr O

The next lemma shows that (partial) silting A-modules correspond bijectively to (par-
tial) tilting objects in Mor(A).

Lemma 4.11. Let T be an A-module with projective presentation o : P_1 — Py. Then the
following hold.

(1) T is partial silting with respect to o if and only if Z, is partial tilting in Mor(A).
(2) T is silting with respect to o if and only if Zy ® Z1, is tilting in Mor(A).

Proof. (1) : First, by lemma 4.8, T € D, if and only if Z, € Z}'. Furthermore, the class
Z+1 is a torsion class in Mor(A) if and only if D, is a torsion class in Mod(A) by lemma
4.10. This proves (1).

(2) : Suppose that Z := Z, ® Z;, is tilting in Mor(A), so Gen(Z) = Z+! = Z1. First
note that for any morphism f: M — N in Mod(A), we have

Homygor(ay(Z1,4, Z5) = Homa(A, M) = M.

In particular, we have Homyyor(4)(Z1,4, Z(0—n)) = 0, and thus we have Z_,ny € Gen(Z2)
if and only if Z_,n) € Gen(Z,). It’s easy to see that Z_,n) € Gen(Z,) if and only if
N € Gen(T). By lemma 4.8, Z_,n) € Z+1 if and only if N € D,. Thus, we have

N € Gen(T) <= Z,n) € Gen(Z) < Zon) € Zy' < NED,
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so T is silting with respect to o.
Conversely, suppose that T is silting. In particular, it is partial silting by corollary 3.15,
and so Z, is partial tilting in Mor(A) by (1). By lemma 4.6, the object Z;, is projective-
injective in Mor(A), and so by lemma 2.11 the object Z := Z, & Z; , is again partial tilting.
Therefore, we know that Gen(Z) C Z*1, so we only need to show the other inclusion.

Let f : M — N be a morphism in Mod(A4) such that Z; € Z1'. Then we have
Cok(f) € D, = Gen(T) by lemma 4.8. Then there is a surjection p : TU) — Cok(f), and
since Pél) is projective, p lifts to a map p : Zc(,l) — Zj given by the following commutative
diagram.

n P

P P! 70 » 0
» ' Jp (4.5)
M f

N — 5 Cok(f) —— 0
M ()

1a

Next, there is a surjection ¢ : AM) 5 M, which extends to a map ¢ : Z\") — Z + given by

the following commutative diagram.

A L A

b
M—L N

Then we have a map (p, q) : Z((TI) b Z ) g ¢ given by the commutative diagram

1a

a0
P£]1) o AU <M)péf) o AD)

l(p”,q) l(p’ﬁf q)

We will prove that (p,q) is surjective, i.e. that both (p”,q) and (p/, fq) are surjective.
Since ¢ is surjective by construction, the map (p”, q) is surjective. To prove that (p/, fq) is
surjective, we do a diagram chase in diagram 4.5.

Let n € N such that n ¢ Im(f). Then 0 # 7¢(n) € Cok(f), and since p is surjective

there is some ¢ € TU) such that p(t) = 77(n). Furthermore, the map 7 s surjective, so

there is some « € PO(I) such that

()

Pa)=t and pr{)(a)=ms(n)
Since the diagram commutes, we have

rp(a) = priD(a) = mp(n) = 7' (@) —n) =0.
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So (p/(a) —n) € Ker(ny) = Im(f), i.e. there is some m € M such that f(m) = p'(a) —n.
But then

N =Im(p', f)
and since ¢ : AY) — M is surjective, we also have
N =1Im(p', fq).

Then (p', fq) is surjective which makes the map (p, §) surjective, proving that Z; € Gen(Z).
0
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5 Silting Complexes

5.1 Silting complexes, t-structures and co-t-structures

Now we turn to the more general notion of silting complexes over K®(Proj(A)), compared
to the silting complexes in K°(proj(A)) from section 2.3. The structure and results of
this section closely follow that of section 4.2 in [HMV15]. We also include an important
theorem from [Weil3] and use it to split up the proof of one of the main results. The
section culminates in the proof of theorem 5.21, showing that there are bijections between
equivalence classes of silting complexes in D(A), silting t-structures in D(A), intermedi-
ate co-t-structures in D(A) with the aisle being closed under coproducts and triples of
subcategories of D(A) such that the middle term appears in both a co-t-structure and an
intermediate t-structure.

The first part of this section shows how silting complexes in K®(Proj(A)) concentrated
in n degrees are in bijection with certain t-structures in D(A), specifically proven in lemma
5.16. The concept of t-structures and co-t-structures is central in this section, so we begin
by giving their definitions and presenting some motivational examples.

Definition 5.1. Let D be a triangulated category.
A t-structure (respectively a co-t-structure) in D is a pair of full subcategories
(V=0,120) (respectively (Uso,U<p)) such that

(1) Homp (V=" V=0[-1]) = 0 (respectively, Hom p(Uso,U<o[1]) = 0)
(2) V=[1] C V=0 (respectively, Uso[—1] C Usg)

(3) For every Y in D there is a triangle

X Y Z X[1]

such that X € V=0 and Z € V=°[—1] (respectively, X € Usg and Z € U<[1])

We use the notations
ps<n . VSO[—n] U>p = UZO[_n]
VZn = VZO[fn] Z/{Sn = Ugo[*n]

The category V=C is called the aisle, the category V=0 the co-aisle and the intersection
V<01 VY20 the heart of the t-structure. The notation is motivated by example 5.3.

Remark 5.2. Note that for a t-structure (V=Y V=0) (respectively for a co-t-structure
(Us0,U<p)), we have V20 = (V=0)L0[1] (respectively U<q = (Usg)*°[—1]). That is, the
aisles completely determine the (co-)t-structures. It then follows that V=0[—1] C V=0 and
U<o[1] € U<o.

We give some examples to illustrate how (co-) t-structures arise in in different categories.
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Example 5.3. Let D= and D=° denote the subcategories of D(A) consisting of complexes
which only have homologies lying in degrees n < 0 and n > 0 respectively. The pair
(D=, D=9 form a t-structure in D(A) called the standard t-structure. Its associated
truncation functors are the smart or soft truncation functors, denoted by 7<" and 7" for
all n € Z. For a complex X = (X;,d;)iez in D(A), 75" X and 72" 1 X are given by

X =T I Ker(dy) 0

FEHLY = 0 X/ Ker(dp) —2 Xy -2
where 72" X = X/75"X for every n € Z. Then, for X € D(A) there exists a triangle
70X —— X —— 721X —— (7=0X)[1]

It is easily verifiable that the pair (D=0, D=°) satisfies axioms (1), (2) for t-structures.
Axiom (3) follows from the existence of triangles like the one above.

The truncation functors are called smart because they preserve homology in the degree
they truncate, i.e. 75"X has homology in degrees < n and 72"t!X has homology in
degrees > n + 1. There are other definitions of the smart truncations, but note that since
they preserve homology, they are naturally isomorphic in D(A).

Example 5.4. Let K,(A) denote the triangulated subcategory of K(A) consisting of homo-
topically projective complexes, that is all complexes X € K (A) such that Homp(4)(X,Y) =
0 for all exact complexes Y, see [Kel98]. Let K>o and K<( denote the subcategories of K,(A)
consisting of complexes whose components are zero for all n < 0 and n > 0 respectively.
The pair (K>¢, K<o) form a co-t-structure in K,(A) called the standard co-t-structure.
For a complex X = (Xj,d;) in K,(A), the triangle satisfying axiom (3) is obtained by the
so-called stupid truncation of X, where each X; is replaced by zero outside the chosen
degree. While smart truncations preserve homology at the degree they truncate, stupid
truncations to not.

Example 5.5. It was shown in [HRS96, Theorem 2.1] that torsion pairs in Mod(A) induce
t-structures in D(A). We present the description of such t-structures now without proof.

Let (7,F) be a torsion pair in Mod(A), and consider the following subcategories of
D(A).

D :={X e D(A)|H X)e T, H(X)=0Vi > 0}
DF = {X € D(A)|H (X)) e F, H(X)=0Vi< —1}

Then (D7§—07 DJZTO) is a t-structure in D(A).

This final example will be of particular interest as it relates directly to silting complexes.
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Example 5.6. It was shown in [AJS03, Proposition 3.2] that for any X in D(A), the
smallest triangulated subcategory of D(A) containing X which is closed under coproducts,
extensions and positive shifts is an aisle in a t-structure. Denote this subcategory by
aisle(X), then the pair (aisle(X), X+<0) is a t-structure in D(A).

In [DBB83, Theorem 1.3.6] it was shown that the heart of a t-structure in a triangulated
category D is always an abelian subcategory of D. The following example illustrates how
in some cases, starting with a module category, forming the standard t-structure in the
derived category and then taking the heart, one recovers the module category.

Example 5.7. Let k be an algebraically closed field, and A = kI" the path algebra over the
quiver I'
1 —— 2

There are three isomorphism classes of indecomposable left A-modules in mod(A), given by
the representations

P2:0*>k Plzki%/{? Slzk*)()

Taking their stalk complexes in Db(A), they induce isomorphism classes M7, My, M3, respec-
tively, of indecomposable objects in D?(A). We get further isomorphism classes recursively
via the shift functor, letting M;[1] = M;;3 and M;[—1] = M;_3. Then we have the AR-
quiver of DY(A)

Mo
~. <0 / \ >0 7
\\>‘ ///
My M3

Take the standard t-structure (D=, DZ9) in DP(A). In the quiver above, all objects to the
left of the dashed line marked > 0 lie in D=° and all objects to the right of the dashed line
marked < 0 lie in D=C. Clearly, the heart D<M D=? = add(M; ® My ® M3) = mod(A). O

Example 5.8. Another example, which is slightly more interesting, is to follow the same
construction as in the previous example, but for the following quiver I' instead.

l1—2 —3

Let k be an algebraically closed field and A = kI' the path algebra of I'. See for instance
example 3.22 for the AR-quiver of A in mod(A). As in the the previous example, the
stalk complexes of the indecomposable modules in mod(A) induce isomorphism classes of
indecomposable objects in D?(A).

Form the standard t-structure (D<= DZ9) in D*(A). The following diagram is the AR-
quiver of D?(A), but with dots representing the objects. The black dots represent the
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objects which are in the heart D=9 N D= and one easily sees that D=9 N D=0 =2 mod(A).

\./
/N
\./
/N
N/

\ /
/N
/ \

One can manually adjust the t-structure to a new t-structure (N=, N=0) so that the heart
N=01 N=0 is given in the following AR-quiver.

(¢] [ ] [ ]

/N
%
AN
\./
/N
\/

\ /
/ \

O [ J [ ]
Then N<0N N2 = mod(A’) where A’ is the path algebra over the quiver I

1—2<+—3

O

The following definition of silting complexes is from [Weil3, Definition 3.1], in the ref-
erence called big semi tilting.

Definition 5.9. A complex ¢ in K°(Proj(A)) is called presilting if it satisfies
(1) Hompy (o, oD[i]) = 0 for all sets I and all i > 0.
and it is called silting if it also satisfies

(2) The smallest triangulated subcategory of D(A) which contains Add(o)
is K°(Proj(A)).

A complex of projective A-modules concentrated between degress —n + 1 and 0 will
be called n-term. An n-term complex will be called n-presilting, respectively n-silting, if
it is presilting, or silting. We say that a complex X in D(A) generates D(A) if whenever
Homp4)(X[i],Y) =0 for all i € Z, then Y = 0.

Remark 5.10. If X is a class of objects all of which generate D(A), then X is called a
class of generators. It follows from [AJS00, Proposition 4.5] and [NS09, Lemma 2.2(1)] that
an object X in D(A) generates D(A) if and only if the smallest triangulated subcategory
of D(A) containing X which is closed under coproducts is D(A).
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We include two results from [Kel98] which will prove useful when working with D(A).
The first is [Kel98, Theorem on p.158|, which gives an equivalence of categories, which we
will not prove since for our purpose, we only need that the equivalence exists.

Theorem 5.11. Let K, (A) be the triangulated subcategory of K(A) from example 5.4, then
there is an equivalence of categories

O

The second is [Kel98, Proposition on p. 158|, which we will prove as the proof gives
insight when used in the proof of proposition 5.14.

Proposition 5.12. Let U be a triangulated subcategory of D(A). Then U equals D(A) if
and only if U contains A and is closed under coproducts.

Proof. By theorem 5.11 we have D(A) = K,(A), so we prove the corresponding statement
for K,(A).

Let U be the smallest triangulated subcategory of K,(A) which contains A and is closed
under coproducts. Note that U contains every free A-module F' since A € U. Furthermore,
by taking cones, U also contains every finite complex of free A-modules. We show that U
also contains all projective A-modules.

Let P € Mod(A) be projective, then there exists an A-module @ such that P® Q = F
for some free A-module F. Let

e:= <(1) 8) PeQ—>PaQ
where Im(e) = P. Then there is a free resolution of P, denoted by Fp, as follows
—5PaQ —>PeQ —5PaQ — 0.
Consider the morphism f : Fp — Fp constructed as the composition
Fp —— P —— Fp
where f = e in degree 0, and zero elsewhere. We will show that 1 — f is null-homotopic,

which implies that P as a stalk complex is isomorphic in K(A) to its free resolution Fp.
We have the following commutative diagram

Fp LS PeQ <5 PaQ "S5 PeQ ——0

ll*f / / l1—e
R

Fp ...*)PEBQ*)PEBQ*)PEBQHO
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i.e. 1 — f is null-homotopic. So P = Fp in K(A). Now, let F_,, denote the complex con-
centrated in degrees 0, —1,..., —n with a free A-modules F' in each degree and idempotent
differentials as above. We now invoke Milnor’s triangle

@nGN Fop —— eBmGN Fom —— hﬂF—m - (@nGN F—n)[l]

where lim F_,, is an infinite complex right bounded at 0, with a free A-module F' in each
degree and idempotent differentials. Each F_, € U by the arguments in the beginning of
the proof, and then also coproducts of I, are in U. Then, since the first two and last
terms in Milnor’s triangle are in U, so is the term lim F_,,. But such limits are precisely
the free resolutions of projective A-modules, which we have shown are isomorphic in K(A).
Therefore, U contains all projective A-modules. Then it follows that U equals K,(A) since
it is the smallest triangulated subcategory containing all projectives. O

We also need the following, which is a combination of results from [Weil3]. The proofs
requires a different approach to silting as well as several preliminary results, so we only
state the results.

Proposition 5.13. Let o € K°(Proj(A)) and o € D=V, then the following hold.
(1) If o is presilting, then it is silting if and only if o->° C D=0,
(2) If o is n-silting, then DS~ C o1>0 C DO gnd 01> is closed under coproducts.

Proof. (1): See [Weil3, Proposition 3.12].
(2): See [Weil3, Lemma 4.1] and [Weil3, Proposition 4.2]. O

We can now prove the following proposition, which is the first step towards a correspon-
dence between n-silting complexes in D(A) and t-structures in D(A).

Proposition 5.14. Let o be an n-term complex in K°(Proj(A)). The following are equiv-
alent.

(1) o is n-silting.

(2) o is a presilting generator of D(A) and o+>° N D=0 is closed under coproducts in
D(A).
(3) aisle(o) = o+>0.
(4) o is presilting and >0 C D=V,
Proof. (1) = (2) : By proposition 5.13(2) we have that o->° is closed under coproducts
in D(A). Since o is silting by assumption, then the smallest triangulated subcategory of
D(A) containing Add (o) is K°(Proj(A)), which contains A as a stalk complex. Therefore,

by proposition 5.12 the smallest triangulated subcategory of D(A) which contains o and is
closed under coproducts is D(A). Therefore by remark 5.10 we have that o generates D(A).

74



(2) = (3) : It is easy to see that the subcategory o>0 N D= is closed under positive
shifts and extensions. By assumption, it is also closed under coproducts, and since o is n-
presilting, we have o € 0> N D=0, By example 5.6, the smallest such category is aisle(c),
therefore aisle(o) C 0> N D=V, For any Y in o>, there is a triangle associated with the
t-structure (aisle(c), 0-<0)

X Y 7 —— X[1

where X € aisle(o) and Z € g+<0[—1] = o+<0. Because aisle(c) C 0+>0 N D=0 we have
X € 09 and Y € 0> by assumption. Then it follows by the triangle that Z € o>0.
But then Z € 01>0 N gt<0, and so Z = 0 since o is a generator of D(A). Then it follows
that X 2 Y and aisle(o) = o1>0.

(3) = (4) : Since o € aisle(s) = o>, it is n-presilting. We show that aisle(o) C D=0.
Consider the class X of objects coming from isomorphisms, coproducts and positive shifts
starting with o. These objects must all belong to aisle(s) and D= since 0 € D=, Let
X,Z € X C DY and let the following be a triangle.

f

X Y » Z X[1] > Y1]

Now, Z € D=V and X[1] € D="!. We have Y[1] = Cone(f), and writing out the complexes

7 = . —————— 7 9 s Z_q 20 0
l e ]
X[1] = . — X Xo 0 0
| | I
Y[1] = o X B Z gy —— Xo® %o 0 0

we have Y[1] € D=7 and Y € D=0, Thus, all objects coming from isomorphisms, coprod-
ucts, positive shifts and extensions starting with ¢ are contained in D<C. That is,

aisle(0) = o1>0 C D=0

and we are done.
(4) = (1) : It follows directly from proposition 5.13(1). O

Proposition 5.14 gives a particular bijection between t-structures and n-silting com-
plexes. We aim to prove a more general bijection, for which we need the following definition.
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Definition 5.15. (1) A t-structure (V=" V20) (respectively a co-t-structure (Usq,U<p))
in D(A) is said to be intermediate if there are a,b € Z, a < b, such that
D= C V=0 C D=? (respectively K<, C U<y C K<)

(2) A t-structure (V=,V20) is said to be silting if it is intermediate and there is a
generator o of D(A) such that V<0 +Lo(V=0[1]) = Add(c). Tt is called n-silting if it
also satisfies D=7+l C Y=0 C D=0,

We now show that n-silting t-structures are precisely those which correspond to n-silting
complexes. Later, we will show that equivalent silting complexes correspond to the same
silting t-structure.

Lemma 5.16. A t-structure (V=°,V29) is n-silting with V<0 N+o(V=C[1]) = Add(o) if and
only if o is an n-silting complex and V=0 = g1>0.

Proof. Suppose that (V=<0,V20) is an n-silting t-structure with V<0 1o (V=0[1]) = Add(0).
Since o € Add(c) we have

Hompa)(o,0[i]) =0 foralli>0

and so o is presilting. We will show that 0+>0 = V=0 Since V=0 C Add(c), then o>° will
be closed under coproducts in D(A). Then o will be a silting complex by Proposition 5.14.
First we show V=0 C g1>0. Let X € V=0, and since o € Add(c), we have

HOmD(A)(O', X[l]) =0.
Recall that V=0[1] C V=0 so clearly
Homp4(o, X[i]) =0 for alli >0

ie. VSO C gl>o,
Next we show V<0 D ¢1>0, Let X € 01>° and consider the triangle associated with the
t-structure

Y > X Z » Y1)

where Y € V=0 and Z € V29[—-1] = V=L, Since o € +0(V="[1]) we have
Homp4)(o, Y[i]) =0 for all i >0
and by our assumption on X we have
Homp)(o, X[i]) =0 for all i > 0.
Therefore, by the triangle above we also have

Homp4)(0, Z[i]) =0 for all i > 0.
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Next, since o € V=0, it’s clear that
Homp4)(0, Z[i]) =0 foralli <0

and thus
Hompa(o, Z[i]) =0 for all i € Z.

By assumption, o is a generator of D(A), and therefore Z = 0. Thus X =Y, ie. X € V=<0,

Because V=0 = g1+>0 C Add(c), which is closed under coproducts in D(A), then g+>°
is closed under coproducts, and so o is a silting complex in D(A) by proposition 5.14.

It remains to show that ¢ is an n-term complex. The t-structure (V<C, V=9) is n-silting
by assumption, so ¢ € VS0 C D=0, Let ¢ € K*(Proj(A)) be of the form (P;,d;);cz and
P; =0 for all 4 > 0. Since (V=0,V29) is n-silting, D="*! C V=<0 and ¢ € +0(V=C[1]), so
therefore

Homp(4y(0,X) =0 forall X € D=

Consider the co-t-structure (Ko, K<g) in K,(A) and fit o in a triangle given by stupid
truncations
X yo —— Y X11]

where X € K>_,4 1 NK<pand Y € K<_,, = D=""_ Then u is zero, so the triangle splits
and o is a summand of X, i.e. ¢ is n-term.

Now we prove the other implication in the lemma. Let o be n-silting. We will show that
(0 +>0,01<0) is an n-silting t-structure satisfying the required properties of the lemma.
Clearly, D=—"+1 C ¢1>0 and from Proposition 5.14 we have ¢+>0 C D=0 and that o
generates D(A). Clearly Add(c) C o>0 N +Lo(gt>0[1]) since o € o+>0 N +o(g+>0[1]). To
show the other inclusion, let X € o+>0 040 (g1>0[1]). Let I = Homp4(o, X), then there
is a universal morphism u : ¢/) — X which induces a triangle by (TR1)

K y o) 1y X Y K1
Apply Homp ) (0, —) to the triangle to get a long exact

. — Homp4(o, K) ——— Hompy(o, oy 2y Homp4)(o, X) 7

[% HOmD(A)(O',K[l]) —_— ...

and observe that the morphism wu, is surjective because of the universal property of wu.
Therefore, Homp4) (e, K[1]) = 0. Furthermore, we have

Homp (0, oD[i + 1]) = 0 = Hompa) (o, X[i]) for all i > 0

so we have Homp4)(o, K[i]) = 0 for all i > 0. By assumption, X € -0(c>0[1]), and
we have shown that K € 01>, so then the morphism v in the triangle is zero. Then the
triangle splits and X € Add(c). Then (61>9, 1<) is an n-silting t-structure. O
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It is clear from the lemma that two silting complexes o and w satisfy Add(c) = Add(w)
if and only if 0> = w>0. Thus, we define two silting complexes ¢ and w to be equivalent
if Add(o) = Add(w).

We are now almost ready to give the proof of theorem 5.21, one of the main results in
[HMV15]. It is however quite involved, so we will first prove a few lemmas to make proof
easier to digest. The following definitions are from [Weil3].

Definition 5.17. Let C C D be a triangulated subcategory. We say that

(1) C is specially covariantly finite in D if for every D € D, there exists a triangle

D C B D[1] (5.1)

for some C € C such that Homp (B, C'[1]) = 0 for all C" € C.
(2) C is coresolving if it is closed under extensions and C[1] C C.

(3) D has finite C-coresolutions if for every D € D, there exists a collection of objects
{C;} in C for 0 < i < n and a finite sequence of triangles

Xo — CO — Xl — Xo[l]
Xl — Cl —)Xg —)Xl[l]

Xn—l — Cn—l — Cn — Xn_l[l]

The following theorem from [Weil3] is important. It gives a bijection between equiv-
alence classes of silting complexes in D=" and subcategories of D=0 with certain prop-
erties, which turns out to be precisely the subcategories corresponding to intermediate
co-t-structures in D™ (A) with the aisle being closed under coproducts in D(A). We only
state the theorem, see [Weil3, Theorem 5.3| for the proof, but the properties given in the
theorem allows us to prove the two important lemmas which follow.

Theorem 5.18. There is a bijection between equivalence classes of silting complexes in
D=0 and subcategories U C D=° which are coresolving, specially covariantly finite in D=0,
closed under coproducts in D(A) such that D™ (A) has finite U-coresolutions. The bijection
is given by o — o1>0, O

The aim of the following two lemmas is to show that silting complexes in D=° correspond
bijectively to intermediate co-t-structures (U>o,U<p) in D~ (A) with U<p being closed under
coproducts in D(A). We do this in two steps, first we show that the subcategories U in
theorem 5.18 being coresolving and specially covariantly finite in D~ (A) is equivalent to
(+o(U[1]),U) being a co-t-structure in D~ (A). Next, we show that additionally, D~ (A)
having finite U-coresolutions is equivalent to (+0(U[1]),U) being intermediate.

Lemma 5.19. Let U C D™ (A) be a subcategory. Then U is coresolving and specially
covariantly finite in D~ (A) if and only if (+°(U[1]),U) is a co-t-structure in D~ (A).
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Proof. Suppose that U is coresolving and specially covariantly finite in D~ (A). We verify
the co-t-structure axioms for (-0 (U[1]),U) in D~ (A).

Axiom 1: Homp-(4)(*°(U[1]),U[1]) = 0 by definition.

Axiom 2: Let X € 1o(U[1]). Since U is coresolving, we have U[2] C U[1] and therefore
Homp-(4)(X[1],U[1]) = Homp- (4)(X,U[2]) = 0. Thus, Lo(u1]) is closed under [—1].

Axiom 3: Let X € D™ (A). Since U is specially covariantly finite in D~ (A) there exists
a triangle

X[~1] Y Z X

where Y € U and Homp-(4)(Z,U[1]) = 0 for all U € U. So Z € *0(U[1]), and because U is
coresolving, Y[1] € U. Then the following is a co-t-structure triangle

Z X Y[1] Z1]
Conversely, suppose that (+0(U[1]),U) is a co-t-structure in D~ (A).
Proving U is coresolving: By remark 5.2, we have U[1] C U and
U = (Fo(U[1]))*[~1]. Consider a triangle

X Y Z X[1]

where X, Z € U. Let W € +o(U[1]) and apply Homp-(4)(W[-1],—) to the triangle. One
sees that Homp-(4)(W[-1],Y) =0, so

Ye (@) e-y=u

Thus, U is coresolving.
Proving U is specially covariantly finite in D™ (A): Let X € D™ (A), then there is
a co-t-structure triangle

Y X[1] Z Y[1]
where Y € 1o(U[1]) and Z € U[1]. Then we also have a triangle
X — Z[-1] — Y —— X]]]

where Z[—1] € U and Y € Lo(U[1]), satisfying property 5.17(1). O

Lemma 5.20. There is a bijection between equivalence classes of silting complexes in D=°
and intermediate co-t-structures (Uso,U<p) in D~ (A) with U<y closed under coproducts in
D(A), given by the bijection o — o>0 from theorem 5.18.

Proof. Suppose that o € D= is silting and &/ € D~(A) the corresponding subcategory
according to theorem 5.18. By lemma 5.19, the equivalence classes of silting complexes in
D(A) correspond bijectively to co-t-structures (+°(U[1]),U) in D~(A). By theorem 5.18, U
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is closed under coproducts in D(A). It remains to show that the co-t-structures arising in
this way from silting complexes are intermediate. To do that, we prove that D~ (A) having
finite U-coresolutions is equivalent to (+0(U[1]),U) being intermediate.

First, since o belongs to both K*(Proj(A)) and D=V, it is concentrated between degrees
—n + 1 and 0 for some n € N, i.e. it is n-silting. Then by proposition 5.14 we have
that o> C D=0, It’s obvious that DS~"*! C g1>0. The subcategory U C D~(A) is
determined by the assignment o — o>, So then D=""*! C i/ C D=0 and the co-t-
structure (-0 (U[1]),U) is intermediate.

Conversely, suppose that (U>0,U<p) is a co-t-structure in D~ (A) with U< closed under
coproducts such that K<_, C U<g C K<q for some n. We then show that D~ (A) has finite
U<o-coresolutions, which finishes the proof.

Let X € D™(A) with HY(X) = 0 for all i > k for some integer k. Before constructing
a finite U<p-coresolution of X, we show that X can actually be taken in D=0 That is, we
will show that starting with X € D™ (A), we can construct a sequence of triangles yielding
an object Y € D= and we then show that any U<o-coresolutions of ¥ must be finite.

If k= 0 then X € D=V so suppose that k > 0 and consider the triangle coming from
the co-t-structure (Uso,U<o)

X UO C() ” X[l]

where Uy € U<p and Cy € U>p. Taking homology of the triangle and using that U<y C
K<o = D=Y we have

. —— H¥X) —— H*Uy) —— H*(Cy) —— H(X) —— ...
=0 =0

and thus H'(Cy) = 0 for all i > k — 1. We can apply the same process to Cp, yielding
an object Cy such that H*(Cy) = 0 for all ¢ > k — 2. Therefore, we can construct a finite
sequence of co-t-structure triangles

X = Uy — Cy — X[1]
C() — U1 — Cl — Co[l]
Cr—2 = Up—1 = Cr—1 — Cr_2]1]

where Cj_; € D=Y. So, without loss of generality, assume we start with X € D=0 and
construct a sequence of co-t-structure triangles

X = Uy — Cy— X[1]
Co—>U1—>Cl—>C0[1]

Cpo1 = U, — Cp, — Cpq]1]
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where U; € U<g and C; € U>q for all 0 < ¢ < n, where n is the natural number such that
K <-n - Z/{SO-

Applying the functor Homp4)(Cp, —) to all the triangles yield n long exact sequences,
and because Homp)(U>0,U<o[1]) = 0, many of the terms become zero and we get a
sequence of isomorphisms. The following ”diagram” shows the isomorphisms, where the
vertical sequences are the long exact sequences coming from all the triangles, and the top
and bottom ”rows” are all zero. It is a bit hard to digest, but we include it so that the
reader does not have to write out the sequences by hand. For the sake of simplicity, we
write Homp(4)(X,Y) = (X,Y) in the "diagram”.

(Cn, Uo[n]) (Cn, Ur[n —1]) (Cn, Un—2[2]) (Cn, Un—[1])
(Ca. Col]) CuCiln=1) oo (CuCaal2)  (CurCunall)
o Xt 1])\(Cn, C’;[n])\\. y \(cn, cn—_g[sﬁcn, Gt
(Cos Uoln + 1)) (Cos Ur[n)) - (Cos Un_al3)) (Cos Un1[2))

From the ”diagram” above, we get
Homp(4)(Cr, Cn-1[1]) = Homp(a)(Cp, Cp—i[i]) forall1 <i<n
and in particular we get the isomorphism
Hom p(4)(Cr, Cp-1(1]) = Homp(4)(Cn, X[n +1})

Now, since X € D=0 we get X[n + 1] € D71 = D<7"[1]. We have by assumption that
D= = K<_,, C U<, so then D=""[1] C U<o[1]. Moreover, C,, € Us( and

HomD(A) (Z/[Z(), U< 1]) =0

so we have
HOIDD(A)(Cn,X[TL + 1]) =0= HomD(A)(Cn, Cnfl[].])

Thus the triangle

Chr1 s Un Cp —2— Cp_1[1]
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splits, so C),—1 € U<p. Then since
HOInD(A)(Cn[—l], Cnfl) = HOInD(A)(Cn, Cnfl[l]) =0

the solid part of the following diagram commutes, so there exists a map U,, — C,_1 indicated
by the dashed arrow such that the whole diagram commutes

Cnl-1] —— Ch—1 s U, s O,
0 1 e
I
Cnfl

and Cp,_1 =2 U,. So C,, = 0 and therefore the sequence constructed above stops, i.e. the
U<p-coresolution of X is finite. O

We are now ready to prove the main theorem.
Theorem 5.21. There exists bijections between
(1) equivalence classes of silting complexes in D(A).
(2) silting t-structures in D(A).

(3) intermediate co-t-structures (Uso,U<o) in D(A) with U< being closed under coprod-
ucts in D(A).

(4) triples (A, B,C) of subcategories of D(A) such that (A, B) is a co-t-structure and (B,C)
is an intermediate t-structure.

Proof. We claim that the following assignments are bijections

Bijection ‘ Assignment

(1)=(2) | V:0 (0130, 01<0)

(2) = (1) | ©: (V=0,120) s ¢ with Add(c) = V=0 Lo (V=0[1])
(1)=(3) | @:0 = (*o(o>[1]),0>0)

(1) = 4) | Q:0 = (fo(at>0[1]),0t>0, ot<0)

Because two silting complexes ¢ and w are equivalent if and only if o>0 = w'>0, the
assignments ¥, ® and 2 do not depend on the choice of representatives of the equivalence
class. We will assume without loss of generality that silting complexes o in D(A) are
concentrated in degrees less than or equal to 0, or that o> is contained in D=V = K <0-
By lemma 5.16 we have that ¥ and © are mutual inverses. Clearly, if ¥ and ® are bijections,
then so is © as well. Thus, we only need to show that ® is a bijective.

By lemma 5.20, equivalence classes of silting complexes o are in bijection with inter-
mediate co-t-structures (U>o,U<p) in D™ (A) with U<( closed under coproducts in D(A).
We will prove that such co-t-structures in D~ (A) are in bijection with the corresponding
co-t-structures in D(A). Specifically, we will prove that for such co-t-structures (U>o,U<o)
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in D™(A), the pair (+0(U<o[1]),U<p) is an intermediate co-t-structure in D(A). Note that
by the proof of lemma 5.20, we retain the property U<g C K<g.

The pair (*0(U<o[1]),U<) clearly satisfies axioms (1) and (2) in definition 5.1 for being
a co-t-structure in D(A), so we only have to show that it satisfies axiom (3).

Now we use the equivalence of categories D(A) = K,(A) from theorem 5.11, and the
standard co-t-structure (K>, K<o) in K,(A) from example 5.4.

Let X € D(A) = K,(A), and using stupid truncations there is a triangle

Y y X -2

Z —— Y[l (5.2)

where Y € K> and Z € K<g. So then Z € D™ (A), and by the co-t-structure (U0, U<o)
there is a triangle

C[-1] z U C (5.3)

where U € U<p and C' € Usg C 10 (U<o[1]). The composition X %, U induces a triangle
0¢

X —— U —— Cone(p) —— X|[1] (5.4)
By the octahedral axiom (T4)
x5z s V1] X1
| w L ¢ |
X > U » Cone(f¢) —— X[1]
Jon

Z[1] —— Y[2]
the three triangles 5.2, 5.3, 5.4 give rise to a fourth triangle
Y[1] —— Cone(f¢p) —— C —— Y[2]

Now, Y[1] € K>¢ by construction of triangle 5.2 and U<o[l] C K<_; by assumption. So
Y[1] € oK< 1 and in particular Y[1] € 1°(U<o[1]). Since C € 1°(U<o[1]) by construction
of triangle 5.3, we also get Cone(f¢) € 10(U<o[1]). Thus, in the triangle

Cone(0¢)[—1] s X U > Cone(09)

we have Cone(0¢) € 10(U<o[1]) and U € U<q. So (*0(U<o[1]),U<) satisfies axiom (3) in
definition 5.1.

Lastly, note that passing from the intermediate co-t-structure (Uso,U<p) in D~ (A) to
the intermediate co-t-structure (+0(U<o[1]),U<q) in D(A) is an injective assignment. The
inverse is given by taking the intersection with D~ (A). O
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5.2 Silting modules and 2-term silting complexes

The structure and results of this section closely follow that of section 4.2 in [HMV15]. The
aim is to develop a correlation between silting modules and silting complexes, which also
makes it possible to relate (co-)t-structures to silting modules via the results in section 5.1.
We will show that taking homology of a 2-term silting complex induces a bijection between
equivalence classes of silting modules and equivalence classes of 2-term silting complexes.

By proposition 5.14, the subcategory o0 C D(A) for a n-term complex ¢ is important
for establishing if o silting or not. Similarly, for an A-module T" with projective presentation
o, the class D, from section 3.2 is important for establishing if 7' is silting or not. This next
lemma provides a useful way of translating information between o and D, for an 2-term
complex o.

Lemma 5.22. The following hold for any 2-term complex o : P_y — Py in K°(Proj(A))
with T = H(0).

(1) Let X € D=0, Then X € 0>° if and only if H'(X) € D,.
Furthermore, Dy = 00 N Mod(A).

(2) Let X € D=°. Then X € 0<0 if and only if HO(X) € T+o.
Furthermore, T+° = g+<0 N Mod(A).

Proof. (1): Let X = (X;,d;)icz € D=C, and suppose then without loss of generality that
X; = 0 for all i > 0. Suppose that X € ¢+>°. Any map h : P_; — HY(X) lifts to some
map h : P_; — Xo via 7 : Xg — HO(X) as P_; is projective. Then & induces a map
in Homg(4)(o, X [1]) which by assumption is null-homotopic as indicated by the following

diagram.
0 P, 25 P 0
S— B Sq
e x, x, 0 0

Then we have
h=mh=m(s00 +d_15_1) = T80
so h factors through o and H°(X) € D,.

Conversely, let H(X) € D,, and take a map f € Hom(4)(co, X[1]). The composition
of f.1: P 1 — Xo with m: Xg — H%(X) factors through o via some map h : Py — Xg.
Then, since Py is projective, h lifts via 7 to some map h:Py— Xo, so we have the following
diagram

0 P, —° P 0
| e
k” /
X, -5 x, S 0
|
H(X)
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Then we have

w(foy—ho)=nfy—nho=nf_1—ho=0
so (f-1— fw) factors through X | via some map g: P-y — X_1. Thus f_ 1 =d_19+ fw,
and so f is null-homotopic, implying X € o>,

The arguments for showing D, = 0->0 N Mod(A) are similar to the ones above.

(2): Let X = (X;,d;)iez € DY and suppose without loss of generality that X; = 0 for
all i < 0. Suppose that X € o+<0. Since X € D2, we have a t-structure triangle of the
form

79X — X —— 721X —— (r=9X)[1].

In D(A) the stalk complex of H°(X) is isomorphic to 750(X), yielding the follow triangle
(21 X)[-1] — HY(X) — X —— 721X, (5.5)
It is clear that
HomD(A) (07 (TZlX)[_l]) =0= HomD(A) (Uv X)

so then we also have Homp4)(0, H°(X)) = 0. This implies that Hom4(T, H*(X)) = 0.
Conversely, suppose that H°(X) € T+0. Consider again the triangle (5.5), and apply
Hom p(4)(0, —) to it. Any map f € Hompa(o, H*(X)) factors through Cok(c) = T, but
then f = 0. And clearly, Homp4) (o, H°(X)[i]) = 0 for all i < 0.
Any map g € Homp4)(o, (12 X)[—1]) factors through X[—1] by the following diagram

I g
N
g
X[-1] —— (721 X)[~1] HOX) —— X —— 721X

but clearly Homp(4)(c, X[—1]) = 0, so then Homp4)(o, (7= X)[-1]) = 0.
Now, because X; = 0 for all i < 0 by assumption, the complex 72! X is isomorphic to

(... > 0 > 0 > X1 X5 0 o)

in D(A), and therefore Homp4(o, 7' X) = 0. Now we conclude that
Homp4(o, X[i]) =0 foralli <0

The arguments for showing that 70 = g<0 N1 Mod(A) are similar to the ones above. [

Recall remark 3.12(1), that D, for o a morphism between projective A-modules, is a
torsion class if and only if it is closed under coproducts in Mod(A). Lemma 5.23 gives us that
D, is a torsion class if and only if 0->0 N D=V is closed under coproducts in D(A), which by
proposition 5.14 bridges the gap between presilting/silting A-modules and presilting/silting
complexes in K°(Proj(A)).
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Lemma 5.23. Let o be a 2-term complex in K°(Proj(A)). Then o+>° N D=0 is closed
under coproducts in D(A) if and only if D, is closed under coproducts in Mod(A).

Proof. Suppose o> D=Y is closed under coproducts in D(A), and take a family of objects
{Z;}ier in D,. Consider the stalk complexes of the Z;’s. Clearly, each Z; € D<= and
consider then f € Homp4)(o, Z;[1]). By the definition of D,, the map f is null-homotopic,
as can be seen in the following diagram

L — 00— p1t ¢ 0

PO
N

0 Z; 0

Since Z;[1] € D=7 C o+>0 N D=0 for all i € I, we have that each Z; € 0> N D=V, Then
@.cr Zi € Do by our assumption.

Conversely, suppose that D, is closed under coproducts in Mod(A), and take a family
of objects {X;}ier in o> N D=0, First, for any X; consider the triangle

(TS_IXZ‘)[H — Xz[l] — HO<XZ)[1] — (Tg_lXi)p]

and apply Homp4(o, —) to it. Clearly Hompy (o, (7=71X;)[2]) = 0 and by assumption
Hom p(4) (0, X;[1]) = 0. Then Hompa)(co, HY(X;)[1]) = 0, i.e. HY(X;) € Dy for all i € 1.
Because HY commute with coproducts, we have that

H (P X:) =P HE (X)) € D,
1 I

by assumption. Then by lemma 5.22(1), we have that ; X; € o>0 N D=0, O

Lemma 5.24. Let 0 € K°(Proj(A)) be a 2-term compler and H°(oc) = T. Then T is
partial silting with respect to o if and only if o is presilting and o+>° N D=0 is closed for
coproducts in D(A).

Proof. Suppose that T' € Mod(A) is partial tilting with respect to 0. Then by lemma 5.23
we have that o> N D=0 is closed under coproducts. Since T' € D, it follows by lemma
3.10(3) that o € o1>0.

Suppose that o is presilting and that o+>° N D=0 is closed under coproducts. Then by
lemma 5.23 we have that D, is closed under coproducts as well. Since o € o> it follows
by lemma 3.10(3) T € D,. O

Now we have all the tools to prove another important result, in particular that silting
A-modules correspond bijectively to 2-silting complexes in K®(Proj(A)) by taking homology.
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Theorem 5.25. Let o be a 2-term complex in K°(Proj(A)) and H°(oc) = T. Then the
following are equivalent.

(1) o is 2-silting.
(2) o is a presilting generator of D(A).
(3) T is a silting A-module with respect to o.
(4) (Dy,TH0) is a torsion pair in Mod(A).
Proof. (1) = (2) : Follows directly from proposition 5.14.
(2) = (1) : By proposition 5.14, if 0->0 C D=0 then o is 2-silting. So let X € o+>0,
then there is a triangle associated with the standard t-structure (D<C, D=0)

70X —— X —— 721X —— (r50X)[1]

First note that HomD(A)(a[i],Tle) = 0 for all i > 0. Applying Homp4)(o[i], —) to the
triangle with ¢ < 0 we get a long exact sequence

. —— Hompy)(o[i], X) —— HomD(A)(a[i],Tle)

[% HOH]D(A)(U[i],(TSOX)[l]) —_— ...

By our assumption on X, we have
Homp4)(o[i], X) = Homp4)(0o, X[—i]) =0 for alli <0
and since (7=X)[1 —i] € D=72 for i < 0, we get that
Homp(4)(oli, (r=°X)[1]) = Hompa)(o, (r=X)[1 —i]) = 0.

Then Homp4) (o[l 721X) = 0 for all i € Z. Because o generates D(A), we conclude that
721X = 0, which implies that X € D=V,

(1) = (3) : Combining proposition 5.14(2) and lemma 5.24, we get that D, is closed
under coproducts, i.e. it is a torsion class. Furthermore, by lemma 3.10(3) we have that
T € D,, so T is partial silting with respect to o. B corollary 3.15 we have Gen(T") C D,.

We show that the inclusion above is an equality. Let M € D, and take the universal
map u : o) — M where I = Hom p(4)(0, M). We will show that H(u) : TU — M is
surjective, i.e. that D, C Gen(T'). There is a triangle

o) s M s ¢ s o] (5.6)
where C' = Cone(u). Taking homology of the triangle we get an exact sequence

O'LL OU
7 Wy O ooy 50— (5.7)
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There is a surjection M — H°(C), so HY(C) € D, since D, is a torsion class. By the
last part of lemma 5.22(1) we have that H°(C) € 0>0 and C' € D<Y. There is a triangle
associated with the standard t-structure on D(A)

<710 —— ¢ —— H(C) — (r='O)[1] (5.8)

Take a map f € Hompu(o,C), then since o is presilting, the composition wf = 0 in
triangle (5.6), so f factors through v via some map g : 0 — M. By the universal property
of u, the map g factors through u via some map ¢ : 0 — o) such that f = vug/, illustrated
by the following commutative diagram

g
/fl
0_(]) u v w

Then f = 0 and so Homp4(o, C) = 0. Furthermore since (7=7'C)[1] € D="2 we have

Hom (4 (o, (1=71C)|[1]) = 0.
By triangle 5.8 we then have
Homp4) (o, H°(C)) = 0.
Then, since H°(C) € D,, we have
Hom p(a) (o, H(O)[1]) = 0
and then since o is 2-term we get
Homp ) (o, H'(C)[i]) =0 foralli€Z

Because o generates D(A), we get H°(C) = 0. Finally, from the exact sequence 5.7 we get
that HO(u) : T) — M is surjective, i.e. Gen(T) = D,. So T is silting with respect to o.

(3) = (4) : This follows immediately from corollary 3.15.

(4) = (1) : Assume that (D,,T0) is a torsion pair. We have Hom p( (7, T+o) =0,
and therefore T' € D, by the comments following definition 2.4. So T is partial silting with
respect to o. Then by lemma 5.24, ¢ is presilting and o+->° N D=0 is closed for coproducts
in D(A). By proposition 5.14, it remains to show that o is a generator for D(A). To that
end, let X € D(A) such that

Homp4)(o, X[i]) =0 for alli € Z

Because o is 2-term, this is equivalent to Homp4)(c, 7<%(X[i])) = 0 for all i € Z. Then
clearly, Homp4)(o, H*(X[i])) = 0 for all i € Z, which implies H'(X) € T+ for all i € Z.
There is a triangle associated with the standard t-structure in D(A).

HYX[i +1))[-1] — 7= YX[i +1])) —— 75%X[i +1]) —— H(X[i +1])
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Apply Homp4)(o, —) to the triangle to get a long exact sequence

e — HomD(A)(a,HO(X[i+ 1})[—1}) — HOIIID(A)(O', Tg_l(X[i+ 1])) U

[ﬁ HOmD(A)(O',TSO(X[i+ 1])) —— HomD(A)(U,HO(X[i+ 1) —— ...

Now by our assumption on X we have
Hompa)(o, 7=°(X[i +1])) =0
and
Hompa)(o, H(X[i + 1])[-1]) = 0.

Then
HOIHD(A)(O',TS_I(X[i +1])=0= HOHID(A)(U,TSO(X[i])[l]).

Thus, 750(X[i]) € 0+>0 for all i € Z since o is 2-term. By lemma 5.22(1) we have
H (X)= H°(r="(X]i])) € D, forallicZ

So H{(X) € D, NT*0 for all i € Z, but then H(X) = 0 for all i € Z because (D,,T°)
is a torsion pair. Then X is isomorphic to the zero complex in D(A), and so o generates

D(A). 0

Corollary 5.26. Let o be a 2-term complex in K°(Proj(A)) and H°(c) = T. If any of the
equivalent statements of theorem 5.25 is satisfied, then

0> = D5’ = {X € D(A)| H'(X) € D,, H'(X) = 0Vi > 0}.

Proof. Recall from example 5.5 that (D%S, D%BO) is a t-structure in D(A) if (D,, T0) is
a torsion pair in Mod(A). By proposition 5.14 we have aisle(o) = o> C D=0 since o is
2-silting. Let X € aisle(o), then H°(X) € D, by lemma 5.22(1) and H*(X) = 0 for all

i > 0 because X € D=0, So aisle(c) = o+>0 C D%S. By remark 5.2, the aisle of a t-structure
determines the entire t-structure, so in our case D%B 0= (D%S)J-O [1]. We will therefore show
that aisle(o)t0 C D;L} to complete the proof. By the t-structure (aisle(c),o>) we get

aisle(0)0 = g1<0[—1] = 0<0. Now let X € aisle(c)° and consider the triangle
(T2°X)[i — 1] —— (r=71X)[i] —— X[i] —— (72°X)[4]

Since o € D=9 we have

Homp4) (o, (r=°X)[i —1]) =0 for all i <O0.
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By our assumption on X we have
Hompa)(o, X[i]) =0 for all i <0.
Then by the triangle we have
Homp4) (o, (r=7IX)[i]) =0 for all i <0.
and since (7571X) € D="! we have
Homp4) (o, (r<7IX)[i]) =0 for all i > 0.

But then 771X = 0 as o generates D(A). Therefore, X € D=9 and by lemma 5.22(2) we
have that H°(X) € T+°. Then

aisle(0)™ C D21 ={X € D(A) | H*(X) e T*°, H'(X) =0Vi < 0}.

and thus '
o> = D5 = {X € D(A) | H'(X) € D,, H'(X) =0Vi > 0}.

O

Corollary 5.27. Let o and w be 2-silting complexes in K°(Proj(A)), with Ty = H(o) and
Ty = H°(w) the corresponding silting modules. Then o and w are equivalent if and only if
To and T are equivalent.

Proof. Suppose that Ty and 17 are equivalent, i.e. Add(Tp) = Add(71). Then clearly
Gen(Tp) = Dy = D,, = Gen(T}). By corollary 5.26 we have 0->0 = w'>% so ¢ and w are
equivalent.

Conversely, suppose that ¢ and w are equivalent, i.e. Add(c) = Add(w). Since H°
commutes with coproducts, we have Add(7Tp) = Add(Ty). O

Theorem 5.21 can be modified to the case of 2-silting complexes which then also acco-
modates silting modules.

Theorem 5.28. There exists bijections between
(1) Equivalence classes of 2-silting complexes;
(2) Equivalence classes of silting A-modules;
(3) 2-silting t-structures in D(A);

(4) co-t-structures (Uso,U<q) in D(A) such that K<_1 C U<o C K<o and U<q is closed
under coproducts in D(A).

Proof. We claim that the following assignments are bijections
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Bijection ‘ Assignment

(1) = (2) | HY : 0 — HY0)

(1) = (3) | U:0 s (gt>0, 0t<0)

(1) = @) | @20 (Fo(ot>0[1]),0>0)

(1) — (2) : By corollary 5.27, H? is both well-defined and injective. By theorem 5.25,
if 7= H%0) is a silting module with respect to o, then o is a 2-silting complex. So H? is

surjective as well.

(1) = (3) : The bijection ¥ in theorem 5.21 follows from lemma 5.16, relating n-silting
t-structures to n-silting complexes. Therefore, ¥ induces a bijection between equivalence
classes of 2-silting t-structures and 2-silting complexes.

(1) — (4) : First, by the proof of lemma 5.20, the co-t-structure

(P (>0 [1]),0>0) = ®(0)

in theorem 5.21 satisfies K<, C 01>0 C K<g, and 0>° is closed under coproducts in
D(A). Restricting ® to 2-silting complexes, we have our bijection. O

91



References

[AI12]
[Aih13]
[AIR14]

[AJSO0]

[AJS03]

[AK96]
[ARS95]
[AS81]

[ASS06]

[BBSO]

[BonS1]
[BRO7]
[CM93]
[CTY5]
[DBBS3]

[Hap88]

T. Aihara and O. Iyama. “Silting mutation in triangulated categories”. In: Jousr-
nal of the London Mathematical Society 85 (2012), pp. 633—668.

T. Aihara. “Tilting-Connected Symmetric Algebras”. In: Algebras and Repre-
sentation Theory 16.3 (2013), pp. 873-894.

T. Adachi, O. Iyama, and 1. Reiten. “r-tilting theory”. In: Compositio Mathe-
matica 150 3 (2014), pp. 415-52.

L. Alonso Tarrio, A. Jeremias Lopez, and M. Souto Salorio. “Localization in
Categories of Complexes and Unbounded Resolutions”. In: Canadian Journal of
Mathematics 52.2 (2000), pp. 225-247.

L. Alonso Tarrio, A. Jeremias Lépez, and M. Souto Salorio. “Construction of
t-Structures and Equivalences of Derived Categories”. In: Transactions of the
American Mathematical Society 355.6 (2003), pp. 2523-2543.

I. Assem and O. Kerner. “Constructing Torsion Pairs”. In: Journal of Algebra -
J ALGEBRA 185 (Oct. 1996), pp. 19-41.

M. Auslander, 1. Reiten, and S. Smalg. Representation Theory of Artin Algebras.
Cambridge University Press, 1995.

M. Auslander and S. O. Smalg. “Almost split sequences in subcategories”. In:
Journal of Algebra 69 (1981), pp. 426-454.

I. Assem, D. Simson, and A. Skowrénski. Elements of the Representation The-
ory of Associative Algebras. 1: Techniques of Representation Theory. London
Mathematical Society Student Texts 65. Cambridge University Press, 2006.

S. Brenner and M. C. R. Butler. “Generalizations of the Bernstein-Gelfand-
Ponomarev reflection functors”. In: Representation Theory II. Berlin, Heidel-
berg: Springer Berlin Heidelberg, 1980, pp. 103—169.

K. Bongartz. “Tilted algebras”. In: Representations of algebras. Springer, 1981,
pp. 26-38.

A. Beligiannis and I. Reiten. Homological and homotopical aspects of torsion
theories. American Mathematical Soc., 2007.

R. Colpi and C. Menini. “On the structure of *-modules”. In: Journal of Algebra
158.2 (1993), pp. 400-419.

R. Colpi and J. Trlifaj. “Tilting Modules and Tilting Torsion Theories”. In:
Journal of Algebra 178.2 (1995), pp. 614-634.

P. Deligne, A. Beilinson, and J. Bernstein. “Faisceaux pervers”. In: Astérisque
100 (1983).

D. Happel. Triangulated Categories in the Representation of Finite Dimensional
Algebras. London Mathematical Society Lecture Note Series. Cambridge Univer-
sity Press, 1988.

92



[HMV15]
[HR82]

[HRS96]

[Jas15]
[Kel9g]

[Kra03]

[Mar15]
[MS18]
[NS09]
[QuiT3]

[Rot09]
[Sma84]

[Tr192]

[Weil3]

L. A. Hiigel, F. Marks, and J. Vitéria. “Silting Modules”. In: International
Mathematics Research Notices 2016.4 (2015), pp. 1251-1284.

D. Happel and C. Ringel. “Tilted Algebras”. In: Transactions of the American
Mathematical Society 274 (1982), pp. 399-443.

D. Happel, I. Reiten, and S. Smalg. “Tilting in Abelian categories and qu-
asitilted algebras”. In: Memoirs of the American Mathematical Society 575
(1996), pp. viii+ 88.

G. Jasso. “Reduction of 7-Tilting Modules and Torsion Pairs”. In: International
Mathematics Research Notices (2015). DOI: 10.1093/imrn/rnul63.

B. Keller. “On the construction of triangle equivalences”. In: Derived Equiva-
lences for Group Rings. Springer Berlin Heidelberg, 1998, pp. 155-176.

H. Krause. “A short proof for Auslander’s defect formula”. In: Linear Algebra
and its Applications 365 (2003). Special Issue on Linear Algebra Methods in
Representation Theory, pp. 267-270.

F. Marks. “Interactions between universal localisations, ring epimorphisms and
tilting modules”. In: (2015). PhD thesis, University of Stuttgart.

F. Marks and J. Stovicek. “Universal localizations via silting”. In: Proceedings
of the Royal Society of Edinburgh: Section A Mathematics (2018), pp. 1-22.

P. Nicolds and M. Saorin. “Parametrizing recollement data for triangulated cat-
egories”. In: Journal of Algebra 322.4 (2009), pp. 1220-1250.

D. Quillen. “Higher algebraic K-theory: 1”. In: Higher K-Theories. Ed. by H.
Bass. Berlin, Heidelberg: Springer Berlin Heidelberg, 1973, pp. 85-147.

J. J. Rotman. An Introduction to Homological Algebra. 2nd ed. 2009.

S. O. Smalg. “Torsion Theories and Tilting Modules”. In: Bulletin of the London
Mathematical Society 16 (1984), pp. 518-522.

J. Trlifaj. “On *-modules generating the injectives”. In: Rendiconti del Semi-
nario Matematico della Universita di Padova 88 (1992), pp. 211-220.

J. Wei. “Semi-tilting complexes”. In: Israel Journal of Mathematics 194.2 (2013),
pp. 871-893.

93



