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This semi-analytical work is to discover the unknown earlier peculiarities of dipole motion in a nano-

manufactured coaxials interesting in molecular sensing, spectroscopy, and nanochemistry. The 

applied alternating high-gradient electric field is for rotating and acceleration of dipoles towards or 

away from the central nanoconductor with the aim of increasing the rate of chemical reactions. The 

given theory allows finding the parameters of electric field and reactor geometry for the effective 

pumping of the field energy to the thermalized dipoles.  Given approach is allowed, as well, for 

classical dipole motion calculations in infrared and visible lights and plasmonic waves. 
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Nonlinear Dynamics of Dipoles in Microwave Electric Field of a 

Nanocoaxial Tubular Reactor 

A novel analytical pseudo-nonadiabatic approach to dynamics of rotating dipolar 

molecules in high-gradient microwave electric fields and applications for 

manipulating molecules in hollow coaxial nanoreactors are considered. The 

translational and rotational equations of motion of a dipole in the electric and 

surface potentials of a nanocoax are derived using the Euler-Lagrange theorem, 

and their semi-analytical modifications are proposed for expediting simulations. 

The Maxwell distribution of initial velocities of dipoles is adopted in the 

simulations to take into account the effect of temperature. Using the developed 

approach, the translational and rotational dynamics of thermalised dipoles in the 

high-gradient alternating electric field of the nanocoaxial cell are studied. A 

relationship for the alternating field gradient force acting on the rotating dipole is 

derived. The regimes of attraction and repulsion of dipoles near the central 

nanoconductor are discovered and are shown to differently affect the translational 

and rotational velocities of the dipoles. The conditions for these two dynamical 

regimes are analytically found. The developed model and obtained results are 

applicable for modelling the dynamics of both ‘hot’ and ‘cooled’ dipoles in 

promising electrically-controlled coaxial and multiwire nanoreactors, chemical 

sensors, and in new molecular spectroscopes proposed in this contribution. 

Keywords: coaxial nanocable, nanocoax, AC field gradient force, nonlinear 

dynamics, dipole 

1. Introduction 

Manipulation of particles, molecules, and atoms on nanoscale has opened many 

intriguing possibilities in chemistry, molecular sensing, and nanomedicine [1]-[5]. The 

key reason is that in nanosized volumes the walls of the reactor influence the energy 

profiles of reactions, and even the reactions with high activation energy, which do not 

occur at given temperatures, can proceed [2]. Applying microwave electric fields can 

additionally accelerate reactions on these surfaces [6]. Besides, the confined conditions 

restrict the orientation of molecules so that probability of some non-conventional 
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reaction pathways increases and the target product can form interesting spatial 

structures and have physicochemical properties different from those of the same product 

obtained in open-vessel conditions [7]. 

The nanoreactors are the hollow protein globules [5], [7]-[12] and many other 

nanostructures of tubular shape [2], [7]. These reactors are controlled chemically or 

electrically, e.g., by varying the transmissivity of walls or destroying them for the 

release of products [8], [11]-[13]. Small size of reactors allows applying high-gradient 

electric fields to the reactor walls at low voltage, and these fields may affect, for 

instance, the process of folding and unfolding of protein globules [13]-[17]. Trapping 

molecules or nanoparticles at room temperature in liquids is more challenging in 

comparison with confining ultracold atoms [18], [19], and combination of laser light 

with electrophoretic forces allows trapping nanoparticles in an adaptive manner in nano- 

or microtraps [20], [21]. 

Special attention is paid to tubular nanoreactors for manipulation of particles and 

nanodroplets in the continuous-flow regime. These reactors include single- or multi-

walled carbon nanotubes or nanotubes of other materials [1], [2], [7], [22], [23]. These 

tubes are loaded with molecules typically using osmotic mechanisms, but the electric 

field can be used for this purpose as well [24]-[27]. Many works are focused on 

carrying out heterogeneous reactions in carbon nanotubes where the catalytic particles 

together with the wall material can increase the chemical reaction rates by several times 

[2], [3], [9], [10]. N-doped carbon nanotubes in a coaxial design can work also as 

electrocatalysts [28] and as supports for electrocatalytic single metal atoms [29]. 

Some nanotubes can be filled with nanoporous or semiconductor materials, and 

these tubes are used in highly sensitive electrically-based sensors of molecules [30]. 
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Filling of nanotubes with photosensitive molecules can improve the characteristics of 

optical sensors [31]. 

Coaxial-based structures (Figure 1) as the multi-walled carbon nanotubes and 

micro-machined coaxial shells have found many applications in sensors and research 

cells [29], [32]-[36], in particular for studying the electrically-induced protein unfolding 

[2]. Earlier, coaxial reactors have found applications in minifludic microwave-assisted 

heating and chemical experimentations [37]. The convenience of these elements is in 

possibility of applying transverse DC/RF (Direct Current/Radio-Frequency) electric 

fields and obtaining large sensing response using simple instrumentation. For instance, 

the coaxial sensors demonstrate the sensitivity improvement by two orders of magnitude 

as compared with planar ones, and even few molecules moving along the sensor volume 

can be detected [35], [38]. 

Because of the small diameter of these coaxial cells, the intensity of electric 

field inside the nanocoax can be strong even at low voltage between the conductors and 

comparable with those of intermolecular fields, which allows manipulation of the 

molecules and intermolecular coupling. 

Coaxial waveguides support propagation of not only microwaves, but also 

optical wavelengths including the hybrid optical-plasmon modes, and they are 

prospective for nanocommunications and fabrication of nanosemiconductor active 

components and nanosensors. The coaxial design will enable integrating the sealed 

chemical parts with semiconductor sensing and energy-harvesting components [33]-

[36], [38]-[41] and building advanced sensors and reactors with the combined control of 

chemical reactions by microwaves, optical and plasmon fields and strong DC voltages. 

With a multitude of experimental results accumulated, the theoretical studies and 

creation of applied engineering algorithms and models of nanocomponents, and 

Page 6 of 53

URL: http://mc.manuscriptcentral.com/tandf/tmph  Email: TMPH-peerreview@journals.tandf.co.uk

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

particularly coaxial-based ones, are yet in great demand. The difficulties arising in this 

area are typical for many multiphysical problems. In particular, electromagnetics should 

be coupled with particle dynamics, heat and fluid flow physics, stochastical dynamics, 

and quantum-mechanical effects. Ab initio or hybrid quantum mechanics/molecular 

mechanics computations  can be applied directly to molecules in nanoreactors, but hours 

of computation time are required to simulate molecular dynamics on computers with 

several thousand CPU cores [42]. Besides the quantum computations, the classical and 

semi-classical methods can be applied to simulate molecular dynamics in external 

electric fields [43]-[45]. 

In this paper, we propose a semi-analytical approach for predicting dynamics of 

non-interacting dipoles in strongly non-uniform electric field near the inner 

nanoconductor of a nanocoaxial cell. Our interest in this type of dynamics is inspired by 

the well-known and efficient application of microwave fields in heating of liquids and 

solids for chemical synthesis [46], with the heat produced by rotation of dipolar 

molecules and their chaotic interactions with each other [47], [48]. Polar gases are less 

efficiently heated by microwaves due to long free paths of their molecules and relatively 

low intensity of the fields excited in large vessels [49]. In contrast, the intensity of 

electric field in nanoreactors can be so high that not only strong microwave heating can 

be achieved due to thermalisation of the partially field-oriented molecules [50], but also 

the molecules can be stretched, unfolded, transformed to ions, or be guided along 

certain trajectories by the field gradient force. In nanocoaxial cells, all these effects can 

be employed to manipulate non-interacting molecules. 

In this work, using our semi-analytical model and numerical algorithms, we 

study the dynamics of a non-ionised polarisable dipole in the non-uniform microwave 

electric field of a coaxial cell near its central nanoconductor for possible engineering of 
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some prospective components (such as sensors and nanoreactors) for manipulating 

neutral molecules. To take into account the thermal influence, the statistical averaging 

of the simulated dynamic characteristics is performed. 

The paper is organised as follows. In Section 2, we present a model of a dipolar 

molecule traveling in the strongly non-uniform alternating (AC) field of a coaxial cell 

near its inner conductor and derive deterministic equations of its motion on the basis of 

the Euler-Lagrange theorem. The potential energy of the model molecule includes the 

terms determined by the interaction with the electric field in the coaxial cell and by van 

der Waals' and image charge forces near the conductor walls. In Section 3, a 

relationship for the AC field gradient force acting on the dipoles is analytically derived 

in an original pseudo-nonadiabatic approximation, and variations of the translational 

and angular velocities observed in simulations are explained using a proposed statistical 

approach. Section 4 is focused on the details and results of the simulation and main 

trends in the simulated dynamics. Section 5 concludes the paper and outlines some new 

possible technical applications of the obtained results and nanocoaxes.  

2. Modelling Dipole Dynamics in AC Electric Field of a Coaxial Cell 

Let a model dipolar diatomic molecule consisting of two masses 1m  and 2m  separated 

from their centre of mass by 
1l  and 

2l  and carrying point charges q−  and q+ , 

respectively, be placed in a coaxial line with a single-wall nanotube as the inner 

conductor (Figure 1a,b). The field inside the coaxial is inversely proportional to the 

distance r  from its axis 

 ( )0 0lnrU r R a =  E a  (1) 

where ra  is the unit radius-vector in polar coordinates, 0U  is the electric potential 
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difference applied to the inner and outer conductors, a  and 0R  are the radius of the 

inner conductor and the inner radius of the outer grounded conductor, respectively. The 

field outside the coaxial tube is zero. In a general case, static and alternating electric 

fields can be applied to the conductors. A distribution of electric potential calculated 

with Comsol Multiphysics
®

 software tool in this coaxial is shown in Fig. 1c with its 

highest gradient close to the central nanoconductor. 

In Figure 1(a), a dipolar molecule is shown in three dimensions in the coaxial 

tube. Because the molecule is assumed linear and rigid, five generalised coordinates are 

needed to determine its location in space. If one employs two spherical coordinate 

systems, then the global coordinates ( ρ , θ , and φ ) describe the location of the centre 

of mass of the molecule, while the two spherical angles (θ ′  and φ ′ ) of the local 

coordinate system determine the position of the molecular axis. The chemical bond 

length is assumed constant, so the radial coordinate in the local system is not required. 

For clarity, the two Cartesian systems are shown in the Figure, with the z-axes being 

parallel to the rotational symmetry axis and the origins of the global and local systems 

located in the poles of the corresponding spherical systems. The axes of the Cartesian 

systems are pairwise parallel. The polar axes of the spherical systems lie on the 

Cartesian x-axes. 

[Figure 1a,b near here] 

[Figure 1c near here] 

 

The geometry of this coaxial tube determines the axially-symmetric one-

dimensional spatial non-uniformity of the field and, consequently, the pronounced 

translational acceleration of the dipolar molecules towards the conductors, which is in 

the main focus of this work. 
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To derive the equations of motion, one can take advantage of the Euler-

Lagrange equations: 

 
d

d i i

L L

t x x

 ∂ ∂
= 

∂ ∂ &
 (2) 

where t is time, ix  and ix&  are, respectively, the i-th generalised coordinate and its time 

derivative, and L is the Lagrangian defined as the difference of the total kinetic (T ) and 

potential (U ) energies: 

 L T U= −  (3) 

When both rotational and translational dynamics are involved, the kinetic energy 

of the molecule in the spherical coordinates is 

 ( ) ( )2 2 2 2 2 2 2 2 2sin 2 sin 2T m Iρ ρ θ ρ φ θ θ φ θ′ ′ ′= + + + +& & & &&  (4) 

where m  and I  are the mass and moment of inertia of the molecule and the dotted 

variables are the time derivatives of the corresponding coordinates. 

2.1. Potential energy of dipole 

The potential energy U  can be represented as a sum of four terms, which correspond to 

the interactions of the electric field with the permanent dipole charges (dipole 

orientation energy dU ) and with the induced dipole moment (instantaneous polarisation 

energy iU ) and to the interaction of the dipole with the conductor material (the energy 

of van der Waals’ interactions vdWU  and the image charge interaction energy imU ): 

 d i vdW imU U U U U= + + + . (5) 
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These terms are expanded below. 

2.1.1. Interaction of permanent and induced dipole moments with the electric field 

As generally known, the electric potential in a point inside a coaxial cable is 

proportional to logarithm of the distance from the axis to this point. Then, the potential 

energy of the permanent and induced dipoles in the electric field of the coaxial cable is 

 
( )

( )
0 1 2

0

ln 1

ln 2
d i

qU r r
U U

R a
+ = − ⋅ ⋅*

E σ E  (6) 

where E  and *
E  are the electric field vector and its complex conjugate, σ  is the 

molecular polarisability tensor, and 1r , 2r  are the distances of the two charged point 

masses from the coaxial cell axis, which are expressed in terms of the generalised 

coordinates as 

 
( ) ( )

( ) ( )

2 2

1 1 1

2 2

2 2 2

sin cos sin cos sin sin sin sin

sin cos sin cos sin sin sin sin .

r l l

r l l

ρ θ φ θ φ ρ θ φ θ φ

ρ θ φ θ φ ρ θ φ θ φ

′ ′ ′ ′= − + −

′ ′ ′ ′= + + +
 (7) 

The second term in (6) accounts for the interaction of the field with the induced 

dipole moment [51], [52]. 

Let the voltage difference between the conductors oscillate harmonically with 

the magnitude 0V , the circular frequency ω, and the phase shift 0ϕ . Taking into account 

the relationship for the electric field from (1) and assuming, for simplicity, the 

molecular polarisability to be isotropic with the localisation at the molecular centre of 

mass, the first two terms in (5) can then be rewritten as 

 ( ) ( ) ( ) ( )2 2 2
0 0 1 2 0 0cos ln cos 2d iU U q t r r t rω ϕ σ ω ϕ+ = Φ + − Φ + , (8) 
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in which the reduced amplitude voltage ( )0 0 0lnV R aΦ =  is introduced. 

The reduced amplitude voltage 0Φ  is the single dynamics-governing parameter 

that allows disregarding in calculations specific values of conductors’ radii, relating 

them to the voltage between the conductors. For example, a dipole in two coaxial 

nanocables with the 2-nm radius of the inner conductor in equal initial conditions 

(distance from the axis, orientation and velocities) will exhibit the same dynamics if the 

radii of the outer conductors are 50 and 100 nm and voltage differences are 150 and 

182.3 V, respectively. 

In the infinitesimal point-dipole approximation, the conditions of 1l ρ�  and 

2l ρ�  are applied. When rearranging the ratio of the distances (7) the logarithm in the 

first term in (8) and leaving out the terms of the second order of smallness, one arrives 

at 

 
( ) ( ) ( )

( ) ( )

1 2
0 0

0 0

sin
cos ln 1 cos

sin

cos sin cos

d

l l
U q t

p t r

θ
ω ϕ φ φ

ρ θ

ω ϕ θ φ φ

′+ 
′≈ Φ + − − 

 
′ ′≈ − Φ + −

 (9) 

where ( )1 2p q l l= +  is the molecular dipole moment and sinr ρ θ=  is the distance 

from the axis to the molecular centre of mass. 

It is easy to see that ( )sin cos rp pθ φ φ′ ′− =  in (9) is the radial component of the 

vector dipole moment. Then, with taking into account the relationship (1) for the 

electric field, the classical formula for the potential energy of a point dipole in an 

arbitrary electric field can be obtained: 

 ( )dU r≈ − ⋅p E  (10) 
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which confirms the validity of the infinitesimal dipole approximation in the particular 

case of the interaction with non-uniform electric field of the axial symmetry, provided 

the distance from the axis to the molecular centre of mass is much larger than the size of 

the dipolar molecule. 

2.1.2. Van der Waals’ interaction 

The third term in (5), vdWU , can be any conventional two-body interaction potential, 

such as the Lennard-Jones or Morse potentials. It is often convenient to use a continual 

approximation of the total van der Waals energy comprised of contributions of all atoms 

constituting the solid conductor. 

In the case of interaction of a molecule with the cylinder surface, it is difficult, 

although not impossible, to find an exact form of this energy in the continual 

approximation. As a tenable option, the inner conductor’s cylindrical surface with 

sufficiently large radius a  can be imitated with two infinite parallel planes at the 

distance 2a  from each other. Let the two-body interaction of n -th atom in the dipole 

molecule with an atom in the conductor surface separated from each other by distance 

ny  be described with the Lennard-Jones potential [53] 

 ( ) ( )12 6

, , , ,4LJ n LJ n LJ n n LJ n nU y yε σ σ = −  
 (11) 

For the ‘right’ and ‘left’ planes imitating the surface of the inner conductor, e. g. 

of a conductive SWCN, with a wall of atomic thickness one obtains 

 
( )

( )

22 2 2
,

22 2 2
,

n right n

n left n

y r a x z

y r a x z

= − + +

= + + +
 (12) 

where n =1,2 for the binary molecule and nr  are taken from (7). 
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In the continual approximation, the full van der Waals energy from atoms of the 

inner conductor’s surface should be sought by integrating the two-body interaction 

energy ,LJ nU  with respect to the elementary surface d dx z  with the surface density of 

atoms sρ  [53], i.e. 

 

( )

( ) ( )

( )

( )

6
212 2 2

, ,

1,2

3 6
2 26 2 2 12 2 2

, ,

3
26 2 2

,

12
,

, 10

4 d d

d d d d

d d

8
10

vdW s LJ n LJ n n

n

LJ n n LJ n n

LJ n n

LJ n
s LJ n

n

U z r a x z x

z r a x z x z r a x z x

z r a x z x

r a

ρ ε σ

σ σ

σ

σ
πρ ε

∞ ∞ −

= −∞ −∞

∞ ∞ ∞ ∞− −

−∞ −∞ −∞ −∞

∞ ∞ −

−∞ −∞

  = − + + −  

   − − + + + + + +
   

 − + + +   

=
−

∑ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫

( ) ( ) ( )

6 12 6
, , ,

4 10 4
1,2

.
4 10 4

LJ n LJ n LJ n

n n n nr a r a r a

σ σ σ

=

 
 − + −
 − + + 

∑

(13) 

In the discrete-site approach, the corresponding energy can exactly be found 

from the infinite summation over all site-site interactions: 

 
12 12 6 6

, , ,

1,2 , , , ,

4vdW LJ n LJ n nijk LJ n nijk

n i j k i j k

U ε σ δ σ δ− −

=

 
= − 

  
∑ ∑ ∑  (14) 

where nijkδ is the distance between n -th molecular site and an atom with coordinates 

( , , )ijk ijk ijkx y z  in the lattice of the inner conductor. In the particular case of the binary 

molecule in the plane perpendicular to the axis, it is 

 ( ) ( )
2 2

21 sin 1 cos
n n

nijk n ijk n ijk ijkl x l r y zδ ϕ ϕ   = − + + − + − +
   

. (15) 

In practice, the summation in (14) should be cut off after the energy contributions of a 

limited number of least remote atoms of the conductor have been included. 
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The same energy contribution as in (14) can be obtained for the van der Waals’ 

interactions with the material of the outer conductor, but if the molecule is at much 

longer distance from it than from the inner conductor, this contribution can be 

neglected. 

2.1.3. Image charge interaction 

Fictitious image charges are commonly used to account for interactions of charged 

particles with conductive materials, in which the charges induce polarisation of the 

electron density. From electrostatics, the interaction energy of charges iq ,…,
jq ,… with 

the coordinates ( ), ,i i ix y z ,…, ( ), ,j j jx y z  ,… located above a conducting surface [54] is 

 ( ) ( ) ( )2 2 2

0

,0

1
2

8
im i j i j i j i j

i j

U q q x x x y y z z
πε

= − + − + − + −∑  (16) 

where 0x  is the coordinate of the conductive surface boundary parallel to yz -plane and 

0ε  is the dielectric permittivity of vacuum. 

It is possible to extend this formalism to the interaction energy of the dipole in 

close vicinity of the inner conductor of the coaxial line. In this approach, the surface of 

the inner conductor is assumed flat. The rotation of the xy -plane about the z -axis 

through the angle φ  (Figure 1), with the x -axis becoming normal to the conductive 

surface, leads to the following formula: 

 
( ) ( ) ( ) ( )

( ) ( ) ( )

2

0 1 2

2 2 2 2 2

1 1

16 sin cos sin cos

4 2 sin cos cos sin sin

im

q
U

r a l r a l

r a l l

πε θ φ φ θ φ φ

θ φ φ θ θ φ φ


= − + − ′ ′ ′ ′− − − − + −

 ′ ′ ′ ′ ′− − +∆ − + + −      

(17) 

where 2 1l l l∆ = −  and 2 1l l l= + . 
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In the point-dipole approximation, the image charge energy (17) reduces to 

 
( )

( )

2 2 2

3

0

1 sin cos

64
im

p
U

r a

θ φ φ

πε

 ′ ′+ − ≈ −
−

 (18) 

The relationships for the energy of the image charge interaction with the outer 

conductor will be similar to those in (17), (18) with the distance ( )0R r−  entering 

instead of ( )r a− . At much longer distances of the dipole from the outer conductor, 

however, this energy can be ignored. 

The equation (18) demonstrates that the dipole image force is always attractive. 

Together with the van der Waals force, it contributes to formation of adsorbed layer of 

dipolar molecules on uncharged conductive surfaces. 

2.2. Equations of motion 

To derive the full system of equations of motion, one should differentiate the 

Lagrangian (3) containing the kinetic energy (4) and potential energy (5) with its terms 

specified in (8), (13) and (17) with respect to the five coordinates. Then, according to 

the Euler-Lagrange theorem (2), the five velocity derivatives of the Lagrangian should 

be differentiated with respect to time and equated to the corresponding coordinate 

derivatives. This straightforward operation results in a system of five second-order 

nonlinear differential equations, which are not spelt out here because of their 

cumbersomeness. 

The numerical integration of this analytically unsolvable system is a rather time-

consuming task, especially when using accurate variable-step differential equation 

solvers. To simplify this problem, one should take into consideration the axial 

symmetry of the field, which generates one-dimensional non-uniformity along the radial 
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coordinate. In such fields, the adiabatic dynamics of dipolar molecules in two and three 

dimensions are very similar [55], [56]. This implies that for obtaining correct dynamical 

characteristics for a molecule, it would be sufficient to consider its motion in a plane 

perpendicular to the z -axis, thereby reducing the number of the angular coordinates in 

both systems to one. This single angular coordinate is the angle ϕ  between the field 

direction and the dipole moment (Figure 1(b)). The neglect of the polar angle θ ′  is 

reasonable because the electric field in the plane of θ ′  variations is uniform and it does 

not give rise to any translational acceleration of the dipoles. The dipole pendulum 

dynamics [57], [58] associated with the variation of this angle is observed in the plane 

of electric field non-uniformity as well, and it does not add any qualitatively new 

information on the motion of the dipoles in a coaxial line. 

When deriving the simplified system of equations of motion, let the polar axis of 

the coordinate system pass through the centre of mass of the molecule. Then 

2θ θ π′= = , 0φ =  and φ φ ϕ ϕ′ = − = − . The distances (7) from the coaxial line axis to 

the point masses are reduced to 

 
( )

( )

2 2 2 2 2
1 1 1 1 1

2 2 2 2 2
2 2 2 2 2

cos sin 2 cos

cos sin 2 cos ,

r r l l r rl l

r r l l r rl l

ϕ ϕ ϕ

ϕ ϕ ϕ

= − + = − +

= + + = + +
 (19) 

and the kinetic energy (4) is 

 
2 22 2T mr Iϕ= + && . (20) 

It is seen that van der Waals’ and the image charge interactions are significant 

only near the conductor surface, in effect, within the length of several angstroms, and 

they vanish much faster with radial coordinate than the field-determined potential 

energy variations do. In this work, the detailed dynamics of the dipoles in close vicinity 
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of the conductors is not scrutinised, and the potential energies vdWU  and imU  are 

neglected in the calculations. 

After the substitution of (19) into the potential function (8), the application of 

the Euler-Lagrange theorem results in the following equations of motion: 

 

( )
( ) ( )

( )

( ) ( )

( ) ( ) ( )

2 2
2 1 1 2 20

0 0 02 2 3
1 2

2
1 2

0 0 2 2
1 2

cos
cos cos

, ,
0,

, ,
cos sin 0.

vdW im

vdW im

r l l r l l
mr p t t

r r r

U r U r

r r

U r U rr l l
I pr t

r r

ϕ σ
ω ϕ ω ϕ

ϕ ϕ

ϕ ϕ
ϕ ω ϕ ϕ

ϕ ϕ

 − + − Φ + Φ + + + +



∂ ∂
+ + =

∂ ∂
 ∂ ∂+

+ Φ + + + =
∂ ∂



&&

&&

(21) 

These equations represent a scalar form of Newton’s second law for the radial 

translational and rotational motion of the dipole. 

It is worthwhile to note that the system (21) in the point-dipole approximation of 

( )1 2 1 2l l r r r≈ ≈� �  is reduced to a couple of equations that encompass the 

translational motion driven by the classical gradient force [59] and the angular 

nonlinear-pendulum-like motion [58] in the first terms in the right-hand sides: 

 
( )( ) ( )

( )

( ) ( ) ( )

2 2

4

0

3

0

3 1 cos
,

64

64 .

r vdW r

vdW r r r

p
m r r U

r a

I r U r aϕ

ϕ
σ

πε

πε

  +   = + ⋅ − −  −
  = × + × + × ⋅ −  

r p E E a

φ p E a p p a a

&&

&&

∇ ∇∇ ∇∇ ∇∇ ∇

∇∇∇∇

 (22) 

The more concise potential energy gradient form of the van der Waals terms is 

employed in (22) to evade cumbersome notation in terms of the dipole moment and 

radial distance. 

In the simulations and analytical derivations, the form (21) is used with the 

short-range van der Waals and image charge contributions omitted. 
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3. Analytical Approach to the Nonlinear Dynamics of a Polarisable Dipole in 

the Potential of a Coaxial Cell 

Although the system of equations (21) can be solved numerically, the resulting solution 

can hardly provide any information on patterns of dynamics of dipolar rotators in the 

coaxial line. Moreover, the numerical solving of these equations is a time-consuming 

task, largely due to the presence of the sinusoidal function of the angular coordinate 

entering in the second equation of the system (21), and alternative approaches for fast 

calculations are needed. In this Section, a relationship for the radial force driving the 

dipoles towards or away from the nanosized inner conductor of a coaxial is obtained. In 

addition, approximate formulas for the radial translational and angular velocities are 

derived on the basis of simple energy conservation principles. 

When considering the system (21) in the point dipole approximation, the finite 

size of the dipole can be neglected so that 1 2 0l l≈ ≈  and 1 2r r r≈ ≈ . Taking into 

account that the field gradient is ( ) 2
0 0d d cosE r t rω ϕ= −Φ + , the first equation in 

(21) with the neglected surface forces is reduced to 

 ( ) ( )
2

20 0
0 02 3

cos cos cos
p

mr t t
r r

σ
ω ϕ ϕ ω ϕ

Φ Φ
= − + − +&& , (23) 

which is equivalent to a familiar expression of the gradient force acting on a dipole [52], 

[59]: 

 ( ) ( ), , ,grad x y z tσ = + ⋅ F p E E∇∇∇∇  (24) 

where the vector sum of the permanent and induced dipole moments is put in the 

parentheses. 
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Thus, the sign of the gradient force along the radius of the coaxial line, i.e. the 

direction of the force vector, depends on the sign of ( )0cos costω ϕ ϕ+ . 

The presence of cosϕ  in (23) makes it coupled to the angular coordinate 

equation from the system (21). Knowing the dependence of ϕ  on time and radial 

coordinate, one can arrive at a single independent equation for r . This decoupling can 

be done, under certain assumptions, as described below. 

3.1. Angular coordinate relationships 

Consider the second equation from (21) in the point-dipole approximation: 

 ( )0
0cos sin

p
t

Ir
ϕ ω ϕ ϕ

Φ
= − +&& . (25) 

The solution of this equation is known to involve the deterministic chaos (stochasticity) 

[60], [61], which means that after a certain length of time the solution will no longer be 

predictable. The stochasticity is established at the timescale of a field oscillation period 

[62], whereas at shorter periods the angle variation is purely deterministic. 

Let the angular coordinate ϕ  in (25) be regarded as a simple sum of a large-

amplitude ( lϕ ) and a small-amplitude ( sϕ ) components: 

 l sϕ ϕ ϕ= + . (26) 

The large-amplitude angular coordinate is related to either the chaotic 

(stochastic) oscillations or rotation, and the small-amplitude component appears as a 

purely deterministic result of librational motion in the strong-field areas. The small-

amplitude librational angle sϕ  is assumed to be close to zero when ( )0cos 0tω ϕ+ ≥  or 

close to π  when ( )0cos 0tω ϕ+ < . 
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The chaotic large-amplitude component results from the nonlinearity in the right 

side of (25), whereas the deterministic angular coordinate is supposed to be small 

( s lϕ ϕ� ), and it contributes to the linear variations of the angle ϕ . Then, the expansion 

of sinϕ  into a Taylor series in the vicinity of lϕ  gives 

 sin sin cosl s lϕ ϕ ϕ ϕ≈ + . (27) 

If the small-amplitude acceleration is dominant and the equations of the type 

(25) with equipartitioned initial angles are being solved, the mean large-amplitude 

component contribution in (27) can be eliminated by angle averaging. Two different 

situations need to be considered in this connection. 

The condition of the free dipole rotation, when the mean kinetic energy of the 

angular motion 
2

0
2I ϕ&  is much larger than the potential energy barrier 

( )0 02 cosp t rω ϕΦ + , suggests that the angle averaging should be performed over the 

range from π−  to π+ . Here, 0ϕ〈 〉&  denotes the mean angular velocity of the dipoles in 

the zero-field conditions (at large enough distances from the axis). 

On the other hand, if the free rotation condition is not satisfied, the chaotic angle 

averaging will apply. The chaotic variation of this angle implies de-correlation from the 

field and deterministic angle oscillations, so the chaotic angle functions can be averaged 

separately in the equations of motion. Taking into consideration that the energy width of 

the stochastic layer near the separatrix is in the order of the halved potential barrier [60], 

which corresponds to the angle variation of ±π/2 from the potential minimum, the 

chaotic angle averaging should be performed over the angle interval from 2π−  to 

2π+ . Hence, at sufficiently high driving frequencies (ω >
%

10
10

 rad·s
-1

) 
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( )2 0 0

0

2 2

2 2

4 cos1
sin d cos d 0, if ,

sin
21

sin d cos d , otherwise.
l

s
l l l l

s s
l l l l

p t

Ir

π π

π π
ϕ

π π

π π

ω ϕϕ
ϕ ϕ ϕ ϕ ϕ

π πϕ
ϕ ϕ

ϕ ϕ ϕ ϕ
π π π

+ +

− −

+ +

− −

 Φ +
′ ′ ′ ′+ =

≈ 
 ′ ′ ′ ′+ =

∫ ∫

∫ ∫

& �

 (28) 

Taking (26) and (28) into account, the equation (25) with a multitude of initial 

conditions can be expanded into a pair of equations containing the large- and small-

amplitude angle variables: 

 
( ) ( )0 0

0,

2 cos .

l

s s p t Ir

ϕ

ϕ ϕ ω ϕ π

=


= − Φ +

&&

&&
 (29) 

From the averaging, the initial angle in the first equation in (29) is zero and 

 l tϕ υ=  (30) 

where υ  is the angular drift velocity, which is associated with either the rotation or 

chaotic angular drift over relatively long-time periods. In strong fields, the angular drift 

velocity depends on the radial distance from the axis, as discussed in Section 3.4. In 

weak fields, it is assumed to be the mean rotational velocity 0ϕ〈 〉&  of gas molecules, 

which depends only on temperature according to the Maxwell statistics. 

Consider now the second equation in (29). Although this is a special case of the 

Mathieu equation, and it can be exactly solved in terms of the Mathieu functions [63], in 

this study it is approximately solved using the above-mentioned small-amplitude angle 

approach. 

Let the main-mode oscillation be much faster than the field alternation, so that 

( )0cos tω ϕ+ and r  are nearly constant. Then, the second equation in (29) is reduced in 

this approximation to 
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 2
0 0s sϕ ω ϕ+ =&&  (31) 

where ( ) ( )2
0 0 0cosp t Irω ω ϕ= Φ + . 

When averaging the cosine in this relationship over different phases, one arrives 

at 

 ( )2
0 02p Irω π= Φ . (32) 

The solution of the linear differential equation (31) is found separately for the 

weak-field and strong-field conditions. The definition of these conditions is given below 

in (34). The weak-field solution is supposed to be trivial ( 0sϕ = ), because the angle 

variation is mainly caused by rotation. 

The strong-field solution of (31) is found using the initial conditions of an 

arbitrary initial oscillation phase aϕ : ( )0 coss aϕ ϕ= Α  and ( ) 00 sins aϕ ϕ ω= −Α&  at 

0t = . The amplitude Α  is derived from the full energy conservation equation: 

 ( )2 2
max 01 cos 2ϕ ω− Α = &  (33) 

where maxϕ&  is the maximum angular velocity of the dipole librations. 

Because of the linearity of (31), the librational angular velocity varies 

harmonically, hence the mean squared angular velocity is 
2 2

max 2ϕ ϕ〈 〉 =& & . Therefore, the 

solution of (31) is 

 
( ) ( )2 2 2 2

0 0 0

2 2
0

arccos 1 4 cos , if 8 ,

0, if 8 ,

a

s

tϕ ω ω ϕ ϕ ω
ϕ

ϕ ω

  − 〈 〉 + 〈 〉 ≤  ≈ 
 〈 〉 >

& &

&

 (34) 

where 0ω  is defined in (32). 
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Then, taking into consideration (26), (30), and (34), 

 
( ) ( )2 2 2

0 0 0

2 2
0

arccos 1 8 cos , if 8 ,

, if 8 .

aIr p t t

t

π ϕ ω ϕ υ ϕ ω
ϕ

υ ϕ ω

  − 〈 〉 Φ + + 〈 〉 ≤  ≈ 
 〈 〉 >

& &

&

 (35) 

The averaging of the squared time derivative of (35) results in an equation with 

the variable 2ϕ〈 〉& : 

 
( )2 2 2 2 2 2 2

0 0 02

2 2 2
0

1
arccos 1 4 , if 8 ,

2

, if 8 .

ω ϕ ω υ ϕ ω
ϕ

υ ϕ ω

  − 〈 〉 + 〈 〉 ≤  〈 〉 = 
 〈 〉 >

& &
&

&

 (36) 

If 
2 2

08ϕ ω〈 〉& � , the squared arc cosine may be expanded in a Taylor series near 

( )2 2
04 0ϕ ω〈 〉 =& . If it is truncated after the second term, the first equation in (36) can be 

rearranged into the quadratic one: 

 ( )2 2 2 2 2 2
04 96ϕ ϕ ϕ ω υ〈 〉 = 〈 〉 + 〈 〉 +& & & . (37) 

The solution of (37), combined with the weak-field counterpart from (36), is 

 
( )( )2 2 2 2 2

0 0 02

2 2 2
0

36 1 1 2 27 , if 3 16,

, if 3 16.

ω υ ω ω υ
ϕ

υ ω υ

 − − ≥
〈 〉 = 

 <

&  (38) 

Finally, 

 
( ) ( ) 2 2

0 0

2 2
0

arccos 1 cos , if 3 16,

, if 3 16,

a l

l

tω ϕ ϕ ω υ
ϕ

ϕ ω υ

 −Β + + ≥
≈ 

<
 (39) 

where 
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 ( )( )2 2
09 1 1 2 27υ ωΒ = − − . (40) 

3.2. AC field gradient force in the attraction and repulsion translational regimes 

The analytical expression for the force driving the dipole to or from the inner cylinder 

of the coaxial is given in (23). As mentioned, decoupling the translational motion 

equation from the angle variable requires an explicit formulation of cosϕ  in (23) as a 

function of time and radial coordinate. A good approximation of cosϕ   inferred from 

(39) is 

 

( ) ( ) ( )2
0 0

2 2
0

2 2
0

1 cos cos sin arccos 1 cos sin ,

cos if 3 16,

cos , if 3 16.

a l a l

l

t tω ϕ ϕ ω ϕ ϕ

ϕ ω υ

ϕ ω υ

   −Β + − −Β +  


≈ ≥


<

(41) 

The averaging over the large-amplitude angle lϕ , by analogy with (28), and over 

the initial phase aϕ  of the dipole librations in (41) yields 

 
( ) 2 2

0

2 2
0

2 , if 3 16,
cos

0, if 3 16.

π ω υ
ϕ

ω υ

 −Β ≥
≈ 

<
 (42) 

After the substitution of (32), (40) and (41) into (23) and averaging over the 

initial field phase 0ϕ , the following expression for the AC field gradient force acting on 

a dipole in the coaxial potential can be obtained: 

 
( )( )

( )

2
2 20 0 0

02 2 3

2 3
0

4 329
1 1 1 27 , if

2 32

2 , otherwise.

p p
Ir p

Irr rmr

r

σ
π υ υ

ππ

σ

 Φ Φ Φ − − − Φ − ≤   = 
− Φ

m

&& (43) 
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The minus sign in the first term of (43) accounts for the attraction of a dipole to the 

inner conductor, and the plus corresponds to the dipole repulsion mode. In the given 

approximation, the dipole force is frequency-independent unlike the ponderomotive 

force acting on a solitary charge [64]. 

Thus, the most essential modification of the gradient force in (43) is the 

introduction of the phase-averaging factor 2 π  and the dipole orientation factor (42). 

They are valid for any type of potential if corresponding corrections in the libration 

frequency 0ω  and angular drift velocity υ  are made. The angular drift velocity also 

contributes to the establishment of the attraction or repulsion translational regimes, as 

discussed below. 

3.3. The cut-off translational velocity and mean translational velocities in the 

attraction and repulsion regimes as the initial parameters for solving (43) 

The fact that dipoles can be ejected out of non-uniform electric fields in the adiabatic 

limit was emphasised in [56]. It was found that the ejection occurs if the translational 

energy normalised by the full Hamiltonian is below some critical value, 0cy , which is 

functionally related to the normalised critical potential energy, cx , decelerating the 

dipole to a standstill: 

 ( ) ( )2
0 1 2c c cy K k xπ= −  (44) 

where K  is the complete elliptic integral of the first kind, and its argument 0.9089ck =  

is found from the equation 

 ( ) ( )2c cK k E k= , (45) 

with E  being the complete elliptic integral of the second kind. 
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The adiabatic critical translational and potential energies are, respectively, 

0 , 0.2879c ay =  and , 1.533c ax = . 

If the initial potential energy is small enough, the condition for a plane rotator to 

be ejected out of the stronger field gradients is expressed in the following inequality: 

 ( )0 01rot tr c cT T y y> −  (46) 

where rotT  and trT  are the initial rotational and translational energies, respectively. 

In the perfectly nonadiabatic limit, use of this approach suggests that the critical 

potential energy needed to stop the molecules is the adiabatic one reduced by the phase-

averaging factor 2 π : , , 2 2.408c na c ax x π= = . Then, the perfectly nonadiabatic critical 

translational energy from (44) is 0 , 0.5467c nay = . 

In the adiabatic and perfectly nonadiabatic limits, the ratios of the rotational and 

translational energies from the ejection condition (45) should be greater than 2.4734 and 

0.8293, respectively. Apparently, in between these limits, the critical ratio of the kinetic 

energies varies with the field strength and frequency. Finding this dependence is 

difficult, and we take advantage of a naïve assumption that the actual nonadiabatic 

critical ratio is simply the arithmetic mean of these two values: rot tr naT T χ>  where 

(2.4734 0.8293) 2 1.6514naχ = + = . This inequality imposes the limit on the initial 

translational velocity above which the dipoles are attracted and below which they are 

repelled by the field. From the equipartition of kinetic energy over the degrees of 

freedom, this mean cut-off velocity is 

 ( )
0c nav I mϕ χ= &  (47) 
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where 0ϕ〈 〉&  is the mean initial rotational velocity. Considering, in general, the existence 

of three non-degenerated rotational degrees of freedom, 0ϕ〈 〉&  can be found from the 

Maxwell distribution as the square root of one third of the mean squared rotational 

velocity: 

 

3 2 2
4

0 0

4
exp d

3 2 2
B

B B

I Iw
w w k T I

k T k T

π
ϕ

π

∞   
= − =  

   
∫&  (48) 

Then, from the Maxwell distribution one can construct two individual 

distribution functions for the initial velocities of the field-attracted and repelled dipoles. 

The modified distribution function for the translational velocity of the attracted dipoles 

is 

 ( ) 2

3 2 2
2

2

4 exp
2 2

2
1 erf

2

c

B

B B
in mv

k T
c c

B B

m mv
v

k T k T
f v

m m
v v e

k T k T

π
π

π

−

  
−  

   =
 

− + 
 

, (49) 

and that of the repelled ones is 

 ( ) 2

3 2 2
2

2

4 exp
2 2

2
erf

2

c

B

B B
ex mv

k T
c c

B B

m mv
v

k T k T
f v

m m
v v e

k T k T

π
π

π

−

  
−  

   =
 

− 
 

. (50) 

The normalizing factors (the denominators) in (49) and (50) warrant that the integrals of 

these functions over the velocity ranges from zero to cv  and from cv  to infinity, 

respectively, are equal to unity. 
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Hence, by analogy with the mean rotational velocity (48), the mean initial 

translational one of the field-attracted dipoles is 

 ( ) ( )21 3 d
c

in in
v

v v f v v
∞

= − ∫ , (51) 

and that of the field-repelled dipoles is 

 ( ) ( )2

0
1 3 d

cv

ex exv v f v v= − ∫ . (52) 

At 393 K, their values are –447 m·s
-1

 and –146 m·s
-1

, respectively. These velocities are 

used as the initial parameters when solving (43) separately for the attraction and 

repulsion regimes. The equation of motion is numerically integrated using the Adams-

Bashforth-Moulton algorithm embedded in Matlab, with the absolute and relative 

tolerances 10
-6

. In Figure 3(a) the three lines represent the results of solving (43) with 

the three reduced voltages, and in Figure 3(b) the corresponding solutions are shown as 

numbered solid lines. 

3.4. Mean angular velocities in the attraction and repulsion regimes 

To find the angular velocities of the dipole in the repulsion and attraction regimes, it is 

necessary first to determine the limiting radial coordinate limr  at which the dipole can be 

ejected out of the field gradient. 

Let the dipoles travel to the inner conductor with some variable angular drift 

velocity υ . The travel direction is reversed when the potential energy U  is at its 

extreme. This potential energy can be found from integration of the right-hand side of 

(43), taken with the opposite sign, with respect to the radial coordinate. For the strong 

field case, it is 
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 ( )
22 2 2

0 0

2 2
0 0 0

4 9
1 1 arctanh 1 1

2 27 27 27

p Ir Ir Ir
U r

p p pr r

σπ υ π υ π υ
π

  Φ Φ  = − − + − − −
 Φ Φ Φ   

m (53) 

where the minus-plus sign has the same meaning as in (43). 

Equating the strong-field force in (43) to zero and, for the sake of simplicity, 

neglecting the polarisation term, one can yield the solution for limr : 

 ( )2
lim 077 3r p Iπ υ≈ Φ . (54) 

The angular drift velocity υ , yet undefined, should be sought as the initial 

angular velocity of the dipoles travelling between limr  and the radius a  of the inner 

conductor. Here, it is found the arithmetic mean of the minimum and maximum initial 

angular velocities at which the statistically-averaged switch of the dipole travel 

direction can occur: 

 ( )lim max 2υ ϕ ϕ= 〈 〉 + 〈 〉& &  (55) 

The limiting angular velocity limϕ〈 〉& , below which the dipole is not repelled by 

the field, is found from (38), with 0ϕ〈 〉&  entering as the angular drift velocity: 

 

( )

( )

20
lim lim 00

lim

2

0

72
1 1 27

216 77
1 1

77 216

p
Ir p

Ir
ϕ π ϕ

π

υ ϕ υ

Φ  〈 〉 = − − Φ 
 

 
≈ − −  

 

& &

&

 (56) 

In other words, limϕ〈 〉&  is the border line which separates the rotational (the weak-field 

case) and field-induced stochastic angular (the strong-field case) drift velocities 

stipulated in Eq.(30) and the following equations. 
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The maximum velocity maxϕ〈 〉&  is determined from the sum of the mean kinetic 

energy of the angular motion at limr  and one quarter of the potential energy difference 

between limr  and a  (because the equipartitioned translational and rotational energies are 

supposed to be stored in the potential energy in equal amounts, and only one half of the 

latter accounts for the period-averaged kinetic energy), i.e. 

 ( ) ( )2 0
max lim lim2

2 p
a r

I
ϕ ϕ

π
Φ

〈 〉 = 〈 〉 + Ξ −Ξ  & &  (57) 

where 

 ( )
2 2 2

0 0 0

1 9
1 1 1 arctanh 1

2 27 27 27

Ir Ir Ir
r

r p p p

π υ π υ π υ  
  Ξ = − − − + −

 Φ Φ Φ   
 (58) 

To circumvent the difficulty of solving the complex system of equations (54)-

(58), the self-consistent calculation of limr , limϕ〈 〉& , and maxϕ〈 〉&  can be performed in an 

iterative manner. 

After the repulsion, the dipole will keep rotating at the minimum angular 

velocity limϕ〈 〉&  beyond limr  because the weak field will no longer influence it. Hence, 

from the conservation of rotational energy, the mean rotational velocity 0,exϕ〈 〉&  needed 

for the dipole to be repelled from the inner conductor is calculated from the sum of the 

rotational energy corresponding to the limiting angular velocity limϕ〈 〉&  and the mean 

rotational energy for all velocities above limϕ〈 〉& . The latter is found from the modified 

Maxwell distribution in the same manner as it is done for the mean translational 

velocity in (49) and (51): 
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lim

3 2 2
4

2

0, lim 2 2 2

lim lim lim

4
exp d

3 2 2

2
1 erf exp

2 2

B B

ex

B B B

I Iw
w w

k T k T

I I I

k T k T k T

ϕ

π
π

ϕ ϕ
ϕ ϕ ϕ

π

∞   
−  

   = +
 
 − + −
  

∫ &

& &

& & &

. (59) 

It is obvious in the framework of the current approach that there is virtually no 

upper limit for the initial angular velocity of the dipoles attracted to the inner conductor. 

Therefore, their mean initial rotational velocity is 

 
0, 0in

ϕ ϕ=& & . (60) 

The mean angular velocities of the attracted dipoles calculated from (57) for the 

three reduced voltages are plotted as lines in Figure 4(a). In Figure 4(b), the mean initial 

and final velocities of the field-repelled dipoles calculated from (59) and (56) are shown 

as circles and crosses, respectively. The velocity variations with the reduced voltage are 

so small that the corresponding symbols overlap with each other. 

4. Simulation 

4.1. Simulation details 

The realistic values of the dipole moment and polarisability in (21) are adopted to be 

those of a water molecule ( p = 1.85 D=6.17·10
-30

 C·m and σ =1.607·10
-40

 F·m
2
, 

respectively). The point masses are equal to those of an oxygen atom on its negative end 

( 1m =2.65602·10
-26

 kg) and two hydrogen atoms on its positive end ( 2m =3.34707·10
-27

 

kg). The total mass entering into (21) is 1 2m m m= + . The distance 1l  from the negative 

end to the centre of mass is 6.507·10
-12

 m, and the distance 
2l  is found from the balance 

of the masses 
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 1 1 2 2m l m l= . (61) 

Because the main goal of this study is to demonstrate the specific mechanisms of 

velocity variation for a free dipole in the non-uniform electric field, special 

requirements are imposed on the initial distance between the dipole and the inner 

conductor’s surface. It should be no larger than the mean free path in the rarefied 

medium. In this regime, the deterministic motion, unaffected by binary collisions, is 

dominant. Furthermore, it is assumed that the electric field does not essentially alter the 

initial thermal equilibrium velocities, which are set randomly according to the Maxwell 

distribution. 

Generally, the mean free path of a molecule in a gas is found [65] as 

 ( )22 eff AM d Nλ π ρ=  (62) 

where M  and ρ  are the molar mass and density of the gas, 
effd =1.92⋅10

-10
 m is the 

effective collision diameter [66], and AN  is Avogadro’s constant. With the initial 

temperature 0T =393 K, the initial distance is taken to be λ =3.23⋅10
-7

 m, which 

corresponds to the mean free path of water vapour molecules at ambient pressure. The 

dipoles in the simulations start in a radial direction towards the inner conductor, i.e. 

their initial translational velocities are negative. 

In studying effects of alternating electric fields, four reduced amplitude voltages 

(15, 60, 90, and 150 V) and two field frequencies (10
10

 and 10
12

 rad⋅s-1
) are employed. 

The 150-V field is involved only in the qualitative characterisation of the dipole 

migration in the subsection below. The total effect of the electric fields is derived from 

the averaging of dynamic characteristics over eight uniformly-spaced field phases (0, 

π/4, π/2,…, 7π/4). 
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The distance from the inner and outer conductor is assumed long enough so that 

the short-range surface forces (Sections 2.1.2 and 2.1.3) are not taken into account in 

the simulations. 

The number of samplings is limited to 110 events of attraction to the conductor. 

4.2. Two patterns of the free dipole migration: field attraction and repulsion 

Preliminary simulation results manifest two different trends of the dipole migration in 

the electric field of the coaxial (Figure 2) in the free-molecular limit. The dipoles can be 

either attracted to the inner conductor with strong non-uniformity of the field or repelled 

from it. The fractions of the field-repelled dipoles at 393 K are 0.39-0.45 and 0.27-0.4 at 

the frequencies 10
10

 and 10
12

 rad⋅s-1
, respectively, and they decrease with the voltage 

increase. 

The realisation of either the attractive or repulsive regime depends on a number 

of factors, such as the initial translational and angular velocities and coordinates of the 

dipolar molecule and the parameters of the alternating field. It is difficult to predict all 

the initial conditions that will definitely lead to the field attraction or repulsion, the final 

velocities, and dipole travel times. Yet, a statistical analysis of dynamics of many 

dipoles with random initial angles and initial velocities sampled from the Maxwell 

distribution will yield the average dynamic characteristics of the dipolar molecules in 

the coaxial. Below, we focus on dependence of the mean translational and angular 

velocities on the reduced voltages and radial distances. 

[Figure 2 near here] 

4.3. Translational and angular velocities 

In the simulations, dynamic characteristics of the molecules in the attraction and 

repulsion events are considered separately. The simulation results for the repulsion 
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events are time-averaged, whereas in the case of attraction, the results are averaged at 

specific radial coordinates (10, 7, 5, and 2 nm). 

In Figure 3(a), the translational velocities of dipoles attracted by the non-

uniform field are plotted against the radial coordinate as discrete symbols. In the fields 

of given parameters, this velocity increases with the radial coordinate decrease, and it 

grows almost linearly with the reduced voltage. At the same time, the change in the 

field frequency from 10
10

 to 10
12

 rad·s
-1

 has no or little effect on the velocity variation. 

The solutions of (43) for the attraction regime follow the simulation points almost 

perfectly, except for very small radial distances, where the effects of dipole’s finite 

length are appreciable. 

The time-averaged translational velocities of the dipoles ejected out of the field 

are shown in Figure 3(b). In this regime, the solutions of (43) differ from the simulation 

results the more significantly, the smaller the radial coordinate, especially in the case of 

low voltages. This discrepancy is caused by the neglect of the dipole gradient force for 

the weak field conditions laid in the basis of the analytical approach. Nonetheless, the 

conservation of the translational energy in the repulsion mode is correctly reproduced in 

the solutions of (43) and in the simulation results. 

A noteworthy feature in the simulation results in Figure 3 is that the mean initial 

translational velocities are higher in the attraction regime (about 485 m·s
-1

) and lower in 

the repulsion mode (about 150 m·s
-1

) than the Maxwell distribution value, which is 

taken as the square root of one third of mean squared velocity (392 m·s
-1

 at 393 K). This 

feature reflects the correspondence of the two regimes to the different areas of the 

translational velocity in the Maxwell distribution which are separated with the cut-off 

velocity. These mean velocities prove to be in close agreement with the analytical 

results (51) and(52). 
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The absolute values of angular velocities of the dipoles in both regimes are 

depicted in Figure 4. It is seen that the simulated angular velocity in the attraction 

regime (Figure 4(a)) rises with the radial coordinate decrease and tends to saturation 

with the reduced voltage increase. The agreement with the analytical calculation is quite 

fair, but the discrepancy progressively rises with the field strength. It reaches 24% for 

the radial distance 2 nm and reduced amplitude voltage 90 V. The reason for this 

disaccord is the influence of the polarisation term neglected in (57)-(58), which 

decreases the angular velocity while increasing the translational one. One can also 

notice that the calculated initial angular velocities at r λ=  are somewhat higher than 

those obtained from the simulations and given in (60) because the weak-field conditions 

are disregarded in the derivation of (57). 

The mean rotational velocity of dipoles in the field repulsion regime is shown in 

Figure 4 (b). It is seen that before the repulsion the dipoles rotate at constant velocities 

up to reaching a certain radial distance, below which the velocities drop with r and 

remain constant after the repulsion. The simulated initial and final rotational velocities 

are in agreement with the analytical estimates from (59) and (56) within an accuracy of 

8% and 11%, respectively. 

[Figure 3a near here] 

[Figure 3b near here] 

[Figure 4a near here] 

[Figure 4b near here] 

As an important conclusion, the initial velocities determine the attractive or 

repulsive regime of dipole migration in the time-varying non-uniform electric fields in 

the classical dynamics approximation. This outcome cancels the Maxwellian statistics 

of initial velocities of the molecules in both regimes, except for the initial rotational 
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velocity in the attraction mode. Moreover, the non-uniform AC fields break the 

adiabatic invariance of the mean angular momentum [55], [56] of the dipolar molecules, 

imparting additional angular acceleration to the attracted dipoles and slowing down the 

rotation of the repelled ones. 

5. Conclusions and Implications for Future Research 

In this work, the classical dynamics of a linear dipolar rotator in a strongly non-uniform 

AC electric field near a conducting nanotube as the inner conductor of a coaxial cable 

has been considered both analytically and in simulations. The developed model is 

applicable to classical dynamics calculation at fields of increased frequencies as well, 

i.e. of the microwave, infrared, optical and optical-plasmonic ranges. The potential 

energy used in the derivation of equations of motion has been considered as a sum of 

four components: the energy of the permanent and induced dipoles in electric field, the 

van der Waals energy of interaction with the material of the conductor, and the image 

charge energy accounting for polarisation of conductor’s surface. 

In the developed analytical pseudo-nonadiabatic approach, the nonlinear 

equations of motion have been decoupled upon an assumption of the angular coordinate 

composed of the small- and large-amplitude angles, averaging with respect to the latter, 

and separation of the angular coordinate equations for the weak-field (almost purely 

rotational dynamics) and the strong-field regions (librational and chaotic dynamics). 

This approach has allowed us to ultimately arrive at a relationship (43) for the AC field 

gradient force acting on a dipole in a coaxial, which shows the dynamic characteristics 

of the field-attracted dipoles to be in very good agreement with the simulation results. 

It is noteworthy that the proposed approach is valid for predicting dipole 

dynamics in non-uniform fields of not only nanocoaxes but also macroscopic coaxial 

cells. In the latter case, for tangible influence on the translational dynamics of dipoles, 
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the voltage between the conductors must be megavolts or higher in order to produce the 

comparable field gradient magnitudes at the commensurate gas temperatures. 

By analogy with the adiabatic approach [56], it has been suggested that the ratio 

of translational and rotational velocities of the dipole travelling to the inner conductor is 

the main factor determining the dynamic regimes of field-induced attraction or 

repulsion. This ratio has been obtained in the semi-nonadiabatic approximation. The 

consequence of this relationship is the existence of the cut-off translational velocity 

separating the initial velocities of the field-attracted and -repelled molecules in the 

Maxwell distribution, and it has explained velocity differences observed in the 

simulations. 

The rotational velocities of the molecules that can be repelled by the field have 

proven to have a lower limit. Above this limit, the mean angular velocities of either 

attracted or repelled dipoles in the strong fields have been analytically calculated from 

the energy conservation considerations, and the comparison of the analytical and 

simulation results has been made. 

The simulations based on the equations of motion have revealed existence of the 

two different dynamic regimes, in line with the analytical results. The initial 

translational and rotational velocities of the field-attracted and repelled dipoles has 

proven to differ from their average Maxwellian values, which indicates the separation of 

dipoles according to their velocities in these regimes. It has been established that the 

mean initial translational velocities of the attracted and repelled dipoles are, 

respectively, higher and lower than the average. The mean initial rotational velocity of 

the repelled dipoles is higher than the Maxwellian average, and that of the attracted ones 

is nearly equal to it. 
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In the attraction regime, both the translational and angular velocities increase as 

the molecules approach the inner nanotube conductor. This increase has been found to 

be the more pronounced, the greater the reduced voltage amplitude on the coaxial. In 

the repulsion regime, the magnitudes of the translational velocity are conserved and the 

rotational velocity is decreased upon the repulsion, exhibiting minor dependence on the 

reduced voltage. The field frequencies have proven to have little influence on the 

dynamics of the free dipoles in both regimes. 

The results obtained in this work offer possibility of designing new types of gas 

heating and cooling devices. The drastic increase of the translational and angular 

velocities of dipolar molecules in AC fields near nanosized conductors provides strong 

temperature increase in the adjacent areas of gas volume. On the other hand, gaseous 

medium made up of spatially isolated field-repelled molecules, whose kinetic energy is 

lower than the average one, can serve as a refrigerant. Such separation can be realised, 

for instance, using flat arrays of field-polarised nanotube (nanowire) conductors with 

the spacing of the order of lim2r . The field-attracted molecules will rebound from the 

surface of the nanotubes, whereas some fraction of the non-attracted molecules will pass 

through the gaps. Series of such arrays can give rise to a considerable temperature drop. 

The results obtained in this work are applicable to chemical synthesis as well. 

The increased kinetic energy of dipoles attracted to the nanosized conductor in AC 

electric fields raises the local temperature, thereby facilitating overcoming the activation 

energy barrier and accelerating chemical reactions, both catalyzed and non-catalyzed, 

on the surface of these conductors. 

Another possible application, which can be useful in precise spectroscopic 

measurements and collisional studies, is the development of dipole traps and angular 

velocity selectors in analogy to the well-known translational-velocity separators [67], 
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[68]. The underlying operating principle, similar to that proposed in [69]-[74], is the 

equilibration of the force (43) at a fixed voltage magnitude and the centrifugal force 

acting on molecules tangentially injected in a coaxial. If the frequency of molecular 

collisions is negligibly small, the molecules will orbit around the inner conductor at 

radii corresponding to their initial rotational velocities. After partitioning in a coaxial 

cell according to the angular velocities, the molecules can be released through an 

annular slit, cut in the outer conductor, by gradually decreasing the voltage magnitude. 

The results of this study can find application in development of new methods for 

separation and identification of molecular species based on the difference in dipolar and 

higher-order electric moments, moments of inertia, and polarisabilities of the molecules. 

As it follows from (43), the dipole moment and polarisability are the main properties 

controlling the attractive force in the regions of relatively large and small radial 

coordinate, respectively. The increase of the voltage magnitude will force the molecules 

orbiting around the inner conductor to shift to the axis the closer, the greater their dipole 

moment or polarisability. The angular velocities and moments of inertia are the factors 

of lesser importance in this displacement. If the loading of the coaxial cell with 

molecules is not too high, the molecular species can be fully separated. This separation 

technique can be a viable alternative to the evolving methods of the optical force 

chromatography [75], which are based on the similar principles. 

For the chemical identification, the locations of separate radial density maxima 

should be explored by means of an auxiliary method, e. g. recording of the ion current 

of laser-induced ionisation. If the angular velocity distribution is known, the 

combination of dipole moment, polarisability, and moment of inertia determining the 

radial coordinate of each peak will give a unique ‘fingerprint’ of each molecular 

species. 
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Figure 1. (a) Magnified representation of a dipolar molecule inside a coaxial cell and the coordinates used to 
describe its spatial location; (b) molecule in a plane perpendicular to the axis of the coaxial cell.  
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Figure 1. (c) Electric potential distribution in a nanocoaxial cell with  a=10 nm, R 0=100 nm, U0=36 V  
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Figure 2. Simulated radial migration of a dipole near the inner conductor with the radius 10 nm at different 
initial conditions in the alternating electric field with circular frequency 1010 rad∙s-1 and reduced amplitude 

voltage Φ0 150 V. The initial angular velocity of the dipoles is 3∙1013 rad∙s-1 and the initial translational 
velocities are –100 m∙s-1 (solid lines) and –200 m∙s-1 (dashed lines). The initial angles made by the dipole 

moment with a radius-vector are 0 (red lines, 1), π/2 (black lines, 2), and π (green lines, 3). The initial field 
phase is zero.  

 
411x313mm (72 x 72 DPI)  

 

 

Page 49 of 53

URL: http://mc.manuscriptcentral.com/tandf/tmph  Email: TMPH-peerreview@journals.tandf.co.uk

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

  

 

 

Figure 3. (a) Mean radial translational velocity of the dipoles attracted to the inner conductor. Lines: 
integration of (43) with the initial velocity (51); symbols: simulation results for ω=1010 (red) and 1012 rad·s-

1 (black); ΦΦ0=15 V (circles), 60 V (slanted crosses), 90 V (upright crosses). The arrows denote the 

direction of the coordinate variation with time.  
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Figure 3. (b) Mean radial translational velocity of the dipoles  repelled from the inner conductor. Solid lines: 
integration of (43) with the initial velocity (52); dashed and dotted lines: simulation results for ω=1010 and 

1012 rad·s-1, respectively; ΦΦ0 =15 V (blue, 1), 60 V (red, 2), 90 V (black, 3). The arrows denote the 

direction of the coordinate variation with time.  
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Figure 4 (a)  Absolute values of angular velocity of the dipoles attracted to the inner conductor. Lines: 
analytical calculation from (57)-(58); symbols: simulation results. Line types, symbols and colors 

correspond to the same field parameters as in Figure 3(a). Circles and crosses: analytical calculation of the 
mean initial and final velocity from (59) and (56), respectively. The arrows denote the direction of 

coordinate variation with time.  
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Figure 4. (b) Absolute values of angular velocity of the dipoles (a) attracted to and (b) repelled from the 
inner conductor. (b) Dashed and dotted lines: simulation results, with the numbers and colors corresponding 
to those in Figure 3(b). Circles and crosses: analytical calculation of the mean initial and final velocity from 

(59) and (56), respectively. The arrows denote the direction of coordinate variation with time.  
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