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Abstract
This master thesis contains modeling, analysis and control design for a
tethered airfoil. A path-following controller has been developed and proven
locally asymptotically stable. The guidance law is general, and applicable
to other path-following systems. The closed loop system is demonstrated
in simulations, where a certain level of robustness is concluded.
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Chapter 1

Introduction

1.1 Motivation

The most obvious applications for tethered airfoils, often referred to as
kites, are propulsion, and power generation. Using kites for propulsion is a
proven concept, seen in the kitesurfing sport. The world speed record for
sailing, was performed using kites for propulsion [2]. For power generation,
tethered airfoils have numerous benefits compared to traditional wind-mills,
as pointed out by [I],[6]. One of the key challenges yet to be solved for use
in industrial applications, either for propulsion or power generation, is a
reliable control system for automated operation.

1.2 Outline

A short description of the chapters contained in this thesis is given:

2 Modelling - A kinematic model is developed, including aerodynamic
forces and reference frames.

3 Control Design - With the kinematic model as a starting point, a con-
trol system for path following is proposed.
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4 Simulation - The closed loop system from the two previous chapters is
simulated and presented in this chapter.

5 Conclusion - Conclusions are drawn based on the results in this thesis.

6 Further Work - Suggested topics and issues for further work are pre-
sented in this chapter.

1.3 Tethered airfoils

The terminology kite and tethered airfoil are used interchangeably, although
the latter is more comon in literature. Figure illustrates the concept of
a tethered airfoil. The airfoil is fixed to the ground, or some object on the
ground by a cable with length r. The movement is restricted to the spheri-
cal surface given by the cable length. The blue lines in Figure indicates

Figure 1.1: Area of operation for a tethered airfoil.

the reachable area, which is limited by the wind direction, and the ground
in the xy-plane. The airfoil may neither fly passed the attachment point in
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upwind direction, nor fly below ground. This means x, z > 0.

There are different ways to optimise the trajectory for a tethered airfoil.
When the trajectory is optimized with respect to the direction and the
amplitude of the force excerted on the cable, the actual position is of less
importance. This force is what generates either propulsion, or power. The
maximum force is achieved when flying with high velocity, in the down-
wind (x-direction) sector. The least amount of force is achieved by hovering
stationairy close to the yz-plane.
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Chapter 2

Modeling

2.1 Introduction

Substantial effort has been made prior to this research on modelling teth-
ered airfoils. In particular, the model presented in [6] is highly detailed.
The purpose of this model, is the use of (nonlinear)model-predictive control
(MPC). Such a technique would only benefit from a detailed model [12].
The control strategy attempted in this research, on the other hand, would
not necessarliry benefit from a certain level of detail. The techniques used
in this thesis is reliant on analytical calculations to be performed on the
model. Therefore, the focus of the modelling in this chapter is to keep it
as simple as possible, without compromising the details needed to resemble
the behaviour of a real tethered airfoil.

2.2 Kinematic model

The following kinematic model is a recognised model for kinematics in spher-
ical coordinates. It has been presented in [§], also derived in detail in
the pre-project [II] to this thesis. The key elements are repeated for full
overview. The Fuler-Lagrange equation is used to derive the model, with
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q = (0 ¢ )T being the spherical coordinates.

d [ OL oL
it (aq) Toq " @1)

L(q,q,t) is given,

where T is the kinetic-, and U the potential energy.

1 m ) )

Thin = Slpl2 = 2 (2 + r2sin(0)3? + r20?) (2.3)
2 2

U = mgh = mgr cos(0) (2.4)

m is the effective kinetic mass, given that the mass of the cable is distributed
along the distance r. If the cable is light compared to the mass of the kite
m, we assume m = m, and the result is given:

Fl
G=S5'1—-a (2.5)
m
Where S ia a scaling matrix,
T 0 0
S=|0 rsinf 0 (2.6)
0 0 1

and a is the pseudo force:

2;9. — sin f cos 02
a=| 2L¢p+295005 (2.7)

sin 6

—rsin 0¢? — rf?
F! is the sum of forces given in the local system:

F'=F\+F,, +F] (2.8)

aer
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$e

Figure 2.1: The earth and local coordinate systems. The spherical coordi-
nates q = (0, ¢,7)7 are indicated in the figure.

Where F, é is the gravity:
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ans Fger and Fy is the aerodynamic and the cable force. For a more intuitive
understanding of the above equation, it is written in scalar form:

. F
b=-2_q (2.10)
mr
. F(b
=——*¢ _ 2.11
¢ mr sin 6 % ( )
F
P=—"—a, (2.12)
m

This is a general kinematic model of a body in spherical coordinates, the
way it is presented in recognized literature, [I][6][8][9].

The model is adapted for the specific case where r is a constant param-
eter of the system. In this case, the cable force F! will cancel out any other
force in the e,-direction such that F} = 0:

[ _ l l
Fl=— <Fg + Fa)3 (2.13)

Furthermore, two aditional states are added, the yaw (, of the kite body
around the cable and the flaps angle §;. With these modifications, the kite
model is given:

i (e,
1k (5715 ), 214)
o I

b,u

where M), is the moment and I is the moment of inertia in the yaw-axis.
u is the control input, and b, is the actuator gain.
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Figure 2.2: This figure shows the local frame and the body frame rotated
around the z-axis by the angle 5.
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2.3 Coordinate frames and transformations

In this section, the reference frames and the transformations between them
will be explained. The following right-handed orthogonal reference frames
are defined, with corresponding unit vectors in the x-, y- and z-direction:

Earth frame F¢, unit vectors: €, €, and €.

Local frame F7, unit vectors: €y, €, and €.

Body frame Fy, unit vectors: €;, €; and €.
e Wind frame F,,, unit vectors: €, € and &,.

Any aditional orthogonal unitvectors will be given €1, , €2, and €3, where
p indicates the corresponding frame, in this case the path-frame discussed
in Chapter A rotation between any of the above frames is performed
with a combination of the following rotation matrices:

1 0 0
R;(0) =10 cosf sinf (2.15)
0 —sinf cosf

cos@ 0 —sind
R,(0) = 0 1 0 (2.16)
sin@ 0 cosf

cosf sinf O
R.(0) = | —sinf cosf 0 (2.17)
0 0 1

In equation , the forces are given in the local frame at the position of
the kite. The transformation between the earth frame and the local frame
is defined:

vl = Rlve (2.18)
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Where v¢ is any vector given in the earth frame, v! is given in the local
frame, R is the rotation matrix between the two frames. R. consists of two
rotations, first one rotation around the z-axis, then around the y axis:

Rcla = Ry(e)Rz(¢)
cos(0) cos(p) cos(f)sin(¢p) —sin(h)

= —sin(¢) cos(¢) 0 (2.19)
sin(f) cos(¢) sin(f)sin(¢)  cos(0)

Recall equations (2.15) - (2.17). Figure [2.1|shows the spherical coordinates

and the relation between the two frames.

While the kite is manoeuvred in space, it may rotate around its yaw-axis(z-
axis of the local-frame). This rotation is the transformation between the
local-frame and the body-frame:

R = R.(B) (2-20)

cosfy sinfy 0O
Rl =| —sinf, cosfB, O (2.21)
0 0 1

This rotation is illustrated in Figure[2.2] Note that the xy-plane is the same
for the two frames.

The aerodynamic forces are defined in the wind-frame. It is intuitive that
the sideforce should be in the xy-plane of the body frame. This deter-
mines the sequence of rotations between the body-frame and the wind-
frame. There are two rotations, first around the z-axis, second, around the
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y-axis:

RZ)U =Ry (w) R (Bs)

cosyy 0 —sinay, cosfBs sinfs; 0
= 0 1 0 —sinfBs cosfBs O
Sinay,, 0 cosay 0 0 1
COS (g, COS B COS iy, SIN By — Sin ayy,
= —sin f3s cos f3s 0 (2.22)

Sin o, €os Bs SN, sin Bs COS

This is illustrated in Figure 2.3] The yaw-angle [, is a known state of the
system, while the yaw-angle 5 and the pitch-angle oy, is a product of the
states, and the wind vector w. The angles «,, and S may be calculated
from the wind vector.

The relative, or the effective wind vector given in the local frame is defined

as:

l

wl=w!—p=Rw°—p (2.23)

With the wind set to be in the x-direction of the earth frame, and 7 = 0,
the relative wind is calculated:

w! = Rlw® — p! (2.24)
chcp clsp —sO w r
=1|—-s¢ co 0 0] —|rsbo (2.25)
sOcep slsp cb 0 0
wclep — 6 We1
= | —wsp —7rshp | = | we2 (2.26)
wsbcp We3

The unitvectors of the wind-frame are €y, €; and €,. €, is in the direction
of the relative wind .. €; is the transversal axis of the wind-frame, which
is perpendicular to both W, and é,.. €, = €, X €; completes the wind-frame.
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relative w'md
/ /u/v

i Q)
QNS ©

\e

Figure 2.3: The relative wind vector is shown in the body frame.

The given properties lead to the following definition of the wind-frame:

l w 1 We1l
e
ew = = weQ
2 2 2
‘w6| \/wel + wgy + wes We3
1 wclheop — 6
= —wsp — rsbo

\/(wCHCd) —70)2 + (wsp + r50¢)2 + (wsheep)? wshco
(2.27)
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—We2
| —We X €y 1
wexed = kg |\
1 ws¢ + rsh
— ‘ . wcebed — ro (2.28)

\/(wCHCdJ —70)2 + (wsg + rshp)? 0
ol — —we X (We X €;) _ We X e} _ 1 :Zizei
" Twex (we x el Twexef] T\ wd F w el ol \u2 L,
e (&)

1

\/(wc90¢ —76)2 + (wsd + r509)2 + (ws&cqﬁ)Q\/(chcqﬁ —76)2 + (ws + r50¢)2

—(webeg — ) (wsbed)
(—ws¢p — rs0¢)(wsbee) (2.29)
(wehep — 10)? + (—wsd — rs0p)>

The above equations define the R :

R, =(el, e ) (2.30)

w w n

Furthermore, the above rotation is related to the body-frame:
Rt = RV = R'R!, (2.31)

From this definition of R}’ given in equation (2.31)), the angles a,, and S
may be calculated. The result is expanded for further calculations.

COS (tyy COS B Sin o, cos B

b el ei’L) = | cosaysinfs cosfBs  sinaysinfs | = R?Rﬁv

— Sin Quy, 0 COS Quyyy

(2.32)
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Note the two elements of the above matrix indicated by a box. These allow
for the angles aw, and s to be extracted:

oy = — arcsin(el ;) (2.33)
Bs = — arcsin(e?)) (2.34)

Under the assumption that |ayl,|8s] < 90°, no quadrant corrections are
needed in the arcsin calculation. This assumption is valid as long as the
kite is not flying backwards, which would be a faulty behaviour. «,, and
Bs needs to be expressed as functions of the states of the system for further
analysis.

et = Rbe,
cBy  sBy O webeg — ro
=— | —-s6, ¢cB, O —ws¢ — rslo (2.35)
Vo o0 1 wsbeg
o= ‘ wsbco ' (2.36)
\/(wcﬁcqﬁ —10)? + (wsp + rsbp)? + (wsbcgp)?
e? = R;’eiu
1 cBy sBp, 0O ws + rs0¢
=— | —-56, ¢B, O wehed — 16 (2.37)
Voo o1 0
b _ Bo(wse +1509) + spy(weheg — rb) (2.38)

e = : :
\/(w696¢ —710)2 + (wsg + rsfp)?
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Which leads to the final expression for ay, and Ss:

Quy = — arcsin wsbed (2.39)
\/(w690¢ —70)2 + (wsp + 150¢)2 + (wsheep)?
B, — _ arcsin By (ws + 1506) + 5By (webhep — r6) (2.40)

\/(w090¢> —76)2 + (wsd + r50)?

2.4 Aerodynamic forces

The unitvectors defining the wind-frame F,, are given in equations ([2.27)-
(2.29)). These will define the direction of the aerodynamic forces. Three
aerodynamic forces and three moments are acting on the kite. Two of these
moments are cancelled out by the cable, such that only the moment around
the z-axis of the body frame is left. The forces and moments acting on the
body may be summarized:

e Drag force, Fy
e Crosswind force, F,

e Lift force, F;

e Yawing moment, My

The forces have the orientation of the wind-frame:
Fy
Foor = | Fe (2.41)
F

From aerodynamics theory [10], the above forces and moments are given:

1 Ca
FY = 5pmw,‘fA 4 Q. (2.42)
Ci
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leading edgP

o

Figure 2.4: Overview of parameters and dimensions of the kite.

1 .
My, = §pmw§bACk — CraPp (2.43)

Where pg;- is the density of the air at the altitude of the kite, . is the rela-
tive wind to the kite, A is the horizontal area, and A. is the vertical surface
area of the kite. Cy is the coefficient of drag, C. the coefficient of crosswind
force, C} the coeflicient of lift, C the coefficient of yawing-moment and Ciq
the damping coefficient around the yaw axis.

All the above coefficients are variables often determined by experiments
specific for an airfoil. For low speeds, and small «,, and fs, several simpli-
fications may be performed [I4]. The aerodynamic coefficients simplified to
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be functions of the following:

e Angle of attack, aq,
e Sideslip, S

e Control input, d,.

10-

an — Coefficient of lift
— Coefficient of drag
6r Glide ratio

Coefficient
(6}
T

0 5 10 15 20 25 30
Angle of attack [deg]

Figure 2.5: Aerodynamic coefficients and glide ratio.

Furthermore, if a symmetric airfoil is chosen, minimum lift and drag is found
in aq = 0 [10].

It was previously stated that o, and s remains relatively small. For such
conditions, the coefficient of drag is approximated, [14]:

Cq = kqC} + Cam (2.44)
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Which is a function of the coefficient lift, where k4 is a constant and Cygy,
is the minimum drag.

The coefficient of lift is approximated:
Ci = Clmaz sin(csaq) (2.45)

Where ¢ represents the lift slope. Because the airfoil of the kite may be
configured with a constant ‘depower’- angle oy, the angle of attack is given:

Qg = —Qy — Qg (2.46)

Note that the sign is negative, due to the orientation of the wind-frame. The
relation between C) and Cy, namely the glide-ratio GR = C%’ is important
for the performance of an airfoil. The power output of a tethered airfoil is
almost proportional to the cube of the glide-ratio [I1]. Figure [2.5/shows an
example of Cj, Cy and GR.

For the coefficient of the crosswind force, a linear approximation for small
Bs is chosen:

Cc = Ccsﬂs (247)

The yawing moment consists of two components. There is the natural di-
rectional stability of the kite, and the flaps angle d;:

Cr = —CpsfBs + Ci 501 (2.48)

where ¢ is the slope of C) with respect to s, and ¢ . is the slope with
respect to the d;. The final expression for the yawing-moment M}, is estab-
lished:

1 .
M), = ipairwzbz‘l (—CrsBs + Cr.5c01) — ckaBo (2.49)

where a natural damping factor ckdﬁb is added.
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The aerodynamic force for use with the state-space model is summarised:

1 Ca(aa)
Foor = ipairng %CC(BS) (2.50)
Cl(aa)

2.5 Kite model in state space

Starting with the kinematic model described in the previous sections:

. Sfl%l .

Z Elel ~ Z;l

B:b = @ 9 (2.14))
0 buku

the following state vector is chosen:

Do
v=|0 (2.51)
¢
B
)]

Now, the state space representation of the model is given:

. Ty

xT1 s

o e

"tg -1 Fl

i= i, = (5 o a>1 = f(z,u) (2.52)

T5 (S_I%l — a)

T6 M, 2

i7 T
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Note that the above system only has 4 degrees of freedom, and only one
control input w. Thus the system of equation (2.52) is classified as an
underactuated mechanical system [I3]. This classification is an important

property.
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Chapter 3

Control design

3.1 Introduction

Although automated control of kites is not a new concept in the academic
community, limited literature on the subject is available. Several research
groups have suggested the use of model predictive control to solve the prob-
lem. However, to the author best knowledge, there has not been performed
any analysis using path-referencing techniques or Lyapunov theory.

The system model of equation is classified as an underactuated sys-
tem. Such systems complicates the control problem as they have severe
limitations in the controllability. Tracking control and path following con-
trol has been developed both for aerial vehicles and marine vessels [3], both
being underactuated systems. While these systems have actuators for trans-
lational motion, the tethered airfoil does not. If a trajectory is a path in
space as a function of time, trajectory tracking would require control in
translational motion. Path following on the other hand, is more suitable
for controlling a tethered airfoil, as the airfoil may follow a predetermined
curve in space, independently of time.

In this chapter, a control strategy for path following along a general path
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on a spherical surface is proposed. The controller is inspired by the Line
of Sight guidance controller suggested in [3] for underwater vessels and 3D
path following in general.

3.2 Path-frame

In order to develop a path-following system, the path-error vector 7, and
the dynamics of this needs to be defined.

The Path-frame F, used in the following analysis is a geodesic reference
frame [4]. Given a path P parameterised by the vector 7(s) where s is the
position along the path. The orientation of the path-frame is defined:

oF
€1p § (3.1)
Js
€ap = €r X €1p (3.2)
é’3112 = gr

This reference-frame is illustrated in Figure 3.1

In the following, the angular velocity of the earth is neglected, such that the
earth-frame described in chapter may be treated as an inertial frame.
The velocity of the path-frame v, is given as follows:
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Figure 3.1: Path frame

As described in [5], the angular velocity of the path-frame is given by:

W,

el ~e
63%621)
D el se — &P
ep = e e3p = Swep/s
er se
e2p elp

(3.6)

(3.7)
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The skew symetric matrix Qé’p of wé’p is used in vector products.

p p
0 “Wep3  Wep2
P __ p _.4P
QL, = | wWeps 0 Wep1 (3.8)
p p
TWepl  Wept 0

If the path-error 7, is set to be the vector from the closest point on the
path P to the body, it must be perpendicular to the path, meaning zero
error in the x-direction:

'Fbp = yggp + Zggp (39)

Now, the velocity of the body is related to the velocity of F,.

L Con
b = Up + (%p (3.10)
Jo om0
=Up + 78:1} + Wep X Thp (3.11)
i P P
S 0 0 _wep/53 wep/s? 0
=0+ 9] +5| Yo 0 —wga | |y (3.12)
; p
0 o _wep/SQ wepl/s 0 o
Rewriting the above equation:
1- wgp/SBy + wle)p/SQZ 00 s
o) = —wfp/slz 10 Y (3.13)

wgp/sly 0 1 2

The above differential equation describes the relation between the velocity
of the kite and the Path-frame. It also describes the distance between the
path and the body as a function of time. However, there is a singularity in
the right hand matrix, for:

1-— wfp/sgy + w?p/ﬂz =0 (3.14)
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As suggested in [3], this may be solved by adding dynamics to the origin of
the Path-frame. The relative position of the body-frame to the path-frame
is redefined:

pr = 1'511, + y€2p + Zggp (3.15)

This is inserted into equation (3.12]):

. p p
S x 0 _wep/s?) wep/sQ x
1)5 =|0)+|y| +5 wze)p/sg 0 _wfp/sl Yy (316)
0 z —u? w? 0 z
ep/s2 epl/s

To cancel out the singularity, the x-dynamics is chosen:
&= kot + Wy 2y —Wp 07 (3.17)

where k; > 0 such that x = 0 is exponetially stable when y = 2z = 0.
Equations (3.16]) and (3.17) are rewritten to obtain state-space form:

1-— wfp/sgy + wfp/82z 0 0 1 P
wep/s3x _wep/slz 100 (] _ < U(Z)) > (3 18)
p p . - .
W50 + Wep/s1Y 010 z —kyx
p p i
“Wep/s3Y + Wep/s2% 0 0 1 4
The determinant is investigated,
p D
1-— Wep/s3Y + Wep /527 0 01
det we};)/sgx — weg/slz 1 00
_wep/s2x + wep/sly 0 10
D
~Wep/s3Y + Wep/s27 0 01

= (1 o wfp/siiy + wgp/s2z) - (_wfp/siiy + wgp/s2z) =1 (319)

which proves the singularity of Equation has been corrected. Equa-
tion describes the path-error development in time, as a function of the
body-velocity. This is an important result in developing the path-following
controller.
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3.3 The movement-frame

Equation (3.18) relates the path-error development to the body velocity
given in the path frame. A few assumptions is made on the system (2.52)
before defining the relation between the two frames.

Assumption 1 The kite is operated in a manner such that the total ve-
locity U is bounded: Upin < U < Unaz-

Assumption 2 The sideslip angle 3, s = B;,—fp where 3, = arctan (‘z’SITn(Q)>

is less than 90°: |8 5| < 90°, and |Bh,s| < Bs,maz

Assumption 3 The heading 8 is controllable through the yawing angle
Bo.

By defining a movement frame F,,, with the velocity |[v]| = U = \/v? 4+ v3 + v3
in the direction of the first axis €1, such that v{* = (U 0 0)T, the rotation
between F,, and F), is given:

Ry, = R3(Bp)R1(0p) R3(Brp)
cBpcBnp — 5BpClpsPrp  cBpsPhp + BpclpcBnp 5850,
= | —sBpcBrp — cBpclpsBrp  —5BpsBhp + cBpcOpchnp  cPpsb,
50p58np —50,¢Bnp ct,
(3.20)

The three angles of rotation f,, 8, and S, are illustrated in the Figure
The body velocity u® = (U 0 0)7, given in the path-frame is calculated:

cBpcBp — 5Bpclps Py
RV uy' =U | —sBpcBup — cBpclpsBip (3.21)
5055 Bhp

In the above rotation matrices, for the ease of notation, s and c is used for
sin and cos. While the angles 3, and 6, are functions of the relative position
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between the body and the origin of the path-frame, 3y, is controllable. By
geometric relations, the angles 3, and ¢, are defined:

3 0 for z,y=0 599
P ) arctan (%) elsewhere (3.22)

M) (3.23)

r

6, = sgu(y) arccos <W> = sgn(y) arcsin (
r

Note that either of these representations for 6, may be chosen in the fol-
lowing calculations.
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3.4 Path error in cartesian coordinates

As previously stated, both the origin of the path-frame and the body-frame
is at all times positioned on the same spherical surface. This surface is de-
fined by the distance r from the origin of the earth-frame. By this, a set D is
defined: D = {rbp eR3 —>R2‘ 2?+yP<r’nz=—r+ r2—x2—y2}
such that r,, = (z y 2)T is the vector from the path-frame to the body
frame. Any trajectories of the following system will allways stay in D.

The xyz-statespace equations of the path error in Equation (3.18) is de-
fined:

T = —kyx + éwfp/SSy — .éwfp/szz (3.24)
g = (Rbu")y — 5W‘Zp/53$ + éwfp/slz (3.25)
Z=(Rbwy")s+ éwfp/szz - éwgp/sly (3.26)

Now, standard form is obtained:

. p vy

x —k,x 0 wep/sB _wep/s2 z

. . D p

y = (Rifbvgmn)Q +s “Wep/s3 2 Wep/s1 Y (3.27)
z (Rmvb )3 wep/sQ _wepl/s 0 z

where the skew symmetric property of the last term becomes clear. The
rotation matix R5,(8,0,, Bnp) is given in Equation , where Sy, is the
only controllable variable. For now, it is assumed that 3, is controlled to
some desired value Sy, 4, with some error Bhp = Bhp — Bnp.a- Inserting this
into the above equation yields:

I —kzx
g | = —UsBpcBrpa — UcBpchsBhpa
3 Us0sBhp,d
0 wé)p/sfi _w]c?p/s2 € L
+5 | W 0 Wep sl y | +8lz,y,2 8,8 (3.28)

P
wep/s2 wepl/s 0 z
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A compact form of Equation (3.28)) states the path-error system:
z1 = f1(z1) + g(z1)22 (3.29)

Where z1 = 1y, 22 = B, = Bn — Bhp,a, and g is the error gain vector:

- g1
g(xayvzaﬁh) =192 (33())
g3
g1=0 (3.31)
3 By, — 1 3 By, — 1
o =U 58, SPhp.dPn + (cBp — V)eBhpa 8,0, CBrpasPn + (cPn — 1)5Bnp,a
Bn Bh
(3.32)
3 By — 1
g5 — Ush, cBhp,dsBh + (fﬁh )SBhp,d (3.33)
Bn
Where g2 and g3 are bounded above:
Jim Pl (3.34)
Brn—0  Bh
Jim 2 g (3.35)
Br—0 B

By this result, the system in Equation (3.29)) is interpreted as the nominal
system z; = f1(z1), perturbed by the error z, through the error gain vector

g(z1).

)
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3.5 Path following system

The path error development of the nominal system in equation (3.28)) is
given:

T —kyx
g | = | ~UsBycBia — UcBychstha
z UsOsfh,q
0 w?p/s?) _wfp/SQ x
+ 8 _wi)p/sii 0 WSp/sl Y (336)
wgp/SQ _wgpl/s 0 z

In the above system, £, 4 may be designed to make the origin (z y 2)T =

(00 0)7 a stable equilibrium point.

3.5.1 GGuidance law

The guidance law presented in [3] is proven to stabilize the vehicle to a
path-frame using a Line of Sight-technique(LOS). LOS means aiming at
some point (A 0 0)7 ahead of the centre of the path-frame. In the case
with spherical coordinates, this is not possible. Inspired by this, an aiming
angle along the arc between the body- and the path-frame is chosen. This
is illustrated in Figure 3.1}

Bhp,d = Br,a — Bp
0 for z,y=0 5 37
) arctan (%) — arctan (g) elsewhere (3:37)

3.5.2 Stability analysis of the nominal system

Now that all the angles of rotation between the movement-frame and the
path-frame is defined, a stability analysis for the nominal system may be
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3 _ €T
sin (arctanz) = rzm
cos (arctanx) = o]
sin (arccosz) = /1 — 2
cos (arcsinz) = v/1 — 22

Table 3.1: Trigonometric relations

performed. The three angles of rotation are given in Equations (3.22), (3.23))
and @37
0 for z,y=0
Bp = (13.22)

arctan (%) elsewhere

2 2
() e

6, = sgn(y) arccos <T+Z> = sgn(y) arcsin
r

By using the trigonometric relations listed in Table[3.1I] the sines and cosines
of the three angles are calculated.

sin(ﬂh,d) = 8Bn,acBp — cBr,asBp
y | A sgn(y)x

= — 3.38
N R o Y
cos(Bn,d) = cBr,acBp + 5Bh,A8Bp
A

VR AR R AR

vaity? (3.40)

sin(6,) = sgn(y) "

cos(6p) = —; z (3.41)
sin(,) = \j% (3.42)
cos(fBp) = _ bl (3.43)
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The above expressions is inserted into equation (|3.36|)

T = —kzx + (Sle)l (344)

g=u (8w A vl Y sgn(y)z
V242 \ VP2 A Va2 2 Y2+ A2 a2 42

oyl otz y vy A sgn(y)z
NN <\/y2—|—A2 V2 + 2 iR+ A2 \/m2+y2>>
+ (Smz1)2
_ yrAeg —raty — (4 2)|yl*y + (F + 2) Awy?
r(z2 + y2)\/y2 + A2

20, 2 A
_prry o Uyt e (g, (3.45)

7a(xQ + y2) /y2 + AQ

+ (Smz1)2

:=U | sgn(y)~ Ay y vl A sgn(y)z
r VPR A2 a2ty P+ A2 a4
+(SMZ1)3
2_A
UV 2% (Syz)s (3.46)

r /y2 + A2
Where the origin z; = 0 is an equilibrium point:
z1=0 (3.47)
=0

Now, a Lyapunov analysis of the nominal system in Equations ([3.44)) - (3.46])
is performed, using the following Lyapunov function candidate:

lim z1 = lim
x—0ly=0 y—0

1 1
Viaom = fz{zl = — (m Y z)

5 5 (3.48)

N R
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The first derivative is calculated:

<.

Vnom:(fx Yy Z)

—k,x
—ra?y—(r+2)|yPy+2Azy

= (IIJ‘ Yy Z) 7”(:(:24-1/2)\/yz-f—fA2
U y2—Ax

r\/m
3w Ty — SWeprnTZ — SWep gl + Swop e

+ 37 — SwepradE (3-49)

The skew symmetric terms in the above equation are conveniently cancelled
out.

2o, 2 2
Vnom__kxx2+<U rey — (r+ 2)|y| y+zA:1:y>y+<U y* — Ax )z

r(z? 4+ y?)\/y? + A2 ry/y? + A2

—raz?y? — (r + 2)|y|?y? + 2Azy? + (2% + y?) (zy* — Azz)

r(z2 + y?)\/y? + A2

= k2’ 4+ U

P —ra?y? — ry? —;’/ﬁ(‘i‘w—l- zay? — Azad —I—;tj‘r—w
X
T($2+y2) /y2_|_A2

zx?y? — r(z? + y2)y? — Aza®

= k2’ +U 3.50
r(2? +y?)\Vy? + A2 (350

—Azx
<|U —ky | 22 3.51
= < T(.ZU2 + y2) /y2 + A2 > ( )
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For the upper part of the sphere D, i.e. Dypper = {21 € D| —1r < 2 <0}, 2
is given by z = —r 4+ /12 — 22 — 2.

. A(r — /1?2 — 22 —y?)x 9
Vo < | U — ks | x 3.52
( RPN -

Where if y = 0, lim,_,q oy o 2y)e W = 0. Under the assumption that

the velocity of the kite is bounded, Ui < U < Upaz, the above expression
is maximized in the set Dypper, and the following is obtained:

Uma:p
r

Viom < < - kx> 22 <0, o vmar V21 € Dugper (3.53)

This proves that Vnom is negative semi definite in Dypper. Before stability

is concluded, the same analysis is performed for the the lower part of the

sphere: Digwer = {21 € D| —2r < z < —r}, z is given by z = —r —
P2 — g2 — 42

. A 2 _ 2 42
Vnom < (Umax (T * L - Y )33 - kx) 1:2 (354)

r(2? + y?)\Vy? + A2

. N . A(r+4/r?—2?2—y?)zx
Again, if y =0, lim, o U RNy
k; to keep the above equation negative semi definite. Now a subset (2. is

defined:

— 00, thus there is no constant

Qe={z1€R?| V(1) < (2r—0)°’} CD (3.55)

where & > 0 is some small positive number. The set 2. excludes a small
circular area around the point (x yz)T = (0 0 —2r)T, such that for 2 < —r,
22 +y? > r.(0)%. This is illustrated in Figure Using these properties,
Equation is maximised in Q. :

Te

. _ 2 2.2
Vaom < <Umaz7ﬂrrrc - k:p) -T2 (356)
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V< (he—kg)2® <0, . Vz e (3.57)
where,
_ /2 2
ke = max (Umax , Ummr 4 TC) (3.58)
r rre

Now the recent results are ingserted into equation (3.50]):

. zx2y? y?
Voo < —(ky — k)22 + U -U 3.59
( ) r(x2 +y2)\/y2 + A? Vi + A2 (3.59)
Viom <0 Vz1€Q (3.60)

Going back to the hard relation between z and z,y , z = —r4+/r2 — 22 — 32,
it is seen that any nonzero z gives a nonzero z,y. Thus the set {Vnom =0} C
Q. contains no other trajectories than the trivial solution z;(¢) =0V ¢ >0
By LaSalle’s invariance principle, the equilibrium point z; = 0 is a Locally
Asymptotically Stable (LAS) equilibrium point of the system in the
set Q.
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Figure 3.2: Visualization of the set Q.. (). is given by the surface of this
sphere, excluding the red area on the oposite side of the origin of the path-
frame, where the path-error system is not proven stable.

3.6 Controller dynamics

Although the kite-model is an underactuated system, a combination of the

states may still be influenced. For instance, the combination of 6 and ¢

sin(6)
0

where the heading angle is defined 8 = arctan( > is controllable.

In the following synthesis, the backstepping method will be used until the
control input is available.
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The nominal system of the path error z; = 7y, = (x Y z)T is defined:

z1 = fi(z1) (3.61)
Viom = %Z{Zl (362)
Viom = —W (z1) (3.63)

Where W(z;) is a positive semi-definite function. The full system with a
corresponding Lyapunov function is given:

z1 = f1(z1) + g1(2z1)22 (3.64)
V= %lezl (3.65)
Vl = —W(Zl) + a0 (Zl)TZ1Z2 (3.66)

where z9 = B = Bn — Bnd = Bv — Bb,d- The heading error 23 is included in
a second Lyapunov function.

1
Vo = —W(z1) + g1(Z1)TZ1Z2 + ZZ(Bb - /Bb,d) (3.68)

The control error is defined z3 = Bb — a1 where ag is a stabilizing term to
decide.

B=Fh-o — P=mta (3.69)
Inserting 3 into Equation (3.68) yields :
Vo = —W(z1) + gl(zl)TZ122 + 29(23 + a1 — Bh,d) (3.70)

Now, a1 may be chosen to cancel out any perturbing terms:

ar = —g1(z1)" 71 + Bh7d — Kz (3.71)

Vo= —W(z1) + g1(21) 2122 + 2 (23 — 91(21)21 + Bra — Kz — 5h,d>
(3.72)
= _W(Zl) — KlZ% + Z923 (373)
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Anoth.er step is added to the backstepping method, using z3 = Bb — « and
Z3 = By — di:

1
Vi3 ="Va+ 52’:% (3-74)
Vs = —W(z) — Klz§ + 2923 + 23 (61; - dl) (3.75)

where 3, is recognised from the kite model. Equation (2.49) defines the
dynamics of F:

1

Bb = EpairwgbAc (_Cksﬁs + Ck,5c5l) - ckdﬁ'b (376)

For simplicity, the above equation is rewritten.
By = w1 + waby — cralPy (3.77)

Where the functions wy and w9 are function of the wind vector w and the
state vector x.

Vs = —W(z1) — K123 + 2223 + 23 (w1 + wady — crafy — 021) (3.78)

As recalled from Equation (2.52)), the relation between the flaps angle 0;
and the control input is simple, §; = u. This state is easily controlled by
some high speed actuator.

Further assumptions are made.
Assumption 4 w; and wo are known, positive, bounded scalar functions.

Assumption 5 The state ¢; is controlled perfectly to a desired d; 4, that is
0 = 014

Now, §; may be considered a control input to the system.

1 : )
0d=— (—22 — w1 + Crafp + 1 — KzZs) (3.79)
w2
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Inserting this into Equation (3.78]), the following final result is obtained:

Vs = —W(z) — K122 — Ko22 (3.80)

Because Vg =V - W1 (22, 23) where W7 is a positive definite function, it
is concluded for the path error system in Equation (3.27) that the origin is
Locally Asymptotically Stable (LAS).

Although the above result is conclusive, it underlies some assumptions. wy
and we are function of the wind vector w and the states. Accurate state es-
timates are likely to be available, while the wind is a random process. Some
error will occur in the estimates of w; and we. The term &7 contains the
second derivative of /3, 4, Bh,d- When designing a curve in space, keeping
Bh,d continuous, is a limitation.

Despite the fact that the controller proposed in Equation contains
a few weaknesses, it is a solid result. The controller is, -to the authors
best knowledge-, the first to solve the problem of general path-following for
tethered airfoils, in ideal conditions.
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Chapter 4

Simulation

4.1 Introduction

The following simulations demonstrate a single tethered airfoil fixed to a sta-
tionary point on the ground. As the scope of this thesis is not to investigate
the optimality in different trajectories with respect to power generation, the
path is chosen to facilitate analytical calculations, and to demonstrate the
concept of path-following control.

4.2 Parametric curve in spherical coordinates

The purpose of the following curve, is to demonstrate the control system
developed in this thesis. The curve is not optimised by any means, but
is designed to resemble a figure eight-shaped path. Such a flight pattern
is supported by several analysts in the field,[6], [§], and is a well known
technique for manoeuvring tethered airfoils. A parametric curve y(¢) is
defined:y(¢) = (6,(¢) ¢(¢) r)T, and the velocity of this with respect to (,
v,(€) = S9/(¢) where S is a scaling matrix due to the use of spherical
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coordinates. 7, (¢) is the parametric velocity in the local frame.

, cos (2()
7(Q) = 5 | [sin(2() [ sgn (sin(()) |V ¢ € [0 2n] (4.1)
0
r 0 0\ /0'(¢)
=10 rsin(@) 0] | ¢ () (4.2)

0 0 1 r'(¢)
In the above equation, s; is the total length of the closed curve. The desired

parameterisation of the curve 7, is y(s). To reparameterise, the distance s
travelled along the curve -~y is calculated, [7]:

¢
S(0) = / I (1) dt (4.3)

¢
_ / ;—;\/0052(275)4—sin2(2t)dt (4.4)
0
S
c=2m? (4.6)

Now, a substitution between ¢ and s can be made. The expressions 6(s),
¢(s) and r(s) may be calculated using equations (4.1)-(4.2)), and susbstitut-
ing ¢ with s.

a0, s
5 = 08 (477) (4.7)

St
99, _ ‘sin(47r§) sgn(sin(Qﬂ'i)) (45)
0s 7 sin (4% sin (4775) + 90)
or _y (4.9)

ds
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o(s) = 4% sin(47rsit) + 0o (4.10)
[ Jsin(2t)] sgn(sin(t))

9ls) = /0 rsin (4‘% sin(2t) + 90) dt (4.11)

r(s)=r (4.12)

Due to the complexity of the above integral, Equation (4.11)) is solved nu-

30

Parametric curve

20+

10+

¢ldeg]
o

-10-

-20

.30 1 1 1 1 1
45 50 55 60 65 70 75

0[deg]

Figure 4.1: Parametric curve « in ¢-plane.

merically. For the simulations a look-up table with interpolation in ¢(s) is

used.

In the propagation of s in equation ([3.18)), the angular velocity w, is needed.
Based on the curve 7(s), the following method may be used to calculate w&,,
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Bl
Re(6p) Ry 0y R(6,) (113
£, —wz<ﬂp>+R<ﬂp>wy< )+ (5, Ry (06, (.14
=wp (4.15)
= (G2 4 R G+ RBIR 0 () )8 (410

By .
where % is given:

a5 ’sin(élﬂsit) sgn (sin(27ri)>
—% = — arctan (4.17)
ds  Os cos (47ri>
= 4—7rsgn (cos(27r8)> (4.18)
St St

Due to the discontinuity in %, the following simplification is made in the

controller from Equation (3.79). As mentioned previously, the term ¢
contains some terms that are difficult to implement.

0

o (—91 (1) 21 + Bra — K22) (4.19)

a1 =

The terms % (gl (z1)Tz1 + Bh,d) are not implemented for the following sim-

ulations.

Recall from the equation for propagating the origin of the path frame along
the curve, where the 4, 4-matrix was proven invertible in equation (3.19)):

D
Uy
<_ kxx) (3-18)

p p
1- wep/sSy + wep/sZ'z

p _.,p
_ wep/s3'r wep/slz
P P
wep/s?‘r + wep/sly
P P
wep/sSy + wep/sQZ

R oW S .
S O = O
O =R O O
_ o O =
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4.3 Simulation with ideal conditions

The parameters used in these simulations are listed in Table and the

profile of the lift and drag coeflicients is shown in Figure [2.5

Model parameter value
Kite:
m: Effective mass 10
A: Horisontal wing area | 20
Drag force:
Cam: Minimum drag 0.05
kq: Drag constant 0.05
Lift force:
CrLmaz: Maximum lift 1.5
cs:  Lift slope 1.5CL7;M
ap:  De-power angle 5150 7
Crosswind force:
Ces: Crosswind constant 117
Yawing moment:
cps:  Directional stability 0.5
crse:  Bffect of control input | 1

Table 4.1: Model parameters

position is set:

0 85°
0] —50°
Bb —30°
T = | 0 | = | —5°/s
b 0
By 0

The initial

(4.20)
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Trajectory
100 Cable
Referance path
90

z[m]

y[m] x[m]

Figure 4.2: 3D-trajectory for the path-following system.

The wind is free of noise, w = 10m/s, and the path frame is initiated in
s =0:

60°
~(0) = | —25.8° (4.21)
T

with the total length of the closed path s; = 240m.

Figuresid.2 illustrates the trajectory of a 10 second simulation with ideal
conditions. The kite converges to the reference path smoothly. As seen in
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Figure after convergence, there is some small ripple. This is due to the
two left out terms in the controller.

70

60-

501

40t

z[m]

30r

20-

— Trajectory
Referance path

101

60 65 70 75 80 85 90 95
x[m]

Figure 4.3: XZ-trajectory for the path-following system.

The desired yawing angle 3 4 and the actual yawing angle is illustrated in
Figure Bp follows the desired value closely.  The control input and
the flaps angle seen in Figures [.7] - [£.8] are fairly smooth. The oscillations
occur in the interconnection between the two circular parts of the curve.
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40

20-

y[m]

-20-

-40}

— Trajectory

i / Referance path

60 65 70 75 80 85 20 95
x[m]

Figure 4.4: XY-trajectory for the path-following system.

10

0

-10fF

—X
-y
—z

20}

E

30}

40}

-50

60 . . . .
0 2 4 6 8 10
time([s]

Figure 4.5: XYZ path error.
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=)
s
0 2 7 6 8 10
time[s]
Figure 4.6: Yawing angles, 3, and (3 4.
2
1.5r B
il ]
0.5 B
OH \/\/VVW /\/\/\/\Nv——
£ 05 E
=]
1 4
-1.5 B
2 4
-2.5¢ B
3 ‘ ‘ ‘ ‘
0 2 8 10

time[s]

Figure 4.7: Control input from simulation.
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8fml

-0.16

. .
2 4 6 8 10
time[s]

Figure 4.8: Control state ¢;.
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(xaoa[deg]

time([s]

Figure 4.9: Angle of attack, agoq-

As stated in Chapter [2], for the approximations of the aerodynamic co-
efficients to be valid, the angle of attack is assumed to be small. Seen in

Figure Qgoq Stabilizes around 7°. This is well within reasonable limits
for the approximation, [10].

4.4 Simulation with wind turbulence

The initial position is set equal as in the case with ideal conditions. The
wind vector is modelled as lowpass-filtered noise in both amplitude and

direction. Nominal wind speed w is set to: w = 6m/s. Other parameters
are kept the same as in the ideal case.
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100~ Trajectory
Cable
90— Referance path
80 —

100

y[m] x[m]

Figure 4.10: 3D-trajectory for the path-following system.

In Figures the trajectory of a 10 second simulation with wind
turbulence is plotted. As expected, some error is apparent. The response
is similar to the case with no turbulence.
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: XZ-trajectory for the path-following system.

70 80 90 100
x[m]

70
60k —— Trajectory
Referance path
50+
40+
E
N
30+
201
10+
0 . .
40 50 60
Figure 4.11
50
— Trajectory
Referance path
ok
E
>
-50F
-100 . y
40 50 60

Figure 4.12: XY-trajectory for the path-following system.

70 80 20 100
x[m]
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o =
T

u[m/s]

. . . .
0 2 4 6 8 10
time[s]

Figure 4.13: Control input from simulation.

The control input « and the flaps angle seen in Figure and are
considerably more noisy in the case with wind turbulence.



4.4, Simulation with wind turbulence
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Figure 4.16: Wind speed and direction in the xy-plane.

The wind speed and direction for the case with turbulence is presented
in Figure The direction is given as the angle between the x-axis and
the wind vector in the xy-plane of the earth frame F..

Although the control system could not be proven stable for uncertainty in
model parameters and wind, the simulation result indicate some robustness
in the control system.



Chapter 5

Conclusion

In Chapter [2] a recognised model for tethered airfoils has been extended to
include dynamics for the orientation of the body-frame. This orientation,
the yawing angle in particular, is an important factor in understanding the
dynamics of the system, and play an important role in the control system
development. Although the model has not been compared to data from a
real tethered airfoil, the simulations show realistic behaviour. This conclu-
sion is drawn based on the authors experience with human-controlled kites
as well as comparison to simulations of similar models presented by [9],[6].

The proposed controller in Chapter [3| asymptotically stabilizes the body-
frame to a general path P, locally in the set .. The set Q. includes the
entire area of operation limited by the ground and the direction of the wind.
Path-following is concluded to be a well suited control strategy for a teth-
ered airfoil. To the author’s best knowledge, the results presented in this
thesis is the first to conclude on stability in a path-following system for
tethered airfoils.

There are two parts of the control system: The line-of-sight inspired guid-
ance system, and the lower level controller, following the guidance law. The
guidance system is proven localy asymptotically stable, and is well suited
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for any system where path-following control with use of spherical coordi-
nates is desired.

Several studies [9] has been conducted on optimising trajectories for, and
the use of MPC in control of tethered airfoils. In MPC, feedback control
is needed to cope with model uncertainty [I12]. The controller in Chapter
may serve as such a feedback controller.



Chapter 6

Further work

Path following control

The control system developed in this thesis, consists of a general guidance
controller and a backstepping controller to follow this. The guidance law is
applicable to any path-following system described in spherical coordinates,
or moving along a spherical surface. The guidance controller is not proven
Globally Asymptotically Stable on the described sphere. Although this is
not necessary for the kite-system, it may be desirable for other applications.

Smooth control

The controller developed in chapter , Equation is designed to cancel
out any perturbing terms. It contains variables that may be noisy, or be
difficult to implement. Such a controller would result in more rapid wear
and tear in actuators and other hardware.

State - and Parameter estimation For control systems that are based
on a kinematic model, including the one discussed in Chapter [3, parameter
estimation is an important issue, as the stability analysis may rely on the
model parameters. This should be addressed in relation to a robustness
analysis. State estimation is an obvious topic for further work, because in
any closed loop system needs state measurements or estimates to calculate
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the control input.

Robustness

The assumptions made in Chapter [3] state that full state measurements and
exact model insight is available. This is not the case for real systems, where
model errors and vague wind estimates are likely to occur. A robustness
analysis should be performed with the control system in order to conclude
on noise rejection and sensitivity to model errors.

Prototype testing
Last, but not least, one should test the control system in a real application.
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