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Problem Description

In this thesis I present a proof of Serre’s Conjecture, that is, all finitely
generated projective modules over the polynomial ring k[z1, ..., x,], where
k is a field, are free.
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Abstract

We start by proving that all finitely generated projective R-modules, where
R = k[x1,...,2,] and k is a field, are stably free. Then we show that all
stably free projective modules over a ring with the unimodular column prop-
erty are free before showing that the polynomial ring R has the unimodular
column property.

iii



iv



Samandrag

Vi byrjar med & vise at alle endeleggenererte projektive R-modular, der
R = Ek[x1,...,z,] og k er ein kropp, er stabilt frie. Etterpa visar vi at
alle stabilt frie projektive R-modular over ein ring med einingsmodulert
kolonneeigenskap (unimodular column property) er frie for vi viser at R
har einingsmodulert kolonneeigenskap.
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Introduction

We will present a proof of Serre’s Conjecture, that is, all finitely gener-
ated projective modules over k[z1,...,x,] are free. We start by reviewing
some basic homological algebra. In Chapter [I| we take a look at projective
modules, free modules, exact sequences and noetherian rings. In Chapter
we look into the tensor product and flat modules, which we will use to
prove the first step in our goal, namely that finitely generated projective
modules over k[z1,...,z,] are stably free, which we will do in Chapter
In Chapter [4] we will examine unimodular columns and the unimodular
column property which we need to complete the proof.

Serre’s Conjecture was proven by Suslin 4] and Quillen [2] indepen-
dently of each other. In An Introduction to Homological Algebra [3] Rot-
man presents a proof based on Suslin’s version and a sketch of Quillen’s
version. We will follow Rotman’s account of Suslin’s version.

All rings in this text are to be considered commutative.
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Chapter 1

Projective Modules

Before we start working on the proof of Serre’s Conjecture we will take a
look at projective modules and some basic tools which we will need. We
start by defining free modules.

Definition. Let R be a ring and F' an R-module. We say F' is a free R-
module if F' is isomorphic to a direct sum of copies of R. In other words
there is an index set B, possibly infinitely large, where R, = (b) = R and
F =@,z Ry. We call B a basis for F.

The basis of a free module has some similarities with the basis of a
vector space. There is a theorem in linear algebra which states that linear
transformations can be described by matrices. That theorem can also be
stated as a mapping defined by the basis elements, that is, if T" is a linear
transformation 7' : V' — W defined by a matrix, where {v1,...,v,} is a
basis for the vector space V and {w1, ..., w,} is a basis for the vector space
W, then it can also be described by mapping elements of the basis of V' to
elements of the basis of W. The following proposition is a parallel to that,
giving a mapping from a free module F' to a module M.

Proposition 1.1. Given a ring R and a free R-module F with o basis B.
If f : B — M is a map to any R-module M then there exists a unique

7
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R-homomorphism f : F— M with fu = f, where u : B — F 1is the
ingjection.

sy

Proof. Since B is a basis for F' for every v € F' we can uniquely express
v =) ycpTob where 1, € R and b € B, and there is a well defined map
f:F —= Mby f(v)=>cgrpf(b). If s € R then

flsv) =3 _sruf(0) = s> ruf(b) = sf(v).
beB beB
If v/ =% cpmfb € F then v+ =37, 51, 4+ 17)b and
Flw+o) = (r+r5) ) = QO rf(0) + O rif (b)) = fv) + f(v').
beB beB beB

This shows that f is an R-map. If we assume that there exists another
such map g, that is gu = f, then for all v € F

F@)=FO mud)) = > mfud) =" rf(b),

beB beB beB
=Y mgu(b) = 53 ru(b)) = §(v),
beB beB
SO )
g(v) = f(v).
Hence the R-map is unique. O

We will use this to show a property of free modules that we will later
generalize into a basis free property. The notation — 0, in the following
proposition, will become clear after we have defined exact sequences.



Theorem 1.2. Given a free R-module F and a surjective map p: A — A’,
then for every map h : F — A there exists a map g : F — A such that the
following diagram commutes.

A - A -0

Proof. Let B be a basis for F. For every b € B there exist an element
p(ap) € A" such that h(b) = p(ap) where a, € A. Tt follows that we have a
map u : B — A where u(b) = a, ¥ b € B. By Theorem [L.1] there exists a
map g : F'— A where pg = h O

The next theorem shows another of the similarities between vector
spaces and free modules. A vector space over a field k is a finitely gen-
erated k-module if and only if it is finite dimensional.

Theorem 1.3. Every R-module M 1is a quotient of a free R-module F'.
The module M is also finitely generated if and only if F' can be chosen to
be finitely generated.

Proof. Let X be a generating set for M, and F be a free module where
the set {b,},ex forms a basis of F. By Theorem there exists a map
g : F — M such that g(by) = 2V z € X. Since X C Img then g is
surjective and F'/ker g = M.

If M is finitely generated by X then F' is finitely generated by {bs}zecx
since X is a finite set. If F' is finitely generated then M is finitely generated,
since the image of a finitely generated module is itself finitely generated. [

Definition. A submodule of an R-module M is a retract of M if there exists
an R-homomorphism p : M — S, called a retraction, with p(s) = sV s € S.
It is equivalent to say that p is a retraction if and only if pi = 1g, where
1: 8 < M is the inclusion.
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Proposition 1.4. A submodule S of an R-module M is a direct summand
of M if and only if there exists a retraction p: M — S.

Proof. First assume p: M — S is a retraction. We want to show that M =
S @ T, where T' = ker p. If m € M then p(m — p(m)) = p(m) — p(m) =0,
which gives us m — p(m) € ker p = T. We see that m = (m — p(m)) + p(m)
where p(m) € Sso M =S+ T. If m € S then p(m) =m, andif m € T
then p(m) = 0. Therefore SNT =0and M =S®T.

Now assume M = S @ T. We can then write every m € M uniquely as
m=s+tforseSandteT. Let p: M — S be a map where s+t +— s.

p((s1+1t1)+ (s2+1t2)) =51+ 52

p(s1+t1) + p(sa+t2) =51+ 52
p((s1 + t1) + (82 + tz)) = p(81 + t1) + ,0(82 + tg)
Clearly p is a retraction. O

Definition. A lifting of a map h: C — A’ is a map ¢g : C — A such that
the following diagram commutes.

That is pg = h.

We will use the definition of a lifting to extend the notion of Theorem
into a basis free property. We define modules with this property to be
projective modules.

Definition. Let R be a ring and P be an R-module. We say P is a
projective module if given a map h : P — A’ and a surjective map p :
A — A’ then there is a map g : P — A such that the following diagram
cominutes.
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That is g is a lifting of h.

From Theorem we see that every free R-module is projective. The
converse is not true in general, but, as we will show, it is true for finitely
generated projective k[z1, ..., x,]-modules, where k is a field.

A very useful concept is exact sequences. They will help us formulate
several definitions, theorems and proofs.

Definition. A, possibly infinite, sequence of R-modules and R-maps,

Ji—2 Ji-1 fi fiv1

o M - M; M1

where Im f; = ker f;11 V 7, is called an exact sequence.

Definition. An exact sequence of the form

is called short exact.

We see directly from the definition of exact sequences that the maps i
and p, in the above diagram, are respectively injective and surjective.

Definition. We say a short exact sequence,

0 - A - B -C -0

where there exists a map j : C' — B such that pj = 14, splits.
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Proposition 1.5. If the short exact sequence

0 - A - B - C -0

splits, then B= A® C.

Proof. Assuming the exact sequence splits there exists a map j : C — B
such that pj = 1¢. If b € B then p(b) € C. Since

p(b—jp(b)) = p(b) — pjp(b) = p(b) — 1cp(b) =0

then b— jp(b) € ker p, and since it is an exact sequence then there exists an
element a € A such that i(a) = b — jp(b). It follows that B = Imi + Im j.
Next assume that b € ImiNIm j. Since b € Im ¢ we have that p(b) = 0 and
b =i(a) for some a € A, and since the sequence splits we have b = j(c) for
some c € C. So

j(e) =b,
and
pj(c) =p(b) =0

Since

pi(c) = 1ce.
we get

¢ =pj(c) =0,
and

b=j(c)=j(0) =0.

Hence we have that B=Imi®Imj = A C. O

Proposition 1.6. A module P is projective if and only if every short exact
sequence ending in P splits.

Proof. Consider the short exact sequence

0 At .Y .p - 0
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where P is projective. We can modify the diagram to the following.

Since P is projective there exists a map j : P — B such that pj = 1p so
the sequence splits by definition.

For the converse statement assume every short exact sequence ending
in P splits. Consider the diagram

P
f
L. . 0

where p is surjective. By Theorem there exists a free R-module F' and
a surjective map h : ' — P, so we can construct a short exact sequence
and get the following modified diagram.

h
00— kerh F P——0
J
90 }f
-t .¢ .0

The map j : P — F exists by our assumption that every short exact
sequence ending in P splits. Since F' is free F' is also projective and there
is a map gg : F — B with pgg = fh. We can define a map g : P — B by
g = goj, hence P is projective. O

With the next theorem we will try to characterize projective modules.
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Theorem 1.7.

1. A R-module is projective if and only if it is a direct summand of a
free R-module.

2. A finitely generated R-module is projective if and only if it is a direct
summand of R™ for some n.

Proof.  First we will prove 1. Assume P is a projective R-module. Since
every module is a quotient of a free module there is a free module F' and a
surjective map g : F' — P. Therefore there exists an exact sequence

0 ~ ker g L . F g—P >0

where 7 is the inclusion. By Proposition|l1.6|we have that the exact sequence
splits hence P is a summand in F'.

Next assume an R module P is a direct summand of a free module F.
Then, by Proposition there exists maps ¢ : ¥ — P and j : P — F such
that ¢j = 1p. Let f: P — C and p : B — C be maps where p is surjective,
and consider the following diagram.

q

R —_—

P

F<7
g

'k f
B D

C——0

The module F is free and therefore projective. Since the composition ¢f :
F — Cis a map from F' to C and p is surjective there exists a map
h: F — B where fq = ph so phj = fqj = f1p = f. Hence there exists a
map g : P — B where g = hj and f = pg so P is projective.

Next we prove 2. If P is a summand of R" then it follows immediately
from part 1 that P is a finitely generated projective module. We can
prove the other implication by assuming P is projective and letting P =
(a1,...,an). Let the set x1,...,z, denote the basis for R". We define the
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map f : R" — P by x; — a;. This gives us the following short exact
sequence where 7 is the inclusion.

00— ker f —— R" I p - 0

Since P is projective the sequence splits, by Proposition and by Propo-
sition [L.5| we get R"™ = P @ ker f. O

Another important concept for finitely generated modules is noetherian
rings. The next preposition will determine some equivalent properties that
we will use to define noetherian rings.

Proposition 1.8. Given an R-module M the following are equivalent:

1. Every ascending chain of submodules of M stabilizes, that is, there
exists an n such that

S1C5CSC--CS,=541=...
where S; is a submodule of M for every i.

2. Every non-empty collection C of submodules has a maximal element.
In other words there is a So € C such that there is no S € C with
SoCS.

3. Bvery submodule of M is finitely generated.

Proof. We begin by showing that point 1 implies point 2. Let C' be a non-
empty collection of submodules and Sy € C'. Assuming point 2 is not true
there exist S; € C such that S;_1 C S; for ¢ > 1. This gives us the chain

S1C 85 CSBC--CS5,C-

which does not stop contradicting point 1. Hence point 1 implies point 2.

Next we will show that point 2 implies point 3. Let S be a submodule
of M, and C the collection of all finitely generated submodules contained
in S, which is non-empty since {0} is finitely generated. By assumption
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we have that there exists a maximal element S* € C with S* C M. If S
is not finitely generated there is a s € S such that s ¢ S*. We construct
the finitely generated submodule (S*;s) € C, but clearly S* C (S*,s)
which contradicts point 2, since S* is supposed to be the maximal element,
therefore S is finitely generated and point 2 implies point 3.

Lastly we will see that point 3 implies point 1. Let

S1C S5 CS3C...

be a ascending chain of submodules, that is S; C M V i > 1. We define
S* = Up>15y. Clearly S* C M and therefore finitely generated, by point 3,

which means that S* = (s1,...,s,) where every s; € Sy, for some n;. Let
m = max{ni,...,ng}.

Then s,, € Sy, for all 7, hence S* C §,,. Then S,, = Sy+1 = ---, hence

the chain stabilizes. Thus point 3 implies point 1. O

Definition. Let R be a ring. If Proposition [1.8|is true for M = R, we say
that the ring R is noetherian.

Corollary 1.9. If R is a noetherian ring and S is a submodule of an R-
module M which is finitely generated, then S is finitely generated.

Proof. We will prove this by induction on the number of generating ele-
ments of M = (z1,...,2,). Let n = 1. We begin by defining the R-map
f: R — M by r — rz; which is clearly surjective since x1 generates M.
We denote the kernel of the map ker f = I, which is an ideal in R, and
note that M = R/I. Since R is noetherian then R/I is finitely generated.
There is a bijection between the submodules of R/I and submodules of M
since they are isomorphic. A submodule of R/I is on the form .J/I, where
J is an ideal in R and I C J C R, and are therefore finitely generated. If
S C M is a submodule then the bijection between submodules ensures that
S = J/I is finitely generated.

Next assume that the hypothesis holds forn > 1. Let M = (z1,...,Zp41)
and M' = (z1,...,2,). We have that submodules of M’ are finitely gen-
erated, by our assumption, and that submodules of M /M’ = (z,41) are
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finitely generated, by our base step n = 1. Let S C M be a submodule.
Consider the exact sequence
i p

0 SnM - S - S/(SNM') ——0

where SN M" C M’ and S/(SNM'") = (S+ M')/M' C M/M' are finitely
generated submodules. Since p is surjective then there is a z € S for every
a € S/(SNM') such that p(z) = a. We claim S is generated by the elements
in the set {i(z1),...,i(m), 21, 2m' }, where SN M' = (x1,...,z,) and
p(z;)) = a; where (SN M') = (a1,...,a,). Let s € S then p(s) = a =
2?11 r;a; where r; € R. Clearly

m/
p(s — Z rizi) =0
i=1

SO
m/
s — E riz; € kerp = Im.
i=1
Hence
m’ m
5 — g rizi = i( g TiTi),
i=1 i=1
and
m’ m
s = E 7z + E rii(z;).
i=1 i=1

Therefore S = (i(x1),...,9(@m), 21, - ., 2m’) and so finitely generated. [

Definition. For a ring R we let R[z] denote the polynomial ring where we
adjoin the indeterminate x to R where x commutes with every r € R.

In Theorem [1.11] we will show that if R is a noetherian ring then the
polynomial ring R[z] is also noetherian. This will be very useful since
Serre’s Conjecture concerns k[z1,...,z,] where k is a field and therefore
noetherian.
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Lemma 1.10. A ring R is noetherian if and only if for every sequence of

elements ay,...,ay,...,€ R there are elements r1,...,ry, € R with m > 1
such that
m
Am+t1 = Z T304
i=1
Proof. Let R be a noetherian ring. Let ai,...,a,, -+ € R be a sequence
of elements and I, = (ay,...,a,), which is an ideal in R. Then there is an

ascending chain of ideals
LCLC -

Since R is noetherian there is an m > 1 such that I,,, = I,,+1. Therefore if
am+1 € Imy1 = Iy then apmp1 = > ity 1ia.

Next assume that the statement on sequence of elements in R holds. If
R is not noetherian there is a sequence of ideals that does not end.

LChLCClz3 -
If we disregard repetitions we get a new sequence.
nenchc. .

We choose a; € IZ( such that a; ¢ I;,_;. This will give us a sequence of ele-
ments that contradicts our assumption, and we conclude that R is noethe-
rian. O

Theorem 1.11. If R is a noetherian then Rx] is noetherian.

Proof. Let R be a noetherian ring. Assume I is a ideal in R[x] which is not
finitely generated. Let fy(x) € R[z] be the polynomial of minimal degree in
I and f,+1 € R[z] be the polynomial of minimal degree in I — (fo, ..., fn)-
Since [ is not finitely generated f; exists for all ¢ > 0. We note that

deg(fo) > deg(f1) > -
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Let a; € R denote the leading coefficient in f;. From Lemma there is
an m > 1 such that a1 =Y ;- ria;. We define

F(@) = fnpa(@) =Y @t fy(x)
=0

where d; = deg(f;). We note that deg(f*) < deg(fm+1). This is because
the leading term of

m
Z pdm+1—d1 Tzfz($)
=0

is

m m
} :xdm+l_dlriai$di — § $dm+lriai — am+1$dm+1
i=0 =0

which is also the leading term of f,,+1. Since fp+1 & (f1,..., fm) then
f*elI—(fi,...,fm), but this contradicts the assumption that f,,+1 is of
minimal degree. Hence R[] is noetherian. O
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Chapter 2

Tensor Product and Flat
Modules

Some very important functors in homological algebra are the Hom functor,
the tensor product, and the functors which are derived from these. Flat
modules and tensor products are essential for some of the following proofs
and results. We will define flat modules by the tensor product therefore we
will start with the tensor product before we examine flat modules.

2.1 Tensor Product

We will define the tensor product with the help of R-biadditive functions.
Since the rings we consider are commutative then for any ring R a left R-
module is also a right R-module, and the other way around, but since the
tensor product and R-biadditive functions are defined for non-commutative
rings as well we will define them by left and right R-modules specifically.

Definition. Given a (not necessarily commutative) ring R, a right R-
module Ag, a left R-module pB (Ar and rB denotes that A and B are
right and left R-modules respectively), and an abelian group G. A function
f: Ax B — G is called R-biadditive, if for all a,a’ € A, b,/ € B, and

21



22 CHAPTER 2. TENSOR PRODUCT AND FLAT MODULES
r € R, we have

fla+d',b) = f(a,b) + f(d',b),

f(a7b+ b,) = f(a7 b) + f(a7 b/)v
and

f(ar,b) = f(a,rd).
If R is commutative, and G is also an R-module, and
flar,b) = f(a,rb) = rf(a,b)

then f is R-bilinear.

Definition. Given a ring R, and R-modules Ar and rB, their tensor
product is an abelian group A ® g B and a R-biadditive function

h:AxB— A®g B

such that for every abelian group G and R-biadditive function f: Ax B —
G there exists a unique Z-homomorphism f : A ®z B — G making the
following diagram commute.

Ax B A®rB

The tensor product is defined such that it is an abelian group that
admits a unique mapping that makes many diagrams commute. It is thus
a solution to a universal mapping problem, and solutions, if they exists, are
unique up to isomorphism.

Proposition 2.1. If R is a ring, and A and B are R-modules then their
tensor product exists.
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Proof. Let F be a free abelian group with basis A x B and let S be a
subgroup of F' generated by all elements of the following types:

(a,b+b") — (a,b) — (a,V),
(a+ad',b)— (a,b) — (d,b),
(ar,b) — (a,rd).

Where a,a’ € A, b,b' € B and r € R. We define AQp B=F/S,a®b=
(a,b) + S, and the function

h:AxB— A®g B

by
h:(a,b) — a®b.

Then we have the following identities in A ® g B:
a@b+t)=axb+axl,

(a+d)@b=a®@b+d @b,
ar®@b=a®rb.

From these identities we get directly that h is R-biadditive.
Consider the following diagram where G is an abelian group, f is R-
biadditive and ¢ is the inclusion.

Ax B ~ AQr B
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Since F is free abelian, with basis A x B, there exists a homomorphism
¢ : F — G with ¢(a,b) = f(a,b) ¥ (a,b), by Proposition Since f is
R-biadditive we have that

f((avb+ b,) - (CL, b) - (avb,)) =0,

f((a + alvb) - (a7 b) - (alvb)) = 07

and
f((ar,b) — (a,rd)) =0,

s0 S C ker¢. We define f : A®gr B — G by f : (a,b) + S+ f(a,b). We
need to check that f is well defined. Since f is well defined we only need to
check that f(v) = f(v+ s) = f(v) where v € F and s € S. We have that

fots)=flots)=fv)+ f(s) = f(v) +0= f(v)

therefore the map is well defined. We also see that fh = f so the diagram
commutes.

All that is left to prove is that f is unique. The group A ®p B is
generated by the set of all a ® b. Let us denote that generating set X =
{m;},. If we assume there is another R-map § with the same properties
as f then f(m;) = g(m;) ¥V m; € X. For any m € A®g B we have

n n n n

gm) =g _rimi) = _rig(ms) =Y _rif(mg) = O _rimi) = f(m)

i=1 i=1 i=1 i=1
where r; € RV ¢, which shows that f is unique. O

Now we have shown that the tensor product actually exists, but we did
so by defining the elements of the tensor product from the generators of
the free group F'. Therefore we had to take care and be sure f was well
defined, if f(S) # {0} we would have had a problem. We could also have
checked this by the following proposition.
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Proposition 2.2. Let f: A — A’ and g : B — B’ be maps of R-modules.
Then there exists a unique Z-homomorphism f @ g: AQr B — A’ @r B’
where

a®br f(a)®g(b)
Proof. We start by defining the map ¢ : A x B —+ A’ @g B’ by

(a,0) — f(a) ® g(b)

which is an R-biadditive function by the identities given in the proof of
Proposition[2.1} It yields a unique homomorphism f®g : AQrB — A'@r DB’
where

a®b— f(a) ®g(b)
by the following diagram

Ax B - A KRR B
T ey
AI ®R B/
which is commutative. O

Now that we know that the tensor product actually exists and is well
defined we will show that it is unique up to isomorphism.

Proposition 2.3. If U and A ® B are tensor products of A and B over a
ring R then AQr B=U.

Proof. Assume that A ®r B and U are tensor products of A and B corre-
sponding to the following diagrams.

Ax B h A®g B Ax B n

o ~

U
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If we exchange G for U and f for n, and G’ for A ®g B and g for h in the
above diagrams we get

Ax B h A®pr B Ax B n - U
U A®rB
which both commutes. Next consider the following diagrams.
A®gr B U
h n
/ n n
n h
Ax B U laggpB AXx B A®rB|1ly

, -

A®rB U

In the first diagram the two small triangles with vertices Ax B, AQr B and
U commutes making the larger triangle with vertices A x B, A ® g B and
A®pr B commute. The uniqueness of  and A/, from the definition of tensor
product, leaves us with 145,5 = h'n. A similar argument on the second
diagram yields that 1y = nh’/, therefore we have that n : A @g B — U is
an isomorphism. ]

Corollary 2.4. Given maps of modules

A f Al f - A"
\_/v
f'f

and
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B + B’ - B

99

then we have that
(feg(f'ed)=rffodg

The arrows showing the compositions f’'f and ¢'g are strictly not nec-
essary, but are left there to better illustrate where the homomorphism
f'f ® ¢'g, in the following proof, is derived from, and why it as well is
unique.

Proof. 1f we consider the diagram

® "'®qg
A®RBf gA/®RB/f gA//(X)RB”

flfedyg

we can easily see that both (f ® ¢)(f' ® ¢’) and f'f ® ¢'g takes a ® b —
f'f(a) ®¢'g(b). From Proposition the uniqueness of these homomor-
phism gives the equality. O

We have already noted that the notion of exact sequences are relevant
for some of the proofs and results in this text. The next theorem shows the
effect of the tensor product on exact sequences.

Theorem 2.5. Given an R-module A and an exact sequence of R-modules

gt .t pr - 0

then the sequence

1®14 1®p

A®pr B’ A®pr B 0

A®p B"
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is exact, and we say that the functor, in this case the tensor product, is
right ezxact.

Proof. To prove this we need to show that Im1 ® ¢ = ker1 ® p and that
1 ® p is surjective.
First we observe

(1eop)(Aei)=1opi)=(120)
which means Im1 ® i C ker 1 ® p. This gives us an induced map
p:(A®r B)/K -+ A®gr B"

by
a®@b+ K — a®p(b),

where a € A, b€ Band K =Im1® 1. Let
m:A®r B — (A®Rr B)/K

be the natural map, then both pr and 1 ® p sends a ® b — a ® p(b) so we
can form the following commutative diagram.

s

A®grB ‘(A®RB)/K

A ®R B//

We have that ker 1 ® p = ker prr. If ker pmr = ker 7 then ker 1 ® p = ker7m =
K =Im 1®4 and the proof is finished. The statement is true if p is injective.
To prove this we will construct an inverse map

f:A®rB" - (A®p B)/K
such that p f = l(agyzB)/K- First consider the map

f:Ax B" - (A®r B)/K
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where
(a, )~ a®b+ K

fora € A, b€ B and V' € B” where p(b) = b”. This is a well defined map
since if p(b1) = p(b2) = b” then p(b1) — p(b2) = 0 hence by — by € Imi and
a® (by —b2) € K. Clearly f is R-biadditive therefore there exists a Z-
homomorphism f by the definition of tensor product, making the following
diagram commute.

Ax B" - AQg B”

By the equation

fPla®@b+ K)=fla®pb)=a®b+ K.

we see that fﬁ =1, hence kerl®p=Im1®:i.

The last step of this proof is to show that 1 ® p is surjective. We have
that if 0" € B’ then there exists a b € B such that p(b) = b”. Since
1®p:a®b— a® pb) we see that if a @ b € A @ B” then there exists
a®be A®r B where 1@ p(a®b) = a®b” hence the map is surjective. [

So far we have only considered the tensor product as an abelian group,
but is it under any circumstances a module? The rings we consider are
commutative and in those cases, which we will show, it is also a module,
but for non-commutative rings this is not always the case.

Proposition 2.6. The tensor product of two R-modules (when R is a com-
mutative ring) is a module.

Proof. Let R be a ring, let A and B be two R-modules, and let r € R,
a € A and b € B. If we let multiplication on the tensor product by R be
the natural choice r(a®b) — ra®b then the result follows from the module
properties of A and B. O
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When we consider the tensor product as a module with scalar multipli-
cation defined like in Proposition we see that the R-biadditive functions
from the definition of the tensor product are R-bilinear.

Proposition 2.7. For every R-module M there exists an isomorphism
p:Rp M — M

such that r @ m — rm forr € R and m € M

Proof. The function f: R x M — M, defined by r x m — rm, is a bilinear
function. Consider the following diagram.

Rx M - Rp M

Since all modules are abelian groups, by the definition of the tensor prod-
uct there exists an R-homomorphism f such that the diagram commutes.
Hence f r®m — rm. To prove it is an isomorphism all we need is for f to
be injective, since it is clearly surjective. If we define f LM - Ror M
by m — 1 ® m we find that it gives ff ! = 1) and f~1f = 1rgpm from
the equations . .

Ffim)=f(lem)=m
and
fYfreom)=f1trm) =10rm=rom.

O

Another useful property of the tensor product that we will use is that
it preserves direct sums.

Theorem 2.8. Given a module A and a collection of modules (B;)ier over
a ring R we have that:
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1. There is an R-isomorphism
7: A®R (BierBi) = ®ier(A®r B;)
where T:a ® (b;) — (a®b;).

2. The map T is a natural isomorphism, in other words, if (C;)jer is a
collection of R-modules, and for each i € I there exists a j € J and
an R-map o045 : B; — C; , then the diagram,

Qo

1
A®R (Bic1Bi) A®g (DjesCy)

B TC

!

Dicr(A®r By) ®jes(A®r Cj)

where o : (b;) = (045(b;)) and & : (a @ b;) = (a ® 045(b;)), commutes.

Proof. First we prove 1. Let f: A x (;B;) — ®i(A ®g B;) be a bilinear
map defined by f : (a,(b;)) — (a ® b;). Then there exists a Z-map 7 :
A®p (@;B;) — ®i(A®pg B;) where 7 : a ® (b;) — (a ® b;) such that the
following diagram commutes.

A X (©;B;) A®p (8:B;)

T

®i(A®pr B;)

For 7 to be an isomorphism we need to check if it is an R-map and if it
is injective. Let r € R. We have that
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Hence 7 is a R-map. Next we define a set of injective maps A, : By — ®; B;
by Ak : b — (...,0,0,bx,0,0,...) where b, is the value of the kth coordinate.
We then define a new map 6 : ®;(A ®g B;) - A &g (®;B;) by combining
the set of maps and letting 6 : (a ® b;) — a ® X;\;(b;). We can see that

07(a® (b)) =0((a®b;)) = a® (by)

which means that 07 = 1ag,@,p,)- Hence 7 is injective and an R-
isomorphism.

Next we prove 2. We can easily check that the diagram commutes
directly. Going clockwise we get

a® (b;) = a® (04(b;) = (a ® 045(bi)),
and counter clockwise we get
a® (b)) — (a®b;) — (a® O',‘j(bi)),

hence the diagram commutes. O

2.2 Flat Modules

With what we now know about the tensor product we can start examining
flat modules.

Definition. Let R be a ring and A an R-module. We say A is a flat
R-module if for every exact sequence of R-modules

the tensored sequence

AQpri AQgrp

0 A®gr B 0

A®RB/ A®RB”
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is an exact sequence. That is, tensoring with A yields an exact functor
A®gO.

We have already shown, in Theorem that the tensor product is a
right exact functor. Thus we see that a module A is flat if and only if 1 ®71,
as in the definition, is an injection.

Proposition 2.9. Given a ring R we have the following properties:
1. The ring itself is flat as an R-module.
2. A direct sum ©;M; of R-modules is flat if and only if each M; is flat.
3. Every projective module is flat.

Proof. Consider the following diagram where B’, B and B” are R-modules.
) p

0 . B - B - B )
10) T w
R®pri R®
R®gr B’ R AQ®grB RpA@]gB”

Where ¢, 7 and w are natural isomorphisms from Proposition If the
diagram diagram commutes then R®p: is injective and R®@prp is surjective.
This makes the sequence of tensor products exact and R will be flat as an
R-module. We start by examining the square with vertices B’, B, R®gr B
and R®p B’. Let b/ € B’ if we follow the diagram clockwise we get

b — i(b’) —1® i(b’),
and counter clockwise
V=10t — 1),

hence that part of the diagram commutes. A similar argument will show
that the square with vertices B, B”, R®r B” and R ®r B also commutes,
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but we already know this to be true since the tensor product is a right exact
functor, making the whole diagram commute.

Next we will show that a direct sum of R-modules is flat if and only
if every summand is flat. Let A and B be R-modules, let ©;M; be a
direct sum of R-modules, let i : A — B be an injective map and let ¢ :
®;(M; ®r A) = @j(M; ®r B) be the R-map composed of the collection of
R-maps M; ®r A — M; ®g B defined by m; ® a — m; ®i(a). By Theorem
[2.8] there exists R-isomorphisms 74 and 7p such that the following diagram
commutes.

1®1

(®;M;) ®r A (®;M;) ®r B
TA B
©j(M; ®r A) ®;j(M; ®r B)

Since the diagram commutes we see that 1 ® ¢ is injective if and only if ¢
is injective, which is injective if and only if each R-map it is composed of
is injective, hence @©;M; is flat if and only if each M; is flat.

From Theorem we have that every projective module is a summand
of a free module. From part 1 and 2 of this proposition we have that every
free module is flat and every summand of a flat module is flat. Hence every
projective module is flat. O

Proposition 2.10. Given a flat R-module A and an ideal I then the Z-map
A®pl — Al, given by a ® i — ai, is an isomorphism.

Proof. Let k : I — R be the inclusion and ¢4 : A ®g R — A be the
isomorphism from Proposition If we tensor

K

1 R

with A we get
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A®
A®RI LS

ARr R

which we can extend with the map ¢4 to

A®RrK A

A®rl ArR— A

We can simply trace the diagram and see that
aRi—=a®i— ai

and since A is flat we have that A ®pg k is injective, because it is injective
if and only if 4 is injective, so the resulting composition of A ® g k and ¢4
will give us the isomorphism we are looking for. O
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Chapter 3

Stably Free Modules

We have now acquired enough tools to take the first big step in proving
Serre’s Conjecture Corollary It states that every k[xy, ..., z,]-module,
where k is a field, is stably free. The concept of families will help a lot with
this. First we will define stably free modules and introduce the concept of a
finite free resolution, which will be very useful for formulating some proofs
and results in this chapter.

Definition. A finitely generated R-module P is stably free if there exists
a finitely generated free R-module F' such that F' & P is free.

Clearly stably free modules are projective, by Theorem since they
are a summand of a free module.

Definition. A module M has FFR, finite free resolution, of length < n if
M is finitely generated and there exists an exact sequence:

0 F, Fn_q - Ey - M 0

Where each F; is a finitely generated free module.

Most of the work we are going to do in this chapter, and maybe of what
we have done so far, is going into proving that every finitely generated pro-
jective k[x1,...,zy]-module has FFR Corollary [3.11} a result of Theorem

37
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B.10] The fact that they then also are stably free will follow immediately
from the following proposition.

Proposition 3.1. A finitely generated projective R-module P has FFR if
and only if P is stably free.

Proof. First assume P is stably free. then P is finitely generated and there
exists a finitely generated free module F' with F & P free. We get that P
has FFR, of length < 1, by the following exact sequence.

0 - F ~FoP - P -0

Next assume that P has FFR. We will prove that P is stably free by
induction on the length. Let P have FFR of length n = 0. Then there is
an exact sequence

0 - I P 0

where Fp is finitely generated free and Fy = P by exactness. The module
P is then free and thus stably free.
Assume the theorem holds for length < n. The free resolution

0 F, Fo F—Lp -0

0 - F, 1 - I - K - 0

and
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where K = ker g. The first sequence shows K has FFR of length < n. Since
P is projective the second sequence splits. Therefore Fy = P@® K and K is
finitely generated projective. By assumption K is stably free, that is, there
is a finitely generated module Q with K @ @ finitely generated free. Then
P is stably free by

Po(KoQ)Z(PoK)oQ=FidQ.
since Fy @ Q and K & @ are finitely generated free. O

Similar to free resolutions, which are based on free modules, we can
define projective resolutions based on projective modules.

Definition. A module M has a projective resolution if there exists an exact
sequence

P, P - Py - M 0

where each P; is a projective module.

Before we prove Theorem [3.10| we need some results considering noethe-
rian rings and FFR.

Lemma 3.2. Given a noetherian ring R and a finitely generated R-module
A then there exists a projective resolution of A in which each module is
finitely generated.

Proof. We know there exists a finitely generated free R-module, Py, and
a surjective map € : Py — A, from Theorem and since A is finitely
generated we can choose Py to be finitely generated. Since R is noetherian
then ker € is finitely generated which means that there is another finitely
generated free R-module P; giving us the exact sequence

di €
04>kerd1 *Pl ‘P(] - A >0
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where d; : P; — kere is a surjective map. Again kerd; is also finitely gen-
erated so we can keep constructing in this manner and we get the sequence

d, d
P — P — P A0

which is a free resolution of A. Since free modules are projecive we are
done. O

That the projective resolution we just constructed in the proof Lemma
is also a free resolution will help us prove Proposition [3.5

Lemma 3.3. Given a diagram

Y Y

P Py

A Y

P; P;

6/ 6/I
0——a—ta T4 g

where the columns are projective resolutions of A" and A”, and the bottom
row is exact, then there exists a projective resolution of A such that the
three columns forms an exact sequence of complexes.

Proof. We will prove this by induction on the length of the projective res-
olutions. We start by checking for length n = 0. We want to show that we
can form a 3 x 3 diagram with exact rows and columns, and with the exact
sequence formed by A’, A and A” as the base row. Consider the following
diagram.
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0 0 0
0 - K - Vo - K| - 0
Y 7
0 . P O‘QO 9 6, . 0
6/ € 6/l
0 ) Gy S -0
0 0 0

We define Qo = P} @ FJ, and let ig : Pj — Qo and ¢qo : Qo — Pj by
' — (2/,0) and (2/,2") — 2 respectively. Clearly

i
0 L o Wy -t )

is an exact sequence. Since Py is projective we know there exists a map
o : Pj — A where ¢ = qo. We can use this to define € : Qo — A by
(', 2") > ie(a’) + o(2”). By chasing the diagram we see that the square
with vertices A, A”, P} and Qo commutes, that is €’qy = ge. We already
know that ¢g, ¢ and €’ are surjective hence € is surjective. We define
Vo = kere, K) = ker ¢’ and K] = ker ¢’, which immediately results in maps
which will complete the diagram.

Next assume the proposition holds for n and let us denote the resulting
diagram ’the diagram given by length n’. If we let V,, = ker(Q,, — Qn-1),
K] = kere], and K] = kere], then we can construct the following diagram
by the same reasoning as we used when n = 0.
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0 0 0
Y Y Y
0 - K|, % - K| ~0
v
0 . P n+l Qo In+1 Py . 0
1 On+1 1
Y 4 4
0 - A - A - A" -0
Y Y Y
0 0 0
By composing the maps
Py Qn11 Pl
A, A, Y
K], Vi K]
A, A, Y
B, Qn By

we can splice the diagram together with ’the diagram given by length n’,
and the proposition is true by induction. O

Proposition 3.4. Let M be a module. If M has a projective resolution

d d
00— P, Py—e P — Py M ——0
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where each P; is a stably free, then M has FFR of length <n 4+ 1.

Proof. We will show this by induction on n. If we let n = 0 then we have
an exact sequence,

0 ‘PO - M >0

so there exists an isomorphism € : Py — M. Since P is stably free we get
that M is stably free and there exists finitely generated free modules Fj
and F7 such that Fy & M @ F;. We can use this to construct an exact
sequence

0 - Ey - M -0

which shows that M has FFR of length 1.
Next we assume that the statement holds for n < 0. Let

0 > Ppi1 - - P - P - Py - M -0

be a projective resolution for M with each P; stably free. Since P, is
stably free there is a finitely generated free module Py & F', where F' is free.
Therefore we can construct the exact sequence

dy di @ 1p ¢
00— P41 Py PPoeoF —PFP®F —M—0

where d, : p2 — (d2(p2),0) and € : (po, f) — €(po). From this sequence
we get a sequence ending in ker ¢’ with n terms therefore ker ¢ has FFR of
length < n 4 1 by assumption. We can splice this sequence together with
the exact sequence

0 ~ ker € - Py F - M -0
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giving us a finite free resolution for M with length < (n 4+ 1) + 1 so the
proposition is true by induction. O

Proposition 3.5. Given a noetherian ring R and a short exact sequence
of R-modules

0 N VL VR Sy Vi 0

if two of the modules have FFR then so does the third.

Before we begin the proof we note that for any free resolution of an
R-module M*,

- F, S Fo - M* 0

if we denote the kernel of F,, — F,,_1 by K,, and K,, is stably free, then
there exists an F' such that K, @ F is finitely generated free and

0— FeK,—FoF,—F,_41— —F—M" —0

is a finite free resolution for M™.

Proof. If a module has FFR it is finitely generated therefore two of the
modules in the above sequence are finitely generated. Since the ring R is
noetherian the third module is finitely generated as well. Consider the case
if M and M" are finitely generated, then M’ = Im ¢ which is a submodule of
M and thus finitely generated. If M’ and M are finitely generated then M"”
is the image of the finitely generated module M and thus finitely generated.
If M'" and M" are finitely generated then we have shown, in Corollary
that in such an exact sequence M is finitely generated as well.

By Lemma/[3.2]we can construct the following diagram where the columns
are projective resolutions, which also are free resolutions by how they were
constructed, of M’ and M".
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F Fy
Fy Fy
0 cM — P g - 0

By Lemma [3.3] we can create a projective resolution for M,

- Py - Fy - M )

that gives us an exact sequence of complexes, where F; = F/ @ F!', by the
proof of Lemma Clearly it is also a free resolution. Let K, K, and
K]! denote the kernels of the following maps, respectively,

F! F, ol
F,,/L_l anl Frlzl—l

We will show that for each of the three possibilities, where two of
{M,M', M"} has FFR, then the free resolution we just created for the
remaining module will yield a finite free resolution.

Let M’ and M” have FFR of length n. If one of the lengths is ’shorter’
we can always keep adding the zero module to the sequence until it is of
the same length as the other. A consequence of Schanuel’s Lemma [3|
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Proposition 3.12] is that if a module M* has FFR of length n then for any
free resolution

n

F* F; M* - 0

we have that K is stably free where K is the kernel of F;; — F)_;.
Therefore we have that both K/ and K] are stably free. By the exact
sequence of complexes the following short exact sequence exists.

0 - K/, - K, K/ 0

Since K/ is stably free it is also projective, hence the sequence splits and
K, 2K &K,

We have that K], and K] are stably free therefore there exists free modules
F’ and F” such that K, ® F’ and F” @ K are free. By

(Ko FYo(F'oK))2(K,eoKYo(FeF" ~2K,d (FaoF"

we see that K, is stably free and thus M has FFR.
Next let M and M” have FFR of length n. Then K,, and K] are stably
free. Again the short exact sequence of kernels splits so

Ko, 2 K|, @ K]
and
K,oFoF' 2K & (K!/eoF'YoF)

therefore K7 is stably free thus M’ has FFR.

Lastly let M’ and M have FFR of length n. Then K], and K, are stably
free so there exists a free R-module F' such that K, @& F and K,, ® F are
finitely generated free. From the short exact sequence of kernels

0 - K/, - K, - K/ - 0

we get another short exact sequence
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0

K| ®F

K,®F - K" - 0

which we can splice together with the exact sequence

0 - K" - B .. Pl - M -0
to get
0— K &F —  Ky®F — F/ M —— 0
a finite free resolution of M”, so M" has FFR. O

What Proposition [3.5| states is that modules with FFR is what we call
a family.

Definition. We define a family F to be a subclass of all R-modules such
that for every exact sequence of R-modules

0 - M’ - M - M" -0

if two of the terms lie in F then all three lie in F.

Clearly {0} is contained in all non-empty families since if M € F then
by the exact sequence

0 - M - M -0 -0

we have {0} € F.
Lemma 3.6. Every intersection of families of R-modules is a family.
Proof. Let F* = Ny Fa, with each F, a family, and let

0 - M’ - M - M" -0
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be an exact sequence with two terms in F*. This means that those two
terms also are in each F, which means that the remaining term is in each
Fo and therefore in F*, making it a family. O

Definition. We define F(X), the family generated by X where X is a
subclass of all R-modules, to be the intersection of all families containing
X.

We define a child of X, or X-child, to be a module which occur in a
short exact sequence where the two other terms are in X, we define C(X)
to be the class of all X-children, we define C°(X) = X, and we define
CM(X) =c(C"(X)).

Lemma 3.7. If X is a subclass of all R-modules then U32,C™(X) = F(X).

Proof. The set X is contained in every family F making up F(X). From
the definition of families and X-children we clearly get that C(X) C FV F.
Furthermore we have that C"(X) C F for all F and for any n. We see from
the definition of F(X) that U5 ,C"(X) C F(X). To complete the proof
we need to show that U2 ,C™(X) is a family containing X. Consider the
exact sequence

0 - M’ - M - M" -0

where two terms lie in US2 (C™(X). This means that there is a n such that

these two terms are contained in C"(X) which means that there is a C**!
which contains the third term. From this we clearly see that US ,C™(X)
is a family. Lastly we see that X = C%(z) C U2 ,C™(X) and the lemma is
true. O

Corollary 3.8. Let R be a noetherian ring and X be the class of R-modules
where each module has FFR. If M € F(X) then M has FFR.

Proof. Let M € F(X) then, from Lemma there is a n > 0 such that
M € C"(X). We will prove the corollary by induction on n. Let n = 0.
Then M € X and M has FFR.
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Next assume the statements holds for n. Let M € C"*1(X). Then
there exists a short exact sequence with M where the two other terms lie
in C"(X). By our assumption the two other terms have FFR, and from
Proposition we have that M has FFR making the corollary true by
induction. O

Definition. Let R be a ring and M an R-module. The subset x C M is
scalar closed if for every x € X and r € R we have that rz € X

Definition. Given a scalar closed subset X we define the annihilator of z,
ann(x), to be

ann(z) ={r € R:rz =0}
We define the annihilator of the set X to be
ann(X)={reR:re=0Vz e X}

and
A(X) ={ann(z) : z € X and = # 0}
Lemma 3.9. Given a noetherian ring R, a non-zero finitely generated R-

module M, and a non-empty set X C M which is scalar closed. Then we
have the following:

1. If I is a maximal ideal among A(X) then it is a prime ideal.
2. There exists a descending chain
M=DMy2>M DMy2---2M,=0
whose factor modules are of the form
M;/Mit1 = R/P;

where P; are prime ideals.
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Proof. First we prove 1. Since R is a noetherian ring we have, by Corollary
that A(X) contains a maximal element which we will denote I =
ann(x). let a,b € R where ab € I and b ¢ I. We observe that I C ann(bz)
and Ra C ann(bx), so I C I + Ra C ann(bx). If a ¢ I then we get
I C I+ Ra C ann(bx), but ann(bz) € A(X), since X is scalar closed. This
contradicts that I is the maximal element, hence a € I and I is prime.
Next we prove 2. Since R is noetherian then A(M) has a maximal ele-
ment P; = ann(x;), which is a prime ideal by part 1. We define M; = (1)
and observe that M; = R/ann(x1) = R/P;. We repeat this construction
for the maximal element of A(M/M;) which we denote Py = ann(xo+ My).
We let My = (1, z2) and see that Ms/M; = R/ ann(xo+ M7) = R/Ps, and
{0} € M; C M,. We can continue this process to create an ascending chain
which must stop with some M’ C M where M’ = M, since R is noetherian
and by Corollary O

Finally we are ready to show the main results of this chapter.

Theorem 3.10. Let R be a noetherian ring. If every finitely generated
R-module has FFR then every finitely generated R|x|-module has FFR.

Proof. Let R be a noetherian ring and let every finitely generated R-module
have FFR. Let X denote the class of all R[z]-modules M of the form M =
R[z] ® g B where B is a finitely generated R-module. By assumption B has
FFR so there exists an exact sequence

0 - Fp, - Fy - Fy -+ B - 0

with each F; free. We know R|x] is flat as a R-module so if we tensor with
R[z] we get the following exact sequence.

0 —— R[z] ®r Fnn - » R[z] @p Fo — R[z]@r B —— 0

For each R[z| ® g F; we have, by Proposition and Theorem that

Rl[z] @R F; = R[z] ®R (®yerR) = ®ycp R[z] ®p R = ©pcr R[],
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that is to say, R[z] ®g F; is a free R[z]-module. Thus M = R[x] ® B, and
so all modules in X, has FFR. By Corollary [3.8/every module in F(X) have
FFR. So what we need to prove is that every finitely generated R[z]-module
lies in F(X).

Now let M be a finitely generated R[zr]-module where ann(M)NR # 0.
Let m € M and m # 0. We observe that

0 # ann(M)N R C ann(m) N R.

We denote ann(m) N R = J and get R/J = (m)g, giving us the exact
sequence

0 J - R R/J 0

which we can tensor with R[z] to get the following exact sequence.

0

0 —— R[z|®r J R[z]®r R R[z)®r R/J

We have that R/J = (m)g and R[x] ®p R = R[z], by Proposition SO
we have the following exact sequence.

0

R[z]|®@p J

Rlx]

Rlz]®g (m)p — 0

From Corollary we have that R[z] ®g J = Rz]J and this is non-zero
since J # {0}. By the exactness of the last sequence we have

R[z]/R[z]J = R[z] @R (m)g.

Now R[z]/R[z]J = (1 + R[x]J) is cyclic and R[z] ® (m)g is isomorphic
to a submodule of M which then is cyclic and which we will denote (mq)
where mq € M. We note that

(m1) = R[z] @r (M) R

and therefore (my) € (X
sequence, and since (m;)

F(X). From the exactness of the last exact

) €
= R[z)®r(m)r = R[z]J, we get that R[x]@prJ =
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ann(mp) and ann(m;) N R # 0. Now we can repeat this argument on
M/(mq) and find a mg + (m1) € M/(mq) with ann(mg + (m1)) N R # 0
and (my,ma)/(m1) € X C F(X). There is an exact sequence

0 > (m1) > (m1,mg) — (m1,m2)/(m1) — 0

making (mq, me) € F(X). Since R is noetherian and this is an ascending
chain it has to stop by Corollary hence we get that M € F(X) if
ann(M) N R # 0.

Next we assume ann(M) N R = 0. We know from Lemma there is a
chain of submodules

M =My2 My DMy D --- 2 M, = {0}

where M;/M;+1 = R[x]/P; with P; a prime ideal. For i = n — 1 we get
M, _1/M,, = R[x]/Pn—_1, but M, = {0} therefore M, _1 = R[z|/Pp_1. We
construct the exact sequence

O—— M, 1 —— My, o — Mn—2/Mn—1

where both M,,_y and M,,_o/M,,_1 are on the form M’ = R[x]/P where P
is a prime ideal. If we assume modules of the type M’ have FFR then by
Proposition [3.5 so does M,,_5. There is also an exact sequence

0

Mn—?

Mn_g — > Mn—S/Mn—Z

which yields that M,,_3 has FFR. This process has to stop since R is noethe-
rian hence M has FFR. Therefore the rest of the proof is reduced to showing
that M’ = R[z]/P has FFR. By assumption we have that

ann(M') N R = ann(R[z]/P)NR=PNR={0}.

The ideal PN R is a prime ideal in R. A ring is a domain if and only if {0}
is a prime ideal in the ring, hence R, and so R[z], are domains. Let f(z) be
a non-zero polynomial in P C R[z] and consider the following short exact
sequence.
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0 - (/) - P »P/(f) ——0
Since R[x] is a domain then (f) = R[z], and since f(z) € P then
ann(P/(f)) # {0} hence (f),P/(f) € F. Since R[z],P € F then
Rlz]/P € F O

Theorem 3.11. Let k be a field. Then every finitely generated k[z1, . .., zy]-
module has FFR.

Proof. We will prove this by induction n. First let n = 1. Since k is a field
by Theorem every finitely generated k[x]-module has FFR.

Next assume the statement holds for n > 1. By Theorem [3.10] every
finitely generated k[z1,...,Zn, Tnt1]-module has FFR and the theorem is
true by induction. O

Corollary 3.12. Let k be a field. If M is a finitely generated projective
klx1,...,zy]-module then M is stably free.

Proof. By Theorem every finitely generated k[xi, dots,x,| has FFR.
From Theorem we have that every finitely generated projective module
with FFR is stably free. O
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Chapter 4

UCP and Serre’s Conjecture

Before we can prove Serre’s Conjecture we will take a look at some results
concerning linear transformations, polynomial rings and free modules. The
key part of what we need to show is Theorem which states that every
stably free module over a ring with UCP is free.

4.1 UCP, Unimodular Column Property

Definition. Let R be aring. Wesay a = (aq,...,a,) € R"is a unimodular
column if there is b; € R such that a1b; + --- + an,b, = 1.

We say R has unimodular column property, which we will denote UCP,
if, for every n, every unimodular column is the first column of some n x n
invertible matrix over R.

Theorem 4.1. Let R be a ring. If every finitely generated projective R-
module is free then R has UCP.

Proof. Let o = (ay, dots,a,) € R™ be a unimodular column, then there
are elements b; € R such that Z?:l r;b; = 1. Define ¢ : R — R by
(r1,...,mn) = Yoy rib;. We have that ¢(a) = 1 so there exists an exact
sequence

55
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0 - K - R" ¢~R -0

where K = ker ¢. We know R is a projective module since it is a free R-
module, so by Proposition the sequence splits and by Proposition [1.5
we have that R” &£ K & R. Since « is a unimodular column the elements
of o generates R hence R" =2 K @ («). The kernel K C R" is free by our
hypothesis and of rank n — 1. Let the set {aa,...,a,} be a basis for K. if
we adjoin o then we get a basis for R™. Let the set {e1,..., €, } denote the
standard basis for R™, in other words ¢; is the element of R™ with 1 in the
i-th coordinate and 0 in the others. Then the R-map T : R” — R" defined
by T'(e1) = o and T'(¢;) = «; for i > 2, can be represented by an invertible
matrix 7" with « as it’s first column. O

Theorem [£.1] is an example of the linear similarities we noted at the
beginning of Chapter [I The converse is not necessarily true, but we will
show that it is so if R = k[z1,...,x,], where k is a field.

Proposition 4.2. Let R be a ring with UCP. If P is a stably free R-module
then P is free.

Proof. If P is a stably free R-module then there is a direct sum PG F = R™
where F is free. Clearly P ® R® F’' = R"™ where F’ is a free R-module of
one less rank then F' so it is enough to show that if P @ R is free then P is
free.

Let P® R = R" and let m denote the R-map m : R — R where
ker m = P. Since 7 is surjective there is an element o = (ay,...,a,) € R"
such that m(«) = 1. If we let the set {¢; }7"_; denote the standard basis for R"
then 7(a) = Y | m(aie;) = Y i a;w(e;) which means « is a unimodular
column. By our hypothesis there exists an invertible n x n matrix M with
a as the first column. We denote the remaining columns ao, as, ..., a,.
We define the R-map 7' : R" — R" by T'(;) = Me;. We let o — af
denote the elementary column operation defined by a; = o — A\ja where
m(aj) = A; € R for j > 2. By applying a; — o} to the matrix M

we get the invertible matrix M’ with columns «, af, of, ..., o). We note
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that for j > 2 we have m(a}) = m(ay) — AJm(a) = A\j — A; = 0. The
matrix M’ induces an R-isomorphism by T"(e1) = a and T"(¢;) = o when
j > 2 which satisfies o; = T"(ej) € kerm V j > 2. Now let us take a
look at the restriction 7% = T|(ea,...,€n) : (€2,...,€,) — P. We have
just observed that Im7T* C P and since T is injective so is T*. If we
have that T™ is surjective then P is free and we are done. Let 8 € P,
then 8 = T'(rie; +96) with 6 = > ;7. Now g — T'(0) € P, but
B—=T'(0) =T (e1r1) =rT'(e1) =ria € (o) so B —T"'(§) € PN («) = {0}.
Hence 8 = T'(§) € Im(T*) and T* is surjective. O

Corollary 4.3. Let k be a field. If k[xy,...,x,] has UCP then every finitely
generated projective k[x1, ..., x,]-module is free.

Proof. By Corollary every k[z1,...,x,)-module is stably free and by
Proposition [£.2] every stably free R-module where R has UCP is free. [

Clearly it only remains for us to show that k[x1,...,x,| has UCP, but
we still need some more results before we can do that.

Definition. We define the total degree of a polynomial in R = k[x1, ..., ;]
as the maxiamal sum of powers of the variables of the terms of the polyno-
mial.

To clarify, the total degree of rw%x%xé‘ +roxt € R[zy,..., 2] is 14+3+
4 = 8 since 8 > 4.

Lemma 4.4. Let k be a field, let R = k[x1,...,xy,], let a € R have total
degree 6 and b= 9 + 1. Define

Y = Tm,
and for 1 <i<m-—1
m—1i bm—i

yi=x;—x,), =x;—y . (4.1)

Then a = ra’ where r € k and a’ € (kly1,...,Yym—1])[y] is monic.
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Proof. We get the defining equations by an automorphism in R with inverse
T — Ty and z; — x; + xf:ﬂ for 1 < n < m — 1, which restricts to
an isomorphism k[z1,...,2m—1] = k[y1,...,Ym—1] making k[y1,...,ym] a
polynomial ring.
We will denote (j1, ..., jm) € N™ by (j), and define (j)-(5') = 1" jiji-
Let us denote
(™1 om=2 b 1) =w

and a polynomial ¢ € R with
a=) rgaf oy
()
where r(;) € k and r(;) # 0. If we substitute the equations in Equation
(4.1)) into a then we get for the (j)-th monomial.

-2

m—1 ;5 m . . .
e+ g ) 2y Y (e Yy

We can expand and separate the pure power of y, that is,

rG)h WD + foy W, Yme1,Y))

where the polynomial f;) has at least one positive power of some y; which,
for any ¥;, can not be higher then the total degree, so it is strictly less then
b. Therefore for any (j) we have 1 < j; < b for each j; € (j). If (§) # (§)
then (j) -v # (j') - v. Therefore there are no cancellations of terms in
Z(j) r(j)y(j)'”. Let D be the largest (j) - v then

a=1py” + 91, Ym-1,v)

for some polynomial g where the largest exponent of y in ¢ is less then D,
and rp is a non-zero element in k. Since k is a field the inverse of rp exists
so a = rpa’ where

CL/ = yD + TBlg(ylu o 7ym—17y)

is a monic polynomial in y. O
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Lemma 4.5. Let B be a ring, let s > 1, and let f,g € B[y] be the polyno-
mials:

fW) =y’ +ay’ "+ +a,
g(y) = by + -+ by

Then for each 1 < j < s —1 the ideal (f,g) C Bly] contains a polynomial
of degree < s — 1 with b; as the leading coefficient.

Proof. Let I be the set containing {0} and all the leading coefficients of
h(y) € (f,g) where deg(h) < s — 1. Clearly I C B is an ideal containing
b1. We will prove that I contains b1,...,b; ¥V j < s. We define

s

9’(9) =yg(y) —bif(y) = Z(biJrl _ blal)ys_l

=1

where ¢'(y) € (f,g) and we observe (by—bjay) is the leading term, therefore
(b2 — blal) € I. Since by € I and (bg — blal) € I then by € I. Next we
define

9"(y) = vg'(y) — (b2 — bra;) f(y)

whit the leading coefficient (bs—byas)—(ba—biai)a;. Since by, (ba—bray) € 1
then b3 € I. We can continue this process through all the coefficients in g,
hence b; € I V j < s and we are done. O

Definition. We define GL(n,R) to be the group of all invertible n x n
matrices over R.

Definition. We define R to be a local ring if R has a unique maximal ideal.

Proposition 4.6. Let B be a local ring and R = Bly|. If a; is a monic poly-
nomial where a; is a coordinate in a unimodular column o = (a;, ...,a,) €
R™, then « is the first column of some matriz in GL(n,R).

Proof. If we let n = 1,2 it is easy to see that the statement is true. If
n = 1 it will be an invertible element. If n = 2 then a1b; + asby = 1 and
we observe that
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a;  —be
o o
is in GL(n, R). Therefore we can assume n > 3.

Let deg(a;) = s. We will prove the statement by induction on s. We
can, without loss of generality, assume a; monic. If we let s = 0 then
a1 = 1. Let a be the first column in a n x ¢ matrix L. If we perform
elementary row operations on L it will yield a matrix NL, where N is
invertible. Since a; = 1 we can perform elementary row operations on
L such that the other entries in that column are equal to 0. Therefore
(NL)er = €1 where N is invertible. The column vector « is the first column
of L, hence @ = Le; = N~ 'e; is the first column in an invertible matrix
and the statement holds for s = 0.

Next assume s > 0. Since a; is monic we can perform elementary row
operations on the column « such that deg(az) < s—1V i > 2. Let m be
the unique maximal ideal in B. The ideal mR consists of all polynomials
with coefficients in m. The column & = (a1 + mR, ..., a, + mR) € R"/mR"™
is unimodular over (B/m)[y] since « is a unimodular column. If a; €
mR V i > 2 then a; + m would be a unit in (B/m)y], but a; is not a
constant, because s > 0, so it can not be a unit in the PID (B/m)[y].
Therefore we can assume at least one a; where ¢ > 2 is not in mR, and we
can, without loss of generality assume as ¢ mR, that is

ag = biy" ' + ... 4 bs_1y + b,

where some of the b; ¢ m. From Lemma[d.5]the ideal (a1, az) C R contains
a monic polynomial of degree < s — 1 so we can obtain a monic polynomial
by adding a linear combinations of a; and ao into as, so the hypothesis
applies and the statement is true by induction. O

Proposition 4.7. Let R = Bly] where B is a domain. If « = (ay,...,a,) €
R"™ is a unimodular column with at least one a; monic then

a=Mp

where M € GL(n,R) and § is a unimodular column over B.
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We will adopt a new notation for the proof of Proposition to make
the proof a bit more clear. If R = B[y| we will denote a matrix M over R
by M (y), since the elements are polynomials in y, and if « is a unimodular
column over R we denote it a(y).

Proof. We start by defining the ideal I C B as
I ={be B:GL(n,R)a(u+bv) = GL(n,R)a(u) V u,v € R}

First we see that if ] = Bthen1l € I. If welet u =y, b=1and v = —y
then
GL(n,R)a(y) = GL(n,R)a(0)

that is
Na(y) = N'a(0)

for some N, N’ € GL(n, R), so a(y) = (N"IN'a(0). Since a(0) is a uni-
modular colum over B the statement is true in this case.

Next we assume that [ is a proper ideal in B. Then I C J for some
maximal ideal J in B. By our hypothesis B is a domain and therefore a sub-
ring of the localization Bj. The column vector a(y) is also a unimodualar
column over Bjly] and since By is local then a(y) = M(y)e1, by Proposi-
tion where M (y) € GL(n,Bj[y]). We let z be a new indeterminate and
adjoin it to By[y]. We define N(y, z) € GL(n, Bj[y, z]) to be

N(y,z)=M@y)M(y+z)"

We observe that N(y,0) = I,, the identity matrix, and a(y + z) =
My + z)e1, since a(y) = M(y )61 It follows that

N(y,z)a(y +2) = N(y,2)M(y + z)e1 = M(y)er = a(y)  (4.2)

We also note that each entry of N(y,z) is of the form fi;(y) + gi;(y, 2)
where every term of g;; involves a positive power of z. In other words
9ij(y,0) = 0. Since N(y,0) = I,, then each f;;(y) is either equal to 1 or 0.
Therefore there are no non-zero terms of the form Ay, fori > 0 and A € By,
of the entries in N(y, z). So if we denote the entries of N(y, z) by hi;(y, z)
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then hi;(y,z) = r + fij(y,z) where r = 0 or r = 1. Consider the n x n
matrix N(y, z). The entries of N(y, z) are polynomials in the ring By, z].
Each such polynomial has coefficients in By, and these coefficients are by
definition formal quotients of the form x/s where z € B and s € B\ J.
Let b be the product of all the denominators s of all the coefficients of all
the n? entries in N(y, z). Since J is a prime ideal we have that b ¢ J and
hence b ¢ I. If we let bz play the role of z in Equation then

GL(n, B[y, z])a(y + bz) = GL(n, B[y, z], )a(y).

Let u,v € R = B[y| and define a B-algebra map ¢ : Bly, z] — B[y| by
?(y) = u and ¢(z) = v. By applying ¢ to the last equation we get

GL(n,R)a(u+bv) = GL(n, R, )a(u)

thus b € I which is a contradiction. Hence I can not be a proper ideal in
B. O

4.2 Serre’s Conjecture

Finally we can prove Serre’s Conjecture.

Theorem 4.8. Let k be a field. FEvery finitely generated projective
klxi, ..., zm]-module is free.

Proof. By Corollary it is enough for us to prove that R = k[x1, ..., )]
has UCP, which we will do by induction on m. The polynomial ring k[z] is
a PID. The Structure Theorem for Finitely Generated Modules [I, Chap-
ter 21, Theorem 1.1] over such rings implies, in particular, that finitely
generated projective modules are free. By Proposition every finitely
generated projective k[z]-module then has UCP, which proves the case for
the base step m = 1.

Next assume the statement holds for m > 1. Let a = (a1, ...,a,) be
a unimodular column over R = k[zq,...,Zm;m+1]. Since « contains some
non-zero a; we can assume without loss of generality that a; # 0. By
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Proposition [£.4] we have that there is a non-zero element r € k such that
a; = ra) where a} € k[y1, ..., ym)(y) is a monic polynomial and the y;s and
the y are as in Proposition [£.4, The element r is a unit, since k is a field, so
we can assume a; = aj without loss of generality. This allows us to apply
Proposition [£.7] so

a=M§p

where M € GL(n,R) and § is a unimodular over B = k[yi, ..., ym]. By our
assumption B has UCP. Therefore 5 = Ne¢; for some N € GL(n,B), but
NM € GL(n,R) since B C R so

Oé:MNel

meaning « has the unimodular column property. Hence R has UCP by
induction. O
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