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Abstract— Snake robots with active wheels provide inter-
esting opportunities for applications such as inspection and
maintenance. A slender body combined with flexible movement
makes it ideal for pipes and other narrow or constricted
structures. In this paper we present a novel path-following
algorithm for snake robots with active wheels. The algorithm is
composed of two steps. First, the desired turning angle for the
snake robot head is found based on its location with respect to
a desired path. Then we employ a n-trailer kinematic model
to find an energy efficient set of control inputs for the robot
given a reference path for the snake robot head. Moreover, we
extend a non-smooth model of a snake robot to include active
wheels. The proposed snake robot system is simulated with the
non-smooth model to test the viability of the control concept,
and it is further compared to another common method used
for similar robots.

I. INTRODUCTION

Search and rescue operations in confined and narrow
spaces or in the remains of collapsed and unstable buildings,
and inspection and maintenance of pipe structures in sewage
and ventilation systems, can be unreachable and/or dangerous
to humans. Our need to explore such areas have resulted in
numerous robotic systems.

The snake-like structure is especially advantageous for
moving through narrow spaces and tight bends while still
carrying the payload required to fulfill it’s task. This is why
locomotion of snake-like robots is a predominant research
area when it comes to automated inspection of pipe structures
and some search and rescue applications.

Wheeled snake-like robots have the advantage of the shape
and build of a snake, while maintaining the direct motion of
vehicles, thereby combining the best of both worlds. Multiple
active wheels allow the robot to continue forward propulsion
also when several of the wheels are not in contact with the
driving surface. This is a necessity when more complicated
maneuvering than driving on flat surfaces is required, like
traversing obstacles or climbing steplike structures. This kind
of complicated movements also require the use of active
joints, eigher to lift certain parts of the robot off the ground,
or to push the wheels into the internal walls of a vertical pipe,
and thereby creating the friction necessary for propelling
itself vertically.
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Snake-like robots with active wheels and active joints
are presented in [1], [2], [3] and [4]. Scholl et al. present
an autonomous sewer inspection robot [3], and provide
experimental results in [5] on the same robot demonstrating
the the ability of wheeled, multijoint robots to maneuver
in tight bends and traverse steplike obstacles. Hirose et al.
present similar successes in maneuverabliity with the robot
ACM-R4 [1]. Advances have also been made in using visual
sensing in pipe structures, to adapt the heading and path of
sewage inspection robots, and thus avoiding collisions and
impacts with walls.

Many of these robots have to work in pipe structures that
are distributed over large areas, making it impractical to have
it connected by cable to some central power supply. It is
therefore crucial that the robot uses its actuators as effective
as possible. In a trailer system, any “unnatural” motion will
dissipate energy. By “unnatural” we mean any motion of
the wheels that is not strictly rolling, e.g. spinning of the
wheels or any lateral movement of the wheels perpendicular
to the rolling direction. It may therefore be natural to use
the amount of slip on the wheels as a benchmark for energy
consumption.

There exists a need to design a path-following algorithm
that coordinates the movement of each module so as to min-
imize slip on the wheels, resulting in a smooth and flowing
motion. This is not always accomplished by the common
algorithms used in similar robots. Several academic attempts
are based on the “follow-the-leader” principle, where it is
assumed that all the modules follow the exact same path.
The path would then be defined by the trace of the head
of the robot. The subsequent modules imitate the actions of
the head when they reach that point on the trajectory. This
approach is implemented in [1] and [4]. This simple method
has been effective in initial laboratory testing, but might not
be the most energy efficient method, for reasons which we
will discuss.

In [6], which also uses a “follow-the-leader” strategy,
clothoids (as described in [7]) are used to construct tra-
jectories, such that the wheel axes always are close to
perpendicular to the tangent of the trajectory. This puts
limitations on the possible trajectories or paths, e.g. that the
curvature of the trajectory as a function of the curvelength
along the trajectory must be continuous. And even then it
cannot guarantee motion without lateral wheel slippage.

In this paper we present a path-following algorithm that
coordinates the actuators on all modules in such a way that
lateral and longitudinal wheel slippage and hence the energy
consumption is reduced. To this end we develop a path-
following algorithm based on frenet-frames so that the head



of the snake robot can track an arbitrarly path. Then we use a
kinematic model from a n-trailer problem to calculate all the
control variables needed to follow a given path. Moreover,
we extend a non-smooth model of a wheel-less snake robot
presented in [8] to include active wheels. This model is
then employed for simulation of the proposed path-following
scheme in order to compare it to the previously published
“follow-the-leader” approach.

This paper is organized as follows. In Section II. we
present a kinematic model for a general multijoint/articulated
vehicle. Then in Section III. we describe how the aforemen-
tioned kinematic model can be used to steer a snake-like
robot with multiple wheels. We go on to use the results of
Section III. to design a path-following algorithm in Section
IV.

II. KINEMATIC MODEL

This section presents a kinematic model which will serve
as a basis for the proposed path-following algorithm pre-
sented in Section III. The model is based on the snake robot
Piko which is currently being developed at the Norwegian
research organization SINTEF in Trondheim, Norway.

A. Schematic and nomenclature

Pi = point on the center of the wheel axes of module i
xi = Cartesian x-coordinate of Pi in global frame
yi = Cartesian y-coordinate of Pi in global frame
θi = orientation of module i with respect to an

inertial frame
vi = speed of Pi
Qi = point defining the location of the front end of

module i
ui = speed of point Qi
δi = direction of motion for point Qi
βi = φi + δi+1

L = length of segment PiQi
M = length of segment PiQi+1

φi = relative angle between modules i and i+ 1,
θi+1 − θi

This notation may vary slightly from the dominant n-trailer
literature.

B. Model derivation

The n-trailer problem is the problem of steering a truck
pulling n linked trailers behind it. Physically it is similar to
a wheeled multijoint robot (schematic in figure 1), but with
some important differences. The n-trailer system only has
one active module, the truck, while all the trailers are passive.
In PiKo both the joints and the wheels of each module are
active.

Although we will use the exact same kinematic model as
in the n-trailer system, it will be utilized very differently. In

this paper we will only be giving a brief summary of the
model derivation and refer to [9] and [10] for more detailed
reading.

The equations of motion for a given module i = 1, . . . , n,
are given by

ẋi =vi cos θi (1)
ẏi =vi sin θi (2)

θ̇i =
vi
L

tan δi =
ui
L

sin δi. (3)

However, the motion of each module is constrained by rigid-
body constraints

xi+1 =xi −M cos θi − L cos θi+1 (4)
xi+1 =xi −M cos θi − L cos θi+1, (5)

and a nonholonomic constraint

ẋi sin θi − ẏi cos θi = 0, (6)

which we get by placing a condition of no lateral slip on the
wheels.

Using (1) through (6) and the simple relation φi = θi+1−
θi for the joint angles, we can derive an equation for the
angular velocities of the joint angles

φ̇i = − vi
L2
{L sinφi + (M cosφi + L) tan δi}. (7)

for i = 1, . . . , n− 1. We define a state vector

x =
[
x1 y1 θ1 φ1 . . . φn−1

]T
(8)

which defines the robot’s position and orientation in an
inertial coordinate frame. (1)-(3) and (7) are the kinematic
equations that describe the motion of the robot. Notice
that solving these equations requires the knowledge of the
variables δi and vi, as well as the state vector, which we
assume is known. The following relations can be derived
from Fig. 1.

δi+1 =βi − φi (9)

vi+1 =vi
cos δi+1

cosβi
(10)

where βi is given as follows

tanβi = −M
L

tan δi. (11)

Equations (9)-(11) allow us to iteratively calculate δi and vi
as long as δ1 and v1 are known. Hence the kinematics of the
system can be completely defined by only two variables, δ1
and v1. This is an important result that we will make use of
in the next section. Note that it holds only as a direct result
of the nonslip condition we imposed upon the wheels.

III. CONTROLLING ROBOT HEADING

In the previous section we saw how to set the various
joint angles and link speeds based on the two variables δ1
and v1. In this section we will see how to determine these
to variables.

At this point we wish to again emphasize the difference
between the n-trailer model and the snake-like robot PiKo.



Fig. 1. Simple schematic of a general multijoint robot/vehicle

1) n-trailer: Only the first module, the truck, is active.
The trucks speed v1 and steering angle δ1 can be
set. The following modules, the trailers, passively
follow the truck so as to satisfy the rigid-body and
nonholonomic constraints.

2) PiKo: All modules are active. The speed vi and the
joint angles φi can be set. Even though the steering
angle δ1 is defined for the first module, it cannot steer
on its own accord, as it just like all the other modules
does not have an additional wheel axle for steering
(Contrary to the truck of the n-trailer system).

The problem is then, how can we make the head of PiKo,
turn and head in the desired direction, without active steering
in the head module?

Assume temporarily that we can consider the head of
PiKo as a virtual truck, with a virtual steering wheel. This
allows us to set its speed v1 and its virtual steering angle δ1,
as an operator or a controller desires. The result from the
previous section shows that given v1 and δ1, the kinematics
of the whole robot is defined. Consequently, we can use the
kinematic equations found in the previous section to solve
for the individual module speeds vi and joint angles φi.

Now an assumption of symmetry is made. We assume
that if we set the individual module speeds and joint angles
according to the calculated values of vi and φi, PiKo will
move as if it actually was being pulled by the virtual truck.
Instead of the steering being the result of a steerable axle
in the truck, it will emerge as a result of the collective
actions of all modules. As a bonus, since the trailers of

the n-trailer system behave in a passive manner, our control
scheme should result in an equivalent “passive” behavior in
PiKo. This means that in the ideal case, the aforementioned
slip of the wheels will be eliminated.

IV. FRENET FRAMES AND PATH-FOLLOWING

For path-following purposes we need to be able to measure
the robot’s deviation from the path. The controller will
regulate this deviation towards zero. In the path-following
scheme we propose in this paper, the steering angle δ1 will
be used to steer the robots head towards the path. We will
be assuming that the subsequent modules stay within an
acceptable distance of the path. Frenet frames will be used
to obtain the deviation of the head to the path.

A. Frenet frames

The Frenet frame, as we will use it is a coordinate system
defined on every point of a path γ. It has a tangent axis
pointing tangent to and in the direction of the path, and a
normal axis, perpendicular to the tangent axis pointing in the
direction of positive curvature. A specific Frenet frame on
the path can be specified by the arc length parameter sγ . Fig.
2 illustrates this.

When using Frenet frames for path-tracking, we need to
choose the Frenet frame at the point given by sγi, which
is the point on the path closest to module i. In such a
reference frame the position and orientation of a module can
be described by only two parameters. The offset distance zi
describes the distance from the path to module i, while the
offset angle θ̃i = θi − θγi gives a measure of the error in



Fig. 2. Utilizing Frenet frames for path-tracking

orientation. If we have zi and θi equal zero for every module,
then we are tracking the curve perfectly. Unfortunately, this
is physically impossible for a general path (when the non-
holonomic constraints are enforced). Therefore we will focus
on tracking the path with the head module, and let the
subsequent modules follow in a passive-like manner.

The Frenet parameters sγi, zi and θ̃i define module i’s
position and orientation with respects to the path. They
can either be approximated numerically by optimization as
we have done for the simulations, or be estimated using a
kinematic model defined with respect to the changing Frenet
frame. Such a model is presented in [11]. This model can also
be used to design more effective nonlinear controllers, but
this will not be necessary for the purposes of this discussion.

B. A simple controller

We choose a controller of the simple form

δ1 = δf −K(zc + v1T sin θ̃1) (12)

where

zc =

 z1 if |z1| ≤ v1T
−v1T if z1 < −v1T
v1T if z1 > v1T.

(13)

Using (13) we limit the z-term from becoming too overpow-
ering when |z1| is large. zc is z1 clamped so as to not cause
a breakdown of the path-following functionality when the
robots head module is far from the curve. z1 is the current
offset from the path while v1T sin θ̃1 is an estimate of the
change in offset from the path caused by the orientation
offset θ̃1, after a time T . Tuning T enables us to determine
the relative importance of both of these offsets, and thereby
determining how agressively we want the robot to close in
on the path.

The feedforward term δf is the steering angle that would
give perfect tracking if the robot was following on the path
in the ideal case. This term can be calculated from the
differential equation for the orientation angle θ1, (3), restated

as follows:

θ̇1 =
v1
L

tan δf (14)

tan δf =
Lθ̇1
v1

= L
dθ1/dt

ds/dt
= L

dθ1
ds

(15)

tan δf =Lκγ1. (16)

As expected the δf is dependent on the curvature of the path
at point, sγ1.

V. MATHEMATICAL MODEL FOR SIMULATION

A mathematical model that includes the dynamics of a
snake robot with active wheels is important in order to
validate the proposed path-following algorithm. The model
will also be used to compare the path-following algorithm
proposed in this paper with a “follow-the-leader” approach
previously published for snake robots. The model of the
dynamics extends a non-smooth model of a wheel-less snake
robot presented in Transeth et al. [8] in that active wheels
are added.

A complete description of a non-smooth model of a snake
robot with active wheels is too comprehensive to be included
in this paper. Therefore we refer the reader to [8] for a
thorough description of a non-smooth model of a snake
robot without wheels. Moreover in this paper we describe
the necessary changes needed to introduce active wheels to
the model in [8].

A. Notation

Let the midpoint Gi denote the center of gravity of link
i. Let I denote an inertial frame. Let Bi = {Gi, eBi

x , eBi
y }

be body-fixed frame with origin Gi and coordinate axis eBi
x

pointing along link i toward link i+1. Let Bi
rAB be a vector

from point A to point B given in frame Bi. Let RI
Bi

be a
rotation matrix such that Ir = RI

Bi Bi
r.

B. How to Include Active Wheels

In order to add active wheels to the non-smooth snake
robot model, we first need to find the relative tangential
velocity between the ground and the two wheels on each link
(“tangential” with respect to ground surface and not the link).
This velocity is later employed in conjunction to finding the
friction forces between the wheels and the ground surface.

Let rCQi
= rGi

+rGiCQi
denote the position of the center

of the wheel on the right (CQi = CRi) and left (CQi = CLi)
side of link i (see link 3 in Fig. 1). Let IvCQi

:= d
dt IrCQi

.
Now the relative sliding velocity between the ground and the
part of the wheel in contact with the ground is

γ′TCQi
= IvCQi

+ RI
Bi

[
−ωwi

Lwi

0

]
(17)

for Qi = Li,Ri where ωwi
and Lwi

are the rotational speed
and radius of the two identical wheels on link i, respectively.
Note that the rotational velcotiy ωwi is controlled directly in
the model for simplicity. ‖γ′TCQi

‖ 6= 0 indicates that a wheel
on link i is slipping.



In order to adapt to the form in [8] we define γ′TCQi
=

RI
Bi
γTCQi

and find that

γTCQi
= WTCQi

Tui + W̃TCQi
(18)

where

WTCQi
T =

[
I2×2

(RI
Bi

DBi
rGiCQi

)T

]
RI
Bi

(19)

D =
[
0 −1
1 0

]
, W̃TCQi

=
[
−ωwi

Lwi

0

]
(20)

The tangential relative velocities γTCQi
for i =

1, . . . , n Qi = Ri, Li found from 18 can now be replaced
by the existing tangential relative velocties in the model in
[8] to obtain a complete non-smooth model of a snake robot
with active wheels.

VI. SIMULATION RESULTS

In this section we first present the “follow-the-leader” ap-
proach which the path-following algorithm presented in this
paper is compared against. Then the simulation parameters
are given. Finally the simulation results are presented.

A. Simlation parameters

The model parameteres are based on the snake robot
PiKo which is being developed at the Norwegian research
institution SINTEF in Trondheim, Norway. For each link i
we have that Mi = 0.045 m, Li = 0.13 m, Lwi = 0.065
m, IrGiCRi

= [0.043 0.4]T m, IrGiCLi
= [0.043 − 0.4]T m.

Each link weighs 1.2 kg.

B. Comparison of Path-following Schemes

In this section we run simulations with the dynamical
model of PiKo where the snake robot is set to follow a path.
Fig. 3 depicts the position of the centre of gravity of link
1 in PiKo with the previously published “follow-the-leader”
path-following algorithm and the path-following algorithm
proposed in this paper. The rotational velocties of all wheels
are assummed to be equal. Both approaches consists of two
similar sub-problems. First the first link needs to follow
the path correctly. Then the other links need to follow the
first link in a suitable manner. Comparing the energy usage
from the two algorithms, we get a 99% energy usage of the
proposed algorithm compared to “follow-the-leader”. Total
energy usage is computed by summing the absolute values of
the friction forces acting on each link of the robot. The result
is closer to “follow-the-leader” than expected. However, there
is an indication of an energy advantage for the links involved.

We see from Fig. 3 that the proposed algorithm tracks the
ideal curve significantly better than the “follow-the-leader”
algorithm; the dotted curve is almost entirely overlapping
the ideal solid curve. This result is promising for being able
to use the path-tracking algorithm in combination with the
n-trailer following algorithm to gain a better, smoother path-
following.

VII. CONCLUSIONS AND FUTURE WORK

We have developed a path-following algorithm for a snake
robot with active wheels in this paper. Moreover, we have
extended a non-smooth model of a snake robot to include ac-
tive wheels which are directly controlled by setting reference
rotational velocities. In addition, we have shown by simu-
lation that less friction forces between the ground surface
and the snake robot arise compared to a “follow-the-leader”
path-following approach. Also, the approach presented in this
paper track a path better.

Future work will consist of implementing the path-
following algorithm on the snake robot PiKo when it is
finished. First the method will be tested with equipment
available to measure the position and orientation of each link
quite accurately. Then the path-following algorithm must be
extended to account for odometry errors and measurement
noise which arise in live experiments.
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Fig. 3. XY plot of tracking of the proposed algorithm (dotted) and follow-the-leader (dashed) compared to the ideal curve (solid).


