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Abstract

An artin algebra A over a commutative, local, artinian ring R was fixed, and with
this foundation some topics from representation theory were discussed. A series
of functors of module categories were defined, and almost split sequences were
introduced along with some results. An isomorphism ws x : D6* — 6.(D Tr(X)) of
I'-modules for an artin R-algebra I' was constructed. The isomorphism ws x was
applied to a special case, yielding a deterministic algorithm for computing almost
split sequences in the case that R is a field.



Norsk sammendrag

En artinsk algebra A over en kommutativ, lokal ring R ble fiksert, og med dette
som utgangspunkt ble endel emner fra representasjonsteori diskutert. En rekke
funktorer over modulkategorier ble definert, og nesten splitt-eksakte fglger ble in-
trodusert sammen med noen resultater. En isomorfi ws x : D6* — 6,.(D Tr(X)) av
I'-moduler for en artinsk R-algebra I' ble konstruert. Isomorfien ws x ble anvendt
ved et spesialtilfelle, og dette ga opphav til en deterministisk algoritme for a regne
ut nesten splitt-eksakte folger i tilfellet at R er en kropp.
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Chapter 1

Introduction

The aim of this thesis is to develop a method for computing almost split sequences.

Chapter 2 will serve as an introduction to the theory which will be required for
our work. A series of topics will be discussed, and important result will be stated
and demonstrated.

In Chapter 3 we will embark on the task of designing an algorithm for computing
almost split sequences. Our approach will be divided into two main steps:

In Section 3.1 we will apply a variety of results from Chapter 2 in order to
design an isomorphism which depends on certain parameters.

In Section 3.2 we will fix these parameters. Together with prior results, the iso-
morphism we then get will suggest a connection between identity homomorphisms
and almost split sequences which motivates a deterministic algorithm for comput-
ing the latter. We will complete Chapter 3 with a presentation of this algorithm,
along with a demonstration of its correctness.



Chapter 2

Background Theory

In this chapter we will traverse a series of topics from representation theory. Section
2.1 will provide a review of basic category theory. In Section 2.2 we will give the
definition of artinian rings, artinian modules and artin algebras, and, at this, set
the framework for this thesis. In the subsequent sections a multitude of functors
will be presented together with a survey of their respective features. A formal
definition along with basic properties of almost split sequences will be presented
in Section 2.9. In section 2.10 we will study a certain algebra arising from prior
investigation, and we will make useful observations regarding its top and socle.

2.1 Category theory

In this thesis we shall mainly focus on modules over artin algebras, but before we
introduce the framework in which we will be working most of the time, we recall
the following concepts from category theory:

Definition 1.
(i) A category C consists of the following:

— a class Ob(C) of objects,
— for X, Y € Ob(C), a set Hom¢(X,Y) of morphisms from X to Y,
— for X, Y, Z € Ob(C), a binary operation

Home (Y, Z) x Home(X,Y) — Home (X, 2)
(9:f) = gf

such that the following holds:

x For all X, Y, Z, W € Ob(C), f € Home(X,Y), g € Home(Y, Z)
and h € Home(Z, W), then

(fg)h = f(gh).



x For all X € Ob(C), then there is an identity morphism lx €
Home (X, X) := End¢(X) such that for all Y € Ob(C), then

flx =1x
for all f € Home(X,Y), and
Ixf=1rf

for all f € Home(Y, X).

For a morphism set Hom¢(X,Y) where X, Y € Ob(C), then X is called
the source object of Home(X,Y), and Y is called the target object of
Home (X, Y).

(ii) An additive category is a category C where

— Home(X,Y) is an abelian group for all X, Y € Ob(C), such that the

following holds:
J(f +9)h=jfh+jgh

foral W, X, Y, Z € Ob(C) and h € Hom¢(W, X), f, g € Home(X,Y)
and j € Home (Y, Z),

— there is a zero object 0 € Ob(C) such that

| Home (X, 0)| = |Home (0, X)| =1

for all X € Ob(C),

for all X, Y € Ob(C) there is X @Y € Ob(C) together with tx €
Home(X, X @Y), ty € Home(Y, X @Y), nx € Home(X @Y, X) and
7wy € Home (X @ Y,Y) such that the following holds:

Txtx = lx,

Tyty = ly,
Tytx =0,
TXly =0

and
LxTx +lymy = lxgy.

The ¢’s and 7’s are called inclusions and projections.

(iii) Let C be an additive category, and let X, Y € Ob(C). Suppose f € Hom¢(X,Y).

— A kernel of f is an object Ker(f) € Ob(C) together with a morphism

ty € Home (Ker(f), X) such that the following holds:
x fiy =0,



x For all T € Ob(C) and t € Home (T, X) such that ft = 0, then there
exists unique s € Home (T, Ker(f)) such that

t=1ys.

Ker(f) £l X / Y

%

T

— A cokernel of f is an object Cok(f) € Ob(C) together with a morphism
7y € Home (Y, Cok(f)) such that the following holds:

* 7Tff = 0,
* For all T € Ob(C) and ¢t € Hom¢ (Y, T') such that ¢f = 0, then there
exists unique s € Home (Cok(f),T) such that

t=smy.

x Ly T oy

NG

(iv) An abelian category is an additive category C such that for all X, Y € Ob(C)
and f € Home(X,Y), then f has a kernel and a cokernel, and moreover,

T

Cok(ty) ~ Ker(my).

(v) Let C and D be categories. A covariant (contravariant) functor
F:C—D

consists of a map
F : Ob(C) — Ob(D)

and, for all X, Y € Ob(C), a map
Home (X,Y) — Homp (F(X), F(Y))
(Home(X,Y) — Homp (F(Y), F(X)))
such that the following statements hold:
— F(1x) = 1px) for all X € Ob(C),



—IfX,Y, Ze€0b(C), f € Home(X,Y) and g € Home(Y, Z), then
Fgf) = P9)F(f)
(F(gf) = F(f)F(g)).
t

(vi) Let C and D be abelian categories, and let F' be a covariant (contravariant)

functor
F:C—D.
Moreover, let
0 A B C 0

be an exact sequence in C. (We assume that the notion of an exact sequence
is familiar to the reader.) We say that F' is

— left exact if

is an exact sequence in D,

— right exact if

F(A) F(B) F(C)—— 0
( F©)— FB) — Fa) — 0 )
is an exact sequence in D,
— ezxact if
0 —— F(A) F(B) F(C) 0
( 0 F(C) F(B) F(A) 0 >

is an exact sequence in D.

(vi) Let C and D be categories, and let F' and G be covariant (contravariant)
functors from C to D.

— A natural transformation o : F' — G consists of, for all X € Ob(C), a
morphism ax € Homp(F(X),G(X)), such that:
For any X, Y € Ob(C) and f € Hom¢(X,Y) then

F(X) 5, G(X)
F(f) kcm
F(Y) — G(v)




Qy

F(Y) G(Y)
[ e
F(X) 5, G(x)

commutes. We may denote the natural transformation by {ax }xecon(c)
as well as by «, and we equivalently say that ax is natural in X.

— We say that F' and G are naturally isomorphic if there exists a natural
transformation

a:F—G

such that, for all X € Ob(C), then ax is an isomorphism. In this case,
we write

F ~ @G.

nat.

We often write X € C in stead of X € Ob(C) for an object X of a category C.
The following lemma states that inverses of and compositions of natural transfor-
mations, are in turn natural.

Lemma 2. Let C and D be categories.
(i) Let F' and G be functors from C to D, and let
{Oéx S HOHID(F(X),G(X))}XGC F—>G

be a natural transformation. Moreover, suppose that for any X € C there is
vx € Homp(G(X), F(X)) such that

axex = lgx)

and
oxax =lpx)-

Then {px }xec is a natural transformation G — F'.

(ii) Let F, G and H be functors from C to D. Let a: F — G and : G — H be
natural transformations. Then Ba : F — H defined by

(Ba)x = Bx oax
is a natural transformation.
Proof.

(i) Suppose F and G are covariant (contravariant) functors. By the definition of
a natural transformation, then {¢x } xec : G — F is a natural transformation



if and only if the following diagram commutes:

25'¢

G(X) — F(X) o) oy FOY)
kG(f) F(f) lg(f) lp(f)
Py Yx
G(Y) F(Y) G(X) F(X)

That is, we must show that

F(f)ex = oy G(f)
(F(f)ey = ¢xG(f))

for all X € C. Since {ax}xec is a natural transformation, then

G(flax = ay F(f)
(G(flax = ay F(f))

(2.1)

—
o N
w oo
=

for all X € C. Composing with ¢y (¢x) from the left and px (py) from the

right, we get

oy G(flaxex = eyay F(f)px
(exG(flaypy = oxaxF(f)ey,)

hence (2.2) ((2.3)) holds.

We assume F; G and H are covariant functors. Let X, Y € C and f €

Home (X,Y). Then

(Ba)y F(f) = Byay F(f) = ByG(f)ax = H(f)Bxax = H(f)(Ba)x,

hence the following diagram is commutative:

F(f)

F(Y)
i ax ay :

G(Y) | (Ba)y

iﬁx By i
HgX) AD, HZY)

Thus Ba is a natural transformation. The proof is similar if F', G and H are

contravariant.

10



O

We will now look at two important types of functors, namely the covariant and
the contravariant hom functors.

Lemma 3. Let C be a category, and let X € C.
(i) There is a covariant functor
Home (X, —) : C — Set

defined by
Home (X, —)(Y) := Home (X, Y)

forY €C, and for any Y, Z € C and f € Home(Y, Z), then
Home (X, —)(f) : Home(X,Y) — Home (X, Z)
g—fg.
(ii) There is a contravariant functor
Home(—, X) : C — Set

defined by
Home (—, X)(Y) := Home(Y, X)

forY €C, and for any Y, Z € C and f € Home (Y, Z), then

Home(—, X)(f) : Home(Z, X) — Home (Y, X)
g=gf.

Proof.

(i) It is evident that Home(X,Y') € Set, and that
Home (X, —)(1y) = [g— 1yg = g] = lHome(x,—) (V)

forallY € C. For Y, Z and W € C, f; € Hom¢(Y, Z) and fy € Home(Z, W),
then

(Home (X, —)(f2£1))(9) = (f2f1)g
= fa(f19)
= (Home (X, —)(f2))(f19)
= Home (X, )(f2)H0mc( =)(f1)(9)

for all g € Home(X,Y'), hence

Home (X, —)(f2/f1) = Home (X, —)(f2) Home (X, —)(f1).

11



(ii) Similar to (i).
O

We hereby introduce a compact, yet informative way of writing the resulting
morphism when applying a hom functor to a morphism.

Definition 4. Let C be a category, and let X € C. We denote Home (X, —)(f)
by (f o —)x, since it takes a morphism and composes it with f from the left hand
side. Similarly, we denote Home (X, —)(f) by (— o f)x, since it takes a morphism
and composes it with f from the right hand side.

We observe that the hom functors are in fact left exact. That is, in the envi-
ronment where left exactness is defined, namely for for abelian categories.

Lemma 5. IfC is an abelian category and X € C, then Home (X, —) and Home (—, X)
are left exact functors
C— Ab.

Proof. By the very definition of an abelian category, then Hom¢ (X, —) and Home (—, X)
are functors

C— Ab.
We show the left exactness of Home (X, —). Let
0 A / B J C 0
be an exact sequence in C. We need to show that
0 Home (X, A)(f ° 7)XHomc(X, B)(g i 7)XHomc(X, 0)

is an exact sequence in Ab.
We first show that (f o —)x is a monomorphism. In Ab, this is the same as
being injective. Suppose g € Home (X, A) such that

(fo—-)x(9) = fg=0.

Then since f is a monomorphism, it follows that g = 0.
For h € Home (X, B), then

(fo—)x(go—)x(h) = (fo—)x(gh) = fgh = (fgo—)x(h),

hence
(fo—)x(go—)x =(fgo—)x.
That is,
Im((f o —)x) € Ker((g° —)x).
We finally show that

Ker((go—)x) € Im((f o —)x.

12



Let h € Ker((go —)x). Then gh = 0, and since f is the kernel of ¢, then h factors
through f. That is, there is j € Home (X, A) such that

h=Ffj=(fo-)x0)

hence h € Im((f o —)x).
By similar arguments, Home (—, X) is a left exact functor. O

Definition 6. We let
(i) Set := the category of sets, where the morphisms are maps,

(ii) Ab := the category of abelian groups, where the morphisms are abelian group
homomorphisms,

(iif) Mod(S) := the category of left S-modules for a ring S, where the morphisms
are S-module homomorphisms.

Note that the categories of (ii) and (iii) of the above definition are abelian
categories. The abelian group structure on the hom sets originates from the abelian
group structure on the objects themselves; in particular, from that on the target
objects: For example, for X, Y € Ab and f, g € Hom¢(X,Y), then

(f +9)(x) == f(x) + g(x)

forall z € X.
Suppose C is an abelian category, and consider the following diagram in C:

Lf f T
0 Ker(f) —— A B — % Cok(f) —— 0
3 UKer U v i VCok
v L g - v
0 Ker(g) ‘. ¢ D ! Cok(g) —— 0

(2.4)

Tt can be shown that there exist unique C-homomorphisms uke, € Home (Ker(f), Ker(g))
and voox € Home (Cok(f), Cok(g)) such that the above diagram commutes.

Definition 7. The kernel map of u and the cokernel map of v (with respect to
Diagram 2.4) are the C-homomorphisms uke, € Home (Ker(f),Ker(g)) and veox €
Home (Cok(f), Cok(g)) making Diagram 2.4 commutative. We will stick to the
subscripts Ker and Cok for kernel maps and cokernel maps throughout this thesis.

The fact that uker and veok from Definition 7 are dependent on all of Diagram
2.4 and not only on u and v, respectively, suggests a more clarifying notation for
these morphisms. However, whenever this notation is used it will be clear from the
context which diagram the kernel or cokernel morphism originates from, and we
will omit specifying this explicitly.

13



We now turn our attention to module categories. For a ring S then the left
S°P-modules are the right S-modules. Throughout this thesis we will be referring
to the left S-modules as merely S-modules, and to the right S-modules as S°P-
modules. Also, for a homomorphism set Homyjoq(s) (A, B) where A, B € Mod(S),
we will instead write Homg (A, B).

The hom functors conveniently commute with direct sums, as stated by Lemma
8.

Lemma 8. Let @] 1 X; be a direct sum in Mod(S) for some ring S, with given
inclusions
v Xi > @i Xs

and projections
pi @i Xy = X

for 1 <4 <mn. Then the following holds for any Y € Mod(S).

(i) There is an isomorphism of sets

¢ :Homg (@1 X;,Y) = @1 Homg(X;,Y)
f — {fl/i}zn:h

whose inverse is given by

¢t @ Homg(X;,Y) — Homg(®!, X;,Y)

{fitici = Z fipi-
i=1

(ii) If either Y = S or X; = S for 1 < i < n, then the homomorphism sets in
question are S°P-modules, and & and £~ are isomorphisms of S°P-modules.
Proof.

(i) Suppose f € Homg(®! ,X;,Y). Then

f 15( ) {fl/z i= 1 nyzpz fZViPi :fv
gt

hence
—1
§¢ = lnoms(er_, Xx:,v)-

Suppose {fi}i_, € @, Homg(X;,Y). Then

Y =¢ <Z fiPi) = {(Z fipi> Vj} = {Z fi(piyj)} )

14



Note that p;v; = 1x, for i = j and 0 otherwise, hence

n
> filpivy) = 15,
i=1
implying that
gl = Lgr | Homs(X:,Y)-
(ii) We leave this as an exercise.
O

We can identify a module over a ring S with the set of S-module homomor-
phisms from S to the module, because of the following result.

Lemma 9. Let S be a ring, and let M € Mod(S). Then
(i) Homg(S, M) is an S-module with the following multiplication
S x Homg(S, M) — Homg (S, M) :

For s € S and f € Homg(S, M), then

foraesS.
(ii) The map
&y Homg (S, M) - M
frefls)
is an isomorphism of S-modules.
(iii) In the case that M =S, then
&s : Endg(S) — S°P

8 a Ting isomorphism.

Proof.

(i) For s € S, we must check that sf € Homg(S, M). For &', a, a’ € S, then

(sf)(s'a+a’) = f((s'a+a')s)
f(s'(as)) + f(a's)
s'f(as) + f(a's)

= s'(sf)(a) + (sf)(a’).

15



Let s, s’ € S and f, f' € Homg(S, M). It is obvious that

(s+s)f=sf+sf
and
s(f+f)=sf+sf"
For any a € 9, then
((ss"))(a) = fla(ss) = f((as)s') = (s'f)(as) = (s(s'f))(a),

hence

(s8')f = s(s'f).

(ii) We first show that &y is an S-module homomorphism. Let s € S and f,
f' € Homg(S, M). Then

Em(sf+g)=(sf+9)(1s) = sf(ls) + g(ls) = s&m (f) + Em(g)-

We now show that that &y is bijective. If &y(f) = 0, then f(lg) = 0,
implying that
f(s)=sf(ls) =0
for all s € S, hence f = 0. Then &), is injective.
For any m € M, we leave it up to the reader to check that

fm(s) == sm
for s € S defines an S-module homomorphism f,, € Homg(.S, M). Then
Ev(fm) = fn(ls) =m.
Thus &y is surjective.
(iii) Let f1, fo € End(S). Then
Es(fif) = (frfo)(1s
= fi1(f2(1s)
= f1(f2(1s)1s)
(
(

(
= f2(1s)f1(1s)
=&s(f2)€s(f1),

)
)
1

hence £g is a ring isomorphism.
O

We finally make a useful observation regarding exactness of sequences in Mod(.S)
(for a ring S):

16



Lemma 10. Let S be a ring, and let

0 A / B J C

= B

B —c —2 s 0

~

[e%

be a commutative diagram of exact rows in Mod(S). Then

vp
0 AfBgC D’ 0

is an exact sequence of S-modules.

Proof. The exactness in A and B follows from the exactness of the given diagram.
Since v and [ are epimorphisms then so is the composition v3, so the sequence is
exact in D’. Since (vf)g = (vu)a = 0, then Im(g) C Ker(v3). We need to show
that Ker(vg) C Im(g).
Let ¢ € Ker(vp), that is, v8(c) = 0. Then B(c¢) € Ker(v) = Im(u), so there is
b’ € B’ such that
u(d') = B(c).

Then o~ 1(¥') € B such that
Bgat (b)) = u(b') = B(c).
Since § is a monomorphism, this implies that
gla™' () =e,
hence ¢ € Im(g). O

The reader should be familiar with the notions of projective and injective mod-
ules as well as the material traversed in this section. For a definition of these
concepts along with some basic results, we refer to [1, Ch. 5]. Note especially the
relation between projective and injective modules and exactness of hom functors
of Proposition 16.9.

2.2 Our framework

In this thesis we will be studying modules over a fixed R-algebra A,' where R is
a given ring. A lot of the results will depend on certain properties exhibited by
R and A, which we will dedicate this section to be familiarized with. First of all,
we shall assume that R is commutative. We now give the definition of the second
condition which we will have on R.

Definition 11. A ring R is local if it has a unique maximal ideal.

!An R-algebra will be defined formally in Definition 16(i).

17



It is well-known that a ring R is local if and only if its non-units form an ideal.
This equivalent definition is used in [2, Ch. 1].
Note that any factor of a local ring is in turn local.

Lemma 12. If R is a local ring then R/J is a local ring for any proper ideal J in
R.

Proof. Let R be a local ring, and suppose J is a proper ideal in R. Let m denote
the maximal ideal in R. Then m/J is an ideal in R/.J, and we claim that it is the
unique maximal ideal.

Suppose Y is a non-trivial, proper ideal in R/J. Then Y is of the form

Y =X/J,
where X is an ideal in R such that
JC X CR.
Since m is the maximal ideal in R then
X Cm,

hence
Y=X/JCm/J

O

The last condition on our ring R will be that is is an artinian ring. This property
is defined below along with the similar concept of noetherianness.

Definition 13.

(i) A left (right) artinian ring R is a ring such that any descending chain of left
(right) ideals stabilizes. That is, given a descending chain

R=I1,2L2LD..

of left (right) ideals in R, then there is N € N such that I,, = I,,, for all m,
n>N.

(ii) A left (right) noetherian ring R is a ring such that any ascending chain of
left (right) ideals stabilizes. That is, given an ascending chain

0=0hCL ClLC..

of left (right) ideals in R, then there is N € N such that I,, = I,,, for all m,
n>N.

The following definition is analogous to Definition 13, but for R-modules.

Definition 14.

18



(i) An artinian R-module M is an R-module M such that any descending chain
M =My2 M; D M;D ..

of R-sumbodules of M stabilizes. That is, there is N € N such that M, = M,,
for all m, n > N.

(ii) A noetherian R-module M is an R-module M such that any ascending chain
0=MyC M CM;C..
of R-sumbodules of M stabilizes. That is, there is N € N such that M,, = M,,
for all m, n > N.
The following lemma is useful in situations where it is desirable to derive ar-
tinianness or noetherianness for an R-module.
Lemma 15. Let

0 A / B J C 0

be an exact sequence of R-modules. Then the two following statements are equiva-
lent.

(i) B is an artinian (noetherian) R-module.

(ii) A and C are artinian (noetherian) R-modules.

Proof. We will prove the lemma for artinian R-modules. The proof in the case of
noetherian R-modules is similar.
(i) = (ii) : Suppose B is an artinian R-module.

We first show that C' is an artinian R-module. Let
C=CyD2C1D2C3D ... (2.5)

be a descending chain of R-submodules of C'. We need to show that (2.5)
stabilizes. Note that (2.5) induces a descending chain

B = g_l(Co) :_> g_l(C1) 2 g_l(CQ) 2 (26)

of R-submodules of B. We claim that if ¢g=1(C,,) = g7 *(Cy,), then C,, = Cy,.
Assume g~ 1(C,,) = g7 1(C,,), and let ¢ € C,,. Since g is onto C, there is b € B
such that g(b) = ¢. Hence b € g~1(C,,), then by hypothesis b € g=1(C,,).
This means that g(b) € C,,. Thus C,, C C,,. By symmetry, we conclude that
Cp = Chp.

Since B is an artinian R-module, we know that (2.6) stabilizes. That is, there
is N € N such that g=1(C,,) = g~ (C,y,) for all m, n > N. Then by the above
result, C,, = Cy, for all m, n > N, thus (2.5) stabilizes.
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We now show that A is an artinian R-module. Let
A=Ay DA DAy D ... (2.7)

be a descending chain of R-submodules of A. We need to show that (2.7)
stabilizes. Note that (2.7) induces a descending chain

B = f(A¢) 2 f(A1) 2 f(As) D ... (2.8)

of R-submodules of B. We claim that if f(A4,) = f(Am), then A, = A,,.
Assume f(A,) = f(Am), and let a € A,. Then f(a) € f(A,), thus by
hypothesis, f(a) € f(Ap,). Then there is o’ € A, such that f(a’) = f(a).
Since f is injective, then a = a’, thus a € A,,. Then we have shown that
A, C A,,, hence, by symmetry, 4, = A,,.

Again, since B is an artinian R-module, we know that (2.8) stabilizes. That
is, there is M € N such that f(4,) = f(An), and thus A, = A,,, for all
m, n > M. Hence (2.7) stabilizes. Then A and C are proven to be artinian
R-modules.

(ii) = (i): Suppose A and C' are artinian R-modules. Let
B=By2B;2ByD.. (2.9)

be a descending chain of R-submodules of B. We need to show that (2.9)
stabilizes. As in the first part of the proof, we consider the induced descending
chains

C = g(By) 2 g(B1) 2 g(Bs) D ... (2.10)
A= f7H(Bo) 2 f7H(Bo) 2 f71(Bo) 2 (2.11)

of R-submodules of A and C, respectively. Since A and C' are artinian, then
(2.10) and (2.11) stabilize; there is N € N such that g(B,) = g(Bm) and
fYB,) = f~Y(By,) for all m, n > N. We claim that B,, = B,, for all m,
n > N.

Consider some fixed m, n > N, and suppose B,,, # B,,. Since the B;’s arise
from a descending chain, it is clear that one of these submodules is contained

in the other. Without loss of generality we assume B, C B,,. Suppose
b € By \Byp. Then

9(b) € g(Bm) = g(Bn),
thus there is ¥’ € B,, such that

g(v") = g(b).
Then
b—V € Ker(g) = Im(f), (2.12)
Moreover, V' € B,, C B,,, so
b—b € By, (2.13)
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By (2.12) there is a € A such that f(a) =b— ¥, and by (2.13),
a €[N (Bn) =1 (Bn).
Then f(a) =b—1V € By, so
b=(b-V)+V € B,,

contradicting the assumption. We conclude that B,, = B,, for all m, n > N,
thus (2.9) stabilizes. This completes the proof; B is proven to be an artinian
R-module.

O

A special case of an artinian R-module is an artin R-algebra. Consider the
following definition.

Definition 16.

(i) An R-algebra A is a ring which is also an R-module, such that the following
holds: For all o, 5, A € A and r, s € R, then

(ra+ sB)X =r(aX) + s(BN)

and
a(rB + sA) = r(af) + s(ar).

(ii) An artin R-algebra is an R-algebra which is finitely generated as R-module.

Informally, the length of an S-module M (over some ring S) is obtained by
considering all ways of writing descending chains of S-submodules of M where all
containments are proper, and taking the length of the longest such. For a more
technical definition, see [2, Ch. 1].

It can be shown that a module over an artin R-algebra is finitely generated if
and only if it has finite length, and this again occurs if and only if the module is
noetherian. We shall implicitly use this result throughout this thesis, as we from
now on let A denote a fixed artin R-algebra. Note that A°P is then also an artin
R-algebra, hence a result involving A and A°P is generally still valid if these two
rings are interchanged. Particularly, a functor (with no parameters from A or A°P)

mod(A) — mod(A°P)

is also a functor
mod(A°P) — mod(A).

Definition 17. Let S be a ring.
(i) For any M € Mod(S), we let [g(M) denote the length of M as S-module.
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(ii) We let mod(S) be the full subcategory of Mod(S) whose objects are the S-
modules of finite length;

Ob(mod(S)) := {M € Ob(Mod(S)) | Is(M) < oo}

Note that mod(S) is also an abelian category, because the lengths of the kernel
and the cokernel of a morphism in mod(S) must also be of finite length. Whenever
we apply a hom functor in this thesis, it will be from one of the abelian categories
which we have seen, hence, by Lemma 5, it will always be left exact.

2.2.1 Some useful results

In Lemma 19 we will see that the artin R-algebra A is also an artinian ring, but
first we need to establish some relations between modules and homomorphisms of
R and A in our current framework.

The next lemma is considered basic knowledge, and will occasionally be applied
without reference. Note that for any ring S, then the identity map

15:5—)5

in Homg (S, S) can be regarded as multiplication by the identity element of .S itself,
so we will use the same notation 1g for the identity element of S.

Lemma 18. The following statements are true:

(i) Mod(A) € Mod(R),

(ii) Homp (A, B) C Homg(A4, B) for all A, B € Mod(A),
(iii) mod(A) C mod(R).

Proof.
(i) Let M € Mod(A). Then M is an R-module under the following binary
operation:
RxM—M
(ry,m) = (r-1px)m. (2.14)
A
€

(ii) Let A, B € Mod(A), and suppose f € Homy (A, B). Then for a1, as € A and
A €A,

f(Aar +az2) = Af(a1) + f(az).
Thus for all r € R, we see that

Flray +as) "2V £((r10) ar +a5) = (1) f(ar) + flaz) P27 rf(ar) + f(az).
~——

€A
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(iii) If M € mod(A), then for some n € N there exists a A-module epimorphism
g: A" — A.

By (ii), g is also an R-module epimorphism.

Recall that A is an artin algebra, that is, A is finitely generated as an R-
module. Then for some m € N there exists an R-module epimorphism

h:R™ — A,
and thus there is an R-module epimorphism
A" R™M — A"
By composing g with h™ we get an R-module homomorphism
gh™ : R — A,
thus A is finitely generated as an R-module.

O

Note that since R is a commutative ring, Lemma 18(i) implies that any A°P-
module is an R-A-bimodule. With Lemma 15 and Lemma 18(i) at hand, we are
ready to show that A is an artinian ring.

Lemma 19. The artin R-algebra A is an artinian ring.

Proof. Note that an R-submodule of R is the same as an ideal in R, so since R
is an artinian ring then R is also an artinian R-module. We will now proceed as
follows.

I) We first show that R™ is an artinian R-module.
IT) We use I) to show that A is an artinian R-module.

III) Finally we show that II) implies that A is an artinian ring.

I) We show that R"™ is an artinian R-module by induction on n. Suppose the
statement holds for n = k — 1. Consider the R-module epimorphism

gk - Rk — Rk_l
{riizy = {rifie.
We see that Ker(gx) = R, thus

gk
0 R RF RF-1 0

is an exact sequence of R-modules. By Lemma 15, since R and RF~! are
artinian R-modules, then so is RF.
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IT) Since A is a finitely generated R-algebra, we know that A can be written as
A=RM +R\o+ ...+ R\, (2.15)
for some finite subset {\;}?.; C A. We claim that the maps

f)\i tR— A
T T

for i € {1,...,n} are R-module homomorphisms. For s, 71, ro € R then
Ia (81 4 72) i= (sr1 + 1) X = s + 12\ = sfy, (1) + [, (r2).
Then

[f)\nsza"'af)\n] :Rn — A

is also an R-module homomorphism, and by (2.15) it is onto A. Again, by
Lemma 15, then A is an artinian R-module.

IIT) Let
A=I, 2L 2L D ..

be a descending chain of ideals in A. That is, I; € Mod(A) for all i > 0. Then
by Lemma 18(i), all I;’s are R-modules, and since A is an artinian R-module,
the chain must stabilize.

O

We often wish to show that some functor F' goes from mod(S) to mod(S’) for
rings S and S’. Then in addition to assigning S-module structure to the codomain
of F', we need to show that the resulting S-module is of finite length. For this, the
following two lemmas are useful.

Lemma 20. Let A, B € mod(S) for a ring S, and suppose f € Homg(A, B).
Then Cok(f) € mod(S).

Proof. For some n € N; there is an S-epimorphism

Sn B 0.

Then by composing with the canonical projection from B onto Cok(f), we get an

R" ——— Cok(f) —— 0.
S-epimorphism O

If a A-module is finitely generated as R-module, is is also finitely generated as
A-module:

Lemma 21. If M € Mod(A) N mod(R), then M € mod(A).
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Proof. Recall that
rm = (rly)m

defines the R-module structure on M. Suppose
{mi,ma,....m,} C M

generates M as R-module. Then any m € M can be written as

n

n n
m= ;rimi = Z (rila)m; C ;Ami,

=1 e
implying that M is finitely generated as A-module. O

In addition to being abelian groups, the homomorphism sets (in our current
situation) admit miscellaneous module structures depending on their respective
source and target objects. Here we will give a few examples. It might seem redun-
dant to include both (i) and (ii) of the following lemma, but we find it useful in
order to get a better grasp on how these structures interact.

Lemma 22.

(i) Let M € Mod(A), and let N € Mod(R). Then Hompg (M, N) is a A°P-module
with multiplication

Hompg(M,N) x A — Hompg(M, N)

defined by
(hA)(m) := h(Am) (2.16)

for allm e M.

(ii) Let M € Mod(A°P), and let N € Mod(R). Then Hompg(M, N) is a A-module
with multiplication

A x Hompg (M, N) — Hompg(M, N)

defined by
(AR)(m) := h(mA) (2.17)

for allm e M.
(iii) Let M, N € Mod(A). Then Homp (M, N) is an R-module with multiplication
R x Homy (M, N) — Homy (M, N)

defined by
(rh)(m) := h(rm) = r(h(m)) (2.18)

for allm e M.

25



(iv) Let M, N € Mod(R). Then Hompg(M, N) is an R-module with multiplication
R x Homg(M, N) — Hompg(M, N)
defined by
(rh)(m) :== h(rm) = r(h(m)) (2.19)
for allm e M.
(v) Let M, N € Mod(A). Then Homy (M, N) is an R-submodule of Homp(M, N).

Proof.

(i) We first show that hA € Homp(M,I) for any h € Homp(M,I) and A € A.
Let r € R and my, my € M. Then

(RN (rm1 +m2) =

We now show that
h(A1A2) = (hA1)Ae

for all h € Hompg(M,I) and A\, A2 € A. For any m € M, then

(h(A1A2))(m) = h((A1A2)m)
= h(A1(Aam))
= (hA1)(Aam)
= ((hA1)A2)(m).

We leave it up to the reader to check that the distributive laws hold for this
action of A on Hompg(M,I).

(ii) Similar to (i). Besides, if M € Mod(A°P) then we can interpret M as a left
A°P-module as well as a right A-module, and apply (i). Then if * denotes the
multiplication

AP x M — M

and h € Homp(M,N), m € M and A € A, we have

AR (m) = (h+ \)(m) L B\« m) = h(m).

(iii) Let r € R and h € Homp (M, N). By Lemma 18(ii) then h € Homp (M, N),

h(r-m) =r-h(m)
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for all m € M. For any s € R and m € M, then
(rh)(sm) = r(h(sm)) = r(sh(m)) = s(rh(m)) = s(rh)(m),

so rh € Hompr(M, N). It is evident that 1p - h = h. For associativity of
multiplication of Hompg (M, N) with R, we recall that R is a commutative
ring, and we leave it up to the reader to verify that the following distributive
laws are satisfied:

— (r1+r2)h =rih+roh for all 1, ro € R and h € Hompg (M, N),

- T(h1 + hz) =rhy +71hs for all r € R and hq, hs € HomR(M, ]\7)7
— rh € Hom(M, N) for all r € R and h € Homp(M, N).

(iv) Similar to (iii).

(v) We have from (iii) and (iv) that Homa (M, N) and Hompg(M, N) are both
R-modules with the same multiplicative structure, and by Lemma 18(ii),
Homy (M, N) C Homg(M, N).

O

We have seen that given an abelian category C and an object X € C, then
Home¢ (X, —) and Home(—, X)) are functors

C — Ab.

In light of Lemma 22, it is interesting to ask whether Home (X, —) and Home (—, X)
can be regarded as functors to module categories if we let their domain C be some
module category. The answer is yes, there are multiple examples of where this oc-
curs. Unfortunately it is too tedious to go through all of them, but demonstrations
for a few cases will be carried out in the proofs of Proposition 29 and Proposition
40.

There are a series of result which are valid for finitely generated modules. It is
therefore of significant whether a hom set with some module structure is finitely
generated as such.

Lemma 23. Let A, B € mod(R). Then
(i) Hompg(A, B) € mod(R).
(ii) Homp (A, B) € mod(R).

Proof.

(i) For some n € N, there is an R-module homomorphism from R™ onto A, giving
rise to the following exact sequence of R-modules:

R A 0 (2.20)
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(i)

We apply Hompg(—, B) to (2.20). It follows from Lemma 22(iv) that the
following exact sequence is of R-modules:

0

Homp(A, B)

Hompg(R", B) (2.21)

Let S=R, X; =Rforie€{l,..,n}, and Y = B. Then since R is commuta-
tive, by Lemma 8 there is an isomorphism of R-modules

HomR(R, B)n — HomR(R”,B).

This result together with Lemma 9(ii) now implies that Homg (R"™, B) ~ B"
as R-modules, and since B is finitely generated as an R-module then so is
B™. Thus B"™ is noetherian, and by applying Lemma 15 to (2.21) we see
that Hom(A, B) is a noetherian R-module. By [1, Proposition 10.9, Ch. 3],
all submodules of noetherian R-modules are finitely generated as R-modules,
thus Hompg(A, B) C mod(R).

By Lemma 22(v), Homu (A, B) is an R-submodule of Hompg(A, B), thus since
Homp(A, B) is a noetherian R-module, then Homy (A4, B) is a finitely gener-
ated R-module.

O

The previous result has the following convenient consequence:

Proposition 24. Let X € mod(A). Then

(i)
(i)

Enda (X) is an artin R-algebra.
If T € Endp(X) is an ideal, then Endp(X)/I is an artin algebra.

Proof.

(i)

(i)

Lemma 18 implies that X € mod(R), and then, by Lemma 23(ii), Ends (X) is
a finitely generated R-module. Moreover, composition of morphisms defines
an R-algebra structure on Endy (X); it is easy to see that the map

EndA(X) X EndA(X) — EndA(X)
(f:9) = fog
is R-bilinear. Thus End, (X) is an artin R-algebra.

Since Endy (X) is an artin algebra, then by definition, for some n € N there
is an R-module epimorphism

R" — Endp (X).
By composing this R-epimorphism with the canonical projection from End, (X)

onto End (X)/1, we see that Enda (X)/I is also an artin R-algebra.
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O

In Chapter 3 we will fix an element X € mod(A), and then we will construct
some isomorphisms with the usage of diagrams in mod(R) obtained from applying
functors — studied in this section — to objects in mod(A), mod(A°P) and mod(R),
respectively. As it turns out, the R-modules of greatest interest (namely the do-
mains and codomains of the mentioned isomorphisms) are also endoved with either
I-module or T'°P-module structure for a factor I' of Endy(X), and, more impor-
tantly, these structures are preserved by the isomorphisms. That is, we will be
constructing isomorphisms of I'-modules and of I'°P-modules. The artinianness of
I' and I'°P will then be a great advantage, since any result which is derived for A
in this section is evidently also valid for I' and T'°P. 2

flytte? Moreover, we will see in Section 2.10 that with certain conditions on
X € mod(A), then I' (and similarly T'°P) is a local ring whose factor modulo its
radical is a simple I'-module, a property which will be of great importance for our
work in Section 3.2.2.

2.3 The dual

In this section we will study an important exact hom functor, obtained from a
special injective R-module. Consider the following definition.

Definition 25. Let S be a ring.

(i) Let M, N € Mod(S), and suppose M C N. We say that N is an essential
extension of M if
XNN#0

for all submodules X C M.

(ii) An injective envelope I of N € Mod(S) is an injective S-module I together
with a monomorphism ¢ of S-modules

LM — 1,
where I is an essential extension of Im(¢).
For a ring S it can be shown that there exists an injective envelope, unique up
to isomorphism in Mod(S), of any S-module. Since R is a commutative ring, its

localness indicates the existence of a unique maximal ideal, from now denoted by
m. We let I be the injective envelope of the simple R-module given by K := R/m.

Definition 26. The dual is the hom functor

D := Hompg(—,I).

20ur only assumption on A is that it is an artin R-algebra.
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Note that the above definition is a little imprecise since we have not specified
the domain and codomain of the dual D. This is because we wish to vary these
categories. It turns out that the dual D has an interesting property when regarded
as a functor between certain module categories, namely that of being a duality.

Definition 27. Let C and D be categories. A contravariant functor
F:C—D

is called a duality if there exists a functor

G:D—=C
such that
GF ~ 1c
nat.
and
FG ’l;; 1D-

We shall see that for F' := D and for appropriate choices for C and D, then D
is a duality with G = D. In order to prove this we will need the following lemma.

Lemma 28. There is an isomprphism of R-modules

Hompg (K, I) ~ K.

Proof. Let v denote the inclusion of K into its injective envelope I, and consider
the exact sequence of R-modules given by

0 K-V M ox

where p is the cokernel of v. It can be shown that Homg (K, —) is a (left ex-
act) functor from Mod(R) to Mod(R), yielding the following exact sequence of
R-modules.

(vo—)k (Ho—)K

0 Homp (K, I)

Homp(K, K)

Homp (K, X).

We claim that (uo—); =0. Let f € Hompg(K,I). If f =0, then (po—);(f) = uf
is obviously 0. Assume f # 0. Then since

Ker(f) C K

and K is a simple R-module, then Ker(f) = 0, that is, f is injective. Since
Im(f) C I is a nonzero submodule, and [ is an essential extension of Im(v), then

Im(f) NIm(v) # 0.
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Furthermore, Im(f) and Im(v) are both simple since they are isomorphic to K,
and since Im(f) N Im(v) is a nonzero submodule of them both, then

Im(f) = Im(f) NIm(v) = Im(v).

Then for any x € K, we have

for some x’ € K, hence
uf(@) = pla’) =0,
Thus the composition
pf=0
for any f € Hompg(K,I), that is, (uo —); = 0, implying that

(vo—)r:Homp(K, K) — Homp(K,I)

is an isomorphism of R-modules.
‘We now show that
Homp(K,K) ~ K
as R-modules. Consider the canonical R-module epimorphism
R K 0.

We apply the left exact functor Homp(—, K), and get the exact sequence
0 Hompg (K, K) Hompg (R, K)

of R-modules. By Lemma 9(ii), then
Homp(R, K) ~ K.

Since K is simple and Homp (K, K) # 0, then the image of the inclusion of
Homp(K, K) into Hompg(R, K) must be all of Homg(R, K), hence

Homp(K,K) ~ K
as claimed. This completes the proof. O

We now have all the results required in order to prove the following convenient
results for the dual D.

Proposition 29.
(i) We can regard D as an exact, contravariant functor

(a) D :mod(R) — mod(R),
(b) D : mod(A) — mod(A°P).

(ii) For any M € mod(R) then

Ir(DM) = lp(M).
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(iii) The functor D is a duality in either of these three cases.

Proof. We know that D is a contravariant, left exact functor to the category of
abelian groups in either of these three cases, and because [ is injective then D

is exact.

What needs to be proven, is that D is also a functor to the claimed

codomains.

(i) (a)

Let M € mod(R). Then by Lemma 23(i), Homg(M, I) € mod(R). We
must check that, for any M, M’ € mod(R) and h € Hompg (M, M'), then
Dh € Homg(DM',DM). Suppose f' € DM’ and r € R. Then

Dh(rf")(m) = (= o h)1(rf')(m)
= (rf'h)(m’)
P mm)
=7r(=oh)1(f)(m)
= rDh(f")(m)
for all m € M, hence
Dh(rf") =rDh(f").
We leave it up to the reader to check that

Dh(f{ + f3) = Dh(f1) + Dh(f3) (2.22)

for all f{, f4, € DM'.

Suppose M € mod(A). In Lemma 22(i) we saw that Homp(M,I) €
Mod(A°P). Also, Homp(M,I) is finitely generated as R-module by
Lemma 23(i), hence by Lemma 21 it follows that Hompg (M, I) € mod(A°P).

We must also show that D takes A-module homomorphisms to A°P-
module homomorphisms. Let M, M’ € mod(A) and h € Homp (M, M').
Then for f' € DM’ and A € A, we have

Dh(f'N)(m) = (= o h)1(f'N)(m)
= (f'A)(h(m))
——

€Hompg (M,I)

(Dh(f)A)(m)

for all m € M, hence

Dh(f'A) = Dh(f")\.
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By Lemma 18 then 2.22 also holds for f{, f5 € DM’ in this case, and
Dh is thus a A°P-module homomorphism.

(ii) Let M € mod(R). We will show that
IrR(DM) =Ir(M) (2.23)

by induction on Ig(M).

Suppose {gr(M) = 1. Then M is a simple R-module, and since R is a local
ring, then R has a unique maximal ideal. This implies that R has only one
simple module, thus

M~K

as R-modules. Then by Lemma (28), we see that
Homp(M,I) ~ M
as R-modules. It follows that

ZR(DM) = lR(HOHlR(M,I)) = ZR(M) =1.

Now suppose (2.23) holds for all R-modules M of length n—1 for some n € N,
and let M’ be an R-module of length n. Then M’ has a submodule M of
length n — 1, and the cokernel of the inclusion of M into M’ is simple and
thus isomorphic to K. Hence

0 M M’ K 0

is an exact sequence R-modules. By applying D, which was shown in to
(i)(a) to be an exact functor mod(R) — mod(R), we get the following exact
sequence of R-modules:

0 DK DM’ DM 0.
Then by [2, Proposition 1.3, Ch. 1], we have that

IR(DM') = Ig(DK) +1r(DM) = n.

=1 =n—1
Thus (2.23) holds when [r(M) = n for all n € N.
(iii) (a) We claim that o : 1yoq(r) — D? defined by

ap : M — Hompg(Homp(M, I),1)
m = [f = f(m)]

for M € mod(R) is a natural transformation of functors. Given a fixed
M € mod(R), it is clear that ap(m) € Homg(Hompg (M, I), 1) for all
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m € M: Suppose f1, fo € Homg(M,I) and r € R, then

ay(m)(rfi + fa) = (rfi + f2)(m)
=rfi(m) + fa(m)
=ran (f)(f1) +an(m)(f2).

Moreover, for mi, mo € M and r € R, then

an (rma +me)(f) = f(rm1 +m2)
=rf(m1) + f(m2)
= ran (m)(f1) + an(m2)(f)
= (raa(m1) + an(m2))(f)

for all f € Hompg(M,I), thus
ay (rmy +mo)(f) = raar(my) + anr(me),

and ajpy is an R-module homomorphism.

We now show that « is a natural transformation. Let M, M’ € mod(R),
and let h € Homp (M, M’). Then

D?(h) = Hompg(—, I)(Hompg(—, I)(h))
= Hompg(—,I)((— o h)5)
= (~o(~oh))r.
We must show that

o

M Homp(Hompg (M, I),1I)

[h Jv(—o(—oh)j)j
Qpgr

M’ Homp(Homp(M', I),I)

is a commutative diagram. Suppose m € M. Consider Diagram 2.24.

m ———[f = f(m)]

(2.24)

We must show that

(o (=oh)ni([f = f(m)]) = [f" = f'h(m)].
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For f' € Homg(Hompg(M’,I),I), then

(=o(=oh))i(lf = fFm))(f) = [f = f(m)] o (= o h)1(f)
=[f = f(m)I(f'h)
= f'h(m).

Thus « is a natural transformation.

Finally, we show that a; is an isomorphism of R-modules for any M €
mod(R).

We begin by demonstrating the injectiveness of as. Let M € mod(R),
and suppose m € M is a nonzero element. We must show that aas(m) #
0, that is, that

an(m)(f) = f(m) #0
for some f € Hompg(M, ). Consider the map

f:Rm 1

rm—1r-+m.

Note that »r + m € R/m = K C I. We show that f is well-defined: If
rm = r'm, then (r — r’')m = 0, and since m is nonzero this means that
r — 7’ is a non-unit in R. Recall that m is the ideal in R generated by
all the non-units. Hence r — v’ € m, implying that r + m = r' + m. It
is easy to see that f is an R-module homomorphism. Moreover, since
Rm C M is a submodule, then the inclusion

t:Rm—M

is an R-module monomorphism. Thus by the lifting property of an
injective module, there exists an R-module homomorphism f: M — I
such that

fi=1f:

Rm

Then

f(m) = fu(m) = f(m) = f(1gm) = 1gp +m # 0,

and ayy is shown to be injective. By (ii) then Iz(M) = Iz(D?>M), hence
by [2, Proposition 1.4, Ch. 1], aps is an isomorphism of R-modules.
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(b) Let M € mod(A), and consider the R-module isomorphism
apr 2 M — Hompg(Homp(M, I),1)

used in the proof of (iii)(a). We claim that as is also a homomorphism
of A-modules.

Let m € M and A € A. Then for f € Hompg(M,I),

ay (Am)(f) = f(Am) = (fA)(m)

because of the A°P-module structure on Hompg(M, I) of Lemma 22(i).
Moreover, the A-module structure on Hompg(Homp(M,I),I) (Lemma
—_———

€mod(A°P)
22(ii)) now implies that

(Aanr (m))(f) = anr(m)(FA) = (fA)(m)
for f € Homg(M,I). Hence
ap(Am) = daps(m).

Also, apr(my 4+ mz) is obviously equal to apr(my) + apr(ms) for all
my, mo € M, thus ajs is a A-module homomorphism. Since aj; was
shown to be bijective in the proof of (iii)(a), it follows that ajs is an
isomorphism of A-modules. It was also shown in (iii)(a) that aps is
natural in M. This completes the proof.

(c) Similar to (iii)(b).
O

Most of the investigation of Chapter 3 will be carried out without any more
assumptions on R than the ones presented in Section 2.2, 3 but in the very last
section we will add the condition that R be a field. The motivation for making this
restriction is that the finitely generated R-modules then become finite dimensional
R-vector spaces, and by choosing an R-basis of an R-vector space V we have a
method for obtaining a set of elements of the dual space DV — which even turns
out to form an R-basis of DV. This procedure will be explained in this section.
Recall that K denotes the field R/m, where m is the maximal ideal in R.

Lemma 30. In the case that R is a field, then R = K and the functor D of
Definition 27 is given by
D = Homg(—, K),

and it is a functor
mod(K) — mod(K).

3R is a commutative, local and artinian ring.
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Proof. If R is a field, then the maximal ideal m = 0, thus
R=R/m =K.
Since R is injective as R-module, then R is its own injective envelope, * hence
I=R=K
in this case. It now follows from Proposition 29(i)(a) that D is a functor
mod(K) — mod(K).
O

Note that when equipped with a K-basis for a K-vector space V, we can im-
mediately obtain elements of DV in the following manner: For an element of the
given basis then the action of extracting the K-coefficient of this particular basis
element from any v € V, forms a K-module homomorphism from V to K. (We
leave it to the reader to check that this is true.)

Definition 31. Let V € mod(K), and let
BV = {’Ul,vg, ...,Ug}

be a K-basis of V. Let
dg, : By — DV

be the mapping given by

1 if j=1
dp, (vi)(v;) == { 0 otherwise
(2.25)

We will now see that for a K-vector space V then the dg, (v;)’s of Definition
31 form a K-basis of DV.

Proposition 32. Let V € mod(K), and let
By :={v1,va, ..., v}
be a K-basis of V. Let
dBy :={dp, (v1),dg, (v2), ..., dg, (V) }.

Then dBy is a K-basis of D(V).

4 Any nonzero submodule of R evidently has nonzero intersection with R.
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Proof. We first show that dBy is linearly independent. Suppose s, ...,a; € K such
that 22:1 a;dp, (v;) = 0. This means that 22:1 a;dp, (v;)(v) =0 for all v € V.
In particular,

l
Zaz‘ dgy (vi)(v;) =0

for j € {1,...,1}. Note that Zlizl a; dg, (v;)(v;) is also equal to c;. Thus dBy is
linearly independent.

We now show that any f € D(V) can be written as a K-linear combination of
elements of dBy,. Note that

l

l
dsy (vi) Z%‘Uj = ajds, (v:)(v;) = i,

j=1

For any element v = 2221 ojv; in V, then

!
fo)=f> ajv;
j=1
!
= a;f(v;)
j=1

l
= Z ds, (’Uj)(v)f(vj)

l
> Fwy)dsy (v5)(v)

j=1

l
> Fwy)dsy (v)) | (v),
j=1

hence f =Y, f(v;)ds, (v;).
(The K-coefficients of f with respect to the K-basis dBy of D(V) are thus
obtained by evaluating f in the elements of By .) O

Definition 33. Let V € mod(K), and let
BV = {’Ul,’Ug, ...,Ul}

be a K-basis of V. The K-basis dBy of D(V) is called the dual basis of D(V') (with
respect to By ).

Given an isomorphism of two vector spaces, then a K-basis for one of the vector
spaces corresponds bijectively to a K-basis for the other through application of the
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isomorphism. Moreover, since D is a functor, D induces an isomorphism of the
respective dual spaces. The following lemma states that we are at liberty to apply
dp (where B is either the K-basis of the one vector space or the other) before or
after applying the appropriate isomorphism, without changing the outcome.

Lemma 34. Let V, W € mod(K), and suppose & € Homg (V,W) is an isomor-
phism. Let

BV = {’Ul,’UQ, ...,Ul}
be a K-basis of V', and let

§(By) = {&(v1),&(va), -, E(ui) }
denote the corresponding K -basis of W. Then

(DEN)(dpy (v))) = deiy) (E(v)))
foralll <j<I.
Proof. Let 1 < j <1, and suppose 22:1 a;&(v;) € W. Then

(D§ dBv 'Ug (Z O‘zg (% ) = dBV 'U] (Z azg (% )
= dg, (v;) <Z azvz>

= df(Bv) (Z 0415 Vg > y

hence
(DE™Y)(dpy (v))) = de(sy) (E(v;))-
O

2.4 Projective covers and minimal projective pre-
sentations

In this section we will introduce the notion of a minimal projective presentation.
This is an important topic, as a minimal projective presentation will be the point
of departure for many of the computations in the sequel.

Definition 35.

(i) We let P(A) denote the category whose objects are the finitely generated and
projective A-modules, and

Homp(A)(P, Pl) = HomA(P, Pl)
for any P, P’ € P(A).
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(ii) Let A, B € Mod(A). An essential epimorphism t € Homy (A, B) is a A-
module epimorphism such that the following holds. If M € Mod(A) and
u € Homy (M, A) such that the composition tu is an epimorphism, then w is
also an epimorphism.

(iii) Let X € Mod(A). A projective cover of X is a projective A-module P together
with an essential epimorphism

t: P— X.

We will be referring to both P and t as the projective cover of X depending
on the situation; it should be clear from the context whether we are referring
to the object or to the morphism.

The existence of projective covers of finitely generated A-modules is essential
for our further work. For this, we refer to [2, Theorem 4.2, Ch. 1]. Although
this theorem already states the facts of the following lemma, we include it here for
completeness.

Lemma 36. Let X € mod(A).

(i) Suppose P is a projective cover of X. Then P € P(A). That is, P is a
finitely generated A-module.

(ii) Suppose

t
P X 0
and
tl
P’ X 0

are projective covers of X. Then there exists an isomorphism h € Homy (P, P’)
such that the following diagram commutes:

Proof.
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(i)

(i)

There is an essential epimorphism ¢ € Homy (P, X), and an epimorphism
u € Homy (A™, X)) for some n € N.

ATL
37/1/ ’ U
k/ t
P X 0
0

Then by the lifting property of the projective A-module A™, there is an epi-
morphism v € Homy (A", P) such that

tv = u.

Then tv is an epimorphism, and since ¢ is an essential epimorphism then v is
an epimorphism. Hence P € P(A).

Consider the following diagram:

P
LA
////,/L/ t
P X 0
0

Because of the lifting property of P and P’, there exist h € Homy (P, P’) and
h’' € Homp (P’, P) such that
t'h =t.

and
th! =t

Then, since t’ is an essential epimorphism and #'h is an epimorphism, h is an
epimorphism. Moreover,

t'(hh') = (RN =th' =+,

and by the same arguments as above, hh’ is an epimorphism. Since [ (P’) <
0o, then hh' is an isomorphism, implying that A is a monomorphism. Then

h:P — P

is an isomorphism of A-modules.

41



O

Recall that any homomorphism of finitely generated A-modules has a kernel in
mod(A) which is unique up to isomorphism.

Definition 37. (i) For X € mod(A), we let P(X) denote the projective cover
of X, and we let Q4 (X)) denote the kernel of the projective cover map ¢. That
is, QA (X) is defined by the exactness of the following sequence:

L t

0 QA (X) —-— P(X) X 0

(ii) Let X € mod(A). A minimal projective presentation of X is an exact se-
quence

P P, X 0

where

is the projective cover of X and
Py := P(QA(X))

is the projective cover of Q4 (X), and s is the composition of the inclusion ¢
of Q5 (X) into P(X) and the projective cover w from P(5 (X)) onto Q4 (X):

P(Q(X)) P(X) X 0

Note that for X € mod(A), the existence of a minimal projective presentation
follows directly from the existence of projective covers. We now show that minimal
projective presentations are unique up to isomorphism.

Lemma 38. Let

t
P —2 B X 0

and

P

P} X 0
be two minimal projective presentations of X. Then there are isomorphisms hg €

Homna (Py, Pj) and hy € Homp (P1, P{) such that the following diagram is commu-
tative.
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Py Py X 0
T

“( / “( t/

P —> . p X 0

and

and the projections

and
7't P — Im(s") = Ker(t).
P, 5 P— s x 0
3 Ker(t)
hl: : ~ h()
' :Sl/u "
P! ; P X 0
‘
! Ker(t')
| 1 ~ | b,
Ll
v |
P, 3 P — s x 0
\ ! /
v
Ker(t)

The existence of the isomorphisms hy € Homp (P, P}) and h{, € Homy (P}, P,
0 0 0
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follows from Lemma 36(ii). By [3, Lemma 3.32 (Five Lemma), Ch. 3], there are
isomorphisms v € Homp (Ker(t), Ker(t')) and «' € Homy (Ker(t'),Ker(t)) such
that

hot = t'u

and
hot' = .

Since 7’ is an epimorphism and P; is projective, there is hy € Homy (Py, PJ) such
that
ur = 7 hy.

Moreover, um is an epimorphism and 7’ is an essential epimorphism, hence h; is
also an epimorphism. Similarly, there is an epimorphism A} € Homy (P}, P;) such
that

u'n’ = mhi.

The composition h)h; is an epimorphism, and then, since P; has finite length (by
Lemma 36(i)), A} hy is an isomorphism. This again implies that 1 is a monomor-
phism, and therefore an isomorphism. O

2.5 The ()*-functor

In this brief section we will derive some results for Homy(—,A). Because this
functor will be frequently applied in the next section, we find it practical to assign
to it the following abbreviating notation:

Definition 39. We let the Hom-functor Homa (—, A) be denoted by ()*.
We make the following observations about the ()*-functor.
Proposition 40. We can regard ()* as a contravariant, left exact functor
(i) mod(A) — mod(A°P),
(ii) P(A) — P(A°P).

Proof. We have seen that Homy (—, A) is a contravariant, left exact functor
mod(A) — Ab.

(i) Let M € mod(A). By Lemma 23(ii), then Homy (M, A) € mod(R). We claim
that Homp (M, A) € Mod(A°P) with the following multiplication

Homp (M, A) — Homy (M, A) :

(fA)(m) == f(m)A.

For this we need to verify the following statements:

I) fA € Homp(M,A) for all f € Homp (M, A) and X € A.
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II) The multiplication with A is associative.
III) ()* takes A-module homomorphisms to A°P-module homomorphisms.
In case that this holds, then Homy (M, A) € Mod(A°P) N mod(R), thus, by

Lemma 21, Homa (M, A) € mod(A°P). We now show that I) through III)
hold.

I) Let f € Homy (M, A) and A € A. Then

(fAN)(amy +m2) = flamy + ma)A
= (af(m1) + f(m2))A
— af(m+ f(ma)A
= a(fA)(m1) + (fA)(m2)
for all my, me € M and o € A, thus fA is indeed an element of
Homy (M, A).
ITI) Let f € Homp (M, A) and A1, Ay € A. Then

o
~—~
>
e
>
DN
[
~
~~
2
—
>
=
S
DN
S~—"

for all m € M, thus
FAA2) = (fA)Aa.

IIT) Let M, M’ € mod(A), and suppose h € Homu (M, M’). We need to
show that h* € Homp (M, M*). Let f' € M"™* and A € A. Then

(R (X)) (m) = ((f' \)h) (m)

for all m € M, hence
h*(f'A) = h*(f)A
We leave it up to the reader to check that
W (fi+ f2) = B (fi + f5)-
(ii) Suppose P is a projective A-module. Then there is n € N such that

A"~ Pg P
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for some projective A-module P’, implying that
Homp (A", A) ~ Homp (P & P, A)

as A°P-modules. Moreover, by Lemma 8(ii) there are A°P-module isomor-

phisms
Homp (P & P, A) ~ Homy (P, A) @ Homp (P’ A)
and
Homp (A", A) ~ Homp (A, A)".
Then

Homy (P, A) @ Homy (P, A) ~ Homy (A, A)™.

By Lemma 9(ii),
Hompy (A, A)"™ >~ (A°P)"

as A°P-modules, and it follows that Homp (P,A) = P* is a direct summand

of (A°P)™.
O
When applying the ()*-functor to a minimal projective presentation
p—%.p—t.x 0

of an element X € mod(A), we get the exact sequence

x - p 5 P

0

in mod(A°P). The following lemma states that the cokernel of s* is finitely gener-

ated as A°P-module, and independent of choice of minimal projective presentation
of X.

Lemma 41.

(i) Let X € mod(A), and let

t
P —2 . p X 0

be a minimal projective presentation of X. Then the following sequence is an
exact sequence in mod(A°P):

0 x+ - L pr 5 ps Cok(s*) —— 0
(ii) If
P .p—t.x 0
and
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/ /
S p -t x 0

Py
are two minimal projective presentations of X, then
Cok(s*) ~ Cok(s'*)
as A°P-modules.
Proof.
(i) Proposition 40(i) implies that

t* s*

Fy

0 — X~

Py

is an exact sequence of A°°-modules. Then, by Lemma 20, we know that
Cok(s*) € mod(A°P).

(ii) By Lemma 38 there are isomorphisms hy € Homy (Py, P}) and hy € Homy (Py, Py)
such that the following diagram commutes:

Py Py X 0
i hl i ho

\‘/ / ¢ /
P .p -t X 0

The functor ()* now induces the following commutative diagram:

t/* S/*
0 X* P* P/* Cok(s™) —— 0
hy h ~ |
t* s* v
0 —— X* P Py Cok(s*) —— 0

By the Five Lemma, it follows that
Cok(s*) ~ Cok(s"™)

as A°P-modules.

2.6 The transpose

In this section we will define a functor called the transpose, which will serve as a
tool for our investigation throughout Chapter 3.

The results of Lemma 41 bring about a well-defined map from mod(A) to
mod(A°P) up to isomorphism in mod(A°P).
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Definition 42. Let
Tr : mod(A) — mod(A°P)

be given by
Tr(X) := Cok(s*),

where

P By X 0

is any minimal projective presentation of X.

We wish to investigate if Tr can be regarded also as a functor. What should this
prospective functor return when applied to a morphism? To answer this question,
we will apply the following lemma.

Lemma 43. Consider the following diagram in mod(A):

dy d, o d d d

P, P, — . 2. p L p %X 0
Jh

9n n - g

Iy, Iy, I B2y By By 0

(2.26)

Suppose P; is projective and d;d;+1 = 0 for all i > 0, and suppose the lower row of
the diagram is exact. Then, for all i > 0, there is h; € Homp (P;,Y;) such that the
resulting diagram is commutative.

Proof. We begin with considering a small part of Diagram 2.26:

d d
P, ! Py ° L x 0
3 Ker(dp) 3
'y | ' ho h
i Kcr‘(ho) i
v ! ¥
Y, g%l v, — 2 Ly 0
\ : /
Ker(go)

Since Py is projective and gy is an epimorphism, there is hy € Homy (P, Yy) such
that
goho = hdp.
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Then there is a kernel map Ker(ho) € Homy (Ker(dy), Ker(go)) which commutes
with the rest of the diagram. Since the lower row is exact, then Y; is onto Ker(gp),
thus because P; is projective there exists hy € Homp (Py, Y1) which commutes with
the rest of the diagram. By continuing in this fashion, we obtain h; € Homy (P;,Y;)
for all 7 > 0. O

Note that h; € Homy (P;, Y;) such that the resulting square right from h; is com-
mutative, is not necessarily unique. Suppose, for instance, that f € Homp (P, Y1)
such that the composition e; f is nonzero. Then (hg + e1f) € Homp (Py, Yy) such
that

Bo(ho + Elf) = eoho + (6061) f = hdo
=0

We now return to the task of finding a procedure for how to obtain, given
some h € Homy (X, X’) (where X, X’ € mod(A)), a suitable morphism in either
Hompop (Tr(X), Tr(X")) or Hompop (Tr(X’), Tr(X)).

p—5 .p 1t x 0

(2.27)

and

/ t/
SR &4 X' —— 0

1t

(2.28)

be minimal projective presentations of X and X', respectively. Then Lemma 43
yields the following commutative diagram in mod(A):

t
p—2.p X 0

‘hl ho lh
/ t/

r—=.p X' —— 0

(2.29)

By applying ()* to Diagram 2.29, we get the following commutative diagram in
mod(A°P):

Ix /
P U i (x) —— 0
ho hi ' (A1) cok
P L pr L mx) 0

Now h} gives rise to a cokernel map (h3)cox € Homp (Tr(X’), Tr(X)), which seems
like a good candidate for our Tr(h). However, there is a well-definedness issue
which must be sorted out.

As mentioned above, the A-module homomorphisms hg and h; of Diagram
2.29 are not uniquely determined. If we were to choose gy € Homy (P, P}) and
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g1 € Homp (Py, Py) instead of hy and hq, then this choice would lead to a different
cokernel map (g7)cok € Homp (Tr(X’), Tr(X)). We will solve this problem by
regarding Tr as a functor between appropriate quotient categories of mod(A) and
mod(A°P). Consider the following definition.

Definition 44.
(i) For M, N € mod(A), we let
Pa(M,N) :={f € Homp(M, N) | f factors through a projective A-module},

and we let
Hom, (M, N) := Homp (M, N)/Pa(M, N).

(ii) We let mod(A) be the quotient category of mod(A) given by
Ob(mod(A)) = Ob(mod(A)),
Homyed(a) (M, N) := Hom, (M, N).
(We have the same definition if A is replaced by A°P.)

We observe the following for homomorphisms which factor through projective
modules:

Lemma 45. Let M, N € mod(A). If f € PA(M,N) and P € Mod(A) is onto
N, then f factors through P. Particularly, [ factors through the projective cover
P(N) of N.

Proof. Consider the following diagram in Mod(A):

If f € Po(M, N) then f factors through some projective A-module P’ and because
of the lifting property of P’ and the fact that P is onto N, the result is obtained. [

Recall that when attempting to define the transpose of a morphism, we encoun-

tered a challenge regarding well-definedness. Our problem conveniently vanishes if
we instead consider the transpose to be a functor of quotient categories

mod(A) — mod(A°P).
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Lemma 46. Let X, X' € mod(A). Then there is a well-defined map
Hom, (X, X") — Homop (Tr(X"), Tr(X))

which is defined as follows: Choose any representative h for the element of Hom, (X, X')
to which Tr should be applied. Let (2.27) and (2.28) be minimal projective presenta-
tions for X and X' respectively, and let hg € Homp (Py, ) and hy € Homp (Py, P])

be any choice of A-module homomorphisms such that Diagram 2.29 commutes.
Then

Te(h + Pa(X, X')) 1= () cok + Paen (Te(X'), Te(X)).

Proof. We need to prove that the following two statements are true.

I) If go € Homp (P, P}) and g1 € Homp (Py, P{) such that Diagram 2.29 com-
mutes when hg and h; are replaced by gg and g7, then

(h1)cok — (97)cok € Paor (Tr(X"), Tr(X)).
That is, (h})cok and (g7)cok represent the same element of Hom o (Tr(X’), Tr(X)).
1) If h € Po(X,X’), then
(h})cok € Ppor (Tr(X"), Tr(X)).

That is, one element in Hom (X, X’) maps to the same element of Hom o, (Tr(X’), Tr(X))
regardless of choice of representative.

I) Consider Diagram 2.30.

P, 5 Py t X 0
gl |m T gl ke h
s i 5 #
P} P} X/’ 0
Ker(')
(2.30)
Since
ht =t'hg =t'go
then

t'(ho — go) = 0,
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implying that (hg — go) factors through Ker(¢'). Then since Py is projective
and there is a canonical projection from P| onto Im(s") = Ker(t'), it follows
that (go — ho) factors through Pj. That is, there is u € Homp (P, Pf) such
that

s'u = go — ho. (2.31)

By applying the ()*-functor, we now get the following diagram in mod(A°P):

/% /
Pl 5 pl* t Tr(X') 0
h | Joi 2 (Deor| | (9D)co
* * L// f
P P; Tr(X) 0
From (2.31) we see that
u*s™ = g5 — h.
Then
st = s (g — hg) = (g7 — B)s",
hence

(g7 — h} — s*u*)s™ = 0.

Then (g — hi — s*u*) factors through the cokernel of s™*, namely #'. That
is, there is v € Homy,oq(aer) (Tr(X"), Pf) such that

vt = gf — h} — s™u*. (2.32)
By multiplying ¢ with (2.32) we get
ol = (g7 — b — 5u”) = ((g])cok — (h)con )
and since ¢’ is an epimorphism then

v = (g5) ok — (h}) ok

That is, ((97)cok — (h])cok) factors through Py, hence

((97)cok — (h])cok) € Paer (Tr(X'), Tr(X)).
II) Consider Diagram 2.33.
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P, Py X 0
., ,
- 7
// / 7
- / 7
- , .
V.- / u,”’
h,l e /’ ho e h
/// / ’/
- / 7
. , .
-7 / ¢’ /
;- s’ ’ / t ’
Pl » P X 0
//
/
/
\ //
v
Ker(t')

(2.33)
Suppose h factors through a projective A-module P. Then since t' is an
epimorphism, h also factors through ¢': There is u € Homp (X, Py) such that

t'u = h.

Consider the A-module homomorphism (hg — ut). By multiplying with ¢/
from the left, we get

t'(ho —ut) = t'hg — t'ut = t'hg — ht = 0,

hence (hg — ut) factors through Ker(¢'). Then since P, is projective and
there is a canonical projection from P onto Im(s’) = Ker(t'), it follows that
(ho — ut) also factors through Pj: There is v € Homp (Py, PJ) such that

s'v = hg — ut.

By applying ()* we get
v's™ = hi —t*u",

and the following diagram:

t* 1] 7
0 X" pr 5 pr U Tx)
* "y * oy * w,” ’ *
h hg hy - (h1)cok
0 x—r o ot mx)

We now show that (h] — s*v*) factors through Cok(s"™) = Tr(X'):
(hT _ S*'U*)S,* — h*s/* _ S*’U*Sl*
= his™ —s*(hy — t*u*)
= his™ — s*h§ + s*t*u*

=0.
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Then there is w € Homy (Tr(X’), P;*) such that
wt’ = hi — s*v*.
Finally, we see that
twt’ = t(h} — s*v*) = th} = (h})cokl,
and since ¢’ is an epimorphism, it follows that
(W) cok = tw.

Thus (h})cok € Paer(Tr(X’), Tr(X)).

Proposition 47.

(i) The transpose constitutes a contravariant functor

Tr : mod(A) — mod(A°P).

)
(iv) Tr(M) =0 < M is projective.
)

(v) Tr*(M) ~ the non-projective part of M.

Proof.

(i) We have seen that the map
Tr : Ob(mod(A)) — Ob(mod(A°P))

is well-defined, and that given X, X’ € mod(A) then there is a well-defined
map
Tr : Hom, (X, X") — Hom op (Tr(X"), Tr(X)).

However, recall from Definition ??(v) that there are yet two assertions which
must be satisfied, namely that Tr preserves composition of morphisms, and
that Tr preserves the identity.

Let X, Y, Z € mod(A), and suppose f € Homp (X,Y) and g € Homy (Y, Z).
We want to show that
Tr(gf) = Tr(f) Tr(g).

Let the following commutative diagram in mod(A) be what we obtain from
applying Lemma 43 to f and g, when the rows of the diagram represent
minimal projective presentations for X, Y and Z, respectively.
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Sx tx

PX,l PX,O X 0
h Jo f
Sy ty
PY,l Py70 Y 0
9 90 9
Sz tz
Pz Py Z 0

(2.34)

Recall from Lemma 46 that when finding the transpose of g f we may choose
any (gf)o and (gf)1 such that the following diagram is commutative:

¢
Pxi —% Py X 0
(9fh (9f)o 9f
¢
P —2 P2 sz 0

(2.35)

It is easy to see from Diagram 2.34 that Diagram 2.35 is commutative for the
particular choices

(9f)o :== gofo

and

(9f)1=a91f1-

The ()*-functor gives rise to the following diagram in mod(A°P). (We may
also think of Diagram 2.36 as a diagram in mod(A°P), where the morphisms
are any representatives for their corresponding equivalence classes.)

* t,

Py, —2 . Py, Te(Z) 0
9% 91 Tr(g)

Pro— Y pp, I ) TS,
fo it Tr(f)

P, X P, X my(x) 0

(2.36)
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By studying Diagram 2.36, we see that
Tr(gf)fz = tAX(gf)I = fxffgf = Tr(f)ngf = Tr(f) Tr(g)fz
and since tz is an epimorphism it follows that

Tr(gf) = Te(f) Tr(g)-

We finally show that

Tr(lx) = lmv(x)
for any X € mod(A). Consider Diagram 2.29. If X' = X, P, = Py, P| = P,
s’ =s,t =t and h = 1x, then by letting

ho == 1p,
and
hy = 1p,,

the diagram becomes commutative. Then by applying the ()*-functor, we see
that

Tr(1x) = (1p,)cok = 1mu(x)-

We leave it to the reader to prove the rest of the proposition.

We complete this section by making some comments regarding notation.

Definition 48. We will use the following notation for the transpose applied to
morphisms: If 4 € Hom, (X, X'), then of course Tr(h) is the resulting equivalence
class in Hom op (T7(X"), Tr(X)). If h € Homa (X, X') is any representative for h,

then we let Tr(h) € Hompor (Tr(X’), Tr(X)) denote any representative for Tr(h)
that we get when following the procedure of Lemma 46. That is, we might write

Tr(h) = (h1)cok (2.37)

for
Tr(h + Pa(X, X)) = (h])cok + Pacr (Tr(X"), Tr(X)).

Whenever we use the notation of (2.37), it should be clear that we are implicitly
saying that we have chosen one representative Tr(h).

2.7 Auslanders defect formula

In this section we consider the exact sequence

0 A / B J C 0

in mod(A). Recall Lemma 23(ii), which states that Homg (M, N) € mod(R) for
any M, N € mod(A). Also, recall that the hom functors are left exact.
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Definition 49. Let X € mod(A).
(i) We define 6,(X) by the exactness of the following sequence of R-modules:
(—e9)x °f)x
0 — Homp(C,X) — HomA(B X)—> HomA(A X)— 6(X)—> 0
(2.38)

(ii) We define 6*(X) by the exactness of the following sequence of R-modules:

0 —— Homy (X, Asfiz)ilomA(X ngizjilomA(X C)—> 0"(X)—> 0

(2.39)

The following lemma assigns functorial structure to d, and §* defined above.
Proposition 50. Let X, X' € mod(A), and let h € Homy (X, X').

(i) Let
0*(h) := The cokernel map of (ho —)a,

as illustrated below:

0 —— Homa (€, X} — D Homn (B, X~ PHoma (4, X) —— 6.(X) — 0

(o —)% (ho—)p (ho—)a 5 (h)!
,—Og)xﬁ ’_Of)xﬁ , .
0 —— Homu(C, X’) — Homa (B, X’) — Homp (A, X') — §.(X') — 0
Then §* constitutes a covariant functor mod(A) — mod(R).
(ii) Correspondingly, let
0« (h) := the cokernel map of (— o h)¢,
as illustrated in the following diagram:

0 — Homa (X', AY = Lomn (x7, BY > PHoma (X', C) — 6*(X) — 0

(—oh)Al (—oh)Bl (—oh) l 0« (h)
0 —— Homa (X, 41" Hom, (%, B Homa (X, C) —— 6°(X) — 0

Then d, constitutes a contravariant functor mod(A) — mod(R).
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Proof. By Lemma 23, Homy (4, X), Homa (X, C) € mod(R), and then by Lemma
20, so is 6*(X) and §.(X). It is easy to see that the hom functors take A-module
homomorphisms to R-module homomorphisms, and then since §* and J, applied to
morphisms are defined to be cokernel maps of R-module homomorphisms, then it is
clear that 6* and J, take A-module homomorphisms to R-module homomorphisms.

We now show that 6* and 4, applied to morphisms have functorial structure.
It is obvious that

6" (1x) = 15+ (x)
and that
0:(1x) = 1s,(x)-

For the rest of the proof, we let X, X', X” € mod(A), h € Homy (X, X’) and
h' € Homp (X', X").

(i) We need to show that §*(h’'h) = 6*(h')0*(h).

™

Homy (4, X)

(ho=)a  &%(h)

A\
(Who—)4| Homp(A, X")

(W o=)a  &°()
;

¥
Hompy (4, X") —— §*(X")
(2.40)

Note that for any v € Homp (A, X) then
(W'h o —)a(w) = Whu = (h' o =) a(hu) = (K 0 =) a(h 0 =) a(u),

hence (W'ho—)4 = (h' o —)4(h o —)a. (Note that this also follows from the
fact that Homp (A, —) is a covariant functor into Ab. We now take advantage
of the commutativity of the upper, lower and outer squares of Diagram 2.40:

§*(W'h)m = 7" (W ho—)a = 7" (Ko=) a(ho—)a = §* (k)" (ho—) o = 6*(R')§*(h),
and since 7 is an epimorphism this implies that

5 (W'R) = 6*(1)6* (h).
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(ii) We need to show that d.(h'h) = §.(h)d.(h').

7_(_/1

Homp (X", C) —— 6.(X")
(oMo Bk |
v /

(—ohh)e| Homy(X',C) —L

Ox (tX’) 0. (h'h)
(—oh)c  d.(h):

Homy (X, C)

%(X) (2.41)

Similar to in (i),
(=oh'h)c = (=oh)c(=oh)c.

We now take advantage of the commutativity of the upper, lower and outer
squares of Diagram 2.41:

8. (W' )" = w(—oh'h)c = n(—oh)c(—oh)c = 8. ()7’ (—oh’)c = 8. (h)d. (R )",
and since 7" is an epimorphism this implies that

5.(W'h) = 6,(h)6. (W)

Definition 51. The functor
0" : mod(A) — mod(R)
is called the covariant defect functor, and the functor
s : mod(A) — mod(R)

is called the contravariant defect functor.

2.8 Tensor products

In this section we will study a construction called the tensor product. Consider the
following definition:
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Definition 52. Let M € Mod(A°P) and N € Mod(A), and let A be an abelian
group. A A-balanced map 7: M x N — A is a map such that

7(my +me,n) = 7(my,n) + 7(ma,n),
7(m,ny + ng) = 7(m, n1) + 7(m, na),

T(mA,n) = 7(m, An).

Definition 53. Let M € Mod(A°P) and N € Mod(A). A tensor product M @, N
of M and N over A, is an abelian group with a A-balanced map 7 such that the
following statement holds.

For any abelian group A and A-balanced map x : M x N — A, then there exists
a unique abelian group homomorphism ¢ : M ®x N — A such that {7 = x.

M x N

M@z N
AN -
Vx A-balanced o _- 3! abelian group homomorphism ¢

A (2.42)

This characteristic is called the universal property of T among A-balanced maps.
For (m,n) € M x N, we let

7((m x n)) :=men.
We will employ the following results regarding tensor products from [1, Ch. 5]:
Lemma 54. Suppose M € Mod(A°P) and N € Mod(A).
(i) There is a tensor product M @ N which is unique up to isomorphism.

(ii) The elements of M @y N can be written as sums

k

> (mi,ni),

i=1
for some k € N, where m; € M and n; € N for all 1 <i<k.

(iii) We may define abelian group homomorphisms from a tensor product M @ x N
merely in terms of what one term m ®n of an element of M @ N is mapped
to, by treating m ®n as elements of the direct product M x N and expanding
linearly.

Proof.
(i) By [1, Proposition 19.1 and 19.2, Ch. 5].
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(ii) By [1, Proposition 19.4, Ch. 5]

(i) By [1, Proposition 19.4, Ch. 5].

From now on the above mentioned facts are considered well-known.

Lemma 55. Let M, M’ € mod(A)°P, N, N’ € Mod(A), and let f € Homp (M, M’)
and g € Homp (N, N'). Then there is a unique abelian group homomorphism

fRg: Mesn— M @z N’
(m®@n) = f(m)®g(n).

Proof. Consider the map

X:MxN— M @yN
(m,n) = f(m)@g(n).

We first show that x is A-balanced:

x(m1 +ma,n) = f(m1 +m2) ®g(n)
= [f(m1) + f(m2)] @ g(n)
= f(m1) ® g(n) + f(m2) ® g(n)
= x(m1,n) + x(mz2,n),

and by the same arguments we get

x(m,n1 +ngz) = x(m,n1) + x(m,na).

Last,

Then there exists a unique abelian group homomorphism ¢ such that Diagram 2.43
commutes:
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M x N M&aA N

\ _
!
X\ e C

M' @z N’
A (2.43)

Since 7(m,n) = m®n and x(m,n) = f(m)® g(n), then {(m ®n) must be equal
to f(m)® g(n). This completes the proof.
O

In general, tensor products are abelian groups. Not surprisingly, in our en-
vironment the they turn out to have additional structure. Recall that Mod(A) U
Mod(A°P) C Mod(R), where multiplying an element of a A-module (or A°P-module)
with r € R is defined by multiplying with r14.

Lemma 56. Let M € Mod(A°P), and let N € Mod(A). Then M ®x N is an
R-module with multiplication

RXxM®y N — MxpxN

defined in the following manner:

k k

r Z:(mZ ®n;) = Z(rmi) Qn;.

i=1 i=1

Proof. Since rm; € M for all r € R and 1 < i < k, then Zle(rmi)®ni is
obviously an element of M @ N. We leave it to the reader to check that the
module axioms are satisfied. O

For modules over suitable rings then the action of tensoring satisfies the condi-
tion of a functor. Consider the following lemma:

Lemma 57.
(i) For M € Mod(A°P then
M @p — : Mod(A) — Mod(R)
s a right exact functor.
(i) For N € Mod(A) then
—®A N : Mod(A°P) — Mod(R)

is a functor.
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Proof. Consider By [3, Corollary 1.9, Ch. 1]. Replace R by A and S by R. Then
M ®x — and — ®x N are functors

M ®@p — : Mod(A) — Mod(R)
and
—®x N : Mod(A°P) — Mod(R°P) = Mod(R).
By [3, Theorem 2.10, Ch. 1], M ®4 — is right exact. O
The isomorphism of the following theorem is called the Adjoint Isomorphism.
It will be applied in Section 3.1.3 as a step in the first out of two main tasks in this

thesis, namely to develop an isomorphism of certain modules which we have yet to
study.

Theorem 58. Let M € Mod(A°P), N € Mod(A) and L € Mod(R). There is an
abelian group isomorphism

Or,v, : Homp(M ®4 N, L) — Homy (N,Hompg(M, L))
given by
Ormn,(f) = [n— f(—@n)
for f € Homp(M ®5 N, L). That is,

0w, (f)(n)(m) := f(m@n). (2.44)
Moreover, Oy w1, ts natural in M, N and L.

Proof. For simplicity we omit the subscripts of 6 for the first part of the proof. We
begin by showing that the image of 6 is contained in Hom (N, Homg (M, L)). We
recall, by Lemma 56 and Lemma 22(ii) respectively, that the R-module structure
on M ®a N is given by

r(m®n):= (rm)®n (2.45)
forr € Rand m® N € M ®j N, and the A-module structure on Homp(M, L) is
given by

(AR)(m) := h(mA) (2.46)
for A € A and h € Homp(M, L). Let
f € Homg(M ®z N, L). (2.47)

For any n € N, then given r € R, m1, mg € M, we see that

0(F)(m)(rmy +ma) *2 f((rma +mo) @n)
= f((rm1)®n +ma2®@n)
(2.45) f(r(mi®n) +ma®n)

n rf(mi®@n)+ f(ma®n)

C2Y 10(£) () (mr) + O(F) () (),
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thus 0(f)(n) € Homg(M, L) for all n € N.
For A € A, nq, no € N and m € M, then

B +nz)m) C2Y fme(n + ny))
m®An; + m®ns)

f(
fmA®n; + m®ns)
7)

=
II»

fmA@ny) + f(m®@mnz)
(0(f)(n1)) (mA) + 0(f)(n2)(m)
————

€Homp (M,L)

29 N0(f) (1) (m) + () (n2) (m)
= (M(f)(n1) +0(f)(n2))(m).

(2.44)

2.

Thus
0(f)(An1 +na) = A0(f)(n1) + 0(f)(n2),

and we have proven that 6(f) € Homa (N, Homp (M, L)).
We now show that 6 is an abelian group homomorphism. Let f1, fo € Homp(M, L).
Then

0(f1+ f2)(n)(m) = (f1 + f2)(m®n)
= film®n) + fa(m@mn)
= 0(f1)(n)(m) + 0(f2)(n)(m)
= (0(f1) +0(f2))(n)(m)

for any n € N and m € M, thus

0(f1 + f2) = 0(f1) +0(f2).

To prove that 6 is an isomorphism of abelian groups, we will construct an inverse
abelian group homomorphism 6’ of #. We proceed as follows:

I) We first construct a map 6 from Homy (N, Homp (M, L)) to the set of maps
MxN — L. We show that 6(g) is a A-balanced map for all g € Hom (N, Hompg (M, L)),
thus since L is an abelian group, é(g) gives rise to a unique abelian group
homomorphism

0'(9): M@y N — L
such that 0(g)T = 0(g):

\ M @A N
o, 00
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IT) We then show that ¢'(g) € Homg(M ®, N, L).

IIT) Finally, we show that 6’ is the inverse of § by composing the two homomor-

phisms.
I) Let
g € Homp (N, Hompg(M, L)).

We define A

0(g): M xN— L
by X

0(g)((m,n)) := g(n)(m)

Note that

g(n) € Hompg(M, L)
for all n € N.

For my, mo € M and n € N, then

8(9)((m1 +ma,n)) 2 g(n)(my + ms)

E20 g(n) (1) + g(n) (m2)

2 f(g)((mr,m)) + B(g) ((ma.m)).

For m € M and nq, ny € N, then
A~ 2.49
0(g)((my 1 +n2)) “=” g(ny + na)(m)

P29 4(n1) (m) + g(n2) (m)

(2.49)

=" 0(9)((m,m)) + 6(9)((m, nz)).

Form e M, n € N and XA € A, then

(2.50),
(2.46)

g(An)(m)
P2 G(g)((m, An)).

0(9)((mA,n)) = g(n)(mA)

(2.48)

Ag(n)(m)

(2.48)

(2.49)

(2.50)

Thus é(g) is A-balanced, and there exists an abelian group homomorphism

0'(9): MRy N — L

given by R
0'(9)(m@n) = 0((m,n)) = g(n)(m).
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IT) We know that 6’(g) is an abelian group homomorphism. To show that §'(g) €
Hompg(M @4 N, L), we must see that

0'(9)(r(m®mn)) = rf'(g)(m@n)

for all r € R:

0'(g)(r(m@n)) “2” 0 (g)((rm) @ )

P2 () (rm)
P2 rg(n)(m)

C2 00 (g) (m o).

ITI) We will now show that 6’ is the inverse abelian group homomorphism of 6.
First we verify that €’ is in fact a homomorphism of abelian groups. Let g1,
g2 € Homp (N,Hompg(M, L)). Then

0'(g1 + g2)(m@n) = (g1 + g2)(n)(m)
= g1(n)(m) + g2(n)(m)
=0'(g1)(m@n) +0'(g2)(m@n)
= (0'(gq1) +0'(g2))(m®n)

for any m®@n € M ®p N, thus
(91 + g2) = 0'(91) + 0'(g2).
We must now show that
0'0 = lhomp (M @a N.L) (2.52)
and
00" = 1om (N,Homp (M,L)). (2.53)
We first show (2.52). For this we need to see that
00(f)=f
for all f € Homg(M ®a N, L), that is, that
0'0(f)(men) = f(men)
forallm®n € M ®p N. This is easily verified:

(2.51)

00N men) 2 o(m)m) 2 fmen).
We now show (2.53). We then need to see that

00'(9) = g
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for all g € Homp (N, Hompg(M, L)), that is,

00'(g)(n)(m) = g(n)(m)
for all n € N and m € M:

0(6' (9))(n)(m) 2V 0/ (g) (m @ n) 2V g(n) (m)

Finally, we prove that 6 is natural in M, N and L. For this part, we return to
writing 6 with subscripts M, N and L.

Let M and M’ be to R-A-bimodules, and let v : M — M’. Then u gives rise
to the R-module homomorphism

[~o(u®1y)]L : Hom(M' ®a N, L) — Hom(M &5 N, L)
and the A-module homomorphism
[(—owu)r, o —]n : Homa(N,Homg(M’, L)) — Homa (N, Hompg(M, L)).

The naturality of 67,5, in M is by definition the commutativity of the following
diagram:

Om N.L

Homp(M'®a N, L) Homp (N, Hompg(M', L))
[—o(u®ln)]L [(—ou)ro—]n
Opm.N,L

24V,

Homp(M ®a N, L) Homp (N,Hompg(M, L))

Let f € Hompg(M' ®5 N, L). Then

[(—ou)po~]nobm nr(f)=I[(—cu)ro~|n(Or nL(f))
=[(=ou)ro~|n([n— f(—@n)])
= (—ou)([n— f(—®@n)])

and

Ormn,p o[ o (u@IN)]L(f) =O0mno([— o (u®1n)]L(f))
=0unNc([fow®ln)|L)
== fourkly(—®n)
=[n— flu(-)®@n)].

Hence 0pr,n,z is natural in M.

Let N, N' € Mod(A), and let v € Homy (N, N’). Then v gives rise to the
R-module homomorphism

[— o (1M ®U)]L : HOIIIR<M @A N/,L) — HOIIIR(M®A N/,L>
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and the A-module homomorphism
(= 0 V) Homp(M,1) : Homp (N',Homp(M, L)) — Homy (N, Hompg (M, L)).

We must show that the following diagram commutes:

Om,N' L
Homp (M ®5 N, L)

HOHlA(N/, HomR(M, L))

[~o(lm®@v)]L (= © V) Homp (,L)

Or,N,L
Hompg(M ®a N, L) Homp (N, Hompg(M, L))

Let f € Homp(M ®a N’,L). Then

(* © U)HomR(M,L) © 9M,N',L(f) = (* © ”U)HomR(M,L) (QM,N',L(f))
= (= 0 V) nomp(ar,L) ([0 = f(=@n')])
= [n— f(=®v(n))],

and

Or,nLo[—o (v ®@0)]L(f) = Om,n,([— o (1ar ®@0)]L(f))
=0unN,o(fo(ly®v))
=[n— fo(ly®v)(—®n)
=[n— f(—=®v(n))]

Hence 0y n,1 is natural in V.
Let L, L’ € Mod(R), and let w € Hompg(L,L'). Then w gives rise to the
R-module homomorphism

(wo —)arg, N : Homr(M ®p N, L) — Homp(M @ N, L")
and the l-module homomorphism
[(wo —)p o —]n : Homy (N, Homg(M, L)) — Homa (N, Homp (M, L')).

We must see that the following diagram commutes:

O N, L
Homp(M ®@a N, L)

Homp (N, Hompg(M, L))

(wo—=)Mg, N [(wo—)mo—]n

On,N, L
Homp(M @A N, L")

Homy (N, Hompg (M, L))

Let f € Homg(M ®x N, L). Then

=[(wo =)nm o —In(Or,n,L(f))

= [(wo=)mo—n([n— f(=on))
— (oo f(—om)
=[n— wf(—en),

[((wo =)o —]nobumn,rL(f)

68



and

Ounro(wo—)me,n(f) =0unr((wo—)ue,n(f))
=0u.N,(wf)
=[n = wf(-®n)].

Hence 0 n,1, is natural in L, and the proof is completed. O

2.9 Split and almost split sequences

As mentioned in the introduction in Section 1, our primary objective is to compute
almost split sequences. A formal definition is called for, but first, consider the
following result for short exact sequences in mod(A):

Lemma 59. For an exact sequence

f g
0 A B c 0

in mod(A), the following two statements are equivalent:

(i) There exists f' € Homp (B, A) such that f'f = 14.

(ii) There exists ¢' € Homp (C, B) such that g’ = 1¢.
Proof. We will demonstrate that (i) implies (ii). The proof of the converse is
similar.

Suppose [’ € Homy (B, A) such that f’f = 14. Consider the following diagram
in mod(A):

0 A / B J /C" 0
/ / e
0 R 0
Let
s:=1p— ff"
Then

h=f-(f=F-f{5H=0.
=g

so h factors through Cok(f) = C. That is, there is ¢’ € Homp (C, B) such that
g'g=h.

Then
(99)9=9(g'9) =gh =9l —g(ff)=g9— (9f) ' = lcy,
g
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implying, since g is an epimorphism, that
99' = lc.

O

We now give the definition of a split epimorphism, a split sequence and an
almost split sequence.

Definition 60.

(i) Let M, N € mod(A), and let f € Homu (M, N) be an epimorphism. We say
that f is a split epimorphism if there exists f' € Homy (N, M) such that

[ =1y.

(ii) Let ¢ be an exact sequence

f
0 A B¢ 0

in mod(A).

(a) We say that 0 is a split sequence, or that § splits, if it satisfies the
equivalent conditions of Lemma 59.
(b) We say that ¢ is an almost split sequence if § does not split and the

following holds: For any Y € mod(A) and any h € Homy (Y, C) which
is not a split epimorphism,’ then there is u € Homy (Y, B) such that

h = gu.
Y
u,”’ h
f g
0 A B C 0

The following proposition states some facts for almost split sequences in mod(A).

Proposition 61.

(i) All almost split sequences in mod(A) are of the form

0 D Tr(X) L op Y. x

0

for some E € mod(A), where X € mod(A) is indecomposable and non-
projective.

5Tf there were h’ € Homy (C, X) such that hh' = 1¢, the existence of u would give a g’ :=
uh/ € Homy (C, B) such that gg’ = 1¢, but § does not split.
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(ii) For any non-projective and indecomposable X € mod(A), there is an almost
split sequence

0 PTR(Y) 1 B T x 0
in mod(A).
Proof.
(i) It
0 Y / E J X 0

is an almost split sequence, then by [2, Proposition 1.14, Ch. 5], X is in-
decomposable and Y ~ DTr(X). If X were projective, there would be
g € Homy (X, F) such that g¢’ = 1g, and the sequence would split.

(ii) This follows from [2, Theorem 1.15, Ch. 5].
O

In the following, we will be working with equivalence classes of almost split
sequences. We introduce the following notation:

Definition 62. Let U, V € mod(A).
(i) We let
Ty v := {Short exact sequences starting in U and ending in V'}.
(ii) We let TU’V C YTy,v be given by

'i“U,V := {Almost split sequences starting in U and ending in V'}.

(iii) We let ~ denote the following equivalence relation on Yy y: Two short exact

sequences
0 U E V 0
and
0 U E’ Vv 0
are equivalent if there exists e € Homy (F, E’) such that the following diagram
commutes:
0 U E Vv 0
le
0 U E' Vv 0

Note that the symmetry of this relation follows from the Five Lemma, while
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its transitivity and reflexivity are obvious. We find it satisfactory to omit
indexing ~ by U and V, but it should be clear that ~ only relates short
exact sequences with the same starting points and the same end points.

It can be shown that Yy v/ ~ exhibits abelian group structure, and that YU’V
is a subgroup if one includes the equivalence class of split sequences from U to V.
This topic will be revisited in the end of Section 2.10.

2.10 The artin R-algebra I'

We now let X € mod(A) be non-projective and indecomposable. Recall the factor
End,(X) of Endy(X) from Definition 44(ii). By Proposition 24(ii), End, (X)
is an artin R-algebra. In addition this algebra has some features which will be
highly relevant for our further work, as a great part of Chapter 3 will consist of
the development of End, (X)-module isomorphisms. An abbreviating notation is
called for.

Definition 63. Let
I':= End, (X).

Lemma 64. The artin R-algebra T is a local ring.

Proof. By [2, Theorem 2.2, Ch. 2], Endj (X) is a local ring. Then I is a local ring
by Lemma 12. O

Since T is a local ring, it has a unique maximal ideal. From now on we let
r = rad(T).

Recall the dual D = Hompg(—, I) from Section 2.3. By Proposition 29, we know
that D is a functor
D : mod(T") — mod(T°P),

and that
D*(M)~M

as I-modules for all M € mod(T"). The following lemma states that the dual
preserves zero and simpleness:

Lemma 65.
(i) If M € mod(T") is nonzero, then D(M) € mod(I'°P) is nonzero.

(ii) If M € mod(T) is simple, then D(M) € mod(T'°P) is simple.
Proof.
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(i) Let M € mod(T"), and suppose m € M is a nonzero element. Note that M is
also an R-module, and recall that I is the injective envelope of R/m where
m is the maximal ideal in R. Let f € Homg(Rm,I) be given by

flrm):=r+m
as in the proof of Proposition 29(iii) (a). Then since
t:Rm—M

is an inclusion and I is injective there is f € Hompg (M, I) such that

fe=1,
and R
f(m) = fufm) = f(m) = 1r +m # 0.
That is, f € D(M) is nonzero.
(ii) Let M € mod(T") be simple. If M = 0 then D(M) = 0, so we assume M # 0.

Suppose D(M) is a non-simple I'°P-module. Then D(M) has a nonzero,
proper submodule U, and we get the following exact sequence in mod(I"°P):

0 U D(M) —— D(M)/U 0.
By applying D and since D?(M) ~ M as I'-modules, we get

0

D(D(M)/U) M D(U) 0.

in mod(T"). Note that D(M)/U # 0 since U # D(M). Then since M is simple
it follows that D(D(M)/U/) ~ D?*(M), and by the exactness of the above
sequence we see that

D(U) =0.

Then
U=0

by (iii), which contradicts the assumption that U is a nonzero submodule of
D(M).

O
We will now give the definition of the top and the socle of a module.

Definition 66. Let S be an artinian ring, and let M € mod(S). Let r denote the
radical of S.

(i) The top of M (as S-module) is the quotient of M modulo its radical,

Topg(M) := M/rM.
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(ii) The socle of M (as S-module) is the sum of all simple S-submodules of M:

Socg(M) = Z{U | U is a simple S-submodule of M}.

The following result will be of great importance for us, since a consequence will
be that any almost split sequence ending in X is a generator for all such.

Lemma 67. The following holds.
(i) Topp(T) is a simple T'-module.
(ii) Socr(DT') =~ D Toproes(I') as T'-modules.

(iii) Socr(DT') is a simple T'-module.

Proof.
(i) By Lemma 9(iii),
Endp(T) ~T
as rings. Then Endr(T) is a local ring by Lemma 64.

Consider [2, Proposition 4.7, Ch. 1]. Since T is an artin R-algebra, then by
Lemma 19, it is also an artinian ring. Moreover, I is a projective I'-module.
It follows that rI" is the unique maximal submodule of T".

We now show that Topp(I') = I'/rI" is a simple I-module. Suppose M is a
nonzero submodule of I'/rI". Then M is of the form

M = N/rT
for some I'-module N such that
rI' CNCT.

Since M is nonzero then rI" # N, so since rI is the maximal submodule of
T', then N =T'. Hence
M =T/rT.

(ii) Consider the following exact sequence of T'°P-modules:

0 —— r ——— T r/r 0
By applying D we get the following exact sequence of I'-modules:

0 ——— D('/r) —— D(I) D(r) 0

By [2, Proposition 3.1, Ch. 1], then I'/r is a semisimple I"°P-module. Thus,
by Lemma 65(ii) and because D commutes with finite direct sums, the sub-
module D(T'/r) of DT is a semisimple I'-module. That is,

D(T'/r) C Socp(DT).

74



(iii)

By the same argument, it is clear that D Socp(DT) is a semisimple I'°P-
module. Moreover,
Socp(DT') C DT,

and we get the following exact, commutative diagram in mod(I"):

0
0 D(T/r) Dr
0 —— Socr(DT) Dr DT/ Socp(DT') —— 0

By applying D, we get the following commutative, exact diagram in mod(T"°P):

0 — D(DT/Socr(DT)) r 2 D(Soer(DT)) —— 0
e, >d
0 ——--oomeo I R € T/r 0
0

We know that r is the kernel of ¢, so we fill this into the diagram and get
an exact bottom row. The composition blra = 0 because r annihilates
the semisimple T'°P-modules, thus since I'/r is the cokernel of a, there is
e € Hompop (I'/r, D(Socr(DT'))) such that

ec=blr =b.

Moreover, since b is an epimorphism then so is e. The composition de €
Endres (I'/r) is thus an isomorphism ([2, Proposition 1.4, Ch. 1]) since lpep (I'/1) <
0. It follows that e is a monomorphism in addition to being an epimorphism,
that is,

D(Socr(DT)) ~T'/r = Topres (T')

as ['°P-modules. Equivalently,
Socr(DT') =~ D Toppop (T') (2.54)
as ['-modules.

The result of (i) also holds if we regard I" as a I'°P-module. That is, Toppo, (I")
is a simple I'°P-module. By Lemma 65(ii) and (2.54) it follows that Socp(DI")
is a simple I['-module.
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O

The following lemma is probably well-known to the reader, but we choose to
include it due to its importance for the final result of this thesis, namely the
algorithm presented in Section 3.2.2.

Lemma 68. For a ring S, then a simple S-module M can be generated by any
nozero element of M.

Proof. If m € M\{0}, then m generates a nonzero submodule M’ of M. Since M
is simple, then M’ = M. O

Recall from Section 2.9 the set Yy v/ ~ of equivalence classes of short exact
sequences from U to V, and the subset Yva / ~ of equivalence classes of almost
split sequences. For the purpose of regarding TU,V / ~ as a subgroup of Yy v/ ~,
we redefine YUy / ~ to also contain the equivalence class of split sequences from
U to V since this represents zero in Yy v/ ~. ([3, Corollary 7.20 and Theorem
7.21, Ch. 7].) However, for simplicity we will still refer to TU,V / ~ as the set of
equivalence classes of almost exact sequences from U to V', omitting to specify each
time the incorporation of a zero element.

We will now look at a convenient relation between short exact sequences and
Ext functors. For a definition and basic properties of Ext, see [3, Ch. 7]. The
following Proposition allows us to regard Ext} (X, D Tr(X)) as a I'-module whose
socle can be identified with the set of equivalence classes of almost split sequences
ending in X.

Proposition 69.

(i) Let U, V € mod(A). Then Yyy/ ~ is an abelian group, and there is an
abelian group isomorphism

Exty(V,U) ~ (Yuv/ ~).

(ii) Let X € mod(A) be indecomposable and non-projective. We can assign to
T p1e(x),x/ ~ a'-module structure such that the following holds:

(a) (Tpr(x),x)/ ~) € mod(l'),
(b) Socr(Ypme(x).x/ ~) = (Tomx)x/ ~)-

Proof.
(i) By [3, Theorem 7.21, Ch. 7].

(ii) We first observe that if (Yp1y(x),x/ ~) € Mod(T') then by (i) this brings
about a I'-module structure on Ext} (X, D Tr(X)) such that the isomorphism
of (i) becomes a I'-module isomorphism. It can be shown that

Exty (X, D Tr(X)) € mod(R),®

6In the proof of Proposition 83 we will see that Ext} (X, D Tr(X)) = 6. (D Tr(X)) for a given
short exact sequence ¢, and by Proposition 50, é«(D Tr(X)) € mod(R).
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hence by Lemma 21 we see that Ext} (X, D Tr(X)), and so also T p r(x),x/ ~
is finitely generated as I'-module.

As for the rest of what was claimed, a complete demonstration will not be
given in this thesis. However, the question of a I'-module structure on a set of
equivalence classes of short exact sequences will be revisited in Section 3.1.3
as part of the proof of Proposition 79. There a simplified investigation will be
carried out for Ext} (C, D Tr(X)) and T p1y(x),c/ ~ for an indecomposable,
non-projective X € mod(A) and an arbitrary C' € mod(A). We will also show
how to obtain the corresponding element of Y p 1y (x),c/ ~ given an element
of a subset of Ext} (C, D Tr(X)). In the case that C := X this subset turns
out to be equal to Ext} (X, D Tr(X)) itself.

For more information, see [2, Ch. 5].
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Chapter 3

Computing Almost Split
Sequences

From now on we let X be a fixed, indecomposable and non-projective element of
mod(A), and we fix a minimal projective presentation

P . p—tx 0

of X.

We are interested in generating almost split sequences ending in X. Recall
Proposition 69 of Section 2.10. It turns out that if we consider Ext} (X, D Tr(X))
to be a Imodule by identifying it with the Imodule Y pm.(x),x/ ~, then there
exists a I'-module isomorphism

Qx : DT — Ext} (X, D Tr(X)). (3.1)

By Lemma 67(iii) then Socp(DT") is a simple I'-module, and by applying the iso-
morphism @x restricted to Socr(DI'), we get the following chain of I'-module
isomorphisms:

SOCF(DFR ~ SOCF(EXtA X DTT X}z >~ SOCF TDTr /N ~ TQTY (X)), X/ ~ o,

WX |Socp (DT) rop. 69 Prop. 69(i

That is, Tp Tr(x),x/ ~ is a simple I'-module.
Thus, by Lemma 68, any nonzero element of Socr(DI") provides, through the
application of &x and the isomorphism of Proposition 69(i), a generator for

(Tp Tr(x),x/ ~) = {Equivalence classes of almost split sequences ending in X}.

This strongly encourages us to find wx. This isomorphism is obtained from
a more general connection between the dual D from Section 2.3 and the defect
functors d, and §* from Section 2.7, given in terms of a I'-module isomorphism

ws.x : DO*(X) — 6, (D Tr(X))
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whose subscript § represents a short exact sequence in mod(A). We will dedicate
Section 3.1 to constructing this isomorphism ws x. This task will include defining
and composing various maps, endoved with miscellaneous structures which will be
illuminated throughout the process.

Once equipped with ws x, we will define wx in Section 3.2 to be the special
case of w5 x when 0 is the exact sequence

L t

0 —— Qu(X) P(X) X 0

of Definition 37(i), whence we get (3.1).
When restricting R to be a field in Section 3.2.2, the results of the prior inves-
tigation will suggest an algorithm for computing almost split sequences.

3.1 Constructing the isomorphism w; x

The acquisition of ws x will essentially follow from the construction of two im-
portant bijections, named os x and 75 x. The isomorphism s x will be found in
Section 3.1.3 by means of the Adjoint Isomorphism of Theorem 58. The isomor-
phism o5 x will be given in terms of an algorithm in Section 3.1.2, obtained from

studying a commutative diagram in mod(R). This diagram will in turn be found
by completing exact sequences in mod(R) of the form

0 — Homy (X, Y) = Homa (Py, V) - Homy (P, Y)

for Y € mod(A), to exact sequences

0 — Homy (X, Y] I Homy (Po, ¥ - Hom (P1, V) 2 Tr(X) 02 Y — 0.

We thus need to show that Tr(X) ®, Y is the cokernel of (—os)y, and we are also
interested in describing in detail the projection

¢y : Homy (P1,Y) = Tr(X)®, Y.
In order to find ¢y, we must first show that

HomA(P, Y) ~ HOHlA(P7 A) XY
as R-modules — and, of course, how this isomorphism is given — for projective P
and any Y in mod(A). This will be done in Section 3.1.1. We will then find ¢y in

Section 3.1.2, by choosing an appropriate P € P(A) and composing ¢py with a
suitable R-module homomorphism.
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3.1.1 A relation between homomorphism sets and tensor
products

The aim of this section is to construct an R-module isomorphism
PYpPy : HomA(P, Y) — HomA(P, A) ®XpY

for any Y € mod(A) and any P € P(A).
We recall from Proposition 40 that Hompa (P, A) € mod(A°P), and then by
Lemma 56 we see that Homy (P, A) @ Y exhibits R-module structure as follows:

r-fey:=(rf)®y.

We also recall from Lemma 22(iii) that

(rf)(p) = r(f(p))

defines R-module structure on Homa (P,Y).
The isomorphism ¢py will later be applied with some specific choices for P
and Y, as one of the stages in developing the desired isomorphism
ws,x 07 (X) = Ker(lpy(x) ® f).

It is not easy to construct a map from Homu(P,Y) to Homp (P, A)®, Y di-
rectly, since although we can easily obtain an element of Y given an element
of Homp (P, Y), we do not know of an obvious way of obtaining an element of
Homy (P, A).

What we do have is an R-module homomorphism going in the opposite direction
of what we are interested in, as stated in Lemma 70.

Lemma 70. Let Y € mod(A) and P € P(A). We define
apy : }IOIIIA(]D7 A) RXpY — HomA(P, Y)
by
apy(f@y):=[p— flp)yl.

Then apy is an R-module homomorphism which is natural in P and in Y .

Proof. We first see that [p — f(p)y] € Homy (P,Y) for all f € Homy(P,A) and
y € Y. This follows from the underlying structure on Homy (P, A) and Y. That is,

fo+ ")y = fp)y+ X f(p)y

for any p, p’ € P and A € A.
Let r € R, f € Homa(P,A) and y € Y. Then

roapy(f@y)=rlp— f(p)y]
~ lp > ()
=lp = (rf(p)y]
= [p= (r)(p)y]
=apy(rf®y)
=apy(r-f®y),
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hence a is a homomorphism of R-modules.
We now show that apy is natural in P. Let P, P’ € P(A), and let h €
Homp (P, P’). We must show that the following diagram commutes:

apry
Homp (P, A)®,Y

Homy (P',Y)

(—oh)p @1y (—oh)y

apy
HOIIlA(f)7 A) QY

Homy (P,Y)

Suppose f®y € Homp (P, A) ®5 Y. Then
(—oh)yoap y(f@y)=(=oh)y(p = f(P)y]) = p— f(h(p))y],

and
apyol(—oha®1ly|(f®y) =apy(fh®@y) = [p— fhp)yl.

We have then seen that
(—oh)yoapy =apyo[(—oh)a®1ly],

that is, Diagram 3.3 is commutative.
To show that apy isnaturalin Y, welet Y, Y’ € mod(A) and g € Homa (Y, Y”).
We need to show that the following diagram commutes:

ap

Homp (P, A) @AY —> Homy (P,Y)
THomy (P,A) ® 9 (9o -)p
HomA(P, A) QA Y’ : HOH]A(P7 Y/)

Let f®y € Homa(P,A)®Y. Then

(go—)poapy(f®y)=(go—)p(lp— f(p)-yl) =Ip—9(f(p) -y,
and

apy’ © [laom,(Pa) @ 9)(f®y) = apy (f@g(y) =[p— f(p) - 9(v)]
Since f(p) € A for any p € P and g is a A-module homomorphism, we see that

g(f(p)-y) = f(p) 9(y)

Then
(go—)poapy = apy’ o [laom,(p,a) @ 9],

hence Diagram 3.4 is commutative. O
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Note that naturality of apy in P really means that with Y € mod(A) fixed then
{ap}pep(a) is a natural transformation of the contravariant functors Homp (—, A) @4 Y
and Homa(—,Y) from P(A) to mod(R). Analogously, naturality of apy in ¥
means that with P € P(A) fixed then {ay }yemoa(a) is a natural transformation of
the covariant functors Homy (P, A) ® s — and Homy (P, —) from mod(A) to mod(R).

Our hope is that apy is an isomorphism of R-modules, because then its inverse
will be the isomorphism that we seek. (We will see that this holds in the end of
this section.)

As discussed above, we cannot see immediately what a such inverse would be.
However, in the special case that P = A, we can take advantage of already having
an element of Homy (A, A) readily at hand, namely 1. This allows us to construct
a map from Homu (A,Y) to Homy (A, A) ®4 Y, which conveniently turns out to be
the inverse R-module homomorphism of ay y.

We will thus proceed as follows. First we construct the R-module homomor-

phism inverse
way : Homp(A,Y) — Homa (A, A) @AY

of apy. We then use ¢y to construct an R-module homomorphism
PAnY - HomA(A", Y) — HomA(A”, A) X7 Y,

for any power A™ of A. Finally we take advantage of the fact that for some n € N
then P € P(A) is isomorphic to a direct summand of A", and we construct ¢py
with the use of Y= y.

Lemma 71. The map
A,y : Homa (A Y) — Homp (A, A) @AY
given by
eay(9) =1a®g(1a)

is an R-module inverse of apy .
Proof. Tt is obvious that 15 ® g(14) is an element of Homy (A, A) ®4 Y. We begin
by showing that @Ay is a homomorphism of R-modules. Let r € R and g €
Homa (A,Y). Then

eay(rg) = 1A ®(rg)(1a)

= 1A ®(rla)(g(1a))

‘We now show that
PAYOAY = THomy (A,A) @4 Y

and
QA YPAY = lHoma(A,Y)-
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Let f € Homp(A,A), g € Homy(A,Y) and y € Y. Then

eayony (f@y) =eay (A= f(Ny]) =1a @ f(Ia)y = Iaf(Ia) @y = f Oy,
and
anyeay(9) = any(Ia@g(1a)) = A= 1a(Ng(1a)] = [A = Ag(1a) = g(M)] = g.
Then ¢4 y is shown to be the inverse of apy. O

We denote by ¢} ;- the diagonal n X n-matrix where all entries are equal to
@Ay, that is:

Ory Homa (A, Y)" — (Homp (A, A) @4 Y)"
{fitici = {eay (fi) e

The following diagram now illustrates our three-step strategy for finding an
isomorphism ¢py from Homa(P,Y) to Homa (P, A) @A Y.

WK,Y
(Homy (A, Y))™ (Homp (A, A) @A Y)™
I)
PAnY
Homp(A™Y) ---------------- > Homp (A", A) @, Y
II)
¥ ’
Homp (P @ P,Y) -~ -~ DY Homp(P@® P,A) @Y
111)
PPY
Homp (P,Y) Homp (P, A) @, Y

The upper arrow of Diagram 3.1.1 represents our starting point ¢} . The ver-
tical arrows represent R-module homomorphisms which can be made available for
us through the application of appropriate hom and tensor functors. We will proceed
by constructing, by composition of already existing maps, the R-module homomor-
phisms represented by the dashed horizontal arrows of the diagram. We will start
from the top and work downwards until we reach our target wpy, represented by
the most visible arrow at the bottom of the diagram.
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At this point all we can guarantee will be that ¢py is an R-module homo-
morphism. We will complete this section by demonstrating that ¢py is indeed
the inverse of apy. Hence we will have proven that ¢py is an isomorphism of
R-modules from Homa (P,Y) to Homa (P, A) ®, Y, as desired.

Throughout the following process we will occasionally assume that a hom or
tensor functor is a functor into Mod(R) without actually demonstrating that mor-
phisms are taken to R-module homomorphisms by the functor. However, since
we are in the framework of an R-algebra and R is a commutative ring, it seems
plausible that this holds — and it does.

Before we can begin, we need to find a way to identify P with a direct summand
of a power of A. We assume that A can be written as

A=Aeit D Aes D ... D Aeyy,

for some m € N, where the Ae;’s are all the indecomposable projective A-modules,
and, for simplicity, that

Aei "#’ Aej
for i, j € {1,...,m} such that ¢ # j. Then any projective A-module P can be

written as a direct sum of indecomposable projective A-modules, and by collecting
equal terms, we get P expressed as a direct sum

P~ (Ael)"1 D (Aeg)n2 D..D (Aem)nm.

Let

n = max n;.
1<i<m

Then
Pd®((Aer)" ™ @ (Ae2)" ™ @ ... ® (Aey,)" ") = A"

=P’

We let 1) denote the above A-module isomorphism P & P’ — A", and we let
{vi: A= A"},

be the set of inclusions from A into A", and
{pi t A" — A},

be the set of projections from A™ onto A. We can now perform the steps I) through
IIT) illustrated by Diagram 3.1.1.
I) Let

&1 : Homy (A™)Y) — (Homp (A, Y)™
feA{fvtis
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denote the A°P-module isomorphism (and thus R-module homomorphism) of Lemma
8, and let £ denote the R-module homomorphism given by

&y (HOHIA(A,A) QA Y)n — HOHIA(A” A) RAY

{gz ®yz -1 Zgzpz®yz
=1

We know that since ¢,y is a homomorphism of R-modules, then so is ¢} .

(Homy (A, V)" —" (Homy (A, A) @5 Y)"
&1 T le
Homp (A™Y) - (—pf\f’—y—» Homy (A", A) @Y

Then the composition

pany =& opry ol
is a homomorphism of R-modules from Hom (A™,Y) to Homp (A", A) ®, Y. For
h € Homp (A™,Y), then

oany = &R,y (&(R)))
=& (R y ({hrihity))
(
(

A,
Ay
= &({eay (b))

=&H({1Ia@hyi(1a)} i)

= Z pi @ hv(14).
i=1
IT) We will now take advantage of the A-module isomorphism

V:P®P — A"

Through the application of appropriate hom and tensor functors, 1 provides the
R-module homomorphisms

(—oy™Y)y : Homp (P @® P',Y) — Homy (A™,Y)

and
(— o ¢)A ®1y : HomA(A",A) RY — HOI’nA(PEB P/,A) ®AY.

We let
ppapy = [(—o¥)a®@1y]lopany o[(—oy )yl

as illustrated in the following diagram:
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PArY

Hompy (A™,Y) Homy (A™,A) @AY

T(*Owil)y l(fow,\@ly
Homa (P& P/, V)= 2" Y Homa (P @ P/, A) @0 Y
Then for h € Homy (P & P',Y), we get
prap.y(h) =[(—op)a®@ly]opany o[(— o™ )y](h)
= [(—op)a @ 1y]lpan,y (hp™1)]
Zpi@)hl/}ll/i(lz\)]

i=1

[(oy)r®@ly]

= i@ (1)

i=1
IIT) The canonical projection
T:P®P — P
of P@® P’ onto P and the inclusion
u:P—-PapP
of P into P @ P’ now provide R-module homomorphisms
(— o 7T)Y : HOmA(P, Y) — HOIDA(P D Pl, Y)
and
[(—op)a®1ly]: Homp (P& P, A)®aY — Homp (P, A)®, Y.
We then get the following diagram, where we let ¢ py : Homa (P,Y) — Homa (P,A) @AY
be given by
epy = [(—ou)a®ly]loppep yo[(—omy].
PPGPY

Homy (P& P',Y) Homy (P& P',A)®@,Y
PY

T(* om)y
PP,
HomA(P, Y) ********* > HomA(P,A) XY

l(*OM)A®1Y

For h € Homp (P,Y), then

epy(h) =[(—op)a®@ly]oppgp y o[(—om)y](h)
(= o ®@ly]lppap,y(hr)]

Z P & hﬂ[’_lVi(lA)}

i=1

=[(—op)r®1y]

— Z P ® hm/)fllfi(lA)-
i=1
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Proposition 72. The map ¢py : Homp(P,Y) — Homa (P,A) @AY given by

ppy(h) = pibp®hmp " v;(15)

=1

for h € Homy (P,Y), is an isomorphism of R-modules which is natural in P and
natural in Y .

Proof. 1t is clear that ¢ py is an R-module homomorphism, since it is constructed
by composing R-module homomorphisms. We show that ¢py is the inverse of
apy by composing the two maps.

Let h € Homa(P,Y). Then

apyyepy(h) =apy (Z P ® hﬂ'T/Jqui(lA)>

i=1

= |p— Zﬂiiﬁﬂ(P)‘hWT/)*lVi(lA)
—_ T~ ——

L = cA A-hom.

= |p— (Z hwlwpmu(p)ﬂ

i=1

= |p— hry™! <Z mm—) Yu(p)
i=1

=1pn

= [p > h(p)
= h,

hence apy@py = lHom,(P,Y)-

Let f®y € Homp (P,A)®, Y. Then
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eryapy(f®y)=ppy(lp— f(p)- yl)

=Y pibpep = f(p) -yl (m~ ' wi(1a))
=1
= npmw®fﬁw4wﬂ )y

D ot fro vi(1a) @y

i=1

P Y pitu(p) - v vi(1a) | @y

i=1 (SN A-hom.

[P = Y e (pip(p))

=1

= fry~! (Z wm) bp®y

i=1
—_———
=1an

QY

=f®y,
SO PP YPY = lHoma(PA) @A Y-

The naturality of ppy in P and Y now follows from the naturality of apy in
P and Y and Lemma 2. O

3.1.2 The o5 x-Algorithm

Recall the minimal projective presentation

p—.p—t.x 0
of X, and the short exact sequence ¢ given by
f g
0 A B C 0.

In this section we will construct an End, (X)°P-module isomorphism
05X - 5*(X) — Ker(lTr(X) ®f)

For this we will use the R-module isomorphism ¢py developed in the previous
section, with certain specific choices for P and Y. In particular, ¢p, 4 will play an
important role in the construction of o5 x.

We apply ()* to the minimal projective presentation of X and get the follow-
ing exact sequence in mod(A°P), where # denotes the canonical projection from
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Homy (P1,Y) onto Tr(X):

(—os)p

Homp (P, A)

Homp (P1, A)

Tr(X) —— 0

Suppose Y € mod(A). It can be shown that Homy (—,Y") is a functor
Homp (—,Y) : mod(A) — mod(R).

We have seen that this functor takes objects in mod(A) to objects in mod(R)
(Lemma 23)(ii)). We leave it to the reader to check that Homa(—,Y") takes
A-module homomorphisms to R-module homomorphisms. By Lemma 57, then
—®A Y is a functor

—®A Y : Mod(A°P) — Mod(R).!

Then by applying Homa (—,Y) to the minimal projective presentation of X and
—®aY to Sequence (3.5), we get the exact sequences in mod(R) displayed in the
rows of the following diagram.

0 > Homp(X,Y) — 3 Homa(Py, V) "% Homy (P, Y)

PPy,Y PPY

[ ]

Homp (Po, A) @ V' 5 Homp (P, A) @4 Y > Tr(X) @4 Y > 0

(3.6)
The bottom row of Diagram 3.6 is in mod(R) (and not just in Mod(R)) because
of the R-module isomorphisms ¢p, y and ¢p, v, as well as Lemma 20.

Definition 73. For Y € mod(A), we define
oy : HomA(Pl, Y) — TI‘(X) XY

by
oy =[t®@1y|owp v.

For h € Homp (Py,Y), we see that

oy (h) = [t®@1y](pp, v (h))

=[t®1y] (Z PP ® thVi(lA))

i=1

= (Z t(pipu) ®h7ﬂ/)_1yi(1/\)> .

i=1

Tt can also be shown that —®, Y is a functor mod(A°? — mod(R), but we do not require
this result for our further work.
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It is evident that ¢y is a homomorphism of R-modules. Moreover, ¢y conve-
niently completes the top row of Diagram 3.6 to an exact sequence of R-modules,
as advertised in the introduction of Section 3.1.

Lemma 74. The R-module homomorphism ¢y is natural in 'Y, and the following
sequence is an exact sequence of R-modules:

0 — Homa(X,Y) -5 Homa (P, V) -5 Homy (P1,Y) 2 Tr(X)®,Y — 0

Proof. Due to the naturality of ¢py in P, then Diagram 3.6 is commutative. Then
the exactness of the above sequence follows directly from the definition of ¢y and
Lemma 10. We now show that ¢y is natural in Y. It is easy to see that  ® 1y is
natural in Y: Let Y, Y’ € mod(A), and let h € Homy (Y,Y”). Then

tQ@ 1y

HOHIA(Pl,A) QY TI"(X) RNY
Hom (P1,A) ® 1 Ire(x) ®h
Homy (P1,A) @, Y’ s Tr(X) @AY

obviously commutes, since
e ®@hlof@ly] =i@h = [t®15] 0 [Llaom, (P .a) @ R

Recall that by Proposition 72, ¢p, y is also natural in Y. Then by Lemma 2(ii),
the composition ¢y is natural in Y. O

Starting with the exact sequence of Lemma 74, we may now construct a com-
mutative diagram from which the desired map

osx 1 0°(X) = Ker(lnyx) ® f)

can be obtained.
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Proposition 75. The following diagram is commutative, and the rows and columns
are exact sequences of R-modules.

0 — Homjy (X, AY:)'LHomA(PO, Asii)flomA(PhA) & Tr(X)®@pyA—> 0

(fo—)x (feo-)p, (fo-)p Ire(x) ®F

0 — Homy (X, B) = Homy (Py, B) -5 Homy (P, B) @5, Tr(X) @p B —> 0

(90 —)x (g0 =)p, (go=)p; Ire(x) ®9

0 — Homjp (X, CY:)TLIOIHA(PO,Csij)ﬁomA(Pl,C) @» Tr( X))@y C —> 0

5*(X) 0 0 0

(3.7)

Proof. The exactness of the rows is stated by Lemma 74, as is the commutativity
of the squares involving ¢4, ¢p and ¢c. The rest of the diagram commutes by
associativity of composition of R-module homomorphisms (or just morphisms, in
general, for a category). That is, if we compose a homomorphism with one homo-
morphism from the left and one from the right, then the order in which we compose
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does not affect the outcome. The exactness of the left column follows from the left
exactness of Homp (X, —) and the definition of 6*, while the middle columns are
exact since Py and P; are projective A-modules. Since Tr(X) ®a — is a right exact
functor, then the right column is exact. O

As mentioned above, we wish to construct a map o5, x from 6*(X) to Ker(1p,(x)®
f). We will take advantage of the commutative diagram of Proposition 75. Con-
sider the following algorithm.

The o5 x-Algorithm
Input: h € §*(X).
Output: o5 x(h).
e Choose any preimage h € Homy (X, C) for h.
e Choose any u € Homy (Pp, B) such that gu = ht.

e Find v € Homp (Py, A) such that fu = us.

o Let 05x(h) := ¢a(v).

end
The trail of the element h through Diagram 3.7 is illustrated below.

Pa(v)
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Proposition 76. The o5 x -Algorithm presented above forms an End , (X)°P-module
isomorphism
osx 1 0°(X) = Ker(lny(x) ® f)

which is natural in 6 and in X.

Proof. We first need to prove that os5 x forms a well-defined map, and that its image
is contained in Ker(1r.(x) ® f). This requires the verification of the following five
statements.

I) The choice of preimage h € Homa (X, C) of h does not affect the outcome of
the algorithm.

IT) For ht € Homp (P, C), there exists u € Homy (Py, B) such that ht = gu.

IIT) The choice of u € Homy (Py, B) such that ht = gu does not affect the outcome
of the algorithm.

IV) For us € Homy (Py, B), there exists unique v € Homy (P, A) such that us =
fu.

V) The outcome ¢4(v) of the algorithm is an element of Ker(lr(x) ® f).

If I) through V) are satisfied, then o5 x is an End, (X)°?-module homomor-
phism if - -
05,x (he) = o5 x(h)e (3.8)

for all € € End, (X).
We first show that I) through V) are satisfied. We find it suitable to swap the
order in which the statements are proved.

IT) Regard ht € Homp (P, C). Since (g o —)p, is onto Homy (Py, C'), then ht is
of the form (g o —)p, (u) = gu for some u € Homp (Py, B).

IV) Regard us € Homy (Py, B), and recall that ht = gu. We observe that
g(us) = (gu)s =ts =0,
hence us € Ker((go —)p,) = Im((f o —)p,). That is,
us = (fo—)p (v) = fv

for some v € Homp (Py, A). Moreover, since f is a monomorphism, such v is

unique.
V) Regard v € Homp(Py, A), and recall that fv = us for v € Homy (P, B).
Then
(Im(x) ® f)(@a(v)) = ¢ o (f o —)p (v) = ¢B(fv) = ¢B(us)
fv=us

=¢po(—os)p(u),
=0

hence ¢4 (v) € Ker(1p(x) ® f).
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IIT) Suppose gu = gu’, and let v and v’ be the elements of Homy (Py, A) such that
us = fv and v's = fv’. We claim that ¢4 (v) = ¢a(v"). We first observe that

u—u' €Ker((go—)p,) =Im((fo—)p,
so there is w € Homp (Py, A) such that v — v’ = fw. Then
fws = (u—u)s = f(v— '),
so v — v’ = ws since f is a monomorphism. That is,
v—v" €Im((—o0s)a) =Ker(pa),
hence ¢4(v — v’) = 0 which is what we wanted to show.

I) Suppose h = h’. Then h — ' € Im((g o —)x). That is, h — h’ = gr for some
r € Homp (X, B), and (h — W)t = (gr)t. We saw in III) that the choice of
u € Homp (Py, B) such that gu = (h — k')t does not affect the outcome, so
we now choose u = rt. Hence h — b’ is mapped to

(—os8)p(rt)=rts =0

in Homp (Py, B), since ts = 0. It is clear that if we continue through the
diagram, then h — h’ will also be mapped to 0 € Ker(1p(x)® f). That is,
the choice of preimage of h in Homy (X, C) does not affect the final result.

We now show that o5 x is a homomorphism of End, (X)°P-modules. To check
that (3.8) holds, we must first understand the End , (X)°P-module structure on the
domain and codomain of o5 x.

We leave it up to the reader to check that

0" (X) x End, (X) — 6"(X)
(h,&) > hoe,
where h € Homy(X,C) and e € Endy(X) are any representatives for h and e,
respectively, defines an End , (X)°P-module structure on §*(X).
The End, (X )-module structure on Ker(1p,(x) ® f) is provided by the Tr-functor.

For € € End, (X)) we let Tr(e) be a chosen representative for Tr(€). Then Tr(e) ® 1y
is an R-module homomorphism

Tr(X)@AY - Tr(X) @, Y

for any ¥ € mod(A). Consider the following commutative diagram in mod(R).

L Irr(x) ®f Imr(x)®9
0 —— Ker(lpyx)®f) —— Tr(X) @2 A —— Tr(X) @ B —— Tr(X)®a C ——> 0

|
1 (Tr(e) ® 1 4)Ker Tr(e) ® 14 Tr(e)®@1p Tr(e) ® 1
|

\
A Iry(x) ®F Irr(x) ®9
0 —— Ker(lpyx)®f) —— Tr(X) @4 A ——> Tr(X) @A B ———> Tr(X) @ C ——> 0

(3.9)
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There is a kernel R-module homomorphism
(Tr(e) ® 14)ker : Ker(1py(x) ® f) — Ker(lpy(x) ® f),
satisfying
(Tr(e)®14) 0t =10 (Tr(e) ® 14)Ker-

Since ¢ is an inclusion it does not actually alter the elements that is is applied
to. That is, for ¢®a € Ker(lp(x)® f) then t(¢g®a) = ¢®a, and it follows that
for any ¢ ® a € Ker(1p(x)® f) then

(Tr(e) @ La)rer (¢ @a) = ¢((Tr(e) @ La)ker (¢ @ a))
= (Tr(e) @ 14) (llg®a))
——

X a
ETr(X) A A

=(Tr(e)®14)(g®a).
——
GTr(X) ®A A

We claim that the multiplication

Ker(Ipyx)® f) x Endy (X) — Ker(Ipyx) ® f)

(q@a, &) = (Tr(e) @ 1a)ke(g®a) = (Tr(e) ©14)(¢ @ a)
S~~~ S~~~
€Ker(1mr(x) ® f) ETr(X) ®a A

(3.10)

defines an End , (X)°P-module structure on Ker(lr(x) ® f).
For the well-definedness of the above action, we suppose e € P (X, X). Then
Tr(e) € Ppor (Tr(X), Tr(X)). We must show that

(g®a)e = (Tr(e) ®1a)ker =0 (3.11)
for all ¢®a € Ker(lnx)® f). Since Py is onto Tr(X) then by Lemma 45, Tr(e)

e
factors through Py: There is u € Homper (Tr(X), P;*) and v € Homper (P, Tr(X))
such that the following diagram in mod(A°P) is commutative:

Tr(X)

e

Py Tr(e)
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Then for Y € mod(A), the following is a commutative diagram in mod(R):

Tr(X) @AY

PfosY Tr(e) ® 1y

\Q{Y

Tr(X)®@,Y

Note that Pj ®, — is a covariant, exact functor
mod(A) — mod(R),

since Pf € mod(A°P) is projective. Then by filling in P; ®4 — applied to ¢ in the
middle row of Diagram 3.9, we get the following commutative diagram in mod(R).

L
0 — Ker(Ipy(x)® f) ———> Tr(X) @ A ————> Tr(X) @A B ——— > Tr(X)®r C — 0
7
K
(“®1A)Ker// u®1a
/
¥
0 ——> P/ QA A —— | ——> Pf®AB ——|——> Pf@\C ——|—— 0
\\
\
@ 1a)Ker v®1y
\M L
0 — Ker(Ipy(x)® f) ————> Tr(X) @ A ————> Tr(X) @A B ———> Tr(X)®rC — 0
We see that

U(Tr(e) ®1a)ker = (Tr(e) @1a)t = (v®14) (u®1a)e =0.
—_———
=0(u®1a)Ker

Since ¢ is a monomorphism it follows that
(Tr(e) ® 1A)Ker =0, (3.12)

and (3.11) is satisfied.

We now demonstrate that (3.8) holds for all h € 6*(X) and € € End, (X). Let
h € Hompa(X,C) and e € Enda(X) be representatives for h and €. By Lemma
43 there is ey € Endy (Py) and e; € Enda(Py) such that the following diagram in
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mod(A) is commutative.

P p—tx 0
k €1 €0 e
S t
P Py X 0
i Up, i Up, h
v f vy g
0 A B C 0

(3.13)

The process of the o5 x-Algorithm when applied to h involves finding u;, € Homa (P, B)
and v, € Homp(Py, A) such that Diagram 3.13 commutes. If we let

Upe ‘= ULEQ
and
Vhe ‘= Up€1,

then by the commutativity of Diagram 3.13 it follows that wu;, and vy, satisfies the
requirements for the second and third step of the o5 x-Algorithm when applied to
he = hé. By the above discussion, it follows that

(75’X(h>é = ¢A(Uh)é

and -
Ugﬁx(hé) = ¢A(’U}L61).

We claim that the following diagram in mod(R) is commutative:

P

®1
Homy (P1, A) PranA— A Te(X) @5 A

l(— © 61)A

Homy (P1, A) A prgy A Tr(X) @ A

\/

2 (3.14)

0

lex{@l,q Tr(e)@lA

£®1A

0

The left part of Diagram 3.14 commutes by the naturality of ¢p, y in P, as stated
by Proposition 72. The commutativity of the right side of Diagram 3.14 follows
directly from the construction of Tr(e). It follows that

_ (3.10)
e =

da(vn) (Tr(e) @ 1a)(da(vn)) = ¢a(vner),
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and o5 x is shown to be an End, (X)°P-module homomorphism.

To show that o5 x is an isomorphism, we will apply [4, Snake Lemma 1.3.2, Ch.
1]. In order to associate our situation with that of the Snake Lemma, we find it
convenient to display Diagram 3.7 in a different fashion than before. We leave out
the insignificant components as well as the names of most of the maps.

o—
Homy (X, A) — HomA(X,B( —>))I({0mA(X, C) — 6*(X)

Homy (Py, A) — Homy (FPy, B) — Homy (P, C)

Homy (Py, A) — Homp (Py, B) — Homy (P1,C)

I (x) ® f
Ker(lTr(X) ®f) — TI"(X) ®AA e TI‘(X) Xp B — TI‘(X) Qp C

0 0 0
(3.15)
Let
o' : Homp (X,C) — Tr(X)@p A
be the connecting map of the Snake Lemma. Then
Ker(o') = Tm((g 0 —)x)
and
Im(co”) = Ker(lmy(x) ® f),
and we get an induced isomorphism
Homy (X, C)/ Ker(o') — Ker(lTr(X) ® f)
which is precisely the map o5 x, that we constructed.
O

98



We have given o the subscripts § and X. This notation is slightly inaccurate;
the construction will also depend on the minimal projective presentation of X. We
had, however, fixed a minimal projective presentation of X before developing the
os,x-algorithm. Whenever os x is applied we implicitly assume that a minimal
projective presentation of X is fixed beforehand. The same goes for the maps s x
and ws, x which will be constructed in the next section.

3.1.3 Achieving our first goal; finding w; x

Recall from Proposition 29 that the dual D = Hompg(—, I) is a contravariant, exact
functor from mod(R) to mod(R). In the end of this section we will finally find the
isomorphism

ws,x : DI*(X) — 6.(D Tr(X))

that we are seeking. We now let § be a fixed sequence

f
0 A B J C 0

in mod(A). Will use the adjoint isomorphism 6 from Theorem 58 to construct an
isomorphism

¥s,x : DKer(lpy(x) ® f) = 6.(D Tr(X)),

to which we will assign additional structure to that following from 6. After this
task is completed, the isomorphism ws x that we wish to construct may be found
immediately.

The above mentioned structure which will be assigned to vs x, is that of being an
End, (X)-module homomorphism. (This will in turn assure, together with Propo-
sition 76, that ws x is an End, (X)-module isomorphism.) For this, it will be neces-
sary that we are familiar with in which way D Ker(1p.(x)® f) and é,(D Tr(X)) are
endoved with End, (X)-module structure. For the latter case, we need to introduce
the notions of a pushout.

Definition 77. Consider the following diagram in mod(A):

M—" N

v

L (3.16)

A pushout of this diagram is an element Y € mod(A) together with & € Homp (N,Y)
and © € Homp (L, Y) such that

uu = v,

and universal with this property. That is, if Y’ € mod(A), v’ € Homa(N,Y”) and
v" € Homy (L,Y”) such that

u'u =v'v,
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then there exists a unique y € Homy (Y,Y”) such that

YU = U

and

In this case we may also refer to Y as the pushout of u and v, and we call the
resulting square a pushout square.

We will need the following facts for pushout squares:
Lemma 78.

(i) For any M, N L € mod(A), u € Homp (M, N) and v € Homp (M, L), then
there exists a pushout of Diagram 3.16.

(ii) Suppose

u
_

M
JU
L

=

v

<
<>

is a pushout square in mod(A). Then

(a) tcok @s an isomorphism.

(b) If u is a monomorphism then ¥ is a monomorphism.
Proof. Consider [2, Proposition 5.6, Ch. 2].

(i) Take the pushout of Diagram 3.16 to be the cokernel of the A-module homo-
morphism

{q:MeN@L

(i)

(a) Follows directly.
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(b) Tt also follows that

—uv [12 17]

M NoL Y 0

is an exact sequence in mod(A). If w is a monomorphism, then so is

[“} M- N®L,

which means that

—v [ﬁ ﬁ]
0 M No®L Y 0

is an exact sequence in mod(A). By [2, Corollary 5.7, Ch. 2], it follows
that ¢ is a monomorphism.

O
We are now ready to define and analyze the isomorphism s x.
Proposition 79. There is an isomorphism of End, (X)-modules
Yo,x + DKer(lmy(x) ® f) = 6.(D Tr(X)),
which is natural in 6 and natural in X.
Proof. For Y € mod(A), then
D(Tr(X)®AY) = Homp(Tr(X) @4 Y, I)

and
Homy (Y, D Tr(X)) = Homy (Y, Homp(Tr(X), I)).

Recall that Tr(X) is an R-A-bimodule and I € mod(R). By Theorem 58, there is
an abelian group isomorphism

Ore(x),y,r : D(Tr(X) @4 Y) — Homy (Y, D Tr(X)) (3.17)

which is natural in Tr(X) and in Y.

We now apply D to the right column of Diagram 3.7 and Homp (—, D Tr(X))
to d. Then (3.17) inserted A, B and C for Y respectively, yields the following
commutative diagram in Ab:

0 —> D(Tr(X)®x C) —> D(Tr(X) s B) ——> D(Tr(X) @ A) —> D(Ker(lmy(x)® f)) = 0

2“%(}(),0,1 ElaTr(X),B,I gleTr(X),A,I ~ ' V5,X

0 — Homy (C,D Tr(X)) - Homp (B, D Tr(X)) - Homp (A, D Tr(X)) ——> &(D’;‘r(X)) —> 0

(3.18)
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Since Orv(x),4,1, O1vr(x),B,1 and Oy (x),c,; are isomorphisms of abelian groups,
then by the Five Lemma, there is an abelian group isomorphism

vs,x : D(Ker(1py(x) ® f)) = 0.(D Tr(X)) (3.19)

such that Diagram 3.18 commutes. We need to show that s x is also a homomor-
phism of End, (X)-modules.

The first question that arises, is in which way D(Ker(1r(x) ® f)) and 0. (D Tr(X))
are End, (X)-modules. Suppose h € End, (X). By applying the transpose functor

Tr : mod(A) — mod(A°P)

from Section 2.6 we get Tr(h) € Endjop (Tr(X)), and in accordance with Defini-
tion 48 we let Tr(h) € Endper (Tr(X)) denote a chosen representative for Tr(h).
We shall see that Tr(h) will be involved in the action h has on elements in both
DKer(1p(x)® f) and in 6,(D Tr(X)).

We first explore the End, (X )-module structure on D Ker(lry(x)® f). Recall
the R-module homomorphism

(Tr(h) ® 1a)ker : Ker(lpy(x) ® f) = Ker(lpy(x) ® f)

obtained from Diagram 3.9 (when replacing e by h) that we saw in the proof of
Proposition 76.
The duality D now induces the R-module homomorphism

D((Tr(h) ® 1a)ker) = (—o(Tr(h) ® 1a)ker)1 : DKer(1py(x)® f) = DKer(1p(x) @ f).
We claim that the multiplication
End, (X) x DKer(1my(x)® f) = DKer(1py(x) ® f)

defined by

hz .= (7 o (Tr(h) X 1A)Ker)](2) =Zzo (Tl"(h) ® 1A)Ker

for z € D Ker(1p,(x) ® f) assigns an End , (X )-module structure to D Ker(1.(x) ® f).
To show that this action is well-defined, we need to show that

hz =20 (Tr(h)®14)Ker =0 (3.20)
forall h € Py (X, X) and z € D Ker(1y(x) ® f). Wesaw in the proof of Proposition
76 (by (3.12)) that

(Tr(h)®14)ker =0
for all h € Py(X, X), so (3.20) obviously holds.

We now investigate the action of End,(X) on D Ker(l(x)® f) in more de-
tail. Since I is injective, then for any z € D Ker(lp,(x)® f) there exists z €
D(Tr(X) ®a A) such that

Z =zl (3.21)
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Consider the following diagram in mod(R):

2

(Tl"(h) ® ]-A)Ker Tr(h) ®1y4
Ker(1my(x) ® f) L Tr(X) @, A
. ////,
Tz
I &
We see that ~
hz=Zzo(Tr(h)®1a)ker = z0 (Tr(h)®14) 01 (3.22)

for any z satisfying (3.21).
For ¢®a € Ker(lnyx) ® f), then

(h2)(¢®a) = Z((Tr(h) ® La)ker (¢ @ a))

(Tr(h)®@14)(g®a)
z(Tr(h)(q) ®a).

We now check that this multiplication satisfies the associativity requirement:
Let z € D Ker(lmy(x) ® f) and hy, hy € End, (X), and suppose z € D(Tr(X) @4 A)
satisfies (3.21) and Tr(hy) and Tr(hs) are representatives for Tr(h;) and Tr(hs),
respectively. Then

7L1 (BQZ) (322) 7L1 (Z o (Tl"(hg) ® lA) o L)

€D Ker(lry(x) ® f)

B2 o (Tr(ho) ® 14) 0 (Tr(h1) ® 14) 04

= z(Tr(ha) Tr(h1) ®14) 0t

= z(Tr(h1ha)®14) 00

(322) (hlhg)g.
We leave it up to the reader to verify that the rest of the module axioms are
satisfied.

We also wish to regard 6,(D Tr(X)) as an End, (X)-module. Consider the set

T p1e(x),c/ ~ of equivalence classes of short exact sequences from D Tr(X) to C.
It can be shown that Y p1(x),c/ ~ is an abelian group ([3, Theorem 7.21, Ch. 7]),
and we will now show how we can regard Y py(x),c/ ~ as an End, (X)-module.
In the following, we will sometimes refer to the elements of Y p1v(x),c/ ~ as short
exact sequences, although implicitly we mean that we are regarding the equivalence
class of the given sequence.
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Let
0

DTr(X) E C
(3.23)

represent an element of T p1y(x),c/ ~, and let h € End,(X). Again we let Tr(h) €

Endpor (Tr(X)) denote a chosen representative for Tr(h) € End,.,(Tr(X)). By
applying the contravariant functor D to Tr(h), we get the A-module homomorphism

D Tr(h): DTr(X) — D Tr(X).
Consider the following diagram in mod(A):
DTy(X) —— E

DTr(h)

DTr(X) 521

Let E’ be the pushout of Diagram 3.24. Then in light of Lemma 78, we see that
we get the following commutative diagram in mod(A):

0 —— DTr(X) E C 0
DTr(h) l
0 DTr(X) E C 0

We now define the multiplication

End, (X) x (Tpmx),c/ ~) = (Tome(x),c/ ~)
by

h-(0>DT(X)—> E — C —0):=(0—> DTx(X) = E' — C — 0).

(3.25)

Note that the sequences of (3.25) are elements of T p v(x),c and not of T p rv(x),c/ ~»
but when writing these sequences we are implicitly referring to their correspond-
ing equivalence classes in Tpr(x),c/ ~. The reason why we are assigning the
End, (X)-module structure to Y pv(x),c/ ~ instead of T p1y(x),c, is for the mul-
tiplication of (3.25) to be well-defined.

We now show that the associativity of multiplication with End, (X) holds. Let
hi, hy € End, (X). Then

hi(ha(0 — DTe(X) > E — C — 0))

yields the bottom row of Diagram 3.26.
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0 —— DTr(X) E C 0

D Tr(hs)

0 D Tr(X) E C 0
DTe(hy)

0 D Tr(X) E" C

(3.26)

We want to show that the bottom row of Diagram 3.26 is also what we obtain from
(h1h2)(0 > DTr(X) > E — C —0) = (hh2)(0 > DTr(X) > E — C — 0).

Then we must show that E” is the pushout of Diagram 3.27:

D Tr(X) E

D Tf(hlhz)

D Tr(X) .

Since D and Tr are both contravariant functors, then
D Tr(hlhg) =D Tr(hl)D Tr(hg)

It is easy to see that E”| together with the same morphism in Homy (D Tr(X), E”)
and the composition of the pushout morphisms in Homy (E, E’) and Homa (E’, E”)
from before, satisfies the first property of a pushout: That of the resulting square
from Diagram 3.27 being commutative. For the universal property, we will take
advantage of the fact that £’ and E” are the pushouts of

DTy(X) —— E

D TI‘(]’LQ)
D Tr(X) (3.28)
and
D Tr(X) E
D Tr(hy)
D) (3.29)
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respectively.

Then given some E”' € mod(A) together with morphisms in Homa (E’', E")
and Homp (D Tr(X), E”") which bring about a commutative square starting from
Diagram 3.27, a unique morphism in Homp (E”, E’"") (with suitable properties re-
garding commutativity), is obtained in the following manner: Since D Tr(hiho) =
D Tr(hy)D Tr(hs) and since E’ is the pushout of Diagram 3.28, there is a unique
morphism in Homu (E’, E"”') (with suitable properties), and then since E” is the
pushout of 3.29, we get the desired morphism in Homp (E”, E'). Tt is easy to see
that the required commutativity of the appropriate triangles is satisfied. Thus E”
is a pushout of Diagram 3.27. We will not demonstrate that the rest of the module
axioms are satisfied, as it would require a thorough survey of the abelian group
structure on Y p v (x),c/ ~-

Recall from Proposition 69(i) that

Exty (C,DTr(X)) ~ Ypre(xyc/ ~ (3.30)

as abelian groups. Thus by regarding the elements of Ext} (C, D Tr(X)) as equiv-
alence classes in Y p1y(x),c/ ~ and by the above discussion, we get an End, (X)-
module structure on Ext} (C, D Tr(X)). Moreover, we know that d.(D Tr(X)) C
Ext} (C, D Tr(X)) as R-modules. We claim that §,(X) is also an End, (X )-submodule
of Ext} (C, D Tr(X)). What we will do now, is explain how an element of . (D Tr(X))
can be identified with an element of T p1v(x),c/ ~, and then show that if we mul-
tiply the resulting element of Y p 1v(x),c/ ~ with h € End, (X), we get an element
in T py(x),c/ ~ which also originates from an element of 0. (D Tr(X)). It would
be necessary to demonstrate that the correspondence

0.(X) < (Tpme(x),c/ ~)

which we are about to describe is the same as including d, (D Tr(X)) into Ext} (C, D Tr(X))
and applying the isomorphism of (3.30) for a rigorous demonstration. We will not
do this here, but rather confine ourselves to a superficial motivation.
Given an element § € 6,(D Tr(X)) C Ext} (C, D Tr(X)), then ¢ corresponds to
an equivalence class in Y p1y(x),c/ ~ in the following manner. Since

6+(D Tr(X)) = Homy (A, D Tr(X))/ Im((—© f)),
we can choose y € Homy (A, D Tr(X)) such that
y=y+Im((=of))

Then in light of Lemma 78, we see that the pushout E of f and y yields the
following commutative diagram in mod(A):

0 R A A 0
0 —— DTr(X) E C 0

(3.31)
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The bottom row of this diagram is the short exact sequence which we shall identify
with § € 0.(D Tr(X)), and it can be shown that it is unique up to the equivalence
~ ([3, Ch. 7]).

We now see that the resulting sequence

0

DTr(X) E' C
(3.32)

from multiplying i with the bottom row of Diagram 3.31 "is contained in 6, (D Tr(X))”
in the sense that the composition (D Tr(h))y € Homy (A, D Tr(X)) is a represen-
tative for an element

(D Tr(h))y € 0.(D Tr(X)),

whence (3.32) is obtained. This argues that d,(D Tr(X)) is an End , (X )-submodule
of Enda(C, D Tr(X)) ~ (Y p1e(x),c/ ~), which we from now on will assume holds.

To show that 75 x is an End, (X)-module homomorphism, we need to look
closer at how 75 x behaves applied to an element z € D Ker(1my(x) ® f). Note that

8.(D Tr(X)) = Homp (A, Homp(Tr(X), 1))/ Im((— © f) p1e(x))s

and that (—o¢); is the canonical projection from D(Tr(X) ®4 A) onto D Ker(1y(x) ® f).
Recall the following commutative diagram in Ab:

D(Tr(X) @4 A) Cour DKer(1nyx)® f)

9Tr(X),A,I Ve, X

Homy (A, D Tr(X))

Homy (A, D Tr(X))/Im((— © f) pe(x))

Suppose z € D Ker(lp.(x)® f). Then there is some z € D(Tr(X) ®x A) such that
zZ=(—o0u)(z) =z,

that is, satisfying (3.21).
Since 75 x is the cokernel map of Ory(x) 4,7, then
¥5,x (2) = Orv(x),4,1(2) + Im((— o f) pv(x))
— o 2(—©a)] + Im((— 0 )pm(x)) (3.33)

for any z satisfying (3.21).
Suppose h € End, (X). Then
- 3.22
vo.x(52) P2 s x (2 0 (Tr(h) @ 14) 00)
3.33
O (0o 2(Te(h)(-) @a)] + Im((— 0 Fpmex).  (3:34)

We must now show that the same element of Y p1v(x),c/ ~ is obtained from

107



I) identifying [a — 2z(Tr(h)(—)®a)] + Im((— o f)pm(x)) With an equivalence
class in TDTI‘(X),C/ ~,

II) identifying [a — 2(—® a)] + Im((— o f)p1r(x)) With an equivalence class in
T pmx),c/ ~, and then multiplying with h as in (3.25).

Note that I) yields the short exact sequence obtained from taking the pushout of f
and [a — z(Tr(h)(—) ® a)], while II) yields the short exact sequence obtained from
taking the pushout of f and the composition

DTr(h)ola— 2(—®a)] =[a— DTr(h)(2(—®a))].

Since
DTr(h)(2(=®a)) = (= o Tr(h))1(2(— ®a))
z(—®a) o Tr(h)
= z(Tr(h)(-) ® a),
we see that

DTr(h)oa z(—®a)] = [a— z(Te(h)(—) ®a)].
We have then demonstrated that
v5.x (hz) = hs x (2)
for all z € DKer(lmy(x)® f) and h € End, (X). That is, 75 x is an isomorphism
of End , (X)-modules.

The naturality of vs x in 6 and X is yet to be proven. We first show that s x
is natural in 6. Let § and ¢’ be two exact sequences in mod(A) as displayed in
Diagram 3.35, and let (u,v,w) : § — 0’ be a set of A-module homomorphisms such
that the diagram commutes.

f g
5:0 A B C 0
u v kw
I q
80 A B’ c’ 0

(3.35)

What we need to show is that Diagram 3.36 is commutative. The left verti-
cal arrow represents the cokernel morphism D(Tr(X)®a —)(u)cok induced from
(u,v,w) when applying D(Tr(X)®4 —) to § and ¢’, and the right vertical arrow
represents the cokernel morphism Homy (—, D Tr(X))(u)cok induced from (u, v, w)
when applying Homp (—, D Tr(X)) to 6 and §'.

DKer(lTr(X)@)f') RS 5;(DTI'(X))

D(Tr(X) ﬁf —)(w)cox  Homp (—,|D Tr(X))

Vs, x

DKer(Imyx) ® f) 5. (D Tr(X))

(3.36)
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We will proceed by drawing two copies of Diagram 3.18 behind each other, the
front one for § and the back one for §’. Consider Diagram 3.37. Here Diagram 3.36
is the one drawn with thicker edges. To simplify and save space in Diagram 3.37
we denote the contravariant functors Homp (—, D Tr(X)) and D(Tr(X)®x —) by
F and G respectively, when applied to morphisms.

Let Diagram 3.37 denote the part of Diagram 3.37 where the edges of Diagram
3.36 are left out. Since the morphisms of Diagram 3.36 are cokernel morphisms,
they are constructed precisely such that the squares connecting their corresponding
edges to Diagram 3.37 commute. Thus, if Diagram 337is commutative, then so is
Diagram 3.36.
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(3.37)

(x)wL g ‘o)Vwoy é—— 0

(m)og

Hra ((x)w g g)Vwon (b))

*¢ ——— (X)L q ‘v) Vwoy

xoo?vm (n)a % (a)a
XL \ I'0° X)Ly \ 1'g(x)iLg \ I'0°(X)1Ly
((x)iL g *,v) Vwon nl;w ((x)L g ‘,g)Vwon A\E.lw ((x)1 g *,0) Vwon ‘*‘ 0
5)p — (D V@ (x)aL)g «—— 0

0 ¢ () a)ie A|‘v
A|\T fF® CmYHdS&D (v Ve (x))a « %C@ — (g V® (x)w)a T%
X900 ~<<Axrhm \, ?m,Cmer \, N,\D,AKZH@ \,
() (m)o

e / /

0 ¢—— (f® XUy g +—— (v VR (X)L)a < (o - (g V@ (x)a)a < (,H)o - (,0 Ve (X)L)d +———— 0

xoO?&U
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We now show that Diagram 3.37 is commutative. Throughout this paragraph we
assume that Diagram 3.37 is rotated back to normal position prior to investigation.
There are four types of squares to consider: The "horizontal” ones, constituting
the top and the bottom of the two cubes of the diagram, the ”straight vertical”
ones, constituting the front and the back side of the cubes, and the ”skew ver-
tical” ones, constituting the sides of the cubes. The commutativity of the skew
vertical and the straight vertical squares follows immediately from the naturality
of Orv(x),y,r in Y. The commutativity of Diagram 3.35 implies that the horizontal
squares commute, since contravariant functors switches the order in compositions
of morphisms. Hence 5 x is natural in 4.

We now show that 75 x is natural in X. Let X, X’ € mod(A), and let h €
Homa (X, X’). Then X and X’ give raise to two different versions of Diagram 3.18.
We display them both in Diagram 3.38, the one for X in front of the one for X”’.
We have not named all the edges in the diagram, but it should be clear from the
context which morphism each one of them represents.
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(3.38)

0 ¢—— (X)wa)*e ¢——— (x)1L g ‘v)Vwolyg ¢—— ((x)iL g ‘g)Vwoy —— ((x)iL q ‘0)Vwoy é————— 0

I'0(X)aLy

1'g(x)iL,

XoL I'vH(X)iL,
0+ ((x)wa)*e ((,x) q ‘v) Vwon A‘)v ((,x)1L g ‘g)Vwoy A‘)v ((,x)1L a ‘o) Vwoy ‘d‘ 0
0 L‘ (f ® (X))o g M" (v VO (x)an)a (g Ve (x)a)a (0 Ve (x))g «— 0
I'0°(;X)L,

NJ\AT&F{ img\vmtr_um

1X 9L

0 ¢ (1 ® U)oy g —— (V VO (,x)L)d «—— (8 Ve (,x))a «—— (O Ve (,x)a)q ¢—— 0
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As in the proof of the naturality of 75 x in J, we must now show that the
diagram drawn with thicker edges in Diagram 3.38 is commutative. By the same
arguments as above, it suffices to prove the commutativity of the part of Diagram
3.38 obtained from omitting the thicker edges. Again, we divide the squares to
consider into the three types ”horizontal”, ”straight vertical” and ”skew vertical”
(after rotating the diagram back to normal position). The skew vertical squares
commute by the naturality of (3.17) in Tr(X), and the straight vertical squares
commute by the naturality of (3.17) in Y. The commutativity of the bottom
horizontal squares follows from the associativity of composition of morphisms.

We now show that the top horizontal squares are commutative. We will prove
this for the left one; the procedure is similar for the right one. Consider the
following diagram.

lrx)®g
Tr(X) @y B -2

Tr(X)®A C

Tr(h) ® 15 l”[‘r(h)@lc

OO (XY @, C

TI‘(X/) ®a B
It is easy to see that this diagram is commutative:
(Tr(h) @ 1) o (Imv(x) @ 9) = Tr(h) © g = (Irv(x) ® g) © (Tr(h) @ 1p).

When applying the contravariant functor D to the above diagram we obtain the top
left horizontal square of Diagram 3.38, hence the latter must also be commutative.

By the above discussion the square with thicker edges of Diagram 3.38, is com-
mutative; naturality of v5 x in X has been proven. O

We have now done all the preliminary work which is necessary in order to derive
the desired connection between the dual and the defect functors. Recall that by
Proposition 76, there is an isomorphism of End, (X)°P-modules

0';)1( : Ker(lj\r(x) ®f) — (V(X)

which is natural in § and in X. We hereby present one of the main results of this
thesis.

Theorem 80. Let
ws x = Wg}xDUg,)l(.

Then ws,x is an isomorphism of End, (X)-modules
ws,x : DI*(X) — 6.(D Tr(X)) (3.39)
which is natural in 6 and natural in X.

Proof. Since
0';)1( : Ker(lj\r(x) ®f) — (V(X)
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is an End, (X)°P-module isomorphism, then
Doy : D6*(X) — DKer(lryx) ® f)
is an End, (X)-module isomorphism. It is evident that the composition

DU(;)I( Y8, X
DKer(lmy(x) ® f)

Dé*(X) 0.(D Tr(X))
of two End , (X')-module isomorphisms is also an isomorphism of End , (X )-modules.
Since D is a functor, then naturality of Dats_)l( in § and in X follows from
naturality of 05_)1( in the same variables.
By Lemma 2(ii), a composition of natural transformations is also natural.
Hence, by the above discussion and Proposition 79, the composition s, XDU(;}(
is natural in § and natural in X. O

3.2 The Almost Split Sequnece Algorithm

In this section we will show how we can employ the results of this thesis in or-
der to compute almost split sequences for finitely generated indecomposable non-
projective modules over a finite dimensional algebra over a field. As formerly
announced, we will make use of the End, (X)-module isomorphism ws x developed
in the previous section in the special case that § is the exact sequence of Definition
37(i) given by

0 QO P X ——> 0,
(3.40)

where

Q= Qp(X)
is a fixed kernel of Pj.
Definition 81. We let

&X =05,X,

Yx = 75,x

and
(:)X =W X
for this particular choice for §.

Of course, whenever fixing a non-projective, indecomposable X € mod(A), it
will still be necessary to make a choice for Py and €2 in order to obtain §. That
is,  is not uniquely determined by X. Nevertheless we find it appropriate to
omit the subscrips ¢ from the above morphisms because P, and 2 are unique up
to isomorphism in mod(A); altering these objects will not be affecting the actual
structure of a morphism with é-dependence.
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3.2.1 Investigating wx

The aim of this brief section is to specify the domain and codomain of the End , (X)-
module isomorphism @wyx. For that we will need the result of the following lemma.

Lemma 82. Let Y € mod(A). Then

6*(Y) = Hom, (Y, X).

Proof. Recall that for Y € mod(A), then 6*(Y) is defined by the exactness of the
following sequence:

0 —— Homa (Y, Q)2 Homa (Y, Py) 3 Homy (Y, X) —— 6*(Y) —> 0
Thus 6*(Y) is the cokernel of (t o —)y, that is,
5*(Y) = Homy (Y, X)/Im((t o —)y). (3.41)

We now show that
Im(to —)y = P(Y, X).

If uw € Im(t o —), then u clearly factors through a projective A-module, namely
Py. Conversely, if u factors through some projective A-module P, then by Lemma
45, u will also factor through P(X). Then from (3.41) we get

5*(¥) = Homa (¥, X)/P(Y. X) = Hom, (Y, X).
O

We now see that &x indeed identifies the dual of End,(X) with the set of
equivalence classes of short exact sequences ending in X (as End, (X )-modules),
as advertised in the introduction of this chapter.

Proposition 83. The special case Ox of ws x s an isomorphism of End, (X)-

modules
@x : DEnd,(X) — Ext} (X, D Tr(X)).

Proof. Recall from Theorem 80 that
ws x : DO*(X) — §,.(D Tr(X)).
Lemma 82 implies that 6*(X) = End, (X), hence
Dé*(X) = D End, (X). (3.42)

Note that since X € mod(A), then Tr(X) € mod(A°P) — hence DTr(X) €
mod(A). By applying the contravariant functor Homy (—, D Tr(X)) to ¢ and by [3,
Theorem 7.3, Ch. 7], we get the following exact sequence:

115



0 — Homy (X, DTr(X)) — Homy(Py, D Tr(X)) — Homy (24 (X), D Tr(X)) - --

Ext} (X, D Tr(X)) Ext} (Py, D Tr(X))
(3.43)
Since Py is projective, then Ext} (P, D Tr(X)) = 0. We thus recognize Se-
quence (3.43) as Sequence (2.38) of Definition 49, where X is replaced by D Tr(X).
That is,
5+(D Tr(X)) = Ext} (X, D Tr(X)). (3.44)

We obtain the desired result from (3.42) and (3.44). O

3.2.2 Designing the algorithm for R = K

Recall from Proposition 69 that identifying the elements of Ext} (X, D Tr(X))
with equivalence classes of short exact sequences ending in X gives rise to an
End, (X)-module structure on Ext} (X, D Tr(X)) such that this is a finitely gen-
erated End,(X)-module. Furthermore, the the socle of Ext} (X, DTr(X)) as
End, (X)-module is simple and corresponds to the set Th Tr(x),x/ ~ of equiv-
alence classes of almost split sequences in mod(A) ending in X. This means that
any nonzero element e of Socr(D End, (X)) can be used to generate T/ ~, since
Wx (e) € Socr (Ext} (X, D Tr(X)) will then be nonzero.

Our strategy is now to try to find any nonzero element of D End, (X), and then
check that it is also contained in the socle. We do know of a nonzero element in
End, (X), namely the equivalence class represented by the identity morphism from
X to X; 1x. How can we take advantage of this knowledge to obtain an element
of D End, (X)?

Our rescue will be the mapping of Definition 31 from Section 2.3. This can be
applied once we make our final assumption; from now on we let R be a field. Then
by Lemma 30, R = K and the functor D is given by

D =Hompg(—, K) : mod(K) — mod(K).
Lemma 84. Consider the identity 1x € End,(X). Let
Ber(1nyx) ®0) = {ox(1x),wa, ..., w; }
be a K-basis of Ker(lmy(x)®¢). Then
5 (A, o (03 (1)) € Socr (Exth (X, DTr(X)))

18 a generator.

Proof. Let
g1

6;(1(BKGT(1Tr(X) ®1)) = {Ix,65%" (wa), .o, 33" (wy)}
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be the K-basis of End, (X) corresponding to Bre( )- We know that

Ir(x)®¢
iX S TOpFop (EndA (X))
is a nonzero element, hence by Lemma 67(ii) then

(d,-

UXI(BKer(lTr(X) ® L))

)(Lx) € Socr(D End, (X))

is a nonzero element, thus since @x is an isomorphsim of End, (X)-modules,

)(iX)) =9x (D&;<1)((d&;(l(BKM(ITr(X) ® L)))(lX))

€ Socr(Exty (X, D Tr(X)))

wX(<d6';(l(BKor(lTr(X) ®uv)

is a nonzero element. Furthermore, by Lemma 34 we know that

(Dx")(d J(130)) = iy, 0 (Fx(1x),

v —1
Cx (BKer(lTr(X) ®1)

thus

x((d )(1x)) = 5 (A1, 00 (3 (1))

&;(l(BKer(lTr(X) ® L))

By Lemma 68, this nonzero element is a generator for Socr (Ext} (X, D Tr(X))).

The previous lemma implies that what we are really interested in doing, is to
algorithmically compute yx (dpy..., o 0,)(@x(1x)). We observe that the o5 x-

Algorithm of Section 3.1.2 can be drastically simplified in the special case that we

are studying.

Lemma 85. In accordance with the name change from o5 x to dx, we let the
ox -Algorithm be the resulting o5 x -Algorithm from letting 0 be the exzact sequence

(5.40). Then with input 1x, the &x-Algorithm returns
ox(1x) = ¢a(w),
where w is the projective cover of ).
Proof. We begin by translating Diagram 3.7 to our current situation:
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0 0 0 Ker(lq‘r(x) & L)

0 — Homy (X, Q) — Homy (P, Q) — Homy (P1, Q) o, Tr(X) @) Q — 0
(to—)x (to=)py (to=)p, Imr(x) ®¢
(—ot)p (=os)p ¢Po

0 — Homy (X, Py) — Ends(Py) — Homy (Py, Py) — Tr(X) @p Py —> 0

(to—)x (to—=)py (to—=)py Ime(x) ®¢

(—ot)x os)

0 —> End, (X) — 5 Homa (Py, X) — Homy (P, X) —5 Tr(X) @4 X —> 0

End, (X) 0 0 0

(3.45)
We now perform the &x-Algorithm on the specific element 1x € End,(X). We
begin by choosing the preimage 1x € End(X). We then observe that an element
u € Endy (Pp) such that tu = ¢ is readily at hand; we simply choose 1p,. Next, wee
must find v € Homy (P, 2) such that (v = s. Recall from Definition 37(ii) that the
projective cover w of ) satisfies this property. At last, we evaluate ¢q in w. O

The previous results give rise to the following algorithm for computing a gen-
erator for almost split sequences in mod(A) ending in X.
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The Almost Split Sequence Algorithm

Input: X € mod(A) indecomposable and non-projective. 2

Output: A generator
0 DTr(X) E X 0

for T/ ~.

e Regard ¢q(w) € Ker(1py(x)®¢) where w is the projective cover of 0 , and
extend to a K-basis

BKcr(lTx.(X) ®1) = {(ZSQ(U)), W2,y .eey wl}
——

=wy
of Ker(1py(x) ®¢).
e Expand BKer(lmx) ©.) to a K-basis
Brix)yo, 0 = 10a(w), w2, ..., Wi, Wi 1, ooy Wigm }
of Tr(X) @4 Q.

e Let £ : Q — DTr(X) be the A-module homomorphism defined as follows.
For a € Q) then

&la)  Tr(X) - K
q — the first K-coefficient of ¢ ® a with respect to Bry(x) e, -
e Let E be the pushout of ¢ and &.
end

Theorem 86. The Almost Split Sequence Algorithm returns a generator
0 D Tr(X) E X 0

for all almost split sequences in mod(A) ending in X.

Proof. By Lemma 85 then B
ox(1x) = ¢pa(w),

S0 BKer(11,(x), ® ) 1S as in Lemma 84, implying that

X (B ) 00 (G0(w))) = §

=Z

generates Socr (Ext} (X, D Tr(X)).

2We also assume that a projective cover Py of X, a kernel Q of Py and a projective cover w of
), are chosen beforehand as described.
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As in the proof of Proposition 79, an element of T / ~ is obtained by taking the
pushout E of ¢ and any representative y € Homy (2, D Tr(X)) for §. Since ¥x is
the cokernel map of Oy(x) 0,k , then if

Y = bre(x)0,K (%)
for any representative z € D(Tr(X)®a Q) for z, then y is a representative for
¥x(Z) = §. Let u denote the inclusion
s Ker(Ipxy ®¢) = Tr(X) @4 Q.
Then
Dp=(—ou)k : D(Tr(X) @4 Q) = DKer(lp(x)®¢)

is the canonical projection from D(Tr(X) ®4 Q) onto its cokernel D Ker(1ry(x) ®¢),
and any z € D(Tr(X) ®x Q) such that

Zpu =z (3.46)

is a representative for z. We now show that

Z = dBTr(X) QA Q (9259 (w))

satisfies (3.46).

Suppose ¢ ® a € Ker(1y(x)®¢). Then applying dBKer(lTr(X) o, (Pa(w)) to g®a
corresponds to expressing ¢ ®a in terms of BKer(lTr(X) ©.), and then extracting
the first K-coefficient. Since Bry(x)g, o is merely an expansion of BKer(lTr(X) @)
then the outcome does not change if we instead include ¢® a into Tr(X) ®a Q2
and express ¢ ® a in terms of Bry(x) g, o before extracting the first K-coefficient —
which, in turn, corresponds to applying dgy, x g, « (pa(w))p to ¢® a.

It is then clear that we must take the pushout of ¢ and 01y (x) 0,k (dBy, x) o, o (P2(W)))
in order to obtain the desired almost split sequence. We recall from Theorem 58
that

eTr(X),Q,K(dBTr(X) @A Q ((bQ (w)))(a’) :[q — dBTr(X) @A Q (¢Q (w>) (q ® a‘)]
=[q — the first K-coefficient of ¢ ® a
with respect to Bry(x) e, o

=¢(a)
for any a € 2. Hence
oTr(X)791K(dBTr(X) @A Q (¢Q(w))) =¢,

and this completes the proof. O
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