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ABSTRACT. We generalize the notions of n-cluster tilting subcategories and 7-
selfinjective algebras into n-precluster tilting subcategories and 7, -selfinjective
algebras, where we show that a subcategory naturally associated to n-precluster
tilting subcategories has a higher Auslander—Reiten theory. Furthermore,
we give a bijection between n-precluster tilting subcategories and n-minimal
Auslander—Gorenstein algebras, which is a higher dimensional analog of Auslander—
Solberg correspondence (Auslander—Solberg, 1993) as well as a Gorenstein
analog of n-Auslander correspondence (Iyama, 2007). The Auslander—Reiten
theory associated to an m-precluster tilting subcategory is used to classify
the n-minimal Auslander—Gorenstein algebras into four disjoint classes. Our
method is based on relative homological algebra due to Auslander—Solberg.
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1. INTRODUCTION

Higher Auslander—Reiten theory was introduced in [21] by looking at n-cluster
tilting subcategories instead of the whole module category. It is known that any
n-cluster tilting subcategory has n-almost split sequences, and that finite n-cluster
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tilting subcategories correspond to n-Auslander algebras [22]. Moreover Artin al-
gebras A which have n-cluster tilting modules are called n-representation-finite [13]
and have been studied. (We do not assume gldim A < n in this paper in contrast
with several earlier papers [18, 24, 25].) See for example [1, 19, 20, 26, 28, 29, 30,
31, 34, 36] for further results in higher Auslander—Reiten theory.

In this paper we introduce the weaker notions of n-precluster tilting subcate-
gories (Definition 3.2) and 7,-selfinjective algebras (Definition 3.4). These notions
generalize and unify two seemingly different concepts, namely (finite) n-cluster tilt-
ing subcategories [21] and 7-selfinjective algebras (or D Tr-selfinjective algebras)
[11]. Both of these concepts are generalizations of algebras of finite representation
type and they are linked through the Wedderburn correspondence introduced in
[2]. The first class corresponds to n-Auslander algebras T, that is, Artin algebras
I satisfying

domdimI' >n+1 > gldimT.

The latter class corresponds to algebras I' that are a Gorenstein analog of Auslander
algebras which satisfy
domdimI' > 2 >idrT.

Here domdim, gldim and id denote dominant dimension, global dimension and in-
jective dimension, respectively. A central notion in higher dimensional Auslander—
Reiten theory is n-cluster tilting subcategories, which are the whole module cat-
egories in the classical case n = 1. As in the process of going from classical
Auslander—Reiten theory to higher Auslander—Reiten theory, we demonstrate that
the number 2 is quite symbolic, as we show that n-precluster-tilting subcategories
correspond to the following class of Artin algebras.

Definition 1.1. We call an Artin algebra I' an n-minimal Auslander—Gorenstein
algebra if it satisfies
domdimI’ >n +1>idrT.

We will observe in Proposition 4.1(b) that this condition is left-right symmet-
ric. Recall that an Artin algebra I' is called Gorenstein (or Iwanaga—Gorenstein
more precisely) if idr I' and idI'r are finite [15], and a Gorenstein algebra is called
Auslander—Gorenstein if the minimal injective coresolution

0T —=I1°=T1"— ...

of the I'-module T' satisfies pdp I* < i holds for every i > 0 [16, 5, 6. Thus our
n-minimal Auslander—Gorenstein algebras can be regarded as the most basic class
among Auslander—Gorenstein algebras since pdp I* has the ‘minimal’ value 0 for
0<i<n.

We have the following diagrams of generalizations of Auslander algebras and
representation-finite algebras:

Auslander algebras — — > Gorenstein algebras I' with domdimI" > 2 > idp I
' '
n-Auslander algebras — — — — > n-minimal Auslander—Gorenstein algebras
representation-finite algebras — — — > 7-selfinjective algebras
' y

n-representation-finite algebras — — > 7,,-selfinjective algebras
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We introduce the concept of n-precluster tilting subcategories to describe these
algebras, where such a subcategory C is defined to be a functorially finite generating-
cogenerating subcategory stable under the n-th Auslander—Reiten translate and
selforthogonal in the interval [1,n—1] (that is, Ext*(C,C) = 0 fori = 1,2,...,n—1).
More precisely, we show the following results.

Theorem 4.5. Fixn > 1. There is a bijection between Morita-equivalence classes
of n-minimal Auslander—Gorenstein algebras and equivalence classes of finite n-
precluster tilting subcategories C of Artin algebras, where the correspondences are
given in Propositions 4.3 and 4.4.

For a Gorenstein algebra I', we denote by
CMT = {X € modT | Exth(X,T') =0 for i > 0}

the category of mazimal Cohen-Macaulay I'-modules. We denote by CMT' the
stable category of CMT, that is, CM T modulo the ideal in CMT' generated by
addT. It is basic that CM T forms a triangulated category. On the other hand, for
an n-precluster tilting subcategory C of mod A, let

Z(C) = {X €modA |Exti(C,X)=0fori=1,2,...,n—1},
uce) = 2@/,

where Z(C)/[C] denotes the category Z(C) modulo the ideal [C] in Z(C) generated by
the subcategory C. Note that Z(C) = mod A for the case n = 1. We show that the
category Z(C) is a Frobenius category whose stable category is U(C) (Proposition
3.12). Hence U(C) forms a triangulated category. In fact it is an analog of Calabi—
Yau reduction of triangulated categories [27].

Theorem 4.7. Given an Artin algebra A with a finite n-precluster tilting subcat-
egory C = add M, let I' = Enda (M) be the corresponding n-minimal Auslander—
Gorenstein algebra (see Theorem 4.5). Then Z(C) and CMT are dual categories
via the functors Homp(—, M): Z(C) — CMT and Homp(—, M): CMT — Z(C).
Moreover these functors induce triangle equivalences between U(C) and (CMT)°P.

Furthermore we show that there is a higher Auslander—Reiten theory also for
n-precluster tilting subcategories, though with some differences. The first differ-
ence is that one cannot define n-fold almost split sequences as for n-cluster tilting
subcategories, but one is forced to introduce n-fold almost split extensions (see
Definition 5.1). This is because in this more general setting there does not exist
a unique exact sequence representing this extension. Namely, we have the follow-
ing results, where we denote by P(A) (respectively Z(A)) the category of finitely
generated projective (respectively injective) A-modules.

Theorem 5.10. Let C be an n-precluster tilting subcategory of mod A, X an inde-
composable module in Z(C)\P(A), and Y := 1,(X) the corresponding indecompos-
able module in Z(C)\ Z(A).

(a) For each 0 <i<mn—1, an n-fold almost split extension in Ext} (X,Y") can be
represented as

0=-Y—->Cho1—-—=Ci1 22, -Ci1— - —=Cop—>X =0

with Z; in Z(C) and C; in C for each j # i.
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(b) The following sequences are exact.
0 — Homu (C,Y) — Homp (C,Cpr—1) — - -+ = Homy (C, Ci11) — Homy (C, Z;)
— Homa (C,Ci—1) — - -+ — Homa (C, Cp) — rada(C, X) — 0,
0 — Homp (X,C) — Homyp (Co,C) — -+ - — Homy (C;—1,C) — Homp (Z;,C)
— Homp (Ci41,C) — -+ = Homu (Cy,—1,C) — rada (Y, C) — 0.

(¢) If X andY do not belong to C, then the n-fold almost split extension in (a) can
be given as a Yoneda product of a minimal projective resolution of X in Z(C)

0= Q%) (X) = Cimt == Co = X =0,
an almost split sequence in Z(C)

—(n—i—1 i
0— QZEC) WY) = Zi = Qb ) (X) — 0,

and a minimal injective coresolution of Y in Z(C)

0—=Y = Cphqg—-—Ciy1 — Q;EZ;F”(Y) — 0.

We use this Auslander—Reiten theory to classify the n-minimal Auslander—Goren-
stein algebras into four disjoint classes, as was done for the case n = 1 in [11].

We refer to related results. In [12], the authors studied (n,m)-ortho-symmetric
modules, where our n-precluster tilting modules are precisely (n — 1,0)-ortho-
symmetric. In [32], the author proved Theorem 4.5 independently.

The paper is organized as follows. In the second section we recall the relative ho-
mological algebra over Artin algebras we need (see [8, 9, 10]) and some unpublished
results of Maurice Auslander and the second author. In Section 3 the notions of
n-precluster tilting subcategories and 7,-selfinjective algebras are introduced and
their basic properties are discussed. We show in the next section that there is a
one-to-one correspondence between finite n-precluster subcategories and n-minimal
Auslander—Gorenstein Artin algebras, where the n-Auslander algebras are charac-
terized within this class. In the fifth section we show that there is a meaningful
higher Auslander—Reiten theory in n-precluster tilting subcategories also. This the-
ory is transferred in the next section over to the subcategory of maximal Cohen—
Macaulay modules over the n-minimal Auslander—Gorenstein Artin algebras. In
the final section we use higher Auslander—Reiten theory to classify the n-minimal
Auslander—Gorenstein Artin algebras into four disjoint classes.

Notations. Throughout the paper, all modules are left modules. The composition
of morphisms f: X — Y and g: Y — Z is denoted by gf: X — Z.

Let R be a commutative Artinian ring and A an Artin R-algebra. We denote by
mod A the category of finitely generated A-modules, by P(A) (respectively Z(A))
the category of finitely generated projective (respectively injective) A-modules, and
by D: mod A +» mod A°P the duality Hompg(—, E), where E is the injective hull of
the R-module R/rad R. We denote by 7: mod A — mod A the Auslander-Reiten
translation.

Let X be a full subcategory of mod A. We call X a generator (respectively
cogenerator) if A € X (respectively DA € X). A right X-approzimation of A €
mod A is a morphism f: X — A with X € & such that any morphism g: ¥ — A
with Y € X factors through f. We call X contravariantly finite if any A € mod A
has a right X-approximation. Dually, we define a left X-approzimation and a



AUSLANDER-GORENSTEIN ALGEBRAS AND PRECLUSTER TILTING 5

covariantly finite subcategory. A contravariantly and covariantly finite subcategory
is called functorially finite.

2. PRELIMINARIES ON RELATIVE HOMOLOGICAL ALGEBRA

A systematic study of relative homological algebra over Artin algebras was car-
ried out in [8, 9, 10]. We recall the relevant background and results, and in addition
we give some unpublished results of Maurice Auslander and the second author.

2.1. Relative homological algebra. We start with the setup for relative homo-
logical algebra, where we assume throughout that A is an Artin algebra. Relative
homological algebra for us begins with defining a set of exact sequences, and this
is done through giving an additive sub-bifunctor of Ext}(—, —) (see [8] for further
details). Let
F C Extj(—,—): (mod A)°® x mod A — Ab

be an additive sub-bifunctor. Such an additive sub-bifunctor is nothing else than,
for each pair of A-modules C' and A, a chosen set of short exact sequences, F(C, A),
starting in A and ending in C', which is closed under pullbacks, pushouts and Baer
sums (or direct sums of short exact sequences).

Definition 2.1. An exact sequence n: 0 - A — B — C' — 0 is said to be F-exact
if pisin F(C,A).

In the rest, we fix a subcategory X of mod A. We consider the following collection
Fx(C, A) of short exact sequences given for a pair of modules A and C' in mod A:

Fy(C,A)={0—=A— B —C—0¢cExt(C,A)]|
Homy (X, B) — Homy (X, C) — 0 exact for all X in X'}.

Dually one defines F*. By [8, Proposition 1.7] these collections induce additive
sub-bifunctors Fy and F¥ of Ext}(—, —), and

Fy=F"" and F, ,=F% (2.1)
by [8, Proposition 1.8]. If X = add X holds for some X in mod A, we denote Fly
and F¥ by Fx and FX respectively.

We can endow mod A with a new exact structure by the following result, where

we call a full subcategory C of mod A F-extension closed if, for every F-exact
sequence 0 - A — B — C' — 0 such that A and C are in C, B is in C.

Proposition 2.2 ([14]). Let X be a full subcategory of mod A and F = F* (respec-
tively F = Fx ). Then mod A has a structure of an exact category whose short ex-
act sequences are precisely the F-exact sequences. More generally, any F-extension
closed subcategory C of mod A has a structure of an exact category whose short exact
sequences are precisely the F-exact sequences contained in C.

Proof. The first assertion follows from [14, Propositions 1.4 and 1.7]. The second
assertion is a general property of extension closed subcategories of an exact category.
(]

We denote by (mod A, F) and (C, F') the exact categories given in Proposition
2.2.

Recall the following definitions from [8], which coincide with the corresponding
notions in the exact category (mod A, F').



6 IYAMA AND SOLBERG

Definition 2.3. (i) A A-module P is said to be F-projective if all F-exact se-
quences 0 - A — B — P — 0 split. The full subcategory of mod A consisting
of all F-projective modules is denoted by P(F).

(ii) A A-module T is said to be F-injective if all F-exact sequences 0 — I —
B — C — 0 split. The full subcategory of mod A consisting of all F-injective
modules is denoted by Z(F).

(iii) F has enough F-projectives (respectively F-injectives) if for each C' (respec-
tively A) in mod A there exists an F-exact sequence

0-C"-P—=C—=0

with P in P(F) (respectively 0 - A — I — A" — 0 with I in Z(F)).

The Fx-projectives and Fy-injectives are given as
P(Fy) =add{X,P(A)} and Z(Fy)=add{rX,Z(A)} (2.2)

by [8, Proposition 1.10]. For example, we have P(Fy) = P(Exti(—, —)) = P(A)
and Z(FPM) = Z(Ext)(—, —)) = Z(A). Furthermore an additive sub-bifunctor F
of Ext}(—,—) has enough F-projectives and F-injectives if and only if P(F) is
functorially finite in mod A and F' = Fp(p) (see [8, Corollary 1.13]). In this case we
denote by Q1.(X) the kernel of the F-projective cover of X. The A-module Q' (Y")
is defined dually.

Assume from now on that F is an additive sub-bifunctor of Ext}(—, —) with
enough F-projectives and F-injectives. Recall that an exact sequence

N A LSS NG LN AU

is called F-ezact if all the short exact sequences 0 — Im f;11 — C; — Im f; — 0
are F-exact. Given two modules A and C' in mod A, there exist F-exact sequences
P: . >Ph—>P—>FP—>C—0

with P; in P(F) and

0= A—=I" T -T2 — ...

with I in Z(F'). We call these exact sequences an F-projective resolution and an F-
injective coresolution of C'and A, respectively. For i > 1, the i-th homologies of the
complexes Homp (P, A) and Homy (C, I) are isomorphic, and denoted by Exty(C, A)
and called the i-th F-relative extension group (see [8, Section 2]). Then Extp(—, —)
is naturally identified with F. Using Ext%(—, —), we define F-relative projective
dimension, F-relative injective dimension and F-relative global dimension as in the

absolute setting and the basic properties are the same in the F-relative setting. On
the other hand, we denote by

Hompy(A,C) (respectively Homp (A, C))

Homa (A, C) modulo all the homomorphisms factoring through an F-projective
(respectively F-injective) module. The F-stable category

modyr A (respectively modp A)

has the same objects as mod A, and the morphism sets are given by Hom (A, C) (re-
spectively Homp (A, C)). For F' = Fy, the Auslander—Reiten translation 7: mod A ~
mod A induces the F-relative Auslander—Reiten translation

7: modp A ~ modp A. (2.3)
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Another central result that has an analog in the F-relative setting is the Auslander—
Reiten formula, which we recall next.

Proposition 2.4 ([8, Proposition 2.3]). Let F be an additive sub-bifunctor of
Ext} (—, —) with enough F-projectives (and F-injectives). Then for all modules
A and C in mod A we have an isomorphism

Ext}(C,7A) ~ DHom (A, C).

In general the higher F-relative extension groups Ext%(C, A) are not necessarily
related to the higher absolute extension groups Exth (C,A). However, in some
situations one can compute the absolute extensions by F-relative ones, as described
in the next result.

Proposition 2.5 ([33, Proposition 1.3]). Let X be a functorially finite subcategory

of mod A.

(a) A module C' in mod A satisfies Exty (C,X) = 0 for 0 < i < n if and only if
Extbx (C, A) = Ext) (C, A) holds for 0 < i < n and for all A in mod A.

(b) A module A in mod A satisfies Exty (X, A) = 0 for 0 < i < n if and only if
Ext}, (C, A) = Ext} (C, A) for 0 <i<n and for all C in mod A.

Proof. We only show (a). This is proved in [33, Proposition 1.3] under the assump-
tion that X is a cogenerator. We can drop it by considering X’ = add{X,Z(A)}
and using FY = FX' 0

2.2. The Auslander—Reiten translation revisited. Next we recall some un-
published results of Maurice Auslander and the second author that we need later.
We show that the Auslander—Reiten translation 7 gives a bijection between Ext}.(C, A)
and Extg(7(C), 7(A)) for certain F and G, and moreover 7 commutes with relative
syzygies.

The transpose is a duality Tr: mod A — mod A°P [3]. However, from an exact
sequence

0+A—-B—-C—0

in mod A, there is not necessarily a naturally associated exact sequence
0-TrC—-TrBX —-TrA—=0

in mod A°P. We show that when restricting to appropriate classes of exact sequences
we have such a natural correspondence.

Proposition 2.6. Let X be a functorially finite generator-cogenerator in mod A,
and let F = F¥, GP = FPX) 4nd G = Fy.

(a) If 0 = A - B — C — 0 is F-ezact in mod A, then there are a G°P-ezxact
sequence
0—-TrC—-TrB®P—>TrA—0

in mod A°P for some projective A°P-module P and a G-exact sequence
0—=>7A)=7B)®I—=7(C)—=0

in mod A for some injective A-module I.
(b) For all A and C in mod A, we have functorial isomorphisms

F(C, A) ~ G°P(Tr A, Tt C) ~ G(1(C), 7(A)).
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Proof. (a)Letn: 00— A — B Iy ¢ = 0 be an F-exact sequence. By the Horseshoe
Lemma we have the following commutative diagram

OHP1—>P1@Q1—>Q1—>O

" \ v

OHPO—>PQEBQO—>Q0—>O

v v v

0 A B C 0
v v v
0 0 0

with P; and Q; projective A-modules for i = 0,1. Let (—)* = Homa(—,A). Then
this induces the following commutative diagram

0 0 0
v v v

0 c* B* A* 0
v \ |

0 0 Py ®Qq Fy 0
v v v

0 1 Pr Qi Py 0
) b

7:0 TrC TrB@ P — TrA 0
' | |
0 0 0

where P is a projective A°P-module. The columns are exact by the definition of Tr,
and the top row is exact because 7 is F-exact and X’ contains A. Since the second
and the third rows are split exact, the Snake Lemma shows that the bottom row
n’ is also exact. It remains to show that ' is G°P-exact. Then the dual of this
sequence is G-exact.

Since 7 is F-exact, the map f: Hom, (B, X) — Hom, (A4, X) is surjective. Since
Tr is a duality, the map g = Tr f: Hom o, (Tr X, Tr B) — Hom o, (Tr X, Tr A)
is surjective. By a standard argument, the map ¢g: Hompor (Tr X', Tr B & P) —
Homper (Tr X', Tr A) is also surjective. Since 7 Tr X = D(X) and hence Fry y = G°P
holds, 1’ is G°P-exact.

(b) By (a), we have a morphism F(C, A) — G°P(Tr A, Tr C) of bifunctors. Since
the same argument gives the inverse morphism G°P(Tr A, Tr C') — F(C, A) of bi-
functors, we have the first desired isomorphism. The second isomorphism follows
immediately by applying the duality D. (|

We end this subsection by showing how this induces isomorphisms on relative
extension groups and relative stable homomorphism sets.

Theorem 2.7. V) Let X C mod A be a functorially finite generator-cogenerator, and
let F = F* and G = Fx be the corresponding additive sub-bifunctors ofExtjlx(—, -).
Then the following is true.

(a) T gives an equivalence modp A ~ mod A.

DTheorem 2.7 was obtained by Maurice Auslander and the second author, but they never got
to be published in printed form before now. However, the results were presented at a seminar at
the University of Bielefeld, Germany.
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(b) The following diagrams commute up to isomorphisms of functors.

modp A /s mod. A modg A S modg A
iszp iszc TQ; Tﬂg
mody A — = mod A modp A <—— modg A

(¢) T induces a functorial isomorphism in both variables
n = pc,an: Extp(C,A) =~ Extg(r(C), 7(4))
for all pairs of A and C' in mod A and n > 1.

Proof. (a) We have an equivalence 7: mody A ~ modp A in (2.3). Since X is
a generator-cogenerator, Z(F) = P(G) holds by (2.2). Thus modp A = mods A
holds, and the assertion follows.

(b) We only prove commutativity of the left diagram. Let

0—-Qp(A) > P—>A—-0

be F-exact with P in P(F'). By Proposition 2.6, we have a G-exact sequence
0—=7Qp(A) = 7(P)®I —7(A4) =0

with I in Z(A). Since 7(P) & I is in P(G) by (2.2), we have an isomorphism
TQp ~ Qa1 of functors.
(c¢) We have the following functorial isomorphisms

Ext(C, A) ~ Extp(Q% 1 (0), A)
~ Extg (TQR (), 7(A))
~ Extg (Q%'7(C), 7(A))
~ Exts(7(C), 7(A))

)
)

(
by dimension shift, Proposition 2.6(b) and (b), where all the involved isomorphisms
are functorial. The claim follows. O

2.3. Relative tilting theory. Tilting theory is an important topic in representa-
tion theory of Artin algebras and elsewhere. It also has a relative version, which we
recall from [9, 10]. Here we always assume that our additive sub-bifunctor F' has
enough F-projectives and enough F-injectives. For a subcategory C in mod A, let

ctr = {M €modA | Exth(C,M) =0 for all i >0},
tr¢ = {M €modA | Ext%(M,C) = 0 for all i > 0}.
When F = Ext} (—, —), we simply denote C** and +#C by C*+ and +C respectively.
Definition 2.8. We call T'in mod A an F'-cotilting module if
(i) idp T < o0,

(i) Ext%(T,T) =0 for i > 0,
(iii) for all I in Z(F') there exists an F-exact sequence

0—-7T,—-Th1—--—T1 =-Ty—-1—0

with T; in add T'.
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It is shown in [9, Corollary 3.14] that if there exists an F-cotilting module T,
then P(F') and hence Z(F) are of finite type. In fact, they contain the same number
of non-isomorphic indecomposable objects as add T'.

Next we collect the basic results on relative cotilting modules that we need later.

Theorem 2.9 ([9]). Let X be a generator in mod A and F = Fx. Let T be an
F-cotilting A-module and T' = Enda (T). Then we have the following.

(a) A ~Endr(T).

(b) Any C in LT has an F-ezact sequence

O—>C—>T0j—D>T1f—1>T2f—2>T3—>

with Ty in add T and Im f; in *T for all i > 0.

(¢) Exth(C, A) ~ Extih(Homy (A, T), Homu (C, T)) for all modules A and C in*rT
and i > 0.

(d) The module U = Homp (X, T) is a cotilting T-module with idpT < idpU <
idp T+2 7.

(e) Homa(—,T): mod A — modT and Homr(—,T): modT’ — mod A induce quasi-
inverse dualities Homp(—,T): *#T — +U and Homp(—,T): *U — +¥T.

Proof. (a) is [9, Corollary 3.4], (b) is [9, Theorem 3.2(a)], (c) is [9, Proposition 3.7],
(d) is [9, Theorem 3.13(d)], and (e) is [9, Corollary 3.6(a), Proposition 3.8(b)]. O

Now let F' be an additive sub-bifunctor of Ext}(—,—), and X a generator of
mod A. Then X-resdimpg M is defined to be the infimum of n such that there exists
an F-exact sequence

0—-X, - Xp1—=X1 =>Xg—=>M—=0,

where X; is in X for all i > 0. We denote by X the full subcategory of mod A
consisting of all M in mod A with X-resdimp M < oo. Let X-resdimp(modA) :=
sup{X-resdimp M | M € mod A}.

The following result is taken from [10] (with the exception of (c)), which con-
nects special direct summands of absolute cotilting modules with relative cotilting
modules. Let I" be an Artin algebra and X in modI'. Recall that a direct summand
Y of X is said to be a dualizing summand of X if there exists an exact sequence

0> X LHyo 5y

with f aleft (add Y)-approximation and Y in add Y. This is shown to be equivalent
to the natural homomorphism

X — Homp (Homp(X,Y),Y)
being an isomorphism, where A = Endr(Y") [10, Proposition 2.1].
Theorem 2.10. Let T be an Artin algebra and U a cotilting I'-module. For a
dualizing summand T of U, let A = Endr(T), X = Homr(U,T) and F = Fx an
additive sub-bifunctor of Ext,l\(—, —). Then the following assertions hold.
(a) T~ Enda(T).
(b) T is an F-cotilting A-module with idp T < max{idrU,2}.
(¢) If T is injective as a T'-module, then idp T < max{idrU — 2,0}.

1) This inequality is a corrected version of [9, Theorem 3.13(d)] due to an error in the statement
of [9, Proposition 3.11], where the bound should be idp T + 2, instead of max{idr T}, 2}.
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Proof. (a) is [10, Proposition 2.4(b)], and (b) is [10, Proposition 2.7(c)].

(c) Let r = id pU and t = max{r—2,0}. We prove that (+T)-resdimp (mod A) <
t, as this implies that idr T' < ¢. This is done by showing that Q%.(C) is in +#T for
all C' in mod A.

Assume that T is injective. Then by [11, Lemma 2.4] the module AT is a
cogenerator in mod A, and therefore

C ~ Homr(Homy (C,T),T)

for all modules C' in mod A. In particular, C' ~ Homp (B, T) for some I'-module B.
Let

q0] 1 r2 3
p.B vt Lt Ll
be a sequence of minimal left (add U)-approximations of B, and let B = B and
BJ = Coker f7=1 for j > 1. Then an F-projective resolution of C' is given by

Homp (P, T): --- — Homp(U?,T) — Homp(U*, T) — Homp(U°,T) = C — 0,
and therefore we have, for every j > 0,
Q%.(C) = Homr (B?, T).

Let ¥ = Endp(U). Then U is a cotilting Y-module with id U = idpU. The
above complex P gives rise to a projective resolution of the Y-module Homrp (B, U),

.-+ — Homp (U?,U) — Homp(U',U) — Homp(U°, U) — Homp(B,U) — 0.

Given a projective presentation Fy; — Fy — B — 0 of the I'-module B, it induces
an exact sequence

0 — Homr(B,U) — Homr (Fy,U) — Homr(F1,U) - B' — 0

of ¥-modules with Homr (Fy,U) and Homp(Fy,U) in add sU. Then Q47 (B') =
Homr(B7,U) holds for every j > 0.

Now we show Homrp(B*,U) isin ¢ U. If r < 2, then Homp(B*,U) = Homrp(B,U) =
0% (B)isin U sinceid U = r < 2. If r > 2, then Homp (B?,U) = Homrp(B""2,U) =
QL(B') is in U since idpU = r.

By (a), (b) and Theorem 2.9(e), we have dualities

JE_U Homr (—,U) f:U Homp(—,T) Lrp

We take B” in £ U such that Homp(B”,U) ~ Homr (B!, U) as ¥-modules. Then
0% (C) = Homp (B!, T) ~ Homr(B",T) € **T
as A-modules. Thus the claim holds. d

Let F be an additive sub-bifunctor of Ext}(—,—). A full subcategory X of
mod A is F-resolving (respectively F'-coresolving) if

(i) X is F-extension closed,
(ii) P(F) (respectively Z(F)) is contained in X,
(iii) f 0 4 A - B — C — 0 is F-exact and B and C are in X' (respectively A
and B are in X)), then A (respectively C) is in X.

We need the following preparation from Auslander-Buchweitz theory.
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Proposition 2.11 ([9, Theorems 2.4, 2.5, Proposition 2.2]). Let F' be an additive
sub-bifunctor of Ext}\(—, —), and X an F-resolving subcategory of mod A. Assume
that the exact category (X, F) given in Proposition 2.2 has enough F-injectives and

X = modA. Then the following assertions hold.

(a) X is a contravariantly finite subcategory of mod A and Y := X1F is a covari-
antly finite subcategory of mod A.
(b) X-resdimp(mod A) = idp(XLF) holds.

3. ELEMENTARY PROPERTIES OF n-PRECLUSTER TILTING SUBCATEGORIES

Recall that for n > 1 a subcategory C of mod A is called n-cluster tilting if C is
functorially finite and
C="rc=Cctr,
where 17-1C is the full subcategory of mod A given by the modules
Ln-10 = {X € mod A | Ext} (X,C) =0 for 0 < i < n}.

The full subcategory C1»-1 is defined dually. In particular, it follows immediately
from the definition that C is a generator-cogenerator for mod A and Ext} (C,C) =0
for 0 < i < n. In [21] the functors

T =77 mod A — modA and 7, =7 Q" ": modA — mod A

are defined as the n-Auslander—Reiten translations. By [22, Theorem 2.3.1], the pair
(1,7, o) forms an adjunction. By [21, Theorem 1.4.1], they induce equivalences

T Z71A — DALtn—1 and 7, : DALa—1 — Lno1p (3.1)

In particular 7, and 7, give bijections between indecomposable non-projective
modules in *7-'A and indecomposable non-injective modules in DA+~-1, while
they do not preserve indecomposability for arbitrary modules. Moreover, for any
n-cluster tilting subcategory C of mod A, they restrict to equivalences

Tn:C—C and T;:€—>Q.
The next result gives a higher analog of Auslander—Reiten duality.

Lemma 3.1 ([21, Theorem 1.5]). We have the following.

(a) Hom, (C, A) ~ DExt}(A,7,(C)) and Ext}(C,A) ~ DExt) (A, 7,(C)) for
0 < i < n, for all modules C' in *»—1A and all modules A in mod A.

(b) Homa (C, A) ~ DExty (7, (4),C) and Ext)(C,A) ~ DExty (7, (4),C) for
0 < i <n, for all modules C in mod A and all modules A in DA+»-1.

Proof. We give a proof of the second isomorphisms in our language of relative
homological algebra.

(a) Let F = F be an additive sub-bifunctor of Ext} (—, —). Let C be in +n-1A,
and let

n:0—= QU C) = Pra— =P —C—0

be a minimal projective resolution of C. Since C is in *»—1A, we have that the
exact sequence 7 is F-exact. Using this we have for 0 < ¢ < n and an arbitrary
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A-module A that
DExtip(C, A) ~ DExtp(Q'(C), A)
~ D Homp(Q4(C), A)
~ Extp (17 (4), 2% (C))
~ Exth (17 (A), Qx_l (@)
~ Exty (A, 1,(C)),
where the second isomorphism uses that P; is in Z(F'), the third is the Auslander—
Reiten formula, the first and the fourth use dimension shift and the last one is given
by Theorem 2.7 and G = F) = Ext} (—, -). _
Since C is in -1 A, we have that Ext} (C, A) ~ Ext%(C, A) for 0 < i < n and

for all modules A in mod A by Proposition 2.5(a). Thus the assertion follows.
(b) Similar proof as in (a). O

We introduce the notion of an n-precluster tilting subcategory by relaxing the
conditions for an n-cluster tilting subcategory.

Definition 3.2. A subcategory C of mod A is called an n-precluster tilting subcat-
egory if it satisfies the following conditions.

(i) C is a generator-cogenerator for mod A,
(ii) 7(C) CC and 7., (C) CC,
(iif) Ext}(C,C) =0 for 0 <i < mn,
(iv) C is a functorially finite subcategory of mod A.
If moreover C admits an additive generator M, we say that M is an n-precluster
tilting module.

Using 7,, and 7,, , we define the subcategories
Pp = add{r, "(A)}2, and Z, = add{7 (D(Ar))}20-
For any n-precluster tilting subcategory C of mod A, we have
P, VI, CC and CC DA N +rtA

by (i), (ii) and (i), (iii) respectively.

Recall from [11] that an Artin algebra A is called 7-selfinjective if P; is of finite
type, which is shown to be equivalent to that P; is equal to Z;. We show next that
this is equivalent to the existence of a 1-precluster tilting A-module.

Example 3.3. An Artin algebra A is 7-selfinjective if and only if A has a 1-
precluster tilting module.

Proof. If A is 7-selfinjective, then clearly the additive generator of P; is a 1-
precluster tilting module since DA € Z; = P;. If A has a finite 1-precluster
subcategory C, then it is clear from the definition that P; is contained in C. Hence
P1 is of finite type and A is 7-selfinjective. O

This observation leads us to the following definition.

Definition 3.4. An Artin algebra A is called 7,-selfinjective if A admits an n-
precluster tilting module.
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This is a common generalization of selfinjective algebras and n-representation-
finite algebras. We continue by asking and giving one answer to the natural ques-
tion: When is an Artin algebra 7,-selfinjective?

Proposition 3.5. Let A be an Artin algebra and n > 1. Then the following
conditions are equivalent.
(i) A is -selfinjective.
(il) Pn VI, is of finite type and Extl/.\(Pn VZ,,PuVI,) =0 for 0 <i<n.
(iil) Z, is of finite type, T, C *»=1 A and Ext}(Z,,T,) = 0 for 0 < i < n.
(iv) A € Z, and Exty(Z,,Z,) =0 for 0 <i < n.
(v) Py is of finite type, P, C DA*n=1 and Ext} (P,,Pn) =0 for 0 <i < n.
(vi) DA € P,, and Exth (P,,P,) =0 for 0 < i <n.
Moreover, if these conditions are satisfied, then every additive generator of P VL,
is an n-precluster tilting A-module.

Proof. (i) is equivalent to (ii): Assume that there exists an n-precluster tilting
module M in mod A. Since P, VI, C add M, it is immediate that P, V Z,, is of
finite type and satisfies Extf\ (P VZ,,PnVZI,) =0for 0 <i<n. Conversely, if
Pn VI, satisfies (ii), then an additive generator of P,, VI, is an n-precluster tilting
A-module.

(ii) implies (iii): This is immediate.

(iii) implies (iv): For each indecomposable non-projective module X in Ltn-1A,
we know that 7,,(X) is indecomposable again by the equivalence (3.1). Since Z,, is
of finite type, then 7. (I) # 0 is projective for some I > 0 for all indecomposable
injective modules I. Since the number of indecomposable projectives and of inde-
composable injectives coincide, all indecomposable projective modules must occur
in this way, hence A is in Z,, and (iv) is satisfied.

(iv) implies (ii): For each indecomposable projective modules P there exists an
indecomposable injective module I such that P ~ 7! (I). Since 7, %(P) ~ 7.=/(I)
for 0 <¢ <l and T{(Hl)(P) = 0 hold, we have P, VI, = Z,. Thus (ii) is satisfied.

The equivalences of (ii), (v) and (vi) are shown dually. O

Using the above we have the following consequence for n = 2 thanks to a general
property of Z,.

Proposition 3.6 (cf. [23, Proposition 1.7]). Let A be an Artin algebra. Then A is
To-selfinjective if and only if A € I,.

Proof. By [23, Proposition 2.5] the subcategory Z, satisfies Ext) (Z,Zo) = 0. The
claim then follows immediately from Proposition 3.5(iv)=-(i). O

The next results give analog of properties of higher Auslander—Reiten translation
for n-cluster tilting subcategories.

Proposition 3.7. Let A be an Artin algebra and C an n-precluster tilting subcate-
gory with n > 1. Then we have the following.

(a) We have mutually quasi-inverse equivalences 7,: C — C and 7, : C — C.

(b) 7, and T, give bijections between indecomposable non-projective modules in C
and indecomposable non-injective modules in C.

(¢) We have add{r, (C),A} =C = add{r,(C), DA}.

(d) There exists a full subcategory D of mod A such that C = add{P, V I,,D},
(PoVZ,)ND ={0} and 7,(D) =D = 7,, (D).
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Proof. (a) We have C C DA+»-1 n+»-1A. Since 7,(C) € C and 7,, (C) C C hold,
the claim follows from the equivalences (3.1).
(b)(c)(d) These follow immediately from (a). O

An n-cluster tilting subcategory C satisfies by definition the equalities C =
tn-1C = Ct»-1. The same is not true for an n-precluster tilting subcategory C
of mod A (e.g. A is non-semisimple selfinjective and C = add A). But the equality
+n-1C = Ct»-1 is shown still to be true.

Proposition 3.8. Let C be a subcategory of mod A satisfying the conditions (i),

(iii) and (iv) in Definition 3.2.

(a) We have Qpc(+n=1C) € +»=1C and Qp, (Ct»—1) C CHn-1.

(b) Assume n > 1. Then C is an n-precluster tilting subcategory of mod A if and
only if Ctn—1 = tn-1C,

Proof. (a) We only prove the first inclusion since the other one is dual.

Let X bein +»-1C,and n: 0 = X ER C° =Y — 0 be an exact sequence with a
minimal left C-approximation f of X. Applying Homp (—,C), one easily shows that
Y isin tr-1C.

(b) It suffices to show that 7,,(C) C C and 7;; (C) C C hold if and only if Ct»-! =
+n-1C holds.

Assume 7,(C) € C and 7, (C) C C. Since C C 17-1A, we have

Ext} (C,1"=1C) ~ DExt} " (+»-1C,7,(C)) = 0

for all 0 < i < n by Lemma 3.1. Thus Ln-1C C CLn-1 holds. Similarly Ct»-1 C
+n-1C holds. Consequently Ctn-1 = Ln-1(,
Assume that C*t»-1 = 1»-1C. By Lemma 3.1, we have

Eth\(J-n—lc,Tn(C)) ~ DEXtX_i(C7J_n—IC) _ DExtX_i(C,CJ-"*l) —0

for all 0 < i < n. Thus 7,(C) C (+»-1C)*»-1. We show (+»-1C)tn-1 C C. Since
C C +n-1C, we have tn-1C = Ctn-1 D (+n-1C)Ln=1. For any X in (tn-1C)tn-1,
there exists an exact sequence : 0 — X — CY — Y — 0 with C° € C and
Y € +n-1C by (a). This splits by the assumption n > 1, and X is a direct summand
of CY. Hence X is in C.

Similarly we prove that 7,, (C) C C. O

Now we introduce the following category U(C), which is an analog of Calabi—Yau
reduction of triangulated categories [27].

Definition 3.9. For an n-precluster tilting subcategory C in mod A, let
Z(C) =Ctrt =+n=1C and U(C) = Z(C)/[C).

Note that when C is a 1-precluster tilting subcategory, then Z(C) = mod A, since
the orthogonality condition is void.

The next result gives basic properties of Z(C) which generalize those of n-cluster
tilting subcategories [21, Theorems 2.3, 2.3.1, 2.2.3]. In particular it gives higher
Auslander—Reiten translation for Z(C) extending Proposition 3.7.

Theorem 3.10. Let A be an Artin algebra and C an n-precluster tilting subcategory
of mod A with n > 1. Then we have the following.
(a) We have equivalences 7,: Z(C) — Z(C) and T,, : Z(C) — Z(C).
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(b) 7 and T, give bijections between indecomposable non-projective modules in
Z(C) and indecomposable non-injective modules in Z(C).

(¢) We have add{r,(Z(C)), DA} = Z(C) = add{7,, (Z(C)),A}.

(d) For every X andY in Z(C) and 0 < i < n, we have functorial isomorphisms

Hom, (X,Y) ~ DExt} (Y, 7,(X)),  Exti(X,Y)~ DExt} (Y, 7.(X))
Homy (X,Y) ~ DExty (7, (YV),X),  Ext}(X,Y)~ DExt} (1, (Y), X).

n

(e) For every X in mod A, there exists an Fg-exact sequence
0=+Zy,-1—=-Cha— - —=Co—=>X—=0
with C; in C for every ¢ and Z,—1 in Z(C).

Proof. (a) Thanks to the equivalences (3.1), it suffices to show 7,,(Z(C)) C Z(C)
and 7, (Z(C)) C Z(C). Using Lemma 3.1, we have

0 = DExt} (Z(C),C) ~ Ext} " (C,7.(Z(C)))
0 = DExt}(C, Z(C)) ~ Ext} ‘(. (Z2(C)),C)

n

for 0 < ¢ < n. Thus the assertion follows.

(b)(c) Immediate from (a).

(d) This follows from Lemma 3.1.

(e) Let X be in mod A, and let 0 — Qp.(X) - Cy - X — 0 be an F¢-
exact sequence given by an Fe-projective cover. Then Ext} (C,Qg, (X)) = 0 holds.
Taking an Fe-exact sequence 0 — Q% (X) = C1 = Qp.(X) — 0 given by an Fe-
projective cover, it follows that Ext (C, 0%, (X)) = 0 for i = 1,2. Continuing this
process we obtain that Ext (C, Q?c_l(X)) =0 for 0 < i < n, and hence Q’}C_l(X)
is in Z(C). O

The following easy property below is useful.

Lemma 3.11. Let C be an n-precluster tilting subcategory of mod A with n > 1.

(a) We have Felzcyxzc) = FC|Z(C)}<Z(C)- ‘

(b) For every 0 < i < n, we have Extr, (=, =)lz@)xzc) = Exti (=, =)|z)xz@) =
Extre (=, =)lz)xz(0)-

(c) The exact categories (Z(C), F¢) and (Z(C), F€) are the same. It coincides with
(Z(C), Exth (-, -)) if n > 2.

Proof. (a) (c) Forn = 1, we have F = F7¢ = FC by (2.1) since C is 1-precluster tilt-
ing, and for n Z 2, we have FC|Z(C)><Z(C) = EXt}\(—, _)|Z(C)><Z(C) = FClZ(C)xZ(C)-
(b) This is immediate from Proposition 2.5.

The category Z(C) enjoys the following remarkable properties.

Proposition 3.12. Let C be an n-precluster tilting subcategory of mod A for some
n>1.

(a) Z(C) is extension closed.

(b) Z(C) has a structure of a Frobenius category whose short exact sequences are
precisely Fe-exact sequences, and projective-injective objects are precisely C.

(c) U(C) has a structure of a triangulated category with the suspension functor
[1] = Qpe.
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Proof. (a) This is easily checked by using the long exact sequence of Ext’s.

(b) By Proposition 2.2, we have an exact category (Z(C), F¢), which coincides
with (Z(C), F€) by Lemma 3.11(c). Thus any object in C is projective-injective in
Z(C). By Proposition 3.8(a), Z(C) has enough projectives and enough injectives.
Therefore the projective and the injective objects coincide, and they are equal to
C. Thus the assertion follows.

(c) This is a general property of Frobenius categories [17]. O

We show that the triangulated category U(C) admits a Serre functor, which is
an analog of [27, Theorem 4.7].

Theorem 3.13. Let C be an n-precluster tilting subcategory of mod A with n > 1.

(a) The triangulated category U(C) admits a Serre functor S given by S = [n]oT,.
(b) The triangulated category U(C) has almost split triangles, i.e. any indecompos-
able object X in U(C) has almost split triangles in U(C):

SX[-1] - E— X = SX and X - E' — S'X[1] = X[1].

(¢) The Frobenius category Z(C) has almost split sequences, i.e. any indecomposable
module X in Z(C) \ C has almost split sequences in Z(C)

0=720)(X) = E=X =0 and 0= X = E' = 75(X) =0,

. —(n—-1) — —n—1 _—
where Tz () := QZ(C) Tn and Tz = Qz(C)Tn )

Proof. (a) Let F = FC and G = F¢. Then Z(F) = P(G) = C holds. For all X in
Z(C), take an F-injective coresolution

0= 7o(X) = C% = 5 C" ! = Q" (1 (X)) = 0,

which gives a G-projective resolution since Z(C) is Frobenius by Proposition 3.12.
Thus, for every Y in mod A, we obtain functorial isomorphisms

Extg (Y, 7, (X)) =~ Coker(Homy (Y, C™ ') — Homy (Y, Q5" (10(X)))
~ Homg (Y, Q5" (7.(X))).
Moreover we have functorial isomorphisms
Extg (Y, 7 (X)) ~ Exti (7~ (Y), Q7 1(X))
~ BExth(77(Y), X)
~ DHomp(X,Y),

where the first isomorphism is given by Theorem 2.7, the second follows from
P(A) C Z(F), and the third is the Auslander—Reiten duality (Proposition 2.4).
Combining them, for every Y in Z(C), we have functorial isomorphisms

Homyc) (Y, Q5" (7 (X)) = Homg (Y, Q5" (7. (X))
~ DHomp(X,Y) = D(Homy ) (X,Y)). (3.2)

Thus U(C) has S = Q" 7, = [n] o7, as a Serre functor.
(b) Since U(C) has a Serre functor, it has almost split triangles [37].
(¢) Immediate from (b). O
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The next bijective correspondence is an analog of a property of Calabi-Yau
reduction of triangulated categories [27, Theorem 4.9]. One of the consequences is
that, if P,, VZ, is a functorially finite subcategory of mod A, then the classification
problem of n-cluster tilting subcategories in mod A can be reduced to the same
problem in the triangulated category U(P,, V Z,,).

Theorem 3.14. Let C be an n-precluster tilting subcategory of mod A with n >
1. Then there exists a bijection between m-cluster tilting subcategories of mod A
containing C and n-cluster tilting subcategories of U(C) given by C’' — C'/[C].

Proof. Any n-cluster tilting subcategory of mod A containing C is clearly contained
in Z(C). On the other hand, let C' be a subcategory of mod A containing C. Tt
follows from Lemma 3.11(b) that C’ is an n-cluster tilting subcategory of mod A if
and only if C'/[C] is an n-cluster tilting subcategory of U(C). Thus the assertion
follows. O

Next we give another proof of existence of almost split sequences in Z(C) by
showing that Z(C) is functorially finite.

Theorem 3.15. Let C be an n-precluster tilting subcategory of mod A with n > 1.

(a) Z(C) is Fe-resolving and FC-coresolving in mod A.

(b) Z(C) is functorially finite in mod A with Z(C)-resdimp, (modA) < n —1 and
ich C S n—1.

(¢) Z(C) has almost split sequences.

Proof. Since the case n =1 is clear, we assume n > 1 in the rest.
(a) This is easily checked by using the long exact sequence of Ext’s.
(b) By Theorem 3.10(¢) we have Z(C)-resdimp,(modA) < n — 1 and hence

g(-\C) = modA. Moreover Z(C) is Feg-resolving by (a), and the exact category
(Z(C), F¢) has enough injectives C by Proposition 3.12(b). Therefore, by Proposi-
tion 2.11, Z(C) is contravariantly finite in mod A and idg, C < n — 1 holds. Dual
arguments show that Z(C) is covariantly finite, hence it is functorially finite.

(c) Since Z(C) is extension closed and functorially finite, it has almost split
sequences [7]. O

We end this section with the following observation on Auslander-Buchweitz type
approximations by Z(C).

Corollary 3.16. Let C be an n-precluster tilting subcategory of A with n > 1 and
X in modA.

(a) For every 0 < i <n — 1, there exists an F¢-exact sequence

O — On71 f”"71 ce fi+2 Cerl fi+l Zl ﬁ) 0171 fi71> ce i) OO &) X — O
(3.3)
with Z; in Z(C) and C; in C for every j. Moreover Im f; is in Cti for every j.
(b) For every 0 <i <n — 1, there exists an FC-evact sequence

0 1 i1 . i Copitl . it2 n—1
oox Lo L Lo L Lo L on

with Z' in Z(C) and C7 in C for every j. Moreover Im f7 is in +iC for every
J-
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Proof. (a) The case i =n — 1 was shown in Theorem 3.10(e).
Assume that the sequence (3.3) exists. Take an exact sequence 0 — Z; — C; —
Z!_; = 0 with C; in C and Z]_, in Z(C), and consider the pushout diagram.

0 0

v v
0—=Ch1—>—=Cipn—>2;—Ci 1 —=Cio——=Co—=X—=0

I I v v | | |

0—-=Cy1——Ciy1—C—27;, 1 —-Cig——=Cp—X—=0

v V

Zle:Zle
¥ ¥
0 0

Since Z;_1 ~ Z!_, ® C;—1 belongs to Z(C), the lower sequence gives the desired
sequence for ¢ — 1. Thus the assertion follows inductively.
(b) This is dual to (a). O

4. AUSLANDER—SOLBERG CORRESPONDENCE

In [22], an Artin algebra I is called an n-Auslander algebra if domdimI" > n+1 >
gldimI'. In addition, there exists a bijection between the set of equivalence classes
of n-cluster tilting subcategories with additive generators and Morita-equivalence
classes of n-Auslander algebras. A slightly more general class of Artin algebras were
considered in [11] for n = 1, namely Artin Gorenstein algebras I' with domdimT" =
2 =1idrT'. These algebras were classified in [11] in terms of T-selfinjective algebras
A. If one considers the weaker condition domdimI" > 2 > id rI', then the difference
is precisely the class of selfinjective algebras (Proposition 4.1).

This section is devoted to extending the above result by exhibiting a bijec-
tion between the Morita-equivalence classes of Artin Gorenstein algebras I' with
domdimI' > n+ 1 >idrI for n > 1 and equivalence classes of finite n-precluster
tilting subcategories. This class of Gorenstein algebras we call n-minimal Auslander—
Gorenstein algebras.

First we give some general properties of the class of n-minimal Auslander—
Gorenstein algebras.

Proposition 4.1. (a) If I' is an n-minimal Auslander—Gorenstein algebra, then
either domdimI" =n + 1 =idr I" holds or I is selfinjective. In the latter case
I is an m-Auslander—Gorenstein algebra for all m > 0.

(b) An algebra T is n-minimal Auslander—Gorenstein if and only if T°P is n-
minimal Auslander—Gorenstein.

Proof. (a) If T is not selfinjective, then the last term of the minimal injective
coresolution of I' is not projective. Thus the assertion follows from the definition
of an n-minimal Auslander—Gorenstein algebra.

(b) Although the assertion follows from well-known results ([38, Theorem 7.7]
and [5, Corollary 5.5]), we give a direct argument here. Assume that T" is n-minimal
Auslander—Gorenstein. The minimal injective coresolution

0T =1 ... > 1" 50 (4.1)

of T gives a projective resolution of the injective I-module I"*!. Thus Q"*! and
Q= (1) give mutually inverse bijections between indecomposable non-projective
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injective I'-modules and indecomposable non-injective projective I'-modules since
their numbers are the same. In particular, all indecomposable non-projective injec-
tive -modules appear in I"*! as a direct summand. Applying D to (4.1), we have
an exact sequence

0= D" 5 DI"— ... 5 DI" - DI =0

of T°P-modules with projective-injective '°P-modules DI? with 0 < i < n. Since all
indecomposable non-injective projective I'°P-modules appear in DI™*! as a direct
summand, I'°P is also n-minimal Auslander—Gorenstein. ]

Let us recall the following simple observation.

Lemma 4.2 ([35, Lemma 3], [22, d = m = 0 in Theorem 4.2.1]). Let A be an
Artin algebra, M a generator-cogenerator of A, I' = Ends (M) and n > 1. Then
domdimT > n + 1 holds if and only if Exty (M, M) =0 for 0 < i <n.

The following result shows that a finite n-precluster tilting subcategory gives rise
to an n-minimal Auslander—Gorenstein algebra.

Proposition 4.3. Let A be an Artin algebra and M an n-precluster tilting A-module

with n > 1.

(a) I' = Enda (M) is an n-minimal Auslander—Gorenstein algebra and the I'-module
I =M satisfies P(T)NZI(I') = add I and A ~ Endr(I).

(b) M is an Fir-cotilting A-module with idp,, M < n — 1.

(¢c) M is a projective A-module if and only if T is selfinjective.

Proof. By Lemma 4.2 we know that domdim T > n+1. Let G = Fyy € Extj (—, —).

Then clearly Extl (M, M) = 0 for all i > 0. Since 7;, (M) € add M by our assump-
tion, we have

I(G) = add{r(M), DA} = add{Q; "~V (M), DA} (4.2)
by Proposition 3.7(a). The start of the minimal injective coresolution
0 M—=I10T1 5512 50" V(M) =0

of M is G-exact since Exti (M, M) = 0 holds for every 0 < i < n. It follows

from (4.2) that idg M < n—1 and Z(G) C add M. Therefore M is a G-cotilting
module. By Theorem 2.9(d), Homa (M, M) =T is a cotilting I-module with id T’ <
ide M 4+ 2 <n+1. Thus I" is an n-minimal Auslander—Gorenstein algebra.

Since I = Homp (A, M) belongs to P(I') and DI = Homp (M, DA) belongs to
P(I°P), we have I € P(I')NZ(T"). Taking a projective cover P — M — 0 in mod A
and applying Homp (—, M), we have an exact sequence 0 — I' — Homy (P, M) in
mod I’ with Homa (P, M) € add I. Thus [ is an additive generator of P(I') N Z(T").
In addition, we have A ~ Endr (1) from Theorem 2.9(a) since I = M is a G-cotilting
module.

The last claim is easy and left to the reader. This completes the proof. (|

Next we show the converse, namely n-minimal Auslander—Gorenstein algebras I'
give rise to a finite n-precluster tilting subcategory.

Proposition 4.4. LetT' be an n-minimal Auslander—Gorenstein algebra for n > 1.
Let I be an additive generator of P(I')NZ(T"), A =Endr(I) and M = AI.

(a) M is an n-precluster tilting A-module such that Enda (M) ~T.
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(b) M is an Fir-cotilting A-module with idp,, M < mn — 1.
(¢) T is selfinjective if and only if M is a projective A-module.

Proof. We can assume that I is basic. Since domdimI' > n 4+ 1 > 2, the module [
is a dualizing summand of the cotilting I'-module I'. Thus the claim I" ~ Enda (M)
follows directly from Theorem 2.10(a).

In the rest, we show that M is an n-precluster tilting A-module.

(i) We show that M is a generator-cogenerator for A.

Since the I'-module I belongs to add T, the A-module A = Endr(I) belongs to
add Homp(T', I) = add M. Thus M is a generator of A. Since the I'-module I be-
longs to add D(I'r), the A°°-module A = Endr(I) belongs to add Homrp (I, D(T")) =
add D(M). Thus M is a cogenerator of A.

(i) Tt follows from Lemma 4.2 that Ext’ (M, M) =0 for 0 < i < n.

(iii) Tt remains to show that both 7, (M) and 7,,(M) are in add M.

Let G = Fj; C Extj(—,—). Then by Theorem 2.10 we infer that M is a G-
cotilting module with idg M < max{idrI’ — 2,0} < n — 1. By (ii), the injective
coresolution

0M =101 5 o512 50" V) >0

of the A-module M is G-exact, and gives the start of a G-injective coresolution.
Since idg M < n—1, the module Qx(nfl)(M) is in Z(G) = add{DA, 7(M)}. Hence
7 (M) = 7= (" (M)) is in add M.

On the other hand, since I'°P is an n-minimal Auslander—Gorenstein algebra such
that P(I'°?) N Z(I'"°?) = add DI and Endrer (DI) = A°P, the A°P-module 7,, (DM)
is in add DM by the same argument. Thus the A-module 7, (M) is in add A M.
This completes the proof that M is an n-precluster tilting A-module.

The last claim is easy and left to the reader. This completes the proof. O

Now we address the bijectivity of the correspondence.

Theorem 4.5. Fixn > 1. There is a bijection between Morita-equivalence classes
of n-minimal Auslander—Gorenstein algebras and equivalence classes of finite n-
precluster tilting subcategories C of Artin algebras, where the correspondences are
given in Propositions 4.3 and 4.4.

Proof. The assertions follow from Propositions 4.3 and 4.4. (]

Remark 4.6. Note that the bijection for n-Auslander algebras given in [22] is dual
to Theorem 4.5.

The category Z(C) associated to a finite n-precluster tilting subcategory C has
the following interpretation in terms of the corresponding n-minimal Auslander—
Gorenstein algebra.

Theorem 4.7. Given an Artin algebra A with a finite n-precluster tilting subcat-
egory C = add M, let T' = Enda (M) be the corresponding n-minimal Auslander—
Gorenstein algebra. Then Z(C) and CMT are dual categories via the functors
Homp(—,M): Z(C) - CMT' and Homp(—,M): CMT' — Z(C). Moreover they
induce triangle equivalences between U(C) and (CMT')°P.

Proof. Let G = F)y;. Then M is a G-cotilting module with idg M < n — 1 by the
proof of Proposition 4.3(b), and we have a duality

Homy(—, M): *¢M — 1T =CMT



22 IYAMA AND SOLBERG

by Theorem 2.9(e). Let us prove Z(C) = +¢M. Since idg M < n — 1, it follows
that Exts(—, M) = 0 for all i > n. Furthermore, since M is in Z(C), we have that
Exts(—, M) = Ext)(—, M) for 0 < i < n by Proposition 2.5(b). Thus Z(C) =
L& M holds. Since C = add M corresponds to P(I") via the duality Homa (—, M),
the last claim follows immediately. O

The class of n-Auslander algebras were introduced in [22] as the Artin algebras
I" with domdimI" > n+1 > gldimI". Now we characterize this subclass of algebras
within the class of n-minimal Auslander—Gorenstein algebras.

Theorem 4.8. Let A be an Artin algebra, C = add M a finite n-precluster tilting
A-module with n > 1 and T = Endp (M). Then the following are equivalent.

(a) T' is an n-Auslander algebra.
(b) gldimT' < oo.

(c) CMT =P(T).

(d) Z(C)=C.

Proof. (a) implies (b): This is obvious.

(b) implies (c): If X in CMT is non-projective, then Ext{"(X,T) # 0 holds for
m := pdpr X > 0, a contradiction.

(c) implies (a): For any X in mod T, Q1™ (X) belongs to CMT' = P(T") by using
dimension shifting and idr I’ < n + 1 in Proposition 4.3(a). Thus gldimT’ < n + 1.

(c) is equivalent to (d): This follows from Theorem 4.7. O

For a general Artin Gorenstein algebra I', the category of maximal Cohen—
Macaulay modules CMT' = T is an extension closed functorially finite subcat-
egory of modT [4]. Therefore the category CMT has minimal left (respectively
right) almost split maps and almost split sequences. We denote by 7cmr the
Auslander—Reiten translation in CMT'.

We end this section with the following easy observations, which compare almost
split sequences in Z(C) with those in CMT.

Proposition 4.9. Let A be an Artin algebra, C = add M a finite n-precluster tilting

A-module with n > 1 and T' = Endp (M).

(a) A morphism f: A — B is (minimal) left almost split (respectively (mini-
mal) right almost split) in CMT if and only if Homrp(f, M): Homp(B, M) —
Homr (A, M) is (minimal) right almost split (respectively (minimal) left almost
split) in Z(C).

(b) An ezact sequence 0 - A — B — C — 0 in CMT is almost split in CMT if
and only if 0 — Homp(C, M) — Homr(B, M) — Homr(A, M) — 0 is almost
split in Z(C).

(c) Tz () (Homrp(C, M)) ~ Homr (remr(C), M) holds for every indecomposable mod-
ule C'in CMT \ P(T'), and Ty p(Homy (X, M)) ~ Homn(7z(c)(X), M) holds
for every indecomposable module X in Z(C)\ C.

Proof. All assertions are immediate from Theorem 4.7. O

5. n-FOLD ALMOST SPLIT EXTENSIONS

Higher Auslander—Reiten theory on n-cluster tilting subcategories was intro-
duced in [21]. An n-almost split sequence in an n-cluster tilting subcategory C is



AUSLANDER-GORENSTEIN ALGEBRAS AND PRECLUSTER TILTING 23

an n-fold exact sequence
n0—-Y—>C,—--—>C, —>X—=>0
with indecomposable objects X, Y in C and objects {C;}?_; in C, and the sequences
0 — Homa(C,Y) — Homa (C,C),) — - -+ — Homa(C,C1) — rada(C, X) — 0
0 — Homy (X,C) = Homy (C1,C) — -+ — Homyp (C,,C) — radp(Y,C) — 0

are exact. This is equivalent to the statement that n represents an element in
the socle of Ext} (X,Y) as an Enda(X)°P- or Enda(Y)-module. These properties
play a key role to generalize the notion of n-almost split sequences to more general
categories, and we make the following definition.

Definition 5.1. Let A be an Artin algebra, X and Y be modules in mod A, and
a non-zero element in Ext} (X,Y).

(a) We say that n is a right n-fold almost split extension of X if, for every Z
in mod A and a non-zero element ¢ in Ext) (X, Z), there exists a morphism
f: Z — Y such that n = f¢, where f¢ stands for Ext}y (X, f)(£).

(b) We say that 7 is a left n-fold almost split extension of Y if, for every Z in mod A
and a non-zero element ¢ in Exty(Z,Y), there exists a morphism g: X — Z
such that n = £g, where g stands for Ext} (g,Y)(§).

(¢) We say that 7 is an n-fold almost split extension if it is a right n-fold almost
split extension of X and a left n-fold almost split extension of Y.

We changed the terminology from n-almost split sequence to n-fold almost split
extension, since an element in Ext} (X,Y") can possibly be represented by several
different long exact sequences.

We need the following isomorphisms to study n-fold almost split extensions.

Ext} (X, —) = Ext) (Q31(X), —) ~ DHomy (-, 7,(X)). (5.1)

In particular, 7,,(X) # 0 implies Ext}y (X, 7,,(X)) = DEnd (7,(X)) # 0. We have
the following characterizations of n-fold almost split extensions.

Lemma 5.2. Let X and Y be modules in mod A, and n a non-zero element in
Exti (X,Y). Then the following conditions are equivalent.
(i) n is a right n-fold almost split extension of X.
(ii) SocExt}(X,—) is a simple functor on mod A and generated by n.
(iil) 7,(X) is indecomposable, and fn = 0 holds in Ext} (X, Z) for every morphism
f:Y = Z in the radical of mod A.
If Y s indecomposable, then the following condition is also equivalent.
(iv) Y ~ 7,(X) and n is a non-zero element in Soc gna, (v) Exty (X,Y).

Proof. (i) is equivalent to (ii): Clearly (i) is equivalent to that 7 is contained in every
non-zero subfunctor of Ext) (X, —). This is equivalent to (ii) since any subfunctor
of Ext}{ (X, —) has a non-zero socle by (5.1).

(ii) is equivalent to (iii): Since (5.1) holds, Soc Ext}y (X, —) is simple if and only
if 7,,(X) is indecomposable in mod A. In this case, i belongs to the socle if and
only if it is annihilated by the radical of mod A. Thus the assertion follows.

(ii) is equivalent to (iv): This is immediate from (5.1). O

Now we have the following existence and uniqueness result of right n-fold almost
split extensions.
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Proposition 5.3. Let A be an Artin algebra, and n > 1. A module X in mod A
has a right n-fold almost split extension if and only if 7,(X) is indecomposable. If
these conditions are satisfied, then the following assertions hold.

(a) LetY be an indecomposable module in mod A and n an element in Ext} (X,Y).
Then n is a right n-fold almost split extensions of X if and only if Y ~ 1,(X)
and 1 is a non-zero element in Socgng, (v) Exty (X,Y).

(b) Fori=1,2, assume that n; in Ext}(X,Y;) is a right n-fold almost split exten-
ston of X with an indecomposable module Y;. Then there exists an isomorphism
f:Y1 = Y such that no = f1.

Proof. “Only if” part follows from Lemma 5.2(i)=-(iii), and “if” part follows from
Lemma 5.2(iv)=-(i).

(a) This was shown in Lemma 5.2(i)< (iv).

(b) By our assumption, there exists f: Y7 — Y3 and g: Yo — Y7 satisfying
12 = fn1 and . = gna. Since (1 —gf)n = 0 holds, 1 — gf is not an automorphism
of Y1, and hence gf is an automorphism of Y7. Similarly fg is an automorphism of
Y5, and hence f and g are isomorphisms. O

We record dual results.

Lemma 5.4. Let X and Y be modules in mod A, and n a non-zero element in
Exti (X,Y). Then the following conditions are equivalent.

(i) n is a left n-fold almost split extension of Y.

(ii) SocExty(—,Y) is a simple functor on mod A and generated by 7).

(iil) 7, (Y) 4s indecomposable, and nf = 0 holds in Exty (Z,Y") for every morphism
f:Z — X in the radical of mod A.

If X is indecomposable, then the following condition is also equivalent.

(iv) X ~7,(Y) and n is a non-zero element in Soc Ext} (X, Y )gna, (x)-
We also have the following dual result for left n-fold almost split extensions.

Proposition 5.5. Let A be an Artin algebra, and n > 1. A module Y in mod A
has a left n-fold almost split extension if and only if 7,7 (Y) is indecomposable. If
these conditions are satisfied, then the following assertions hold.

(a) Let X be an indecomposable module in mod A and n an element in Ext) (X,Y).
Then n is a left n-fold almost split extensions of Y if and only if X ~ 1, (V)
and 1 is a non-zero element in Soc Exty (X, Y )gnd, (x)-

(b) Fori=1,2, assume thatn; in Ext} (X;,Y) is a left n-fold almost split extension
of Y with an indecomposable module X;. Then there exists an isomorphism
fi:Xo— X1 such that ma =m f.

The following easy observation shows that all n-fold almost split extensions can
be obtained from those between indecomposable modules.

Lemma 5.6. Let X = @', X; and Y = @ﬁ:lyj be modules in mod A with
indecomposable summands X, and Y;, and n = (ni):; o non-zero element in
Exti(X,Y) = @” Exty (X;,Y;).

(a) n is a right n-fold almost split extension of X if and only if the following

conditions hold.
(i) There exists 1 < iy < m such that Exty (X;, —) = 0 for every i # io.
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(ii) m4,; is either zero or a right n-fold almost split extension of X;, for every
J-
(b) n is a left n-fold almost split extension of Y if and only if the following condi-
tions hold.
(i) There exists 1 < jo < € such that Ext) (—,Y;) = 0 for every j # jo.
(ii) msj, is either zero or a left n-fold almost split extension of Y, for every j.
(¢) m is an n-fold almost split extension if and only if the following conditions hold.
(i) There exist 1 < ig < m and 1 < jo < £ such that Ext) (X;,—) = 0 for
every i # ig and Ext} (—,Y;) = 0 for every j # jo.
(i1) 7igj, is an n-fold almost split extension.

Proof. (a) The “if” part follows directly from definition. We show the ”only if”
part. It follows from Lemma 5.2(iii) that 7,,(X) is indecomposable, and hence (i)
holds. One can check (ii) easily from definition.

(b) This is dual of (a).

(c) This follows immediately from (a) and (b). O

Now we consider n-fold almost split extensions.

Lemma 5.7. Let X and Y be indecomposable modules in mod A satisfying ¥ ~
Tn(X) and X ~ 7,7(Y). Then Socgna,(v) Ext} (X,Y) = SocExt} (X, Y )gna,(x)
holds.

Proof. Let Ex := Enda(X) and Ey := Ends(Y). Since Soc g, Exti (X,Y) ~
D(TopHomp (Y, 7,(X)) g, ) is simple, it is contained in any non-zero submod-
ule of g, Ext} (X,Y). Since SocExt}y(X,Y)r, is also a non-zero submodule of
By Ext) (X,Y), we have Soc g, Ext} (X,Y) C SocExt}(X,Y)g,. Since the re-
verse inclusion holds by the same argument, the desired equality holds. O

We have the following characterization of n-fold almost split extensions.

Theorem 5.8. Let A be an Artin algebra, and n > 1.

(a) Let X be an indecomposable module in mod A. There exists an n-fold almost
split extension in Exty (X,Y) for some module Y in mod A if and only if 7,(X)
is indecomposable and T, 7, (X) ~ X . If these conditions are satisfied, then any
right n-fold almost split extension n of X in Exty (X,Y") with an indecomposable
module Y is an n-fold almost splits extension.

(b) Let'Y be an indecomposable module in mod A. There exists an n-fold almost
split extension in Exty (X,Y") for some module X in mod A if and only if 7,, (V)
is indecomposable and 1,7, (Y) =Y. If these conditions are satisfied, then any
left n-fold almost split extension n of Y in Ext} (X,Y) with an indecomposable
module X is an n-fold almost splits extension.

Proof. (a) We show the “if” part. Let Y := 7,(X). Then Soc gnq, (v) Exty (X,Y) =
Soc Ext (X, Y )gnd, (x) holds by Lemma 5.7, and any non-zero element is a right
n-fold almost split extension of X by Proposition 5.3(a) and left n-fold almost split
extension of X by Proposition 5.5(a) .

This argument also gives a proof of the second statement.

We show the “only if” part. By Lemma 5.6, we can assume that Y is indecom-
posable. By Propositions 5.3(a) and 5.5(a), we have Y ~ 7,,(X) and X ~ 7, (Y).
Thus the assertions hold.

(b) This is dual of (a). O



26 IYAMA AND SOLBERG

Applying these general results to n-precluster tilting subcategories, we have the
following result.

Theorem 5.9. Let A be an Artin algebra and C an n-precluster tilting subcategory
m mod A withn > 1.

(a) Ewvery indecomposable object X in Z(C) \ P(A) has an n-fold almost split ex-
tension in Ext)y (X, 7,(X)).

(b) Every indecomposable object Y in Z(C)\ Z(A) has an n-fold almost split exten-
sion in Ext) (7,, (Y),Y).

Proof. Since 7,(X) and 7,, (Y') are indecomposable by the equivalences (3.1), the
assertions follow immediate from Propositions 5.3 and 5.5. ([l

Now we consider exact sequences representing a right n-fold almost split exten-
sion of a module X in mod A such that 7,,(X) is indecomposable. We consider a
projective resolution

0=V N X) > Prog—- =Py —X—=0.

Then Q3 (X) = Z @ P holds for an indecomposable module Z in (mod A)\ P(A)
and a module P in P(A). Let

0= 7(X) = E®P - Qy H(X) =0

be a direct sum of an almost split sequence 0 = 7,,(X) - E — Z — 0 and a split
exact sequence 0 - 0 — P — P — 0. Taking the Yoneda product of these exact
sequences, we have an exact sequence

0—>1(X)>E®P—>Pyo—--—P—>X—>0 (5.2)

which represents a right n-fold almost split extensions of a module X. In fact, one
can apply Lemma 5.2(iii)=(i).

Dually, a left n-fold almost split extensions of a module Y in mod A such that
7,7 (Y) is indecomposable is represented by an exact sequence

0=Y I ... oI ? s EFael—-7,(Y)=0 (5.3)

with modules 1°,..., "2 and I in Z(A).

These constructions are quite general. However, even if X (respectively Y) in
(5.2) (respectively (5.3)) belongs to an n-precluster tilting subcategory C of mod A,
the module F (respectively E’) does not necessarily belong to even Z(C).

Under a certain condition on X (respectively Y'), the next result gives much
nicer representatives, which satisfies similar properties of n-almost split sequences
in n-cluster tilting subcategories. This is an analog of [21, Theorem 3.3.1].

Theorem 5.10. Let C be an n-precluster tilting subcategory of mod A, X an inde-
composable module in Z(C)\ P(A), andY = 1,,(X) the corresponding indecompos-
able module in Z(C) \ Z(A).

(a) For each 0 <i<mn—1, an n-fold almost split extension in Ext}) (X,Y") can be
represented as

0-Y—>Ch1— - —Ciu1 > Z;—Cig— - —=Co— X =0 (5.4)

with Z; in Z(C) and C; in C for each j # i.
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(b) The following sequences are exact.
0 — Homx (C,Y) — Homy (C,Cp—1) = - -+ = Homy (C, Ci 1) — Homn (C, Z;)
— Homy (C,Ci—1) — -+ = Homa (C, Cy) — rada (C, X) — 0,
0 — Homa (X,C) — Homy (Cop,C) — - -+ — Homp (Ci—1,C) — Homy (Z;,C)
— Homy (Ci41,C) = - -+ = Homy (Cr,—1,C) — radp(Y,C) — 0.

(¢) If X andY do not belong to C, then the n-fold almost split extension in (a) can
be given as a Yoneda product of a minimal projective resolution of X in Z(C)

0= Q%) (X) = Ciiy == Co = X =0, (5.5)
an almost split sequence in Z(C)
—(n—i—1 i
0= Q{0 YY) = Zi = 0L ) (X) =0, (5.6)

and a minimal injective coresolution of Y in Z(C)
0—=Y —=Cph g —-—Ciy1 — Q;EZ;i_l)(Y) — 0. (5.7)

Proof. (a) By (5.2), an n-fold almost split extension is given by the Yoneda product
of 0 » Y — E — QU 1(X) — 0 (where E@P is written as E) and 0 — Q3 H(X) —
P, s — -+ = P — X — 0. Applying Corollary 3.16 to E, we have an exact
sequence
0 1 i—1 . i L pitl . i+2 n—1
|y R AL RE AN AN S LS AN AN L S A AN L

where Z' is in Z(C), C7 is in C and E7 := Im f7 is in -iC. We write C* := Z? for
simplicity. We have the following pushout diagram.

0 0 0
| | |
0 Y E QX)) ——=0
|| | }
0 Y 0 w 0
v v
E'———F"
b b
0 0

Since Ext}\ (E7, P,_;) = 0 holds for any j > 2, a Horseshoe Lemma-type argument
gives the following commutative diagram of exact sequences.

0 0 0 0
! | | |
0—>QX71(X)—> AN P, X —=0

| } | I

0——W——C'oP, - - —=C"'19P—-X—-0

} § | |

0 B c? o cn-? 0
| | b
0

0 0
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The Yoneda product 0 =Y - C% - C' @ P9 — - - =C" 1@ P —- X = 0o0f
the middle sequences of the diagrams above represents the same class in Ext} (X,Y)
as the sequence (5.2). Thus it represents an n-fold almost split extension.

(b) This is easily checked (see e.g. [21, Lemma 3.2]).

(c) Tt suffices to show that the Yoneda product of (5.5), (5.6) and (5.7) is an
n-fold almost split extension. We have functorial isomorphisms

Ext} (X, (X)) = Homyc) (X, 7 (X)[n]) ~ Homyc) (X [—i], 7 (X)[n — i)
= Homyc)(Q ) (X), Qe ma(X)[1])
which induces an isomorphism
S0C End (r, (x)) ExtA (X, 7 (X))
0 50C by (@20, () HOML(0) (Vo) (X), iy M (X)),

Z(C)

Since the almost split sequence belongs to the right hand side, our Yoneda product
belongs to the left hand side. Thus it is an n-fold almost split extension of X by
Theorem 5.8. (|

Note that the sequences Theorem 5.10(b) are not exact in general if we replace
C by Z(C). Thus the sequences (5.4) is not necessarily n-exact in Z(C) in the sense
of Jasso [29)].

In the rest of this section we let C = add M be a finite n-precluster tilting subcat-
egory of mod A, and let I' = Endx (M) be the corresponding n-minimal Auslander—
Gorenstein algebra. We show that the category CM I' of maximal Cohen-Macaulay
modules over I' has n-fold almost split extensions. This is used in the next section to
classify the n-minimal Auslander—Gorenstein algebras. We relate the n-fold almost
split extensions to the corresponding n-precluster tilting subcategory and transfer
properties and constructions, as that of the n-fold Auslander—Reiten translate.

The dualities Homp(—, M): Z(C) — CMT and Homp(—,M): CMT — Z(C)
induce dualities

Z(C) +— (CMT)/[add ] and Z(C) +— (CMT)/[add Q],

where I := pM is an additive generator of P(I') NZ(T") and Q := Homy (DA, M) ~
Homper (DI, T) € P(I).

Definition 5.11. Using the equivalences 7,,: Z(C) — Z(C) and 7,, : Z(C) = Z(C)
given in Theorem 3.10, we define equivalences

o, : (CMT)/[ladd I] — (CMT)/[add Q] and o,: (CMT)/[add Q] — (CMT)/[add I]
making the following diagrams commutative up to isomorphisms of functors.

Hom ( Homn (—

©) — A Ty /add 1] 2(C) ——2 D (oM fadd 1]
"\1’ Homay (—,M) \LU7 TFT Homn (—,M TU"
©) M oMT)/[add Q] Z(C) —=2 M (oM T /[add Q).
(5.8)

[N

3

[N

Let I' be an m-minimal Auslander-Gorenstein Artin algebra for some n > 1.
Then we use Theorem 5.10 to construct n-fold almost split extensions in CMT'.
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Corollary 5.12. Let I' be an n-minimal Auslander—Gorenstein Artin algebra with
n > 1, X an indecomposable module in (CMT) \ (add @) and Y = 0,(X) an
indecomposable module in (CMT) \ (add I).

(a) If X does not belong to P(T'), then there exists an n-fold almost split extension
in Extp(X,Y). For each 0 <i <n —1, it is represented as

0Y P ... Pt S S PpFl 5 P X 50

with P; for all j in P(I') and E; in CMT.
(b) If X belongs to P(T), then there exists an exact sequence

0=Y =P ... o Pt S B pPfl 5. 5P L X 5 X/rad X — 0,
with P; for all j in P(I') and E; in CMT.
We call the sequence in (b) a fundamental sequence.

Proof. Both assertions follow from Theorem 5.10 and the duality between CM T and
Z(C) for the corresponding n-precluster tilting subcategory C (Theorem 4.7). O

6. FOUR CLASSES OF n-MINIMAL AUSLANDER—GORENSTEIN ALGEBRAS

1-Auslander—Gorenstein Artin algebras were classified in [11] in the class of self-
injective Artin algebras and three different disjoint classes using the correspondence
with the 7-selfinjective Artin algebras. This section is devoted to extending this
characterization to n-minimal Auslander—Gorenstein algebras for n > 1.

Suppose I' is an n-minimal Auslander—Gorenstein algebra. By Theorem 4.5,
there exist an Artin algebra A and an n-precluster tilting A-module M with I" ~
End (M). By Proposition 3.7(d), add M = add{P,, VZ,,, N} holds for a A-module
N satistying 7,,(N) ~ N. Then four distinct cases can occur:

(A) A is selfinjective and N = 0.
(B) A is selfinjective and N # 0.
(C) A is non-selfinjective and N = 0.
(D) A is non-selfinjective and N # 0.

This also gives rise to a coarser division, namely (A) and (C) together, or in other
words when N = 0.

We characterize all these four cases in terms of properties of I'; and in particular
we show that an algebra of type (B) or (D) is constructed from an algebra of type
(A) or (C), respectively.

The case (A) is easy, as this occurs if and only if T' is a selfinjective algebra by
Proposition 4.3. So we move on to describe the correspondence given by type (B).

Proposition 6.1. Let n > 1. The bijection in Theorem 4.5 restricts to a bijection
between

{finite n-precluster tilting subcategories of type (B)} and

an additive generator I of P(T') NZ(T") satisfying add Toprl =

add Soc I
Proof. Let A be a selfinjective Artin algebra with non-projective module N such
that M = A @ N is an n-precluster tilting A-module. We want to show that

I' = Endp (M) is a non-selfinjective n-minimal Auslander—Gorenstein algebra and
add Top rI = add Soc I, where I is an additive generator of P(I') N Z(T").

{non-selﬁnjective n-minimal Auslander—Gorenstein algebras T’ with}
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Let G = Fy C Exti(—,—). By Proposition 4.3 we have that T' is a non-
selfinjective n-minimal Auslander—Gorenstein algebra, M is a G-cotilting A-module,
and I = pM is an additive generator of P(I') N Z(T"). By [11, Lemma 2.3(b)] we
have that

Homp(—,I): Homr(A, C) — Homy (Homr(C, I), Homr (A, I))

is an isomorphism for all C' in mod I’ and all A in add I. In particular for A = I
and noting that Homp (7, I) ~ A with A selfinjective, we infer that Homp(I,C) =0
if and only if Homp(C, I) = 0. It follows from this that add Top r/ = add SocrI.

Conversely, let I' be a non-selfinjective n-minimal Auslander—Gorenstein algebra,
such that add ToprI = add Soc I where [ is an additive generator of P(I') NZ(T).
We want to show that A = Endr(7) is selfinjective, and M = I ~ A @ N with N
non-projective such that M is an n-precluster tilting A-module.

Let G = Fy C Exti(—,—). By Proposition 4.4 the module M is an n-
precluster tilting A-module and M = 5[ is a G-cotilting A-module. The functor
Homr(—,I): modT' — mod A induces a duality between P(T") and add M. Since
M is a cogenerator, there exists P in P(I") such that Homp(P,I) ~ D(A). By
[11, Lemma 2.3(b)] we have that

Homp(—, I): Homp(P,C) — Homp (Homrp(C, I), Homp (P, I))

is an isomorphism for all C' in modI'. This implies by the choice of P that
Homr (P, C) = 0 if and only if Homp(C, I) = 0. Hence add Topr P = add Socrl =
add Top rI, and we obtain that add P = add I. Therefore Z(A) = add Homp (P, I) =
P(A) and A is selfinjective. O

Remark 6.2. By Proposition 6.1, if " is an n-minimal Auslander—Gorenstein al-
gebra of type (B), then there exists a selfinjective algebra A and a non-projective
n-precluster tilting A-module A @ N such that 7,,(N) ~ N and I' ~ Enda (A @ N).

Now we complete the classification.

Theorem 6.3. Let I be an n-minimal Auslander—Gorenstein algebra for n > 1.

Denote by I an additive generator of P(I')NZ(T'), and let A = Endr(I). Then four

disjoint cases occur, where o, is the functor given in Definition 5.11:

(A) T is selfinjective,

(B) T is not selfinjective and add Topr! = add SocrlI,

(C) addToprlI # addSocrl, and there exists no indecomposable projective T -
module P such that (0,)(P) ~ P for some t > 0,

(D) addToprI # addSocrl, and there exists an indecomposable projective T'-
module P such that (0,)(P) ~ P for some t > 0.

In the cases (B), (C) and (D) above, the correspondence given in Theorem 4.5
shows that the algebra T' arises as follows.

(a) In case (B) there exists a selfinjective algebra A with an n-precluster tilting
A-module M such that T' >~ Enda (M).

(b) In case (C) there exists an algebra A with an n-precluster tilting A-module M
with no non-zero T,-periodic direct summand such that T' ~ Enda (M).

(¢) In case (D) there exists an algebra A with an n-precluster tilting A-module M
with a non-zero T,-periodic direct summand such that T' ~ Enda(M).

Proof. The cases (A) and (B) are already discussed before in Proposition 6.1. The
cases (A) and (B) occur if and only if add ToprI = add SocrI. Hence the cases
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(C) and (D) occur if and only if add Topr! # addSocrl. Using this and the
commutative diagram (5.8), the characterizations of the cases (C) and (D) follow.

Remark 6.4. As we saw in Remark 6.2, any algebra of type (B) can be constructed
from an algebra of type (A). Now we argue that type (D) and type (C) are related
in a similar fashion. Let I" be an n-minimal Auslander—Gorenstein algebra of type
(D). Let I denote an additive generator of P(I') N Z(T"), and let A = Endp(I) and
M = pI. Decompose M = My ® N with add My = P, VZ, and 7,(N) ~ N.
Furthermore, I'y = Endp(Mp) is an n-minimal Auslander—Gorenstein algebra of
type (C) since My is also an n-precluster tilting A-module. Now we claim that T’
can be constructed from I'g.
Since My is a cogenerator for mod A, the functor

Homy (—, Mp): mod A — mod Ty
is full and faithful. This implies that
I' = Homp (M, M) ~ Endr, (Homp (M, My)).

Hence T is constructed from the algebra T'y which is of type (C).
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