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L Adaptive Output Feedback Controller for Systems with
Time-varying Unknown Parameters and Bounded Disturbances

Chengyu Cao and Naira Hovakimyan

Abstract— This paper presents an extension of the £, adap-
tive controller to output feedback for systems with time-varying
unknown parameters and time-varying bounded disturbances.
The adaptive controller ensures uniformly bounded transient
and asymptotic tracking for system’s both signals, input and
output, simultaneously. The performance bounds can be system-
atically improved by increasing the adaptation rate. Simulations
verify the theoretical findings.

I. INTRODUCTION

This paper extends the results of [1], [2] to an output
feedback framework. The methodology ensures uniformly
bounded transient response for system’s both signals, input
and output, simultaneously, in addition to asymptotic track-
ing. The £, norm bounds for the error signals between the
closed-loop adaptive system and the closed-loop reference
system can be systematically reduced by increasing the
adaptation gain.

The paper is organized as follows. Section II gives the
problem formulation. In Section III, the novel £, adap-
tive control architecture is presented. Stability and uniform
transient tracking bounds of the £, adaptive controller are
presented in Section IV. In section V, simulation results are
presented, while Section VI concludes the paper. The proofs
are in Appendix.

II. PROBLEM FORMULATION

Consider the following system dynamics:

i(t) = Az@®)+b(u®)+0"(#®)z(t) + o)), 2(0) =z
yt) = clat), y(0)=yo, 1)

where z € R" is the system state vector, which is not
measured, v € R is the control signal, y € R is the only
measured output, b,c € R™ are known constant vectors, A
is a known Hurwitz n X n matrix, 6(t) € R™ is a vector
of unknown time-varying bounded parameters, o(t) € R is
a time-varying bounded disturbance, and H(s) = ¢ (sl —
A)~'b is a stable minimum phase system with relative degree
1.

Assumption 1: Assume 6(t) € © and |o(t)] < A for any
t > 0, where © is a known compact set, and A € Rt is a
known (conservative) bound of o ().

Assumption 2: 0(t) and o(t) are continuously differen-
tiable and their derivatives are uniformly bounded: ||0(t)| <
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dy < o0, |6(t)] < d, < oo, where the numbers dy,d, can
be arbitrarily large.

The control objective is to design an adaptive output feed-
back controller to ensure that y(t) tracks a given bounded
reference signal 7 (t) both in transient and steady state, while
all other error signals remain bounded.

III. £, ADAPTIVE CONTROLLER

At first, we introduce the following notations that will
be used throughout the paper. For a signal £(t), ¢t >
0, & € R”, its truncated L., norm and L., norm are

defined as [[&llc.. = max (sup |&(T)]), (€l =
=1, 0<r<t

=L

), where &; is the ith component of £. For

‘max (sup |&(7)
i=1,..,n >0

a stable proper LTI system H (s), its £1 gain will be denoted
as ||H(s)||z, -

Lemma 1: For a stable proper multi-input multi-output
(MIMO) system H(s) with input () € R™ and output
(t) € R", we have [|lz[lc.. < [[H(s)lle,lrelle., V=
0, and [|z]|z.. < [[H(s)lz, 7]l

In this section, we develop a novel adaptive output feed-
back control architecture for the system in (1) that permits
complete transient characterization for both u(t) and y(¢).
Towards that end, we first transform the system in (1) to
another input-output equivalent system with Strictly Positive
Real (SPR) transfer function.

A. System transformation
Let
A [s"’l 2 1] T
s +as" . +a,
bis" L 4 bys" 2+ ...+ b,
s 4 as" L+ .+ a,

H,(s) = (s —A)~'b = )

a Hu(s)

H(s)=c"H,(s) 2 Ha(s)

3)
Since H(s) is a stable minimum-phase system with relative
degree 1, both H,,(s) and Hy(s) are stable polynomials and
the order of H,(s) and H,,(s) are n and n — 1, respectively.
Let

0 1 - 0 0
Am — . . Ll . . (4)
0 o - 0 1
—Qnp —a9 —al

and b,, = [0 --- 0 1]T. Since A,, is Hurwitz, for any Q >
0 there exists a P = P > 0 that solves the algebraic
Lyapunov equation

ALP+ PA, = -Q. ©)
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M. A T(S) wy (1)

Wx (t) rl (S) Wl (t) X

1)

Fig. 1. System W

Let
Cm = Pby, . 6)

Then, it follows from Kalman-Yakubovich-Popov lemma that
H,,(s) = c;(sH—Am)_lbm £ H,(s)/Hua(s) (7

is strictly positive real (SPR). Let

u(s) = T(s)v(s), (8)
where v(t) will be defined later and
T(s) = Hp(s)/Hn(S) . )

We notice that H,,(s) = H(s)T'(s).
We further let w,.(¢) be the output of the following system
W, driven by the input x(¢):

wy(s) = T (s)wy(s), wi(t) =07 (H)ws(t), (10)
wa(s) = T(s)Arxz(s), x(0) =0. (11)

Fig. 1 presents a sketch of this system. We note that for

constant 6 the output of the system (10) simply reduces to

we(t) = 0T Apa(t). Let 0 = rglag)<||9|| It follows from
6

Lemma 1 that

lwallzo < Llzlle.. (12)

where

L =0T (s)|lz, | T(s)Ar]lz, - (13)

Lemma 2: Given wv(t), 6(t) and o(t), there exists a
bounded signal o,,(t), whose derivative &,,(t) is also
bounded, such that the output y(¢) of the system in (1) is
equal to the output y,,(¢) of the following system:

-fm(t) = Amwm(t) +bm (v(t) + Wy, (t) + Um(t)) ’
Ym(t) = c;xm(t) ) T (0) = 2o, (14)

where A, by, ¢ are defined in (4)-(6), w,,, (t) is com-
puted following (10) with x(s) being replaced by z,,(s) in
(11), and ¢ is any point satisfying

emEo = Yo, (15)

where yo £ ¢"x is the only available initial condition of
the system output in (1).

Remark 1: Condition c;',;io = ¢'xy, was crucial for
proving the existence of a bounded o,,2(t) with bounded
derivative.

Remark 2: Tt follows from (62) that

0m(®)] < Am <00, [Gm(t)] < dy, <00, V>0,

WeA15.2

and the bounds A,, and d,, can be derived explicitly
from the original bounds using the intermediate filtering
constructions.

B. Closed-loop Reference System

We now consider the following closed-loop reference
system with its control signal and system response being
defined as follows:

ref(t) = AmTres(t) +

b (Vrep(t) + we, ., (t) +om(t)), (16)
Vref(s) C(8)ref(s), yrer(0) = Zo, (17)
Yref(t) = C;ll'ref (t), (18)

where wy,, ., (t) is the output of the system W in (10) for
Zref(t), Frep(s) is the Laplace transformation of the signal
Tref(t) = —wa,., (t) — om(t) + kg (),
kg = —1/(cnA ),

and C(s) is a strictly proper stable transfer function with
C'(0) = 1, subject to the following £, gain restriction:

L1-gain stability requirement: The £; gain of C(s)
needs to verify

19)

HG(S)HﬁlL <1, (20)

where

G(s) = (sI — Ap) (1 —C(s)), (21)

and L is defined in (13).

We notice that the reference system in (16)-(18) depends
upon the unknown parameters and the disturbance of the
original system. The next Lemma establishes its stability.

Lemma 3: If C(s) verifies the condition in (20), the
closed-loop reference system in (16)-(18) is stable.

Remark 3: We note that in the absence of C(s), i.e. when
C(s) = 1, the reference system in (16)-(18) reduces to

Tref(t) = Am@ref(t) + bmkgr(t),
with 2,.£(0) = Zo.

Yres (1) = mtrer (b),

C. L1 adaptive controller

Since for any v(t) the output of the system in (14) is
equivalent to the output of the system in (1) with (8), we
will design an adaptive output feedback controller v(t) for
the system in (14) and, using (8), we will implement it for
the system in (1).

1) Notations: Let

A 1C)les -
A:Am+L<p+—17 ;o (2)
1= [G(s)llc, L
where ¥ > 0 is an arbitrary constant. Let
1C (),
— = 2
P = Bory— oI P2 = Boz + Borp,  (23)
_ dg
Bon = 4AL 0, + [ Amllzy + [|bmll 2, L
foo = 4A(da+ Llbulle,

(IO, rglrllen. +A) + A)), 24)

487

Authorized licensed use limited to: Norges Teknisk-Naturvitenskapelige Universitet. Downloaded on January 22, 2009 at 11:26 from IEEE Xplore. Restrictions apply.



Amax(P) _ A AmaX(P)
)\min(Q) 61, ﬁ4 N 4A2 - Amin(Q)

2) L4 adaptive controller: The elements of £; adaptive
controller are introduced below.

State Predictor: We consider the following state predic-
tor:

B3 = Ba . (25)

(1)
g(t) = cpd(t),
where ¢ is defined in (15), and the adaptive estimate o (t)

is governed by the following adaptation law.
Adaptive Law: The adaptation of &(¢) is defined as:

LcProj(6(t), =y(t)), ~ 6(0) =0,

where 3(t) = §(t) — ym(t) is the error signal between the
outputs of the system in (14) and the state predictor in (26),
I'. € RT is the adaptation rate subject to the following lower
bound:

(26)

5(t) = 27)

afs ’ afy ] (28)
(O[ - 1)2ﬁ4>\min(P) )\min(F))’y2
with a > 1 being an arbitrary constant, while projection is

performed on the set & € A, the latter being defined in (22).
Letting

I'.> max{

70 = Vaba/(CAmin(P)) (29)
it follows from (28) that 4 > vy, and hence
A 1C(s)llc )
A>A, +L ( + 30
S U e T T B
and
l6(t) <A, Vt>0. (1)
Control Law: The control signal is generated as:
v(s) = C(s)(kgr(s)—a(s)), (32)

where £ is introduced in (19).

The complete £, adaptive controller consists of (26), (27),
(8), (32) subject to the lower bound in (28) for the adaptive
gain, and the £;-gain restriction in (20) for the filter choice.

Remark 4: We note that the lower bound for I'. in
(28) depends upon A,,, which in its turn depends upon
[|oma(t)||z.. - The latter can be reduced only via minimiza-
tion of ||Zp — xo|| over the set to which xy might belong.
In that sense, the approach in this paper establishes only
semiglobal results.

IV. ANALYSIS OF £ ADAPTIVE CONTROLLER

In this section, we analyze stability and performance of £
adaptive controller. Same as in [1], we have the following
Lemma.

Lemma 4: If (A,b) is controllable and (sI — A)~'b is
strictly proper and stable, there exists ¢, € R™ such that
¢l (sl — A)~1b is minimum phase with relative degree one.
It follows from Lemma 4 that there exists ¢, € R™ such that

CIme(S) = Ny (s)/Na(s), (33)

WeA15.2

where the order of Ny(s) is one more than the order of
N, (s), and both N,,(s) and Ny4(s) are stable polynomials.

Theorem 1: Given the system in (14) and the £; adaptive
controller defined via (26), (27) and (32) subject to (20), we
have:

[Zlee. < 70, (34)

[Tm = Treflle < M, (35)

[9m = yresllew < llemlleim (36)

[0 =vrefllew < 72, (37)

where Z(t) = &(t) — xm(t), Yo is defined in (29), and

1 =lC6) e, /A= G($)lle, L), v2 = LIC ()l 2, m +
|Cs)/te] Ham())es |, 0.
The following corollary follows from Theorem 1 directly.
Corollary 1: Given the system in (1) and the £, adaptive

controller defined via (26), (27) subject to (28), and (8), (32)
subject to L£-gain restriction in (20), we have:

Jim (y(®) — s () = 0, V=0, G8)
Flim (u(t) — urer(t)) = 0, vt >0, (39)

where wurcf(s) = T(8)vref(s).

Thus, the tracking error between y(t) and y,.s(t), as well
between v(t) and v, 7 (t), is uniformly bounded by a constant
inverse proportional to I'.. This implies that during the tran-
sient one can achieve arbitrarily close tracking performance
for both signals simultaneously by increasing I'..

We note that the control law w,.s(t) in the closed-loop
reference system, which is used in the analysis of L., norm
bounds, is not implementable since its definition involves
the unknown parameters. Theorem 1 ensures that the £;
adaptive controller approximates u,.s(t) both in transient
and steady state. So, it is important to understand how these
bounds can be used for ensuring uniform transient response
with desired specifications. We notice that the following ideal
control signal for system in (16)

Videal(t) = kgr(t) — a4, (t) — (1) (40)

is the one that leads to desired system response:
jjideal(t) = Amxideal (t) + bmkgr(t) 41
yideal(t) = c;ly—lxideal (t)7 Lideal = -%O 5 (42)

by cancelling the uncertainties exactly. It follows from (41)-
(42) that y;gear(s) = Hp(s)r(s). In the closed-loop refer-
ence system (16)-(18), v;geqi(t) is further low-pass filtered by
C(s) in (17) to have guaranteed low-frequency range. Thus,
the reference system in (16)-(18) has a different response
as compared to (41), (42) with (40). In [3], specific design
guidelines are suggested for selection of C'(s) if the unknown
parameters 0 are constants. In case of fast varying 6(t), it
is obvious that the bandwidth of the controller needs to be
matched correspondingly.
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V. SIMULATIONS

As an illustrative example, consider the system in (1)

-2 -1 2 1
where A = 1 9 , b= L= | are
known, 6(t) = [0.5 + 0.5sin(0.3t) 0.5 + 0.2sin(0.3t) +
0.1cos(0.2t)]T, o(t) = sin(0.2t), zg = [1 1]T are

unknown time-varying parameters, disturbances and initial
conditions, respectively. Let ©; = [-1.5,1.5], i = 1,2,
and A = 2, Q = Iy«o. It follows from (5), (6), and (9)
1.1667 0.1667 2.5
that P = [ 0.1667 0.1667 } m = |05 T =
%. Let C(s) = %, it can be verified numerically
that ||G(s)||z, L =~ 0.5 and, hence, the condition in (20) is
satisfied. For implementation of the £; adaptive controller
in (26), (27), (8), and (32), we choose A = 10 and ', =
500000. The simulation results are shown in Figures 2(a)-
2(b) for the reference input r = sin(0.3t). Next, we consider

o 10 20 30 40
Time t

(a) y(t) (solid) and r(t) (dashed)

() 10 20 30 a0
time t

(b) Time-history of w(¢)

Fig. 2. Performance for o(t) = sin(0.2t)

(a) y(t) (solid) and r(t) (dashed)

o 10 20 30 40
time t

(b) Time-history of wu(t)

Fig. 3. Performance for o(¢) = sin(0.6t)

the same controller for a faster time-varying disturbance
o(t) = sin(0.6t) without any retuning. The system response

WeA15.2

and the control signal are plotted in Figs. 3(a)-3(b). We notice
that theoretically we can always increase the bandwidth of
C'(s) to compensate for such uncertainties, however, it will
require to further increase the adaptive gain.

VI. CONCLUSION

A novel £, adaptive output feedback control architecture
is presented that has guaranteed transient response in addition
to stable tracking for systems with time-varying unknown
parameters and bounded disturbances. The control signal
and the system response approximate the same signals of
a closed-loop reference system, which can be designed to
achieve desired specifications.
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APPENDIX

Proof of Lemma 2. Consider the following system:

i1(t) = Aza(t) + b (u(t) + 07 () (1 (8) + () + (1))

yit) =cla(t), x:1(0)=0, @3)
where x2(t) is the solution of:
i2t) = Axa(t),
y2(t) = claa(t), x2(0)=x0. (44)
It can be verified immediately that
y(t) = yi(t) +y2(t) - (45)
It follows from (2) and (43) that
z1(s) = Ho(s)T(s)(v(s) + T ' (s)z(s)) , (46)

where z(s) is the Laplace transformation of z(t) = 0 (t)(z1(t) +
x2(t)) + o(t). Define

Hom(5) = (5T — Ay~ — L5 I’ 7)
Ha(s)
It follows from (2) that H.(s) = ArHem(s) . Letting
Tmi(s) = Hom(s)(v(s) + T (s)2(s)),  (48)
subject to x.,1(0) = 0, it follows from (46) that
21(s) = T(s) Arami (s) . (49)

Letting Y1 (t) = c;xml(t), it follows from (7) and (48) that

ym1(5) = Hin(s)(v(s) + T 7" (s)2(s)) - (50)
Egs. (43) and (46) lead to
yi(s) = H(s)T(s)(v(s) + T (s)2(s)) - (51)

Since (9) implies that H,,(s) = H(s)T'(s), and both z1(0) = 0
and z,,1(0) = 0, it follows from (50) and (51) that

y'ml(t) = (t) . (52)
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Hence, using the expression for 1(s) via zm1(s) from (49), we
notice that y,,1(t) is the output of the following well-defined
system:

iml (t) = Ammml (t)
T o (v(t) + wap (8) + 21(8) + oma (8)) 5
yml(t) = C;;QZnﬂ(t), ZL‘m1(0) = 07 (53)

where w,,, (t) is the output of the system W in (10) for
Tm1(t), while 21(t) is defined as z1(s) = T *(s)22(s), 22(t) =
07 (t)z2(t), and

T ' (s)o(s). (54)

Om1 (S) =
It follows from (44) that the Laplace transformation of y2(¢) is:
y2(s) = cT(sH — A)flxo . Define

Yma(s) = c;(sﬂ — Am)_lﬁro . (55)

Since A and A,, have the same characteristic polynomial, it is
straightforward to verify that the Laplace transformation of y2(t) —
Yma2(t) can be rewritten as:

y2(s) = yma(s) = Hz(s)/Ha(s),

where Hgy(s) is defined in (3) and Hz(s) is a polynomial of

order < n. Since from definition of & it follows that y2(0) —

ym(0) = ¢'xzo — ¢ @0 = 0, the initial value theorem implies

(56)

H
lim SH2E3 =92(0) — ym2(0) = 0, and, hence, the order of
S— 00 d
Hy(s) is < n — 2. Let oma(t) be
Y2(8) — ym2(s) = Hm(s)oma(s) . (57)
It follows from (56) that o.,2(s) = 92<SI>{”:“’(’:)2<5> 528 Since

the order of Ha(s) is less and equal than n — 2 and the order of
H,(s) is n— 1, we note that o,2(s) is a strictly proper and stable
transfer function, which implies that o,,2(t) is a continuous and
bounded signal, and its derivative &,2(t) is also bounded. Denoting

Yms(t) = y2(t) — Ym2(t), (58)
it follows from (55) and (57) that:
Tma(t) = AmTma(t),
Ym2(t) = cmTma2(t), m2(0) =20,
i‘m3 (t) = Am$m3 (t) + bmam2( )
ym3(t) = cmams(t), xm3(0) =0, (59)
and (45), (52), (58) imply that
Y(t) = ym1(t) + ym2(t) + yma(t) - (60)

Letting Zm () = m1(t) + Tm2(t) + ms(t) , it follows from (53),
(59) and (60) that:

(1) = Am@m(t) + bm (v(t) + wa,, (£) + 21 (t)

(W (8) + Wy (1)) + 0 (8) + ma(®))

Ym(t) = cmam(t),  2m(0) = o, (61)

where wg,, (), Ws,,,(t), Ws,,4(t) are the outputs of the system
(10) for the inputs zpm, (t), Tm2(t) and zn,3(t) respectively. Letting
om(t) = 21(t) = (Wepy (1) + W5 () + omi () + oma(t) , the
system dynamics in (61) leads to (14) directly. It follows from (54),
(12) and Lemma 1 that

lomllco < OLIT iz lz2llz + Lllwme + Tmallco +
1T () es A + llomall cac - (62)

Since 2 (t), Tma2(t), xm3(t) and om2(t) are bounded, then o, (t)
is also bounded. Since z2(t), Tm2(t), Tm3(t) oma(t), o(t) and 6(t)

WeA15.2

are differentiable with bounded derivative, it follows that ., (t)
exists and is bounded. Since (61) implies that Yy, () = ym1(t) +
Ym2(t) + yms(t), it follows from (60) that y(t) = ym(t). The
proof is complete. ]

Proof of Lemma 3. The closed loop system in (16)-(17) can be
equivalently represented as:

dren () = Amres () + b (vrer(8) + e, (0) +
Weppa () +0nt)), Trepy (=0, (63)

Vref () C(8)(Tres, (8) + Tress(8))

Trefs (t) = Amxrefz (t) y Trefa (O) = Zo, (64)

where Trep, (t) = —wa, 0y (8) = om(t) + kgr(t), Trep, (1) =
~Waz, o (t), and we, . (t) and wa, ., (t) are the outputs of the
system W in (10) for @y, (t) and .y, () respectively. It follows
that

Vt>0.

Tref(t) = Trepy (8) + Trepy (1), (65)

For any given bounded Zo, it follows from (64) that x,.y, (t) is
uniquely defined and bounded. Let

p2 = ||Trefs |l o (66)
It follows from (47), (21) and (63) that
Tref, (8) = G(8)r1(s) + Ham(s)C(s)kgr(s) (67)

where 71 (t) = wa,, ;, (£)+ W, o (1) +0m (). The following bound
that can be derived from (12) and (66):

IP1lleae < Lll@resilleo + Loz + llomllo (68)

Since C/(s) verifies the condition in (20), then application of
Theorem 1 in [1] to (67) ensures that the closed-loop system in (16)-
(18) is stable. It follows from (67) and (68) that ||z, | 2o < p1 =
(kg | Ham (s)C(8)ll 1 (17| oo + NG ()l 21 (lomll 2o + Lp2)) /(1=
|G(s)|lz, L), and hence (65) implies that

[#refllcoe < NTresillzae + |Trepsllee < p, (69)

where p = p1 + p2. The proof is complete. O
Proof of Theorem 1. Let

a(t) = 6(t) —wa,(t) —on(t), (70)

r2(t) = we, (8) +om(t),

where w,,, (t) is the output of the system W in (10) for @, (t). It
follows from (32) that

v(s) = C(s)(kgr(s) —ra2(s) — o (s)), (71)
and the system in (14) consequently takes the form:
T (8) = Hum(s) ((1 — C(s))rals) (72)

FO(8)kyr(s) — 0(5)&(5)) 4 (sI— Ap) "l (0).
It follows from (16)-(17) that
Tref(s) = Hom(s)((1 = C(8)(wa,, () + om(s))
+ Ckgr(s)) + (51— An) e (0), (73)

where wg, . (s) is the Laplace transformation of the signal
Wz, , (t), which is the output of the system W in (10) for z.(t).
Let e(t) = xm(t) — @ref(t). Then, using (72), (73), and taking
into consideration that z,,(0) = z,.r(0) = (0), one gets
e(s) = Ham(s) ((1 — C(s))we(s) — C(s)a(s)), where we(t) is
the output of the system W in (10) for e(¢). Lemma 1 gives the
following upper bound:

lecllzoe < MHam(s)(1 = C(s))lleslweellzo + lIrselle s (74
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where r3(t) is the signal with its Laplace transformation r3(s) =
C(s)Hzm(s)a(s). It follows from (14) and (26) that

(t) +bm (1),

which leads to Z(s) = Hgm(s)d(s), and therefore 73(s) =
C(s)Z(s) . Hence ||rs, || coc < ||C(8)]lz1]|Z¢|| 2o - Using the defini-
tion of L in (13), one can verify easily that ||we, ||z < Lllet]l o
From (74) we have |let]|zo. < ||Ham(8)(1—=C(8)||lz, Llletllco +
IC($)l 1 l|Z¢]| £ » and hence

_ IO,
= = T C0) ek

First we prove the bound in (34) by a contradiction argument.
Since Z(0) = 0 and Z(¢) is continuous, then assuming the opposite
implies that there exists ¢’ such that

E(t) = Az #(0)=0, (75)

lleclle [Zell e - (76)

lZ@)) < v, VO<t<t, (77
2 = 7, (78)

which leads to
1Zellcee <70- (79)

Since Zm (t) = zref(t) + e(t), it follows from (69), (76) and (79)
that

Sresy llee +llevllca
ICOle,

T GO)e L
It follows from (12) and (30) that |0, (t) +ws,, (t)| < A and hence
|6(t)| < 2A for any 0 < t < t'. Consider the following candidate
Lyapunov function: V (Z(t),5(t)) = &' (t)Pz(t) + I'z16%(t),
where 6 (t) is defined in (70). It follows from (6) that

V(t) = -2 ()Q&(t) + 2j(t)&(t) + 2T '6(t)&(t). (81

The adaptive law (27) ensures the following inequality for all 0 <
t <t

||xmt/ HLoo

<p+ (80)

V(t) < =& ()Qi(t) — 2I'. 5 (t)(6m (L) + thay, (). (82)

It follows from (32) and (31) that [|jvy|lco, <
IC(s)| 2, (kgll7]lcoe + A), and hence (14) implies that

1Al 2x |2, o + lormllcy
(Ioellew + Lliwmy lew + Am)
(Amllcy + Llbnlle) [2m, o + 15y
(IOl Gyl +2) + Ar) . (83)

H"I."mt/ Hl:oo S

IN

Let
= 0" ()wma(t), wma(s) =

It can be verified easily that

Wi (t) T(s)Arzm(s). (84)

IN

||T_1(S)||£1 melt/ ||£oo )
IT(s)Ar|lzy Em, |2

e, 1

me, llce <

Eq. (84) imply that
[tm1, || 2o < OLlltim2,, (|20 + dollwme,, |2
lwmz, ll2ee S NT($) ATy lTm, |2 »

and hence

doL
(2%

lZm, llee - (85)

sz7nt/

< Ll|gmy, lleo + 45—
Lo
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It follows from (82), (83), (85) and the definitions of Bo1, So2 in
(24) that for all 0 < ¢ < ¢/

V() < =& ()QE(t) +4AT (do,, + |ltie, 1)
—&" ()Q&(t) + (Borl|zm, || o + Bo2) /T

Using the definitions of 3; and B2 in (23), it follows from (80)
that for all 0 < ¢ <t

—z' ()QI(t) +

The projection algorithm ensures that |5(t)] < A for all ¢ > 0,
and therefore

IN

v < I (Bo+6). 86

max I','6°(t) < 4A%)T.. (87)

' >1>0

Let Omax 2 B370 + B4, where 3 and (34 are defined in (25). If
V(t) > Omax /T at any ¢ € [0, '], then it follows from (81) and

(87) that JET(t)Pﬁc(t) > Amax(P) (8170 + B2) /(T ecAmin(Q)), and
hence

AT s Amin (Q) -7 Bivo + B2
z (1)Qx(t) > )\max(P)x (t) T .
From (86) and (88) it follows that if for some ¢ € [0,t'] V(£) >
Omax/Te, then V(t) < 0. Since Z(0) = 0, we can verify that

V(0) < (ﬁgfyo + B4) /T.. It follows from V (t) < 0 that

V(t) S emax/rc B

Since Amin(P)||Z(1)||? < ' (t)PE(t) < V(t), then it follows
from (89) that

Pi(t) > (88)

o<t<t. (89)

IE)I* < (Bs70 + Ba)/(Tedmin(P)), 0<t<t' . (90)

It follows from (79) and (90) that fyo < 1? 3:2}1[;34 which along

with (29) leads to aBs < B30 + Ba. This further implies that
(—1)6s < %ﬁ() which limits the adaptive gain

r.< aﬂS/((Oé - 1)254)\min(P)> 1)

and hence contradicts (28). Hence, (91) is not true which further
implies that (78) does not hold. Therefore, (34) is true.
It follows from the £;-gain requirement in (20), (34) and (76)

that [|ec||c. < %%, which holds uniformly for all

t > 0 and therefore leads to (35). Since y—yref = Con (Tm —Tref) s
then (36) follows from (35) directly.

To prove the bound in (37), we notice that from (17) and (71) one
can derive v(s) — vVper(s) = —C(s)rs(s) — ra(s), where r4(s) =
C(s)a(s) and r5(t) = wa,, (t) — Wa,,, (). Therefore, it follows
from Lemma 1 and the relationship in (12) that

[0 = vreflle < LICS) sz = @resllee + lIrallee - (92)

We have ra(s) =_ (C(s)/(co Ham(s)))co Hom(s)5(s) =
(C(s)/(cd Hem(s)))ca #(s), where c, is introduced in (33). Using
the polynomials from (33), we can write that C'(s)/(cd Hom(s)) =
C(s)Nq(s)/Nyn(s), where Ng(s), Ny(s) are stable polyno-
mials and the order of Ny(s) is one less than the or-
der of Ngy(s). Since C(s) is stable and strictly proper,
the complete system C(s)m is proper and stable,
which implies that its £; gain exists and is finite. Hence,

we have [[rallc. < HC(S) Lemma

————co || ||Zllc
Co Hzm(s) Ly

1 consequently leads to the upper bound: |[rallz.. <
Hc $) % |, 0 which, when substituted into (92), leads
to (37). ! O
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