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a b s t r a c t 

This article presents a method for determination of dynamic reaction forces in knuckle 

boom cranes. The method is based on the dynamic modelling procedure, which is an ex- 

tension of Kane’s equations of motion. An efficient formulation is used, where the link 

velocities and angular velocities are given in terms of the link twists, which makes it 

straightforward to describe the partial velocities and partial angular velocities as joint lines 

given as screws in Plücker coordinates. The method is presented in a systematic and gen- 

eral manner and is applicable for spatial crane-like manipulators with passive rotary joints 

and piston actuators. We propose a procedure for the substitution of the actual actua- 

tor wrenches with an equivalent set of wrenches applied on the actuator supports, which 

leads to an efficient procedure for the determination of reaction forces in passive joints. 

The application of screw theory to dynamic modelling and force analysis leads to an ele- 

gant and geometrically meaningful formulation. The method is implemented for a knuckle 

boom crane and simulation results are provided. The determined reaction forces can be 

used in mechanical problems as structural integrity calculations and fatigue lifetime pre- 

diction, as well as in control problems involving dry friction. 

© 2018 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY license. 

( http://creativecommons.org/licenses/by/4.0/ ) 

 

 

 

 

 

 

 

 

 

1. Introduction 

Knuckle boom cranes belong to the class of heavy duty parallel–serial manipulators, which are actuated by prismatic

piston actuators, see Fig. 1 . This type of actuation is typically used when the requirements for the load capacity are high.

The resulting closed-loop structure leads to more complicated dynamic modelling and force analysis procedures than for

serial manipulators. 

Crane operations in the offshore and maritime industries are of great importance, and require precise and safe motion

of crane payloads. Therefore the field of modelling and control of cranes has been widely studied in the research literature

[1,2] . When the control of hydraulics is of interest, the hydraulic cylinders are normally included in the dynamic model

[3–5] . Alternatively, in theoretical modelling and control studies it may be assumed that the crane is actuated by the joint

torques [6,7] . For cranes moving at high speeds the effects of inertial forces of the actuators on the system dynamics become

important and they should be included [8] . The reaction forces may be of interest in the analysis of a crane, as they can be
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Nomenclature 

ω 

i 
0 i 

angular velocity of Body i relative to the inertial frame 

� screw interchange operator 

τ vector of generalized external forces 

W̆ in 
i 
i 
, W̆ e 

i 
i 
, W̆ t 

i 
i 

inertial, external and total wrench of Body i with interchanged force and moment vectors 

t i 
0 i/i 

twist of Body i relative to the inertial frame, referenced to the origin of Frame i 

W in 
i 
i 
, W e 

i 
i 
, W t 

i 
i 

inertial, external and total wrench of Body i 

W r 
i 
i 

reaction wrench in Joint i 

W 

∗
t 

bi 
bi 

, W 

∗
t 

pi 
pi 

reaction wrench at cylinder barrel bi support, and at cylinder piston pi support 

R̄ 

i +1 
i 

screw coordinate transformation matrix from i to i + 1 

C Coriolis and centrifugal force matrix of multibody system 

D i local mass matrix of Body i 

M mass matrix of multibody system 

M 

i 
m i 

inertia tensor of Body i 

P i projection matrix of Body i 

q vector of generalized coordinates 

S bbi , S pbi , S bpi , S ppi auxiliary matrices for derivation of reaction wrenches of cylinder i 

u vector of generalized speeds 

U 

i 
m i ,i 

screw reference transformation matrix from i to m i 

v i 
0 i/i 

linear velocity of the origin of Frame i relative to the inertial frame 

V 

i +1 ,i 
m i +1 ,i 

screw transformation matrix, transforms coordinates from i to i + 1 and transforms reference point 

from i to m i +1 

W i auxiliary skew-symmetric matrix of angular velocities of Body i 

a bi distance from Joint i to Frame bi along the axis y i −1 

a pi distance from Joint i to piston pi attachment point along the axis y i 
d i COG distance of Body i 

e bi distance from Joint i to Frame bi along the axis z i −1 

e pi distance from Joint i to piston pi attachment point along the axis z i 
l i length of Body i 

m i mass of Body i 

αi rotation angle from Frame i − 1 to Frame i 

β i rotation angle from Frame i − 1 to Frame bi 

used to model joint friction [9] . Moreover, the reaction forces can be used for the structural strength and fatigue analysis of

the system under realistic operational scenarios, and for optimal dynamic performance problems [10] . 

The dynamics of cranes has a much in common with the dynamics of robot manipulators. It is well established that

the dynamics of serial manipulators can be modelled with Lagrangian mechanics, which gives valuable insight into the

properties of the equations of motion and into the energy of the system [11] . The dynamics can also be modelled with the

Newton–Euler formulation, which, in general, will lead to efficient computational schemes. This can be implemented as a

recursive Newton–Euler formulation [12] , which is used for the inverse dynamics problem, where the generalized forces are

computed given the position, velocity and acceleration of the joints. Another method based on the Newton-Euler formulation

is Kane’s equations of motion [13] , which can be used to derive the equations of motion in closed form. Alternatively to

formulation using coordinate-free vectors [13] , Kane’s method can be formulated using column vectors [14] or dual vectors

[15] , where an angular velocity is a real vector part and a linear velocity is a dual vector part. Both the recursive Newton–

Euler scheme and Kane’s equations of motion rely on the elimination of the forces of constraint. In Kane’s method this

is done using partial velocities and partial angular velocities, which can also be formulated with the natural orthogonal

complement (NOC) [16,17] or the decomposed NOC [18,19] , where the expressions for the NOC can be found directly from

the body twists for serial-link manipulators [19] . Kane’s method can also be used to bring the forces of constraint into

evidence by introducing auxiliary generalized speeds and the corresponding auxiliary partial velocities and auxiliary partial

angular velocities [13] . It is noted that there are several other methods for the determination of reaction forces (i.e. forces of

constraint) based on Newton–Euler or Lagrangian formalism [20–23] . The dynamic formulation using Lagrange multipliers

[24–27] also allows the determination of constraint forces between the system bodies. 

In this paper we present a formulation of Kane’s equations of motion where the partial velocities and the partial angular

velocities are described in terms of the joint twists. This is equivalent to the NOC formulation, with the advantage that

the formulation to a larger extent is directly related to the geometry of the problem. Link twists are conveniently derived

using screw transformations, which gives a clear geometric interpretation of every step in the derivation. Then the partial
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Fig. 1. A down-scaled version of a knuckle boom crane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

velocities and the partial angular velocities will be given as screws describing lines in Plücker coordinates, which can be

transformed using screw transformations. The lines of the joints are arranged as the columns of the projection matrices.

From the geometric perspective, premultiplication of an external or inertial force with those lines leads to a projection of

the force on the line. Moreover, the columns of projection matrices are related to partial velocities in Kane’s method [13] and

to the columns of the NOC [16,28,29] . 

The dynamical formulation presented in this paper was used in [6] to derive the equations of motion for a crane-ship

system, where a heavy crane is mounted on a ship moving in ocean waves. In the previous work [30] the formulation was

used to derive the equations of motion for a serial manipulator and calculate the forces of constraint. In this paper we

extend the results of [6,30] to serial-parallel mechanisms with rotary joints and prismatic piston actuators with applica-

tion to knuckle boom cranes. The dynamical formulation does not require inclusion of constraint equations, and it leads

to a minimal set of ODE’s. The problem of the closed kinematic loops is solved by the substitution of the actual actuator

wrenches applied at the centres of gravity with an equivalent set of wrenches applied at the actuator supports. The mod-

elling procedure is presented in a general manner and is applicable for crane-like manipulators with an arbitrary number

of links. Spatial mechanisms can be modelled by combination of links with the actuated rotational joints and the rotational

joints actuated by cylinders. The method is also applicable for serial-link manipulators, where the substitution of wrenches

is omitted. Reaction forces can be used in mechanical design of mechanisms as well as in control and modelling problems

involving dry friction [31,32] . 

The rest of this paper is organized as follows. Section 2 presents the preliminaries to this work. In Section 3 the dynamic

modelling of parallel-serial manipulator arms is discussed, while in Section 4 the method for determination of reaction

forces is given. Implementation of the method for a knuckle boom crane is given in Section 5 , which is followed by the

simulation results and conclusions given in Sections 6 and 7 . 

2. Preliminaries 

2.1. Screws and lines 

A screw 

�
 s /B [33,34] is an ordered pair of vectors 

�
 s /B = ( � u , � w ) , (1)

which satisfies the screw transformation 

�
 s /A = ( � u , � w + 

�
 p AB × �

 u ) , (2)

where � s /A is referenced to the point A , � s /B is referenced to the point B , and 

�
 p AB is the position vector from A to B . A special

screw is a line 

�
 l /B = ( � a , � m ) , (3)
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where � a is the unit direction vector of the line, and 

�
 m = 

�
 p × �

 a is the moment of the line, where � p is the position vector from

the reference point B to any point on the line. It is noted that the direction vector � a and the moment � m are orthogonal. 

A screw 

�
 s /B is said to have the line � l /B as its screw axis if it can be written 

�
 s /B = α( � a , � m + h 

�
 a ) , (4) 

where α is a real scalar and h is a pitch of the screw. It follows that a line is a screw with zero pitch. The screw 

�
 λ = ( � 0 , � a )

has infinite pitch, and is said to be a line at infinity. 

The coordinate form of a screw is written 

s 
j 

/b 
= 

[
u 

j 

w 

j 

]
, (5) 

where u 

j and w 

j are vectors given in the coordinates of Frame j . The screw transformation from a screw with reference in

the origin of Frame b and coordinates in j to the same screw with reference to the origin of Frame a and coordinates in i is

given by 

s i /a = R̄ 

i 
j U 

j 

ab 
s 

j 

/b 
, (6) 

where the screw rotation matrix R̄ 

i 
j 

transforms the coordinates from j to i , and is given by 

R̄ 

i 
j = 

[
R 

i 
j 

0 

0 R 

i 
j 

]
, (7) 

where R 

i 
j 
∈ SO (3) is an orthogonal rotation matrix [11] from i to j . The screw reference transformation matrix U 

j 

ab 
changes

the point of reference from b to a , and is given by 

U 

j 

ab 
= 

[
I 0 

ˆ p 

j 

ab 
I 

]
, (8) 

where p 

j 

ab 
is the position vector from a to b in the coordinates of j . The notation ˆ · denotes the skew-symmetric form of a

vector. It is noted that 

R̄ 

i 
j U 

j 

ab 
= 

[
R 

i 
j 

0 

ˆ p 

i 
ab 

R 

i 
j 

R 

i 
j 

]
, (9) 

where R 

i 
j ̂
 p 

j 

ab 
= 

ˆ p 

i 
ab 

R 

i 
j 
, the term (9) is referred as a screw transformation matrix in [34] . The resulting screw referenced to a

is 

s i /a = 

[
u 

i 

w 

i + 

ˆ p 

i 
ab 

u 

i 

]
. (10) 

2.2. Twists 

The displacement of Frame j relative to Frame i is given by the homogeneous transformation matrix [11] 

T 

i 
j = 

[
R 

i 
j 

p 

i 
i j 

0 

T 1 

]
. (11) 

The corresponding twist of Frame j relative to Frame i referenced to the origin of Frame j is then [33,35] 

t 
j 
i j/ j 

= 

[
ω 

j 
i j 

v j 
i j/ j 

]
. (12) 

This twist is related to the time derivative of the displacement T i 
j 

according to ˙ T i 
j 
= T i 

j ̂
 t j 
i j/ j 

, where 

ˆ t j 
i j/ j 

= (T 

i 
j ) 

−1 ˙ T 

i 
j = 

[
ˆ ω 

j 
i j v j 

i j/ j 

0 

T 0 

]
(13) 

is the matrix form of the twist t j 
i j/ j 

. It is seen that ˆ ω 

j 
i j 

= (R 

i 
j 
) T ˙ R 

i 
j 

is the angular velocity of j relative to i , and v 
j 
i j/ j 

= (R 

i 
j 
) T ˙ p 

i 
i j 

is the velocity of j relative to i . 

If the twist is given as t i 
i j/i 

, which is the same twist referenced to Frame i and given in the coordinates of i , then

˙ T i 
j 
= ̂

 t i 
i j/i 

T i 
j 

and t i 
i j/i 

= [( ω 

i 
i j 
) T , (v i 

i j/i 
) T ] T , where v i 

i j/i 
is the velocity a point fixed in Frame j that passes through the origin



A. Cibicik and O. Egeland / Mechanism and Machine Theory 133 (2019) 179–194 183 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

of Frame i . Assume the particular case where the displacement is a rotation θ i about a unit vector a i through the origin of

i , then it follows that v i 
i j/i 

= 0 , and the twist is simply 

t i i j/i = 

[
˙ θa i 

0 

]
= 

˙ θL i i/i , (14)

where L i 
i/i 

= [(a i ) T , 0 T ] T is the line with the direction vector a i through the origin of i . Note that this line is a screw, which

satisfies screw transformations. If the motion of Frame j is instead a translation d along L i 
i/i 

, then the twist is 

t i i j/i = 

[
0 

˙ d a i 

]
= 

˙ d λi 
i/i , (15)

where λi 
i/i = [ 0 T , (a i ) T ] T is the line at infinity. 

It is noted that the twist t k 
ik/k 

of a composite displacement T i 
k 

= T i 
j 
T 

j 

k 
is given by its matrix form 

ˆ t k ik/k = T 

k 
i 

˙ T 

i 
k = T 

k 
j T 

j 
i 

˙ T 

i 
j T 

j 

k 
+ T 

k 
j 

˙ T 

j 

k 
= ̂  t k i j/k + ̂  t k jk/k , 

where it is used that ˆ t k 
i j/k 

= T k 
j ̂
 t j 
i j/ j 

T 
j 

k 
, which is verified by direct computation. This means that the twist of the composite

displacement is the sum of the twists of the individual displacements, that is 

t k ik/k = t k i j/k + t k jk/k . (16)

Note that the twists must be referenced to origin of the same frame, and must be given in the coordinates of the same

frame in this summation. 

2.3. Dynamics of serial manipulators 

A dynamical model of a serial-link manipulator can be derived by, firstly, defining free-body dynamics of every Link k

and, secondly, deriving the constrained equation of motion using the NOC [16] , projection matrices [30] , partial velocities

[13] or other similar approaches. Twists can be used both for deriving the free-body dynamics and for defining the velocity

constraints between the manipulator links. Twists can be linked to the screw notations and can be transformed using screw

transformations while retaining the geometrical meaning of mathematical manipulations. 

Following the procedure given in details in [30] we define a twist of Link k relative to the inertial frame, referenced to

the origin of Frame k and expressed in the coordinates of Frame k as 

t k 0 k/k = 

[
ω 

k 
0 k 

v k 
0 k/k 

]
, (17)

where the twist t k 
0 k/k 

is a screw. The twist (17) can be transformed to be referenced to the COG point m k (centre of gravity

of Link k ) and to the origin of Frame k + 1 (Link k + 1 body-fixed frame) by screw transformations. The transformed twist is

the same line, just given from the view of a different reference point 

t k 0 k/m k 
= U 

k 
m k ,k 

t k 0 k/k , t k 0 k/k +1 = U 

k 
k +1 ,k t 

k 
0 k/k , (18)

where U 

k 
m k ,k 

and U 

k 
k +1 ,k 

are the screw reference transformation matrices 

U 

k 
m k ,k 

= 

[
I 0 

ˆ p 

k 
m k ,k 

I 

]
, U 

k 
k +1 ,k = 

[
I 0 

ˆ p 

k 
k +1 ,k 

I 

]
. (19)

The term 

ˆ p 

k 
m k ,k 

is a skew-symmetric form of the position vector p 

k 
m k ,k 

from the COG point m k to the origin of Frame k ,

expressed in the coordinates of Frame k . The term 

ˆ p 

k 
k +1 ,k 

is defined analogically. The twist t k 
0 k/k +1 

(18) can be expressed in

the coordinates of Frame k + 1 by the coordinate transformation 

t k +1 
0 k/k +1 

= R̄ 

k +1 
k 

t k 0 k/k +1 , (20)

where R̄ 

k +1 
k 

is given by 

R̄ 

k +1 
k 

= 

[
R 

k +1 
k 

0 

0 R 

k +1 
k 

]
. (21)

A simultaneous transformation of the reference and coordinates can be obtained by 

t k +1 
0 k/k +1 

= ̄R 

k +1 
k 

U 

k 
k +1 ,k t 

k 
0 k/k = 

[
R 

k +1 
k 

0 

R 

k +1 
k 

ˆ p 

k 
k +1 ,k 

R 

k +1 
k 

]
t k 0 k/k , (22)
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Fig. 2. A two-link system with a passive joint and a cylinder. 

 

 

 

 

 

 

 

 

 

 

where the transformation of the type R̄ 

k +1 
k 

U 

k 
k +1 ,k 

is also referred as an adjoint transformation. The twist (22) can additionally

be referenced to the COG of Link k + 1 by the screw transformation 

t k +1 
0 k/m k +1 

= U 

k +1 
m k +1 ,k +1 

R̄ 

k +1 
k 

U 

k 
k +1 ,k t 

k 
0 k/k = V 

k +1 ,k 
m k +1 ,k 

t k 0 k/k , (23) 

where 

V 

k +1 ,k 
m k +1 ,k 

= 

[
R 

k +1 
k 

0 

ˆ p 

k +1 
m k +1 ,k +1 

R 

k +1 
k 

+ R 

k +1 
k 

ˆ p 

k 
k +1 ,k 

R 

k +1 
k 

]
. (24) 

Twists expressed in the coordinates of the same frame and references to the same point can be summed up as in (16) 

t k +1 
0 ,k +1 /m k +1 

= t k +1 
0 k/m k +1 

+ t k +1 
k,k +1 /m k +1 

. (25) 

The twist of Link k t k 
0 k/m k 

can be expressed as 

t k 0 k/m k 
= P k u (26) 

and its derivative with respect to time can be expressed as 

˙ t k 0 k/m k 
= P k ̇ u + 

˙ P k u , (27) 

where P k is a projection matrix of Link k 

P k = 

∂t k 
0 k/m k 

∂u 

(28) 

and u is a vector of generalized speeds [13] . The nonzero columns of the projection matrix are the joint lines, referenced

to the COG of Link k . For the rest of the dynamic modelling procedure of a serial manipulator the reference is made to the

previous publication [30] . 

The method of auxiliary generalized speeds for determination of reaction forces can be efficiently implemented using

twists for a serial manipulator. However for closed-loop systems, the implementation becomes rather complex. Therefore, in

this work we propose an alternative method, which is specifically formulated for knuckle boom cranes and similar robotic

manipulators. 

3. Modelling of parallel–serial manipulator arms 

3.1. Kinematic constraints in the closed loop 

We present the modelling procedure in a general manner, such that it can be applied both for knuckle boom cranes

and for similar robot manipulators with an arbitrary number of links. Consider a two-link mechanical unit with a prismatic

actuator (which will be referred as a cylinder in the rest of this paper) shown in Fig. 2 . By application of the cosine rule we

can easily derive the kinematic relations between the piston extension q k and the angles αk , βk . The rotation angle αk from

Frame k − 1 to Frame k is 

αk = arccos 
(l bk + q k ) 

2 − b 2 1 − b 2 2 

−2 b 1 b 2 
+ arctan 

a bk 

e bk 

+ arctan 

a pk 

e pk 

− π, (29) 

where b 2 
1 

= a 2 
bk 

+ e 2 
bk 

and b 2 
2 

= a 2 
pk 

+ e 2 
pk 

. The rotation angle βk from Frame k − 1 to Frame bk is 

βk = − arccos 
b 2 2 − b 2 1 − (l bk + q k ) 

2 

−2 b (l + q ) 
− arctan 

e bk 

a 
+ 

π

2 

. (30) 

1 bk k bk 
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Fig. 3. A two-link system actuated by a cylinder. The line L α defines the rotation axis of Joint k , the line L β defines the rotation axis of the cylinder joint 

and the screw S q defines the translational direction of the cylinder piston. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Analytic expressions for rotation rates ˙ αk (q, ˙ q ) and 

˙ βk (q, ˙ q ) can be derived by differentiation of (29) and (30) with respect to

time. However, in this paper we will demonstrate a geometric approach, which is formulated using screws and screw trans-

formations. In certain cases a geometric procedure leads to the easier mathematical derivation of closed-form expressions

compared to time differentiation. 

Consider the same two-link system given in Fig. 3 , where Link k − 1 is fixed in space, while Link k and the cylinder

are attached to Link k − 1 . The line L k α/P k 
defines the positive rotational direction of the joint of Link k . When the line is

referenced to the point P k it is given by 

L k α/P k 
= 

[
x 

k 
k 

ˆ p 

k 
P k ,k 

x 

k 
k 

]
= 

[
1 0 0 0 −e pk a pk 

]T 
. (31)

The line L bk 
β/P k 

defines the positive rotational direction of the joint of the cylinder and when it is referenced to the point

P k it is given by 

L bk 
β/P k 

= 

[
x 

bk 
bk 

ˆ p 

bk 
P k ,bk 

x 

bk 
bk 

]
= 

[
1 0 0 0 −(l bk + q k ) 0 

]T 
, (32)

where l bk and q k are given in Fig. 2 . The screw with infinite pitch S bk 
q defines the positive translational direction of the

piston 

S bk 
q = 

[
0 

z bk 
bk 

]
= 

[
0 0 0 0 0 1 

]T 
. (33)

Premultiplication of (31), (32) and (33) with the corresponding rates ˙ αk , 
˙ βk and ˙ q k gives twists associated with the joint

lines. The virtual work of some wrench W i , which is compatible with the reactions in the joint P k , on the cylinder twist

referenced to the point P k is equal to the virtual work of the same wrench on the Link k twist referenced to the point P k .

Consider a unit wrench [33,36] 

W 

bk 
1 = 

[
0 0 1 0 0 0 

]T 
, (34)

then the virtual work equation is written as 

W 

bk 
1 �(L bk 

β/P k 
˙ βk + S bk 

q ˙ q k ) δt = W 

bk 
1 �R̄ 

bk 
k L 

k 
α/P k 

˙ αk δt, (35)

where δt is an infinitesimal increment of time, R̄ 

bk 
k 

is given by (21) and 

� = 

[
0 I 
I 0 

]
(36)

is an interchange operator [33] . Eq. (35) can be solved in terms of ˙ αk 

˙ αk (q k , ˙ q k ) = 

1 

a pk c αβk − e pk s αβk 

˙ q k , (37)

where e pk , a pk are given in Fig. 2 and c αβk 
= cos (αk − βk ) , s αβk = sin (αk − βk ) . Consider a different normalized wrench 

W 

bk 
2 = 

[
0 1 0 0 0 0 

]T 
, (38)

then the virtual work equation is written as 

W 

bk 
2 �

(
L bk 
β/P k 

˙ βk + S bk 
q ˙ q k 

)
δt = W 

bk 
2 �R̄ 

bk 
k L 

k 
α/P k 

˙ αk δt, (39)
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Fig. 4. A part of a serial manipulator actuated by cylinders. 

 

 

 

 

 

 

 

 

 

 

 

 

 

which can be solved in terms of ˙ βk 

˙ βk (q k , ˙ q k ) = 

e pk c αβk + a pk s αβk 

l bk + q k 
˙ αk = 

e pk c αβk + a pk s αβk 

(l bk + q k )(a pk c αβk − e pk s αβk ) 
˙ q k , (40) 

where (37) is substituted for ˙ αk and l bk is given in Fig. 2 . 

3.2. System configuration and equations of motion 

In this section we will derive the equations of motion in a general manner, such that the procedure can be implemented

for a crane-like manipulator with arbitrary number of links. A general part of such manipulator is given in Fig. 4 . The system

consists of n rigid links with n passive revolute joints and n cylinders for joint actuation. Each rigid Link k has a length l k ,

a mass m k and a distance d k from the COG (centre of gravity) to the origin of Frame k , which is a body-fixed frame. Each

cylinder k consists of a barrel bk and a piston pk , which have lengths l bk , l pk and masses m bk , m pk respectively. A distance

d bk is measured from the COG of a barrel bk to the origin of Frame bk , which is a body-fixed frame. However for a piston

pk a distance d pk is measured from the COG to the piston attachment point P k , see Fig. 4 . 

The configuration space of the system is defined by the vector of generalized coordinates q [11] , while the main variables

in the system are generalized speeds [13] which are given by the vector u 

q = 

[
q 1 · · · q k · · · q n 

]T 
, u = 

[
u 1 · · · u k · · · u n 

]T 
, (41) 

where u k = ˙ q k . To obtain twists for the system bodies we break the constraint at the piston attachment point P k . That

enables us to implement the procedure for a serial manipulator given in preliminaries. The orientation and rotational speed

αk , ˙ αk of Joint k are given as a function of the piston extension and piston linear speed q k , ˙ q k (29), (37) . Similarly, the 

orientation and rotational speed βk , 
˙ βk of Joint bk are given as a function of the piston extension and piston linear speed

q k , ˙ q k (30), (40) . 

The necessary screw reference transformation matrices U ij (19) are derived using position vectors p ij , which are specified

in Fig. 4 . 

The next step is to obtain the projection matrices (28) for the links, cylinder barrels and cylinder pistons P k , P bk and P pk .

Note that the workless reaction forces are vanished from the equations of motion by the principle of virtual work [13,37] 

∑ 

i 

P 

T 
i 

[
n 

i (c) 
i 

f i (c) 
i 

]
= 0 , (42) 

where n 

i (c) 
i 

are the reaction moments, f i (c) 
i 

are the reaction forces and i = k , bk , pk for k = 1 · · · n . Then the equations of

motion for a multibody system can be formulated by 

M ̇ u + Cu = τ, (43) 
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where 

M = 

∑ 

k 

P 

T 
k D k P k + 

∑ 

bk 

P 

T 
bk D bk P bk + 

∑ 

pk 

P 

T 
pk D pk P pk , 

C = 

∑ 

k 

P 

T 
k 

[
D k ̇

 P k + W k D k P k 

]
+ 

∑ 

bk 

P 

T 
bk 

[
D bk ̇

 P bk + W bk D bk P bk 

]
+ 

∑ 

pk 

P 

T 
pk 

[
D pk ̇

 P pk + W pk D pk P pk 

] (44)

and 

D i = 

[
M 

i 
m i 

0 

0 m i I 

]
, W i = 

[
ˆ ω 

i 
0 i 0 

0 

ˆ ω 

i 
0 i 

]
, (45)

where i = k , bk , pk for k = 1 · · · n . The matrices M and C have the property that ( ˙ M − 2 C ) is a skew-symmetric matrix [11,37] .

The vector of generalized external forces is given by 

τ = 

∑ 

k 

P 

T 
k �W e 

k 
k + 

∑ 

bk 

P 

T 
bk �W e 

bk 
bk + 

∑ 

pk 

P 

T 
pk �W e 

pk 

pk 
, (46)

where W e 
i 
i 
= 

[
f i T m i 

n 

i T 
m i 

]T 
is the wrench of resultant external effects, n 

i 
m i 

is the resulting moment on Body i and f i m i 
is the

resulting force applied at the COG of Body i . The matrix � is an interchange operator (36) , which leads to the new wrench

notation [33] W̆ i = �W i . 

4. Reaction forces 

4.1. Inertial and external wrenches 

Once the equations of motion (43) are solved, the wrench of the resultant inertial effects W in 
i 
i 

for Body i , applied at the

COG of Body i and expressed in the coordinates of Frame i can be derived using twist notations 

W̆ in 
i 
i = D i ̇ t 

i 
0 i/m i 

+ W i D i t 
i 
0 i/m i 

. (47)

Substitution of (26) and (27) into (47) leads to 

W̆ in 
i 
i = D i P i ̇ u + (D i ̇

 P i + W i D i P i ) u , (48)

where the index i = k , bk , pk for k = 1 · · · n . The total wrench acting at the COG of Body i is found as a difference of external

and inertial wrenches 

W̆ t 
i 
i = W̆ e 

i 
i − W̆ in 

i 
i , (49)

where W̆ in 
i 
i 

is obtained by (48) and W̆ e 
i 
i 

is the same as in (46) . Considering the interchange operator (36) , the following

equalities hold 

W in 
i 
i = �W̆ in 

i 
i , W e 

i 
i = �W̆ e 

i 
i , W t 

i 
i = �W̆ t 

i 
i 
. (50)

4.2. Equivalent cylinder wrenches 

In this section we derive a set of cylinder wrenches applied at the cylinder supports, which is equivalent to the initial

set of wrenches applied at the COGs. The initial cylinder wrenches for the barrel and the piston are derived by (49) and

(50) . 

4.2.1. Axial reactions 

The mathematical model of the cylinder adapted in this work is invariant with the type of primary actuation source

(i.e. hydraulic oil, mechanical actuation, etc). That is the cylinder is actuated by a point force applied on the piston along

the longitudinal z pk axis and the opposite force of the same magnitude applied on the barrel. In such mathematical model,

where there is no mechanical constraints along the longitudinal axis, the axial inertial force on the piston will be fully

transferred to the piston support and the axial inertial force on the barrel will be fully transferred to the barrel support. 

4.2.2. Transverse reactions 

The transverse cylinder reactions on the supports can be found from the wrench equilibrium equations. Assume that

W 

∗
t bk and W 

∗
t pk are the reaction wrenches applied at the cylinder supports, then the equilibrium equation of the wrenches

referenced to origin of Frame bk is 

W 

∗
t 

bk 
bk + U 

pk 

bk,P k 
W 

∗
t 

pk 

pk 
= U 

bk 
bk,m bk 

W t 
bk 
bk + U 

pk 

bk,m pk 
W t 

pk 

pk 
, (51)
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which gives six equation, where equations four and five together with the considerations in the previous subsection are

solved for the components of W 

∗
t 

pk 

pk 
. The equilibrium equation of the same wrenches referenced to the piston support P k is 

U 

bk 
P k ,bk W 

∗
t 

bk 
bk + W 

∗
t 

pk 

pk 
= U 

bk 
P k ,m bk 

W t 
bk 
bk + U 

pk 
P k ,m pk 

W t 
pk 

pk 
, (52) 

which also gives six equation, where equations four, five and six, together with the considerations in the previous subsection,

are solved for the components of W 

∗
t 

bk 
bk 

. The results obtained in (51) and (52) are formalized in a more convenient form 

W 

∗
t 

bk 
bk = S bbk W t 

bk 
bk + S pbk W t 

pk 

pk 
, 

W 

∗
t 

pk 

pk 
= S bpk W t 

bk 
bk + S ppk W t 

pk 

pk 
, 

(53) 

where the proposed auxiliary matrices S ijk are defined as 

S bbk = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

l ck −d bk 

l ck 
0 0 0 − 1 

l ck 
0 

0 

l ck −d bk 

l ck 
0 

1 
l ck 

0 0 

0 0 1 0 0 0 

0 2 ×6 

0 0 0 0 0 1 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, S pbk = 

⎡ 

⎢ ⎢ ⎣ 

d pk 

l ck 
0 0 0 − 1 

l ck 
0 

0 

d pk 

l ck 
0 

1 
l ck 

0 0 

0 3 ×6 

0 0 0 0 0 1 

⎤ 

⎥ ⎥ ⎦ 

(54) 

S bpk = 

⎡ 

⎣ 

d bk 

l ck 
0 0 0 

1 
l ck 

0 

0 

d bk 

l ck 
0 − 1 

l ck 
0 0 

0 4 ×6 

⎤ 

⎦ , S ppk = 

⎡ 

⎢ ⎢ ⎣ 

l ck −d pk 

l ck 
0 0 0 

1 
l ck 

0 

0 

l ck −d pk 

l ck 
0 − 1 

l ck 
0 0 

0 0 1 0 0 0 

0 3 ×6 

⎤ 

⎥ ⎥ ⎦ 

(55) 

and l ck = l bk + q k is a total length of the cylinder k . 

4.3. Determination of reaction wrenches 

The reaction wrench in Joint k (the revolute joint of Link k ) is determined by 

W r 
k 
k = 

n ∑ 

j= k 
U 

k 
k,m j 

R̄ 

k 
j (−W t 

j 
j 
) + 

n ∑ 

j= k 
U 

k 
k,P j 

R̄ 

k 
p j (−W 

∗
t 

p j 
p j 

) + 

n ∑ 

j= k +1 

U 

k 
k,b j R̄ 

k 
b j (−W 

∗
t 

b j 

b j 
) , (56) 

where U 

a 
ab 

are the screw reference transformation matrices as in (19) , R̄ 

a 
b 

are the screw coordinate transformation matrices

as in (21) , where the frame notations are as given in Fig. 4 . The wrenches W t 
j 
j 

are given by (49) and (50) , while the wrenches

W 

∗
t 

pj 
pj 

, W 

∗
t 

b j 

b j 
are given by (53) . The point P j is the piston pj attachment point to Link j , the point bj is the origin of Frame bj .

5. Knuckle boom crane 

5.1. Dynamic modelling 

Knuckle boom cranes are often installed on offshore vessels and they continuously experience significant dynamic loads.

Therefore, the reaction forces should be determined taking into account inertial loads from the dynamic analysis. In this

work we assume that a crane is fixed to a stationary base and a payload is omitted, however it is straightforward to extend

the presented procedure and include the payload and the base motion [6,30] . Consider a crane system given in Fig. 5 . The

dynamical system consists of seven rigid bodies: Body 1 is the crane king, Body 2 and Body 3 are the crane booms, Body b 2

and Body p 2 are the barrel and the piston of the inner cylinder, Body b 3 and Body p 3 are the barrel and the piston of the

outer cylinder. Each Body i has a body-fixed Frame i , while the inertial frame is denoted Frame 0. Note that x i axes for some

of the frames are not shown in Fig. 5 , they are defined by the right hand rule. The configuration of the crane is defined

by three generalized coordinates: q 1 is the rotation angle of the king about z 0 axis, q 2 is the piston extension of the inner

cylinder and q 3 is the piston extension of the outer cylinder. Then the configuration space vector q and the generalized

speed vector u are defined as 

q = 

[
q 1 q 2 q 3 

]T 
, u = 

[
u 1 u 2 u 3 

]T 
. (57) 

The rotation matrix from Frame 0 to Frame 1 is R 

0 
1 

= R z (q 1 ) , the rotation matrix from Frame 1 to Frame 2 is

R 

1 
2 

= R x (α2 (q 2 )) , the rotation matrix from Frame 2 to Frame 3 is R 

2 
3 

= R x (α3 (q 3 )) , where α2 ( q 2 ) and α3 ( q 3 ) are given by

(29) . The rotation matrix from Frame 1 to Frame b 2 is R 

1 
b2 

= R x (β2 (q 2 )) , the rotation matrix from Frame 2 to Frame b 3 is

R 

2 
b3 

= R x (β3 (q 3 )) , where β2 ( q 2 ) and β3 ( q 3 ) are given by (30) . The rotation matrices from Frame b 2/ b 3 to Frame p 2/ p 3 are

R 

b2 
p2 

= R 

b3 
p3 

= I . 
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Fig. 5. A knuckle boom crane system without a payload. 

 

 

 

 

 

 

 

 

 

The relative twists between the system bodies are defined as 

t 1 01 / 1 = 

[
0 0 u 1 0 1 ×3 

]T 
, t 2 12 / 2 = 

[
˙ α2 0 0 0 1 ×3 

]T 
, t 3 23 / 3 = 

[
˙ α3 0 0 0 1 ×3 

]T 
, 

t b2 
1 ,b2 /b2 = 

[
˙ β2 0 0 0 1 ×3 

]T 
, t 

p2 

b2 ,p2 /p2 
= 

[
0 1 ×3 0 0 u 2 

]T 
, 

t b3 
2 ,b3 /b3 = 

[
˙ β3 0 0 0 1 ×3 

]T 
, t 

p3 

b3 ,p3 /p3 
= 

[
0 1 ×3 0 0 u 3 

]T 
, 

(58)

where ˙ αi and 

˙ βi are given by (37) and (40) . 

The twist t 1 
01 /m 1 

referenced to the COG of Body 1, relative to the inertial frame and expressed in the coordinates of Frame

1 is 

t 1 01 /m 1 
= U 

1 
m 1 , 1 

t 1 01 / 1 . (59)

The twist t 2 
02 /m 2 

referenced to the COG of Body 2, relative to the inertial frame and expressed in the coordinates of Frame 2

is 

t 2 01 /m 2 
= V 

21 
m 2 , 1 

t 1 01 / 1 , t 2 12 /m 2 
= U 

2 
m 2 , 2 

t 2 12 / 2 , t 2 02 /m 2 
= t 2 01 /m 2 

+ t 2 12 /m 2 
. (60)

The twist t 3 
03 /m 3 

referenced to the COG of Body 3, relative to the inertial frame and expressed in the coordinates of Frame 3

is 

t 2 02 / 2 = U 

2 
2 ,m 2 

t 2 02 /m 2 
, t 3 02 /m 3 

= V 

32 
m 3 , 2 

t 2 02 / 2 , 

t 3 23 /m 3 
= U 

3 
m 3 , 3 

t 3 23 / 3 , t 3 03 /m 3 
= t 3 02 /m 3 

+ t 3 23 /m 3 
. 

(61)

The twist t b2 
0 ,b2 /m b2 

referenced to the COG of Body b 2, relative to the inertial frame and expressed in the coordinates of Frame

b 2 is 

t b2 
01 /m b2 

= V 

b2 , 1 
m b2 , 1 

t 1 01 / 1 , t b2 
1 ,b2 /m b2 

= U 

b2 
m b2 ,b2 t 

b2 
1 ,b2 /b2 , t b2 

0 ,b2 /m b2 
= t b2 

01 /m b2 
+ t b2 

1 ,b2 /m b2 
. (62)
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The twist t p2 
0 ,p2 /m p2 

referenced to the COG of Body p 2, relative to the inertial frame and expressed in the coordinates of Frame

p 2 is 

t b2 
0 ,b2 /b2 = U 

b2 
b2 ,m b2 

t b2 
0 ,b2 /m b2 

, t 
p2 

0 ,b2 /m p2 
= V 

p2 ,b2 

m p2 ,b2 
t b2 

0 ,b2 /b2 , 

t 
p2 

b2 ,p2 /m p2 
= U 

p2 
m p2 ,p2 

t 
p2 

b2 ,p2 /p2 
, t 

p2 
0 ,p2 /m p2 

= t 
p2 

0 ,b2 /m p2 
+ t 

p2 

b2 ,p2 /m p2 
. 

(63) 

The twist t b3 
0 ,b3 /m b3 

referenced to the COG of Body b 3, relative to the inertial frame and expressed in the coordinates of Frame

b 3 is 

t b3 
02 /m b3 

= V 

b3 , 2 
m b3 , 2 

t 2 02 / 2 , t b3 
2 ,b3 /m b3 

= U 

b3 
m b3 ,b3 t 

b3 
2 ,b3 /b3 , t b3 

0 ,b3 /m b3 
= t b3 

02 /m b3 
+ t b3 

2 ,b3 /m b3 
. (64) 

The twist t p3 
0 ,p3 /m p3 

referenced to the COG of Body p 3, relative to the inertial frame and expressed in the coordinates of Frame

p 3 is 

t b3 
0 ,b3 /b3 = U 

b3 
b3 ,m b3 

t b3 
0 ,b3 /m b3 

, t 
p3 

0 ,b3 /m p3 
= V 

p3 ,b3 

m p3 ,b3 
t b3 

0 ,b3 /b3 , 

t 
p3 

b3 ,p3 /m p3 
= U 

p3 
m p3 ,p3 

t 
p3 

b3 ,p3 /p3 
, t 

p3 
0 ,p3 /m p3 

= t 
p3 

0 ,b3 /m p3 
+ t 

p3 

b3 ,p3 /m p3 
. 

(65) 

The projection matrices P k for the links, P bk for the cylinder barrels and P pk for the cylinder pistons can now be calculated

by (28) . 

The inertia tensors are assumed to be 

M 

1 
m 1 

= diag (m 1 l 
2 
1 / 12 , m 1 l 

2 
1 / 12 , 0 . 1 m 1 l 

2 
1 / 12) , 

M 

k 
m k 

= diag (m k l 
2 
k / 12 , m k l 

2 
k / 12 , 0) for k = 2 , 3 , 

M 

bk 
m bk 

= diag (m bk l 
2 
bk / 12 , m bk l 

2 
bk / 12 , 0) for k = 2 , 3 , 

M 

pk 
m pk 

= diag (m pk l 
2 
pk / 12 , m pk l 

2 
pk / 12 , 0) for k = 2 , 3 . 

(66) 

where, except for Link 1, all bodies in the system are assumed to be slender beams. The matrices D k , D bk , D pk , W k , W bk 

and W pk are calculated by (45) , provided that ω 

k 
0 k 

, ω 

bk 
0 ,bk 

and ω 

pk 

0 ,pk 
are the first three rows of the twists t k 

0 k/m k 
, t bk 

0 ,bk/m bk 
and

t pk 

0 ,pk/m pk 
respectively. 

The wrenches of external forces applied at the COG of each body are 

W e 
1 
1 = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

R 

1 
0 

[ 

0 

0 

−m 1 g 

] 

0 

0 

T 1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

, W e 
k 
k = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

R 

k 
0 

[ 

0 

0 

−m k g 

] 

0 

0 

0 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

(67) 

and 

W e 
bk 
bk = 

⎡ 

⎢ ⎣ 

R 

bk 
0 

[ 

0 

0 

−m bk g 

] 

+ 

[ 

0 

0 

−F k 

] 

0 3 ×1 

⎤ 

⎥ ⎦ 

, W e 
pk 

pk 
= 

⎡ 

⎢ ⎣ 

R 

pk 
0 

[ 

0 

0 

−m pk g 

] 

+ 

[ 

0 

0 

F k 

] 

0 3 ×1 

⎤ 

⎥ ⎦ 

, (68) 

where k = 2 , 3 , R 

i 
0 

= (R 

0 
i 
) T , T 1 is the actuation torque of the crane king, F k is the piston pk actuation force and g is the

acceleration of gravity. After the vector of generalized external forces τ is calculated by (46) , the equation of motion (43) for

the crane can be finally formulated. 

5.2. Reaction forces 

The reaction forces in Joint 1 (the revolute joint of Link 1) are determined by (56) 

W r 
1 
1 = U 

1 
1 ,m 1 

(−W t 
1 
1 ) + U 

1 
1 ,m 2 

R̄ 

1 
2 (−W t 

2 
2 ) + U 

1 
1 ,m 3 

R̄ 

1 
3 (−W t 

3 
3 ) 

+ U 

1 
1 ,P 2 

R̄ 

1 
p2 (−W 

∗
t 

p2 
p2 

) + U 

1 
1 ,P 3 

R̄ 

1 
p3 (−W 

∗
t 

p3 
p3 

) 

+ U 

1 
1 ,b2 R̄ 

1 
b2 (−W 

∗
t 

b2 
b2 ) + U 

1 
1 ,b3 R̄ 

1 
b3 (−W 

∗
t 

b3 
b3 ) , 

(69) 
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Table 1 

System parameters. 

Length l 1 l 2 l 3 l b 2 l p 2 l b 3 l p 3 
Value, m 6.0 7.5 5.0 2.3 2.0 2.3 2.0 

COG distance d 1 d 2 d 3 d b 2 d p 2 d b 3 d p 3 
Value, m 3.0 3.7 2.5 1.2 1.2 1.2 1.2 

Offset e b 2 e p 2 e b 3 e p 3 a b 2 a p 2 a b 3 a p 3 
Value, m 2.5 2.5 2.5 2.0 1.0 0.5 0.4 0.4 

 

 

 

 

 

 

 

 

 

 

 

 

where the wrenches W t 
i 
i 
, W 

∗
t 

pi 
pi 

and W 

∗
t 

bi 
bi 

are given by (49), (50) and (53) . The position vectors for the screw reference

transformation matrices are defined as follows 

U 

1 
1 ,m 1 

: p 

1 
1 ,m 1 

= 

[
0 0 d 1 

]T 
, 

U 

1 
1 ,m 2 

: p 

1 
1 ,m 2 

= 

[
0 0 l 1 

]T + R 

1 
2 

[
0 0 d 2 

]T 
, 

U 

1 
1 ,m 3 

: p 

1 
1 ,m 3 

= 

[
0 0 l 1 

]T + R 

1 
2 

[
0 0 l 2 

]T + R 

1 
3 

[
0 0 d 3 

]T 
, 

U 

1 
1 ,P 2 

: p 

1 
1 ,P 2 

= 

[
0 0 l 1 

]T + R 

1 
2 

[
0 a p2 e p2 

]T 
, 

U 

1 
1 ,P 3 

: p 

1 
1 ,P 3 

= 

[
0 0 l 1 

]T + R 

1 
2 

[
0 0 l 2 

]T + R 

1 
3 

[
0 a p3 e p3 

]T 
, 

U 

1 
1 ,b2 : p 

1 
1 ,b2 = 

[
0 a b2 l 1 − e b2 

]T 
, 

U 

1 
1 ,b3 : p 

1 
1 ,b3 = 

[
0 0 l 1 

]T + R 

1 
2 

[
0 a b3 l 2 − e b3 

]T 
. 

(70)

The reaction forces in Joint 2 (the revolute joint of Link 2) are determined by (56) 

W r 
2 
2 = U 

2 
2 ,m 2 

(−W t 
2 
2 ) + U 

2 
2 ,m 3 

R̄ 

2 
3 (−W t 

3 
3 ) 

+ U 

2 
2 ,P 2 

R̄ 

2 
p2 (−W 

∗
t 

p2 
p2 

) + U 

2 
2 ,P 3 

R̄ 

2 
p3 (−W 

∗
t 

p3 
p3 

) 

+ U 

2 
2 ,b3 R̄ 

2 
b3 (−W 

∗
t 

b3 
b3 ) , 

(71)

where the wrenches W t 
i 
i 
, W 

∗
t 

pi 
pi 

and W 

∗
t 

bi 
bi 

are given by (49), (50) and (53) . The position vectors for the screw reference

transformation matrices are defined as follows 
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]T 
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[
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]T 
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2 
2 ,P 2 
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2 
2 ,P 2 

= 

[
0 a p2 e p2 

]T 
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2 
2 ,P 3 
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2 
2 ,P 3 

= 

[
0 0 l 2 

]T + R 

2 
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[
0 a p3 e p3 

]T 
, 

U 

2 
2 ,b3 : p 

2 
2 ,b3 = 

[
0 a b3 l 2 − e b3 

]T 
. 

(72)

The reaction forces in Joint 3 (the revolute joint of Link 3) can now similarly be determined by (56) 

W r 
3 
3 = U 

3 
3 ,m 3 

(−W t 
3 
3 ) + U 

3 
3 ,P 3 

R̄ 

3 
p3 (−W 

∗
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p3 
p3 

) , (73)

where the wrenches W t 
3 
3 

and W 

∗
t 

p3 
p3 

are given by (49), (50) and (53) , and the position vectors for the screw reference trans-

formation matrices are defined as follows 

U 

3 
3 ,m 3 

: p 

3 
3 ,m 3 

= 

[
0 0 d 3 

]T 
, 

U 

3 
3 ,P 3 

: p 

3 
3 ,P 3 

= 

[
0 a p3 e p3 

]T 
. 

(74)

6. Simulation results 

The knuckle boom crane model from the previous section is computationally implemented and the results of the numer-

ical simulation are presented in this section. The crane parameters and masses used in the simulation are given in Tables 1

and 2 . 

The crane is controlled by the PD controller with gravity compensation. As the control scheme is not the goal of this

work, we will not go into the details of the control scheme. The defined motion path represents a typical sequence of crane

configurations during a hoisting operation. 
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Table 2 

System masses. 

Mass m 1 m 2 m 3 m b 2 m p 2 m b 3 m p 3 

Value, t 10.0 10.0 10.0 2.0 1.0 2.0 1.0 

Fig. 6. ANSYS model of the knuckle boom crane. 

Fig. 7. Generalized coordinates, given in [m] or [rad]. 

Fig. 8. Generalized speeds, given in [m/s] or [rad/s]. 

Fig. 9. Reaction forces in Joint 1, given in the coordinates of Frame 0. 

Fig. 10. Reaction moments in Joint 1, given in the coordinates of Frame 0. 
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Fig. 11. Reaction forces in Joint 2, given in the coordinates of Frame 2. 

Fig. 12. Reaction moments in Joint 2, given in the coordinates of Frame 2. 

Fig. 13. Reaction forces in Joint 3, given in the coordinates of Frame 3. 

Fig. 14. Reaction moments in Joint 3, given in the coordinates of Frame 3. 

Fig. 15. Generalized input forces, given in [kN] or [kNm]. 

 

 

 

 

 

 

 

 

The values of the generalized coordinates and the generalized speeds during the simulation are given in Figs. 7 and 8 .

The reaction forces and moments in Joint 1, given in the coordinates of Frame 0 are shown in Figs. 9 and 10 . The reaction

forces and moments in Joint 2, given in the coordinates of Frame 2 are shown in Fig. 11 and 12 . The reaction forces and

moments in Joint 3, given in the coordinates of Frame 3 are shown in Fig. 13 and 14 . The actuator input forces and torques

are given in Fig. 15 . 

The reaction forces in the joints are validated by the results obtained using Rigid Dynamics module in ANSYS, see Fig. 6 .

The time histories of the generalized speeds (see Fig. 8 ) were used as input velocities for the ANSYS model. Mechanical and

inertial properties of the bodies in the model are according to Tables 1 and 2 . The results from ANSYS are shown with a “•”

symbol in the graphs, while the results obtained by (69), (71) and (73) are shown with solid lines. The time histories given

in Figs. 9 –14 show good agreement with the results obtained from the ANSYS analysis. The moment n x in the passive joints

(Joints 2 and 3) is equal to zero throughout the simulations, which agrees with the mechanical arrangement of the crane. 
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7. Conclusions 

We have presented the method for dynamic force analysis of a knuckle boom crane. The method was presented in a

general manner and can be applied for crane-like manipulators with an arbitrary number of links. Both dynamic modelling

and force analysis procedures were derived using screws and screw transformations, which led to the efficient and geo-

metrically meaningful formulation. The detailed implementation of the method was demonstrated for a specific case of a

knuckle boom crane, where the reaction forces for three joints of the crane were determined. The numerical simulation was

carried out and the results were provided. The magnitudes of the reaction forces showed good agreement with the values

obtained by the independent dynamic analysis in ANSYS. 

It is proposed that further development of this work could be the implementation of the force analysis method for a

coupled crane and marine vessel model. Such model could provide an important contribution to solving dry friction com-

pensation and mechanical design problems for offshore cranes in practice. 
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