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Abstract

We give, in full detail, two different proofs of Rickard’s Morita theorem
for derived categories. In the first proof we use a modified double chain
complex to construct an equivalence between the derived categories directly.
After that, we develop the theory of derived categories of differential graded
algebras, which we then use to give an alternate proof of the theorem.

Sammendrag

Vi gir, i full detalj, to ulike bevis for Rickards moritateorem for deriverte kat-
egorier. I det forste beviset bruker vi et modifisert dobbeltkjedekompleks for
a konstruere en ekvivalens mellom de deriverte kategoriene direkte. Deretter
utleder vi teorien rundt deriverte kategorier for differensielt graderte alge-
braer, som vi sa bruker for & gi et alternativt bevis for teoremet.
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Introduction

After its introduction in 1958, the concept of Morita equivalence proved to
be a powerful addition to the ring theory toolbox. Following huge develop-
ments in the theory of derived categories during the seventies and eighties,
mathematicians wondered if there existed a similar result for derived cate-
gories. That is, one that related the derived categories of rings in the same
way Morita equivalence related their module categories. This question was
settled by Jeremy Rickard in [Ric89], who used the theory of tilting com-
plexes to give a condition for when the derived categories of two rings are
equivalent. Bernhard Keller later gave an alternate proof of the theorem,
using the theory of differential graded algebras.

Motivation

In the study of rings, many of the properties we are interested in for a
given ring are determined by its module category. Thus, if two rings have
equivalent module categories, we can learn things about one by studying the
other, which might be easier to work with. This is part of the reason why
Morita equivalence is so important, because it gives a necessary and sufficient
condition for when two rings have equivalent module categories. It even gives
an explicit description of the functors which produce the equivalence.

In a similar way, rings whose derived categories are equivalent share some
properties, so being able to determine when we have such equivalence could
be helpful. Rickard’s theorem states that the following is a necessary and
sufficient condition for two rings to have equivalent derived categories: That
there exists a tilting module over one of the rings, such that the other ring
is isomorphic to the endomorphism ring of that tilting module.

It is easy to show that equivalent derived categories implies the existence
of a tilting module, so the hard part is showing the other direction. In his
original proof, Rickard did it by constructing the equivalence directly. For
a given complex in the derived category of one ring, he used the tilting
complex to make a corresponding double complex of sorts, and by forming
the total complex he got a complex in the derived category of the other ring.
Here are two reasons why this is a good approach:

e It doesn’t require any additional theory. If you know enoguh homo-
logical algebra to understand the statement of the theorem, you don’t
need any more theory to be able to understand the proof.

e Every step in the proof is clearly motivated. The idea of the proof is
basically to try a natural way of constructing an equivalence between
the two derived categories, seeing where it breaks down, and then
modifying the construction until it does work.



One problem with this approach is that the construction of the functor is
very specialized for this particular situation. Thus, the construction isn’t re-
ally that useful in a wider mathematical context. This is the reason Keller’s
alternate proof is interesting, because it employs a much more general tech-
nique to prove the theorem.

In his proof, Keller uses the theory of unbounded derived categories to
show that a slightly altered version of Rickard’s theorem holds if we have
a complex of bimodules over both rings. He then introduces the concept of
differential graded algebras, shows how to obtain derived categories in the
differential graded case, and defines total derived functors between those
categories. Finally, he uses these tools to construct a bimodule complex,
allowing him to apply the previous result to prove Rickard’s theorem.

Overview

The goal of this thesis is to present two different proofs of Rickard’s theorem
for derived Morita equivalence. In chapter 1 we define tilting complexes
and state Rickard’s theorem. The first proof is given in chapter 2, and it
is based on [K698|. Chapter 3 is used to define differental graded algebras,
as well as other related structures (like differential graded modules, and the
their homotopy category). We then use these constructions in chapter 4 to
give the other proof of Rickard’s theorem, which follows [Kel98]. Chapter
5 contains an example meant to illustrate how Rickard’s theorem can be
used in practice. Finally, the appendix contains some results we use, but
whose proofs we didn’t want to include in the main text.

Notation and conventions

Throughout this thesis, A and I" are rings (associative, with 1). The cate-
gory of (left) A-modules is denoted Mod — A, with Proj — A denoting the
subcategory of projective A-modules. Lowercase first letter, i.e. mod — A
and proj — A, indicates their respective subcategories of finitely generated
objects. The category of free I'-modules is denoted free —I'. If T is a
complex, then Sum — T denotes the category of direct sums of copies of T,
and Add — T is the category of arbitrary direct sums of direct summands
of T (finite direct sums give add — T'). If we let C be an abelian category,
then C(C) is the category of unbounded chain complexes of objects in C,
and K (C) is the homotopy category of C. In particular, we are interested in
the following subcategories of the homotopy category of A-modules (denoted
K(A) for simplicity):

e K(Proj — A) - unbounded complexes of projective A-modules.

e D(A) - the unbounded derived category of Mod — A.



e K™ (Proj—A) - right bounded complexes of projective A-modules, up
to homotopy.

° Db(A) - bounded complexes in the derived category, that is, complexes
with bounded homology.

° Kb(Proj — A) - bounded complexes of projective A-modules, up to
homotopy.

e per A - the category of perfect complexes, meaning bounded complexes
of finitely generated A-modules, up to homotopy. Could also be writ-
ten as K%(proj — A).

Each of these categories is a full subcategory of the category above it, and
showing this is straight forward. The proof in chapter 2 relies heavily on
double complexes and similar constructions, and throughout we will use
the convention that our double complexes are defined with anticommutative
squares, instead of commutative squares. The reason for this is that it
removes the alternating sign from the differential we get when forming the
total complex, which will greatly simplify our constructions.

The intended reader

This thesis is written to be understandable to someone who has completed
an introductory course in homological algebra, to the point where they are
comfortable with triangulated and derived categories, left and right derived
functors, double complexes and total complexes, and the homotopy category
of a module category. They should also be familiar with some basic notions
of category theory, such as (co)limits, (co)products and adjoint functors.
Any necessary theory beyond this will be properly introduced. No prior
knowledge of differential graded algebras is required, nor any familiarity
with tilting complexes.



Chapter 1

Rickard’s theorem for
derived Morita equivalence

Before we state Rickard’s celebrated theorem, we will present a prior theorem
due to Happel. This serves as motivation, because Happel’s theorem relies on
tilting modules, and Rickard’s theorem (which is a generalization of Happel’s
theorem) relies on tilting complexes (which is a generalization of tilting
modules).

1.1 Tilting modules and a prior theorem

A few years before Rickard published his proof, Happel [Hap87] presented
a theorem which was essentially a special case of Rickard’s derived Morita
theorem. He showed that derived equivalence of finite dimensional algebras
could be determined by looking at the endomorphism ring of a so-called
tilting module over one of the algebras.

Definition 1.1.1. Let A be a finite dimensional algebra. A tilting module
T over A is a finitely generated left A-module which satisfies the following
conditions:

1. The projective dimension of 1" is zero or one.
2. T has no self-extensions, meaning Exty (T, T) = 0 for i # 0.

3. There is a natural number m such that there exists an exact sequence
00— A—->T - T - -+ — T, — 0, where each T; is a direct
summand of a finite direct sum of copies of T'.

This definition allows us to state the previously mentioned theorem prop-
erly. We will omit the proof here.



Theorem 1.1.2. Let A and T’ be two finitely generated algebras, and let T
be a tilting module over A. If I' ~ Endy(T), then D’(A) and D°(T') are
equivalent as triangulated categories.

Proof. See [Hap87]. O

The main result in Rickard’s theorem is very similar to theorem 1.1.2,
with one important difference. Instead of relying on the existence of a tilting
module, it requires the existence of a tilting complex, which is a more general
kind of object. As a result of this, Rickard’s theorem gives a necessary and
sufficient condition for when two rings are derived equivalent (also notice
that we don’t require them to be finite dimensional).

1.2 Tilting complexes and Rickard’s theorem

We will now give the definition of a tilting complex, and then we will state
Rickard’s theorem. As mentioned above, tilting complexes are a generaliza-
tion of tilting modules.

Definition 1.2.1. For a given ring A, a tilting complex T over A is an object
in per A (bounded complexes of finitely generated modules up to homotopy)
which satisfies the following conditions:

1. for all @ # 0, the set Hompy (7', T[i]) of homomorphisms in D’(A)
vanishes,

2. the category add(T') generates per A as a triangulated category. That
is, the smallest full triangulated subcategory of per A which contains
add(T') and is closed under extensions, is the whole of per A.

A complex T' € per A satisfying condition (1), but not necessarily (2), is
sometimes called a partial tilting complex.

Rickard’s theorem for derived Morita equivalence

Theorem 1.2.2 (Rickard). Let A and T’ be two rings. Then the following
conditions are pairwise equivalent:

1. the triangulated categories K~ (Proj—A) and K~ (Proj—1T") are equiv-
alent

2. the triangulated categories DP(A) and D°(T) are equivalent

3. the triangulated categories K°(Proj —A) and K°(Proj—T) are equiv-
alent

4. the triangulated categories per A and perl’ are equivalent



5. there exists a tilting complex T over A such that I' ~ Endpp (1),
the endomorphism ring of T

Throughout this thesis, whenever we refer to Rickard’s theorem, or some-
hting to that effect, it is this theorem we are refering to. The proof of this
theorem is given in the next chapter, with an alternate proof being presented
in chapter 4.



Chapter 2

Proof using a modified
double complex

This chapter follows the proof given in Steffen Konig’s paper Rickard’s Fun-
damental Theorem [K698], which is based on [Ric89]. Compared to the
other proof we will present, this is more conceptually straight forward, but
the method is not as useful as a general tool.

2.1 Strategy of the proof

Most of the work in this proof goes into showing that the existence of a tilting
complex over A with endomorphism ring isomorphic to I' implies that we
have an equivalence K~ (Proj — A) ~ K~ (Proj —T'). To construct this
equivalence, we will use a sort of modified double complex. We then show
that such an equivalence restricts nicely down to each of the subcategories,
and finally, that an equivalence between per A and per I' implies the existence
of the desired tilting complex.

Lemma 2.1.1. 1. The functor Hom(T,—): K (Proj—A) — Mod—T
restricts to an equivalence Sum — T — Free — I,

2. The inclusion K (Free —I') — K (Proj —I') is an equivalence of
triangulated categories.

Proof. 1) By assumption, we have that I' ~ Hom(7,T). From this we get
that @,.; Hom(T,T) ~ @,.;I' € Free — I', which means that we can
view elements of Free — I' as direct sums of copies of Hom(T,T'). There
is a natural homomorphsim €, ; Hom(T',T") — Hom(T,P,.; T'), given by

sending a tuple of endomorphisms (g;)icr to the map (t — (gpl-(t))id).

Observe that if any ; is nonzero, then (p;);c; will not be sent to zero in
Hom(T',,.; T), so the homomorphism is injective. To see that it is in



fact an isomorphism, notice that since T' is a bounded complex of finitely
generated A-modules, all elements of Hom(T', ,.; T) are fixed by the val-
ues they take on a finite number of elements of the terms of 7. This
means that each element of Hom(7T', @, ;T is the image of some element
of @,c; Hom(T',T), which shows surjectivity. Thus, we have an isomor-
phism Hom(T,P,c;T) ~ P,y Hom(T,T) ~ @,;I', which shows that
Hom(T, —) gives an equivalence Sum — T — Free —I.

2) For any complex in K™ (Proj — I') we want to find an isomorphic
complex in K~ (Free—T"). Let X € K™ (Proj—T') be the following complex,
where ¢ is the highest nonzero degree

) d pi—2 d pi—1 d pi 0 0

Since P! is projective, we know that there exists a Q € Proj — I' such
that P' @ Q' ~ I'™ for some n; € N. By theorem A.1.1, we can now add the

trivial direct summand Q° RN Q' to the complex X, and get the isomorphic
complex

(8)

d Pi—Q

Pi—l@@i @) Pz@@z 0.9

|
Now, since P~ @ Q' is projective, we can again find a Q*~! € Proj—T

such that (P11 @ Q) P Q! ~ I'—1 for some n;_; € N. Then we add

the trivial direct summand Q*~! RN Q! to get the isomorphic complex

(

o,

%)

d
# Pi—2®Qi—1 (0)} Pi—l@@i@@z‘—l i 0 0

-1

Because all terms in the complex X are projective, we can continue this
process indefinitely to the left, and by induction we get a complex that is
isomorphic to X, where all the terms are free I'-modules. This shows that
K~ (Free—T') and K™ (Proj —I') are equivalent as triangulated categories.

O

By combining the two statements of lemma 2.1.1, we get an equivalence
between K~ (Proj—T") and K~ (Sum—T). Our current goal is to construct a
functor from K~ (Proj—T") to K~ (Proj—A), so the next step will be to find



a functor K™ (Sum—T) — K~ (Proj—A). Notice that, since T' € per A, the
objects of Sum —T are built up of objects from per A C K~ (Proj—A). This
means that the objects of K™ (Sum —T') can be viewed as double complexes
over A, that is, complexes of complexes A-modules. This gives us an idea
for how to create functors K™ (Sum —T') < K™ (Proj — A).

(—): Let X € K™ (Sum —T), so X is a complex with a direct sum of
copies of T in each degree. From this X we must construct a complex over
A. A natural candidate would be to view X as a double complex over A,
and form the total complex. But there is a problem with this solution. The
differential in the total complex is defined using both the differential d in
T and the differential § in X (viewed as a complex over Sum — T'), and
relies on both of them squaring to zero. But since X is in the homotopy
category, we generally only have that 62 is homotopic to zero, not equal.
This means that also the differential in the double complex will square to
something homotopic to zero, rather than to zero. So we need to modify our
double complex in such a way that we are able to form the total complex.
More precisely, we will define a construction which moves the error of our
differential to maps of higher and higher degrees. Because T is bounded,
this error term will eventually be zero. In order to do this, we will need the
assumption that Hompe ) (7T, T7[i]) = 0 for i # 0, meaning that 7" has no
self-extensions. This will be used in the construction of the functor we call
F.

(+): Given a complex L over A, we must find a corresponding complex
in K™ (Sum — T). As we have seen, complexes over Sum — T are double
complexes over A (up to homotopy). So our goal is to create a ’Sum — T-
resolution’ of the complex L in K™ (Proj — A), a complex in K™ (Sum —T)
which is homotopy equivalent to L. From this, we can define a functor G,
which is right adjoint to F'. In order to prove that F' and G are mutually
inverse equivalences, we will need the assumption that add(T") generates
per A.

2.2 Construction of I

Our aim now is to construct a functor F': K~ (Proj —I') — K™ (Proj — A).
Since we have already shown that K= (Proj — T') ~ K~ (Sum — T), we
will focus on finding a functor K~ (Sum — T) — K™ (Proj — A). Like
we said above, it doesn’t work to simply form the total complex of X €
K™ (Sum—T) as a double complex over A. Since the square of the differential
in K™ (Sum — T) is not equal (only homotopic) to zero, it’s not even a
double complex. So what we will do is to modify the construction to get
something similar to a double complex, for which we can actually form the
total complex. The following example shows the problem we run into when
trying to form the double complex with no modifications, and it illustrates

10



how we will try to solve it.

Example 2.2.1. Let @ be the quiver
L} b
Y B

L}CL

S

o

and let C' = kQ/(Ba — dv), the algebra corresponding to a commutative
square. We want to find a tilting complex T over (', and then look at a
complex made of shifted copies of T. We start by finding the indecomposable
projective left modules of C', or more precisely, their composition series

a
Pa:de, szga Pc:(ia Pd:d

We notice that the simple module S, has no self-extensions, which means it
is a partial tilting complex. Since this is preserved by quasi-isomorphisms,
we can instead look at a projective resolution of S, for example:

(4) (1)

0—>Pd7—1>PbeBPc—>Pa—>0.

Lets call this complex 7. If we now look at an example of a complex in
K™ (Sum — T), and try to form the total complex of it, we will see where
the problem arises. Let Ty = T, To = T[1] and T3 = T[2], and take the
complex 0 — T7 — Ty — T3 — 0, given by:

Ts: Py — P, @ F. P, s 0
T T (4) R‘ll) o T(l 1) T
T : 0 > P, y Py P. s P, s 0
T2 Td (_11 bT<%) (-1-1) T(lil) T
Ty : 0 Fy » P& P 5 Fa

Notice that all of the squares in this diagram anticommute (which is how
we define double complexes), and that the two vertical maps T} — T and
Ty — T3 only differ in signs. So in order to see that this actually is a
complex in K™ (Sum — T'), we must show that the differential squared is
null-homotopic. The composition of two vertical maps is obviously zero
everywhere, except for the composition
1
1,1
P, W pop ) p
which goes from 77 to 7T5. To see that this composition is null-homotopic,

we simply observe that it factors through P, & P. — P, in T3 by the map
(1,1). So Ty — T5 — T3 is in fact in K™ (Sum —T)).

11



Now let’s try to form the total complex of this system, and see how its
differential d behaves. Recall that the components of the total complex are
given by taking the direct sum of diagonals in the double complex. If we
call the horizontal and vertical differentials in the double complex dy and dy
respectively, then dy + d; is the differential in the total complex.! We now
look at the bottom copy of P;, which is a direct summand in degree 0 of the
total complex. Starting in this copy of Py, the differential squared gives the
following diagram

Pb@Pc Pa 0
W%)( L) fan ]
P~ papr Y p,

We see that there are 4 compositions P; — P,, so we can write d? as the
sum (do + d1)? = d3 + didp + dody + d3. The first term is 0, because dy
is actually a differential. The second and third term cancel each other by
anticommutativity. Thus, we are left with composition d%, which we clearly
see is not zero. What we have shown is that d? is homotopic to zero, in other
words that there exists a map h: Py® (P, ® P.) — (P, ® FP.) ® P, of degree
(—1,2) such that —d? = hdy + doh. We rename h to dz, and try to see if
redefining the differential to d = dy + d1 + do will fix our problem. In this
case, we get that d? = (d0+d1+d2)2 = dg—f—dodl —l—dldo—l-d%—l-dodg—i-dgdo. As
before, the first term is zero, and the second and third cancel each other. By
construction, d% is canceled by dods + dody = —d% Note that we in general
could have nonzero terms dyds, dod; and d%, but they are maps of vertical
degree 3 and 4, which in this example means that any nonzero component
in the diagram will be sent to zero by them. Thus, they are all zero in d?.

Adding this up, we get that d?> = 0 and hence d can work as a differential.
So we can form a sort of 'modified total complex’ of T7 — T5 — T3, where
the terms are the diagonals as usual, but with d = dy + di + d2 as the
differential, instead of dg + dy. The reason this works in our case is that the
complex in K™ (Sum — T') we are looking at only has three nonzero terms,
so the terms dyds, dod; and d% are actually zero. In general, however, that
may not be the case.

We see in this example what the problem with the differential is. When
we define the differential as a sum of maps, and square it, we end up with
some nonzero terms. We try to fix this by adding 'correction maps’ (given by

!This is why we use the anticommutative definition of double complexes. When double
complexes are defined with commutative squares, the differential in degree [ of the total
complex is do + (—1)Zd1, which would be harder to work with in our case.

12



homotopy) to the differential, to ensure that the nonzero maps are cancelled
out in d?. This pushes the problem into another degree (higher vertical
degree and lower horizontal degree), where we generally can’t say which
maps become zero. However, we will now see that because T is assumed to
be a tilting complex, this method actually ends up working.

First of all, since Homp, A) (T, T[i]) = 0 for all i # 0, we have that all
maps T — Ti] are null-homotopic. This means that no matter what the
degree of the maps are, we can always find homotopy maps to cancel them
out with. Secondly, since T is a bounded complex, shifting it far enough to
the left or right will ensure that no nonzero degrees of the shifted complex
will overlap with the nonzero degrees of T. This means that for n large
enough, any map T' — T'[i] will be zero for all i > n. Which in turn ensures
that the method outlined above will terminate at some point. Think of it like
this: we iteratively find correction maps to deal with the terms that don’t go
to zero, which pushes the problem ’up and to the left’ in the diagram. This
corresponds to finding maps T' — T'[i] for increasing values of i. Eventually,
it will be pushed so far to the left that the map must be zero. Then all terms
in the differential squared are either zero or they will cancel each other out
by construction, and we are done.

We will now formalize the idea. To do this, we create a new category,
which will be a modification of the category of double complexes over A. This
is essentially done by adding all the correction maps to each complex. After
defining the category, we will show how we can embed C~Sum — T into it,
and how it works with taking total complexes. Combining the embedding
with taking the total complex gives a functor C~Sum — T — K~ (Proj—A),
which we will show factors through K™ (Sum — T'). This induced functor
will be our F.

Before we define the intermideate category, let’s look closer at the struc-
ture of objects in C~ (Sum —T'). A complex X € C~ (Sum —T) is a double
complex, that is, a complex of complexes over per A. This means that X
is graded in two directions. It is graded as a complex over Sum — T, and
each degree of that has the grading given by T as a complex. So we have
two sets of differentials, one with degree (1,0) and one with degree (0,1).
Let’s call the differential in 7" for d, and say that d has degree (1,0). Then
the differential in X as a complex in C™ (Sum — T'), which we’ll call §, has
degree (0,1). Notice that since T really is a complex, we have that d? = 0.
On the other hand, § is given by maps between shifted copies of T', which
are only defined up to homotopy (since T is a tilting complex). This means
that §2 is not equal to zero (although it is null-homotopic). Finally, mor-
phisms between complexes in C~ (Sum — T') are maps of degree zero with
respect to the grading of C~(Sum — T'), which corresponds to maps of de-
gree (0,0) in the associated bigraded objects. We are now ready to modify
this construction and create the category we need, which we will call G(A).

13



Definition 2.2.2. The category G(A) is defined as follows

e The objects of G(A) are bigraded projective A-modules X**, together
with a family (d;);en of graded endomorphisms of degree (1 —14,4) such
that Zogign d;d,—1 =0 for each n € N.

e A morphism from X** to Y** in G(A) is a family (o;);eny of maps
of degree (—i,i) such that for each n € N, we have the equality
ZOSZSTL aidn—l = Zﬂglgn dian_l.

The following is meant to help with visualizing what the definition is

saying. An object X € G(A) is on this form

SN X_272 - X_1’2 SN X0,2 X1,2 X2,2 SN

PN A K A \ A~ \ PN
SN X_271 X_l’l N XO,l Xl,l X2’1 SN

Here, the horizontal maps belong to dgy, the vertical maps belong to d;, the
red maps to da, the blue maps to ds, the green maps to dy, and this pattern
continues. Be aware that maps of all degrees (1 — i,4) exist for all terms,
even though they are not shown above. The diagram is just meant to help
with visualization. Now let’s look at the condition ) ., did,—1 = 0 for
all n € N. Written out for each n, this becomes o

dodo =0 degree: (2,0)

dodi 4 didp =0 degree: (1,1)

dody + didy + dadg =0 degree: (0,2)
dods + didg + dody + d3dg =0 degree: (—1,3)
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All possible compositions of two arrows appear in this sum. Notice that if
we start in the component X%/ and apply any composition of exactly two
maps, we end up somewhere on the diagonal with total degree ¢ + j + 2.
In other words, we end in a component on the form X*2=%J+k for some
k € N. Each of the sums above contain all compositions of two maps of the
given combined degree. So the statement is essentially that if we take the
sum of all possible paths from one component to a given component on the
diagonal which is two steps above it, we get zero.

Now let’s look at morphisms in G(A), and try to wrap our minds around
how they work. Again, a morphism from X** to Y** in G(A) is given
by a family of maps (a;)ien of degree (—i,1), such that > 5, aidn—1 =
Y o<i<n dicn—1 for all n € N. Writing this out for each n, we get

aody = dpag degree: (1,0)
apdy + ardy = doa + diag degree: (0,1)
agds + a1dy + asdy = doas + diag + doayg degree: (—1,2)

To aid in visualizing what this means, here is a (sligthly horrifying) partial
diagram. It shows the maps from a (3 x 4)-section of X** to a (3 x 3)-section
of Y**. In reality, there would be way more arrows both into and out of
each component, but we tried to keep it simple. The black and red arrows
are as above, and the orange, cyan and violet arrows are ag, a; and «g,
respectively.

y X1 y X1

x-1.1 X0.1
NG N N ]
x—1.0 Xo,o >Xl,o , X120

I

X—l,—l XO l —1 X2
l % Yl |
YO 0 Yl 0

Y- 1 -1 YO -1 Yl -1

In the context of this diagram, the above equalities basically say this: When
you go from a component of X** to one of Y**, following arrows in X™** and
then passing to Y ™* is the same as first passing to Y, x and follow the arrows
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there. More precisely, this is true if you take the sum of all possible such
paths between the given components. For example, the first equality says
that following a horizontal arrow and then an orange arrow in the diagram,
is the same as first following an orange arrow and then a horizontal one.
The second equality says that (horizontal then blue)+(vertical then orange)
is the same as (orange then vertical)+(blue then horizontal). Likewise, the
third equality gives that (red then orange)+(vertical then blue)+(horizontal
then violet) is equal to (orange then red)+(blue then vertical)+(purple then
horizontal), and this pattern continues.

Observation 2.2.3. We can form the total complex of an object in G(A),
and in this case, >, d; really is a differential. To see that (>, d;)? = 0, we
observe that (3°,d;)? is the sum of all possible combinations d;d; (where
i = j is allowed). If we sort these into groups where i + j is constant, the
construction of G(A) ensures that each of the groups will be zero, so the
entire sum is zero.

. 2 — e e —
(Z d;)* = dodo + dody + dido + dod + didy + dadp+--- =0

i€EN

Now that we (hopefully) have some idea of how the category G(A) works,
our next goal is to find an embedding C~ (Sum — T') — G(A). Remember
that we are trying to construct a functor K~ (Sum—T) — K~ (Proj—T') by
passing through G(A). Embedding C~ (Sum — T') into G(A) is one step in
this construction, since we already have a functor from G(A) to K~ (Proj —
A) (which is to form the total complex). Given an object X in C™(A),
we need to find a corresponding object in G(A), and the same is true for
morphisms. Notice that X is already bigraded as a A-module, it just doesn’t
have all the maps d;. This means that we can send X to the object X™* in
G(A), given that we find maps that function as the d;’s. What we do have, is
the horizontal map d: X* — X*t1J and the vertical map §: X%/ — X&i+1,
We set dy = d and d; = (—1)"*7§. The rest of the d;’s correspond to the
correction maps from the example, and we define them inductively. To do
so we’ll need the following lemma:

Lemma 2.2.4. Let X and Y be objects in C~ (Sum — T), regarded as bi-
graded objects as above. For any graded map «: X — Y of degree (p,q),
where p # 0 and o commutes with d, there exists a graded map h of degree
(p—1,q), such that o = doh + hdy.

Proof. If we fix the second degree, say we set it equal to ¢, then « gives a
graded map of degree p from one sum of copies of T" to another. In each
summand, this is the same as a map of chain complexes from 7" to T'[p]. Since
T is assumed to be a tilting complex, we know that Homp ) (T, T'[p]) = 0
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for all p # 0, which is equivalent to all chain maps T — T'[p] being null-
homotopic. This means we can find a homotopy map 7' — T'[p| of degree
—1, which gives the map h that we are looking for. O

Now we are ready to construct the d;’s. The base case for the induc-
tion is covered by observing that d? = dé — éd = 0 by commutativity
of the squares. Let’s assume that for all i € {0,...,k}, we have d; such
that Y o;<p didk—; = 0. What we want is to define a map dj1 such that
Zo<i<k+1 gidkﬂ,i = 0. Notice that this sum can be written as

k+1 k
Z didy 41— = dodgy1 + dgq1do + Z didy 41—
i=0 =1

We now define a map « to be equal to the negative of the last term above,

that is
k
- Z didy 1.
i=1

Our goal now is to apply lemma 2.2.4 to this map «. All of the terms in the
sum are maps of degree (1 — k,k + 1), so for k > 2 the degree condition is
satisfied. Thus, for a to satisfy the lemma we must show that it commutes
with dy. We calculate dgaw and adp, in order to show that they are equal:

k k
doc = do(= Y dids1-3) = =Y dodidyy1

k i
= —Z _Zdjdifj dit1-i
i=1 j=1
koo
= Z Z djdi—jdyy1-;
i=1 j=1

k k
Oédo = (_ Z didk+l—i)d0 = - Z didk+1—id0
k+1—i

k

= _Zdi - Z di1-i—jd;
k 7+ )

:Z Z korl i— j

17



The middle step in the first calculation comes from applying the equality

dodi = — ) 1<j<;djdi—j, which is true by the induction hypothesis. Like-
wise, dii1_idy = —Zl<j<k+1_i di4+1-i—;d; gives the middle step in the
second calculation. The question now boils down to whether
ko1 ) k k+1—i
Z Zdjdifjdk—&—l—i = Z Z didgy1—i—jd;.
i=1 j=1 i=1 j=i

To see that this equality holds, observe that we can arrange the first double
sum as a triangle-shaped list in the following way. The i-th row in the
triangle is equal to the sum Zl<j<i d;d;_jdy41—;, which is the i-th term of
the double sum. The trick now is to notice that the columns in the triangle
correspond exactly to the sums in each term of the other double sum, which
shows that the equality holds. This means that o commutes with dp.

dydod,,
+dididg—1  +dadodi—1
+ dydadj,_o +dodydp_o + dsdodp_o

+didid—;  +dadi1dp_; +dzd;—odp_; + -+ d;i_1dody_;

+didg—1dr  +dodp_ody +d3dg—3di  +---+ di—1dpyp1—idr + - -+ drdody

By the above discussion, we see that « satisfies the conditions in lemma 2.2.4.
Hence there is a map h such that a = doh + hdg. We now simply define
di+1 = h, so that

k
dodps1 + diyrdo = doh + hdg = =Y didpy1—i.
i=1

If we plug this back into the sum we started with, we get

k+1 k

> didyya-i = dodisr + digrdo + Y didi 1
i=0 i=1

k k
==Y didppr1—i + Y didps1—; = 0.
i=1 =1

This concludes the induction, which shows that sending X € C~ (Sum —T)
to X** in G(A) works.

Now let’s look at how to send morphisms in C~ (Sum —T') to morphisms
in G(A). The argument is fairly similar to that for objects. We start with
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a map a: X — Y which is graded of degree (0,0), and we want a family
of maps («;);en of degree (—i,4) which satisfy the necessary commutativity
property. We start by setting g = «, and then we proceed by induction.
Assume that for i € {0,...,k — 1} we have («;) such that

k-1 k-1
Z aidg 15 = Z diog—1 ;-

We want to show that we then can define a map a4 such that

k k
§ aidy_; = E diou ;.
i=0 i=0

By rearranging the terms, we get the equivalent equation

k k
ardy — doay, = Z dio—; — Z ag—id;.
i=1 =1

We will use lemma 2.2.4 to perform the induction, and in order to do so, we

define
k

k k
Y=Y diokoi— Y oidi = Y (dic—i — agid;).
i=1 i=1

i=1
We will not apply the lemma to ~ directly, but to a slight modification. In
fact, we can’t apply the lemma to ~, since it doesn’t commute with dy. We
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actually have that dypy = —vdp, as we will see now by explicit computation:

k k
ydo = Z(diak—i — ag—id;)do = Z dio_;do — ap—;didy

=1 =1

k i—1
= diog_ido — a—i(—dod; =Y _ djd;j)
P —
k ’ k i—1
= Z d;o—;do + Oék_idodi> + Z Z ap—idjd;—;
z 1

— i=1 j=1
k k—i k i—1
= Zdak ,do—i—(doak ’L+Zdaklj Ozklj )1 -I-ZZO% zddzj
=1 7j=1 i=1 j=1
k k k—i
= (Z diag_ido + doog—; )+ Z djog—i—jd; — a—;—jd;d;
=1 =1 j=1

i=1 j=

k k
Z(Z<dak ido + doog_; )—i—Z(Zd Ofp—i— ] Zak i Jdd
=1 =
+ Zak_idjdi_j>
j=1

k -1
+Y Y ididi
7j=1

k ko k—i
= <Z(dak ido + doovg—; )-FZZC[O% i—jd

=1 =1 j=1
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M=

dyy =do ) _(dia—i — a—id Zdod i — doog—id;
i=1 i=1

k i—1

= Z(—dido - Z djdi—j)ag—; — doag_;d;
i=1 j=1

k k-1

= Z doak 1d +d; doak z) - Z Z djdi_jak,i
i=1 i=1 j=1

=

k—i

== [ D doos—id; + d; (ozk Zd0+Zozk iidy — djo—i ])

1

%

koo
=D didi o

i=1 j=0

k ko k—i
= (Z doog—id; + diak—id0> - Z diog—i—jd; — didjog_;—;

k k i
=- (Z dooug—id; +diak_ido) > | D diid Zd djok—i;

=1

k ko (ki
- (Z doag—id; + diak—id0> - Z Z dioag—i—jd;

=1

In both of the derivations above, the unmarked equals signs are simply re-
arranging the expressions, whil the marked equals signs mean the following;:

* means we rearrange and apply the equality Z;‘:o d;jd;—; = 0.

** means we rearrange and apply the equality Z;:é ag—ij—jdj = Z;:é djo—i—j,

which holds by the induction hypothesis, since 7 > 1.
koksk

the last two sums cancel each other out perfectly.

is given by the fact that when ¢ and j run through all possible values,

As we can see, the result is that dyy = —vdy. Notice that v is a graded
map of degree (1 — k,k), so we can define ¥ = (—1)P*9y for y: XP9 —
yPH=Fa+k Then 7 is a graded map of degree (1 — k, k) which commutes
with dg, so we can apply lemma 2.2.4. Thus we can find a map A such that
5 = hdy + doh. Finally, we set ap = (—1)P*9"'h when h is a map from
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XP4, This ensures that (—1)PT9y = 5 = doh + hdy = (—1)P 9 1dyay, +
(—1)PTaydy, which in turn means that v = agdy — dpag. Thus we have
that

K K K K
> diogi =doag+ Y dicg—i = (ardo =)+ (+ Y akidi) = Y apidi,
=0 =1 =1 =0

which is what we needed to finish the induction. Hence we conclude that a
map « in C~ (Sum — T') gives rise to a map (;)en in G(A).

The last thing we need to determine, is what happens when we have a
homotopy in C~ (Sum —T'), and then go to G(A). Assume that « is a null-
homotopic map in C~ (Sum—T), so we know that we can find a map hg such
that o = dohg + hodp. We also know that « is sent to a family («;) of maps
in G(A), with ap = a. We can use ap and hg as the start of an induction
argument similar to the one above, in order to construct a homotopy in
G(A). Assume that we already have h; for i € {0,...,k — 1} such that we
can write ay, as Y o<, < (dibn—i + hid,—;) for each n € {0,...,k —1}. We
then need to find Ay such that aj = > o<i<k(dihg—i + hidy—;). This is done

by checking that (ak — Zogigk(dihkﬂ‘ + hidk,i)) commutes with dy, and

then applying lemma 2.2.4 to it. We skip the details here.
In total, we conclude that we can define a functor

®: C (Sum —T) — K™ (Proj — A),

given by first going to G(A) and then taking total complexes. Again, what
we really want is a functor K™ (Sum —T) — K™ (Proj—A), and to get that
we’ll factor @.

Proposition 2.2.5. The functor ® factors through the natural functor
C (Sum—-T)— K (Sum—T),

and the resulting functor
K (Sum —T) — K (Proj—A)

is a triangle functor.

Proof. By construction, we know that every map a: X — Y in C™ (Sum —
T') gives rise to a distingusihed triangle

X%5Y =7 - X][1]

in K™ (Sum — T), where Z is the mapping cone of a. To prove the proposi-
tion, we must show that for any map «, this triangle is sent to a distinguished
triangle in G(A) (which is the definition of functor between triangulated cat-
egories being a triangle functor). Since Z is the cone of «, we explicitly know
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what it looks like, and we can use that to compute its bigraded structure.
Let X be a complex given as --- — X" — X" & ... and Y a complex
given as --- — Y™ — Y+l 5 ... To keep things simple, we call both
differentials d. We then have that Z is
(49)
Y@ XL A2 yntl gy L

Now we must find a corresponding object in G(A), and since we already
have a bigrading on Z, we just need to find the family of morphisms which

form the differential. It turns out that we can do this so that for 7% =
Y4 @ X%*1 the differerntial in Z** is on the form

( - 1);‘[“]3%1 dok) 2 Z0 5 ZHRITE (where oy = 0 by definition).
What we need to check now, is that applying ® to Z gives the same complex
as applying ® to a: X — Y and then taking the mapping cone (up to
isomorphism). Notice that the complexes ®(Z) and the cone of ®(«) have
the same terms, and that the difference only is in the differentials. If we
say that a = >, o, then the differential in the cone of ®(a) is (¢9). From

the construction above, we see that ®(Z) has <(_1d)na 2) as differential in

degree n. This means that we can define an isomorphism between the two
complexes quite easily. We simply fix the terms coming from Y, and multiply
the terms coming from X by powers of —1. O

Combining this result with the equivalence K~ (Proj—TI") — K~ (Sum—
T), we immediately get the following theorem:

Theorem 2.2.6. Let A be a ring, and let T be a bounded complex of finitely
generated projective A-modules. Suppose that Home(ijiA) (T,T[n]) =0
holds for all n < 0. Let T' be the endomorphism ring of T in K°(Proj — A).
Then there is a triangle functor F': K~ (Proj —I') — K~ (Proj — A) which
sends T" to T and bounded complexes to bounded complexes.

2.3 F'is a full embedding

Now that we have defined the functor F', our next step will be to prove that
F is a full embedding. In other words, we will prove the theorem:

Theorem 2.3.1. The functor F: K~ (Proj —T') — K (Proj — A) is fully
faithful.

Proof. First of all, F' sends a free I'-module first to a direct sum of copies of
T and then to the associated total complex. In other words, if X ~ @, ;'
is some free I'-module, then FX ~ @, ; T. This means, in particular, that
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if X and Y are free I'-modules of rank one (so X ~T' ~ Y, then F' induces
an isomorphism
Homp(X,Y) —2— Homy (T, T)
|2 |2
T I

If we now keep X ~ I, and let Y ~ @, .; I' be any free I'-module, the fact
that the covariant hom-functor commutes with direct sums gives that

Homp(T', @F) ~ @Homp(f‘,f‘) o~ @HomA(T, T) ~ Hom(T, @T)
icl icl icl icl
The contravariant hom-functor turns coproducts into products, so if we now
let both X = je ;I and Y be arbitrary free I'-modules, we get

Homp(@BT,Y) ~ [ [ Homp(I', V) ~ [ [ Homa (T, FY') ~ Hom(EP T, FY).
jeJ jeJ jeJ jeJ
This shows that Hom(X,Y) ~ Hom(F X, FY) holds for all free I'-modules
X,Y. In addition, all complexes of projective modules that have only one
nonzero degree can be written as a direct summand of some shift of a free
I'-module. And since F' is a triangle functor, it preserves direct summands
and shifts. The only possible problem is that even if X is a complex that
is concentrated in one degree, F'.X will generally not be concentrated in one
degree. However, since 1" is a tilting complex, we know that shifted endo-
morphisms of T' are zero. Thus, we get that Hom(X,Y) ~ Hom(FX, FY')
for all X,Y in K™ (Proj —I') that are concentrated in one degree.

We will now extend this result, and show that it also holds for all bounded
complexes of projectives. In other words, we show that F' is fully faithful
when it is restricted to K’(Proj —T'). To do so, we will use induction on
the number of nonzero terms in X and Y. Finally, we will use a colimit
argument to extend the statement to all of K™ (Proj —I'). We start by
showing that any complex X with n nonzero terms can be placed in a
distinguished triangle V' — X — W ~» where V and W both have fewer
than n nonzero terms. If we have that X is the complex

X=0—-X—>Xo—-— X, —0),

and set
V=0—--—0—X,—0),

then the mapping cone of the inclusion V — X is the complex
0=X1 ==X, 10X, = X, =0).

By removing a trivial summand (theorem A.1.1), we see that this complex
is homotopy equivalent to the following complex, which will be our W:

W=0—-X1—-Xo—-—X,,.1 —>0—0).
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We see that both V and W have fewer than n nonzero terms, and V —
X — W ~» is a distinguished triangle by construction, since W is the cone
of V. — X. This, together with the 5-lemma, allows us to show by induction
that F is fully faithful on K®(Proj —I'). Assume that we have shown it for
complexes with n — 1 or fewer nonzero terms. If we apply Hom(—,Y") to the
triangle V. — X — W ~~ given above, we get a long exact sequence, and the
same is true for applying Hom(—, F'Y) to the triangle FV — FX — FW ~.
We then get the following diagram, where the squares commute and the rows
are exact:

—— Hom(W,Y) —— Hom(X,Y) —— Hom(V,Y) —— Hom(W[1],Y) —

I ! [ lz

— Hom(FW, FY) — Hom(FX,FY) — Hom(FV, FY) — Hom(FW[1], FY) —

The isomorphisms come from the iduction hypothesis, since V' and W both
have fewer than n nonzero terms. The 5-lemma now implies that the map
Hom(X,Y) — Hom(FX, FY) also is an isomorphism (the same is true for
all shifts). This concludes the induction argument.

We will now extend the result to all of K™ (Proj —I'), and to do so,
we will need the following construction. Note that we start by viewing X
as a regular right bound complex, not up to homotopy. A complex X in
C~(Proj —T) is given as

X=( =X pa—=>X 22X 11— —>Xny—0)

for some N € Z. We define the truncated complex X (n) by removing all
values of X below degree —n, that is, we set X; = 0 for all : < —n:

Xn)=>(-->20->X_,—->X 11— —Xny—0).

We can, without loss of generality, assume that N = 0. Now consider the
directed system

X0) = X(1) = > Xn)—=X(n+1)=- -,

given by the obvious inclusions ¢; j: X (i) — X(j) for ¢ < j. Since each
X (n) contains the rightmost n + 1 nonzero terms of X, it is clear that
hﬂX(n) = X. Next, we form the direct sum @,y X (n), and look at
the endomorphism @,y X(n) = @,y X (n) generated by sending (z;) to
(x; — ti,j(z5)). The cokernel of this map is th(n) (proposition 7.94 in
[Rot02, p 506]), which means that we can form the short exact sequence

O%@X(n) —>@X(n) — X —0.

neN neN
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This induces a distinguished triangle in K~ (Proj — I')

Pxn) - P xn —»X - EPXM0[

neN neN neN

We now apply the functor HomK—(ijfF)(—, Y') to this triangle, to get a
long exact sequence. Recall that coproducts in the first coordinate of a
hom-set can be pulled out, but then they become products, so we have that
Homge— (proj 1) (@pen X (1), Y) = [lhen Homg - (proj ) (X(n),Y). This
means we can write the long exact sequence as the following, where we
write Homg - (p,.;_r)(4, B) as (4, B) to save space:

- [ (X(n),Y[-1]) — I (X(n),Y[-1])

(X,Y X(n),Y X(n),Y

) —— (X)) Y) ——— TI(
neN neN

Note that generally F'(X(n)) # (FX)(n), because F X might have some-
thing nonzero in degree i, even though X; = 0. We denote F(X(n)) as
FX(n). Since T is a bounded complex, the way F' is constructed ensures
that F'X(n) will be bounded. It also means that, for n large enough, the
rightmost part of X (n) and the rightmost part of X will be mapped to the
same thing by F. Hence we see that hgﬂFX(n) = FX. Thus we can do a
similar construction as above for F'X, and get the long exact sequence

- [ (FX(n),Y[-1]) — I (FX(n),Y[-1])

neN neN )

(FX,FY) —— [[ (FX(n),Y) ——— [[ (FX(n),Y) — ---

neN neN

The functorality of F' ensures that we get a morphism of complexes from
the first long exact sequence to the second long exact sequence. Since
X (n) is bounded for each n, our previous result, together with the fact
that products preserve isomorphisms, shows that the maps between the
product terms must be isomorphisms. That is, we have an isomorphism
[1(X(n), Fli]) = [1(FX(n), FY]i]) for all i € Z. Now, let’s look at the sub-
diagram given by the five terms of each long exact sequence shown above,
together with the morphisms between them. This is a commutative diagram
with two exact rows of five terms each, where all the vertical morphisms
except the middle one are isomorphisms. Thus, by the five lemma, the mid-
dle morphism must also be an isomorphism. But the middle morphism is
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Homy - (p,o;_r)(X,Y) = Homg- p,,;_p)(FX, FY), so this concludes our
proof that F'is fully faithful.
O

2.4 Construction of G

Now that we have shown that we have a fully faithful functor F': K™ (Proj—
I') - K™ (Proj — A), our next goal is to construct a functor G: K~ (Proj —
A) — K™ (Proj — I') which is right adjoint to F. Recall that we have an
equivalence between K™ (Proj —TI') and K™ (Sum —T'), so what we actually
need is to find a way to send complexes in K™ (Proj — A) to complexes of
sums of copies of T'. In other words, we must find a way to construct some
kind of 'T-resolutions’ of complexes in K~ (Proj — A).

We start by noting that, because T is a bounded complex, any complex
X in K™ (Proj—A) can be shifted so far to the left that there are no nonzero
morphisms from 7' to the shifted X. This is because X is right bounded,
so for large enough n there will be no overlap of nonzero degrees in 7" and
X|[n]. Now, let N be the smallest number such that

Hom(T, X[n]) =0 for all n > N.

We define X(© to be equal to X[N]. This means that Hom(T, X)) # 0,
but for any positive shift i we have that Hom (7, X([i]) = 0. We now
want an object S in Sum — T, together with a morphism a: S — X ()
such that Hom(7', S(©)) is mapped surjectively onto Hom(T, X(©)) via a.. For
example, we can take the object € Fetom(T, X)) T, which has one copy of T

for each map from T to X(©. Then « could be the map S© — X©) where
the component map from the f-th summand is just f. This map clearly
gives a surjection from Hom(7T,S?) to Hom(T, X(9)), given by taking the
inclusion morphisms into each summand of S. We take S(® and « to be
the first term of our "I'-resolution’. To continue the construction, we find a
complex X which completes a to a distinguished triangle:

x(-1) §0) oy x(0) , XD,

We now repeat the process for X(=1_ i.e. find an object SV in Sum — T
and a morphism 3: S — X1 which maps Hom(T, S(_l)) surjectively
to Hom (7, X(=). Then we find a complex X (~2) that completes this mor-
phism to a distinguished triangle. The general process is

e Take the object X,
e Find an object S® € Sum — T, and a map S — X® that induces

a surjection on the hom-sets.
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e Complete the map to a distingusihed triangle:
x (=1 5 g6 _y x () o

e Repeat for X1,

By continuing this process, we end up with a collection (S (i))igo of objects in
Sum—T. We define d: S — §(+1) a5 the composition of the maps S —
X@ and X — S+ coming from the triangles in the construction. Note
that d> = 0, because it contains the composition of two consecutive maps
in a distinguished triangle, which in turn means that (S, d) is a complex of
objects in Sum — T. We call (S, d) a T-resolution of X.

It is not obvious that this construction gives a functor, since it’s not clear
that it has a unique result. We will now prove that it does. Observe that
Hom (T, X [n]) = 0 when i < N and n > 0. We prove this by downward
induction on i. For i = 0, the assertion is true because X(®) = X[N] and
we chose N such that Hom(7, X[j]) = 0 for all j > N. Now assuming the
assertion holds for ¢ = k, we want to show that it holds for i = k — 1.
From the construction of the T-resolution we get the distingushed triangle
Xk=1) 5 gk) 5 X*) +s and by applying the functor Hom(T, —) to it
we get a long exact sequence. By the induction hypothesis we know that
Hom(T, X*)[n]) = 0 for all n > 0. Because S¥) is in Sum — T and shifted
endomorphisms of 7" vanish (since T is a tilting complex), we also have that
Hom(T, S®)[n]) = 0 for all n # 0. This means that for n > 2 there will be
zeros on both sides of Hom(T, X *~1[n]) in the long exact sequence, which
means that it must itself be zero. For n = 1, we get this part of the long
exact sequence

Hom(T, S*)) — % Hom(T, X*))

>
-

Hom(T, X *~D[1]) —— Hom(T, S¥[1]) = 0,

where the first arrow is a surjection because of how we constructed S**). By
exactness, we get that Hom(T, X(*~V[1]) = 0, and since we have already
shown it for all larger shifts, the induction is complete.

We will now state and prove a proposition which shows that taking 7T-
resolution gives a functor. In the following, R is the image of a T-resolution
of X under the natural quotient map C~ (Sum —T) — K™ (Sum —T).

Proposition 2.4.1. Let X be an object in K~ (Proj — A) and R the image
in K~ (Proj —T') of a T-resolution of X. Then there exists a homomor-

phism o : FR — X which induces, for any complex ), an isomorphism
Hom(FQ,FR) ~ Hom(FQ, X).

Proof. The idea here is to use induction on length to prove the proposition
for all bounded complexes, and the pass to limits to prove it for complexes
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that are unbounded to the left. In order to do so, we will use the octahedral
axiom for triangulated categories to create a distinguished triangle where
one of the maps satisfies the wanted conditions. To keep things simple, we
assume N = 0 in the following.

Claim: For each n > 0, there exists a distinguished triangle

XM -1 2% F(R(n—1)) =% X —— X))

satisfying the condition that the following diagrams commute:

FR_,n—1] In, XEM[n —1] F(R(n—2)) 2% F(R(n—1))
\ lu” ' \ l

n—l

Here, d,,—1 is the differential in F'R, given as a map from F'R_, [n—1] (the
complex with the —n-th term of F'R in position (—n+ 1), and 0 everywhere
else) to F(R(n —1)). The map f,—1 is taken from the n-th distinguished

triangle used in the construction of the T-resolution of X:

XD —p —1] —— FR_,[n—1] Ity (o) n—1] —— XEn=D[—p].

The map g,—1 is the obvious map from F(R(n — 2)) to F(R(n — 1)), given
by the inclusion R(n —2) — R(n —1).

We prove the claim by induction on n. For n = 1, we first notice that
R(0) is isomorphic to S as a complex in K~ (Sum — T), which from the
way F is constructed means that F(R(0)) = S©. The second diagram is
trivially satisfied, since R(—1) = 0, so we just need to check the first one. To
see that FR_1[0] — F(R(0)) factors through X(=D[0] = X1, we use the
fact that FR_1[0] = FR_; = S(-1. Actually, the factoring comes from the
construction of the T-resolution, and is given as FR_; = SV — X(=1)
SO0 = F(R(0)). This takes care of the base case of the induction.

Now, assume that we have constructed a triangle satisfying the given
conditions for m < n. Then the solid part of the following diagram will
commute, with the two rows and the first column being distinguished trian-
gles.

FR_u[n—1 =% XCWn - 1] — 5 XC» D[] — 5 FR_,[n]
| |
FR_yn—1 2% F(R(n —1)) —* s F(R(n)) — FR_,[n]
- o ifnfl[l]
X X xtn [n]
| |



The octahedral axiom then implies that the dashed arrows form a dis-
tinguished triangle, and that they commute with the rest of the diagram.
This is the triangle we want, we just need to show that the maps fit in the
above diagrams. The bottom dashed arrow shows that v,_1 = v, o g, so
F(R(n —1)) — X factors through F'(R(n)) like it should.

To show that the composition

FR_,_1[n] L% XCn=Dn] ™ F(R(n))
is equal to the differential in F'R, we look at the composition
FR_p_1[n] 2% XCnDin] U F(R(n)) — FR_.[n).
From the octahedral diagram, this composition is equal to
FR_p 1[n] 2% X Din) — FR_,[n),

which by definition is the differential in a T-resolution of X. If we now apply
the functor Hom(F'R_,,_1[n],—) to the distinguished triangle

FR_, —— F(R(n—1)) —— F(R(n)) ~

we get a long exact sequence. We have that Hom(FR_,,_1[n], F(R(n —
1))) = 0, there is no overlap between the degrees in which FFR_,_;[n]| and
F(R(n — 1)) are nonzero, so we know that the sequence

Hom(FR_,_1[n], F(R(n —1)))
I
0 — Hom(FR_,_1[n], F(R(n))) — Hom(FR_,_1[n], FR_,[n])

is exact. In other words, the map
Hom(FR_,_1[n], F(R(n))) = Hom(FR_,_1[n|, FR_y[n])
is injective. We have already shown that the composition
Uy, 0 fn, € Hom(FR_,,_1[n], F(R(n —1)))

is sent to the differential in F'R in Hom(FR_,_1[n|, FR_y[n]). Now, since d,,
simply is the differential in F'R represented as a map in Hom(FR_,_1[n], F(R(n))),
it is also sent to the differential in FR. And thus, by injectivity, we have that

Uy © frn, = d,. This concludes the proof of the claim.

Now assume that we have a right bounded complex X. Notice that the
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claim implies that we get a map v, : FR(n) — X for all n. If we now
write F'R as the colimit of bounded complexes FR = lim FR(n), the uni-

versal property of colimits gives us a map FR — X. Let X be the cone
of this map. For any ¢, the complexes FFR and FR(i) are identical in de-
grees higher than —i. This means that for any given p, all maps from T'[p]
to F'R factor uniquely through FR(i) when i is large enough. From the
observation immediately preceding the statement of the proposition, we see
that Hom(T'[p], X(~*~D[i]) = 0 for i sufficiently large. Then, the long exact
sequence given by applying Hom(T'[p], —) to the distinguished triangle from
the preceding claim shows that

Hom(T[p], FR(i)) —— Hom(T[p], X)

is an isomorphism for sufficiently large i. In fact, since Hom is an additive
functor, we can replace T'[p] by any element of add(T') and still have isomor-
phism. By then applying the functor Hom(—, X(~*=V[i]) to distinguished
triangles of the form A — B — C ~», where A, B € add(T) and C is the
cone of the map A — B, we know that A and B will be sent to 0. So the
2-out-of-3-property tells us that Hom(C, X (=i=1) [i]) = 0, and consequently
that the isomorphism above holds for cones as well as for elements in add(T).
This shows that the composition

Hom(x, FR) —— Hom(x, FR(i)) —— Hom(x, X)

is an isomorphism for all * in the triangulated category generated by add(T),
provided that i is sufficiently large. Now, since X is the cone of the map
FR — X, this isomorphism means that Hom(*,f( ) = 0. If we take any
complex @ € K™ (Proj—T'), then FQ(i) will be in the triangulated category
generated by add(T), so Hom(FQ(i), X) = 0 for all i. By the Mittag-Leffler
condition, we have that the map Hom(FQ, X) — @Hom(FQ(z)), X) is an

isomorphism. Thus, we get that Hom(FQ, X) = 0, and consequently that
Hom(FQ, FR) —— Hom(FQ, X)

is an isomorphism. This concludes the proof of the proposition.
O

The above proposition implies that the image in K~ (Proj —T') of a T-
resolution of X is unique (up to isomorphism). To see this, take two images
of T-resolutions of X, say R and R’. From the proposition we get maps
a: FR— X and f: FR — X such that Hom(FQ, FR) ~ Hom(FQ, X)
and Hom(FQ, FR') ~ Hom(FQ, X) for any complex Q.
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By setting Q@ = R and Q = R’, we can find maps v and 4 such that the
following diagrams commute.

FR 2 FR FR —° FR

! N

From this we get that o = 8y = advy, which means that a(idpr — dv) = 0.
By the proposition, we get in particular that « is sent to an isomorphism by
Hom(F R, —). This means that (idrr — dy) must be zero, since it is sent to
zero by Hom(F R, «v), and thus 6y = idpgr. The same argument for 8 shows
that v0 = idpps, and consequently, FR ~ FR’.

Corollary 2.4.2. The functor F has a right adjoint G. In particular, F
commutes with arbitrary direct sums.

Proof. The preceding argument shows that it is well-defined to send an
object X of K™ (Proj — A) to the image in K~ (Proj — I') of some T-
resolution of X. If we let Q be any object in K™ (Proj —I'), we get an
isomorphism

¢ : Hom(FQ,X) —— Hom(FQ,FGX) —— Hom(Q,GX)

where the first isomorphism comes from the proposition, and the second
comes from F being fully faithful. This means that G is a right adjoint
to F, given that it actually is a functor. To check that it is, we must
show that it preserves identity and commutes with composition. We set
@ = GX, and thus get a morphism nx : FGX — X, which is the unique
morphism that is sent by ¢ to the identity on GX. Then, for any morphism
a:Y — Z in K (Proj — A), we can define G(a) to be ¢(any). By
the functorality of F' we get that ¢ is natural in the first variable, which
implies that G(idy) = ¢(idyny) = ¢(ny) = idgy and G(Ba) = ¢(Bany) =
o(Bnz)e(any) = G(B)G(a). This proves the functorality of G, so G is
indeed a right adjoint functor to F.

O

Remark 2.4.3. Because the construction of G only involves the hom-functor
and forming distinguished triangles, we see that G is a triangle functor.

2.5 Proof of theorem 1.2.2

Now we are almost ready to prove Rickard’s Morita theorem. We just need
to check three things first:

(1) If add(T') generates per A as a triangulated category, then F' is dense.
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(2) The categorical structure of the various subcategories can be used to
force an equivalence of K~ to restrict to an equivalence of D?, and so
on.

(3) If F is an equivalence, then the image of I is a tilting complex.

Proof of (1)

If we assume that T is a tilting complex, then we know from theorem 2.3.1
that F' is fully faithful. So showing that F' is dense is all we need in order
to conclude that it is an equivalence. To do this, we must take an arbitrary
object Y € K™ (Proj — A) and find an object X € K™ (Proj —I') such that
Y = FX. Given an object Y we know that there always exists an adjunction
map FGY — Y (given by the counit of adjunction). We complete this map
to a distinguished triangle FGY — Y — Z ~». By applying G, which is a
triangle functor, we get the distingusihed triangle GFGY — GY — GZ ~~.
A property of the counit is that the composition G — GFG — G is the
identity (see for example theorem A.6.2 in [Wei94]). This means that the
first map in the triangle is an isomorphism, which means that GZ is zero.
This is obvously true for all shifts as well, and it implies that FGZ[i| = 0
for all ¢. Which in turn means that Hom(7, Z[i]) = 0, by the following
isomorphisms

0 = Hom(7T, FGZ[i]) ~ Hom(FGT, FGZ]i])

~ Hom(GT, GZ[i])

~ Hom(F'GT, Z[i])
(T, Z1d])

where the second isomorphism comes from F' being fully faithful, and the
third one is given by F' and G being an adjoint pair. We get the first and last
isomorphisms from the fact that, by the construction of the functors, FGT ~
T (note that the T-resolution of T is itself). Thus there are no nonzero maps
from T to Z[i] for any i. The same is true for sums of summands of shifted
copies of T', which means there are no maps from the triangulated category
generated by add —T to Z. Now, because A and all shifted copies of it lie in
that category, this means that Z must be zero. Hence the map FGY — Y
in the triangle we started with is an isomorphism, and we see that Y, which
we chose arbitrarily, is isomorphic to F'(GY’). This concludes the proof that
F is dense.

~ Hom

Proof of (2)

We will now show that an equivalence K~ (Proj — A) — K~ (Proj — I)
restricts to an equivalence D’(A) — D®(I'), which itself restricts to an
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equivalence K®(Proj — A) — K%(Proj — T'), which finally restricts to an
equivalence per A — per .

Proposition 2.5.1. An object X in K~ (Proj — A) lies up to isomoprhism
in the subcategory DP(A) (meaning it has bounded homology) if and only if
for all objects Y in K~ (Proj— A) there exists an integer N(X,Y) such that
Hom(Y, X [n]) =0 for alln < N(X,Y).

Thus any equivalence of triangulated categories between K~ (Proj — A)
and K~ (Proj —T) induces an equivalence between DP(A) and DP(T).

Proof. An object X in D?(A) satisfies the condition. To see why, notice that
X is isomorphic in D°(A) to a complex X’ with zero in all small enough
degrees. This means that the nonzero degrees of X’ can be shifted away
from the nonzero degrees of Y, giving only zero maps.

Conversely, if X is not in D?(A) it has unbounded homology. If we set
Y = A, we have that

H"(X) ~ Hom(A,H" (X)) ~ H*"Hom(A, X) ~ Hom(A, X[n]).

So if H"(X) is nonzero for some n, then Hom(A, X[n]) is also nonzero.
But since X has unbound homology H"(X) will be nonzero for arbitrar-
ily small n, which means there can’t exist a number N(X,A) such that
Hom(A, X[n]) =0 for all n < N(X,A).

Now, to see that this implies that the equivalence restricts down to
D’(A) — D*T), assume that we have an equivalence G: K~ (Proj — A) —
K~ (Proj —T'). Then we know that Hom(Y, X[n]) ~ Hom(GY,GX|[n]) for
all X,Y € K (Proj — A). So if there exists a number N(X,Y) such
that Hom(Y, X[n]) = 0 for all n < N(X,Y), there will exist a number
N(GX,GY) such that Hom(GY, (GX)[n]) = 0 for all n < N(GX,GY).
Thus, the equivalence sends the subcategory D?(A) to D®(T'), so it restricts
as wanted. O

Proposition 2.5.2. An object X in D°(A) lies in K°(Proj—A) (meaning it
is a bounded complex) if and only if for all Y € DP(A) the set Hom(X,Yi])
s zero for large i.

Thus any equivalence of triangulated categories between DP(A) and D°(T)
induces an equivalence between K°(Proj — A) and K*(Proj —T)).

Proof. Let X be a complex in K*(Proj — A) and Y a complex in D°(A),
meaning X is a bounded complex and Y is a (right bounded) complex with
bounded homology. Then Hom(X, Y[i]) will be zero for large enough 4, since
the highest nonzero degree of Y will be shifted past the lowest nonzero degree
of X. For the other direction, we will show the contrapositive statement,
namely that for an unbounded complex X’ in D?(A) there exists some com-
plex Y such that there are nonzero morphisms from X’ to all shifts of Y. We
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note that we can replace X’ with an isomorphic complex X which has projec-
tive terms. Since X has bounded homology, we know that Imd;_1 = Ker d;
for sufficiently small 7.

As a step in the proof, we will now show that if Kerd; is projective for
some small 4, then X must be bounded. To see this, notice that from degree
i —1in X, we get the short exact sequence

0— Kerd;,_1 — Xi—l — Imdi_l — 0.

For small ¢ we know that Imd;_; = Kerd;, so if Kerd; is projective, the
short exact sequence ends in a projective module, which means it is split
exact. This implies that X; 1 ~ Ker d;_1®Ker d;, which means that Ker d; 1
is a direct summand of the projective module X; 1, and hence projective.
Repeating the same argument for Kerd;_; shows that X;_o ~ Kerd;_o &
Kerd;_1, and if we keep going, we get that X is isomorphic to the complex

- = Kerd;_s®Kerd;_9 — Kerd;_s®Kerd;_1 — Kerd;_1®Kerd; — X; — ---

We can now remove trivial summands (theorem A.1.1) from all terms below
degree ¢, and end up with the isomorphic complex

o= 0—=2>0—=>Kerd; - X; = Xiqp1 — -+ .

So if Kerd; is projective for some small ¢, then X is a bounded complex
(up to isomoprhism). This means that if X is not isomorphic to a bounded
complex, then there are infinitely many ¢ for which Ker d; is not projective.
We will now use this to find a complex Y such that Hom(X,Y[i]) # 0 for
all 4.

First of all, notice that because X is right bounded, Kerd; is trivially
projective for all ¢ large enough. This means that for there to be infinitely
many ¢ with Kerd; not projective, such ¢ must appear in arbitrarily small
degrees. We choose infinitely many such ¢ from below where the homology
stops occuring in X (remember that X has bounded homology), so Imd;_; =
Kerd; for all i. Now we let Y be the direct sum of all these non-projective
kernels Ker d;, viewed as a complex concentrated in degree zero. To see that
this choice of Y ensures that Hom(X, Y[i]) is nonzero for all i, observe the
following: For each i we have a map f: X — Y7i], given by

X= — X; o di2 X1 di1 X; >
f = lo ldifl 0
Y[i] D 0 Ker d; » 0

since Imd;_1 = Kerd;. The only possible problem now is that f might be
null-homotopic. But if that is the case, then there exists an h: X; — Kerd;
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such that d;_1 = hd;_1. Notice that d;_1 is surjective on Imd;_1 = Kerd;,
and recall that X is projective. By the lifting property we then know there
exists a dashed map ¢ such that h = d;_1g, making the following diagram

commutative
/ i (2.1)

-1 *» Kerd

Combining the two expressions, we get that h = d;_19 = hd;—19. Now notice
that d;—1 = hd;—1 being surjective on Kerd; implies h is also surjective on
Kerd;, so h restricted to Imd;_; = Kerd; is an isomorphism. Thus, when
we restrict to Kerd; we can remove h from both sides of h = hd;_1g, and
get that idkerq, = di—19. In other words, d;—; is a split epimorphism from
X;—1 to Kerd;. This means that the (canonical) short exact sequence

0— Kerdi_l — X1 d1—71> Ker di —0

is split exact. This implies that Ker d; is projective, since it is the last term
in a split exact sequence. But Kerd; is non-projective by assumption, so
this is a contradiction. Thus, f can’t be null-homotopic, which means that
there is a nonzero map X — Y'[i]. This concludes the proof of the ”if and
only if” part. Now we easily see that this implies an equivalence between
D’(A) and DY(I") restricts to an equivalence between K’(Proj — A) and
K®(Proj —T'). Simply notice that since Hom(X, Y[i]) ~ Hom(GX, GY[i]),
one of them is zero for large ¢ if and only if the other one is. O

Proposition 2.5.3. An object X in K°(Proj—A) lies in per A (has finitely
generated terms) if and only if the functor

Hom(X,—): K’(Proj — A) — Ab

commutes with arbitrary direct sums. Thus any equivalence of triangulated
categories between K°(Proj — A) and K°(Proj —T) induces an equivalence
between per A and perl.

Proof. To see that Hom (X, —) commutes with arbitrary direct sums when
X lies in per A, we use the same argument as in the proof of lemma 2.1.1.
Let (Y;)ies be a collection of complexes in K°(Proj — A) for some in-
dex set I. Then there is a natural homomorphsim @, ; Hom(X,Y;) —
Hom(X, @,; Yi), given by sending a tuple of endomorphisms (;);es to the

map <a: — (gpl(:c))Zg) Observe that the only way <a: — (goi(a:))iel>

can be the zero map is if all ¢; are zero, so the morphism between them is
injective. To see that it actually is an isomorphism, we use the fact that
X is a bounded complex of finitely generated A-modules. This means that
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a map in Hom(X,P,.;Y;) is fixed by where it sends a finite number of
elements from each of the finitely many terms of X. Consequently, for each
element of Hom (X, P,-;Y:) we can find some element of ), ; Hom(X,Y;)
which is mapped to that element. We conclude that the map is surjective,
and hence an isomorphism. This shows that Hom(X, —) commutes with
arbitrary direct sums when X € per A.

For the other direction, let’s assume that Hom(X, —) commutes with
arbitrary direct sums for X € K°(Proj — A). We will show that all terms of
X are finitely generated, by induction on the number n of nonzero terms. If
n = 0 then X is the zero complex, which does have finitely generated terms,
so the assertion is true. Now we assume it is true for all complexes of length
less than or equal to n, and consider the complex X = X¢g - X; — -+ —
X,. We denote by Y the n-term complex we get by cutting off Xy from
X, thatisY = X7 — .-+ — X,,. Now we can form a distinguished triangle
Y - X — X ~», and for any Z we may apply Hom(—, Z) to this triangle
to get a long exact sequence. Then, the five lemma implies that if Y and
Xo have finitely generated terms, then so does X.

The only problem now is that we haven’t checked what happens when
X is not finitely generated. First of all, note that since Xg is projective we
can add some trivial summand to X (theorem A.1.1) to get an isomorphic
complex where X is replaced by a free object AZ), for some index set I.
Thus we get that

Hom(X, Xg) ~ Hom(X, A)) ~ Hom(X, A)).

By definition, only finitely many of the maps in the last coproduct above are
nonzero. Now denote by a the natural map X — Xy which is the identity
on Xy and 0 everywhere else. The above implies that & € Hom(X, X) is
homotopic to a map, say (3, with finitely generated image. If we call the
homotopy s, we can write this as a diagram

d
> Xo 0

i)

> Xo >

This means that we can decompose Xy as Y @Y’ where Y is finitely generated
and containing the image of 3. Since 1x, = sdp, we can write the projection
Xo 5 v as Xo o, X1 3 Xo & Y'. By restricting to Y, we see that this
implies that X contains a direct summand Y’ — Y” in degree zero and one.
This is a trivial summand, so by theorem A.1.1, removing it from X yields
an isomorphic complex. In degree zero of the resulting complex we only
have Y, which is finitely generated. Thus, we can apply the induction as we
did above, which completes the proof.
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Now all we need to show is that the equivalence restricts as it should.
To see that it does, we must show that Hom(X, —) commutes with arbitrary
sums if and only if Hom(GX, —) does so. Note that we have the following

Hom(G, P GY;) ~ Hom(GX, G(P V7))
~ Hom(X, @Yz)

~ P Hom(X,Y;)
~ P Hom(GX, GY;)

The first isomorphism holds because G is right adjoint, so it commutes with
colimits. The second and fourth isomorphism come from the fact that G
is fully faithful. The third isomorphism is given by the assumption that
Hom(X, —) commutes with arbitrary direct sums. O

Proof of (3)

Proof. Assume that we have an equivalence F': K~ (Proj—I') — K~ (Proj—
A). By (2), this restricts down to an equivalence F': perI' — per A. We
will now show that F(T'), the image of F' under T, is a tilting complex
over A. First note that I' is sent by F to an object in per A, since I' is
contained in perI'. Hence F(I") is a bounded complex of finitely generated
projective A-modules. Moreover, I' generates perI' (by definition), so F
being an equivalence implies that F'(I") generates per A. Lastly, observe that
Hom(I",I'[n]) = 0 when n # 0, since I' is viewed as a complex concentrated
in degree 0. When F' is an equivalence, this property is carried over to F(T').
Thus, F(T') satisfies all properties of being a tilting complex over A. O

The proof of theorem 1.2.2 now follows from the construction of the
functors F' and G, together with the results (1), (2) and (3).
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Chapter 3

Differential graded algebras

Differential graded algebras, or dg algebras, are graded algebras endowed
with a differential morphism. In this chapter we will give some central
definitions, and present some of the theory surrounding dg algebras. We
will apply this theory in chapter 4, where we give another proof of Rickard’s
Morita theorem.

3.1 Definitions and examples

Definition 3.1.1. This is how we define a graded structure on rings, alge-
bras and modules.

e A (Z-)graded ring is a ring which can be written as a direct sum of
abelian groups, R = @,, R?, such that R'RJ C R™J for all i,j € Z.

e A (Z-)graded algebra is an algebra which is graded as a ring.

o A (Z-)graded module is a right module M = ,., M? over a graded
ring R, such that M*RJ C M+,

e A morphism f: M — N between graded modules is called a graded
morphism of degree d, and it is a collection of morphisms between the
underlying modules such that f(M?) C N+,

Note: we also have what is called a bigraded module, which is a graded
module in which each degree is itself a graded module. In a bigraded module,
we refer to degrees by pairs of numbers, where (i, ) means the component
which is in degree i of the graded module in degree j of the bigraded module.
The degrees of maps are also given as pairs of numbers.

Definition 3.1.2 (dg algebra). Let k& be a commutative ring. We define a
dg algebra (differential graded k-algebra) as a Z-graded associative k-algebra

A=

PEL
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with a differential d: A — A which is k-linear and graded of degree 1 (so
dAP C APTY), and satisfies the graded Leibniz rule

d(ab) = (da)b+ (—1)Padb, Va € AP, Vb € A.

We do not impose any finiteness conditions on A. We define dg modules
in a similar way as dg algebras.

Example 3.1.3. Any ’ordinary’ k-algebra I' can be viewed as a dg algebra
A concentrated in one degree, that is

AT — I' n=0
0, n#0
The converse also holds, that any dg algebra which is concentrated in one
degree corresponds to an ’ordinary’ algebra.

Example 3.1.4. Let I" be a k-algebra, and let M and X be chain complexes
of I'-modules. We can define a new complex Homp (X, M), which is given
by the followng

Homp(X,M)" = [ Homp(X?, M)
—ptg=n
(df)(z) = d(f(x)) = (=1)"f(dx), f € Homp (X, M)".
Then A = Homp(M, M) has a natural graded structure and a differential.
This means that A is a dg algebra. Be aware that there generally will be

non-vanishing components in arbitrarily small and arbitrarily large degrees
of A, even if M* =0 for all i > 0.

Definition 3.1.5 (dg module). A dg A-module (differential graded module
over A) is a Z-graded right A-module

M= m?
PEZ
with a differential d: M — M which is k-linear and graded of degree 1, and
satisfies the graded Leibniz rule
d(ma) = d(m)a + (—1)Pad(m), Ym € MP, Va € A

A morphism f: M — N of dg A-modules is a graded morphism of degree 0
from M to N as graded A-modules which commutes with the differentials.

Example 3.1.6. For any dg algebra A which is concentrated in one degree
(so it is an ’ordinary’ algebra I' in degree zero, and 0 in all other degrees),
the category of dg A-modules is equal to the category of chain complexes of
right I'-modules.

Example 3.1.7. If I is a k-algebra, M is a complex of right I'-modules
and A = Homp(M, M), then M becomes a left A-module by the action

(f)M7) = (f*(m"))
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3.2 The homotopy category

A morphism f: M — N of dg modules is called null-homotopic if there ex-
ists a graded morphism r: M — N of degree —1, such that f = dr+rd. We
define the homotopy category K(A), whose objects are the dg A-modules,
and whose morphisms f are equivalence classes of dg module morphisms
modulo null-homotopic morphisms. We will show that K(A) is a triangu-
lated category, and to do so we need two more definitions.

Definition 3.2.1. The suspension functor [1]: K(A) — K(A) is defined by
(M[l] m)p — pptl

dypy = —du
K1) (m,a) = pp(m, a)

for m € M,a € A, where pps and py) are the multiplication maps in the
respective modules.

Definition 3.2.2. A standard triangle of K(A) is a sequence
Lhm s ot oo,

where f: L — M is a morphism of DG modules, and C'f is the mapping
cone of f, in the sense that C'f = M @ L[1] as a graded k-module, with

_ldu f m _|ma
tor= |6 gy ver (1)) =[],

for m € M and [ € LP. The morphism g in the triangle is the inclusion of
M into C'f, and —h is the canonical projection C'f — L[1].

Endowed with these structures K(A) becomes a triangulated category,
but before we can prove that we will need the a few new definitions and a
lemma. An ezact category (in the sense of Quillen, see [Qui73]) is a pair
(AB,.), where £ is a full subcategory of an abelian category <7, and . is
the set of exact sequences in &/ with terms in A. Also 4 must be closed
under extensions, that is, if the first and last term of a short exact sequence
is in &, then the middle term is also in %. A Frobenius category is an
exact category with enough projectives and injectives, where all injective
modules are projective and vice versa. The stable category £ of a Frobenius
category 4, is the category whose objects are the objects of %, and whose
morphisms are the morphisms of % modulo morphisms that factor through
projective-injective objects.

Lemma 3.2.3. The category of dg A-modules, together with the exact struc-
ture given by sequences that split as graded A-modules, is a Frobenius cate-
gory whose stable category is K(A).
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Proof. We start by proving that the category is Frobenius. First notice that
the given exact structure is equivalent to sequences of complexes that are
degree-wise split, but which don’t necessarily commute with the differentials.
We want to show that the category has enough projectives and injectives. To
do so, we will take an arbitrary differential graded A-module (A, d), where
A is a graded module and d is its differential, and find a monomorphism to
an injective, and an epimorphism from a projective. Given any dg A-module
(A, d), we have the canonical morphisms

A A AL and A® A[l] - A1),

which are clearly a monomorphism and an epimorphism, respectively. So if
we can show that the DG module (4 @& A[1], [d 1,]) is both injective and
projective, we are done. We show that it is projective, injectivity is shown
with a dual argument. We look at the set of morphisms of dg modules
from A @ A[1], in other words, morphisms of graded A-modules starting in
A @ A[1], which respect the grading.

Homgga ((A® A1), [§ 4 ]), (M, e)) ={[f gl |If gl[§ Y] =elf g}
{lf glllfd f—gd=lef egl}
{[f gl fd=efand f—gd=eg}

Notice that the second condition gives that f = gd + eg, which implies
that the first condition also is satisfied, since fd = (gd + eg)d = egd =
e(gd+eg) = ef. So for a given morphism of graded A-modules g: A[1] — M,
we get a morphism of dg A-modules [f g¢]: (A® A[1], [¢ 1,]) — (M,e) by
setting f = gd + eg. This means that for any DG A-module (M, e), we
have a bijection Homgg o ((A @ All], [g }d]), (M, e)) < Homyg, A (A[1], M),
where Homg, o denotes morphisms of graded A-modules. Now, to see that
(Ao A[1], [d 1,]) is projective, we show that given the solid part of this
diagram, the dashed arrow is induced

(43 AN [§ L)
///’/ l[f gl

(N,¢) ——— (M,e) ——— 0.

To do so, we observe that the bijection of Hom-sets allows us to instead
look at the following diagram of graded A-modules
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By construction of the exact structure, all epimorphisms of graded mod-
ules are split. Thus we know that there exists a ¢: M — N such that
o = idyy;. Composing this with g gives a morphism A[1] — N (the dashed
arrow above) such that the triangle commutes. But then using the bijec-
tion again, we get a morpism (4 & A[1], [¢ 1,]) — (N,c) making the top
triangle commute, which is what we wanted. Thus we have shown that
(Ao All], [g fd}) is projective. The argument that it is injective is entirely
dual, and we will skip it.

Now, to conclude that the category is Frobenius, the only thing we need
to show is that any projective object is injective, and vice versa. To see this,
take a projective dg A-module (P,p) and an injective dg A-module (7,1).
We know that we have morphisms

(Po P, [52,])~ (P.p) (1,i) = (& I[1], [§ 4))-

Any epimorphism to a projective is split, so (P,p) is a direct summand of

(P & P[1], [8 _lp}, which as we know is injective. Thus (P,p) is injective,
since direct summands of injectives are injective. Similarly, monomorphisms
from injectives are split, so (I, 1) is a direct summand of a projective, and is
thus projective.

The only thing left to show now is that the stable category is equal to
the homotopy category K(A). To do this, we will show that a morphism
factors through an injective module if and only if it is null-homotopic. Be-
cause assume that we have a morphism between two dg A-modules (A, d)
and (B, e) which factors through an injective module (7,7). We know that
(A,d) has an injective envelope (A & A[1], [¢ 1;]), which means that ¢ is
a monomorphism. Thus, since (1,1%) is injective, we have the dashed arrow
such that the triangle in the following diagram commutes.

(A,d) ——— (I,i) —— (B, e)

This means that a morphism factors through an injective if and only if it
factors through a module on the form (A @ A[1], [¢ 1,]). But this is equiv-
alent to, given the morphism f in the following diagram, finding a graded
morphism g: A[1] — B such that [f ¢| makes the diagram commute.

(A,d) —— (B,e)

o
j ///[J: 9]

(Ao AL, [§ 1))
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Writing out what this actually means, we want ¢ such that

elf g=1f 95
& lef egl=I[fd f—gd
& ef=fd and f=eg+gd

The first condition is satisfied by definition, since f is a morphism of dg
A-modules. Notice that g can be viewed as a graded morphism of degree
—1 from (A,d) to (B,e). So the second condition is exactly the definition
of f being a null-homotopic morphism. So the morphism f factors through
A @ A[1] if and only if it is null-homotopic. Combining this with the pre-
vious result, we see that a morphism of dg A-modules factoring through
an injective is equvalent with it being null-homotopic. So both conditions
define the same equivalence relation on the category of dg A-modules, and
we conclude that its stable category is K(A). O

Proposition 3.2.4. The category K(A), with the functor [1] and triangles
isomorphic to standard triangles, is a triangulated category.

Proof. We refer to a theorem due to Happel in [Hap87], which states that
the stable category of a Frobenius category is triangulated. In lemma 3.2.3,
we showed that the category of dg A-modules, with the exact structure given
by sequences that split as graded A-modules, is a Frobenius category. We
also showed that the associated stable category is K(A). Thus, we conclude
that K(A) is a triangulated category. O
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Chapter 4

Proof using differential
graded algebras

In this chapter we will present an alternate proof of Rickard’s theorem,
due to Bernhard Keller [Kel98]. It employs a different approach than the
previous proof, one based on the theory of differential graded algebras. The
techniques used in this proof are more general, in that they can be applied
to different problems as well. In fact, this is even explicitly shown in Keller’s
article. He spends most of the article developing theory, and then he presents
three different applications of that theory, one of them being a proof of
Rickard’s theorem. We will not present the other applications here, but
focus on the general theory and Rickard’s theorem.

4.1 Strategy of the proof

This proof is structured as follows:

e We define so-called homotopically projective and homotopically injec-
tive modules, and develop some theory surrounding them.

e Next, we present the principle of infinite dévissage, which gives a cri-
terion for when a triangulated subcategory of D(A) is equal to D(A).

e With the help of homotopically projective and injective modules we
define total left and right derived functors of tensor and hom. We then
use these to state and prove a theorem which essentially is Ricksrd’s
theorem with an extra assumption, namely the existence of a bimodule
complex.

e The rest of the chapter is devoted to showing how the assumptions
in Rickard’s theorem allows us to construct a bimodule complex. The
proof then follows from the previous theorem. This is where we need
the theory of differential graded algebras.
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Remark. In this proof we use a slightly different statement of Rickard’s theo-
rem than what we used in the previous proof. There are two main differences.
The first is that, because of how the bimodule complex is constructed, we
get an explicit description of the functor which acts as the triangle equiv-
alence in Rickard’s theorem. The second difference is that this statement
doesn’t require the derived categories to be bounded. See theorem 4.7.1 for
the actual statement we use in this chapter.

4.2 Unbounded resolutions
Definition 4.2.1. A complex K is homotopically projective if
HOIIlK(A)(K, N) =0

for all acyclic complexes N. Dually, the complex is homotopically injective
if

HOIIIK(A)(N, K) =0
for all acyclic complexes N.

We write K, (A) for the category of homotopically projective complexes
as a full subcategory of K(A) (and similarly K;(A) for the full subcategory
of homotopically injective complexes). If K is any complex with projective
components and vanishing differential, then K is homotopically projective.
To see this, observe that for a given degree n of a map f € Hom(K, N), we
get the following commutative diagram

.0y pn-1 0 0 , pn+1 _0

PTL
\L}cnfl lfn \LfnJrl
N’n

m—1 n
.4 yn-1 d ar el _d

where P? is projective for all i, and Im d" ' = Ker d”. By commutativity
d"f™ = 0, which implies that Im f* C Kerd” = Imd"~'. This means that
we have an epimorphism N”~! — Im f”, and since P" is projective we thus
get a map h™: P" — N™ ! such that f* = d" 'h". Because this is true for
all degrees of the chain map f, we have that f is null-homotopic, which is
the zero map in K(A). It is easy to see that direct sums of homotopically
projective complexes are homotopically projective, since Hom(—, N) takes
coproducts to products, and products of zeros are zero. Another important
observation regarding homotopically projective complexes is the following
proposition.

Proposition 4.2.2. The collection of all homotopically projective complexes
is a full triangulated subcategory of K(A)
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Proof. By simply taking the collection of all homotopically projective com-
plexes, and all morphisms between them, we get that K,(A) forms a full
subcategory of K(A). To see that it is also triangulated, we must check that
both the shift functor and taking cones respect homotopical projectivity.
For the shift functor we have that Hom(K, N) = 0 implies Hom(K[n], N) ~
Hom (K, N[—n]) = 0 for all n, since the shift of an acyclic complex is still
acyclic. To see that K,(A) is closed under cones, take a morphism of com-
plexes f: X — Y, with X and Y homotopically projective. Because of the
triangulated structure on K(A), we can complete this to a triangle with the

cone of f:

x oy Cone(f) —— X[1] .

By applying the functor Hom(—, N) with N acyclic, we get a long exact
sequence. Since X, X|[1] and Y are homotopically projective, all terms
coming from them are zero, so Hom(Cone(f), N) must be zero too. O

Now take the following directed system in the category of complexes

PO ‘o P1 il}PQ A >Pq a Pq+1*>--~
H (4.1)
0

where for all ¢ € N, the chain map i, has split monomorphisms in each
degree, and for each ¢ the degreewise complex of quotients P,41/P,; has
vanishing differentials and is projective in each degree. As we have seen
above, this means that P, /P, is homotopically projective for all q. We
will now use induction to prove that F; is homotopically projective for all
q.- To do so, we will use lemma A.2.1, which states that any sequence of
complexes which is split exact in each degree, gives rise to a distinguished
triangle in K(A). We start by observing that Py = 0, which is trivially
homotopically projective, thus proving the base case. Next, we assume
that P, is homotopically projective, and look at the following sequence of
complexes

Py U Po1 — Py /Py
which looks like this in each degree

:J

g ]
» Py —— B

0 >P§ ]-s-l/Pq] » 0.

It is split exact because i} is a split monomorphism for all j. Thus, by

lemma A.2.1 we have the following distinguished triangle in K(A):
B — Por1i —— Py1 /Py —— P[1] .
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If we apply the functor Hom(—, N) to the triangle, with N acyclic, we
get a long exact sequence. Now, if we assume that P, is homotopically
projective, then the terms coming from P, and Py41/F, are all zero. This
means that Hom(P,41, N) = 0, and thus P, is homotopically projective.
Consequently, all terms of our directed system are homotopically projective.
Next, we want to show that this holds for K = liqu as well. In order to
do so, we will use the so-called Milnor’s Triangle, which is constructed as
follows: Define the morphism

o Pr,-Pr
peEN geN

whose components are the compositions

l,
P, M PP, — DPF,, (4.2)
qeN

where the last map is the canonical incusion. The map ® gives the
following sequence

0— P —— ®P —>1lmP —0, (4.3)
peN qeN

where © consists of the canonical morphisms f,: P, — @P‘?'
Proposition 4.2.3. The sequence in eq. (4.3) is split exact.
Proof. First, notice that the following is true for all ¢

Pc;+1 ~ Im i) & Pgﬂ/lmié ~ P/ ® Pl /P,

where the last isomorphism holds since i, is split mono in each degree j. This
means that we can write the directed sequence in each degree, excluding
zero, as the following (remember that since Pj = 0 for all j, we have P} ~
00 PL/0~ B ® P} /PY)

iJ iJ

pi 1 PJ = Py
[ | [
Py® P]/P] —— Pl @ PJ/P| —— Py@ P{/P] — -+ (4.4)

F o b

10
imi (0) i jj(8(1)>3jj
P /Fy - » Pj/Fy & P3 /Py >691‘Pi/‘Pi—1 P
1=
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Cq
By induction, we see that we can write P] ~ @ P/ /P/ | for each ¢ € N.
i=1

Combining this with the map ig, we get the following commutative diagram

Y

J ‘g J
_

P q P q+1

N

L pi ) pi W i pi
G%PZ/PZA‘—> G%Pi/Pi—l.
1= 1=

w w
zg ——— (%4,0)
So up to isomorphism, we can view ig as the canonical inclusion which
sends z, € éPg/Pijl to itself in [65 Pf/Pfil We then see that we can
i P

write the maps from eq. (4.2) (the cc;mponent maps of ®) as

j (‘1134) j 1y pi j
Py PP®Pp+1 @D

| | |

4 . . p . . p+1 . q . .
QPzJ/PiJ—I — Galpij/Pi]—l@ Galpi]/Pi]—l B G%G%Pij/sz—l
i= i= = gENi=

p .

For any given p € N, each element =, € @ P//P/] | is sent to the same
i=1

element in the component sums corresponding to ¢ = p and ¢ = p+ 1. Now

notice that we can view ® as a morphism
DD /P — DDF /P
peEN i=1 qeN i=1

We can rearrange this expression into
DDr/FL— DDr/FL
i€EN p>i €N g>1

which then can be written as

@ @sz/Pszl %@R]/szq

i€EN | p>i q>1
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By lemma A.2.1, we see that the degreewise split exact sequence above
gives rise to the following distinguished triangle in K(A), which is the so-
called Milnor’s Triangle:

® P —— @P —=lmP, — (P .
peEN qeN peEN
Remember that our goal is to prove that lim P, is homotopically projec-
tive, and to do so we apply the functor Homg ,) (—, N) to the triangle, where
N is an acyclic complex. This is a cohomological functor, which means that
applying it to the distinguished triangle gives the long exact sequence

cee — Hom((G%Pp)[l},N) — Hom(%Pq,N) — Hom(EBNPq,N) — e
pE qe

We now use the fact that

Hom(& P,,N) ~ [[ Hom(P,,N) ,
peN peN
which is zero because P, is homotopically projective for all p € N. Thus,
the term HomK(A)(li%m P,,N) is between two zeros in the long exact se-
quence, so it must be zero. Since this is true for any acyclic complex N, we
conclude that hﬂPq is homotopically projective.

Theorem 4.2.4. 1. A complex K is homotopically projective if and only
if it is the colimit of a directed, ascending system in the category of
complexes,

i

% : .
= 9 P R > I? L j €N

where the chain maps i; are split mono in each degree and Pji1/P;
has projective components and vanishing differential for each j.

2. For any compler K, there exists a homotopically projective complex
pK and an acyclic complex aK which fit in a triangle

pK - K — aK — pK]l].

This triangle is unique in the sense that any triangle (P, K, A) with P
homotopically projective and A acyclic is isomorphic to (pK, K, aK)
and there is a unique such isomorphism extending the identity of K.

3. A complex K is homotopically injective if and only if it is the colimit
of a directed, descending system in the category of complezes,

b

po
L)< Il<

A~

Ij ]}+1 S oy, j €N
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where the chain maps p; are split epi in each degree and Kerp; has
injective components and vanishing differential for each j.

4. For any complex K, there exists a homotopically injective compler 1 K
and an acyclic complex a’' K which fit in a triangle

adK — K — 1K — aK][1].

This triangle is unique in the sense that any triangle (A', K, I) with I
homotopically injective and A" acyclic is isomorphic to (a/K, K, 1K)
and there is a unique such isomorphism extending the identity of K.

We skip the proof here, because theorem 4.6.1 is a more general version
of this theorem, with a similar proof. An immediate corollary of the second
part of the theorem is the following

Corollary 4.2.5. Any complex is quasi-isomorphic to a homotopically pro-
jective complez.

Proof. Part 2 of the theorem states that for any complex K, the complex
aK is isomorphic to the cone of the map pK — K (since that is how
distinguished triangles are defined in K(A)). This shows that pK — K is a
quasi-isomorphism, by the fact that a chain map f is a quasi-isomorphism
if and only if Cone(f) is acyclic. Thus, any complex is quasi-isomorphic to
a homotopically projective complex. O

We call pK a homotopically projective resolution of K. In fact, we get
that p defines a functor which is right adjoint to the inclusion ¢,: K,(A) —
K(A). Likewise a defines a left adjoint to the inclusion ¢,: Kq(A) — K(A),
where K, (A) is the full triangulated subcategory of K(A) consisting of
acyclic complexes. The adjoint properties give us the these isomorphisms

HOmK(A)(LpX, Y) ~ Hopr(A) (X, pY)

HOmK(A) (X,, LaY/) ~ HomKG(A) (CLXV,7 Y/).

Notice that for any homotopically projective complex X, if Y is acyclic then
Homg (o) (X,pY) = 0. This means that pY = 0 in K,(A). Similarly, for
any acyclic complex Y’/, we see that X’ homotopically projective implies
Homg,(r)(aX',Y) =0. So aX' =0 in K4(A).

Proposition 4.2.6. The functors p and a commute with infinite direct
sums.

Proof. Assume that we have complexes K, with corresponding triangles

pK, — K, — aK, — pK[l], qg € N.
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By taking the direct sum of all these triangles, we get a new triangle

Drk,— DK~ Pak, ~ DrKl,

qeN qeN g€eN qeN

and since both K,(A) and K,(A) are closed under infinite direct sums, we
see that @qu pK, is homotopically projective and € qen 6K g is acyclic.
So we have a triangle on the form (P, K, A) in part 2 of theorem 4.2.4, and
thus it is isomorphic to

r@P K, —~PK,—aPK,—pPKI,
qeN geN geN geEN

the triangle given by applying p and a to @qu K,. The triangles being
isomorphic shows that both p and @ must commute with infinite direct
sums. =

A similar argument holds for the functor 1.

4.3 Unbounded derived categories

Let S be the class of quasi-isomorphisms (up to homotopy) in K(A).

Definition 4.3.1. The derived category of A is the localization of the ho-
motopy category by the class of quasi-isomorphisms, that is

D(A) = ST'K(A)

The next theorem is analogus to a similar theorem for projective and
injective resolutions. Before we can prove it, we need the following two
lemmas

Lemma 4.3.2. If P is a homotopically projective complez, then any quasi-
isomorphism q: P — P from any complex P to P is a split epimorphism in
K(A).

Proof. First, recall that for any quasi-isomorphism ¢: P — P, the com-
plex Cone(q) is exact. Since P is homotopically projective, this means that
Hom(P, Cone(q)) = 0. We then have the following diagram

P25 P2, Cone(q) — P[1]

T

Pp—1,p 0 P[1],

which commutes. By the 72 out of 3”-property of triangulated categories,
we know that there exists ¢’: P — P such that q¢’ = idp. In other words,
q is a split epimorphism. ]
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Lemma 4.3.3. Let P be a homotopically projective complex, and let X be
an arbitrary complex. Then the map

HomK(A) (P, X) — HomD(A) (P, X),
given by the projection functor K(A) — D(A), is an isomorphism.

Proof. For any roof f-q~! € Homp ) (P, X), lemma 4.3.2 implies that
the quasi-isomorphism ¢ is a split epimorphism. We then find ¢ such that
qq = idp. By the commutativity of the following diagram

P
X P
y ‘6
id f

P X,

we have that f-¢~! = (f§) -id™! in D(A). This means that f - ¢! lies
in the image of the projection functor K(A) — D(A), consisting of (roofs
equivalent to) roofs on the form ¢ - id~!. This shows surjectivity. To show
injectivity, we use the fact that a map f in K(A) vanishes in D(A) if and
only if there exists a quasi-isomorphism ¢: P — P, from some complex P,
such that fg = 0. By lemma 4.3.2 this quasi-isomorphism is split epi, so
there exists a map ¢ such that f = fgG§ = 0o g = 0. So only the zero
map is sent to zero, which shows injectivity. This concludes the proof that
Homg () (P, X) ~ Homp ) (P, X) O

Theorem 4.3.4. The projection functor K(A) — D(A) induces equiva-
lences Ky(A) = D(A) and K;(A) = D(A). The quasi-inverse functors are
induced by p: D(A) = K,(A) and i: D(A) = K;(A). More precisely, p
induces a fully faithful left adjoint to the projection functor, and i induces
a fully faithful right adjoint.

Proof. To see that p and ¢ induce well-defined functors D(A) — K(A), it
is sufficient to observe that both vanish on acyclic complexes. For p being
right adjoint to the projection functor, note that for complexes L and M,

Hompg(pL, M) — Homps)(pL, M) — Homp)(L, M). (4.5)

The first isomorphism is given by lemma 4.3.3. The second comes from
corollary 4.2.5, and the fact that quasi-isomorphisms give isomorphisms in
D(A).

A similar argument holds for ¢, which gives

Homp (L,iM) — Hompa)(L,3M) — Homp (L, M).
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4.4 Infinite dévissage

The principle of infinite dévissage is a very useful tool, originally used in
algebraic geometry (see for example [Gro61]). For our use, we don’t really
need to know why it’s called infinite dévissage or how it’s motivated. Actu-
ally, whenever we mention infinite dévissage in this thesis, it is basically just
to have a name to refer to when applying the following theorem. Thorughout
this section, we keep the assumptions from section 4.2.

Proposition 4.4.1. A full triangulated subcategory of D(A) is equal to D(A)
if and only if it contains Ax and is closed under forming infinite direct sums.

Instead of proving the proposition directly, we prove the corresponding
statement for K, (A), which is sufficient because of the equivalence K,(A) ~
D(A). Before we give the proof of the proposition, we need the following
lemma:

Lemma 4.4.2. If U is the smallest full triangulated subcategory of K,(A)
which contains Ap and is closed under infinite direct sums, then U contains
all projective A-modules.

Proof. First, note that since U contains A and is closed under direct sums,
it contains all free A-modules. By induction on length, it can also be shown
that U contains all finite complexes of free A-modules. Any projective mod-
ule can be written as the image of an idempotent endomorphism on a free
module, by the following argument:

P projective <= P®Q = F

for some module @ and some free module F. So for a given projective
P, the following composition gives an endomorphism on F' which is clearly
idempotent, and whose image is equal to P:

1
e:F@)P@QLF.

Now, let e be an idempotent endomorphism of a free module F', with e(F")
being the image of e. We can take a resolution of e(F') with a copy of F' in
each degree, given by the following exact complex

S FE PSS FPEER S (F) 0.
From this we see that e(F) is homotopy equivalent to this complex
1—e

FP=... s FSF S FPSF o0,

in other words e(F) is isomorphic to the complex F* in K(A). We now
need to show that F'® is contained in U/. Consider the sequence of truncated
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subcomplexes F**(p) with zero to the left of degree p for all p € N. Then
F* is the colimit lim F**(p). Notice that all the assumptions we needed to
invoke Milnor’s triangle in section 4.2 are satisfied:

1. U is a full triangulated subcategory of K(A) closed under infinite direct
sums.

2. Each morphism i,: F'*(p) — F*(p + 1) is an isomorphism in all de-
grees except p + 1, where it is zero. Consequently, each ¢, has split
monomorphisms in each degree.

3. For a given p, we have that F*(p+1)/F*(p) is isomorphic to a shifted
copy of F'. Since it is zero in all degrees except one, where it is free, it
has vanishing differential and is projective in each degree.

Because the same assumptions are satisfied, we can use exactly the same
construction as in section 4.2 to make Milnor’s triangle in this case. So we
get that

D F*(p) — D F*(q) — limF*(q) — D F*(p)[1]

peEN qeN peN

is a distinguished triangle in K(A). The two first terms are contained in U
since it is closed under infinite direct sum. And then ligF‘(q) is contained
in U as well, because U is assumed to be a triangulated subcategory. Since
we know that ligF'(p) = F*, and that F'* ~ e(F') in K(A), this shows that
e(F) is contained in 4. And as we have shown, all projective A-modules can
be written as e(F’) for some idempotent e and some free module F. Thus,
all projective modules are contained in U. O

Proof of proposition 4.4.1. We need to show that the smallest full trian-
gulated subcategory of K(A) which contains all projective modules and is
closed under direct sums is K,(A). Because then, by lemma 4.4.2, the sub-
category U is equal to K,(A). By theorem 4.2.4 we know that a complex
is homotopically projective if and only if it is the limit of a directed system
satisfying some conditions. But these conditions are satisfied by . Since
U contains all projective modules, and is closed under direct sum, we can
create all directed systems on the form eq. (4.1). We then apply Milnor’s
triangle, and use the fact that U is triangulated to conclude that all limits of
such systems also lie in ¢/. In other words, we have shown that K,(A) C U,
and since U is minimal, we get equality. This concludes the proof of the
proposition. ]

4.5 Derived equivalences

Let X be a complex of I'— A-bimodules, where A and I' are rings. We can use
X to define two functors between complexes of A-modules and complexes
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of I'-modules, namely the tensor product and the covariant Hom-functor.
Given L a complex of A-modules, we have that L ®, X is a complex of
I'-modules defined by:

(LeaX)"= P e xr
p+Hg=n
dl®x) = (dl)@z+ (1)l € [P,z € X°.

Similarly, if M is a complex of I'-modules, then Homp (X, M) is a complex
of A-modules defined by

Homp(X,M)" = [ Homp(X?, M)

—p+g=n
(df)(z) = d(f(z)) — (=1)"f(dz), f € Homp (X, M)".
This gives the functors between complex categories F':= — @5 X and G =

Homp (X, —), which in turn induce functors between K(A) and K(I'). For
simplicity, we keep the same notation, and we have

F=—®@pX
/

K(A) K(T) .
~_ —
G=Homr(X,—)

It is a known result that the functors F' and G form an adjoint pair. Now
we can construct the total derived functors between D(A) and D(I"). In
order to do so, we use the functors p(—) and i(—), as well as the following
diagram

(

K,(A)
2N
D(A) K(A) -
N, T
K;(A)

The total left derived functor LF: D(A) — D(T") is given as the following
composition

K,(A) —— K(T)

v| |

D(A) D(T)

where 7 is the projection functor K(I') — D(I'). In other words, LF =
p(—) ®A X. Similarly, the total right derived functor RG: D(T") — D(A) is
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given by the composition

so we get that RG = Homp(X,%(—)). Now we will show that LF and RG
form an adjoint pair:

Hompry(LF L, M) = Homg r)(F(pL),iM)
= Homg (»)(pL, G(iM)) = Hompp) (L, RG M)

The first and last isomorphisms are given by properties of morphisms in
derived categories, and the middle one comes from the fact that F' and G
are adjoints. Now, recall that a prefect complex of A-modules is a bounded
complex of finitely generated projective A-modules, and per A is the full
subcategory of D(A) consisting of complexes that are quasi-isomorphic to
perfect complexes. In other words per A = Kb(proj — A). The next propo-
sition will be used in our proof for Rickard’s Morita theorem.

Theorem 4.5.1. The following are equivalent

i) The functor LF: D(A) — D(T') is an equivalence.

it) The functor LF induces an equivalence per A — perT.
iit) The object T = LF A satisfies the following conditions

(a) The map
A— HomD(p) (T, T)

is bijective and Hompry (T, T[n]) = 0 for n # 0.
(b) T € perT.

(¢) The smallest full triangulated subcategory of D(I') containing T
and closed under forming direct summands equals perT.

Proof. i) = i)

Proposition 2.5.3 states that a complex K € K’(Proj — A) lies in per A

if and only if the functor Homp) (K, —) commutes with arbitrary direct

sums.! This fact is then used to show that an equvalence in K restricts

down to an equivalence between perfect complexes. We will now prove that
the statement in proposition 2.5.3 holds for any complex K € D(A), not

1Such a complex is called a compact object in Kb(Proj —A)
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just in K®(Proj — A). Thus, an equivalence D(A) ~ D(T') will restrict down
to per A >~ per [ in a similar way.
In other words, we want to prove that for any K € D(A), we have that

K € per A <= Homp,)(K, —) commutes with arbitrary direct sums.

The = direction is easy. Since per A C K’(Proj — A), we clearly still
have from proposition 2.5.3 that

K € per A = Homp,) (K, —) commutes with arbitrary direct sums.

To show the other direction, we take a complex K € K(Proj — A)
instead of D(A) (by using the fact that any complex is quasi-isomorphic to a
complex of projectives). If we can show that this is homotopy equivalent to a
bounded complex, we are done, because then we can apply proposition 2.5.3.

We start by looking at the chain map ¢ € Hom(K, @ Cok d'[—i —1]), which
1EL
corresponds to the following diagram:

R SN " RN SN ) d’ K1 _d

bl b

oo =% Cokd2 —% Cokd™! —% Cokd® —2 ...

5> e e
>

We now assume that Hom (K, —) commutes with arbitrary direct sums,
which in particular means that we have an isomorphism:

Hom(K, P, 5 Cok d'[—i — 1]) —— P, ., Hom(K, Cok d’[—i — 1])
w w

Q > (')

From the definition of the direct sum, we see that only finitely many com-
ponents in the image of ¢ are nonzero, so we get that ¢’ = 0 for i < 0
and 7 > 0. Since each ¢’ is epi, this also implies that Cokd’ = 0 for all
sufficiently large and sufficiently small values of i, which means that d’ is
epi for those same ¢’s. recall that we want to show that the complex K is
bounded (up to homotopy), that is, both left bounded and right bounded.
We’ll consider the two cases separately:

Right bounded: Pick a sufficiently large i, such that @/ is epi for all
j > i. Since the map d': K* — K'*! is epi, its image is equal to KT
But Imd* C Kerd*! C K*!, which means that K1 = Kerd**t!. So d't!
sends everything to zero, and since it is also epi, K**? must be zero. Then,
dt?: K2 — K3 is an epimorphism from K'*? = 0, so K'*3 is zero as
well. The same argument shows that K7 = 0 for all j > i+ 1. Thus, K is
right bounded.
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Left bounded: Pick a sufficiently small 7, such that d’ is epi for all
j <. The fact that d’ is an epimorphism implies that the sequence

0— Kerd — K45 Kitl 0

is exact. Since it ends in K**!, which is projective, it is in fact split exact,
which means that K* ~ Kerd’ @ K*'. Thus, Kt & K+l is a direct
summand in K, and by theorem A.1.1 we can remove it. That leaves us
with the following complex, which is equal to K up to homotopy:

. di73 . di72 . i—1 . .
oy K8 4 g2 K1 L Kerd -0 — Ki+2 5 ...

Note that this complex is equal to K in all degrees except ¢ and 7 + 1, and
that f~! is the component map to Kerd’ in d'~!. Because d*~! is epi, fi~!
is also epi. Thus, we get a short exact sequence

0— Ker f! - K""! - Kerd' — 0,

which again is split since Ker d' is a direct summand of a projective module,
and thus projective. So we have that K~ ~ Ker fi~! @ Ker d’, and we get

a direct summand Ker d' - Ker d’, which we can remove. This gives us the
following complex, which still is homotopy equivalent to K:

. 7—3 . i—2 . .
s K g2 T e fitl 050 o K2

This process of showing that K7 splits, and then using a trivial summand
to remove whatever nonzero term is left in degree j + 1, works indefinitely,
since d’ is epi for all j < i. Thus, up to homotopy, K* = 0 for i < 0, and K
is left bounded.

All in all, this means that for any complex K € D(A), we have that
if Hom(K,—) commutes with arbitrary direct sums, then K is homotopy
equivalent to a complex in K®(Proj — A). From proposition 2.5.3 we know
that if K’ is a complex in K°(Proj — A) such that Hom(K’, —) commutes
with arbitrary direct sums, then K’ € per A. Thus, we see that K must
be in per A, which is what we wanted to show. This concludes the proof of
the if-and-only-if statement. That this statement implies that the equiva-
lence restricts as needed, is given by the exact same arument as in proposi-
tion 2.5.3.

For condition a), notice that LF' is an equivalence, and therefore fully faith-
ful. This means that both arrows in this diagram are bijections

A— HOII]D(A) (A, A) — HOH]D(F) (T, T).

99



We also have the bijection Homp (7, T'[n]) +» Homp,)(A, A[n]), and we
know that there are no nonzero maps from A to A[n] in D(A) for n # 0.
Thus, we get that Homp ) (T, 7T [n]) = Hompa)(A, A[n]) = 0 for n # 0.
Condition b) holds because LF K is perfect in D(T") if and only if K is perfect
in D(A), since equivalences preserve perfectness. For ¢), we observe that any
full triangulated subcategory of D(A) which contains A and is closed under
forming direct summands, must contain per A. Thus, per A is the smallest
such subcategory, and because each of the properties are preserved by the
equivalence, applying LF' shows that the condition is satisfied.

i) = 1)

We start by showing that LF is fully faithful. Because RG is right adjoint
to ILF', we have the isomorphism

Homp iy (LF M, LF M) ~ Homp,)(M,RGLF M).
This means that we only need to show that we have a bijection
Homp ) (M, M) <> Homp) (M, RGLF M),
in other words that the adjunction morphism
oM: M —- RGLF M

is invertible for each M € D(A). To do this, we will define U to be the
smallest full subcategory of objects M in D(A) such that ¢ M is invertible,
and then use infinite dévissage to show that ¢ in fact is equal to D(A).
That is, we must show that I/ contains Ay, is triangulated and commutes
with infinite direct sums. To see that U contains Ap, notice that we have
the following

T=LFA=p(A)@p, X =A®p X ~ X,

where the first and second equality hold by definition, the third equality
is true since A is homotopically projective, and the last isomorphism is a
property of the tensor product. Thus, when we use the adjunction morphism
on A, we get

oA: A — RHomr(X,A @% X) = RHomrp(T, T).

Now, by taking the n-th homology and using known properties of derived
functors, we see that

H'RHomrp (T, T) = Ext"(T,T) = Homp (T, T'[n]).

From condition ¢) we know that A — Homp (7, T) is bijective, and
that Homp (7, T'[n]) = 0 for n # 0, so we conclude that @A is bijective.
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This means that A € &. Since both LF and RG are morphisms of triangu-
lated categories, and U consists of the objects for which RG ILF is invertible,
we see that U is a triangulated subcategory. The only thing remaining to
show is that U is closed under infinite direct sums. In fact, we only need
to check that RG commutes with infinite direct sums, since LF is a left
adjoint, and thus commutes with all coproducts. For RG = RHomp (T, —)
it is enough to consider H"RG = Homp (T, —[n]). If we prove that this
commutes with direct sums for all n, we're done, since H" is an additive
functor. But the fact that Hompy(7, —[n]) commutes with direct sums
follows the fact that T, by condition b) in the lemma, has projective and
finitely generated terms. This shows that RG commutes with infinite direct
sums, which means that RGILF' does so too. Thus, U is closed under infinite
direct sums, so Y = D(A). This means that LF is fully faithful. To show
that it is an equivalence, all we need now is to show that it is dense. But
that follows easily from infinite dévissage, so we are done. O

Note that by proving theorem 4.5.1, we are very close to having a proof
of Rickard’s Morita theorem. Actually, the only difference between the the-
orems is the assumption that we have a complex X of A-T'-bimodules. Such
a complex ensures that the tensor product gives I'-modules and not just
abelian groups, thus making —® X a functor K(A) — K(I'). So we need to
find a way to construct a complex of A-I"-bimodules, using the assumptions
in Rickard’s theorem. It will turn out that the existence of a tilting complex
T is precisely what we need, because we will see that applying a certain
functor to T" will yield a complex of bimodules. But before we can do that,
we need to develop some concepts of homological algebra for dg modules.

4.6 Resolutions of dg modules

In chapter 3 we gave the main definitions surrounding differential graded
algebras, or dg albegras. In this section we will define some more concepts,
as well as present a little more of the theory we need. This includes ho-
motopically projective dg modules, the derived category of dg modules, dg
bimodules, and tensor products of dg modules. Our goal is to use the theory
we present here to make a functor which, when applied to a tilting complex,
gives a complex of bimodules. We will then use this complex, together with
theorem 4.5.1, to prove Rickard’s Morita theorem.

As defined in chapter 3, dg A-modules are graded A-modules equipped
with a differential, i.e. a graded map of degree 1 satisfying some commuta-
tivity properties. Note that chain complexes are one example of dg modules,
but there are others as well. Like for regular chain complexes, we defined
the homotopy category for dg A-modules K(A), and showed that it was
triangulated.
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Homotopically projective dg modules

We define homotopically projective dg modules similarly to chain complexes,
namely a dg A-module K is homotopically projective if

Homg(4)(K,N) =0 VN acyclic.

Homotopically injective dg modules are defined in a similar way. We will
now show that K,(A), the full subcategory of K(A) consisting of the homo-
topically projective dg A-modules, is triangulated and closed under arbitrary
direct sums, and contains Ay. The same is true for K;(A), homotopically
injective dg A-modules, by a similar proof.

We start by showing that A, is homotopically projective, when viewed
as a dg module over itself. First, observe that Homgg_a(Ap, M) ~ Z°M by
the canonical map f ~ f(1), which is an isomorphism to Z°M (for graded
A-modules we have that Hom(Ap, M) ~ M, and since f must commute with
the differential we have Im f C Kerd® = Z°M ). Now, the null-homotopic
maps in Homg(z)(Ap, M) are precisely the ones where f: A — M 0 factors
through M ™!, which means that Im f C Imd~' = B°M. Since maps in
K(A) are precisely dg A-morphisms modulo null-homotopic maps, we have
that

Homg (p)(An, M) ~ Z°M /B°M ~ H M.

If we now let N be an acyclic dg A-module, then obviously
Homg (x)(Aa, N) ~ H'N =0,

so A is homotopically projective. We easily see that K,(A) is closed under
arbitrary direct sums, because Homg A)(—,N ) takes coproducts to prod-
ucts, and products of zero are still zero. It remains to show that K,(A) is
triangulated, and to do so we must check that it is closed under shift and
taking cones. Shift is straight forward, just notice that

Homg a)(P[n], N) ~ Homg 5) (P, N[—n]),
and since the shift of an acyclic dg module still is acyclic, we get that

P e K,(A) = Pn] € K,(A) for all n € Z. Now assume that we have
two homotopically projective modules X and Y, and a map X i) Y. Using
the triangulated structure on K(A), we can complete this to a distinguished
triangle as follows

X Loy 5 Cone(f) —— X1].

By applying the functor Homg,)(—, N) we get a long exact sequence. If

N is acyclic, the terms coming from both X and Y are zero, since they are
homotopically projective. This means that Homg ,)(Cone(f)) is between
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two zeros in a long exact sequence, and thus it must be zero (likewise for
all shifts). So Cone(f) is homotopically projective, and we conclude that
K,(A) is a triangulated subcategory.

In our discussion of homotopically projective complexes we showed that
complexes with projective components and zero differential were homotopi-
cally projective. It is not immediately obvious what the corresponding state-
ment should be for dg A-modules. Notice that any chain complex with pro-
jective components and zero differential can be written as a direct sum of
direct summands of shifted copies of A, in other words they lie in the sub-
category Add(A[n] | n € Z) (which from now on will be refered to simply as
Add(A[n])). This description is what we will apply to dg A-modules.

It is easy to see that Add(A[n]) is a full subcategory of K,(A). We
have already seen that Ay € K,(A), and we will now show that all direct
summands of A are in K,(A). If A ~ Ay & Ay, we can form the distinguished
triangle

Ay —— A —— Cone(r) —— Aq][1],

where by definition Cone(¢t) = A @ A1[1] ~ Ay @ Ay @ Aq[1] ~ Ay. The last
isomorphism follows because Aj@®A;[1] is a trivial summand up to homotopy,
and by theorem A.1.1 it can be removed. From this we can see that K,(A)
contains the direct summands of A. From before we know that K,(A) is
closed under shift and direct sums. Thus, we see that Add(A[n]), which
again consists of direct sums of direct summands of shifted copies of A, is
contained in K,(A). The following theorem corresponds to theorem 4.2.4,
for homotopically projective dg A-modules.

Note: the statement for homotopically injective A-modules is also carried
over to the differential graded case. We will not state or prove the version of
the following theorem for homotopically injective dg A-modules. We will just
say that the proof is similar, with some slight adjustments since homology
in general doesn’t commute with limits (the way it does with colimits).

Theorem 4.6.1. For any dg A-module X € K(A) there is a triangle

pX » X > aX pX|1], (4.6)

where pX is homotopically projective and aX is acyclic.

Proof. First, observe that aX is acyclic if H*(aX) ~ H"(Hom(A,aX)) ~
Homg(4)(A,aX[n]) = 0 for all n € Z. If we know that eq. (4.6) is a dis-
tinguished triangle, applying the functor Homg ,)(A, —) gives a long exact
sequence. Then aX is acyclic if all terms in the sequence on the form
Hom(A,aX|[n]) are zero, which is equivalent with having an isomorphism
Homg p) (A, pX[n]) =~ Homg ) (A, X[n]) for each n € Z. So if we can find a
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homotopically projective dg A-module pX with a map pX — X, such that

HOmK(A) (A, pX) - HOmK(A) (A, X)

H
H"(p) H"(X),

then setting aX to be the cone of that map will give us the triangle we
are looking for. We will find pX as the colimit of a certain directed system,
which we will construct inductively. More precisely, we will create a directed
System

P—>P—-—P— Py — - (4.7)

where for all ¢ € Z, we choose P; € Add(A[n]) such that H*(P;) — H*(X) is
an epimorphism. We can always find a P; which satisfies this, for example
take a basis for H'(X) and let Py be a direct sum of as many copies of A[—i]
as there are elements in that basis. If we now let X; be the cone of P, — X,
so that we have a triangle

P — X5 X, — P1],

then H*(P;) — H*(X) being an epimorphism is equivalent to H*(a)) = 0.
Let’s assume that we have a P; which satisfies the conditions. We must find
a Piy1 € Add(A[n]) and a map P; — P;,1, such that H*(P;,1) — H*(X).
To do so, we use the following diagram

P - > Piiq -—------ » P/ ——— Pj[1]
Pi s X @ Xl > Pl[l]
Lé’a B (4 8)
Xit1 Xit1
Pi1[l] == Piu[1]

We assume that we have the second row, where X; is the cone of the map
P, — X, so it is a distinguished triangle. We also assume that H*(«) = 0,
to have that H*(P;) — H*(X) is epi. By the same construction as above,
we can find P/ — X; such that the rightmost column is a distinguished
triangle with H*(5) = 0. Because Add(A[n]) is triangulated, we can find a
P11 € Add(A[n]), as well as the dashed arrows, so that the top row in the
diagram becomes a distinguished triangle. We then use the octahedral axiom
to find the dotted maps which makes the first column into a distinguished
triangle. Notice that H*(Sa) = 0, since it is the composition of two zero
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maps, which means that H*(P;41) — H*(X) is epi. Also notice the square
we get in the top left corner being commutative ensures that we actually
get a directed system of P;. Since all P; have morphisms to X, we can write
the system as

Py Py P; P4

If we apply H* to the top two triangles in diagram 4.8, we get the solid
part of the following

fi

H*(Pj[-1]) —— H*(P) H*(P,)
o T
e -
Im f;
oy
H*(Xi[-1]) —— H*(P1) H*(X),

and the maps to and from Im f; are given since a map always factors through
its image. Composition gives the dotted map from Im f; to H*(X). We will
now show that this map is an isomorphism. To see this, observe that we
have the following commutative diagram, where the rows are exact

Ker f; — s H*(P,) —» Im f; 0 0

| | L

H*(X;[-1]) —— H*(P;)) — H*(X) —— 0 —— 0.

Now, the second, fourth and fifth vertical maps are equalities, and the first
is an epimorphism. Thus, the five lemma states that the middle map is
an isomorphism. Note that this is true for all ¢ € Z, and since H*(X) is
independent of ¢, this means that up to isomorphism, all f; have the same
image. This means that we can construct the following system

ko

k ki ki
Ker fi —— Ker f» Ker f; —— Ker f;11 L

bl ke

H(P) L B (Py) L o —— H(P) T B (Piy) 5
| | | |

We will now show that k; = 0 for all 4, that is all maps between the ker-
nels are zero. To see this, notice that because H*(X) ~ Im f;, we have
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that f; factors through H*(X) for all ¢. This means that the composition
fiti: Ker f; — H*(P;41) factors through H*(X), and is thus 0. By the com-
mutativity of the upper squares, we get that ¢;11k; = fit; = 0, and since
ti+1 is a monomorphism, this means that k; = 0 for all 4. To finish the proof
we will now take the colimit of each of the directed systems in the previous
diagram, and look at the induced sequence of colimits.

We start with the system of kernels. By definition, the colimit is a pair
(C,{¢i}), where ¢;: Ker f; — C satisfies p; = ¢j 00 =0 for all j > i (since
all maps between the Ker f;’s are 0). The colimit satisfies the universal
property that for any other pair (Y, {v;}) with ¢;: Ker f; — Y such that
¥; =1; 00 =0 for all j > 4, there exists a unique map u: C' — Y such that
; = uo p; for all 4. In terms of diagrams, this statement becomes

Ker fi — 2 Ker f;

N7

C

Flu ¥;

»i
Y

As we have seen p; = 1¢; = 0 for all 7, which means that any map v': C — Y
will satisfy 1p; = u’ o ;. Thus, since u is the unique such map, there can be
only one map C' — Y, which means that C' must be 0. So we have showed
that ligKer fi=0.

Now, consider the colimit of H*(F;). Note that since lim is an exact
functor, and thus commutes with homology, we have that lim H*(P;) =
H*(hg P;). We also obviously have that th*(X) = H*(X). So we end
up with the sequence

0 —— H*(thZ) — H*(X),

which is exact, since hﬂ preserves exactness. Thus the map H* (hg P) —
H*(X) is an isomorphism. All we need now is to show that lim P; is homo-
topically projective. An analogous result to proposition 4.2.3 is true for the
system (4.7) (the proof is similar). Recall that P; € Add(A[n]) for all i, and
that Add(A[n]) is closed under direct sums and taking cones. This means
that lim P; € Add(A[n]) € K,(A), and we are done. Because then we can
set pX = thPZ and set aX to be the cone of the induced map hﬂ P — X,
and thus get the wanted triangle. O

The derived category of a dg algebra

We define quasi-isomorphisms of dg A-modules similar to how we define
them for regular chain complexes, which is to say a map f: M — N is a
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quasi-isomorphism if it induces an isomorphism H*(f): H*(M) = H*(N)
in homology. We also define the derived category of A like before, as

D(A) = ST'K(A).

In other words, D(A) is the localization of K(A) by S, the equivalence class
of all quasi-isomorphisms up to homotopy. Now we can take advantage of
the work we already have done. Corollary 4.2.5, lemma 4.3.2, lemma 4.3.3,
theorem 4.3.4, eq. (4.5), and the principle of infinite dévissage are all valid
in this setup as well, with the proofs transferring directly. In addition, we
have the following formula

Hompp)(A, M) >~ Homg p)(pA, M) >~ Homg 5y (A, M) ~ HOM.

The first isomorphism is given by eq. (4.5), and the second comes from
corollary 4.2.5.

Derived equivalences

Total derived functors are defined by the same formulas for dg algebras as
for ordinary algebras (see section 4.5). Given two dg algebras A and I', we
define a new dg algebra A°? @ I by

Arer) = @ APer
ptg=n
dla®b) = (da) @b+ (—1)Pa ® (db)
(a@b)(a’ @) = (~1)" ad’ @ b,

foralla € AP, b € T7, o € AY and b’ € T7. Now let X be a dg A-T-
bimodule, which means that it can be written as

X = x,
pEZ

being both a graded left A-module and a graded right I'-module. The two
actions must commute and coincide on k, and X must have a k-linear dif-
ferential d, which is graded of degree 1 and satisfies

d(axb) = (da)xb + (—1)Pa(dx)b + (—1)PT9ax(db)

for all a € A, z € X7 and b € T'. We may view this X as a right dg
A°P ® I'-module by defining multiplication as

z(a®b) = (—1)"Paxdb
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forallz € X", a € AP and b € I'. Now, given a dg A-module M, we can use
X to create a corresponding dg I'-module. We define M ®; X to be the dg
I'-module with multiplication given as
(mx)b=m® (xb), meM, xe€ X, beT,
and with graded structure and differential given by
(M @, X)" = @ MP @ X9
p+g=n
d(m @ x) = (dm) @ z + (=1)’m @ (dx),
for all m € MP and x € X. What we actually want here is the tensor
product over A, not just over k. To show this, we use the fact that M ®5 X
is the quotient group (M ®j X)/S, where S is the k-submodule generated
by all differences ma ® r — m ® ax. If we can show that S is stable under
d and multiplication by elements of I', then we get that (M ®, X) is a well
defined dg I'-module. This is straight forward to check. For s € S, we have
d(s) =d(ma®z —m® ax)
d(ma ® ) —d(m ® ax)
d(ma) @ x + (—1)P "ma @ dr — (dm ® ax — (—1)’m ® d(azx))
((dm)a + (=1)’mda) ® = + (—1)PT%ma @ dz
—dm®ar — ((—1)Pm ® ((da)z + (—1)%adz)
=((dm)a®z —dm® ax) + ((—1)’mda @ v — (—1)’m ® dax)
+ (=) ma @ dor — (—1)Pm @ (—1)%adx))

We see that d(s) is still on the form m'a’ ® 2’ —m' ® a'z’, for some m' € M,
a’ € A and 2/ € X, since it is the sum of three terms on that form. As for
multiplication by elements of I', let s € S and b € I'. Then
sb=(ma®z —m® azr)b
= (ma®x)b— (m® ax)b
=ma® xb —m & axb,
so sb € S, which means that S is closed under multiplication by elements
of I'. Thus we conclude that M ®x X = (M ®; X)/S is a dg I-module.
Furthermore, M ®, X is functorial in both M and X. Now let N be a dg I'-
module. Like before, we define the dg A-module Homp (X, N). Respectively,
the graded structure, differential, and A-action are given by
Homp(X,N)" = [] Homr(X?,N%)
—p+g=n
(df)(x) = d(f(z)) — (=1)" f(dz)
(fa)(z) = flax) |
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where x € X, a € A, and f is a graded map of degree n.

We now have the two functors F' == — ®p X and G = Homp(X, —)
between the categories of dg A-modules and dg I'-modules, which in turn
induce functors between K(A) and K(I'). For simplicity, we keep the same

notation, and we have
F=—®aX
P

K(A) K(T) .
~_ —
G=Homr(X,—)

We now define the total left derived functor in the same way as for ordinary
algebras, by applying the functor F' to homotopically projective resolutions.
That is, the total left derived functor LF: D(A) — D(I") is given as the
following composition:

D(A) D(T)

The total right derived functor RG: D(I') — D(A) is defined similarly,
but using G and homotopically injective resolutions, and is given by the
composition:

4.7 Rickard’s Morita theorem

Now we use the theory we have developed so far to give an alternate proof
of Rickard’s Morita theorem.

Construction of bimodule complexes

In this section we assume that I' is a flat k-algebra, that T" is a homotopically
projective complex over I', and that I" satisfies the so-called Toda condition

Homg (T, T[n]) = 0
for all n < 0. Let
A = Homg (T, T).

What we want now is a functor K(A) — K(I') which sends Ax to 7', much
like — ®% T does in theorem 4.5.1. The problem is that 7" isn’t a complex
of A-I'-bimodules, and — ®% T only gives a complex of abelian groups, not
of I'-modules. So we need to find a complex X of A-I’-bimodules, such that
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Xr is quasi-isomorphic to T', and such that we can define up to homotopy
a left action of A on T given such the following diagram

T2+ Xr

b e

T 25 Xr

commutes for all a € A, where ¢ is a quasi-isomorphism and A(a) is left
multiplication by a. We will now construct such a complex of A-T’-bimodules
X, as well as the quasi-isomorphism ¢: T' — Xp. Let C = Homp(T,T),
which is a differential graded k-algebra, as seen in example 3.1.7. We now
take the differential graded subalgebra of C' whose underlying complex is

s C2 0 205050 -,

and call this dg subalgebra C_. Notice that the 0-component of C_ is
z0C, which is canonically isomorphic to Homgp) (T, T), the group of chain
complex homomorphisms 7" — T (see lemma A.3.1 for details). Since we
can view A as a dg algebra concentrated in degree 0, this means that we
can view A as a quotient of C_. Specifically, we have that A is equal to C_
modulo the complex

i C 250 B C 5050 -

Thus, we have morphisms of dg algebras A + C_ C C Since T is a complex
of right I'-modules, it can be viewed as a right dg I'-module, by viewing
I’ as a dg algebra concentrated in degree zero (see example 3.1.6). From
example 3.1.7, we get that T is also a left dg C-module, so T" is a dg C-I'-
bimodule. By restriction, T" also becomes a dg C_-I"-bimodule. We are now
ready to define the complex of A-I'-bimodules we need. We set

X =A®c_pT,

where the homotopically projective resolution pT' is taken by viewing 1" as
a C_ ®'-module. Note that X is indeed a complex of A-I'-bimodules. Now
we must construct a quasi-isomorphism ¢ := 7T — X, and to do so we will
use the (still unused) conditions we placed on I' and 7. From the Toda
condititon we get that the map C_ — A is a quasi-isomorphism. To see
this, note that H"(C-) = Homgr)(T,T[n]) for n > 0 (and H"(C-) = 0
for n > 0). Thus, the Toda condition means precisely that H"(C_) = 0 for
all n # 0, and since HY(C_) = Homg ry(T,T) = A, the map C_ — Ais a
quasi-isomorphism. Next, we want to show that the map

C_®c_pT - A®Rc_ pT
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is still a quasi-isomorphism. By the long exact sequence of homology, we see
that an equivalent statement is that the mapping cone is acyclic, which is
what we will show. To do this we can use the principle of infinite dévissage,
much like we did in the proof of theorem 4.5.1. Let U be the full subcategory
in the category of dg C_-I"-bimodules consisting of all M such that —®c_ M
preserves acyclicity. To see that U is a triangulated subcategory, notice that
shifts don’t change acyclicity, so U is closed under shifts. Also, if M, N € U
we can take the long exact sequence of cohomology of the triangle

M L N = Cone(f) — M[1]

and then apply —®c_ —. Since tensor products commute with cohomology,
applying this to an acyclic module A gives the following sequence, where by
definition H*(A®c M) =H*(A®c_ N) =0

> 0 > 0 » H"(A ®¢_ Cone(f)) —— 0 —— -~

This sequence is still exact, so H*(A ®c_ Cone(f)) = 0, which means that
—®c_ Cone( f) preserves acyclicity, and thus U is closed under taking cones.
This shows that U is a triangulated subcategory. Next, observe that U is
closed under direct sums, since tensor products commute with coproducts.
The final thing we need to check is that (C_ ® I') € U, in other words that
—®c_ (C_®T') preserves acyclicity. But we have that —®¢_ (C_ ®;T") ~
(—®c_ C_)®, T ~ — @ T', which preserves acyclicity by assumtion, since I'
is assumed to be flat. So all the conditions for infinite dévissage are satisfied,
and we conclude that U is equal to the category of C_-I'-bimodules. Thus,
the functor —®c_ pT preserves quasi-isomorphisms. Now, using the natural
isomorphism
C_®c_pl — pT,

we set ¢ to be the unique morphism in D(I") making the following diagram
commutative
C_®c_ pT —— pT

J |

To see that we actually get a morphism of complexes, recall that we have
the isomorphism Hompr) (7T, A ®c_ pT) ~ Homgr)(pT, A ®c_ pT) =~
Homg ) (T, A®c_ pT'). The last isomorphism comes from the fact that 7" is
assumed to be homotopically projective. Thus, we have constructed a com-
plex of A-T'-bimodules X = A®c_pT, and a quasi-isomorphism ¢: T"— Xr.
Now we are ready to prove Rickard’s Morita theorem.
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Rickard’s Morita theorem

Theorem 4.7.1. Let k be a commutative ring and A, I' two k-algebras such
that T is flat over k. The following are equivalent.

i) There is a complex of A-T'-bimodules such that the functor —®%X: D(A) —
D(T") is an equivalence.

ii) There is a triangle equivalence F': D(A) — D(T').
iit) There is a triangle equivalence per A — perT .
iv) There is an object T € D(I') such that

(a) There is an isomorphism
A =~ Hompry(T,T)

and Hompry(T,T[n]) =0 for n # 0.
(b) T € perT.

(¢) The smallest full triangulated subcategory of D(I') which contains
T and is closed under direct summands is equal to per B

Proof. Tt is obvious that i) implies ii). Simply set F = — ® X, which is
an equivalence by assumption, and a triangle functor since tensor products
preserve triangles. Observe that the implications from i) to 4ii) and from
ii1) to iv) are true by theorem 4.5.1. So all we need to prove is iv) implies
i). Since we have an equivalence D(I') ~ K,(I'), we can assume that T
is homotopically projective. Then, all the assumptions of section 4.7 are
satisfied, so we can apply the construction to T'. This gives us a complex of
A-T-bimodules X = A ®¢_ pT, such that the functor — ®H/§ X sends Ay to
T. The claim now follows from theorem 4.5.1. ]
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Chapter 5

An example

We will now look at a concrete example of Rickard’s Morita theorem being
used to show that two rings have equivalent derived categories.

Example 5.0.1. Let Q be the quiver 1 = 2 E> 3. We define the path
algebras A1 = kQ and Ay = kQ/Z, where 7 is the ideal generated by the
relation Ba. Clearly, A; and Ay are not isomorphic as rings, but they might
be derived equivalent. To find out, we try to find a tilting complex over
Aj such that As is isomorphic to the opposite endomorphism ring of that
tilting complex. The indecomposable modules over Ay, up to isomorphism,
are

Pi=D=k>k>k, P=[0>k>k, P;=[0-0—k

L=k5k—=0, I=k—=0-0], So=[0—k—0]|

The P;’s are the indecomposable projectives, and the I;’s are indecomposable
injectives. Now consider the complex

(1)

T=---—=0—>Ph— PP ®P—->0—---

where all terms to the left and right of this are zero, and 7 is the inclusion
P, — P;. We want to show that this is a tilting complex. First, we note that
T clearly is a bounded complex of finitely generated projective Ai-modules,
so it is in per A;. What we must check now is that

1. for all i # 0, the set Hompe 4, (T, T'[i]) of shifted endomorphisms of
T in D%(A;) vanishes,

2. the category add(T') generates per A; as a triangulated category.

To show that condition 1 is satisfied, we notice that shifting in either direc-
tion by more that 1 makes all morphisms zero, since there will be no overlap
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in the nonzero degrees. So we just need to show that Hom 4, (T, T'[i]) =

for i € {—1,1}. We start with the case ¢ = 1. A map from T to T[1] w1ll
only have one nonzero component, namely

a
()
P2 L)]31G9P169133.

So a chain map T' — T[1] is completely determined by the maps a, b and c.
We note that ¢ must be zero, because there are no nonzero maps from P,

to P3. Next, observe that we can find maps ¢’ and ¢ making the following
diagram commutative
(i)
K2
0

0 0 Py s PLOPLOP; — -
b
v (0) ¥ 0
> Py y PL& P P 0 0 >

()

More preciesly, we can choose b’ such that it/ = b, and take ¢ = (§ 0 §)

with @’ such that @i = a. This works for any a and b, and thus for any map
from T to T[1]. In other words, any map 7" — T'[1] is null-homotopic, which
means that Hompo 4 (T, T[1]) = 0.

For the case i = —1, we also get that a chain map from 7" to T'[—1] has
only one possible nonzero component. Such a chain map is given by the
following diagram, where each square commutes:

0
Py <5)>P1@P1@P3 0 0
[s [\ o
0 0

y Py »y PPLoPL o Py ——
(i)

The fact that each square commutes means that ¢h = 0, and since i is
an inclusion (and thus mono), we see that h must be zero. This means
that Hompo 4 (T, T[—1]) = 0, which concludes the proof that T" has no
self-extensions.

Let’s consider the second condition. Notice that P, and P appear as di-
rect summands of 7', which means that they are contained in add(T). If we
can find a distingusihed triangle consisting of P, and two direct summands
of T, then P, will be contained in the triangulated category generated by
add(T'). Thus, we will have a full, triangulated subcategory of per A; which

~
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is closed under direct sums and summands, and which contains all indecom-
posable projective modules. Since any object in per A; can be constructed
from the indecomposable projectives using direct sums, direct summands,
shifts and cones, this must generate all of per A;.

So we just need to find a distinguished triangle where one term is Ps,
and the other terms are direct summands of 7. In addition to P; and Ps,

the last direct summand of T is P i> P;. Note that the cokernel of i is I,
and that the short exact sequence P, Ny LN I, defines a chain map

> 0 y P, —— Py 0
]
> 0 > 0 > Iy 0

This is a quasi-isomorphism, hence an isomorphism in Db(Al). So up to
isomorphism, I3 is a direct summand of 7T, which means that we get a
distinguished triangle on the form we want from the short exact sequence
above, namely Py — P3 2y I ~. We conclude that add(T') generates per A;
as a triangulated category, which means that both conditions are satisfied.
Thus, T is a tilting complex over Aj.

Now, let’s look at the endomorphism ring of 7. Since the direct sum-
mand P, — P; is isomorphic to I1, we have that T' ~ I; & P; & P3, which
is easier to work with. Since Hom commutes with direct sums, it is enough
to consider the homomorphisms between the direct summands. Each of the
direct summands has endomorphism ring isomorphic to k (I; and Ps are
simple. A map P; — P; consists of 3 scalar multiplications, but commuta-
tivity ensures that they must be equal). The only nonzero homomorphism

between different direct summands are P; = P; and P, i> I, and they
compose to zero. Altogether we can look at this as a path algebra, and
write it as

End(P3) = End(P;) 2= End(I;), ba =0

We observe that this is isomorphic as an algebra to A5”, so we get that Ay ~
Endpp 4,y (7). This means that T satisfies the conditions in Rickard’s
Mortia theorem, and we conclude that A; and A, have equivalent derived
categories.

In this case, there are techniques we could use to calculate D°(A;) and
Db(Az) directly, and see that they are equivalent. But for more complicated
examples, this may not be possible. In that case, Rickard’s Morita theorem
is probably our best bet to check if two rings are derived equivalent.
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Appendix A

Some useful results

A.1 Trivial summands in complexes

Since we are working with right bound complexes of projective modules up
to chain homotopy, there are some useful techniques we can employ. The
first is called to add a trivial summand, and actually holds for any complex
in the homotopy category K (A). The idea is that if you take a chain complex

of modules and add a term of the form M % M , then the resulting complex

will be homotopy equivalent to the one you started with (that is, isomorphic
in K(A)).

Theorem A.1.1. Let X be any complex in K(A), and let M be any A-
module. Denote by X' a complex which is equal to X, but where you have
added a copy of M to degree i and i+ 1, with the identity map between them.
Then X' is homotopy equivalent to X, hence isomorphic in K(A).

To prove this take a complex in K (A)

. d xi-1 d X d X+l d Xi+2 d . .

and by adding the summand in degrees ¢ and ¢ + 1, we get

d do
C_d oyl (8) Xi@M <01)> XH @M (dO) yiv2 _d ,
To show that they are homotopy equivalent, we need to find two maps

between them such that both compositions are homotopic to the identity.
Now consider the following diagram
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do
Xi XZGBM (0 ) XH—I@M 0) XH_Q L)
1 (10) (10) 1
L lel d Xt d XiJrl # Xz+2 %
1 (5) (%) 1
d ! (g> (g(l)) d
Xz—l XZGBM XH_IGBM Xz+2
1 (10) (10) 1
L4 X[-1 d X d xi+l _d o oyir2 _d

The last two vertical chain maps compose to the identity on each X?, so
all we need is to show that the composition of the first two vertical chain
maps is homotopic to the identity. Composing the first two chain maps gives
the following chain map

(4) )

do
. d xi—1 AN XzeaM <01> Xi+1®M (d0 Xit2 d

! (66) (60) !

d d
le () XzeaM (0 )XH_l@M )XH-Q d
To see that this is homotopic to the identity, simply observe that in the
difference between the identity and the composition, the maps in degrees ¢
and i+ 1 are (§9) = ($9) = (39), and in all other degrees the maps are
zero. It is then easy to see, by the following diagram, that this difference is

null-homotopic, since every vertical map factors as wanted.

Xz 1 (d> XZGBM (g )Xz+1®M (g )Xz+2 d



Thus we have shown that the two complexes are homotopy equivalent.

This means that if you take a complex and add M L M as a direct summand
in some degree, then the the complex you end up with is isomorphic in the
homotopy category to the one you started with. In other words, adding a
trivial direct summand doesn’t change a complex in K (A).

A.2 Degreewise split exact sequences of complexes
Lemma A.2.1. Any degreewise split exact sequence of complexes induces a
distinguished triangle in the homotopy category.

Proof. Take a short exact sequence

0 A-—>,p- "o 0,

where B¥ ~ AF @ C¥, with maps s* and 7% for each k such that s*a* = id 4«
and B*7* = idgk. We then get amap §: C' — A[l], given by s*Tldknk: Ck —
AF+1 This gives us a triangle

A—o,p_"F

c— Al ,

which is distinguished in the homotopy category because it is quasi-isomorphic
to the triangle

A —*— B —— Cone(a) — A[1] .

A.3 Total complex of the Hom-functor

Let X be a complex of I'-A-bimodules, and let M be a complex of I'-modules.
We obtain a new complex by forming the double Hom complex given by X
and M, and then forming the product total complex of that. This will be
a complex of A-modules, which we will denote as Homp(X, M), and whose
components and differentials are given as follows

Homp (X, M)" = | [ Homp(X*, M)
1€EZ

9: Homp(X, M)™ Homp (X, M)+

(fi)iez ¥ (da o fi = (—1)" fix1 o dx).

Notice that the elements of Homp (X, M)™ are collections (f;);ez of mor-
phisms in each degree from X to M|[n], but these morphisms don’t neces-
sarily commute with the differentials. Now we have the following lemma
concerning the homologies of this complex
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Lemma A.3.1. If X is a complex of T'-A-bimodules and M is a complez of
I'-modules, then

H'Homr(X, M) = Homga) (X, M[n])
Proof. First, we see that the n-cycles are given by

Z"Homy (X, M) = Ker (0")
= {(fi)iez € Homp(X, M)" | dps o fi = (=1)" fiy1 0 dx, Vi € L},
which is precisely the condition we require for (f;) to be a chain map from

X to M([n]. In other words, Z"Homr(X, M) = Homg()(X, M[n]). For the
n-boundaries we have

B"Homr (X, M) =Im (9" 1)
= {(9i)icz € Homp(X,M)" | g; =dpr o fi+ (—1)" fix1 0dx,Vi € Z},
where (f;) are maps from X* to M*+"~1, This is the definition of (g;) being

null-homotopic, which means that B"Homp (X, M) = {null-homotopic
maps in Homg(y) (X, M[n])}. So the n-th homology of the complex is

H"Homrp (X, M) = Z" /B" = Homg(,) (X, M[n])/{null-homotopic maps},
which is precisely how morphisms are defined in the homotopy category. So

H'"Homr (X, M) = Homga)(X, M[n]), and in particular HHomp (X, M) =
Homg p) (X, M). O
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