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Abstract

By restricting a vehicle to the linear region of operation, with a small sideslip angle, a ve-
hicle cannot achieve its full potential. By entering the nonlinear region of operation tighter
corners can be achieved and some accidents could be prevented. Research is currently be-
ing conducted to introduce drifting into vehicle safety systems, which currently restrict the
vehicle to the linear region of operation. Vehicle drifting has been shown to have unstable
equilibria, while still maintaining controllability.

In this thesis, equilibria with sideslip angles ranging from -30 degrees to 30 are found for
a nonlinear two-track model simulator. Analysis showed that simple mappings could be
made between the states and the inputs, and between the states themselves. All the lin-
earised systems in these equilibria were found to be unstable, which coincides with current
research.

In addition, this thesis presents an adaptive backstepping controller, which is used for con-
verge to an arbitrary sideslip angle, and when the drift is being initialised the controller
mimics the behaviour of Power Over drifting technique. The adaptive part of the backstep-
ping controller is used as integral action that, by the use of adaptation, finds the stationary
deviation between the yaw rate and the desired yaw rate, which is added to the control law.
A mapping between the desired sideslip angle and the desired yaw rate is used in a feed
forward term such that the desired sideslip angle is achieved when the yaw rate converges.
The controller has been tested with a modified Line Of Sight guidance system which pro-
vided the controller with a desired sideslip angle. Robust response with respect to changes
in vehicle mass and inertia was observed.






Sammendrag

Ved 4 begrense et kjoretoy til det lineaere operasjonsomrddet, med en liten sideslippvinkel,
kan ikke et kjoretoy oppna sitt fulle potensiale. Ved & entre det ulinesere oprasjonsomradet
kan skarpere svinger tas og noen ulykker kunne vert unngétt. Idag forskes det pd & intro-
dusere drifting i bilsikkerhetssystemer, som idag begrenser bilen til det linesere oprasjon-
somrddet. Drifting av bil har blitt vist & ha ustabile likevektspunter, samtidig som styr-
barheten bevares.

I denne avhandlingene ble likevektspunkter med sideslippvinkler mellom -30 grader og 30
funnet for en simulator av en ulineeer to-sporsmodell. Analysen viste at det fantes enkle
funksjoner som beskrev forholdet mellom tilstander og innganger, og mellom tilstandene
selv. Alle de lineceriserte systemene i disse likevektspunktene var ustabile, noe som samsvarer
med aktuell forskning.

I tillegg presenterer denne oppgaven en adaptiv backsteppingkontroller, som brukes til
a konvergere til en vilkarlig sideslippvinkel, og ndr drifting blir initialisert sa etterligner
kontrolleren oppferselen til driftingteknikken Power Over. Den adaptive delen av back-
steppingkontrolleren blir brukt som integralvirkning som, ved & bruke adapsjon, finner
stasjoneer- avviket mellom giringsraten og den enskede giringsrate, som blir lagt til i kon-
trolloven. En funksjon som beskriver forholdet mellom den enskede sideslippvinkelen og
den enskede giringsraten blir brukt i en foroverkobling slik at den gnskede sideslippvinke-
len blir oppnddd ndr giringsraten konvergerer. Kontrolleren var robust mot endringer i
bilens masse og treghet. Kontrolleren ble testet sammen med en modifisert Line Of Sight
baneplanlegger som forsynte kontrolleren med sideslippvinkelreferanse. Robust respons
med hensyns pa endringer i bilens masse og treghet ble observert.
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1 Abbreviations and Nomenclature

1.1 Abbreviations

AWD
DOF
fw

FL
FR
FWD
IMU
LEC
LOS
PID
RL
RR
RWD
UGAS
ULES

All wheel driven

Degree of freedom

From wheels

Front left wheel

Front right wheel

Rear wheel driven

Inertial measurement unit
Lyapunov function candidate

Line of sight
Proportional-integral-derivative
Rear left wheel

Rear right wheel

Rear wheel driven

Uniform global asymptotic stability
Uniform local exponential stability

1.2 Nomenclature

STt OO wW e
@&8 g )

I\

0

N

<)y
Q

State matrix

Distance between two wheels on the same axle
Input matrix

Drag coefficient

Output matrix

Rigid body Coriolis matrix

Drag

Acceleration due to gravity

Distance between ground and vehicle center of gravity
Moment of inertia in roll

Product of inertia about z° and 1° axes

Product of inertia about z° and 2" axes

Moment of inertia in pitch

Product of inertia about y° and 2’ axes

Moment of inertia in yaw

Identity matrix

Inertia matrix about center of gravity

Force coefficient matrix, Feedback gain matrix
Distance from vehicle center of gravity to front axle
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1.2. NOMENCLATURE

o~
N

RB

SEHNTOEYIRT 23~

N Q<R X R B

Greek letter

@%3”\0’1QQ

@%gﬂbtt’o
8]

Distance from vehicle center of gravity to rear axle
Rolling moment

Vehicle mass

Rigid body inertia matrix

Roll rate

Pitch rate

Yaw rate

Rotation matrix

Skew-symmetric matrix

Time

Time step

Thrust and steering configuration matrix

Input vector

Total axial velocity

Axial component of steady equilibrium velocity
Total lateral velocity

Lateral component of steady equilibrium velocity
Total speed

Total steady equilibrium speed

Total normal velocity

Longitudinal coordinate in axis system

State vector

Axial force component

Lateral coordinate in axis system

Output vector

Lateral force component

Normal coordinate in axis system

Normal force component

Wheel slip angle

Sideslip angle

Wheel turn angle

Perturbation

Position and attitude vector

Euler pitch angle

Vector of euler angles

Angle between vehicle center of gravity and wheel center point
Vector of speeds and rates

Density

Vector of forces and moments

Vector of rigid body forces and moments
Euler roll angle

Euler yaw angle




1.2. NOMENCLATURE

w Wheel angular velocity, Rotational velocity of the motor shaft

Subscripts

0 Equilibrium value

3 x3  Matrix dimension

b BODY axis

brake  Braking

c Control

cG Center of gravity

d Desired

d,ff  Desired feed forward

drag Drag

drive  Driving

D Drag

e Error

eff Effective arm

f Front

fric Friction

fw From wheels

FL Front left wheel
FR Front right wheel

g Gravitational

nb Between BODY and NWU
prev  Previous sample

r Rolling

R,FL Rotational equivalent velocity for front left wheel
R,FR Rotational equivalent velocity for front right wheel
R,RL Rotational equivalent velocity for rear left wheel
R,RR Rotational equivalent velocity for rear right wheel
RB Rigid body

RL Rear left wheel

RR Rear right wheel

s Side

T Thrust

x Axial

Y Lateral
w Wheels

w, L. Wheel axis for front left wheel

w, FR  Wheel axis for front right wheel

w, RL  Wheel axis for rear left wheel

w, RR  Wheel axis for rear right wheel

W, FL Wheel ground contact point velocity for front left wheel
W,FR Wheel ground contact point velocity for front right wheel
W, RL Wheel ground contact point velocity for rear left wheel
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1.2. NOMENCLATURE

W, RR Wheel ground contact point velocity for rear right wheel

Superscripts

b
FL
FR
lat
long

RL
RR

Expressed in BODY reference frame
Expressed in front left wheel reference frame
Expressed in front right wheel reference frame
Lateral in wheel velocity frame

Longitudinal in wheel velocity frame
Expressed in NWU reference frame

Expressed in rear left wheel reference frame
Expressed in rear right wheel reference frame
Transpose




2 Introduction

Skilled drivers can manoeuvre through the most narrow and curvy roads, however they
cannot do so if they only use the throttle for speed control and the steering angle as the
only means for turning. By using the throttle in conjunction with the steering can cause
the back wheels to lose traction while navigating a turn. This results in the rear part of the
vehicle moving out of the turn, forcing the vehicle to rotate while the direction of the speed
is unchanged. This phenomena is called oversteering, and is the first step toward drifting.
Drifting is achieved when the throttle and steering causes the vehicle to stop rotating relative
to the vehicle speed. The angle between the front of the vehicle and the direction of the speed
is called the sideslip angle. A mathematical definition for the sideslip angle is the arctanget
of the lateral velocity v divided by the the axial velocity u of the vehicle

B = arctan (Z) (2.1)

The sideslip angle 5 and the velocities together with the speed can be seen in figure 2.1. The
speed is defined as

Vi = Vu? +v? 4+ w? (2.2)

where w is the normal velocity. According to [1], when drifting is not being performed, the
sideslip angle is normally between +2 deg.

To be able to experience the full potential of a vehicle, certain limits need to be crossed,
which are not crossed during normal conditions. A vehicle driving close to the limit of what
it is capable of, can do sharper turns and achieve faster lap times with the use of drifting
techniques [2]. Drifting is often performed in rally driving, when the roads are narrow and
curvy with changing road conditions.

2.1 Motivation

In recent years, research has been conducted on utilizing drifting techniques from race car
driving in accident avoidance. The automotive systems used today, forces the vehicle to
operate within the linear region [3]. With this restriction, the driver vehicle system is stable
and the average driver can predict how the vehicle will react to steering, throttle and break-
ing input. According to [4], the vehicle system becomes unstable when the nonlinear region
with large sideslip angles is entered, while controllability is retained.

Under normal circumstances, there are only two vehicle states the driver wants to control,
and that is the yaw rate and the speed. However, in the nonlinear region the sideslip angle
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2.1. MOTIVATION

Figure 2.1: The sideslip angle, velocities and speed.

also is in need of control. Which entails that the system wants to control three states with
only two control inputs. Here a choice must be made, to cope for this lack of actuation. In
this thesis, based on a simulator made in [5], a controller will be made to converge to arbi-
trary sideslip angles, and tested for sideslip angles within the range +30 deg. The sideslip
angle was chosen for control to show the clear connection between the yaw rate and the
sideslip angle. By converging to a sideslip angle, the vehicle will gain a yaw rate and a turn
is established.

Because the vehicle has constraints in throttle setting and steering angle, not all combina-
tions of speed and sideslip angle can be achieved. A drifting equilibrium analysis is needed
to find the feasible drifting equilibria. In addition, to achieve maximum cornering efficiency,
the sideslip angles corresponding to the largest yaw rate needed to be found before control
is performed.

Rear wheel drive with locked differential will be used in this thesis. The road surface is
assumed flat, which gives no pitch and rolling motion of the vehicle. This flat surface as-
sumption leads to uniform surface friction in the testing environment, which entails friction
differences between the left and right track is assumed negligible.

10



2.2. LOCALHAWK

This thesis is part of the LocalHawk project, which will be described in the following section.

2.2 LocalHawk

The LocalHawk project is a collaboration between many engineering disciplines to create an
Autonomous Unmanned Aerial Vehicle from scratch. The starting point was a master’s the-
sis written by Jon Bernhard Hestmark at Norwegian University of Science and Technology
in 2007. Kongsberg Defence Systems supplies the funding for this project and students con-
tribute papers, master’s theses and some are invited to do summer internships at Kongsberg.
Project challenges include instrumentation and electronics, control system design, waypoint
navigation, in-flight communication with ground station and object recognition by means
of camera technology.

A new testing platform was needed, because the LocalHawk hardware and software became
more complex and travelling to an airfield to do simple tests was too time consuming. In
addition, badly written and untested code could cause the LocalHawk to fall from the sky,
which could damage equipment.

2.3 The LocalBug

The need for a new test platform resulted in the LocalBug, which is a remotely controlled
car. It can be loaded with the same payload as the LocalHawk and ground testing reduces
the risk of damaging the hardware.

The LocalBug has a hardware platform called Phoenix II which interfaces all the devices con-
nected to the LocalBug. The sensor package consists of an Inertial measurement unit(IMU),
with three-axis accelerometer and gyroscope. In addition, the IMU has an integrated GPS
receiver, magnetometer, barometer and a Kalman filter. Phoenix II also receives signals from
a radio controller used for manual control of the vehicle. A 3G link is used to send and
receive data from the ground station. If needed, a camera can also be connected for use in
object recognition.

2.4 Previous Work

In the last few years vehicle behaviour during large sideslips, or drifting has been studied
by many. The first use of this technique was within the race car society which found that
corners could be taken faster by drifting. Now the behaviour is studied to better understand
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2.4. PREVIOUS WORK

the limitations of vehicle performance which can contribute to new safety system features
for vehicles [6].

The steady state condition of drifting has been investigated by many [6], [7], [8], [9], [10],
[3], [11] and many more. A two-wheel model called a bicycle model was used in [3] and [9]
for linearisation and control with a sliding mode controller. It was shown that the sliding
mode controller in [3] and [9] converged to a steady state drifting condition, which was to
be expected since the system was linearised.

In [8], an analysis of pole movements of a linearised vehicle model with four wheels was
performed, about a steady state drifting condition. It was observed that the steady state
drifting condition is unstable and thus in need of stabilization by a controller or a experi-
enced driver. In [7], a two-wheel model was linearised, similar to the model in [9]. The
model was controlled and used for analysis of steady state behaviour by means of phase
diagrams.

Data from a rally car were used to understand the steady state drifting condition and a
more complex four wheel model which included suspension dynamics was used in [10].
The model in [10] was linearised and controlled by means of sliding mode controller. Sim-
ulation supported the findings in [8], that the vehicle needed steering and throttle control
to obtain steady state drifting. A linear controller for steering was made for a rear wheel
driven(RWD) vehicle for a steady state drifting in [11]. The steering controller was applied
to a bicycle model, and a separate speed controller was also implemented for control to
steady state drifting in [11].

The bicycle model was used in [6], however, contrary to the other papers stated above, the
control was performed on a front wheel driven(FWD) vehicle. To drift with a FWD vehicle,
the handbrake was used. A Linear-quadratic regulator provided convergence to steady state
drifting.

The difference between minimum cornering time and maximum exit velocity was observed
in [12]. It was shown that with a slower cornering time, the maximum exit velocity could be
larger, while both used drifting techniques.

An empirical description of two drifting techniques called Trail-braking and Pendulum-turn
is found in [2]. Trail-braking is essentially breaking during the cornering to cause the drift,
and Pendulum-turn is done by steering in the opposite direction of the turn and counter
steering to cause a drift. Different optimization methods were used on a bicycle model to
perform the drifting manoeuvres.

In [13], by optimization it is shown that Trail-braking corresponds to the minimum-time
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2.5. CONTRIBUTION OF THESIS

cornering solution when a vehicle needs to return to a straight line right after the corner.

Feedback linearisation of a four wheel model was used for trajectory tracking in [5]. Here
the sideslip angle was controlled to achieve desired yaw rate when cornering.

Based on known steady state drifting conditions, a controller using elements of feedback
linearisation and saturation avoidance was tested in practice in [4]. Even though the con-
troller was derived using a bicycle model, the controller converged to the desired drifting
condition.

Open loop commands was tested on a remotely controlled car in [24]. Where a model of the
drift is run in parallel with a physical experiment with a remotely controlled car. The model
estimated inputs that were used for the vehicle.

2.5 Contribution of Thesis

This thesis inspects the drifting equilibrium points of the LocalBug simulator from [5]. Be-
cause of input constraints, not all equilibrium points are feasible, and the infeasible equi-
librium points are excluded from the analysis. The simulator is linearised and the pole
movements of the equilibrium points are analysed. Equilibrium points with the fastest yaw
rate are extracted, and used for control.

An adaptive backstepping controller for the wheel turning angle, that converges to any of
the equilibrium points found for the LocalBug simulator was developed. To cope with the
underactuation of the vehicle, the adaptive backstepping controller for the sideslip angle
controls both the sideslip angle and the yaw rate in cascade. For speed control, a simple
Proportional-Integral-Derivative(PID) controller was used. The adaptive backstepping con-
troller was tested successfully on the LocalBug simulator, with faster lap times than conven-
tional steering.

In parallel with this thesis, guidance has been provided to a group of students in the sub-
ject Eksperter ¢ Team. The group did an analysis of different sideslip angle sensors and
interfaced the IMU in the LocalBug with Explicit Target.

2.6 Thesis Outline

Chapter 3 contains some mathematical tools used in this thesis. In chapter 4, the kinematics
of the vehicle is derived, which includes the coordinate systems and rotations between the
coordinate system. In addition, the rigid body kinetics are described in this chapter. The
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2.6. THESIS OUTLINE

nonlinear two-track model developed in [5], will be described in detail in chapter 5. Lineari-
sation of the model described in chapter 5 is performed in chapter 6, which includes finding
the linearisation points, also called the drifting equilibria. Inspection of the drifting equilib-
ria is performed in chapter 7. Derivation and stability analysis of the adaptive backstepping
controller and the guidance system can be found in chapter 8. The simulation results and
discussion of these are done in chapter 9. In chapter 10, the report conclusion and proposals
of further work are presented.
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3 Mathematical Preliminaries

Rotation Matrices

According to [14], a rotation between two frames a and b can be expressed as a rotation
matrix R} which is an element in the special orthogonal group of order 3(SO(3)). The SO(3)
can be expressed as

SO(3) = { R|R € R**® R isorthogonaland det R =1} (3.1)

The group SO(3) is a subset of all orthogonal matrices of order 3(O(3)), where O(3) is defined
as

OB)={R|RecR*3 RR" =R"R =1} (3.2)
The properties of O(3) imply
R!'=R" (3.3)

A rotation from frame b to frame a will be written as the rotation matrix Rj.

When transforming a vector from one coordinate frame to another, the notation is as follows

v? = Riv? (3.4)

Trigonometric Properties
From [15], cosine to the sum of two angles can be expressed as

cos(A £ B) = cos (A) cos (B) Fsin (A) sin (B) (3.5)

According to [15], the cosine and sine can be expressed as functions of the tangent

1 _ tan (A)
cos(A) = , sin(A) = 3.6
() 1+ (tan (A))? (4) 1+ (tan (A))? (36)

Using equation 3.6, the cosine and sine of the inverse tangent can be found

1 1

cos{arctan(B)) = \/1 + (tan (arctan(B)))? - V1+ B? (5.7)
sin(arctan(B)) tan (arctan(B)) __B (3.8)

- \/1 + (tan (arctan(B)))?2 V14 B
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4 Kinematics and Kinetics

According to [14], dynamics consists of two parts: the kinematics which only treats the ge-
ometrical motion, and the kinetics, which is the forces and moments creating the motion.
Coordinate systems need to be defined to be able to describe the kinematic of the system.
Rotations between the different coordinate systems and movement of the coordinate sys-
tems are used for attitude and position calculations respectively. Newtons laws in a rotating
coordinate frame can be used to describe the kinetics.

In this chapter, the coordinate systems are defined in section 4.1. Section 4.2 explains the
state vectors used in this thesis. The transformations between the different frames are de-
scribed in section 4.3. Lastly, the rigid body kinetics are developed in section 4.4.

4.1 Reference Systems

When deriving the equations of motion of the vehicle, well defined reference systems are
required. This section explains the different reference systems used in the remainder of the
thesis.

411 NWU

The North-West-Up (NWU) reference system is located at the surface of the earth. Where
the NWU x-axis points toward the north pole, the z-axis points upward and y-axis points
westward. The vehicle considered in this thesis only travels within a radius of a couple of
hundred meters. Thus the surface of the earth can be assumed flat, and therefore the NWU
reference frame is assumed inertial such that Newton’s laws apply.

4.1.2 BODY

The BODY reference system is fixed to the vehicle. Vehicle position is expressed relative to
the NWU frame, while the attitude of the vehicle is expressed as the orientation of the vehi-
cle BODY axis system relative to the NWU frame.

For the BODY coordinate system, vehicle center of gravity and coordinate origin coincide.
The BODY x-axis is pointing forward in the vehicle, z-axis is pointing upward and the y-axis
completes the right hand coordinate system by pointing out of the left side of the vehicle,
orthogonal to the BODY x- and z-axis. See figure 4.1 for a graphical representation of the
BODY axes.
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4.1. REFERENCE SYSTEMS

4.1.3 WHEEL

It is useful to include the WHEEL coordinate system for easy transformation of forces acting
on the wheels to the BODY axis. Origin of the WHEEL coordinate system is the center of the
wheel. The WHEEL x-axis is pointing out the front of the wheel, the z- and y-axis uses the
same convention as the BODY axes.

There is a WHEEL axes system in each wheel. Vectors expressed in WHEEL for the front
right wheel has superscript F'R, and thus for the front left, rear right and rear left super-
scripts are F'L, RR and RL respectively.

The rear WHEEL axes have the same orientation as the BODY axes since the vehicle only
turns the front wheels. The WHEEL axes are shown in figure 4.1.

7%,
A

yaw

A

roll

Xb X\\' .FL K/‘
steering
motion

Yw JL

Figure 4.1: The BODY and WHEEL axes systems.
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4.2. STATE VECTOR

4.2 State Vector

Before stating the equations of motions it is useful to define the state vectors.

The position and orientation vector n for a body {b} relative to the NWU frame is defined as

The velocity vector v in a general body reference frame is defined as

The components of the velocity vector are shown in figure 4.2.

The force and moment vector 7 in a general body reference frame is defined as

X
Y
A
L
M

N

S Qa¥ £ e e

I.T'L

Y

n
o
(bnb
enb
¢nb_

north
west
— up

roll angle
pitch angle
| yaw angle |

[ axial velocity |
lateral velocity
normal velocity
roll rate
pitch rate
yaw rate

axial force
lateral force
normal force
rolling moment
pitching moment

| yawing moment |

The forces and moments can be seen in figure 4.2.

4.3 Transformations

(4.1)

(4.2)

(4.3)

Now the different reference frames can be related to each other, which are used for calculat-

ing attitude.
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4.3. TRANSFORMATIONS

All directions shown are positive
u, v, w are axial, lateral and normal velocities Zy
L, M, N are roll, pitch and yaw moments A
p, q, r are angular velocities, in roll, pitch and yaw.
¢, 0, y are roll, pitch and yaw angles
dpp. 1s the front left wheel turning angle NG |

o fr.is the front left wheel angular velocity

~ %
Xb L_, P, ¢ w.FL OFL

Y\\' .FL

Figure 4.2: The BODY and WHEEL axes with associated variables.

4.3.1 Transformation between BODY and NWU

The rotation matrix is described in chapter 3. Relating a vector p” in NWU and a vector p®
in BODY

p" =R;p’
where R} is the Euler angle rotation matrix from BODY to NWU, and given by

C¢nbcenb _Swnbcqbnb - C¢nbsenbs¢nb Swnbsqbnb + Cwnbcqbnbsenb
Rl? = S¢nbcenb Cwnbc¢nb + Swnbsgnbs¢nb _Cwnbsqsnb - Swan(bnbsenb
_Senb Cean(bnb Cean(bnb

where s+ =sin(-)and ¢+ = cos(-).
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4.4. RIGID BODY KINETICS

This gives the relationship between the translation motion in BODY and NWU

j./,TL
,yn
Z'TL

For rotation motion, the relationship between BODY and NWU is given by

(énb 1 S¢nbt9nb C¢nbt9nb pb
enb =10 qb
0 rb

C¢nb _S¢nb
4.3.2 Transformation between BODY and WHEEL

ub

Ub

wb

=R/

wnb

S¢nb/C9nb C¢nb/C9nb

where t - = tan(-).

A vector p? in BODY can be transformed into a vector p/* in the front left WHEEL coordi-
nate system by means of a rotation matrix

p’t = R"p! (4.4

where R} is the rotation matrix which includes the steering angle 4. It can be written as
follows

cos(6) sin(d) 0
R/* = |—sin(d) cos(d) 0 (4.5)
0 0 1

If the steering angle for both the front wheels are assumed equal, the front left WHEEL frame
is identical to the front right WHEEL frame such that R/ * = R}'L. In addition, because only
the front wheels are used for turning; R{*" = Rf*® = I3,;. In other words, the orientation of
the WHEEL frame for the rear wheels coincide with the BODY frame.

4.4 Rigid Body Kinetics

The derivation of the equations of motions for a general body starts with Euler’s first and
second axioms

E?b — ?b ?b = m?nb (46)
"d— —
R hy =iy hy=1IcaWm (4.7)

where 7;, and 711, are the forces and moments acting on the body’s center of gravity, o is
the angular velocity of the body with respect to NWU. "d/dt¢ means the time differentiation
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4.4. RIGID BODY KINETICS

in the NWU frame.
Following the derivation in [14], the vehicle rigid body kinetics can be expressed as
m(Py + S(v2)v1) = 71 (4.8)
Icg?z — S(Icgr2)vs = T2 (4.9)

where vy = [u, v, w]?,ve=p,q 7|7, T1=[X,Y, Z]T, 72 = [L, M, N|*, Icq is the inertia matrix
and S is a skew symmetric matrix. The resulting 6 degree of freedom(DOF) model is written

MRB’) + CRBV — TRB (410)
where
My — mlzxs Osxs (4.11)
0343 Icc

is the rigid body inertia matrix. Where 03,3 is a square zero matrix of dimension three. The
Coriolis matrix is as follows

(4.12)

CRB _ [mS(Vz) 03><3 ]

033 —S(ICGVz)

In these equations it is assumed that the body reference system is located at the center of
gravity.

Assuming xz-plane symmetry (I, = I,. = 0) the inertia matrix is defined

[x:p O _[wz
Tcc:=|0 I, O (4.13)

where [,,, I, and I, are the moments of inertia about the body z, y and z axes, and I, is
the product of inertia defined as

I, = / y* + 2%) prdV
(2% + 23 pdV
(z° + y*) pmdV

(x2)pmdV

o
\\\

The forces and moments acting on the body can be expressed as
Trp = —g(N) +7 (4.14)
where 7 includes the drag, rolling resistance and wheel force and moments defined as

T =Tp+T,+ Ty (4.15)
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4.4. RIGID BODY KINETICS

and g(n) is the force of gravity. The gravity force is given in the body reference frame by

0 ] [ -—mgsin(f)
0 myg cos () sin(¢)
gln) = —~(Ry)" | 09| = |Toco ) eosto) (4.16)
0 0
L 0] 1 0 |

The 6 DOF model can now be written in matrix form
MRBI./ + CRBV + g(’n) =T (417)
or in component form:

m(t + qu — rv — gsin

m(0 + ur — wp + g cos(f) sin

A~ N~
<

m(w + vp — qu + g cos(f) cos
Lowp — Lo(7F + pq) + (L — 1)
Lyyq — Loz (p” = 1%) 4+ (Lpw — L.2)p
Lot = Loop+ (Lyy — Lua)pq + Lizgq

(4.18)

The models in this thesis will be expressed in the BODY axes. Since the equations in (4.18)
are derived in a general body, they still hold for the BODY axes. In the remainder of the
thesis all the forces, moments and velocities will be in the BODY axes and the position and
attitude relative to the NWU system. Thus the following definitions is made

- (4.19)

= (4.20)

ZEZENSX IRTE S8 &0 e R

- (4.21)
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5 Modelling

There are many ways to model vehicle dynamics, but often it is useful to make simple mod-
els while still preserving the main behaviour of the system. Because the model in this thesis
will be used for vehicle control with large sideslip angles, the model accuracy for large ve-
hicle sideslip angles is paramount.

A nonlinear model will be used, because linear models of vehicle dynamics assume small
sideslip angles. The nonlinear two-track model described below was implemented in [5].
And it will be used in this thesis due to good results in comparisons between model simu-
lations and physical vehicle tests done on the LocalBug in [5].

The nonlinear two-track model is described in the following section. Motor and driveline
model is presented in section 5.2. Wheel torque model for the vehicle is described in section
5.3. In section 5.4, the servo model used for the vehicle is described. Lastly, in section 5.5,
the control allocation is presented.

5.1 Nonlinear Two-Track Model

The nonlinear two-track simulator is a 6 DOF model, which is affected by wind forces and
rolling resistance. The model states are velocity in vehicle BODY axes and rates about the
vehicle BODY axes.

The vehicle body kinetics derived in section 4.4, are used as a foundation for the two-track
simulator model. The forces and moments acting on the vehicle need to be found to com-
plete the model.

By assuming low normal velocities, the drag forces only act along the longitudinal and lat-
eral axis of the vehicle. Thus the drag forces can be expressed as

Xp| [—ipu’sgn(u)A;Cp]
Yy —3pv?sgn(v) A,Cp
| Zp| _ 0
Tp = LD = O (51)
Mp 0
| Np | i 0 |

where p is air pressure, A; and A; are front and side projected areas and Cp is the drag co-
efficient. The function sgn( - ) is the sign function, and is defined as

23



5.1. NONLINEAR TWO-TRACK MODEL

1 for a>0
sgn(a) = { —1 for a<0 (5-2)

The rolling resistance is due to several effects, but according to [16], the most dominating

are

1.
2.

7.

Energy loss from deflection of the tire sidewall near wheel and ground contact area

Energy loss from deflection of the contact point between wheel and ground contact
area

. Scrubbing in contact area between wheel and ground

3
4.
5
6

Tire longitudinal and lateral slip

. Deflection of the road surface

. Air drag on the inside and outside of the tire

Energy loss on bumps

The rolling resistance can be expressed as

(X, ] [—mguC,]
Y, 0
Zy| 0
T, = L= 0 (5.3)
M, 0
(N L 0]
where C, is the rolling coefficient.
Lastly the wheel forces and moments need to be expressed. These can be written as
[ X | [ Xpr + Xrr+ Xrr + Xgr |
Yo Yrr +Yrr + Yro + YRR
S Ly _ Zrr +Zpr+ Zrr + Zrr (5.4)
v L, Ly + Lrr+ Lgr + Lirr '
M, Mpr + Mpr + Mg + Mgr
| Ny | | Nrr, + Nrr + N + Ngrg |

The forces acting from the wheels need to be rotated from WHEEL to BODY coordinate sys-

tem.

Steering angle 0 for the front wheels are assumed equal. Using the rotation matrix in

equation (4.5), the wheel forces acting on the body from the tires are
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5.1. NONLINEAR TWO-TRACK MODEL

[ Xrr] [ XFir
Yer | = Ry | VES (5.5)
| ZFL | | Zit
[ Xrr] [ Xig
Yer | = Ry Vi (5.6)
| ZFR] | ZER ]
Xy XL
Yao | = | Y& (5.7)
Zre| | ZRL]
X ] XRE
Yrr | = |YEE (5.8)
Zrr] | ZRH ]
And the moments acting on the body can be written as
Ly, b XrrL l XFr b XRL b XRr
b b b b
My|=| = | xX|YrL|+| — | X |Yrr|+| = | X |Yre|+| —= | X |Y&r
N 2 Z 2 Z 2 Z 2 Z
w —hea FL —hea FR —hea RL —hea RR

where [y, [, are distance between vehicle center of gravity and front axle and rear axle re-
spectively. The constant h¢( is distance between ground and center of gravity and b is the
distance between two wheels on the same axle. By inserting equation (5.5) to (5.8), equation

(5.9) becomes
L] | Y% B % XEf
= | 2 LT g | | = | D me | v
N, 2 ZFL 2 ZFR
w —hca LS FL —hca FR
—I, [ —1,
Do [R]
+ | = | x |[YEE+ | == | x |VER (5.10)
2 RL 2 RR
—hea RL e RR

Gathering the equations (5.5) to (5.8) and (5.10), gives the component form of the wheel
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5.1. NONLINEAR TWO-TRACK MODEL

forces and moments

Xy = (XEE + XEEYcos(0) — (YAF + YER) sin(0) + XAE + XEE (5.11)
Yo = (YiL + YE?) cos(d) + <X££ + Xpg) sin(0) + Yé% + Y (5.12)
Ty = ZEE 4 ZER 4 ZBL | 7Bk (5.13)
Ly = hcc((YELL +YiR) cos(é) + (XpL + Xpg)sin(0) + YiZ + Yag)
+ S(Z}?f ZrB 4 ZBL . 7 RR) (5.14)
My = ~hoc(Xpf + Xpg) cos(8) — (Yir + Yig)sin(d) + Xz + XgR) — [/ (Z5f + Zpg)
+1L(ZRE + Z58) (5.15)
No = l((Yir + Yig) cos(8) + (Xip + Xig) sin(0)) — L(Yap + V%)
+ ((XER — XEF) cos(9) — (VA — YEF) sin(5) + XEE — XBP) 5.16)

where XEL, XER X EL and XEE are inputs for all wheel driven (AWD), X£E and XEE are
inputs for FWD and X%} and X£F are inputs for RWD.

The sum of the forces are

mi = (Xpr + Xpg) cos(6) — (YEE + YEE) sin(6) + XFE + XER

— ;puzsgn(u)AfCD + m(rv — quw — Cr.gu + gsin(0)) (5.17)
mi = (XEE + XEBYsin(6) + (YEE + YR cos(0) + YEE + YR

— ;pUQSgn(v)A Cp + m(wp — ur — gcos(f) sin(¢)) (5.18)
mi = Zpy + ZER+ Zhe + ZEE + m(qu — vp — g cos() cos(¢)) (5.19)
Liop = hea((Ypr + Yig) cos(8) + (Xpf + Xpg) sin(d) + Yzr + Yag)

+ Z(Z££ Zop+ ZEL — ZEEY + (1, — L..)qr (5.20)
Lyq = —hea((XpL + Xpg) cos(8) — (Ypp + Yig)sin(d) + Xgr + Xgg) — 1y(Zpf + Zpg)

+1(Z5; + Zgg) + (Le — L )pr (5.21)
ot = 1(VEE + YER) cos(9) + 1(XEE + XER) sin(6) + L(XEE — XEE) cos(9)

- g( wi — Yir ) sin(d) + Z(Xﬁﬁ — Xiz) = L (Yar + Yag) + (Lee — Lyy)pa (5.22)

Note here that /,., has been omitted from the equations in (4.18). A flat road surface is
assumed, with roll and pitch angles put to zero leading to

sin(6) = 0 cos(f) ~ 1 (5.23)
sin(¢) ~ 0 cos(¢) ~ 1 (5.24)
ra Y P (5.25)
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5.1. NONLINEAR TWO-TRACK MODEL

This assumption leads to errors in the gravitation vector during physical tests when the
surface has an inclination. By using equation (5.23), (5.24) and (5.25), the resulting model is

mi = (XEE + XERY cos(6) — (YEE + YiEE) sin(6) + XEE 4+ XER

1 .
- §pu25gn<U)AfCD +m(yv — quw — Crgu) (5.26)
mi = (XEE + XEBYsin(0) + (YVEE + YER) cos(0) + YA + YR
1 .
- ipv2sgn(v)A Cp + m(wp — wp) (5.27)
mi = Zpp + Zen + ZRE 4+ Zig 4+ m(qu — vp — g) (5.28)
Liup = hoo((YiL + Yig) cos(8) + (XpL + Xpg) sin(6) + YiZ + Ygi)
b .
+5(Zes = Zri + 23t — Zig) + (yy — L)y (5:29)
LG = —hea((XpL + Xig) cos(8) — (Yi[ + Vi) sin(0) + Xi{L + XiR) — lf(ZEf + ZER)
+L(Z510 + Zgg) + (L. — L )py) (5.30)
) _ b
Lot = Uy (Yeg + Yig') cos(0) + 1 (Xpr + Xpg) sin(d) + 5(Xpg — Xpr) cos(9)
b , b
= 5 (Veg = Vi) sin(8) + 5 (X — Xgr) = b(Var + Yig) + (e — Ly)pg  (5:31)

The wheel axis forces are connected to the wheel velocity vector frame by

. long
cos(ay . sin(ay . 2 Z
_ [_ .((< >.)) E <')ﬂ l (ol >1 (5.32)
SI G- COS(Q(+) ,u() ()

()
where (-) can be FL, FR, RL or RR. The parameters /ﬁ(o,”)g and 4", are the friction coeffi-

cients in longitudinal wheel speed direction and lateral wheel speed direction respectively.
And « .y are the wheel slip angles shown in figure 5.1, and are calculated as

apr = 0 — arctan <U + w.TFL C?S(ﬁFL)> (5.33)
u— Yrepsin(Vpr)
aprp = § — arctan <U i 1.WFR sin(Vrr) ) (5.34)
u~+ Yrpgrcos(Vrg)
agrrp = — arctan (U ~ racsin 19RL)) (5.35)
u—Yrpg cos(Vgr)
apr = — arctan (U — %TRR COS(ﬁRR)) (5.36)
u+ Yrrrsin(Igrg)
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5.1. NONLINEAR TWO-TRACK MODEL

where

b/2 b

Vg, = arctan(——), rrp =\l + — (5.37)
| 1
[

Ypp = arctan(b/f ), TFR = T'FL (5.38)

VgL, = arct n(lr) TRL = l2+b—2 (5.39)

RL — a. a. b/ ) RL — r 4 .

b/2

Ugrr = arctan( / ), TRR = TRL (5.40)

T

The constants rry, 7rr, rrr, and rgr are the distance between center of gravity and front left
wheel, front right wheel, rear left wheel and rear right wheel respectively, shown in figure
5.2. And the angle between center of gravity and front left wheel, front right wheel, rear left
wheel and rear right wheel are ¥y, Vrg, Vg, and Urp respectively, seen in figure 5.2.

Figure 5.1: Vehicle slip angle and sideslip angle.
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5.1. NONLINEAR TWO-TRACK MODEL

Figure 5.2: Vehicle angles and distances from center of gravity to wheels.

The friction coefficients ul(o,’gg and /ﬁ(“,t) are found using the Burckhardt method described in
[17]. The Burckhardt method uses a model on the form

long
tong 1y L) (5.41)
ey —M-)Sf%e)s :
()
e = e S (5.42)
g = (c1(1 - e () — cgshes eIV (5.43)
Hee) ()

where constants ¢y, ¢;, ¢3 and ¢4 vary with road surface, (- ) can be FL, FR, RL or RR, and

sl(o.”)g , sl(a.t) and sfﬁef are the longitudinal, lateral and resultant wheel slip. A mathematical de-

scription of the resultant slip is 5% = \/ (sl(o.")g )2+ (s(%)2.

The wheel slips are differently expressed for breaking and driving wheels. Slipping of the
breaking and free rolling wheels can be written as

Ve . ) — V.
sioma _ Y )COS‘(;V;(())) W) (5.44)
Vi) sin(a(.y)
lat Ra( ) ( )
' _ 5.45
5() Vivi( ) 549)
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5.1. NONLINEAR TWO-TRACK MODEL

and for driving wheels

Slang o VR,( *) COS(O[( : )) B VW,( *)

) = VRv(.)COS(Oz(.))
Sl(a.t) = tan(a(.))

as above (-) canbe F'L, FR, RL or RR. The rotational equivalent velocity V. is

VR(+) = W()Tw

where 7, is the radius from the wheel center point to wheel contact point and w.)

angular velocity of the wheel. And the ground wheel contact point velocities are

Vivrr = \/u2 + 02 4 20rpp(veos(Vpr) — usin(@pr)) + U2r,
Vwrr = \/u2 + 02 4 207 pp( (

Vivre = \/u2 + 02 — 201 gp (ucos(Vgr) + vsin(Vrr)) + Y2,
Viw,rr = \/U2 + 02 + 2rgpp(usin(Igg) '

ucos(Vpr) + vsin

(5.46)

(5.47)

(5.48)

is the

(5.49)
(5.50)
(5.51)
(5.52)

When deriving the wheel normal forces it is assumed that there is no suspension dynamics
and the coupling between roll and pitch is neglected. By following the derivation in [17],

the normal forces can be written as

Zyy = —m(*I=E5) (05 - 2097
Zpy = — (lrg _thGu) (05 h([jggi))
Z, - (lfg +thGU> (05— hzggi))
2,y = —m(ZERE (054 26

(5.53)
(5.54)
(5.55)

(5.56)

where [ is the distance between the rear axle and the front axle of the vehicle, and can be

written as [ = [y + [,.

The normal force equations are derived assuming no coupling between roll and pitch, and
no suspension dynamics. However, from driving experience with the LocalBug, the vehicle
tends to roll more than regular cars, it also tips over if the driver is too aggressive when
cornering. Thus, this assumption should be looked into when improving the simulator.
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5.2. MOTOR AND DRIVELINE MODELLING

5.2 Motor and Driveline Modelling

In [5] the motor is modelled with a DC motor model as in [18]

di, ,
Laé = —Ryiqy — kpwn, + uq

]mwm - ktia - TL

The notations are explained below in table 5.1

Table 5.1: Notations for the DC motor model equation

Symbol Description

la Armature current [A]

Uy Armature voltage [V]

L, Armature inductance [H]

R, Armature resistance [2]

ke Back EMF constant [kgm?/s]

W Rotational velocity of the motor shaft [rad/s]
I, Inertia of the motor armature [kgm?]

ky Torque constant [Nm/A]

Tr Load torque [Nm]

The constants in table 5.1 were found in [5] to be

Table 5.2: Values used in the DC motor model

Coefficient | Value
L, 0.001
R, 0.8
kg 0.17
ky 0.17

(5.57)
(5.58)

The values in table 5.2 are only approximate values, since no extensive testing was done on

the DC motor model in [5].

5.3 Wheel Torque Modelling

In the simulator made in [5] it is possible to have open or locked differential, FWD, RWD
or AWD. With the differential open, two wheels on the same axle can rotate with different
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5.3. WHEEL TORQUE MODELLING

speeds and the motor torque is evenly distributed to all driving wheels. Open differential is
useful in corners, when the outer wheels in the curve have longer distance to travel than the
inner wheels. A locked differential forces the wheels on the same axle to rotate at the same
speed. Below is the derivation from [5] for the wheel torque model.

With the assumption of a rigid driveline with no friction, the torque balance for each wheel
from [17] is

Iwww = Tdrive - Tbrake - Tefforic (559)

where T}, is torque from the motor, r. ;s X s, is the torque from friction between the road
surface and the tires, T}, 4. is the breaking torque. The Localbug has no dedicated breaks,
such that Ty, = 0.

When the driveline is rigid and there is no friction, the drive torque, T} is equal to the
load torque, T7,. Equation 5.58 can be rewritten by substituting 5.59, this yields

Imwm + ]www - Tdrive - refforic (560)

With a rigid driveline w,, = w,,, which gives

([m + Iw)ww = Tdrive - Tefforic (561)

In [5], an open differential, with the wheels rotating at different speeds, the motor speed is
the average of the angular velocity of the driving wheels.

For an open differential the torque balance for each driving wheels becomes

T rive
— Wy = drive _ TerrX fric (5.62)

n n

where n is the number of driving wheels. The free rolling tires do not have any driving
torque, and are not affected by the motor, only friction, hence
TIywy = _Tefforic (563)

The model in [5] does not take into account the affects that occur when one wheel is spin-
ning while the others retain traction. However, because the simulator is not able to simulate

32



5.4. SERVO MODEL

different road conditions for each wheel, the simplification can be considered acceptable.

For a locked differential the torque balance for each driving wheel becomes

]m T rive
(20 + 2 )iy = -2
m

—Teff (Xfric,left + Xfric,right) (564)
where m is the number of axles connected to the motor. The model in (5.63) is used for the
free rolling tires.

In this thesis the LocalBug will be RWD with a locked differential, which means that equa-
tion (5.64) is used with m = 1, resulting in

1

- ﬁ (Td’r‘ive — Teff (Xfric,left + Xfric,right)) (565)

Wy

5.4 Servo Model

The servo model only consists of a low-pass filter to limit the steering angle rate. A low-pass
tilter is on the form
K
h owpass — . 1 .
fowr Ts+1 (5.66)
where the gain K =1 and time constant 7" = 0.001 was used for the simulator. This filter has

a weak low-pass filtering effect due to the low time constant, only asymptotically reducing

1 d
the magnitude above 7= 1000 %.

5.5 Control Allocation

The control allocation for the model consists of a mapping between the forces produced by
the actuators and the inputs to the vehicle, which are the steering angle and the throttle. A
control allocation method developed for the LocalBug simulator in [5], will be used for this
thesis.

Mapping between the forces produced by the actuators and the inputs to the system can be
written as [14]

f = Ku (5.67)
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5.5. CONTROL ALLOCATION

where f is the forces produced by the actuators, K is the force coefficient matrix and w is the
control inputs. For a steering angle ¢ the forces from the front wheels will be rotated com-
pared to the vehicle BODY axis. Now by defining the virtual control input 7, the relationship
between virtual control inputs and actuator commands can be written as

T =T()f = T())Ku (5.68)

where the thrust and steering configuration matrix T'(0) is
{1 — sin(d )]
T(6) = |0 cos(d) (5.69)
0 [fcos(9)
This leads to the an expression for the control inputs
u=K'T()r (5.70)

where T'(§)' is the pseudo inverse

T() = (T7T) 17 (5.71)

Steering Servo

In [5] a linear relationship between the wheel slip angle and the lateral force on the front
wheels is assumed. A linear relationship will only be valid for small slip angles. However,
the front wheels will be used for countersteering during the drift and the friction forces will
not saturate. Which means that this assumption will be adequate for the control objective.

The linear relationship can be written as

Y =Coa=C, (6 - B - W) (5.72)
Vr

where Y is the lateral wheel force produced by the front wheels in the front WHEEL axis and

C, is the cornering coefficient. In [5], the cornering coefficient was found as the gradient of

friction slip curve evaluated at zero slip. Throughout this thesis, the vehicle will be running

on wet cobblestones with C, ~ 12.

When the desired slip angle o has been found, the steering angle ¢ can be extracted from the
relationship
L)

_ 7 7
0 a—i—ﬁ—irVT (5.73)

Throttle Servo
From [5], by using the normal load and the friction coefficient, a linear relationship between
the produced force and the throttle input can be expressed as

= Uy (5.74)
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where X is the longitudinal wheel force produced by the rear wheels, 1 is the friction coef-
ficient, Z is the normal force acting on the driving wheels and v, is the armature voltage as
in (5.57).

The friction coefficient can be taken as the peak friction coefficient found in [5]. In this thesis,
wet cobblestone will be used as the surface with p = 0.4. And normal force will be calculated
as Z = mg. The armature voltage vary with the number of battery cells connected to the Lo-
calBug. A maximum of six cells can be connected at a time, with each cell having a nominal
voltage of 4.2, giving a maximum voltage output of 25 volts.

Finally the force coefficient matrix can be written as

pZ_
K = | Ugman (5.75)
0 O,

where the front wheels only produce lateral forces and while assuming the rear wheels only
produce longitudinal forces.

The vehicle inputs can be written on component form as

_ Ua,max sin(d)
Uq = nZ (Xw + W(Yw + lwa)> (5.76)
0= . (Yw + lwa) —+ 6 + lfiw (577)

Co(1+13) cos(d) Vr
Notice that for the armature voltage, the side force Y,, and the yaw moment N,, would
dominate the axial force X, if

sin(d)

Mm(yw +1N,) > X, (5.78)

Simulator Remark

The nonlinear two-track model described in this chapter was compared against logged data
from the LocalBug vehicle [5]. Heavy breaking and acceleration measurements in the sim-
ulator were found to be very different from the logged data. With this knowledge, the ac-
celeration measurements will not be used for control in this thesis, and heavy breaking will
not be performed.
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6 Linearisation

The two-track model described in section 5.1, is highly nonlinear, including control input
limitations, thus it can be hard to analyse thoroughly with regards to drifting. Thus it is use-
ful to linearise the system to do the analysis on many linear models, to find feasible steady
state values, that do not saturate the control inputs. In addition, the largest yaw rate during
a drifting manoeuvre can be found. A stability analysis can also be done for these steady
state drifting conditions.

In the following section a linearisation of the simulator described in section 5.1, is performed
and the vehicle states at the drifting equilibriums are found in section 6.2.

6.1 Linearisation of Simulator Model

The simulator used in this thesis is made using 6 DOF, however the heave velocity, and the
pitch and roll rates are omitted in the linear analysis. The accelerations in vehicle z-axis
are used for finding the weight distribution when the vehicle is affected by acceleration.
However, in the linear analysis the vehicle is not affected by accelerations and the weight
distribution is the same for all wheels.

By using equation (5.32), the wheel forces in the equations (5.11), (5.12) and (5.16) can be
expressed as

lat

Xu(a, p) = (Zpg(cos(arp)up’ + sin(ar ) ugy) + Zpp(cos(arr)upy + sin(arr)Hir)) cos(d)
(

lat 1()

— (Z%L( sin(app) gy + cos(app) s ) + Zig(— sin(apr) ugE + cos(apr)pias)) sin
+ XBE+ XEE 6.1)
Yo(a, p) = (Z%L(cos(am)umg +sin(app ) et ) + Zhg(cos(apr) ugE + sin(apg)piey)) sin(d)
)

+ (Zpo (= sin(ars) pry’ + cos(ar)ut) + Zpp(—sin(arr)upy + cos(arr)uip)) cos(d)

+ 25 (— Sln(aRL>NRLg + cos(arn)pfy) + Zhp(— Sm(OZRR)MIg I + cos(arp) k)

6.2)
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6.1. LINEARISATION OF SIMULATOR MODEL

Nu(a, 1) = 1p(Zp (= sin(app) pig? + cos(arn)ufy) + Zpp(—sin(arr) gy + cos(arr)uiy)) cos(d)
+ 1 (Zpp (cos(apn) gy + sin(arn)ufy) + Zpg(cos(arr) iy + sin(arg) piy)) sin(6)

+ i(ZgR(COS<O‘FR)NlFO%g +sin(app)liy) — Zip (cos(apr)wgp? + sin(apr)plts ) cos(d)
b
2
b
+ §(X1§1§ — XR)

(Zpr(—sin(arr)upy + cos(arr)uir) — Zp(—sin(arr) iy’ + cos(ars )iy )) sin(d)

—1.(Z0 (= sin(age) ! + cos(apr) e ) + Zop(— sin(arr) wgE + cos(arr) i)

(6.3)

Firstly the derivative of the wheel slip angles with respect to u, v, ¥, 6 and Xp = X5E + X EE
were calculate, which were used in the linearisation.

The thrust force from the rear wheels X is one of the two inputs to the system, but in a
steady state drifting condition X5 # XEE. A simplification is done in the following by
assuming a change in Xy affects both the rear wheels equally. Thrust will affect the two
rear wheels differently, however for small variations in thrust about the equilibrium this
assumption will only cause small errors. This simplification can be written as

OXE _oXfE 1 61
0Xp 0Xp 2

The wheel slip angles are expressions in equations (5.33) to (5.36). The derivatives are as
follows

804FL . 0 (5—arctan (U—{—@D.TFLCOS(Q?FL)))

ou N % u — ¢TFL Sin(’ﬁFL)
O(u — rpy sin(V . (v + 9 . )
(u—v gz (Wrr)) (v + rpp cos(Vpr)) — ( wr%LuCOS( r1)) (u—Yrppsin(dpr))
N u? + v + szrFL(v cos(Vpr) —usin(dgr)) + ¢2r%L
v+ @Z'JT'FL COS(’LgFL)
_ . : . 6.5)
u? + 02 + 2¢rpp(veos(Vpr) — usin(Vpr)) + 22,
8aFL —U—FTLT’FL sin(ﬁFL)
. . : . 6.6)
v u? + 02 + 2¢rpp(veos(Vpr) — usin(Vpr)) + 21,
Oarr, _ —rpp(ucos(Vpr) + vsin(Vpr)) 6.7)
) u? + v2 4+ 20rpp(veos(VpL) — usin(@pr)) + U2r; '
darr darr
%5 1 e =0 (6.8)
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6.1. LINEARISATION OF SIMULATOR MODEL

80&}73 0 v+ ¢TFR Sin<19FR>
= — | —arctan -
ou ou u~+ Yrprcos(Vrg)
O+ 9 - (v + drppsin( '
(u + l/)Tp;;coS( FR)) (v + Yregsin(drg)) — Chx ¢T%281n( ) (u+Yrprcos(Vpr))
o u2 + ’Ug —+ 2¢TFR(U COS('!9FR) + v Sin(ﬁFR)) + ¢QT%R
_ ‘ (% —|—1/'JT'FR sin(ﬁpR) . (6 9)
u2 + ’U2 + 2’(7Z)TFR(U COS(ﬁFR) + v Sin(ﬁFR>> + ¢2T%R .
darp _ _Tu-— Yrpg cos(Vrr) _ (6.10)
v u? + 02 + 2¢rpr(ucos(Vrr) + vsin(Vrr)) + V2rEg |
darr _ rer(vcos(Vpr) — usin(@rg)) _ (6.11)
0w+ v+ 2prpr(ucos(Vrr) + vsin(Urr)) + V2rig |
8aFR o aaFR _
o _q e 0 (6.12)
Jagr, 0 U= TLTRL Sin(ﬁRL)
= — | —arctan :
ou ou u — Yrgg cos(Jrr)
O(u — gy, cos(V - . O(v — rgy sin(v ;
= 0 COSORL)) (g i) — XD iy cos(0)
- u? + 02 — 20rpp(wcos(Vpr) +vsin(Vpr)) + 21k,
B v — @Z‘)TRL Sil’l(ﬂRL)
_ ' ' . (6.13)
u? +v2 — 2¢rrp(ucos(Vrr) + vsin(Vgr)) + V2%,
dogr, _ —u + Yy cos(Vgr) (6.14)
v u2 + v2 — 2rgr(ucos(Vrr) + vsin(Vgr)) + 2y, |
('MEL - T{%L(U sin(Ygrr) — veos(Vrr)) . (6.15)
o u? 4+ v? — 2Yrpp(wcos(Vgrr) + vsin(Vpr)) + Vg, |
8aRL . aO‘RL o
SR 0 X = 0 (6.16)

38



6.1. LINEARISATION OF SIMULATOR MODEL

dagr 0 v — Yrer cos(VgrR)
= — [ —arctan :
ou  Ou u 4 rpr sin(Jrg)
Ot OrnSOnn)) (i cos(i ) — XN 4 sin(0m)
= u? + v2 4 20rpr(usin(Vrg) — veos(Vgr)) + 2y
_ v — YrrR cos(VrR) (6.17)
u? + 0% + 20rpp(usin(Orr) — v cos(Vrr)) + V2rig |
dann _ —u — Yrrrsin(Vgr) (6.18)
ov u? 4+ v2 + 2¢rgpr(usin(Ugr) — v cos(Vrr)) + V2 iy |
aa]?R _ TER(U cos(Urg) + vsin(Vgrgr)) _ (6.19)
Y u?+ v+ 2rpr(usin(lrr) — vcos(Vrr)) + ¥2rhg |
darp darr
onn _ 0 . 0 (6.20)

Let(-)be FLor FR,(---) canbe u, v or ¢ and (=) canbe FL, FR, RL or RR, the derivatives

of the wheel forces can be written as

ox') oplons o 0
) ) () a ong _: @)
o) () (a(---) cos(a) + gy sinlac)) + (1 cos(a ) —Ml(»gsm(a(-)))a(...)
(6.21)
ax(:) o lo‘ng Oplat
83 ) — ZE’.) /gd) cos(oy+y) + gi; ) sin(a.y) + (/Ll((l,t) cos(oy-y) — //(0,739 sin(a.y)) | (6.22)
0x() oy oyt
a)é ) = ZE’.) ;)(() cos(ay.y) + a/;é ) sin(ag.y) (6.23)
R R R
3y(—) aulat alultmg da
(=) (=) (=) o on at (=)
o) = Zé’_) o) cos(a(_y) 0] sin(a(-y) — (,ul(_)g cos(ay—y) + ul(_t) Sln(a(_)))a(‘ o
(6.24)
ay( °) aulat aulong
() _ b ) ) lon lat
% Z ( % cos(oy+y) % sin(a-y) — (a7 cos(a) + pysin(eg-y)) | (6.25)
OY RL dplat o Mlong
8§L = Z?%L ( 85RL COS(O&RL) - a};L sm(ozRL)> (626)
OY RR oplat o ’ulong
8I§R =720, < ag”R cos(arR) — algR Sm(aRR)> (6.27)
oy ) Oplat alulong
(=) _ b (=) =)
X, Z (8XR cos(a(_y) X, sin(ov—y) (6.28)
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6.1. LINEARISATION OF SIMULATOR MODEL

The derivatives of the friction coefficients were found by the approximation

8#1(0.739 B /Ll(o.n)g (xog +€) — /LZ(O.TSQ () 69
Ostate € (6:29)
O (o + €) — p) (wo) 630
Jstate € (6:30)

where z is the linearisation point, the parameter state can be u, v, ¥, 6 or X g, and € is a
small variation in state.

If (- - -) can be u, v or ¢ as above, the derivative of the wheel forces in state equations (5.26),
(5.27) and (5.31) becomes

() m a(...)COS<aFL)+a(,_.)

) long 9 lat 5

+ Z%R (afFR) cos(arg) + a('uFR> sin(apr) + (,ul}?% cos(apr) — ,ul;%g Sin(aFR))a(OfﬁR)>
a lat 8 long o ' a

~ ( o costarnn) - aél-l.w%) sin(apr) — (upr? cos(arr) + plfh, Sln(aFL))6m>

()

ot Hpdons 9
+Zpg ( PER cos(apn) — o P sin(apg) — (Ul cos(arr) + it sin(arr)) 5 >)Sin(5>}
a(---) a(---) a(---)
(6.31)
o0 1 oplens lat . o dax
gy = (b (5 costapn) + 1 Phsinen) + o costarn) — i sn(arn)) 575 )
fw
dulons Hlat e o ‘
+Zpp ( TR cos(arp) + a(l_”'m'R) sin(apr) + (4, cos(arr) — tEE sm(am))affvi)sm(é)

lat ) long
(9(FL) sin(ars) — (WFL! cos(arps) + L sin(aFL))a(

0 lat ) long . o .
( M{T.R) cos(arr) — aéiFR) sin(apr) — (M%Rg cos(apg) + pih sm(aFR))a(

() sin(arr) — (g cos(arr) + iy Sin(OéRL))a(. -

a/"LleE aﬂgg’,g : long lat _:
cos(agr) — ) sin(arr) — (e cos(arr) + Hpg sm(aRR))a(

lat aul}gzg Oarr >
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6.1. LINEARISATION OF SIMULATOR MODEL

) 1 Dplet ol on : 0
oy 7{”(2?% ( HFL cos(apr) — aéLFL> sin(opr) — (U209 cos(opr) + plt Sln(ozFL))a(C_Y?LJ
lat Olons Oargr

)y L o)
+ 7t OLin cos(apr) — adil sin(apr) — (W29 cos(apg) + Pl sin(apg)) = | ) cos(d)
FR a() a() FR FR 5()
long o lat 0
+1(Zpy (E;M) cos(apr) + a0 FL) sin(app) + (pir cos(ars) — pipr? Sin(aFL))a(é?))
o long o lat 0
+ 2% ( HER cos(app) + miR sin(apr) + (i, cos(arr) — tpy SiH(OéFR))af%é))Sin(fs)

()

b o long 0 lat ] onag - 0
b (G costann) 505 i) + 1 costu) 5 s 5715

2
long o lat 1oJe
—Zb ( MFL cos(aryr) + a(u Ny sin(apy) + (U cos(apr) — p'on sin(aFL))a<. FL)> cos(0)

(
b 0 lat 0 tong . on : 0
5 (Zhn ( I cos{aupn) — 5T sinarn) = (5 cos(arn) + pifesin(arn) 5 7@)

b MZI?tL 8lul1?‘zg . long lat - aOZFL .
— Zpr cos(apr) — —=sin(arr) — (ke cos(apr) + upy sin(apr)) =—— | ) sin(d)

()

0 lat 0 long on . 0
—1,(2%, <a('uRL) cos(apr) — a'éLRL) sin(agy) — (U9 cos(apy) + plat Sln(aRL))a((,y?LO
ot ol . | 0
+ i (3(MRR) cos(arp) — 8?%) sin(arr) — (tk cos(arr) + M sin(arr)) 83 = ) >)}

(6.33)

where the subscript fw is an abbreviation for "from wheels", because it is the derivative of
the forces coming from the wheels.
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6.1. LINEARISATION OF SIMULATOR MODEL

The resulting derivatives are

ou  Ou
Bu = u,, G Lul4,Cp (6.34)
ou  0u -
% = %fw + lZJ (635)
Ju  0u
fw
8. 1 a long 8 Lat . on, :
55 = s (P costaps) + P58 sintarn) + (i costars) — i snfarn) )
b a/lllg%q a/'LlZ%% : lat long .
+ Zpg 5 cos(apr) + % sin(apr) + (iR cos(arr) — ppp sin(apg)) |) cos()
oulat oulors
(7 (%5 costars) — P58 sin(apr) = (7 costumn) + i snfarn) )
9yl yilons
+Z§’:R< gg cos(app) — /g;R sin(apg) — (Upp Cos(aFR)—{—ui?%sm(aFR))>)31n((5)}
(6.37)
ou 1 1 Oy’ a lat
long lat
+ Z8 (%‘;R cos(apr) + GXR B sin(apg ) cos(d
alulat Al long
—(Z%, (8)?; cos(apr) — 8XR sin(apr)
lat long
+Zby (aa/;?j: cos(apr) — a@XR sin(apr ) sin(d0 (6.38)
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6.1. LINEARISATION OF SIMULATOR MODEL

o0 _on

ou  Oufuw

ov  0v p

0 dupe mUIEOP

ov ov

_— = — — U

ov 1 oplens

3 (4 i

lat

lon, a
upy Oulg]

+ Z%R < %F(SR cos(apr) +

o lat aﬂ

+ (Z%L ( HrL cos(apr) —

a lat
+ Z%R <MRR cos(arr) —

(91) l { (Zb <8H’lFozg

FL aXR

+ Z%R < M)I;R cos(apr) +

cos(apr) +

long
FL

long

%SR sin(apr) — (peg cos(arr) + iy Sin@FR))) ) cos(d)

long

/;I;_L SiH(CYRL)>

long

HRR .
o sm(aRR)>}

lat

oupy, .
9X sm(apL)>

a lat ) )
a@?j 81n(aFR)> ) sin(6)

long

;}?; SiH(OéFL)>

9, lat ulons
+Zb <8/;?§ cos(apr) — ;)?2 Sln(aFR)>)cos(5)

oulat o long
+ Z%L (0/;?; cos(aprr) — ;}?Z sin(aRL)>

L (o) — (uigR cos(cupr) + i sin(am))

(6.39)
(6.40)

(6.41)

S sinar) + (i cos(aps) — i sifar) |

DU (o) + (1t cos(aurr) — 15 sin(am») ) sin(s)

(6.42)

(6.43)
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6.1. LINEARISATION OF SIMULATOR MODEL

oz
Ou
0y
BN
Y

o
Y
BN

_ o

T U fu (6.44)
_ o

T 00 fw (6.45)
B gz (6.46)

fw
1 o lat ) long . . o
— ]—%{lf(Z%L <g§L cos(apy) — 'lggL sin(apr) — (120 cos(apr) + pldt sm(aFL))>

oy lat ulens N '
+ Zpn <g§R cos(apg) — %gR sin(apr) — (LEE cos(arr) + it Sln(OéFR))> cos(6)

b aﬂlfgzg alj“lfgz : lat long -
+1(Zpy, cos(apr) + =5 sin(aps)) + (upp cos(arpr) — ppr sin(arr))

9yilong oulat o .
2 ( UER cos(aren) + o sin(areg)) + (sl cos(aren) — 130 s1n<am>>) )sin(3)
b aul;ng lat l
+ 2t ( 3 cos(arn) -+ AR sin(orp) + (plty cos(aren) — sin(am»)
Iulong Mlat l
~Zpp (agL cos(arr) + WFL sin(arr) + (Hgp cos(ars) — Her’ Siﬂ(OéFL))>) cos(d)
b Oulat o long ' on '
— 5( b ( ggR cos(apg) — % sin(apg) — (,ulFRg cos(apg) + pdh, sm(aFR))>
b a:ullg’z a lFmZg : long lat - .
— 2L BY; cos(arpr) — 95 sin(apr) — (upr? cos(apr) + ppr sin(apr)) |) sin(9)
9, lat ulons
—1,.(2%, ( ggL cos(aprr) — /g;L sm(aRL)>
oplat o long '
_ Z%R ( S?R cos(argr) — ’Igng sln(ﬁmg)))} (6.47)
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o 1 b

alulat a long
1

t 8 long

long lat

+ (2%, < ;)?; cos(apr) + 8/;?; Sin(aFL)>

lo

o
Lz ( i

b

(ot s
—Zhy e cos(apr) + e sin(agy) |) cos(9)

ng lat
R cos(a + g sin (o ) sin(d
(arr) 9X (arr) |)sin(d)

long lat

0Xgr

o Iz
+ i(Zf’pR ( 8§R cos(apgr) + R sm(ozFR)>

lat ) long

b ou 1 .
_ §(Z%R ( Q;R cos(apr) — a;}i Sln(aFR)>

la
_ Z%L <8MFL COS(aFL) —_ a'u’)?; SiH(OéFL)>)Sin((5)

0X

t a long

lat Byl

Xr

9,
—1.(Z%, <8MRL cos(apr) — ;X; sm(aRL)>

la

0
+ ZIII)?R ( 8/;?]{

t ) long
R cos(arr) — ;X; Sln(ozRR)>)

The resulting linearised system is on the form

K
ou
00
ou
Oy

| Ou

where

>
w
[

du 947 rou Ou T
v O 96 0Xp
00 Ov| |00 o R
v op| "X 08 axe| ot
H oY W I
ov 6770_ L 0o 8XR_
[Au U — Up

Avl = v=u

Ay v — 1y

e[S

AXg Xr— Xro

cos S
. os(apr) — 8XR m(ozFL))

b Sln(aFR)>)COS(5>

(6.48)

(6.49)

(6.50)

(6.51)

where wug, vy and 1) are state values and J, and Xp, are input values at the linearisation

point.
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6.2. LINEARISATION POINT

6.2 Linearisation Point

The simulator consist of a 6 DOF model that needs to be in a steady state to find the lin-
earisation points. A steady state means that the states are constant, in other words, their
derivatives are zero.

Gathering the differential equations for finding the linearisation point from equations (5.57),
(5.58), (5.63) and (5.65).

di,
Laé — —Ryiy — kgt + g (6.52)
L = kg — 17, (6.53)
lLywrr = —rwXFL (6.54)
lywrr = —TwXFR (655)

. 1
WRr = m (Tdrive - TwheelXR) (656)
and the unknowns are

do, %, Vo, Bo, Wmo, Wrio, Wero, Tariveos ta0; Uao (6.57)

It would be desirable to use the equations of motion to find the steady state of the system.
However, this proved difficult due to the friction coefficient expression in equation (5.43),

cannot be solved with respect to sf.e)s.

Optimally the speed V7, and sideslip angle 3, could be chosen, and the other unknowns
found through mathematical manipulation. However at first glance, by choosing two of the
unknowns, there are still eight left, with only five equations. Thus three of the unknowns
need to be found by searching. The search was performed on the equations of motion in
equations (5.26) to (5.31), where the acceleration of the system is minimized.

Equation (6.56) was used to find the driving torque Ty, ve0

0= Tdrive() - TwXRO
TdriveO = erRO (658)

Equation (6.52), (6.53) and (6.58) give an expression for the steady state armature current i,
and armature voltage u,o. Note that the load torque, T}, is the driving torque T}, iye0

0 = kiiao — Tariveo
TdriveO erRO

a0 = = 6.59
0= T ks (6.59)
0= _RaiaO - kEme + Uqp
wX R0l
Uao = kpwmo + Raiao = kpwmo + r% (6.60)
t
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6.2. LINEARISATION POINT

If a swipe is done on w;, to find the value w,,, with the associated smallest acceleration value,
Uqo can be found.

Equation (6.54) was used as a starting point for finding the steady state yaw rate 1. By
substituting equation (5.32)

long lat :
Xpro=0= pprocos(arro) Zrro + fprosin(arro) Zrro

COS(OéFLo)MFLo - Sln(aFLo)MFLo
P : siLo
COS(OéFLo)MFLo Res — Sln<04FLO)MFL0ﬁ
SFLO SFLO
59‘320 cos(apro) = — sin(aFLO)slﬁzo (6.61)

where equation (5.41) has been used.

Inserting the expressions for the longitudinal and lateral slip from equations (5.44) and (5.45)
gives

Vr.rrocos(arro) — Vivrro L VR.FrLO
cos(aprg) = —sin“(apro)
Vw.Fro Viv,rro
VR,FLO = COS(OéFLo)VW,FLo (6-62)

Now the wheel slip angle az1o and ground wheel contact point velocity Vi rro from equa-
tions (5.33) and (5.49) respectively, are inserted

Vo + 1/']07'}7‘[, COS(’&FL)>
ug — Yorpr sin(Vpr)

\/uo + 02 4 2oL (vo cos(Vpr) — g sin(Vpr,)

) +
Vi, rro = (cos(do) cos (arctan <Uo + Yorrr cos(Vpr) ))
)

VR rro = cos(dy — arctan (

12,.2
YorEr

Ug — 1/}07”FL SlH 19FL
o+ onFL cos(Vpr) )

Uy — @ZJOTFL sm 19FL

+ sin(dp) sin (arctan (

\/u% + 02 4 2o pr (vo cos(Vpr) — ugsin(Vpr)) + V3re,
U — %TFL sin(Vrr)
\/uo + 02 4 2 pr (vo cos(Vpr) — upsin(Vpr)) + V3rs,
Vo + orpr cos(Vpr)

\/uo + 02 4 2¢orpr (vo cos(Vpr) — ugsin(Vpr)) + V&rd,

\/u% + v + QworFL(vo cos(Vpp) — ugsin(dpr)) + ¢07’FL

VR,FLO = (COS ((50

+ Sin(50
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6.2. LINEARISATION POINT

Vr.rro = cos(dp)(up — %TFL sin(¥pr)) + sin(dp) (vo + ﬁorFL cos(Vrr))

ug cos(do) + v sin(do) — Vr.rro = YorrL(sin(dpr) cos(dy) — cos(Vpr) sin(do))
: ug cos(dg) + v sin(do) — Vr.Fro
— : il 6.63
Yo rep(sin(dpr) cos(dg) — cos(Frp) sin(do)) (663)
where the trigonometric properties in equation (3.5), (3.7) and (3.8) were used. Finally the
rotational equivalent velocity Vi prois inserted from equation (5.48), which yields

ug cos(do) + o sin(do) — rwWrLo

- rrz(sin(dpr) cos(dy) — cos(Vrr) sin(dy))

Yo

(6.64)

The steady state yaw rate tj can be found from (6.64) with a swipe in wpy, and § to find the
steady state values wgy and do.

A similar derivation can be done with equation (6.55) to find an expression for wpgg

VR,FRO = COS((S())(U[) + ¢OTFR COS(19FR)> —|— sin(50)(vo + @ZJOTFR sin(ﬁpR))

o ug cos(dp) + vo sin(dy) + @/}OTFR(COS(ﬁFR) cos(dp) + sin(Vrg) sin(dp)) (6.65)

T

In summary, by choosing V¢ and Sy, calculating 74, ive0, %a0, Uao, % and wrpry by doing a
swipe on wy,, wrr, and 0 to find wy,, wrre and dy, all the unknown steady state values are
found.
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7 Steady State Analysis

The vehicle has input saturations making some of the drifting equilibria unreachable. Thus
an analysis of the steady state drifting equilibria is important, to find the envelope of feasible
equilibria. When driving with large sideslip angles, the yaw rate changes according to the
specific sideslip angle and speed. By looking at this relationship, the sideslip angle which
corresponds to the largest yaw rate can be found for the speed range. Increase in yaw rate
makes the turning radius smaller and increases manoeuvrability of the vehicle.

The linearised model developed in section 6.1 was implemented in Matlab. To find the
steady state values for the nonlinear two-track model, the method described in section 6.2
was used. An analysis of the mappings between states and inputs, and between the states
themselves can be found in section 7.1. In section 7.2 the pole movements of the linearised
system is analysed. A discussion of the findings in sections 7.1 and 7.2 can be found in
section 7.3.

7.1 Steady State Plots

In this section, drifting equilibria for a left handed turn will be investigated. Drifting in a left
handed turn has positive yaw rate and negative sideslip angle. Due to vehicle symmetry,
the steady state values for the right handed turn is a mirror image of the steady state values
for the left handed turn.

Firstly the equilibrium values for the speed V7, and the sideslip angle /3,, were chosen to be
Vo = {1,2,3,4,5,6,7,8,9,10} m/s (7.1)
Bo = {—1°,—2°,-3° —4°, —5°, —6°, —7°, —8°, —9°, —10°, —11°, —12°, —13°, —14°,
—15°,—16°, —17°, —18°, —19°, —20°, —21°, —22°, —23°, —24° —25° —26°,
—27°,—28°, —29°, —30°} (7.2)

Then T4ive0, %00, Uao, 1&0 and wppro were found by equations (6.58) to (6.65), by means of a
swipe in wy,, wpr, and §. The smallest acceleration value from the equations of motion, in
equations (5.26) to (5.31), were used as the steady state point.

In figure 7.1, the steady state values of the sideslip angle j3, are shown as function of the
steering angle J,. The plot has been made three-dimensional with colour coding of the
points, with respect to the speed. Both the feasible and unreachable equilibriums have been
included in the plot, where the stars, *, are the unreachable points and the circles, o, are the
tfeasible ones. Input constraints are the reason some of the steady state points are unreach-
able. This graphing syntax will be used throughout this section.
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7.1. STEADY STATE PLOTS

In figure 7.2, the sideslip angle equilibriums are shown as function the thrust input Xgo.
Figure 7.3 and 7.4 show the steady state yaw rate ¢, as function of steering angle and thrust
input respectively. To include the speed, these graphs have also been colour coded.

From figure 7.1 and 7.2, the steady state values seem to follow patterns, with some outlying
exceptions. There is a cluster of feasible steady state values with small speed and sideslip
angle, on the top left of figure 7.1 and 7.2. Those equilibrium points correspond to the points
in the lower left corner of figure 7.3 and 7.4, with negative yaw rate. When driving without
drifting, the sign of the sideslip angle and the yaw rate are equal, such that these equilibria
are not drifting equilibria. According to [1], the sideslip angle is normally kept below 2°.
However, the maximum sideslip angle for these equilibria is 6° which is three times higher
than expected. Because steady state values for drifting are of interest, the equilibria with
negative yaw rate will be discarded.

Steady state sideslip angle vs steering angle

—10f

715,

Sideslip angle [deg]

_20,

—25-

30
—20 Steeringialr?gle [deg] -10 - v g
Figure 7.1: Steady state values for the sideslip angle versus steering angle, with colour coded

speed.
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7.1. STEADY STATE PLOTS

Steady state sideslip angle vs thrust

T T T T T
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Figure 7.2: Steady state values for sideslip angle versus thrust input, with colour coded
speed.

Steady state yaw rate vs steering angle

10 T T T T T ——Vn =1
R | —k— Vi =2
80r —*%— Vi =3
—%— Vg =4
60
Vg =5
Vig =6
40
Vo =7
z 20 Vg =8
%0 VTO =9
=,
o o- —¥— "V =10
g
3
SE-201 L
—40- 4
—_60k i
7807 -
710*35 ng 7125 7120 7115 7110 :5 6 5

Steering angle [deg]

Figure 7.3: Steady state values for yaw rate versus steering angle, with colour coded speed.
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7.1. STEADY STATE PLOTS

Steady state yaw rate vs thrust —*—Vp =1

10 T T T *— Vi = 2

—k— Vo =3
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VTQ =7
4 -
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e 0 e T ek -
S
E
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Figure 7.4: Steady state values for yaw rate versus thrust, with colour coded speed.

Now by discarding the infeasible equilibria and the cluster with negative yaw rate, the re-
maining points are all the feasible drifting equilibria for a left handed turn. And these points
are shown in figure 7.5 to 7.8.

For a constant speed, there is an approximate linear mapping between the wheel turning
angle and the sideslip angle, seen in figure 7.5. The steering angle starts close to zero for
speeds of 4 to 9 m/s, and decrease linearly from this point. For speeds of 2-3 m/s, there are
several points with steering angle close to zero before the linear relationship can be seen.
Equilibria with speed of 1 m/s stand out here, with starting steering angle of -2° and ending
up with close to zero steering angle.

The sideslip angle as function of the thrust input, for constant speed, could be approximated
by a second order function, from figure 7.6. Equilibria with speed of 1 m/s, stand out here
as well, with close to constant thrust for all sideslip angles.

In figure 7.7, the yaw rate as function of the wheel turning angle, for constant speed, could
be linearly mapped for wheel turning angles less than zero degrees. Notice the equilibria
with the largest yaw rate, have the smallest steering angle. In addition, an increase of speed
causes the maximum yaw rate to decrease.
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7.1. STEADY STATE PLOTS

From figure 7.8, for constant speed, the yaw rate as function of thrust input could be mapped
as an exponential function up to and including the equilibriums with the largest yaw rate.
The equilibria corresponding to the largest yaw rate has a lower thrust, than the equilibria
with the lowest sideslip angle for speeds of 1 to 5 m/s. These equilibria correspond to the
ones with steering angle close to zero in figure 7.5 and 7.7. This behaviour shows that for
small sideslip angles the thrust plays an important role for the drift. The steady state values
for speed of 1 m/s, where the change in only changes about 1° and a thrust reduction of 4 N
causes an increase in yaw rate of 52 deg/s.

Feasible steady state sideslip angle vs steering angle with outliers removed
0,

—— V=1
—— V=2
—o— V=3

o— Vg =4
= 1 Vio =5
)

- Vg =6
=

2| o Ve
£ Vi =8
|72}

3 _
& Vig =9

|
)
P

—95-

ot

=10 =5

3030 & =50 =I5
Steering angle [deg]

Figure 7.5: Only feasible steady state values for sideslip angle versus steering angle, with
colour coded speed. Outliers with negative yaw rate have been removed.
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7.1. STEADY STATE PLOTS

Feasible steady state sideslip angle vs thrust with outliers removed
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Figure 7.6: Only the feasible steady state values for sideslip angle versus thrust, with colour
coded speed. Outliers with negative yaw rate have been removed.

Feasible steady state yaw rate vs steering angle with outliers removed
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Figure 7.7: Only feasible steady state values for yaw rate versus steering angle, with colour
coded speed. Outliers with negative yaw rate have been removed.
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7.1. STEADY STATE PLOTS

Feasible steady state yaw rate vs thrust with outliers removed
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Figure 7.8: Only the feasible steady state values for yaw rate versus thrust, with colour
coded speed. Outliers with negative yaw rate have been removed.

To manage a corner in the fastest way possible, the yaw rate should be maximised. The
sideslip angles 8 with maximum yaw rate 1 for different speeds V are shown in table 7.1

Table 7.1: Notations for the DC motor model equation

Speed [m/s] | Max yaw rate [deg/s] | Sideslip angle [deg]
1 93.7470 30
2 83.2072 15
3 62.1542 10
4 47.6676 8
5 37.7680 7
6 30.7587 6
7 25.4051 5
8 20.9641 4
9 17.5521 7
10 0 0

Note that with a speed of 10 m/s there is no steady state drifting condition, which indicates
that the drifting should be performed at lower speeds. As can be seen from table 7.1, the
maximum yaw rate increases with decreasing speed.
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7.2. POLE MOVEMENTS

7.2 Pole Movements

To be able to inspect the pole movements of the equilibria used in section 7.1, a linearisation
was performed following the method described in section 6.1.

Figure 7.9 shows all the poles in the complex plane, with colours reflecting vehicle speed at
linearisation point. Three different figures have been used to distinguish three poles, a star,
*, square, [J, and a cross,x. As can be seen from figure 7.9, at speed of 1 m/s the poles are
far into the right half plane. With increasing speed the poles move closer to the imaginary
axis, however all the poles remain in the right half plane. All poles being in the right half
plane correspond with the findings in [7] and [8]. From speeds of 2 m/s and up, two of the
poles take imaginary values. The imaginary values increase with increased speeds, which
can be seen from figure 7.11.

Poles for the linearised systems Vg = 1
1 T T
—X— VTO =2
8_ —— VTO = 3
—»— Vg =4
6 Vo =5
Vo =6
4 Vo =7
VT() =8
o 2r Ve =9
=
&
S
% o i i ) 200K —
=
‘&
g
——2 ]
4 ,_
—6 ,_
—8 ]
-10 ' :
0 50 100 150

Real value

Figure 7.9: The poles of the system for different sideslip angles and speeds.
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7.2. POLE MOVEMENTS

In figure 7.10 and 7.11 arrows have been added from the lowest to the largest sideslip angle,
for each pole at constant speed. The arrows follow the same colour coding as the poles.

The poles seem to move closer to the imaginary axis for increased sideslip angle to a certain
point and then move further into the right half plane. This suggests that for a given constant
speed, there is one equilibrium that has slower dynamics than the others. And thus the
linearised system in this equilibrium is easier to stabilize by means of a controller. The
equilibria move closer to the imaginary axis with increased yaw rate and begin moving
further into the right half plane after the peak in the yaw rate.

Poles for the linearised systems with arrows for increasing sideslip angle Vip =1
1 T T —x— Vpy =2
—— VTO =3
& —— V=14
Vio =5
6
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g
‘&b
:
——2 -
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8 _
—10 ' '
0 50 100 150
Real value

Figure 7.10: The poles of the system for different sideslip angles and speeds, with arrows
from lowest to largest sideslip angle.
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7.2. POLE MOVEMENTS

Zoomed poles for the linearised systems with arrows for increasing sideslip angle
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Figure 7.11: Zoomed poles of the system for different sideslip angles and speeds, with ar-
rows from lowest to largest sideslip angle.

58



7.3. DISCUSSION OF STEADY STATE ANALYSIS

In the following chapters, the controllers will try to converge to equilibria at speeds of 3m/s.
This speed was chosen because the yaw rate for this speed is quite good and the mappings
from input to state is smooth, shown in figure 7.5 to 7.8. A higher speed could be chosen for
better mapping or a lower speed could have been chosen for a larger yaw rate, however 3
m/s gives an adequate combination of mapping and yaw rate. The mapping will be used
for a lookup table in a feed forward described in section 8.5.

7.3 Discussion of Steady State Analysis

At constant speeds, simple mappings for the equilibrium values can be used to describe the
relationship between the sideslip angle and the two inputs to the system, steering angle and
thrust. The same can be said for the yaw rate. These mapping are valid for steering angles
below -1°. At low speeds there are several steady state values with close to zero steering
angle which move differently than the remaining equilibria.

It was found that the equilibrium points with the lowest steering angles corresponded to the
equilibriums with the largest yaw rate. As well as an increase in speed caused the maximum
yaw rate to decrease. Which is intuitively correct; trying to take a corner at higher speeds
makes the turning radius larger.

All the poles for the drifting equilibriums are in the right half plane. However, the poles
move closer to the imaginary axis for increased yaw rate. This means that even though all
the equilibriums are unstable, some are easier to stabilize than others. A simple first test for
a controller should be converging to a equilibrium with the largest yaw rate for a constant
speed, which would be the easiest control objective.
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8 Guidance and Control

Because the system has three states and the vehicle only has two control inputs, the system
is underactuated. This problem is solved by cascade coupling of the controllers for sideslip
angle 3 and the yaw rate ¢). Thus the controller for sideslip gives a reference to the yaw rate
controller.

A drifting technique is needed to be able to drift, and there are several to choose from; E-
brake, Clutch Kick, Power Over and many more [19]. In this thesis the Power Over method
was chosen, where the steering angle is aggressively increased at the same time as the thrust
is increased to get the car to oversteer. When the car is oversteering, the controller needs
to converge to a drifting equilibrium by countersteering. By using a steering controller for
either the side force input Y,, or the yaw moment input N,,, the thrust can be dominated by
the steering controller if equation (5.78) holds. Which means that the Power Over drifting
can be achieved if the gains on the steering controller are large enough.

A sliding mode controller was developed and found wanting regarding convergence. The
controller design can be found in appendix A, which also contains stability proofs for the
controller.

A proportional controller for the sideslip angle is developed in section 8.1. The P controller
needed integral action and this is provided by an adaptive backstepping controller which
is developed in section 8.2. A PID controller for the speed and a baseline steering PID con-
troller are described in section 8.3. Line of sight guidance used in this thesis is derived in
section 8.4. Then the feed forward and state derivatives needed for implementation can be
found in section 8.5. Lastly, the Simulink implementation is described in section 8.6.

8.1 Sideslip Proportional Controller

A radially unbounded Lyapunov function candidate(LFC) is used for deriving the con-
trollers for sideslip and heading rate

V= ;BQ + ;Izzz? > 0Y(5,%) # (0,0) (8.1)

where V is the Lyapunov function candidate, /3 and ¢ are the deviation from the desired j3
and 1 respectively. That is
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8.1. SIDESLIP PROPORTIONAL CONTROLLER

13

B — Ba
Y — 1y

S
I

Firstly the course angle x and the derivative of the course angle x are defined as

X=¢+p
X=1+p

The derivative of the Lyapunov function along the trajectory of the system is

V

B+ L
B(ﬁ - 5d) + &([zzw - [zéd)

(8.2)
(8.3)

(8.4)
(8.5)

(8.6)

By inserting 3 =x -1 from equation (8.5) and Lip = Ny + Iy - I,,)pq from yaw acceleration

equation in (4.18), V becomes

From equation (8.3), Y = @Z + 1)y is inserted into (8.7), which yields

V=50 - b — - Ba) + D(No + (Lew = 1yy)pq — L2tba)
The yaw rate reference g and the yaw moment N,, are chosen as
a = Xa — Ba+ k3
Ny = Latha = yth = (Lua — Ly, )pg
where k;, and k, are positive gains. With equation (8.9) and (8.10), V becomes
V=Bt = = Xa+ Ba— kB — Ba) + O(Latha — k) — L)
= B = Xa — ¥ — ko) — k)
By the assumption that x = x4
V =~k = B — ky?

5 s 2|11 e}

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

61



8.2. ADAPTIVE BACKSTEPPING CONTROLLER

A positive definite  is needed to make V strictly negative. Which means that the determi-
nant of Q needs to be positive

1
kbk’r—1>0

k. > — 14
T (8.14)
By choosing the gains according to the inequality in equation (8.14), V becomes strictly neg-
ative. With a strictly negative V' and a strictly positive radially unbounded V/, the system is
globally asymptotically stable according to [20].

Stationary deviation in the sideslip angle was observed during simulation, indicating need
of integral action. Integral action will be implemented by means of an adaptive backstep-
ping controller derived in the next section.

8.2 Adaptive Backstepping Controller

An adaptive backstepping controller will be derived, for a system influenced by a constant
disturbance. Integral action is needed to remove the disturbance and it will be achieved by
parameter adaptation.

In [21], a system is defined on the form

i‘l = h(l‘l, t) -+ G(l’, t)fL’Q (815)
iy = — PGz, 1) (awa(j ”) P =P >0 (8.16)
1

where z; € R™, 25, € R"2 and W is a function with a continuous first order derivative, which
maps R™ x R>y — R>¢. The function W also upholds assumption A2 stated below.

According to Theorem 1 in [21]: if the system stated in equations (8.15) to (8.16) upholds the
assumptions Al and A2 below, the system has uniform global asymptotic stability (UGAS).
The assumptions are as follows

Al. Define Go(xa,t) := G(22,t)|s,=0. Assume that there exist continuous nondecreasing
functions p;: R>o — Ro, (j =1, 2, 3) such that, forall ¢ > 0, z € R" "

ow x1,
ma { e 0 [ 2520 < el 8.17)

max {[|G(z, )|, [[Go(z2, )|} < po(|lz|) (8.18)
maX{HaGo 5(32, H H@Go IL‘2> } < p3(Hl‘2H), = {17 7n2} (8.19)
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8.2. ADAPTIVE BACKSTEPPING CONTROLLER

In addition, for each compact set X' C R™ there exists b,, > 0 such that
Go(l’g, t)TGo(.Z‘Q, t) Z menQXng (820)
for all (z3, t) € K xRxo.

A2. There exist class- %, functions a; and o, and a strictly positive real number ¢ > 0 such

that
ar([[z1]]) < Wz, t) < as(f|z1]]) (8.21)
GW(xl,t) 8W(l’1,t) 9
< - .
5 + a1, h(zy,t) < —cl|zq]| (8.22)

Also, if as(s) is proportional to s? for sufficiently small s then the origin has uniform
local exponential stability (ULES).

A class %, is defined as:
If a function a: [0,a) — [0,00) is a class %, function, then « is a strictly increasing continuous
function with «(0) = 0 and if a = oo then a(r) — oo as r — oo [20].

The system being controlled can be found by inserting equations (5.1) and (5.3) into yaw
acceleration equation in (4.18), which yields

j=8 (5.29)
6=0 (8.25)

where the regressor ¢ = 1 is a measurement and 6 is an unknown constant disturbance.

The error states can be expressed as

j=p8=p8-P (8.26)
L= Ny + (Iu — Iy))pg + 0 — L.ty (8.27)
f—6—6-10 (8.28)

where 6 is the deviation between estimated disturbance § and actual disturbance 6. And /3,
and v, are the desired sideslip angle rate and yaw angular acceleration respectively.

As can be seen from equations (8.27), the disturbance ¢ and the control input N,, appear in
the same equation, which means that matching between N,, and ¢ can be done directly.

The backstepping is started by defining z;, = /3, and the calculation is as follows

2"1:5.—5.51:5(—1;—1/}51—5@ (8.29)
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8.2. ADAPTIVE BACKSTEPPING CONTROLLER

where equations (8.5) and (8.3) have been solved for B and ¥ respectively and inserted.

Now z, is chosen as

2o =1 — « (8.30)
Thus 2; becomes
A=X—2—a—1— P (8.31)
Choosing the stabilizing function « as
a=xX—1ts—fa+ k= (8.32)
yields
2= —kiz1 — 2o (8.33)

The time derivative of 2, is found by using equation (8.27)

Zo =1 — &
= Ny + (Ing — Ipy)pg + (0 — 0) — L.bg — L.a (8.34)

Now a radially unbounded LFC V; = 0.5z + (1/2p)6? will be used, where p > 0 and 4 is the
parameter estimation error. The time derivative of the LFC V] is

. 1-~x
‘/1 = 2121 + -00
p

1.4
= —klzf — 2122 + 599 (835)

where (8.33) has been inserted.

The next step is to introduce the radially unbounded LFC V, = V; + 0.51.,2% , with time
derivative along the trajectories of the system, described in (8.33) and (8.34). This yields

Va=Vi+ 215
1-~x A~ ~ 2
= —]{,‘12% — 2122 + 566 + 22(Nw + ([:mc - [yy)pq + (6 - 9) - Izzwd - [zzd)

~ 1,'\ ~ I
- —k12% — 21%2 + 9(50 - 22) + ZQ(Nw + (]J:aﬂ - [yy)pq + 0 — ]zz,lvbd - ]zza/) (836)

Choosing the adaptation and control law as

A

0 = pzo (8.37)
Nw =ZzZ1— (I:m: - [yy)pq - é + [zz'&d + [zzd - k222 (838)
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8.2. ADAPTIVE BACKSTEPPING CONTROLLER

the following is obtained
Vo= —k12? —ky2? <0 (8.39)

The LEC V; is positive and has non-positive derivative, thus V4 is a Lyapunov function for
the error system in equations (8.26) to (8.28).

The system can now be expressed with variables z;, z; and 0 as

. —k =1, 0o 1.

M =| 1 k M +] 116 (8.40)
? -[ZZ ]ZZ ? IZZ
£ 1 21

Because 1 has a non-increasing derivative, LaSalle’s theorem can be invoked, see [20]. Since
V4 is radially unbounded, the set 2, = {z € R, € R | Vo, <0lisa compact positively invari-
ant set. Theset £ ={z € Q., 0 € Q. | 21 = 2z, = 0}, where every point on the line z; = 2z, =0 is
an invariant set.

To test the set £, the values for the invariant set £ are inserted into equations (8.40) and
(8.41), which leads to

5 =0 (8.42)

Zy=0= _ 1 (8.43)
-[ZZ

6=0 (8.44)

where it can be concluded that every trajectory starting in 2. approaches E as time goes
to infinity. Because V5 is radially unbounded, the system has UGAS. However, theorem 1
stated above can prove ULES for the system.

The assumption Al and A2 need to be fulfilled for theorem 1 to hold. While comparing
the system in equations (8.40)-(8.41) to the systems in equations (8.15)-(8.16), the following
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8.3. SPEED CONTROLLER AND BASELINE STEERING CONTROLLER

variables can be renamed as

x1 = [21, 20" (8.45)

Ty =10 (8.46)

P=p (8.47)
1 T

Gla,t) = [0, —[} (8.48)
|

h(xy,t) = {1 ko ] (8.49)
L. L.

W) = ;(zf bI.22) (8.50)

The system has already been proven to be UGAS, such that only as(]|z:||) in equation (8.21)
needs to be found. By studying W (z;) in equation (8.50), both «; (||z1]|) and s (||z1]|) can be
chosen as

ar([laal]) = az(llz1]) = 2W (21) = [ ]* (8.51)

Because ax(||x1]]) is proportional to ||z1]|?, the error dynamics in equations (8.40) and (8.41)
are ULES.

The controller has integral action in the inner loop. However, if the yaw rate for the equilib-
rium that corresponds to current desired sideslip angle /3; and desired speed V7, is known
and fed to the controller, the result would be that the equilibrium will be reached which
means that the sideslip angle converges. This will be done by means of a feed forward term
1a.s, which is included in the injection term «. This leads to

a=X—ta— P+ kiz +Yasy (8.52)

See section 8.5 for more information on ¢, ;.

8.3 Speed Controller and Baseline Steering Controller

The speed controller was chosen as a PID controller. Integral action was used to remove
stationary deviations. It is on the form

~ t .
Xy = —k) Vi — ki / Vip(7)dr (8.53)
0

where k, and k; are positive gains, and

Vi =Vr — Vg (8.54)
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8.4. LINE OF SIGHT GUIDANCE

is the speed deviation from desired speed.

A baseline PID controller for steering was developed based on pole placement for the lin-
earised systems from section 7.2. This controller will be compared with the adaptive back-
stepping controller by means of simulation, in section 9.4.

By using equation (6.51), and inserting Au = -KAx, the system on pole placement form is
gotten

Ax = AAx — BKAx = (A — BK)Ax (8.55)

where K is a chosen gain matrix to move the poles of (A — BK) to the desired location.

First the 3 DOF linearised system needs to be transformed to include the total speed V; and
sideslip angle /3 instead of longitudinal velocity v and lateral velocity v. From the relation-
ship in equation (2.1)

u

Vr = cos(9) (8.56)
N
[ = arcsin <VT) (8.57)

derivative
Vr
on the second row, which transforms the state vector x from [u, v, ¢']* to [ Vr, 8, ¥]7.

Thus the first row of A and B are divided by cos(/5) and arcsin ( ) was performed

For speed V; =3 m/s, the poles for (A — BK) are placed at (-2, -5, -5), and the resulting gain
matrix is

K

—0.0319  —0.1370 —0.0999] (8.58)

T | 84.8937 —27.5471 —37.6267

Tests were performed to place the poles further into the left half plane for faster convergence,
however this only caused oscillations during simulation. The chosen poles were the furthest
into the left half plane without these oscillations.

8.4 Line Of Sight Guidance

The controller needs references to follow, and these are created by the guidance system.
Straight line following using Line of sight (LOS) will be described in this section.

The course angle is given in equations (8.4) and is repeated here for convenience

X=v+p (8.59)
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8.4. LINE OF SIGHT GUIDANCE

Following the derivations in [14], a desired course angle can be split into two parts
xa(e) = xp + xr(e) (8.60)
where
Xp = Qg (8.61)

is the path-tangential angle shown in figure 8.1, and
X-(e) = arctan (—e) (8.62)
A
is the velocity-path relative angle, the variable e is the cross-track error and A is the looka-
head distance. The cross-track error and lookahead distance are shown in figure 8.1. This

kind of guidance system, where the velocity is directed at a point on a path, is called
lookahead-based steering.

Pr+1

(Xjos:¥los)

LOS vector
Pk

Figure 8.1: LOS guidance where the velocity is pointing towards the LOS intersection point.

Path following is accomplished by velocity-path relative angle , that ensures the velocity
is directed toward a point on the path placed a lookahead distance A > 0 ahead of the direct
projection of the vehicle position on to the path. This behaviour is shown in figure 8.1.

The velocity-path relative angle can also be seen as a saturated proportional controller

Xr(e) = arctan (—Kje) (8.63)
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8.5. FEED FORWARD AND STATE DERIVATIVES

where K, =1/A.

Convergence of the heading x to the desired heading y, is done by treating the heading
angle ¢ as a disturbance. And transforming the desired course angle x, to a desired sideslip
angle 3, by using (8.59). Which yields

Ba=Xa— Y (8.64)

A block diagram of the adaptive backstepping controller from sections 8.2 and the speed
controller in section 8.3 together with the LOS guidance are shown in figure 8.2. Note that
the feed forward calculation of ¢d’ 77 and the variables x;, 34 and 1), have been omitted. How-
ever, these variables will be described in section 8.5.

Vr
Y
VT-‘L Speed |
PID X,

] (e Vi) >
Waypoint | LOS .
database "] guidance - LocalBug

5 .
A ‘ By Adaptive Ny
Backstepping
-A controller
A AB T\T;
(x,¥)

Figure 8.2: LOS guidance and controllers block diagram without feed forward.

If a turn is to be done as fast as possible, it is important to have the largest yaw rate. There-
fore a saturation for the desired sideslip angle has been added in the implementation of the
LOS guidance. The saturation ensures that the desired sideslip angle does not exceed the
steady state drifting condition with the largest yaw rate. See table 7.1 for the largest yaw
rates sorted by speed, with corresponding sideslip angles.

8.5 Feed Forward and State Derivatives

The adaptive backstepping controller derived in section 8.2, includes a feed forward term
Ya,rs- The feed forward term can be found from a lookup table of the steady state yaw rate
values 1)y, found in section 7.1. Desired sideslip angle /5; and desired speed V4 should be
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8.6. SIMULINK IMPLEMENTATION

used as inputs to the lookup table.

Because the lookup table will be used between the steady state values found, an interpola-
tion or mathematical approximation should be done to get the entire range of steady state
yaw rates for sideslip angles —30° < 3 < 30°.

The variables x, (3, and ¢ are derivatives needed for the adaptive backstepping controller
in section 8.2. The derivative of the course x can be found by equation (8.5). However,
this requires knowledge of the sideslip angle rate 3, which are not available. A derivative
approximation could be found by backward Euler [23], which yields

_a(t)—at-T)
(1)~ =

where a can be any variable, ¢ is the simulation time and 7" is the step time.

(8.65)

The derivatives for heading rate y and desired sideslip angle 3, will be found by using
equation (8.65). This approximation should be sent through a reference model to avoid
peaks in the derivatives. A second order transfer function will be used in this thesis, which
is on the form

(UQ

52 + 20ws + w?

H(s) =

where w is the natural frequency and ¢ is the relative damping ratio.

(8.66)

The desired yaw angular acceleration ¢; could be found from equation (5.31). However, all
the wheel forces and inputs are required for this calculation. For simplicity, the yaw angular
acceleration will be calculated using equation (8.65).

8.6 Simulink Implementation

The controllers and guidance system described this chapter were implemented in Simulink.
They were used to control the simulator described in chapter 5.1, which was implemented
in [5]. See figure 8.3 and 8.4 for Simulink screenshots of the controller and guidance respec-
tively.

In figure 8.3 the saturation of the steering angle § and the throttle input v, in blocks labelled
maz 30deg and max 25v respectively. Where the steering angle is forced to be between +30
deg and the throttle input between 0 and 25 V.

During implementation, the desired sideslip angle 3, was saturated with an upper limit as-
sociated to the equilibrium point with the largest yaw rate. An overview of the maximum
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Figure 8.3: Screenshot of Simulink controller block.

yaw rates with related sideslip angles, for different speeds are shown in table 7.1.

In figure 8.4, the derivative approximations are calculated and filtered to avoid peaks. The
filter in equation (8.66) was used for filtering the derivatives of the desired sideslip angle 3,
course angle x and desired course angle x4. The filter parameters were chosen as

w=10rad/s (8.67)
(=1 (8.68)

This gives a critically damped second order filter with natural frequency of 10 rad/s. How-
ever, for the derivative of the desired yaw rate ¢); a moving average was chosen because
the filter caused the controller to oscillate severely. This is due to the phase lag of 180 deg
introduced by the filter, making the controller unstable.

The moving average works as follows

(t) = b(t) + b(t — 17211 -+ b(t —n) (8.69)

where b can be any variable, the output b(t) is the current value, the time is the variable
t and n is the number of samples before the current sample used in the average. In the
implementation, n = 3 giving

dlt) = Yalf) +yalf = 1) + jfd(t —2) +ta(t - 3)

(8.70)
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Figure 8.4: Screenshot of Simulink guidance block.

A moving average has a shorter phase lag than a second order filter and therefore does not
cause oscillations in the controller.
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9 Simulation Results

Four test cases have been used to check how well the controller achieves the desired yaw
rate 14 and sideslip angle ;. All the cases will be performed with friction corresponding to
that of wet cobblestones, and they are as follows

Case 1: Controller response to a steps in desired sideslip angle, at the same desired speed.
Case 2: Tracking of a sinus reference in desired sideslip angle, with amplitude of 30 deg.
Case 3: Inspecting how model parameter uncertainty affects the controller.

Case 4: Comparison between a baseline PID controller and the adaptive backstepping con-
troller.

The controller gains used for the simulation were for the adaptive backstepping controller

by =7 (9.1)

ks = 300 (9.2)

p=41 (9.3)
and the speed controller

k, = 100 (9.4)

k; = 100 (9.5)

Notice the adaptive backstepping controller has a larger gain £, compared to the speed con-
troller. This is done to satisfy equation (5.78), which means that the yaw moment N,, from
the controller will dominate the thrust X,, to achieve Power Over drifting.

9.1 Case 1: Step Responses

Step responses in desired sideslip angle were preformed to three equilibrium points at the
same desired speed V., = 3 m/s. These three step responses were simulated with steps in
desired sideslip angle 3; of 10 deg, 20 deg and 30 deg. The steps were initiated at time ¢t =5
seconds.

Figure 9.1 shows a comparison of the different paths taken during drifting. It also shows
that the drifting condition with the largest yaw rate is at sideslip angle 5 of 10 deg. This
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9.1. CASE 1: STEP RESPONSES

is supported by the vehicle states shown in figure 9.2. With the convergence to the desired
sideslip angle j3; and the desired yaw rate 1), the first two error states in figure 9.3 converge
to zero and the disturbance estimate § converges to a constant value. When the sideslip an-
gle converges, the behaviour is underdamped with the normalized overshoot with respect
to desired sideslip angle increasing with decreasing desired sideslip angle. The lowest step
in the test was to desired sideslip angle equal to 10 deg, and here the overshoot was 28% of
the desired sideslip angle, which is a significant overshoot. This overshoot can be attributed
to the aggressive adaptive backstepping controller.

From figure 9.2, it is shown that when the drift is initiated the vehicle speed increases. This
affect is due to the drifting controller giving a large yaw moment that effectively dominates
the speed controller when drift is being initialised, see figure 9.4. According to [19], a drift-
ing technique called Power Over Drift uses throttle to get the rear tires to slip, just as the
backstepping controller does in this thesis. The oscillations caused by this behaviour only
has an amplitude of about 5% of the desired speed. An initial reduction in speed is due to
motor current i, = 0 at start of simulation.

For desired sideslip angle equal to 10 deg, the steering angle ¢ in figure 9.4, only hits the
lower saturation. However, for other two cases the steering angle is saturated both at the
upper and the lower limit with increasing oscillations with increase desired sideslip angle.
The constant steering angle after drifting is achieved is about zero for desired sideslip angle
of 10 deg, 12 deg with desired sideslip angle of 20 deg and 23 deg steering angle for desired
sideslip angle of 30 deg.

To see that the controller actually converges to the desired sideslip angle, a longer time series
with step in desired sideslip angle to 10 deg, shown in figure 9.5. The integral action from
the parameter adaptation causes convergence to the desired sideslip angle, albeit slowly.
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19

Simulation result
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T

ﬂd =20 deg

Ba = 30 deg

10 11

Figure 9.1: Simulation results for steps in desired sideslip angle of 10 deg, 20 deg and 30
deg. The front wheels are red.
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9.1. CASE 1: STEP RESPONSES
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Figure 9.2: Vehicle states during for steps in desired sideslip angle. The desired sideslip
angle is achieved for all three steps.
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Figure 9.3: Error states in the adaptive backstepping controller. The first two error states go
to zero, and the third converges to a constant value.
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Figure 9.4: Plot of control inputs during steps in the desired sideslip angle.
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Figure 9.5: Convergence to the desired sideslip angle and yaw rate it shown. The integral
action works slowly, however convergence is achieved.
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9.2. CASE 2: FOLLOWING A SINUSOIDAL REFERENCE

9.2 Case 2: Following a Sinusoidal Reference

A sinusoidal signal is used for the desired sideslip angle 3;, with an amplitude of 30 deg
and a frequency of 0.5 rad/s. The desired speed V74 = 3 m/s during the simulation.

The yaw rate 1) is the only state that converges to the desired value during simulation, from
tigure 9.6. And oscillations in the speed with an amplitude of 5% of the desired speed can
also be seen in this figure. When the desired sideslip angle increases, the sideslip angle 3
does not converge until the desired sideslip angle peaks at 30 deg. And the same behaviour
can be seen for decreasing desired sideslip angle, where convergence is achieved at desired
sideslip angle of -30 deg. All the states oscillate when the sideslip angle changes polarity,
when drifting in the opposite direction needs to be established.

The error states z; and z; in figure 9.7 reflect the behaviour described in the previous para-
graph. Where z; does not converge to zero, but z; is zero most of the time. When the desired
slideslip angle crosses zero, oscillations appear in all the error states. These oscillations hap-
pen because the vehicle need to transition between a right handed turn and a left handed
turn and vice versa. This transition can clearly be seen in the control inputs in figure 9.8,
where drifting initialisation and countersteering to compensate need to be done for every
zero crossing of the desired sideslip angle. Both control inputs oscillate and hit their upper
and lower constraint.
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Vehicle Speed Ba = 30sin (0.5t) deg
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Figure 9.6: Vehicle states with sinusoidal sideslip angle reference. The sideslip angle follows
the reference with some lag.
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Figure 9.7: Error states with sinusoidal sideslip angle reference. The second error state z,
converges to zero. However, z; does not converge fast enough and fails to reach zero. The
third state nears constant values on two occasions.
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Steering angle
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Figure 9.8: Inputs to the system for sinusoidal sideslip angle reference. Note that both inputs
oscillate with given intervals during polarity change of the sideslip angle.

9.3 Case 3: Parameter Uncertainty

To inspect the robustness of the controller, the mass was changed by +30% and compared to
a simulation with the mass unchanged. A step in desired sideslip angle /3, of 10 deg at time
t = 5 seconds, with desired speed V74 = 3 m/s was used for this case.

In figure 9.9 the path taken during the three simulations can be seen. The three tests con-
verge to the same size drifting circle, however the controller converges faster with increased
mass. This convergence speed change causes the paths to be moved along the line of entry
to the drifting circle. The increase in mass causes the speed control to have reduced effect
on the system, and thus the speed oscillations are reduced, see figure 9.10. When the speed
oscillations are reduced, the turn becomes less aggressive resulting in reduced strain on the
steering angle controller, shown in figure 9.12. All vehicle states converge to the same val-
ues, even though they take different routes.

The error states z; and z; converge faster with increased mass, from figure 9.11. Therefore
it is to be expected that the disturbance estimate 6 peak decreases with increased mass, be-
cause 6 is the integral of 2z, times a constant.
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9.3. CASE 3: PARAMETER UNCERTAINTY

In figure 9.13 the path taken with variations of £30% of inertia is shown. And the vehicle
states, error states and control inputs for this case are shown in figure 9.14, 9.15 and 9.16 re-
spectively. Not surprisingly, the drifting is established faster with decreasing inertia. While
comparing the change in mass and inertia, it is evident that the controllers are less sensitive
to an increase of 30% of the inertia than an increase of 30% in mass. This means that if the
vehicle is loaded with more equipment and the inertia and mass are both increase 30%, the
vehicle will converge faster.

Simulation result

T T m
o ——m - 30%
m + 30%
17 E

14-

13- b

12 : .

Figure 9.9: Simulation results for backstepping controller with errors in the vehicle mass. Re-
duced mass makes the convergence slower and the opposite effect is observed for increased
mass. To reduce cluttering in this plot, the vehicle outline has been removed.
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Figure 9.10: Vehicle states for errors in the vehicle mass. Notice the increased convergence
speed with increased mass.
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Figure 9.11: Error states for vehicle mass variations. The convergence is increased with
increased mass.
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Figure 9.12: Vehicle inputs with errors in the vehicle mass. The strain on the steering and
speed controllers are reduction and increased respectively, with increased mass.
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Simulation result
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Figure 9.13: Simulation results for backstepping controller with errors in the vehicle iner-
tia. Reduced inertia makes the convergence faster and the opposite effect is observed for
increased inertia. To reduce cluttering in this plot, the vehicle outline has been removed.
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Figure 9.14: Vehicle states for errors in the vehicle inertia. Notice the increased convergence
speed with decreased inertia.
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Figure 9.15: Error states for vehicle inertia variations. The convergence speed is increased
with decreased inertia.
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Figure 9.16: Vehicle inputs with errors in the vehicle inertia. The strain on the steering and
speed controllers are reduction and increased respectively, with decreased inertia.
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9.4 Case 4: Comparison with PID Controller

A baseline PID controller described in section 8.3 will be used for comparison for this final
test. This test is done to highlight the strong points of the adaptive backstepping controller
compared to conventional cornering. The desired sideslip angle 3; is supplied from a LOS
guidance system described in section 8.4, while the desired speed V74 = 3 m/s during the
test. A figure eight is the chosen path, with two hairpin turns of 203 deg connected with two
30 meter straight sections.

The adaptive backstepping controller clearly completes the figure eight faster than the PID
controller, see figure 9.17. Half way through the lap, the backstepping controller has a lead
of five car lengths. It is evident that the backstepping controller makes a much tighter cor-
ner compared to the PID controller, which can be seen from figure 9.17, and more clearly
from 9.18. Also notice that with conventional steering with the PID controller, a much larger
turning circle is performed, which makes the vehicle run off the road.

The speed of the drifting controller oscillates seven times higher than with the PID, from
tigure 9.19. Which is due to the more aggressive yaw moment that dominate the speed
controller while the drift is initialized, see figure 9.21. During the hairpin turn, drifting is
achieved with the backstepping controller with a maximum sideslip angle 3 of -12.5 deg.
While the PID controller converges to a sideslip angle of 2 deg, which corresponds to con-
ventional cornering, where the yaw rate ¢) and sideslip angle 3 have the same sign. The yaw
rate is larger for the backstepping controller, with a peak of 90 deg/s, and convergence to
62 deg/s. When the cornering is performed with the PID, it only achieves 43 deg/s, and
therefore more time is used to complete the turn.

Error states for the backstepping controller are shown in figure 9.20. Fast convergence in er-
ror states z; and zy, when they are far from zero. However, convergence slows down closer
to zero due to slow integral action. Because z, converges fast when far from zero, # con-
verges slowly.

Both the throttle and the steering angle are much more aggressively controlled by the back-
stepping controller, shown in figure 9.21. The PID controller increases the steering angle to
saturation and there it stays until the corner is completed, which corresponds to normal ve-
hicle driving behaviour. Yaw moment applied from the PID controller is much smaller than
the drifting controller, such that the throttle will be less affected. Peaks in the throttle setting
for the PID can be seen when the turn is started, while they are dwarfed by the oscillations
in the throttle setting for the drifting controller.
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9.4. CASE 4: COMPARISON WITH PID CONTROLLER

Simulation result

T T T T T T T ||
s Backstepping controller
— PID controller

25+ b

20~ -
=
i
o

Z 15 &

10+ -

5_ -

(1= i i i i i 1-

| Il
—20 —15 -10 ) 10 15 20 25

Figure 9.17: Simulation results for backstepping controller and PID controller with LOS
guidance. The backstepping controller completes the lap faster than the PID.
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9.4. CASE 4: COMPARISON WITH PID CONTROLLER

Simulation result
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Figure 9.18: Zoomed figure of the cornering comparison between backstepping controller
and PID controller. Notice that the backstepping controller makes a much tighter corner
compared to the PID. The front wheels are red.
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9.4. CASE 4: COMPARISON WITH PID CONTROLLER
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Figure 9.19: Comparison between the vehicle states with drifting and conventional corner-
ing. The behaviour of the drifting controller is more aggressive.

94



9.4. CASE 4: COMPARISON WITH PID CONTROLLER
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Figure 9.20: Error states for the backstepping controller. Fast convergence in 2z, causes slow
convergence in the error estimate 0.
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9.4. CASE 4: COMPARISON WITH PID CONTROLLER

Steering angle

3 T T

20 .

10F -
3}
o A
a0
)
A 1 |

Backstepping controller
—20r| —— PID controller h
=3 5 10 15 20
Time [s]
Throttle

2’: T T T

20 -

15 | i
g 10t ‘ln I. g .

r—u—h
r
o | |
b Timé [5] 15 20

Figure 9.21: Control inputs for the backstepping controller and the PID controller. Notice

that the backstepping controller is much more aggressive.
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10 Discussion

The controller can converge to and maintain a desired sideslip angle 3; within the range -30
deg to 30 deg, which can be seen from the simulation results. Drifting is achieved by the
adaptive backstepping controller dominating the speed controller and applying max motor
throttle when the drift is being initiated, which corresponds to a drifting technique called
Power Over.

Steps in the desired sideslip angle causes an underdamped response in sideslip angle, with
decreasing overshoot with increased desired sideslip angle. The integral action provided
by the disturbance estimate in the adaptive backstepping controller makes the controller
converge to the desired sideslip angle, albeit slowly. Slow convergence when close to the
desired state is acceptable, because the initialisation of the drift is the crucial part. Here the
convergence is much faster and sideslip angle crosses the desired sideslip angle for the first
time within 0.6 seconds of the step.

In the second test case, the vehicle tracks the sinusoidal reference during the entire range
of sideslip angles between -30 deg and 30 deg. The slow convergence of the sideslip angle
makes it lag behind the reference. However, the yaw rate error is close to zero whenever
drifting is not being initiated. Sign change of desired sideslip angle causes severe oscilla-
tions in the control inputs and could cause wear and tear of actuators if tested in practice.

Because the speed controller is being dominated when drifting is being initiated, the speed
oscillates and only maintains constant desired speed whenever the adaptive backstepping
controller has reached its control objective. This is desirable because the vehicle drifting is
the main purpose of this thesis, and the speed oscillations are only below 6% of the desired
speed.

With errors in the mass parameter in third test case, the vehicle still converges to the same
drifting equilibrium. The only change seen from this test was that the convergence speed
to the desired sideslip angle increased with increased mass. Because the techniques used to
drift in this thesis is the Power Over which uses power to get the rear tires to slip, this is
a desirable behaviour. Less oscillations in the speed makes for a less dynamic transition to
the drifting equilibrium. An increase of inertia reduces the convergence speed of the drift-
ing controller. This behaviour is to be expected, because the yaw moment created by the
adaptive backstepping controller will create a smaller acceleration with increased inertia.
Increased mass cannot be done without changing the inertia, however the controller is less
sensitive to inertia variations than mass changes. Such that if the percentage inertia increase
is kept less than equal to the mass increase, the controller will converge faster. By placing
new equipment and sensors close to the vehicle center of gravity, this can be achieved.
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The adaptive backstepping controller used for drifting in this assignment has proven to be
effective at increasing vehicle manoeuvrability and this is shown in the last test case. When
the adaptive backstepping controller is compared to a PID controller while following a fig-
ure eight path, drifting makes the vehicle stay on the road while the PID controller does not.
This increase in manoeuvrability decreases lap times through the figure eight, because the
path taken is shorter.

There is always room for improvement, even though the adaptive backstepping controller
completes the turn in the final test case, a skilled driver could position the vehicle opti-
mally before entering the turn and establishing the sideslip angle at the optimal position. A
technique such as open loop commands in [24], could be used to mimic these manoeuvres,
which are not taken into account in this thesis.
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11 Conclusion

An adaptive backstepping controller has been designed which causes the LocalBug to sta-
bilize at a drifting equilibrium with a desired sideslip angle in the range of -30 to 30 deg.
The convergence from straight line to drifting is a nonlinear transition with changes in the
dynamic response of the steering angle and the throttle actuators. For large sideslip angles
the ground-tire contact forces are very nonlinear.

The adaptive backstepping controller has been proven capable of mimicking the behaviour
of a recognized drifting technique called Power Over. Where the throttle is set to the maxi-
mum value to make the rear wheels slip and the steering increases the sideslip angle. This
technique causes the speed to oscillate with a small amplitude about the desired value dur-
ing drift initialization.

Adaptive backstepping has been shown to be robust against variation in vehicle mass and
inertia, which is useful in further research using the LocalBug, because sensor arrays could
be added or removed without needing to reconfigure the controller.

The LOS guidance system used in this thesis worked well together with the adaptive back-
stepping controller, providing sideslip angle references during path following. And during
testing with the guidance system, the backstepping controller outperformed a PID controller
both in cornering and lap time during a figure eight course.

Because the controller made in this thesis has a very aggressive behaviour, caution must be
used to ensure unnecessary wear and tear on actuators does not occur.

11.1 Further Work

The controller derived in section 8.2 and 8.3 should be implemented and tested on the Lo-
calBug. However, because control is performed on the sideslip angle, the controller should
be tested with velocity errors and measurement noise before testing on the LocalBug. The
system has been proven robust to mass and inertia errors, however the velocity errors may
cause problems.

Wheel speed encoders should be considered for the LocalBug to enable wheel slip calcu-
lations, which can be used to find wheel forces and estimating road friction. This would
enable the use of hybrid control based on friction estimates.
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11.1. FURTHER WORK

L1 adaptive control should be considered as an alternative controller to the adaptive back-
stepping. This is due to L1 having robustness to modelling errors, which makes it viable for
drifting on surfaces with changing friction.

To improve controller performance, methods such as open loop commands to take advan-
tage of techniques used by skilled drivers should be considered.
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A Discarded Sliding Mode controller

This controller was derived with cascade coupling of the sideslip angle  and the yaw rate
1) to make a steering angle controller.

A radially unbounded LFC, V, is used for deriving the controllers for sideslip and heading
rate

V=58 o Lad? > 09(s,0) £ (0,0) (A1)

where ¢ is the deviation from the desired yaw rate, s is a sliding surface for the sideslip
angle. They can be written as

s=B+ / Br (A2)
5 =3— (A.3)
=1 — @bd (A.4)

where k3 is a positive gain.

By taking the time derivative of the LFC along the trajectory of the system, the controllers
can be designed. The derivative yields

V = ss + &[zz'&
= S(ﬁ — ﬁ.d + kﬁg) + &([zzw - [Zzlgd)

By inserting 3 = x - ¢ from equation (8.5) and I..¢) = N,, + (1. — I,,)pq from equation (4.18),
such that

V = S(X - 1/} - Bd + k,@@) + 772;(‘]\711) + (Ia:a: - ]yy)pq - ]zzqu)d) (A5)
Substitution of ) = 1Z + 1), from equation (A.4), yields
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The yaw rate reference, ¢4, and the yaw moment, N,,, are chosen as

¢d = Xd — Bd + ]{355 + /{;ssgn(s) + kgs + ¢d,ff (A7)
Nw - zzlLd - kﬂ/; - (Imr - Iyy>pq (A8)

where k,, k; and k, are positive gains, and %, 7 is a desired yaw rate feed forward term,
which is extracted from the equilibrium points found in section 6.2.

With equation (A.7) and (A.8), V becomes

V=s(x— %B — Xa + Ba — ksB — kesgn(s) — kas — tas; — Ba + ksf)
= s(X — ¥ — Xa — kssgn(s) — kas — a sy) — krt)?
= 5(X — Xa — Yar7) — ksls| = kas® — stb — k)
1
. . N ~ kd 9 S
= (¢ = Xa = Vagr) = kalsl = [s 9] | ; M

2
. . i 2 S
= s(X = Xa — Yarr) — Ksls| — [8 ¢] Q v
(A.9)
The matrix () needs to be positive definite to achieve a strictly negative derivative of the

LFC, V. The determinant of the matrix () must be positive if the matrix is positive definite,
that is
1
kak, — Z >0
1
ky > — A10
> T (A.10)

Assuming the gains follow the inequality in equation (A.10), the upper limit for the LFC is

. i ) S
V < Isll = a = dags| = ksls| = s 9] @ M

< I8l = X = G slmas — kelsl — [s ] @ M (A1)

where the subscript maz means the maximum of the absolute value. Now the sliding mode
gain k, is needed to dominate the unwanted terms. Consequently,

ks 2 ‘X - Xd - w.d,ff‘maz (Alz)
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With &, upholding the inequality in equation (A.12), such that

S

VS_{S @]Q 5

<0 (A.13)

By choosing the gains according to the inequality in equations (A.10) and (A.12), V becomes
strictly negative. With a strictly negative VV and a strictly positive radially unbounded V/, the
system is globally asymptotically stable, according to [20].

Even though this controller made the sideslip angle error 3 converge to zero, it did not do
it according to theory. The sliding surface s never approached zero, such that the controller
did not achieve the control objective stated above. If the controller had behaved correctly,
the sliding surface would approach zero and then the sideslip angle error would converge
to zero. Because this controller did not work as intended, it was discarded and an adaptive
backstepping controller was used instead.
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B Contents of Attached ZIP-file

PDF File
e Master’s thesis: Digital copy of master’s thesis.
Matlab and Simulink files
e carsim.mdl: The guidance, controller and simulator model.
e plot_figures.m: Plots figures after simulation is done.
e init_and_run.m: Initialises variables for simulation and runs carsim.mdl and plot_figures.m.
e show_movie: Shows a movie of the simulation.

o run_steadystate: Finds equilibriums for sideslip angles of -30 deg to 30 with speeds of 1
m/s to 10. This script takes up to several days to find good values for the equilibriums.

o run_linearisation: Performs a linearisation of the equilibria.

e plot_steady_state: Plots maps between inputs and states. In addition, the pole place-
ments for the linearised systems are plotted.
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