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Problem description

The Hunter-Saxton equation, (ut+uu, ), = %ui, has been widely studied since it

was introduced by Hunter and Saxton as a model of a liquid crystals [10]. Later,
a generalization known as the Hunter-Saxton system, or the two-component
Hunter-Saxton, has been studied in a periodic setting [15]. The problem is
to prove global existence of conservative and dissipative weak solutions of the
Hunter-Saxton system on R x [0, 00).
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Abstract

The Cauchy problem for a two-component Hunter-Saxton equation,

1 1
(us + uug), = §ui + =p?,

2
pr + (up)w) =0,

on R x [0,00) is studied. Conservative and dissipative weak solutions are de-
fined and shown to exist globally. This is done by explicitly solving systems
of ordinary differential equation in the Lagrangian coordinates, and using these
solutions to construct semigroups of conservative and dissipative solutions.
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Sammendrag

Cauchyproblemet for en tokomponents Hunter-Saxton-likning

1

1
(us + utg), = ui + 2/)27

]
pi + (up)e) =0,

pa R x [0, 00) ble studert. Konservative og dissipative svake lgsninger ble defin-
ert, og global eksistens av slike Igsninger bevist. Dette ble gjort ved a eksplisitt
lgse systemer av ordineere differensiallikninger i Lagrangekoordinater, og disse
lgsningene ble brukt til a konstruere semigrupper av konservative og dissipative
lgsninger



iv

Preface

This is a master’s thesis in industrial mathematics written at NTNU, Trond-
heim. I would like to thank my supervisor Professor Helge Holden for suggesting
the fascinating Hunter-Saxton equation as topic for my master’s thesis, and for
excellent supervision. I would also like to express my gratitude towards Espen
Birger Nilsen, Katrin Grunert and Henriette Rogstad for reading the thesis,
suggesting numerous improvements, and pointing out mistakes.



Contents

1 Introduction

2 Global conservative solutions
2.1 Characteristic equations . . . . . . . . ... ... L.
2.2 Continuous semigroup . . . . . . . . . ...
2.3 Global existence of conservative solutions . . . . .. ... .. ..
2.4 The solution when pg vanishes . . . . . .. ... .. .. ... ..

3 Global dissipative solutions
3.1 Dissipative multipeakons . . . . . . ... ... o000
3.2 Characteristic system in the dissipative case . . . . . . . ... ..
3.3 Global existence of dissipative solutions . . . . . ... ... ...

4 Conclusions and future studies
4.1 Futurestudies. . . . . . . . . .. ...
4.2 Conclusions . . . . . . ...

= =3 ot Ot

2

35
35
41
44



Chapter 1

Introduction

The Hunter-Saxton equation

(wy(,t) + u(x7t)um(x,t))x = %um(:r,t)Q, (1.1)
where subscript means differentiation with respect to the subscripted variable,
was introduced by Hunter and Saxton [10] as a model of the dynamics of a
nematic liquid crystal. Liquid crystals consist of long molecules in fluid phase,
and each molecule has an orientation. The orientation is described by a unit
vector n. For a nematic liquid crystal it does not matter whether one use n
or —n. If we assume that the liquid crystal is one dimensional and that the
only freedom molecules have is orientation in the plane. Then the orientation
is given by n(xz,t) = (cos u(x,t), sinu(x, t)), where x is a space variable moving
with some predetermined velocity, ¢ is a slow time, and u is determined by the
Hunter-Saxton equation [10]. The initial value problem

1
(ug + uuy), = 51@,
uli=o = o, (1.2)

has been widely studied after its introduction by Hunter and Saxton. Equation
(1.2) exhibits interesting properties such as wave breaking in finite time [10], it
is completely integrable, bi-variational, and it has a bi-Hamiltonian structure
[11]. The solution can be extended past wave breaking to a weak solution in
several ways [10]. One possibility is to conserve the energy, [ u2 dz, which gives

1



2 CHAPTER 1. INTRODUCTION

conservative solutions, another is to lose all energy at wave breaking, henceforth
known as blow-up, and get dissipative solutions. A special class of solutions
are multipeakons related to the multipeakon solutions of the Camassa-Holm
equation [4]. For each ¢ these solutions are continuous piecewise linear functions,
and they can be computed exactly [12, 13]. Existence of general dissipative
and conservative solutions was shown by approximation by multipeakons and
passing to the limit using the theory of Young measures and Friedrich’s mollifiers
17, 18].

The Hunter-Saxton equation was generalized to a two-component equation
and studied by Wunsch [15] in a periodic setting. The two-component equation
in a periodic setting has received some attention lately [15, 16, 19]. In this work
we study the initial value problem

1 1
(us + uug), = fui + =p?,

2 2
pt + (up)a =0, (1.3)
U|t:0 = Uo,
pli=o = po-

The system (1.3) arises in the study of the dynamics of non-dissipative dark
matter [14].

We are going to define conservative and dissipative weak solutions of (1.3)
and show global existence of such solutions in R x [0,00). This is achieved by
transforming the problem from a system of partial differential equations to a sys-
tem of ordinary differential equations in ¢. The ordinary differential equations
can be solved explicitly and the solution operators, S; and S¢ in the conservative
and dissipative case, respectively, constitutes semigroups. Much of the work is
devoted to be able to return to the original setting in such a way that the op-
erators advancing the solutions, T} and T}, of the partial differential equations
in t, constitute semigroups. To do so we find that there is some redundancy
in the space of solutions of the ordinary differential equations in the sense that
several solutions is transformed to one solution of the partial differential equa-
tions. Then redundant solutions are identified. In the conservative case the
semigroup turn out to be continuous with respect to the natural metrics in the
transformed setting. We treat multipeakon solutions as examples to get some
intuition

More specifically, Chapter 2 deals with the conservative solutions. First
some properties of smooth solutions are investigated, and these leads to charac-
teristic equations. The characteristic equations are then solved, and it is shown



that one can return to the original variables in a nice way, and that one get a
weak solution. The chapter ends with treating multipeakons as an example and
discussing the limit as pg — 0.

Chapter 3 starts with an other type of multipeakons. They are weak solu-
tions, but lose energy and are thus named dissipative multipeakons. Dissipative
multipeakons satisfy a set of characteristic equations of some sort, and these
equations can be solved. It is then shown, as in Chapter 2, that one can go
from the original setting to characteristic equations, solve the characteristic
equations, and then return to the original setting with a weak solution.

The reader is assumed to be familiar with characteristic equations for partial
differential equations, Lebesgue spaces, weak derivatives, distributions, Sobolev
spaces and Radon measures. The reader is directed to Evans [5] for an intro-
duction to these concepts. There are several ways to integrate (1.3), but here
we will use the skew-symmetric

D*lzé f—f . (1.4)

To reduce the length of equations and formulas we will omit one or several of
the variables as often as possible when writing functions. We use 1g to denote
the characteristic function on the set E.
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Chapter 2

Global conservative
solutions

2.1 Characteristic equations

To construct global solutions we derive characteristic equations from (1.3). First
we note that any smooth solution (u, p) must satisfy a transport equation.

Proposition 2.1. Let (u, p) be a smooth solution of (1.3). Then
(u? 4 p?)¢ + (uu? 4+ up®), = 0. (2.1)

Proof. Let (u, p) be classical smooth solutions of (1.3). Evaluating the deriva-
tives involved yield

(Ui + pz)t + (uuz + UP2);¢ = 2(uwuzct + Ppt) + ui + 2uug g, + UxPQ + 2uppy

==2uz((Ut+-uuz)m—-%(ui-+f9>)4-2p(pt4-(up)m)
=0,

where (1.3) is used in order to get the last equality. O

Formally the system (1.3) can be written in complex variables as
i
Gt ule = 5¢% (2.2)

5



6 CHAPTER 2. GLOBAL CONSERVATIVE SOLUTIONS

C=p+iug,
Cle=o0 = po + tuoy,
u|t:O = Uy,

and this will be used when we solve the characteristic equations. To derive
characteristic equations we define the Lagrangian coordinates.

Definition 2.2. Let (u,p) be a solution of (1.3), for each £ € R define the
functions q, z,v, H,n by

H(E 1) = / (1o (8% + ply, %) dy,

—0o0

n(&t) = p(q(&,1),1).

We call it Lagrangian coordinates because we look at the solutions as they
are seen by a particle traveling the curve gq.

Proposition 2.3. Assume that (u, p) is a smooth solution of (1.3) such that
u and p are compactly supported. Then the quantities defined in Definition 2.2
are determined by a system of ordinary differential equations

i=z (2.3a)
11
z = §H - ZHtotu (23b)
H _ 0’ (23C)
B = —un, (2.3d)

1

=50 =), (2:3¢)

where Hyoy = [ (ua(y,1)* + p(y,t)?) dy.

—0o0

Proof. Use (1.3), uy(—00) = —uz(0), and (1.4). O
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Remark 2.4. One could use some other condition on the growth at plus and

minus infinity. For example (1 — a)uy(—00) = —auy(co) leads to 2 = $(H —

aHiot) for 0 < a < 1. Several choices of o are used in the litterature, in [12, 18]
1

the choice o = 0 was used and in [2, 3, 13] there was o = 5. The selection of

a corresponds to selection of antiderivative of u? + p? when integrating (1.3)
D7 fl@)=5|(1-a) [ fly)dy—a [ fy)dy

We consider a = % only.
The system in Proposition 2.3 can be solved explicitly.

Proposition 2.5. The solution of the system of differential equations (2.3) is

0(& 1) = 1 (H(E0) ~ £ Hio) + 20(0)t + 0(6), (24a)

26, 0) = 5 (Hol€) — 5 Huar) + 20(6), (2.4b)
& 2

o= [ (jf;f’y)) oy a0ew)) d, (2.40)

1) = o (&) , 2.4d

) = Ton©) + (Gml©t)” (240

ey 2o+ A€ + ()t o)

(1+ 20o(&)t)” + (3mo(€)t)*

Proof. The three first quantities H, z and ¢ follow directly by integrating the
equations. To derive the expressions for n and v let ( = n+iv € C and observe
that the characteristic equations for  and v reduces to ( = %{ 2. which is sepa-
rable. The transformation to complex numbers is similar to the transformation

of (1.3) to (2.2). O

2.2 Continuous semigroup

We will now construct a continuous semigroup of solutions. First we note that
there is some redundancy in the characteristic equations, i.e. the chain rule
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implies that the solution must satisfy vge = z¢. As a consequence we will
henceforth say that (q,z, H,n) is a solution of the characteristic equations if
(¢,2,H,n, Z—Z) is. We have found the quantity » = 7g¢ more useful than n,

mainly because of the property

which follows directly from the explicit solutions in Proposition 2.5. We will
define the correct space for the solution in Lagrangian coordinates. To do so we
will need the Banach spaces in the next definition.

Definition 2.6. Let Ey, E5 be the Banach spaces defined by
By ={f € L*[@R) | f € L*(R) such that lim f(z) =0},
r—r—00
By={f e L*®R)| f € L*(R)}

equipped with the norm || f|| = || flloem®) + [[f'lL2r). Define B = Ey x Ey x
E; x L?(R). The notation LP(R) where 1 < p < oo is used for the Lebesgue
spaces on R.

The Banach space B is far too big. We need to restrict it so that it contains
the solutions, but not more.

Definition 2.7. Let F consist of the elements (,z, H,r) € B such that
(i) Gz HeWH™(R),(+id=q,
(#4) qe>0,He >0, g¢+He >c >0 almost everywhere (a.e.),
(i1i) qeHe =28 +1° a.e.
We will frequently write (q,z,H,r) € F for (¢,z,H,r) € F. Let
Fo=A{(¢,z,H,r) € F|q+ H =1id}.
Here id is the identity function and the Sobolev space
Whe(R) = {f € L*(R) | f" € L*(R)},

with the norm || fllw1.o®) = | fllze @) + 1f'[| Lo (®)-

Note that condition (#é7) and (i) implies that we have r € L>(R) for free.
The space F is a metric space with the metric inherited from B. The next
theorem is the foundation for the rest of the thesis. It is remarkable that a
seemingly difficult system of partial differential equations as (1.3) can be reduced
to a relatively simple system of ordinary differential equations (2.3).
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Theorem 2.8. The solution of the system (2.3) in Proposition 2.3 constitutes
a semigroup Sy in F which is countinuous with respect to the B-norm. Thus
X(t) = (q(t), 2(t), H(t),r(t)) = Si(Xo) denotes the solution at time t with initial
data Xg.

Proof. First we see that we do not need to require 7 = 0 in addition to (i) — (¢4i)
in Definition 2.7, it follows from differentiating (¢i¢) with respect to ¢t. This
implies that r(¢,t) = r(£,0) € L?(R). Furthermore the explicit solutions in
Proposition 2.5 are in B for each t. We need to check the semigroup property
SiSs = Sits and that the map S; : F — F is continuous with respect to the
B-norm. First the semigroup property

StSs(’l"o) =To = St+s(T0)a (26)
StSs(Ho) =Ho = Si1s(Hp), (2.7)

1 1
SiSs(z0) :§(H0 - thot)t + 2(s)

1 1 1 1
:i(HO - §Htot>t + §(H0 - thot)s + 20
=St+s(20), (2.8)
1 1
StSs(qo) :Z(HO — §Htot)t2 + z(s)t + q(s)
1 1 1 1
:Z(HO — thot)tz + §(H0 — éHtot)St + Zot

1 1
+ Z(HO — §Htot)82 + 20+ qo
=511s(qo0)- (2.9)
Next fix t € [0,00). Then
[r®) 2y = [[7(0)[| L2 (R)

1H ()] Lo ®) = [H(0)[| oo ()
[ He ()| L2®) = [[He(0)[|£2(r)

1
12| ooy < JHIH O)] 2 @y + (12Ol L= ),

IN

1
|z ()] 2 (r) §t||H£(0)HL2(]R) + 12 (0) | L2 (m) »

IN

. 1
llg(t) — id| oo (m) §t2||H(0)HLoo(R) + t|2(0)[| Lo (m) s
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1
lag(t) = Ulza@y < 3t He (02 + tlze (0 22®)-

Summing we get that ||S;(X)||g < (t*+t+1)||X|| 5. A similar calculation yields
that [|S.(X) =S, (Y)|lp < (3¢*+t+1)|| X — Y| p and we have Lipschitz stability.
Furthermore, S;(X) is in the space (I/VLO"(R))3 x L®(R) as q(t), z(t), H(t),r(t)
are linear combinations of ¢, z, H,r for each t. By differentiating (2.3) with
respect to £ we have

d 2.2

a(ngg —zg—17)=0. (2.10)
Hence the relation geH¢ = zg + 72 holds. We need to show that qe + He >
c¢(t) > 0. This is proved in the same way as in [3, Theorem 2.3]. The initial
data (¢, 2, H,r)|t=0 € F implies that (g¢ + H¢)|t=o > c. Continuity in ¢ implies
that it holds, perhaps with another ¢ > 0, in a vicinity of ¢ = 0. Let [0,T") be the
largest interval for which it holds. Then for ¢ € [0,7) we have g > 0,H: >0
and

1
|z¢] < 5 (g¢ + He)- (2.11)

. . . 1 P
Taking the t-derivative of st H: 8ives

g( 1 ) _ Zg 1
dt “ge + He (ge + He)? ~ 2(qe + He)'

The Gronwall lemma gives that

1 1

s AGLE

< £,0)ez,
q£+H§( )

and g¢ + He > c(t) > 0 for t € [0,00) and (g, z, H,r) € F for all t. O

Having solved the problem in Lagrangian coordinates, we want to return to
the original variables. This requires ¢ to be invertible.

Theorem 2.9. Let Xo € F and (q(t), 2(t), H(t),r(t)) = Si(Xo). Then the
function q is invertible for almost every t and satisfies q¢(&,t) > 0 for almost
every £ € R.

Proof. The proof is from [9, Lemma 2.7]. Define the set

N ={(& 1) e R x [0, TT|gg(&,t) = 0}. (2.12)
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Fubini’s theorem gives

m(N) = / m(Nig) dé = / m(A1) d, (2.13)

R [0,7]

where ./\/'[5] and N are the &-section and t-section respectively and m the
Lebesgue measure. For each n € N let

N ={t €10,T]|ge (&) = 0 and g¢(§,7) > 0 for all 7 € [t — %,t—i— %] —{t}}.

For t € N we have that q¢(&,t) = 0, ger = 2¢ = 0 by the identity ge He = z£2+r2
and qeyr = zgr = %Hg > 0 by the definition of F, namely g¢ + He > 0. This
implies that, for a small neighborhood of ¢ with ¢ removed, g is strictly positive.

Hence t € [7El] for some n and /\/[5} = nL:Jl /\/'[% The sets [2] consist by definition

of countable isolated points as the distance between two points is at least %

Then m(Ng) < 3 m(Ng) = 0. From (2.13) it follows that m(N) =0 for
n=1

almost every t € [0,7]. Which again implies that ¢ is strictly increasing and
invertible for almost every ¢ > 0. O

We want to study solutions that conserve "energy”, that is, [(u2 + p?) dz
should be constant in ¢. We need to include a measure p where information on
energy density is stored across blow-up. This motivates the following definition.

Definition 2.10. Let D be the set of triples (u, p, u) such that

(4) u € By, p € L*(R), u is a positive finite Radon measure,
(i) the function pu(—oo,x) € Ey,

(#i1) tae = (u2 + p?)dx, where pq. is the absolutely continuous part of fu.

We want to be able to construct a solution of the characteristic equations
from initial values in D. First some concepts we will need in order to define
maps between F and D. To construct a Radon measure from the Lagrangian
coordinates we need to define the push-forward of measures by measurable func-
tions.

Definition 2.11. A continuous function f is said to be proper if f=1(K) is
compact whenever K is compact. Let g be a measurable function and v a mea-
sure. Then we define the push-forward of v by g by, g4 (v)(A) = V(g_l(A)).
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Remark 2.12. If f is continuous and proper and p is a Radon measure, then
fu (1) is a Radon measure. See [1, Remark 1.71].

First we define a function mapping the initial values to Lagrangian coordi-
nates.

Definition 2.13. For any (u, p, ) € D let

q(§) = sup{z|p((—o0,2)) + = < &}, (2.14a)
H(§) =& —alS), (2.14b)
(&) = uoq(§), (2.14c)
(&) = (poq(§))ge(§). (2.144)

Then X = (q,2,H,r) € Fo and we denote L : D — F the mapping defined
above.

The defintion gives a solution of the system in Proposition 2.3 for each
L(ug, po, tto) € F. We need a way to go back to the original variables from a
solution of the characteristic equations.

Definition 2.14. We define a mapping M : F — D as follows. Given X =
(¢,z,H,r) € F let M(X) = (u, p, u) where

u(z) = z(§), (2.15a)
1r(€), qe(€) # 0
) = 4 %© .
(%) {o,qg(g) 0, (2155)
= a (Hede), (2.15¢)

where x = q(£).
It is not at all clear that the two foregoing definitions are consistent.
Proposition 2.15. The mappings L and M are well defined.

Proof. The proof is presented in [9, Theorem 3.8 and 3.11]. The parts on p
and r is similar to the proof of a similar proposition in [8, Theorem 4.9 and
4.10]. The proof differs from the proofs in the references where we prove that
qeHe = 2Z + 7 holds.

Step 1, M: Let X = (¢,2,H,r) € F and (u,p,pn) = M(X). We need to
show that (u,p,u) is well defined and in D. From ¢ —id € WH*°(R) and
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ge > 0 we have that ¢ is surjective and increasing. Thus for any = there exists
¢ such that x = ¢(§). As ¢ is increasing we have that, if there are &1,&» such
that © = q(&1) = ¢(&), then ge(§) = 0 for all £ € [£1,62]. This gives that
z¢ = 0 in the same interval and u is well defined. To show that v € FE,
note that z € Ey and that ¢ —id € WH*°(R),¢ > ¢g¢ > 0 for some ¢. Then
lull e = I2lim and ualZog = f 222 d€ < |z]lm,. Forr
{€€R|qe (£)>0}
we have that g¢(¢) = 0 implies that 7(§) = 0. The definition of F states that

qeHe > 72, hence p(x) = 7 < ,/ZI—;. We then have that

[oteras= [ oa©)Pa @< [Heag <
R

R {€€R]g¢ (£)>0}

and p € L3(R). As H¢ d¢ is a Radon measure and ¢ is continuous and proper
is a Radon measure, and p(R) = [ H¢(£) d€ = H(o0) < oo0.
g 1 (R)
Step 2, L: To prove well definedness of L, let (u,p,u) € D and define X =
(¢,2z,H,r) = L(u, p, ). First we note that ¢ is increasing as the supremum is
taken over larger and larger sets. Furthermore ¢ lirin q(§) = +oo and for any
— 00

z > q(€) we have £ < 2 + u(—00, z). The measure is finite, yq. = (u2 + p?) dz
and u,,p € L? and € — 2z < u(R). We choose z close to ¢(£) and get that

§—q(§) < n(R). (2.16)

From the fact that u(—oo,y) > 0 we deduce that & > ¢(£). Thus id — ¢ €

L>®(R). A function f is Lipschitz continuous if supw = C < oo, the
xT

value C is called the Lipschitz constant of f. %e prove that g is Lipschitz

continuous with Lipschitz constant less than or equal to one. Let & < ¢, «}

be an increasing sequence converging to ¢(¢') and x; a decreasing sequence

converging to g(£). Then p((—o0,z;)) + z; > € and p((—o00,2})) + 2} < €.

Subtracting the inequalities gives

p((—o0, ) + &) — p((—o00,2;)) —a; <& — &, (2.17)

For ¢ large enough z} > z; and ¢(§') — q(§) < & — & follows by letting i go to
infinity. By Rademacher’s theorem, see for example [5], ¢ is differentiable al-
most everywhere. We decompose p into its absolutely continuous part, singular
continuous part and singular part denoted piq., ptsc and ps, respectively, see for
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example [6]. Since (u, p, 1) € D we have p,. = (u2 + p?) dz. The support of pus
is countable and F'(z) = u((—oo, :I:)) is lower semi-continuous with its points of
discontinuity being the support of g, see [6]. Let A = (q’l(supp(ﬂs))c, ie. A
consists of the points where F o ¢ is continuous, then

p((—00,4(€))) + (&) = & (2.18)

Indeed from the definition of ¢(&£) there exists an increasing sequence x; which

converges to ¢(§) such that F(x;)+x; < &. Since F is lower semi-continuous we

can put the limit inside lim F(z;) = F(q(¢)) and thus F(q(€)) + q(£) < & We
1—00

assume that there is a £ such that F'(¢(€))+¢(§) < & and aim for a contradiction.
From the definition of A we get that ¢(£) is a point of continuity for F', thus
there exists x > ¢(§) such that F(x) + = < &, but this is a contradiction to the
definition of ¢ in Definition 2.13 and proves (2.18). We want to show that the
equation ge He = 2 +12 holds almost everywhere. First we note that A is of full
measure. And for £ in A equation (2.18) holds and H (&) =& — (£ — Foq(§)) =
Foq(€). We then decompose i1 = piq.+v where v is singular with respect to the
Lebesgue measure. Then the derivative of F exists and L F(z) = u2(z) + p*(z)
almost everywhere [6, Theorem 3.22]. As ¢ is differentiable almost everywhere
we have by (2.18),

d

@ Fea©) +4(©) = ae(€) (w0 a(©) + 0% 0a(9)) +ac(O) =1 (219)
Using (2.19) and the definition of H = id — ¢, z and r we get that

1 ulogq+p’oq

He = — ’LL20 20 2222 7’27
des UEOQ+p20q+1U%Oq+p20q+1 (oc q+p Q)qg E+

holds almost everywhere. We have to prove that X € B and ) lim H(§) =0.
——00

We have already shown that H(£) = F(q(§)) almost everywhere. That H €

W1>o(R) follows from |[Hellpm) = |1 — gellzo@) < 1+ [|lgellem). We can

find a sequence &; € A such that lim & = —oo, and we have that lim H(;) = 0.
11— 00 11— 00

Since H is monotone this implies that ) lim H(§) = 0. From (2.16) we conclude
——00
that ||H| g ®) < p(R) and as He > 0,
[Hell72 @y < 1 Hell o @) | Hell ) < 1H |70y < w(R)?,

and H € E;. We have ( = ¢ —id = —H € E;. From Definition 2.7, (iii), we
have

el 72®) < lgeHell ey < I1H || Lo ),
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1712y < llaeHe Lty < 1H | Lo ®),

and we are done. O

We have now transformed the problem, solved it and transformed back. This
is best illustrated with an example.

Example 2.16. Let ug = 0, po = 1(_1,1), and po = p2 dz + 6y, and let
(q05207H07T0) = M(UO7PO7NO) and (q7Z7H7 T) = St(QOaZ(hHOaTO)' Then

07 £<_17

T —l1<é<,
r(&t) =40, 1<é<2,

3 2<E<4,

0, 4 <€,

07 £<_17

Sy —l1<é<,
H(t)=1¢&  1<£<2,

S4+1, 2<E<4,

3, 4 <€,

-3¢, £< -1,

2, —l1<e<l,
2(&t) =43 (6E-3)t, 1<€E<2,

&1y, 2 < €< 4,

3

Zta 4<€7

—312 + ¢, €< —1,

2224+ —1<e<,
Q(fat): i( _%)tza 1<£<27

S+ i-1,  2<e<d,

342+ £ -3, 4 <€

First we remark that q is invertible for all t > 0. We apply L to (q,z, H,r)
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when t > 0 and obtain

-3, v <=3t -1,

St —P—l<uw < -4t
u(x,t) = q 22, —st? <w < L2

gt P <aw < P41,

3¢, 32 +1<a,

0, < —3t2 -1,

ﬁ, —32 1<z < —4t%,
pla,t) =<0, —%tQ <z< %tQ,

e st <T <4l

0, 324+1<ua,

p=(p" +u})da.

But we want more. We want to the solution operator to be a semigroup,
and we would prefer it to be a continuous map for each ¢t. We note that the
mapping M is invariant under a certain group action on F.

Definition 2.17. Let G be the group of homeomorphisms f : R — R such that
both f—id € WH°(R), f~1—id € WH>(R), and fe—1 € L*(R). Define a group
action A: FXG— F by (X, f)— (qgof,zof,Hof,(rof)-f"). We will also
need the closed subsets Go = {f € G| f —id||wreo )+ | f 71 —id[l w1 @) < a}.

We prove that the group action is well defined.

Proposition 2.18. The group action A : F x G — F, defined in Definition
2.17, is well defined.

Proof. Let f € G and X € F. We show that A(X, f) = (g, 2, H,7) € F. First
A(X, f) € B. Then

q—id|=lgof—q+q—id| < |ge| L@l f —idl L ®) + ¢ — id|[ L~ ®), (2.20)

and z and H satisfies |z| < [|z]| o (r), and [H| < ||H||p(®). Furthermore, by
substitution,

[ 17 € < el 1oy (2.2
R
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and by the same argument (H)¢ and (Z)¢ is square integrable. The square
integrability of (g)¢ — 1 is proved by

1
2

1
/|((7)£ —1Pde | < fellfowqmllas — Ulzzm) + I1fe = Urem.  (2:22)
R

As fe is bounded we get that (H)¢ and (2)¢ is bounded. Boundedness of g
follows from

Gl = [(qo f— f—id)e|l < lgellnoe @)l fellLe®) + 1fe = UlLow).  (2.23)

The condition f~!—id € Wl*‘i"(R) ensures that 0 < m < f¢ < M < oo for some
m and M. Thus ()¢ and (H)¢ are non-negative and (q)e + (H)¢ > em > 0
where ¢ is from condition (i) in Definition 2.7. Condition (#47) in Definition 2.7

holds by the chain rule. O

The group action induces an equivalence relation on F, defined by X ~ Y
if there exists f € G such that A(X, f) =Y. We use this equivalence relation
to define the quotient F/G.

Proposition 2.19. If X ~ Y, then M(X) = M(Y).

Proof. Let X ~Y, A(X, f) =Y and M(X) = (u, p,u). Then M(Y) = (@, p, it)
will be given by

@=zofof log !l =u,
~ 1 o / o —1O —1 —
p—((qgof)f,(r ') ¢ =p
i(A) = (g0 [l ((H o fe d€)(A4) = (Heo f)(€)f'(€) d€
[~=tog=1(A)
[ Heag—nia,
q=1(A)
for each measurable A C R. O

Note that ¢ + H € G as C > (¢ + H)e > ¢ > 0, so we could try to
calculate Y = A(X, (¢ + H)™') for X € F. We have that Y € F, furthermore
gy + Hy =qo(q+H) ' +Ho(g+H) ! =id. Thus Y € F, and we make the
following definition.
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Definition 2.20. Let I1: F — Fq be given by II(X) = A(X, (¢ + H)™1).

From the above we can conclude that for each X € F there exists Y € F
such that X ~ Y. The Y is in fact unique.

Proposition 2.21. The function Xy — [Xo] € F/G is a bijection from Fy to
F/G. Furthermore for X,Y € F we have that X ~Y if and only if TI(X) =
I(Y).

Proof. We have already shown that the function X, — [X,] € F/G is onto.
Let X,Y € Fy be equivalent. Then gy = ¢x o f and Hy = Hx o f and thus
id=¢qgy +Hy =(gx+Hx)of=ido f = f and X =Y. Thus the function is
a bijection. Let X,Y € F such that X ~ Y. Then Y = A(X, f) and II(Y) =
ACACX, ), f Vo (q+ H) D) = A(X, (g + H) ™) = T(X) as (f 1) = 4. O

The functions M and L are bijections and inverses of each other, thus D and
Fo are in bijection. The idea is to try to project the solution down to Fy after
S; has been used, and use M and L to get a semigroup in D.

Proposition 2.22. The functions L and M defined in Definition 2.18 and 2.1}
respectivly, satisfy

Mo L =idp,
LoM =idx,. (2.24)

Proof. Let v = (u, p, ) € D, then L(v) is given by

q(&) = sup{z|u((—o0,)) +z < &},
(&) = uoq(),

H (&) =& —q(6),

(&) = (poq(€))qe(€)

Well definedness of L gives that ge He = zg +72 almost everywhere, hence r = 0
when g¢ = 0. As ¢ is increasing we can abuse notation and write ¢! when we

apply M to L(v). Then M(L(v)) is

@=uogoq ' =u,

. 1 _
p=—qe(pogoq ) =p,
g
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A = ap(He ) = [ H©de= [ (6~ a(9), e

) a-i(a)
= u(4)

for each measurable A C R. Thus the first equality is proved. To prove the
other let X = (¢,z,H,r) € Fy. Note that for X € Fy g¢ = 0 implies that both
ze and r equals 0. Thus, we can still abuse notation as before and M (X) is
given by

1

u=zoq ',
1
p=—roq !,
q¢
p= qu(He d§),

and L(M (X)) = (g, 2, H,7) by
q(&) = sup{|gy (He d€)((—o0,2)) +x < £}

a ! (x)
= sup{z| / He(€)dé+x < &}
a}(x)
—swfel [ (€ al©) de+o<g)
—00
=q(§),
Z=uog=z0qo§ '=z0qoq ! =z,
H=id—G=id—q=H,
- 1 IR
7= ((—roqg )oq)ge =r.
((q5 ) 0 q)de
And the result is proved. O

We then arrive at the following propositions which states that we can define
a semigroup of solutions on F/G, and that this semigroup has a nice represen-
tation in Fy.

Proposition 2.23. For any X € F and f € G the mapping Sy satisfies
SHAX, [)) = A(S(X), f). (2.25)
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This implies that
MoSioll =10 S,. (2.26)

Hence we can define a semigroup of solutions on F/G. It corresponds to the
mapping Sy from Fo to Fo given by

S, =1Io S, (2.27)
which defines a semigroup on Fy.

Proof. Let Xo = (qo, 20, Ho,m0) € F and f € G, then A(X, f) = (qo o f,20 0
f.Hoo f,(roo f)f'). By Proposition 2.5 we have

St(A(X07f)) :St(QOOf,ZOOf,HQOf,(TOOf)f/)
:(E(HO Of* 1I‘Itot)tz +tZO Of+q0 Of’

2
S(Hoo f— S Hit + 200 f, Hoo f, (ro o 1))

=A(5:(Xo), f)-
O

The only part missing from our plan is the continuity. The problem is that
IT is not continuous. This is handled by showing that if the initial data is in Fyp,
then the solution at each ¢ is not arbitrary in F. We are then able to shrink the
domain of II somewhat, and this makes II continuous.

Definition 2.24. Given o > 0 let F,, be the sets
Fo={X€eF|q+HecG,}, (2.28)

where G, is defined as in Definition 2.17.

The idea of the previous definition is that we can write F as a union of sets
that are easier to control.

Proposition 2.25. The equality

F= Fa (2.29)

a>0

holds.
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Proof. Asqe+H¢ >0, He € L>*(R) and g¢—1 € L>(R) we have that ¢+ H € G.
And every g € G is in G, for some « > 0 by the definition of G. O

We will need three lemmas whose proofs are taken from [9, Lemma 3.2, 3.3,
3.5].

Lemma 2.26. Leta > 0. If f € Gq, then 5= < fe < 1+a almost everywhere.
Conversely, if [ is absolutely continuous, f — 1d € L>®(R) and there exists ¢ > 1
such that % < fe < ¢ almost everywhere, then [ € G, for some o depending
only on ¢ and || f —id|| oo (w)-

Proof. The proof is taken from [9, Lemma 3.2]. Given f € G, we have that f is

Lipschitz continuous and hence differentiable almost everywhere, and we have
: -1

the basic formula ff (f(g)) e (5) This 1mphes that fg (5) m Z

T + where the last inequality follows from the triangle inequality and definition
of G,. Note that f¢ > 0 as it is a homeomorphism and close to the identity map.
This holds almost everywhere as f~! is one-to-one and Lipschitz continuous.
The other inequality, fe <1+ ||fe — 1|z @) < 1+ @, is proved by the triangle
inequality and the definition of G,,. Assume now that f is absolutely continuous,
f—1id € L*(R) and % < fe < c almost everywhere for some ¢ > 1. Since f¢
is bounded, f and f — id are Lipschitz and f —id € WY*(R). Moreover
fe > % > 0, so f is strictly increasing and continuous ad thus invertible and we
have

&2
FUE) — ) = / (FV)e(€) dé
&1
F (&)
- / (F)a(f (@) df (2)
fﬁl(fl)

P ()

f=1(&)

f](ﬁz)
< cfz(z) da
U (3]
=c(&— &) (2.30)
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Hence f~! is Lipschitz and (f~!)¢ < c¢. We have f~1(¢') — ¢ = £ — f(€) for
¢ = f(&) and ||f —id||peo ) = ||/~ — id|| po(r) which implies that f € G, for
some « > 0. O

The next lemma shows that S; plays nicely with ¢ + H, that is, the norms
llg+ H —id|| o (=) and |[(g 4+ H) ™" —id|| o (r), do not grow uncontrollably as ¢
progresses.

Lemma 2.27. Given o,T > 0 and X € F, we have Si(X) € Fp for all
t € [0,T] where 8 depends on T, and || X|| 5.

Proof. The proof is taken from [9, Lemma 3.3]. Let X = (q,2,H,r) € F, and
X(t) = (q(t),2(t), H(t),r(t)) = Si(X). By definition we have that ¢(¢,0) +
H(£,0) € G, and thus by Lemma 2.26, 2 < ¢¢(&,0) + H¢(€,0) < ¢ almost
everywhere for some ¢ which depends on « only. Consider a fixed £ and ap-
ply the Gronwall lemma backward in time to the three first equations of (2.3)

differentiated with respect to £ to obtain
14 (0)] + |26 (0)] + [He(0)] < T (lge ()] + |2¢ ()| + [He(t)]), (2.31)

for some constant C' which depends on || X (t)||¢(jo,77,3), which in turn depends
on || X||p and T only. From Definition 2.7 g¢(t), He(t) > 0. We use (2.11) to
reduce (2.31) to

D < 4e(0) + He(0) < 56T (gelr) + He (1),

o

and ge () + He(t) > %e’CT. By applying Gronwall’s lemma forward in time we
obtain g¢(t) + He(t) < 3¢e“”. Hence by Lemma 2.26 we have that ¢+ H € Gg

where 8 only depends on T, o and || X || g and thus S;(X) € Fs. O

We arrive at the lemma on continuity of II.
Lemma 2.28. The restriction of Il to F, is continuous.

Proof. The proof without the r part is taken from [9, Lemma 3.5]. We have
made a slight change as 2,z € H'(R) in [9], while here 2,2, € Es. Let X,, =
(qns 2n, Hp,rn) € Fo converge to X = (g, 2, H,r) € F, in the topology induced
by || —|lz. We denote X = (q,z, H,7) = II(X) and similarly X,, = II(X,,). First
we prove that H,, tends to H in L= (R). Let f, = ¢,+H,, f = ¢+H and we have
by construction f, f, € Go. Thus H, —H = (H,—H)of '+ Hof ' —Ho f~!
and we have

[ Hn = Hl| @) < |H = Hulloo) + |1 H o f = Ho follLoez).- (2.32)
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From the definition of Fy we have that H is Lipschitz with Lipschitz constant
less than or equal to one. The definition of the B-norm gives that f,, and H,
converges to f and H respectively in L>(R). By (2.32) we get that H, - H
in L*°(R). Let us now prove that ( n)e converges to (H)g in L2(R). We have

by the chain rule (H,)¢ — He = fn of ! H: o f~! which can be written as
7 7 (Hn)é H 1 He -1
(B)e — He = e = He | on | e (2.33
N AN Foe i T )

Since f,, € G, there exists by Lemma 2.26 a constant ¢ > 1 such that % <
(fn)e < c almost everywhere for all n. We have

2

(Hn)e — He -1 / 2 2
——ofa = [ ((Hn) d§ < cl[(Hn)¢ — Hell72(m)»
H (fn)e r® (Hn)e = He) <fn> L)
(2.34)
where we made the change of variables ¢ = f1(£). We proceed to the next

term in (2.33),

(fn) fn (Hf o g”) : (gn)£7

where g, = fo f;'. We will prove that lim [|(gn)e — 1|22y = 0. After change
n—oo

of variables we get

f 2
1(gn)e — 172wy = / ((ff) o fi! 1) d¢ < cllfe = (fn)el T2y
R

which proves that the limit as n — oo is zero. We have

[(He © gn)(gn)e — Hell 2wy < || He © gnllre@l(9n)e = L2
+ [He 0 gn — Hel|r2(r), (2.35)

where ||H¢og,, || L= (®) < 1 from the Lipschitz property of H. If we can control the
second term we have shown that (H,)¢ converges to He. Let h € C§°(R) such
that ||h — He||,2r) < § and observe that 1 < (gn)e < ¢ almost everywhere.
Then one can prove that ||He o g, — ho gnllz2m) < cl|He — h|p2@®). Thus
fn — fin L*°(R) implies that g, — id in L*°(R) and there exists a compact K
independent of n such that supp(hog,) C K. Then by the Lebesgue dominated
convergence theorem we obtain hog,, — h in L*(R). Summarizing, this together
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with (2.33), (2.34) and (2.35), gives that (H,)¢ — H¢ in L?(R). It follows that
Gng —1 — G¢ — 1 in L*(R) and, similarly, one proves that 1i_>m 1(Zn)e — Zell L2(m)

and lim |/(7,) — 7| 2(r). It remains to prove that z, — z in L>(R). We write
n— oo

Zn—Z=(zm—z)ofy +zofil—zof, (2.36)

and need to prove that ||zo f,; ' —zo0 f7!| e ®) — 0. But as z by construction
lies in WH°(R) and f, — f in L°(R) we have that [z 0 f, 1 — 20 f7}] <
llzell oo ) | ft = f | oo (r)- We use the invertibility and Lipschitz property of
f7L, f 1 as stated in equation (2.30) to get

1 Q) = 1O = |z — f (fal)]
=1 (f(@) = F M (fu(@))]
< COf = fallLemw)-

O

The above lemmas imply continuity of S;. The next theorem is the last
result in the section on the solution in Lagrangian coordinates.

Theorem 2.29. The mapping S, is continuous.

Proof. The semigroup S; = ITo S;, where S; is continuous. By Lemma 2.27 we
have that for X € Fy S¢(X) € F,, and by Lemma 2.28 the map II : F, — Fp
is continuous and hence the composition is continuous. O

2.3 Global existence of conservative solutions
We begin by defining conservative weak solutions.

Definition 2.30. Assume that v : R x [0,00) = R, p: R x [0,00) = R and
w:[0,00) = MT(R) satisfy

(i) u € C([0,00), Ex), p € C([0,00), IA(R), u(t) finite,

(ii) the equations

J] ot guon = 5uo - 550 dudt =~ [(wolimoda, (237

Rx[0,00) R
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and

/ / (pde + (up)de) dadt = — / (p®)|t=0 dz, (2.38)
) R

RX[0,00

forall ¢ € C§°(Rx[0,00)). Then (u, p) is a weak solution of the two-component
Hunter-Sazton equation (1.3). If (u,p, ) in addition satisfies

I (@200 @+ w)on) dste = [oliodu). 239
R

Rx[0,00)
we say that (u, p, ) is a conservative weak solution.
Define T; as ~
Tt =Mo St o L,

and the metric dp as

d'D ((ula P1, /1/1)’ (u27 P2, /1'2)) = d]"o (L(Ul, P1, ,ul)a L(u27 P2, MZ)) .
The following existence theorem is the main result in this section.

Theorem 2.31. The mapping T; is a continuous semigroup of solutions with
respect to the metric dp. For any initial data (ug, po, o) € D let the solution
be denoted (u(t),p(t), u(t)) = Ti(uo,po,po). Then (u,p,p) is a conservative
weak solution of (1.3) in the sense of Definition 2.30. For almost all t, p =
(uZ + p?) du.

Proof. The proof is similar to the proof of Theorem 5.2 in [7]. We prove that
T; is a semigroup,

T,Ty = MS,LMS,L = MS,S,L =T, s,

where it is used that S't is a semigroup in Fy. That T; is continuous with
respect to the dp metric is a direct result of the facts that S; is continuous
with respect to the dz, metric and that L o M = id. Let (uq, po, o) € D,
(u(t), p(t), u(t)) = Ty (uo, p, o), and ¢ € C§° (R x [0, 00)). To be able to evaluate
the integrals in Definition 2.30 we do the change of variables x = ¢(&) where ¢
is determined by the mapping L defined in Definition 2.13. Then we get

// (U(btz + %UQ(ZSJ::E - %Ui¢ - %pg(b) dzdt

Rx[0,00)
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+ 2
// (e 0) + 32260z 0 >—”E (60q))qe dedt
5

R><Ooo
// (62 0 e dedt — // 2u(bas 0 0)ge dédt
Rx[0,00) RX[O o)
-3 / He(¢oq)déde
Rx[0,00)
d
- [ Gactoso o) s~ [[ Faeen o) asat
R Rx[0,00)
5 [ emoaacdsat—5 [ Hi@oq acar
RX[O o0) RxoOO)
/(umo ) do // e(02 0 q) dedt — // (62 0 q) dédt
Rx[0,00) ]R><Ooo)
5 [ AGmoanasi—5 [[ Heoon
]R><[O o0) RX[OOO
/(uqﬁmho dx—|— // zie(d 0 q) dfdt—f // ¢(@g 0 q) dedt
Rx[0,00) RX[OOO
—|-* // ¢loq dfdt—f // Hg(j)oq)dfdt
RX[O o0) RX[O )
:—/(uqﬁwhzo) dx, (2.40)
R

where we have used the characteristic equations (2.3) extensively. The calcula-
tion for p is quite similar

// (pdi + pug,) dadt

Rx[0,00)

/ / (6000) + -2(60 0 0))ag A

Rx[0,00)
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= [[ rg@enac

Rx[0,00)

— ] Seweayaca

Rx[0,00)

:—/T(¢OQ)|t:0 dg

R

__ / (p®) 1o dz. (2.41)

R

Where we have used that 7 = 0. We prove that the weak solution we have
constructed is conservative. The calculation is essentially the same as the two
calculations above. The details are

// 2+ p%) o+ u(ul + p*)gy) dadt

Rx[0,00)

- / [ (Heor00) + 2He(o, o) deat
Rx[0,00)

= [ mloenac

Rx[0,00)

// = (He(6 0 9)) déat

Rx[0,00)

- / Blezo dpu(0). (2.42)
R

We have from L and M that u = (u2 + p?) do whenever q is invertible. By
Theorem 2.9, ¢ is invertible for almost every ¢. O

We end this section with some examples. First general multipeakons, then
a couple of concrete examples of multipeakons.

Example 2.32. Let {z;}, be a strictly increasing sequence in R and the initial
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data be given by

co, T <1,
up(x) = S pi(r —a;) + ¢, @ < < Xiga,
Cn, Tp <,

0, z<ux,
po(x) = pir i <o < Tiga,
0, =z, <z,

po = (ug, + pg) dz,

where the p;’s and x;’s are arbitrary and the c;’s are chosen such that ug s
continuous. Then Ti(ug, po, to) 8 given by the formulas

7%#0(R)t+00, x < Zl(t),

U(ZL’,t) = (1+3pit)2+(Lpit)? (CL‘ xl(t))

+3 (o (=00, m]) — 2po(R))t + ¢ mi(t) < @ < @iy (t),
iuo(R)tJrcn, xn(t) <z,
0

, w < xy(t),
p(l’, t) = —(1+%pit)gi+(%pit)2’ xz(t) <z< I¢+1(t),
0, z,(t) <z,

p(t) = (ul + p) da,

where

(110 ((—o00, z;]) — %MO(R))tQ + cit + x;,

I

z;(t) =
or equivalently,
z1(t) = *éuo(R)ﬂ + cot + w1,
ria(0) = wit) + (e — ) (LF 5pit) + (5pit)?).

A solution of this form is called a conservative multipeakon solution of (1.3).

First an example where pg differs from zero when ug does.



2.3. GLOBAL EXISTENCE OF CONSERVATIVE SOLUTIONS

Example 2.33. If we let

0, < -1,

41, —1<z<0,
uop(z) =

11—z, O<z<l,

0, 1<z,

0, r < —1,
po(x) =141, —-l<z<l,

0, 1< x,

then the conservative multipeakon solution is given by

—lz < xl(t)v
e (@ = 22(D) + Las(t) < @ < as(t),
t,as(t) < w,
O,QC < ml(t),
1
p(z,t) = ATz t(t) <z <a2(b),
) ﬁ,l}g(t) <«r<$3(t)’
(1-38)2+(51)
O,$3(t) <z,
where
zi(t) = =51 = 1,
wo(t) = t,
L
3(t) = §t +1,

as shown in Figure 2.1.

29

We compute an example when pg = 0. This to highlight the differences

between conservative and dissipative solutions.
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Exampla of corsarvative mullipaakan
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Figure 2.1: Plot of x;,7 = 1,2,3 in Example 2.33



2.4. THE SOLUTION WHEN po VANISHES

Example 2.34. If we let

0, r< -1,
z+1, -1<z<0,
up(z) =
11—z, O<z<l,
0, 1<z,
po(r) =0

then the conservative multipeakon solution is given by

—tx<:v1(t),
x—xlt —t,x1(t) < x < x2(2),
— (x 2(t)) + 1, 22(t) <z < x3(t),
t,LL'g, t)
P( at)*o
where
1
xi(t) = —zt2 -1,
l‘g(t):t,
T (t)—1t2+1
3 _4 )

as shown in Figure 2.2.

2.4 The solution when p, vanishes

If we let p = 0 in (1.3) we are left with the standard Hunter-Saxton equation.

31

It is interesting to see what happens when we let pg — 0 in some sense. One
would expect that one recovers the conservative solutions of the Hunter-Saxton
equation and thus has another way to define these solutions. This would create
a nice symmetry between conservative and dissipative solutions as the latter
can be viewed as vanishing viscosity solutions [13]. First we prove that py = 0
implies p = 0, and that the two-component equation is a generalization of the

Hunter-Saxton equation (1.2).
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Example of consarvaliva mullipaakon, p=0
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Figure 2.2: Plot of x;,i = 1,2,3 in Example 2.34
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Lemma 2.35. If pg = 0 then (u, p, u) = Ti(uo, po, o) satisfies p =0 for all t.

Proof. If po = 0 then r(0) = (po 0 ¢(0))ge(0) = 0 and as r; = 0 we have that
r(t) = 0 for all . This implies, by transforming back, that p = 0 for almost
every t. 0

The next proposition states that the Hunter-Saxton system (1.3) indeed is
a generalization of the Hunter-Saxton equation (1.2).

Proposition 2.36. The solution generated by Ty and the initial data (ug, 0, 110)
is a conservative solution of the Hunter-Saxton equation (1.2).

Proof. This follows from the proof of Theorem 2.31 and the previous lemma.
Insert p = 0 everywhere and the definition of conservative weak solutions of
the Hunter-Saxton equation is satisfied. Note that the definition of conservative
weak solutions of the Hunter-Saxton equation is the same as Definition 2.30
with p = 0. This coincides with the definition of conservative weak solution of
the Hunter-Saxton equation in [3]. O

We have that p does not explode on us. That is, if pg — 0, then p — 0 for
each t as the next lemma states.

Lemma 2.37. Let (ug,0,p0) € D and p§ — 0 in L*(R). Then (uo, pf, po +
(p)? dz) — (uo,0, o) in D with respect to the dp metric.

Proof. We have to calculate ||L(uo,0, o) — L(uo, s o + (p2)? dz)||5. Let
(qaZ7H7 O) = L(u0707.u0) € fo and (qnaZn?HnaTn) = L(UOaPZ)LvHO + (pg)Q dﬂ?) S
Fo. Note that p1 ((—00,z)) < p((—o0,2))+ [ (p§)?dy. By taking the difference

— 00

we obtain

0 < q(&) — gn(§) =sup{z|uo((—00,z)) + x < &}
~ sup{aluo((~o0, 7)) + / (P0)*(y) dy + = < €}
<sup{a|po((—00, ) + = < £}

— sup{aljuo((—00, 2)) + / (P0)(y) dy + = < €}

— 00

= q(&) —al& — Il 113), (2.43)
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and hence ¢, —id — ¢—1id in Fs as the asymptotics are converging and transla-
tion is continuous in H!(R). Moreover the Lipschitz property of ¢, (2.17), gives
that ||¢ — gnlleo < ||p§ 3. For z,, H, and 7, the following calculation shows

— 2n(§) = uo 0 (&) — o © ¢n(§),
H(&) — Ho(§) = (£ = q(8) — (€~ ¢a(€)) = au(&) — a(&),
(&) = pg © 4n(§) - (an)e(§)- (2.44)
That translation by f,(£) € L*(R), f, — 0 is continuous in L?(R) has the

same proof as when f, is constant (by considering g in C§° together with a
density argument). That r,, — 0 follows from (g,)¢ < 1 which is a result of

(qn)g + (Hn)g =1. O

Finally, we have the theorem on convergence as pg — 0.

Theorem 2.38. Let ug € Ey and (p,)o € L*(R) such that (pn)o — 0 in L?(R).
Denote by (un, pn, fin) the conservative weak solution of (1.3) with initial data
(uo, (pn)o, (un)o), where (jy)o = o+ (pn)édx. Then u, — u for some u in Ey
and p, — p for some p € M (R) for each t and (u,u) is a conservative weak
solution of (1.2) with initial data (ug, uo). The convergence is in the metric dp.

Proof. The result follows from Lemma 2.37 and the continuous semigroup prop-
erty in Theorem 2.31. O



Chapter 3

Global dissipative solutions

Motivated by the existence of conservative and dissipative weak solutions of
(1.2) [12], we try to find similar solutions of the system (1.3).

3.1 Dissipative multipeakons

We will first define a class of weak solutions, dissipative multipeakon solutions,
and use these as motivating examples and illustrations. Conservative multi-
peakons are defined in Example 2.32. Note that there will be blow up if and
only if p; = 0,p; < 0, so we would expect that if this condition is not met
dissipative and conservative solutions will coincide. We try to define dissipative
solutions by removing the part that blew up.

Definition 3.1. Let {z;}, be a strictly increasing sequence in R and the initial
data be given by

cyp, T <1,
up(x) = S pi(r — ) + ¢y 1 < < Tiga,
Cny Ty < T,

0, z<ua,
po(x) =< pi, @ <z <4y,
0, z, <z,

35
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where the p;’s and x;’s can be chosen freely and c¢;’s are chosen such that ug is
continuous. Then the dissipative multipeakon solution is defined by the formulas

1H( )t+ sz(ml-ﬁ-l*frz)l ( )+007 LESIl(t),

=1
i+ 5 (p; +p7)t
ﬁ(m —zi(t)) 1(1)

u(zx,t) =
+u(mi(t),t), zi(t) <z < xipq(t),
THtt+ 3 Y pi(zig —2)1P 4+ ¢, z0(t) <z,
i=1
O7 r < Il(t),
p(@.t) = Grpneromz Lilt) <@ <wina(t),
0, z,(t) <uwz,
n—1
H(t) = (i +p7) (wix1 —2:)17(2),
i=1
where

1 1 ¢
ﬂ:xy+§§:@H4—xﬁﬁ%ﬂ+aﬁ+§zgmmﬂl—mﬂf@ﬂ

o | =

n
— 2> (07 +97) (@i — @)1 (0),
=1

ria(t) =20) + (zin — ) (L4 300 + (5oi0)?) 1100,

1M1 =111 1p00u0p.20y (1):
12(t) =1 — 12(2).
Where 1 denotes the characteristic function on the set E.

We do two examples of dissipative multipeakons. The initial data is the

same as in Example 2.33 and Example 2.34, respectively.

Example 3.2. If we let

07 Q?S—l,
() z+1, ~-1<z<0,
U\ ) =
0 l—2z, O<z<l,

0, 1<z,
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0, r < -1,
po(x) =141, —-l<z<l,
0, 1< x,

then the dissipative multipeakon solution is identical to the conservative multi-
peakon solution with the same initial data in Example 2.33.

The next example is more interesting.

Example 3.3. The initial data

0, r < -1,

41, -1<z<0,
up(z) =

11—z, 0<ax<l,

0, 1<,
pO(x) =0,

gives the dissipative multipeakon solution

—3tlpcoy — (5t +3) Lisey, @ < aa(t)
(o) =) T (z —21(t) = 3tqe<y — (3t + 3) Liesy, 1() S @ < 22(1),
u(x,t) =
(@ = 22(0)) Loy +u(@a (), ), w2(t) < @ <as(h),
stlp<oy + (3t +5) Loy, as(t) <z
p(x,t) =0,
9 t<2
Hiy={> =%
1,  t>2
1 1 1 )
ry(t) =21 + 51{t>2} + cot — 51{t>2} - gH(t)t )

2a(t) = 21(8) + (1+ ;)2,
2a(t) = s (t) + (1 _ ;t)Q 1(1cay.

It is different from the conservative multipeakon with the same initial data in
Example 2.34. The plot of x;’s in Figure 3.1 illustrate this fact.
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Example of dissipative multipsakan
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Figure 3.1: Plot of z;,7 = 1,2, 3 in Example 3.3
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The definition of dissipative multipeakon solutions is not very useful unless
such solutions are weak solutions of (1.3) in the sense of Defintion 2.30. But
this is indeed the case, as shown in the next lemma.

Lemma 3.4. The dissipative multipeakon solutions defined in Definition 3.1
are weak solutions of (1.3) in the sense of Definition 2.30.

Proof. We calculate the required integrals.

1 2 1 2 1 2
Rx[0,00)

o0

-/ ( / Z( (21)0u + gulabur) da

+ /xoo (u(n) Pt + %u(xn)%bm) dz

n

n—1 Tt

+Z/ ¢xt+1u()¢m— 5 (4 —i—p)d))dm)dt
JI5] (o ()

2\ (1+ %pz‘t)Q + (%Pit)Q

i+ 3@+t :
T (i er0tamn) —oten) | a

_ 7; /OO uey dadt = — /Oo(uqbw)lt—o da. (3.1)
s

— 00

The identity u(z;) = &;, which can be proved by induction on ¢, has been used.
The second integral reads

/ (pde + (up)de) dadt
Rx[0,00)
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n—1 it
Pi Pi
¢ + w(x)py) dadt
; / L+ Zpit)>+ G2 (1+ Lpit)? + (Spit)? (@)6:)

Zq
n—1

(
2 07

i=1

0
r Titt pi+3(0F +p})t

o1 — ¢) dx
0/ sz + (3 pit)Q(/m (@ (14 2pit)? + (3pit)2 )

ol - ulz)o(e) ) d

oo

/ / podadt =~ [ (9o do. (3.2)

— 00

A number of interesting properties of the dissipative multipeakon solutions
are collected in the following proposition.

Proposition 3.5. The quantities

Q(évt) = qu(t) + (§ - 93@)((1 + %UOx(ﬁ)t)Q + (%PO(ﬁ)t)Q)1{1+%u01t20}u{p07&0}7
Z(&vt) = u(q(f,t), t)7

q(€,t)
HEO= [ (ot + plat?) dr,
r(&,t) = p(q(&,t),t)qe (&, 1),
satisfies
§=z, (3.3a)
He = = He(€: 008 (14 g, (€)6=0.p0(6)=0) (1) (3.3b)
z = %H — thotv (33C)
= 0. (3.3d)

We will now generalize the concept of dissipative solutions by letting (3.3)
generate the flow in a space F¢ similar to F defined in Definition 2.7. Our aim
is to construct a semigroup of dissipative solutions similar to what we did for
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conservative solutions. This semigroup will unfortunately not be continuous in
the dp-metric. We shall see that this is related to the fact that if py # 0, ug =
(u2 + p?) dz then the conservative and dissipative solutions are identical.

3.2 Characteristic system in the dissipative case

First we define a ”characteristic system” which will generate the flow in F¢.
Let

q =z, (3.4a)

.1 1

z = §H - ZHtOt7 (34b)
Hf = —Hog(s{lJr%zo%t:O’m:O}(t), (34C)

=0, (3.4d)

where J, is the Dirac measure, 0,(A) = 1if a € A, 6,(A) = 0 otherwise. The
system (3.4) can be solved explicitly. We will be interested in the initial value

£ . 24 ()2 .
problem Hy(§) = [ W dy, qo + Hp = id.

Proposition 3.6. The solution of the system (3.4) with initial data

qlt=0 = qo, (3.5a)
z|t=0 = 20, (3.5b)
Tlt:O = To, (35C)
id
_ 20e (€)% + 10(€)?
Hlio = 4 2l ae (3.5)
s given by
1 j z0e(y)? + ro(y)?
q(§,t) :4(/ Wlfl(y,ﬂ dy

1 Oozog(y)2+7"o(y)2 A 2
) W)

— 00
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£ oo
([ a0t ® w0 a5 [ o0 )+ oo

— — 00

oo

- ( j toc17(1) dy _% / 20¢17 (1) dy) +q0(6), (3.6)

- —o0

¢
([ e + o) a

1 Oozog(y)2+7"0(y)2 A
2_4 ety w0 @)
S oo
—(/zog(y)lB(yJ) dy—%/zog(y)lB(y,t) dy)
+ 20(§), (3.7)
& 2 2 r 2
H(en) = [ 210 ay (3.5)
7(&:t) =ro(§). (3.9)

The characteristic functions 14 and 15 are given by

A B 0 if ro(§) =0, 20¢(§) <0, > 722?;((5))’
(&) = 1 else

e gy [0 = 0,206(6) < 0,8 > 5@
(&) = 0 else |

Note that 14 + 18 = 1.

Proof. The formula for » and H is obtained by integrating. To get the formula
for z we integrate again and change the order of integration by the Tonelli’s
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theorem as the integrand in H is non-negative. The formula is reached by

/1A(s) ds = t14(¢) — 2108 154y, (3.10)
Zog
0

To go from z to ¢ we integrate one more time. The integral [ 20513 d¢ is finite.
As zp € WH*(R) it suffices to show that the Lebesgue measure of supp 172(t)
is finite for each ¢. The definition of 15(t) gives

m(supp 1B(t)) = m({f |t > —%,Zog <0,r9 = 0})

ZOE
5 4c?
< m({€ | z0¢* > tT}) < 00, (3.11)
as zoe € L*(R) and 0 < go¢ < ¢ for some ¢ > 0. 0

From the proposition above we have that once g¢ becomes zero it remains
zero for all times, and H¢ = 0 whenever g¢ = 0. Thus we can not use the space
F for dissipative solutions.

Definition 3.7. The set F¢ consists of X = (q,z, H,r) € B such that
(i) ¢z HeWhe(R),(+id =g,
(t4) q¢>0,H >0,(q+H)¢e>c>00r(¢g+H):=0 a.e.
iii) qeHe =22 +1° aee.
(#0i) qeHe = 2

Note that F C F?¢. The next lemma shows that F¢ is the correct space to
look for solutions.

Lemma 3.8. If Xo = (qo, 20, Ho,70) € F¢ then the solution X; of (3.4) at t
with initial data Xq is in B.

Proof. We compute using the explicit solutions in Proposition 3.6. For each ¢
we have that H is bounded by Hy, z by %Ht + 229 and ¢ by %th + zt + 2qo.
The derivatives and r are bounded by

r(t) = ro,
0 < He(t) < Hoe,

1
2| < 5 Hogt + |20g],
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1
lge| < 1H05t2 + |z0¢|t + qoe, (3.12)

which are square integrable. O

3.3 Global existence of dissipative solutions

The strategy is similar to the one in the conservative case. The main difference
being that here we do not attempt to establish continuity. There are other
differences of a more ”tactical” nature, for example a different approach to the
projection to Fy and more difficult calculations in the Lagrangian coordinates.

Theorem 3.9. The solution operators Sf : F — Fd constitutes a semigroup.
The operator S& is not continuous with respect to the B-norm.

Proof. Let Xo = (qo, Ho, 20,70) denote the initial data and S¢(Xg) = X (¢) =
(q(t), H(t), (), (t)) the solution at t. We need to show that the solution is in
F? and that it is unique. To that end, consider

2 2 2 2
1 z5: + 1 2o + T
2 0¢ 0\24A4,2 0& 0y4A 2 1A
2 =—(—— )17t + zpe(—— )1t + 2517,
13 4( qoe ) 5( Qo ) 0¢
2 :r% = rglA,
2 2 2 2
1 z5: + 1 2o + T
qeHe =~ (F5——2)2142 4 20 (“E—2)14 4 2214 + 7214, (3.13)
4" qoe qoe

which proves that (i7¢) in Definition 2.7 holds. Furthermore, ¢ —id, 2z, H €
W1°(R) as this holds for the initial data, and for each t the solutions are
linear combinations of the initial data. Non-negativity of H, follows from go¢
being non-negative, and thus g¢ has to be non-negative due to (ii¢). That
(g+ H)e > c>0o0r (¢+ H)e = 0 almost everywhere holds is proven in much
the same way as in the conservative case in the proof of Theorem 2.8. The only
difference is that we do not have continuity in ¢ across the blow-up time. We
show the semigroup proporty Sf o 5% = S¢,  next. The notation S¢(fo) = f(t)
for f = q,2, H,r, 14 with fy = qo, 20, Ho, 70, 1(0), respectively, is used. The
key identity is

LzeWs), o Lze®), | o (3.14)
2 qe(y, s) 2 qoe ()

whenever 14 (y, s) = 1. This implies that S o 54(14) = 5S¢, (1), and thus

1+

5§84 (ro) =ro = Siy 5 (r0), (3.15)



3.3. GLOBAL EXISTENCE OF DISSIPATIVE SOLUTIONS 45

¢
Zg(y,8)2+7“(y,8)2 A
SfSS(Ho)z/ 12y, t) dy
, S
J qe(y, s)
5 22 +’I”2 Z2 +T‘2
-/ ) + 20e s 2 + roly)?

14(y, s)12(y, 1) dy

2 + 2
oo T4 4 20614 + qoe
¢ 2 2
20 T T
N / %TgolA(y’t +5) dy =S¢, ,(Ho), (3.16)

—00

; 2 2 T ze\ S 2 r{s 2
ststten) = ([ T -5 [ = ay )

1 ; 2(2)5+T(2J A 1 Oozgg"_rg A
—1-2(/1 (s)dy—i/il (s)dy)s

qo¢

— 00 —o0

3 )

1 25e + 70 4 1 25e + 70 4

== /71 (t—i—s)dy—f/il (t+s)dy |t
2 qoe 2 qoe

— 0 —00

3

_ ( / 2061 ()18 (t + 5) dy — % 72051A(s)1B(t+ s) dy)

—0Q0

1

1 22 +,,,2

—(/W1A(s)13(t+s)dy
2 qoe

— 00
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1 0022 + 72
5 [ ) )

2 qo¢
—00
+1</Ez§g+r31,4()d l/ooz§§+r§1A()d>
9 - $ -5 E— S s
o s
& ) 00
- ( / 20615 (s) dy — 3 / 20¢15 () dy)
oo .
+ 20(§)
9 00
1 25 + 70 1 22, + 12
(/ M1A<t+s>dy/W1A<t+s>dy)(t+s>
2 qu 2 qu
9 . o0
- < / 20e17(t +5) dy — 3 / z0e1P (t + 5) dy) + 20()
:Std-‘rs(ZO) (3.17)

SESHa0) = (H(E, 1+ ) — 5 Huos(t + )1

S
122 + 7
(] (e e
2 qoe

— 00
1 [ (128 +03
ff/ el LIRS e lA(s)lB(t+s)dy>t
2 2 qu



3.3. GLOBAL EXISTENCE OF DISSIPATIVE SOLUTIONS 47

_;7{a+1%%f+(“1$ﬂ%gﬂﬁﬁﬁ+$d0

o 2 qoe 2qo
1 1
+ Z(H(g,s) §Ht0t(8))8
3 ) 13
([ artea-g [ aateoa)s o
- ( / q0e17 (s) dy—§ /QOng(S) dl/) +qo()

Zi(H(f,t—F s) — %Htot(t +5))(t* + 2ts + s7)

- ( j 20e 15 (t + 5) dy—% 7z0513(t+8) dy)(t+8)

€ 00
_</q0€13(t+s)dy—;/qong(t—&-s)dy)
+ 20(€)(t +5) + qo(§)
=S¢ s(q0)- (3.18)

That S¢ is not continuous follows from the explicit solutions in Proposition 3.6,
where one can observe that H does not depend continuously on the B-norm of
r. Uniqueness follows by uniqueness, up to a constant, of the antiderivative in
the space of distributions. O

Define the function A : D — D by
A, p,p) = (u, p, (uf + p?) da) (3.19)
and the map LY : D — F¢ by
LY=LoA. (3.20)

Since both L and A are well defined, L? is well defined as well. To go back to
the original variables we extend M to a map M? in the natural way, i.e. the
domain is extended from F to F¢ and the formulas remain the same. As in the
conservative case there is some redundancy corresponding to relabeling.
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Definition 3.10. Let ¢ be such that (¢ + H) o ¢ = id. Define 1% : F4 — Fy by

11%(q, 2, H,r) = (go ¢, z0¢,H o ¢, (10 d)e) . (3.21)

In order for II? to be well defined we need that it is independent on the
choice of ¢ and that the range is Fy.

Proposition 3.11. The function I1% defined in Definition 3.10 is well defined.

Proof. We will show that II¢ is a function, that the range is Fy and that it is
independent of the choice of right inverse. First note that ¢ is strictly increasing
since ¢ is one-to-one and increasing. This implies the existence of ¢¢ almost
everywhere [6, Theorem 3.23]. We will show that ¢¢ — 1 € L?(R). Let A = {¢ |
¢¢ exists}. Then

/|¢>g—1|2d£=/\1—(q§+H§)o¢|2¢§d§§ ||¢g||Loo<R>/\qg+Hm—1|2d§<oo.
A A R

Condition (i) in the definition of F¢, Definition 3.7, implies that

1
llge + Hell oo (r)

Q|

< e < almost everywhere, (3.22)

for some ¢ > 0. The points of discontinuity is precisely the points where (g +
H)¢ = 0. This implies that the range of II? is B and W1>°(R)3 x L*°(R), for
details see the proof of Proposition 2.18. Let X = (q,z, H,r) € F% and 14(X) =
(q, %, H, 7). We have by (iii) in Definition 3.7 that g¢ > 0 whenever r # 0, thus
¢ exists whenever r # 0 and I1? is well defined if we define (r o ¢)¢¢ = 0 when
ro¢ = 0. Let ¢ be another right inverse of (¢ + H). Then ¢ = ¢ whenever
(¢g+ H)¢ # 0, and when (¢+ H)e = 0 we have g¢ = z¢ =7 = He = 0 and
thus II? is independent of choice of right inverse. To see that the range is JFp
we observe that ¢+ h = (¢4 H) o ¢ = id, and as ¢, h are increasing so are ¢, H.
Furthermore,

qeHe = qeHe¢f = (2 + %) = 22 +7°. (3.23)

The boundedness of Z, H and id — g follows directly from the boundedness of
z, H and ¢ —id. The same argument holds for the boundedness of g¢, z¢ and
H,. The square integrability follows. O

That ¢ is one-to-one and thus invertible on all ”interesting” sets, that is all
sets where g¢ # 0, yields the next proposition.
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Proposition 3.12. If X € F¢, then
M4 X) =M oTI%(X). (3.24)
Proof. Define (u, p, 1) = Moll%(X) and (@, p, i). Let € be given and z = qog(€).

The one-to-one property of ¢ and that q o ¢ is onto guarantees the existence of
a function f such that (go ¢)o (¢~ o f) =id. Thus

zo gb(d)*l of)y==zof (3.25)
and u(x) = @(x). Likewise
pe(rod) 4 r
e} f = — O f 326
selaeon) g 20
and p(z) = p(z). It remains to show that p = [, but this follows from
He o pe de = / He d. (3.27)
(q09)~*(A) q='(4)
O

We can then define the mapping S¢ : Fy — Fo by S¢ = 1% 0 S¢.
Proposition 3.13. The mappings 11 and S¢ satisfies
0S¢ oM =110 SZ. (3.28)
In other words, gf is a semigroup in Fy.

Proof. Let X = (q,z,H,r) € F¥ and X(t) = (q(t), 2(t), H(t),r(t)) = SH(X).
Then S o I4(X) = (q(t), 2(t), H(t),7(t)) is given by

7(t) =r(0) = r o ¢y = r(t) o ¢y,

£
() = [ B0 (1) de

3
_ / He 0 ¢o(€)doc(£) de
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:H(t) o ¢07

which implies that

We apply T to S{ o TI%(X), realize that ¢; = ¢, ' o ¢ where ¢ is a right inverse
of q(t) + H(t) and get

7(t) o ¢r =10 ¢,
_(t)°¢t=HO¢7
Z(t)o ¢y = z 0 9,
q(t)o¢r = qo ¢,

which equals TT o S#(X). O
We define the map T : D — D by
T = M40 840 L4, (3.29)

Definition 3.14. A weak solution (u, p,u) of (1.3) in the sense of Definition
2.30 is said to be a dissipative weak solution if it satisfies the entropy criterion

plz,t) =0 = ug(z,t) <

S

almost everywhere, (3.30)

i addition to
/(uz(x,t)2 + p(z,t)?) dz < / (uoz(2)? + po(z)?) da. (3.31)

And the final theorem that concludes the chapter on dissipative solutions.

Theorem 3.15. The map T{ constitutes a semigroup in D of dissipative weak
solutions of (1.3) in the sense of Definition 3.14. The operator T{ is not con-
tinuous with respect to the metric dp.

Proof. The proof that it is a weak solution is the same as in the conservative
case, the point being that ¢ = z and 2z = %H — %Htot still holds. To see
that the solution is dissipative note that p(x,t) = 0 implies that r(£,s) = 0
for all s and ¢(§) = z. Then by solving the characteristic equations (3.4) one
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finds that u, < % To prove the semigroup property it suffices to show that
u(t) = (u2+p?)da. That it holds for t = 0 follows directly from Proposition 2.22
and the definition of A. For ¢ > 0 note that g¢(£) = 0 implies that H¢(£) = 0.
This implies that

o= [ Heac= [ Hea (3.32)

a~1(A) a1 (AN{ge>0})
and for every right inverse f of ¢ we have

f(z)
p(O)(~so.0]) = [ Hede (3.33)

As H¢ is a measurable function, pu(t) is absolutely continuous with respect to
the Lebesgue measure on R. The formula u(t) = (u2 + p?) dz is proved by
substitution in the above integral. O

Remark 3.16. The singular part of ug is simply ignored, so in the dissipative
case we can restrict our attention to D¢ = FEy x L*(R) without any loss of
generality.

Remark 3.17. If D is restricted to p = 0 the dissipative semigroup is continu-
ous with respect to some other metric [2]. The difficulty in extending the metric
lies in the fact that if po # 0 and po = (u3, + p2) dx, then the dissipative and
conservative solutions are identical. Thus if the initial data converges, then the
solutions converges to the conservative solution in dp.
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Chapter 4

Conclusions and future
studies

4.1 Future studies

One would want to try to establish the results for the two-component Camassa-
Holm equation and the standard Hunter-Saxton in our setting. The first ques-
tions that come to mind are:

e Can one construct a metric on D such that the semigroup of dissipative
solutions is continuous? If so, can it be made Lipschitz continuous? This
is done for the Hunter-Saxton equation in [2].

e Is the semigroup of conservative solutions Lipschitz continuous, as in the
Hunter-Saxton case [3]?

4.2 Conclusions

A global continuous semigroup of conservative solutions of the Hunter-Saxton
system (1.3), defined in Definition 2.30, was shown to exists in Theorem 2.31.
Furthermore, if p — 0 € L?(R), then the solution constructed by the semigroup
approaches the conservative solution of the Hunter-Saxton equation (1.2). Con-
servative multipeakons were demonstrated to exist in Example 2.32.

Similarly, a global semigroup of dissipative solutions of the Hunter-Saxton
system (1.3), defined in Definition 3.14, was shown to exists in Theorem 3.15.
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Dissipative multipeakons exist as demonstrated in Definition 3.1 and Lemma
3.4.
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