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Abstract
This paper presents an integrated approach for scheduling and forecasting oil and gas production by integrating models of 
the entire value chain, from the reservoirs to the sales points. The methodology ensures maximum oil production at each 
time step of the reservoir simulator while honoring all operational constraints of the system. The proposed method is applied 
to a small North Sea offshore field consisting of two oil reservoirs with API gravities of 37 and 39. 3 gas-lifted wells are 
producing in each reservoir. They are arranged in a production network connected to a surface process. Control variables 
include individual well choke opening (early stage) and gas lift injection rate (later stage). The system is subject to numer-
ous operational constraints (e.g., maximum field liquid production, maximum gas lift injection rate). The proposed solution 
is built in a commercial IAM platform that connects the models and orchestrates the software execution and optimization. 
The optimization problem is formulated as a Mixed Integer Linear Program. The well and flowline performance curves are 
approximated with piecewise linear functions. Results show that such an integrated approach can significantly affect the 
production profile (up to 15% difference against traditional “silo” approach). The proposed integrated solution is two-to-three 
times faster than traditional non-linear optimization methods, guarantees convergence towards the global maximum and it 
represents with an appropriate level of accuracy the original black-box model. This allows to run a lot of different scenarios 
making it a suitable tool for field development and planning optimization. The proposed method is used to optimize the field 
design and schedule. Optimal surface capacities are determined by brute force exploration of net present value function.

Keywords  Production forecast · Field development and planning · Artificial lift · Optimization · Mixed Integer Linear 
Programming (MILP)
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�Np	� Incremental oil production (stb)
�t	� Reservoir time step (day or months)
Ecap	� Capital expenditure (USD)
Eop	� Operating expenditure (USD)
fw	� Water cut (%)
i	� Interest rate ( %)
J	� Well productivity index (stb/day/psi)
Nyears	� Duration of the operator license (years)

Po	� Price of oil (USD/stb)
pR	� Reservoir pressure (psi)
Rp	� Gas oil ratio (scf/stb)
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IPR	� Inflow performance relationship
MD	� Measured depth (ft)
MILP	� Mixed Integer Linear Programming
NPV	� Net present value (USD)
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SQP	� Sequential Quadratic Programming
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Introduction

The forecasting of oil and gas production rates is a critical 
activity typically performed during the field development 
stage and when the field is already producing. In the field 
development phase, revenue streams are calculated from 
the hydrocarbon production rates and are further used in 
economic evaluations [e.g., net present value (NPV)] of 
relevant development alternatives (Jahn et al. 2008).

Production scheduling consists of defining the produc-
tion rates of wells and field with time (production profiles). 
Although to produce as much as possible as early as possi-
ble would appear to be the best alternative to early mitigate 
the development expenses, this is not always true (Hal-
dorsen 1996). Higher production flow rates require bigger 
processing capacities of production fluids (oil, gas, and 
water) and injection (e.g., gas injection, water injection, 
etc.). Bigger processing capacities translate into higher 
capital expenditures (due to the increase in size and weight 
of the processing equipment) that might reduce the NPV 
of the project. This is especially relevant for standalone 
offshore developments, where capacity of topside facilities 
directly affect the design, size, and cost of the supporting 
structures such as platforms and floating vessels.

There are other problems that high production rates 
could potentially cause in the reservoir, e.g., gas and water 
coning or cusping, excessive sand production, etc. These 
problems reduce the ultimate recovery factor of the field, 
affecting negatively the project value.

Production profiles are usually the result of an iterative 
process between several disciplines within the company. 
Initial profiles are generated using reservoir models and 
taking into consideration factors like drainage area, recov-
ery factor, well productivity, well placement, gas or water 
coning and sand production, among others. The reservoir 
models employed have none or very simple models for 
pressure drop in wells and surface network. Production 
rates are then validated or corrected by production engi-
neers to account for the pressure drop in wells, artificial 
lift design, surface network, among others. Facilities engi-
neers perform a pre-design of the processing system, map 
the requirements and operational constraints. The correc-
tions and modifications are communicated back to the cus-
todian of the reservoir model and the process is repeated.

This procedure is usually labor intensive, time consum-
ing, and performed manually; therefore, it does not normally 
allow for an exhaustive evaluation of all development alter-
natives nor a probabilistic and robust assessment of uncer-
tainty. This often leads to unoptimized production scenarios, 
lower revenues, and suboptimal decision making.

The use of integrated models (i.e., reservoir, wells, 
network, and facilities) is an alternative to obtain more 

realistic production profiles. However, it is not easy to 
implement, primarily because models are built in different 
tools or simulators, the custodians of the models are usu-
ally in separate business units, and the layout and charac-
teristics of the production system are not defined in early 
development stages. Another important challenge is that 
the subsurface uncertainty is usually very high.

Coupling of reservoir and surface network models is a 
topic that has been researched extensively in the past. Bar-
roux et al. (2000) presents a comprehensive review of com-
monly used coupling methods and approaches and their 
advantages and disadvantages. This study and others (e.g., 
Al-Shaalan et al. 2002) also discuss that coupled models 
provide in general production profiles that are more realistic 
than those obtained using standalone reservoir simulators. 
This is especially important in cases, where the back-pres-
sure on the well sand face is significant (e.g., deep offshore 
projects) or where there is a complex surface network.

Coupling these models, however, can be time consuming 
and challenging. Some examples of integration are given by 
Dempsey et al. (1971), Fang and Lo (1996), Hepguler et al. 
(1997), and Valbuena et al. (2015). Some of the challenges 
are due to the complexity and non-linearity of the fundamen-
tal equations used to describe flow in porous media and in 
pipes and equipment and the solving strategies employed in 
each model. Explicit integration strategies limit the exchange 
of data between the models to a minimum and require fewer 
modifications to the individual solving algorithms. However, 
these strategies often exhibit stability problems and oscil-
lations in the solutions (see Zapata et al. 2001). Implicit 
integration strategies are stable but require significant data 
transfer and modifications in the solving algorithms of the 
models thus making them more difficult to maintain and 
upgrade in the future.

Several papers address the issue of surface network 
optimization within the coupled model, see Hepguler 
et al. (1997) and Stanko and Venstad (2016). One recur-
ring issue with network optimization lies in the combi-
nation of strongly non-linear behavior (well and flowline 
performances) and integer variables (routing or disjunctive 
constraints). When coupled with a reservoir simulation, 
additional constraints appear with runtime and stability, the 
network optimization being run at each time step with dif-
ferent reservoir conditions (reservoir pressure, GOR, WC).

In this paper, this issue was addressed using an MILP for-
mulation of the network optimization problem. The non-lin-
ear well and flowline performances are approximated using 
SOS2 piecewise linear models. This approach is similar to 
what other authors have presented in the past, e.g., Codas 
et al. (2012), Codas and Camponogara (2012), Silva and 
Camponogara (2014), Hulse and Camponogara (2017), and 
Silva et al. (2015). Hoffmann et al. (2016) successfully apply 
this technique to optimize downhole diluent injection for an 
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offshore heavy oil field and forecast field production. The 
work of Kosmidis et al. (2004) is the first one to employ 
piecewise linear approximations for non-linear functions in 
the petroleum engineering production problem. Piecewise 
linear tables are generated using sequentially the existing 
black-box model for different flow conditions. The formula-
tion of the optimization problem takes considerably more 
effort and time to set up, but the running time is considerably 
lower than the traditional non-linear approach. The other 
advantage lies in the robust handling of integer variables.

This paper proposes an integrated methodology to sched-
ule and forecast production. The approach integrates all ele-
ments of the production chain (wells, network and process) 
into a single integrated model to predict, within a single 
run, an optimized production profile that (1) honors all con-
straints throughout the production system and (2) ensures the 
highest production at each time step. The integrated model 
can then be used to assess the economical feasibility of dif-
ferent development alternatives.

The proposed methodology is applied on a scaled-down 
synthetic case consisting of six wells producing from two 
different reservoirs. The wells are producing into a common 
surface network and surface process, as shown in Fig. 1. 
Operational constraints considered are: (1) maximum water 
production; (2) maximum gas production; (3) maximum gas 
lift injection; and (4) maximum well pressure drawdown. 
Reservoirs are modeled using material balance (providing 
reservoir pressure, GOR and WC predictions for each well) 
and individual wells have inflow performance relationships 
(IPR) to represent the deliverability of the reservoir. The 
material balance is a rather simplistic analysis approach 
when compared against 3D reservoir simulation. However, 
it might still be applicable and valid for some cases (as dis-
cussed by Ali and Nielsen 1970) or at early stages of the 

field planning process, where the available information does 
not allow to build a more complex model.

Production system modeling 
and optimization

Coupling strategy

The proposed coupling strategy is presented in Fig. 2. In any 
given time step ti , reservoir pressure pRi

 , producing water cut 
(WC) fwi

 and gas oil ratio (GOR) Rpi
 are transferred to the 

surface network model as well-boundary conditions. The 
network model is optimized, and the optimal well rates, 
choke openings, and gas lift rates are found. The cumula-
tive production for step ti is found by summing the rate of 
all wells and multiplying by the length of the time step �t . 
The incremental oil production �Np , the reservoir conditions 
of the previous time step ( pRi

 and gas, oil, and water satura-
tions: Sgi , Soi , Swi

 ) and the material balance model are used 
to calculate reservoir pressure and producing WC and GOR 
of step ti+1 . The process is repeated.

The coupling strategy is explicit, meaning that the cumu-
lative oil production for a given time step is calculated only 
once by assuming that the production rates calculated in time 
step ti are constant in the interval ti to ti+1 . This assumption is 
acceptable for small time steps �t (e.g., 1 month).

Description of the base case

The field studied in this paper is a small offshore field 
located in the North Sea.

Reservoir models

The characteristics of the reservoirs are given in Table 1. 
Both reservoirs are modeled in a commercial material bal-
ance application. More details are provided in Appendix A.

Well performance model

A simple IPR model is used for each well. Above the bubble 
point, a straight line IPR is used, while the Vogel IPR is used 
below the bubble point.

Constraints on the reservoir pressure drawdown are 
applied to avoid sand production:

where pj
R̄
 , pj

wf
 and �pjmax are, respectively, the average drain-

age volume pressure, the bottom-hole pressure and the maxi-
mum pressure drawdown of well j.

(1)p
j

R̄
− p

j

wf
≤ 𝛥pj

max
,

Fig. 1   Production system used in this paper
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Well performance is modeled with vertical lift perfor-
mance tables that depict required bottom-hole pressure as a 
function of oil rate, wellhead pressure, gas lift rate, and WC. 
Wells are naturally flowing in the early stage of the field and 
are boosted with gas lift injection in the later phase. Vertical 
lift performance (VLP) models are built in a commercial 
black-oil steady-state simulator.

Well characteristics, layout, and configuration are pro-
vided in Appendix A.

Network model

In the surface network, the pipeline between manifolds A 
and B is 7.5 km long and has an inner diameter of 8′′ . The 
pipeline between manifold B and the production separator is 
12 km long and has an inner diameter of 12′′ . The flowlines 
that connect the wellhead to manifolds A and B are short and 
have an inner diameter of 8′′.

The network model is built in a commercial steady-state 
simulator.

Surface process

The production separator is operated at a constant pressure 
of 200 psia.

Network optimization

Non‑linear formulation

For some given reservoir conditions (reservoir pressure, 
GOR, WC) at a given time, the objective function is to maxi-
mize the field oil production:

by changing choke openings and the gas lift allocated to each 
well j. The optimization problem is subject to the following 
field constraints:

due to constraints in the production separator, and

due to gas lift injection capacity. Note that in the early phase 
of the field, gas lift is not available, and therefore, qmax

gl
 is set 

to 0.
In addition, each well j is subject to an operational con-

straint to avoid sand production:

(2)max qtot
o
,

(3)qtot
liq

≤ qmax
liq

,

(4)qtot
gl

≤ qmax
gl

,

(5)qj
o
≤ qmax

o
,

Fig. 2   Proposed coupling 
workflow

Table 1   Reservoir properties

Reservoir A Reservoir B

Initial pressure (psia) 4650 3905
Oil API gravity ( ◦API) 37 39
Initial GOR (scf/stb) 800 500
Reservoir temperature ( ◦F) 210 250
Bubble point (psia) 3150 2300
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with qmax
o

 = 10000 stb/day.

Linear formulation

The optimization problem has been reformulated as a mixed 
integer linear problem, to speed up the optimization runtime. 
To do so, all dependencies have to be explicitly expressed. 
This is a major difference compared to traditional non-linear 
black-box optimization, where part of the calculation (e.g., 
the well performance) are totally invisible to the solver. In 
particular, the network has to be modeled and solved within 
the optimization formulation. This is achievable by fist split-
ting the network model into smaller independent elements. 
An independent element is defined by an inlet and an outlet 
with a constant GOR, WC, and mass rate.

Well modeling
Wells are modeled with a collection of points that depicts 

oil production as a function of wellhead pressure and gas lift 
injected. For well j:

These functions are created by executing the commercial 
black-box simulator with several combinations of input 
(pwh, qgl) . The WC and GOR of the well are assumed to be 
constant during the simulation. WC, GOR, and reservoir 
pressure are then varied in the simulator and new well tables 
are generated to take into account the effect of reservoir 
depletion. Figure 3 shows an example of such a function for 
a well of reservoir A.

Flowline modeling
Flowlines are modeled as a collection of points that 

depicts pressure drops ( �p ) as a function of liquid rate ( qliq ), 
producing WC ( fw ), total GOR ( Rp ) and inlet pressure pin:

(6)qj
o
= qj

o
(p

j

wh
, q

j

gl
).

The total GOR Rp is given by

Figures 4, 5 and 6 show an example of such a function for 
pipeline A.

Network equilibrium modeling
The network hydraulic flow equilibrium is modeled as 

part of the optimization formulation using equality con-
straints at each junction between two independent elements. 
On the example of Fig. 7, the flow equilibrium in the node 
is modeled as follows: 

(7)�p = �p(qliq, fw,Rp, pin).

(8)Rp =
qres
g

+ qgl

qo
.

Fig. 3   Example of a well performance model for a well of reservoir A 
with a reservoir pressure of 3500 psia, producing GOR of 800 scf/stb 
and WC of 30%

Fig. 4   Influence of the producing WC on the performance curve of 
pipeline A. The GOR is held constant and equal to 700 scf/stb and the 
inlet pressure is equal to 700 psia

Fig. 5   Influence of the producing GOR on the performance curve of 
pipeline A. The WC is held constant and equal to 45% and the inlet 
pressure is equal to 700 psia
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Additional fluid properties can be calculated. For instance, 
the WC in pipe 4 can be obtained from the WC of the other 
pipes:

SOS2 piecewise linear approximation
The well and pipeline flow functions described above 

are strongly non-linear. They are approximated using lin-
ear segments (as shown in Fig. 8). Interpolating between 

(9a)pout
1

= pout
2

= pout
3

= pin
4
,

(9b)q4 = q1 + q2 + q3.

(10)f (4)
w

=
q1 ⋅ f

(1)
w + q2 ⋅ f

(2)
w + q3 ⋅ f

(3)
w

q1 + q2 + q3
.

the breakpoints is achieved using SOS2 models, see Fig. 8. 
An SOS2 is an ordered set of non-negative variables, of 
which at most two can be non-zero, and if two are non-zero 
these must be consecutive in their ordering. For example, the 
SOS2 piecewise linear approximation of a one-dimensional 
function f can be written as follows:

where (�i)1≤i≤N is a set of positive weighting factors. Addi-
tionally, the independent variable x is also expressed as a 
function of �i:

The SOS2 model imposes the set of weighting coefficients 
(�i)1≤i≤N to be a SOS2. In addition

In the case shown in Fig. 8, �1 = �2 = 0 , �3 ≠ 0 , �4 ≠ 0 and 
�3 + �4 = 1.

Note that in an MILP optimization formulation, the 
weighting factors (�i)1≤i≤N are variables and Eqs. (11), (12) 
and (13) are constraints.

The difference between f(x) and its piecewise approxi-
mation f̃ (x) can be minimized by increasing the number of 
breakpoints xi . More breakpoints mean more weighting fac-
tors �i ; therefore, more variables in the optimization problem 
and ultimately longer optimization runtime. Consequently, 
there is a balance to find between accuracy and runtime.

(11)f̃ (x) =

N
∑

i=1

�i ⋅ f (xi),

(12)x =

N
∑

i=1

�i ⋅ xi.

(13)
N
∑

i=1

�i = 1.

Fig. 6   Influence of the inlet pressure on the performance curve of 
pipeline A. The WC and GOR are held constant and equal to 45% and 
1800 scf/stb respectively

Fig. 7   Modeling of flow equilibria in a production network (after 
Hoffmann and Stanko 2017)

Fig. 8   SOS2 models in one dimension
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Resulting mixed integer linear program

The non-linear optimization problem can be reformulated 
into a Mixed Integer Linear Program (MILP) by piecewise 
linearising all performance functions using SOS2 models. 
The integer variables (in fact, binary variables) are conse-
quences of the usage of SOS2 models. Appendices B and 
C give the complete details of MILP formulation of the 
problem.

In this paper, we use the simplex with the branch and 
cut algorithm implemented in a commercial solver. Default 
solver settings are used.

Results

Production forecast

In this section, we show the benefits of using a coupled 
method compared to traditional “silo approach. We defined 
a reference case, see Table 2.

Figures 9 and 10 compare the field production rate and 
cumulative production profile using three different methods:

1.	 Silo approach: material balance simulators with capacity 
constraints and minimum WHP as boundary conditions 
(400 psia for wells of reservoir A and 300 psia for wells 
of reservoir B);

2.	 IAM without gas lift;
3.	 IAM with gas lift optimization at each time step.

Results show that using a coupled approach significantly 
impacts the production forecast and, therefore, the project 
value. There is a difference of 12 MMstb in cumulative oil 
produced between the silo approach (minimum WHP) and 
the IAM with gas lift optimization.

Table 2   Parameters used in the reference case

Parameter Value

Field liquid capacity 20,000 stb/day
Gas lift start-up After 4 years
Gas lift injection capacity 10 MMscf/day
Duration of the operations 20 years max.
Time step size 2 months

Fig. 9   Comparison of three production forecasts: (1) isolated 
approach with minimum WHP as boundary condition; (2) integrated 
approach without gas lift; and (3) integrated approach with gas lift 
optimization

Fig. 10   Comparison of cumulative production for three production 
forecasts: (1) isolated approach with minimum WHP as boundary 
condition, (2) integrated approach without gas lift and (3) integrated 
approach with gas lift optimization

Fig. 11   Optimal field gas lift rate as a function of time
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Figure  11 shows that the optimization solution only 
injects the optimal quantity of gas lift which can be below 
the gas lift capacity.

The integrated solution approximately takes 20 min to gen-
erate one production forecast on an Intel© Core™ i7-5600U 
CPU (2.60 GHz). In average, it takes around 7.5 s per time 
step. The execution bottleneck in the proposed solution is the 
network optimizer, see Fig. 12. Note that the runtime of the 
network optimization using the proposed MILP formulation is 
approximately 2–3 times faster than traditional non-linear sur-
face network optimizer, which leads to considerably reduced 
runtime for the coupled solution. A lower execution runtime 
allows the user to run more scenarios, assessing more develop-
ment alternatives and uncertainty.

Economical analysis and field development

Economical data

The NPV of a typical oil and gas project is normally defined by

where Ry is the net revenue of year y (lumped revenue from 
oil minus operational expenses), Ecap is the capital expendi-
ture (assumed to be concentrated at time 0) and Nyears the life 
time (in years) of the field.

In this paper, the CAPEX is split into two: (1) initial 
CAPEX including installation of the platform, flowlines, and 
surface equipment and drilling of wells and (2) additional 
CAPEX related to installation of gas lift equipment (well 
completion, gas lift distribution system, and topside gas lift 
injection facilities). Thus, Eq. (14) becomes

(14)NPV =

Nyears
∑

y=0

Ry

(1 + i)y
− Ecap,

(15)NPV =

Nyears
∑

y=0

Ry

(1 + i)y
− Einit

cap
−

E
gl
cap

(1 + i)ygl
,

where Einit
cap

 is the initial CAPEX, Egl
cap is the CAPEX related 

to gas lift and ygl is the year when the gas lift system is 
deployed.

After each run of the coupled solution, the NPV can 
be calculated:

1.	 The revenue of a given year y is given by 

where Po is the current oil price, Voy is the volume of 
oil produced during year y, and Eop is the operational 
expenditure. We assume here that gas does not generate 
any revenue (flared, re-injected or used as gas lift).

2.	 The CAPEX Einit
cap

 depends on the initial surface installa-
tions (e.g., treatment capacity).

3.	 The CAPEX Egl
cap depends on the surface installation size 

related to gas lift.

In this paper, we assume the oil price Po to be constant 
over the lifetime of the field. Eop and Ecap are assumed 
to be solely a function of the liquid capacity and gas lift 
capacity. Numerical data used in the study are presented in 
Table 3. Figures 13, 14 and 15 give the profile of CAPEX 
and OPEX as a function of liquid capacity and gas lift 
injection capacity. In this paper, we assume that CAPEX 
is distributed during 3 years before start-up of production 
(25% , 25% and 50%).

(16)Ry = Po ⋅ Voy − Eop,

Fig. 12   Execution time of the solution for a single time step

Table 3   Numerical values 
of key field development 
parameters

Parameter Value

Oil price Po 70 USD/stb
Interest rate i 8%

Fig. 13   Initial CAPEX as a function of liquid capacity. The gas lift 
system is not included in this CAPEX
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Application to the reference case

Table 4 gives the main results when applying the economical 
data to the reference production profile. Figure 16 shows the 
cash flow analysis.

Figure 17 shows that the revenues stream have the great-
est impact on the project NPV. Revenue streams depend on 

(1) a good estimation of the future oil price and (2) an accu-
rate production forecast.

Field development optimization

We used the proposed solution to optimize three field design 
parameters: (1) the liquid capacity; (2) the gas lift capacity; 
and (3) the gas lift start-up. Figures 18 and 19 and Table 5 
give the impact of liquid and gas lift capacity on the project 
NPV (the gas lift start-up date is held constant and equal to 
48 months). The base case NPV can be increased by up to 
75 millions USD compared to the base case by choosing a 
proper combination of liquid capacity and gas lift capacity.

We also studied the effect of the gas lift start-up date on 
the project NPV, see Fig. 20. Results show that for the case 
studied, it is most convenient to start gas lift as early as pos-
sible. In this paper, we did not account for constraints related 
to logistics (hardware delivery, installation, rig availability, 

Fig. 14   CAPEX related to the gas lift system installation as a func-
tion of gas lift injection capacity

Fig. 15   Yearly OPEX as function of liquid capacity and gas lift injec-
tion capacity

Table 4   Main economical results for the reference case

KPI Value

Project NPV 893.5 million 
USD (of year 0)

Initial CAPEX 1.52 billion USD
Secondary CAPEX 12.1 million USD
Duration of operations 17 years

Fig. 16   Cash flow analysis for the reference case of Table 2

Fig. 17   Impact of each parameter on the project NPV
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Fig. 18   NPV as a function of 
liquid and gas lift capacities. 
The red square indicates the 
sweet zone to be further investi-
gated for optimization

Fig. 19   NPV as a function of liquid and gas lift capacities limited to 
the sweet zone of Fig. 18

Table 5   NPV (in 1E8 USD) as 
a function of liquid rate and gas 
lift capacities

The numbers in italic indicate the sweet zone to be further investigated

Liquid capacity ( sm3∕day)

5000 10,000 15,000 20,000 25,000 30,000 35,000 40,000

Gas lift capacity  
(MMscf/day)

0 − 9.32 − 0.46 3.48 5.35 5.98 5.78 5.55 5.34
5 − 9.51 0.80 6.28 8.63 9.24 9.02 8.78 8.55

10 − 9.62 0.73 6.30 8.94 9.67 9.44 9.20 8.96
15 − 9.71 0.67 6.24 8.91 9.69 9.47 9.22 8.98
20 − 9.79 0.58 6.15 8.83 9.64 9.42 9.17 8.94

Fig. 20   NPV as a function of gas lift start-up date
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etc.) which can have a great impact on the field development 
planning.

Conclusions

•	 A methodology to perform field production forecasting 
and scheduling is presented and discussed. The meth-
odology successfully maximizes oil production in each 
depletion step by varying gas lift rate and honoring mul-
tiple operational constraints.

•	 The running times of the proposed methodology are low 
and might be suitable for early field development studies 
that require to perform multiple sensitivity studies and 
uncertainty analysis.

•	 The methodology was then used to optimize field design. 
Optimum ranges for liquid processing capacity and gas 
lift capacity were determined by brute force exploration 
of NPV function. The difference between the minimum 
and maximum NPV in the explored space is substantial.

•	 Optimal gas lift start-up was also determined in the 
same manner. It seems it is best to start gas lift from 
field production start-up.

Further work

The methodology presented in this paper should be applied 
to other use cases with more wells. Good candidates are 
systems with routing issues (e.g., HP/LP lines or rout-
ing between platforms). This work has employed a mate-
rial balance model to represent the reservoir. It should be 
extended for cases with a 3D reservoir simulation.

Unit conversion 

Field Conversion S.I.

1 psi = 6.894757 Pa
1 ft = 0.3048 m
1 in = 0.0254 m
1 bbl = 0.1589873 m3

1 cf = 0.028316846592 m3

1 BTU = 1055.06 J
1 lb = 0.453592 kg
◦API � = 141.5∕(131.5 + �API) g/cm3

◦F ◦C = (◦F − 32)∕1.8 ◦C

Open Access  This article is distributed under the terms of the Crea-
tive Commons Attribution 4.0 International License (http://creat​
iveco​mmons​.org/licen​ses/by/4.0/), which permits unrestricted use, 

distribution, and reproduction in any medium, provided you give appro-
priate credit to the original author(s) and the source, provide a link to 
the Creative Commons license, and indicate if changes were made.

Additional data

Tables 6, 7, 8, and 9 give more details about the produc-
tion system.

Mixed integer linear formulation 
of the optimization problem

This part presents the MILP formulation used to solve the 
optimization problem presented above (Table 10):

Table 6   Reservoir A data

Parameter Value

Solution GOR (scf/stb) 800
Oil gravity ( ◦API) 37
Gas gravity 0.76
Water salinity 23000
Pb, Rs, Bo correlations Glasø
Oil viscosity correlation Beal et al.
Cp oil (BTU/lb/F) 0.53
Cp gas (BTU/lb/F) 0.51
Cp water (BTU/lb/F) 1

Table 7   Reservoir B data

Parameter Value

Solution GOR (scf/stb) 500
Oil gravity ( ◦API) 39
Gas gravity 0.798
Water salinity 100,000
Pb, Rs, Bo correlation Glasø
Oil viscosity correlation Beggs et al.
Cp oil (BTU/lb/F) 0.53
Cp gas (BTU/lb/F) 0.51
Cp water (BTU/lb/F) 1

Table 8   Heat transfer parameters

Parameter Value

Seabed temperature ( ◦F) 40
Reservoir B temperature ( ◦F) 250
Reservoir A temperature ( ◦F) 210
Wellbore overall heat transfer coefficient ( BTU/h/ft2∕F) 8

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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with � being the vector of all variables defined in Tables 11, 
12, 13, 14, 15 and 16. The optimization problem is subject 
to numerous constraints presented below.

Field constraints

(17)max
�

qtot
o

(18)qtot
o

=
∑

j∈

qj
o
,

(19)qtot
w

=
∑

j∈

qj
w
,

Table 9   Well completion details Well Target formation 
MD (ft)

Target formation 
TVD (ft)

Tubing ID (in) Gas lift valve 
depth (ft)

J (Linear + 
Vogel) (stb/day/
psi)

Well 1A 9275 9000 4.052 7027.6 7.1500
Well 2A 9000 9000 4.052 7641.4 7.1486
Well 3A 12,000 8000 4.052 8010.7 7.1486
Well 1B 8000 8000 4.052 6794.3 0.7212
Well 2B 8000 8000 4.052 6947.8 0.7218
Well 3B 8000 8000 4.052 6968.7 0.7218

Table 10   Sets of wells and 
flowlines

Set Description

 Set of all wells
 Set of all flowlines
f Set of wells 

producing into 
flowline f

Table 11   Field variables

Variable Description

qtot
o

Total oil production rate
qtot
w

Total water production rate
qtot
g

Total gas production rate
qtot
gl

Total gas lift used
qtot
liq

Total liquid rate

Table 12   Well variables

Variable Description

q
j
w

Water production rate of well j

q
j
o

Oil production rate of well j

q
j

liq
Liquid production rate of well j

p
j

wh
Wellhead pressured of well j

q
j

gl
Gas lift rate used for well j

yj Status of well j (open = 1, closed = 0)

Table 13   Flowline variables

Variable Description

q
f
w

Water production rate of flowline f

q
f

liq
Liquid production rate of flowline f

q
f
g

Total gas production rate of flowline f

p
f

in
Inlet pressure of flowline f

p
f

out
Outlet pressure of flowline f

�pf Pressure drop in flowline f

Table 14   Sets of breakpoints used in the MILP formulation

Set Description


j

wh
Set of wellhead pressure breakpoints for well j


j

gl
Set of gas lift rate breakpoints for well j


f

liq
Set of liquid rate breakpoints for flowline f


f

in
Set of inlet pressure breakpoints for flowline f


f
wc

Set of WC breakpoints for flowline f


f
gor

Set of GOR breakpoints for flowline f

Table 15   Auxiliary variables used in the MILP formulation

Var. Description

�
j
pq

Weighting variable for breakpoint (p, q), well j

�
j
p

SOS2 variable for breakpoint p, well j

�
j
q

SOS2 variable for breakpoint q, well j

�
f
ql ,w,g,p

Weighting variable for breakpoint (ql,w, g, p) , flowline f

�
f
ql

SOS2 variable for breakpoint ql , flowline f

�
f
p

SOS2 variable for breakpoint p, flowline f

�
f
w

SOS2 variable for breakpoint w, flowline f

�
f
g

SOS2 variable for breakpoint g, flowline f
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Well constraints

For each well j ∈ :

(20)qtot
gl

=
∑

j∈

q
j

gl
,

(21)qtot
g

=
∑

j∈

qj
g
+ qtot

gl
,

(22)qtot
w

+ qtot
o

≤qmax
liq

,

(23)qtot
gl

≤ qmax
gl

.

(24)qj
o
=

∑

p∈
j

wh

∑

q∈
j

gl

�j
pq
⋅
̂
q
j
o(p, q),

(25)
p
j

wh
=

∑

p∈
j

wh

∑

q∈
j

gl

�j
pq
⋅ p,

(26)
q
j

gl
=

∑

p∈
j

wh

∑

q∈
j

gl

�j
pq
⋅ q,

(27)
∑

p∈
j

wh

∑

q∈
j

gl

�j
pq

= 1,

(28)∀p ∈ 
j

wh
, ∀q ∈ 

j

gl
, �j

pq
≥ 0,

(29)
∀p ∈ 

j

wh
, �j

p
=

∑

q∈
j

gl

�j
pq
,

(30)
∀q ∈ 

j

gl
, � j

q
=

∑

p∈
j

wh

�j
pq
,

(31)(�j
p
)
p∈

j

wh

is a SOS2,

Flowlines

For each flowline f ∈ :

The pressure drop across pipeline f is given by

where �pf  is approximated from a SOS2 piecewise linear 
model:

(32)(� j
q
)
q∈

j

gl

is a SOS2,

(33)qj
o
≤ qmax

o
.

(34)q
f

liq
=

∑

j∈f

qj
w
+ qj

o
,

(35)qf
g
=

∑

j∈f

qj
g
+ q

j

gl
,

(36)qf
w
=

∑

j∈f

qj
w
.

(37)p
f

out
− p

f

in
= �pf ,

(38)

�pf =
∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

⋅ �̂pf (ql,w, g, p),

(39)

q
f

liq
=

∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

⋅ ql,

(40)

qf
w
=

∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

⋅ ql ⋅ w,

Table 16   Piecewise linear 
functions used in the MILP

Function Description

̂
q
j
o

PWL function giving the oil rate of well j as a function of wellhead pressure and gas lift rate

�̂pf
PWL function giving the pressure drop in flowline f as a function of liquid rate, producing 

WC, total GOR and inlet pressure
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For all ql ∈ 
f

liq
,w ∈ 

f
wc, g ∈ 

f
gor, p ∈ 

f

in
:

We define the sets �fql , �
f
w ; � f

g , and �f
p , as follows:

(41)

qf
g
=

∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

⋅ ql ⋅ (1 − w) ⋅ g,

(42)

p
f

in
=

∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

⋅ p,

(43)

∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

= 1.

(44)�f
ql,w,g,p

≥ 0.

(45)

∀ql ∈ 
f

liq
, �f

ql
=

∑

w ∈ 
f
wc

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

,

(46)

∀w ∈  f
wc
, �f

w
=

∑

ql ∈ 
f

liq

g ∈ 
f
gor

p ∈ 
f

in

�f
ql,w,g,p

,

(47)

∀g ∈  f
gor
, � f

g
=

∑

ql ∈ 
f

liq

w ∈ 
f
wc

p ∈ 
f

in

�f
ql,w,g,p

,

(48)

∀p ∈ 
f

in
, �f

p
=

∑

ql ∈ 
f

liq

w ∈ 
f
wc

g ∈ 
f
gor

�f
ql,w,g,p

,

Flow equilibrium

Well cocking

Chocking is modeled as a simple pressure drop �pj
choke

 
across the choke. Therefore, choking imposes the following 
constraint:

Pipeline junction

At the junction of two pipelines f1 and f2 (assuming f1 is 
producing into f2 ), flow equilibrium is modeled as follows:

For flowline f2 , Eq. (34), (35), and (36) are replaced by:

Production separator

In the special case where flowline f is producing into the 
production separator, then the flow equilibrium is modeled 
as follows:

Notations used in the optimization

This section presents all notations used in the optimization 
formulation.

(49)
(�f

ql
)
ql∈

f

liq

is a SOS2,

(50)(�f
w
)
w∈

f
wc
is a SOS2,

(51)(� f
g
)
g∈

f
gor

is a SOS2,

(52)(�f
p
)
p∈

f

in

is a SOS2.

(53)∀j ∈ f , p
j

wh
≥ p

f

in
.

(54)p
f1
out

= p
f2
in
.

(55)q
f2
liq

=q
f1
liq

+
∑

j∈f2

qj
w
+ qj

o
,

(56)q
f2
g =q

f1
g +

∑

j∈f2

qj
g
+ q

j

gl
,

(57)q
f2
w =q

f1
w +

∑

j∈f2

qj
w
,

(58)p
f

out
= psep.
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