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Abstract

In this master thesis we analyse medical ultrasound images using the wavelet
transform. Mathematical theory is introduced for both one-dimensional and
two-dimensional functions. Three edge detectors based on the mathematical
theory introduced are given. Two of the three edge detectors are suggested
by the author and one is an implementation of a known edge detector often
refered to as the Canny edge detector. Our implementation will differ slightly
from the original Canny edge detector since in our implementation we use
the wavelet transform. All three edge detectors are applied on several images
and the result is discussed.

The multiscale behavior of the wavelet transform makes it usefull for edge
detection. For small scales it is sensitive to noise, but with good localisation
of edges. For large scales it is not as sensitive to noise, but with poorer
localisation. One problem when designing an edge detector is to find the
scale that have the best trade-off between localisation and noise sensitivity.
We suggest an algorithm that automatic selects this scale using information
from the wavelet transform across larger scales. The result is an algorithm
that works satisfactorily for a set of images that differs in amount of noise
and contrast between objects in the image.

An edge detector for one-dimensional signals are given. This edge detector
works very well for locating singularities and characterising Lipschitz regu-
larity in one-dimensional signals. However, as an edge detector for images it
does not function satisfactorily.

Further investigation should be done on how to use the multiscale infor-
mation carried by the wavelet transform. The author are convinced that
better edge detectors that are less sensitive to noise with good localisation
properties can be derived using the wavelet transform across scales.
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Chapter 1

Introduction

The use of automatic edge detection is versatile and there are much litter-
ature about edge detectors. However, automatic edge detection is not an
easy task and often a specific problem needs a specific solution. An edge de-
tector simplify the analysis of images by reducing the amount of data to be
processed, while usefull structural information is preserved. For a landscape
photograph a different edge detector should be used than if the image to be
analysed is an ultrasound image. Also for an ultrasound image different edge
detectors should be used depending on what we are interested in finding. For
example if we are looking for round objects maybe we should find an edge
detector that specializes on finding round objects.

The main goal for this thesis is to use the wavelet transform for edge detection
in noisy ultrasound images. We look at three edge detectors using the wavelet
transform and see how well they perform on a set of images. Optimally we
want an edge dector that are able to outline the border between healthy
tissue and tumors based on ultrasound images. We have no foreknowledge
about the shape of the tumor, also the contrast between healthy tissue and
tumors may vary. Sometimes a tumor distinguish clearly from the healthy
tissue while other times it is very hard to see the tumor contour.

Ultrasound images are often used in situations where the surgeon cannot
observe the tumor directly. In such cases observations are performed using
ultrasound and the surgeon must make decisions based on ultrasound images.
For example when there are disturbing elements like blood or other tissue
preventing visual observations of the tumor itself an ultrasound image may be
used to locate the tumor. Ultrasound images tend to be very noisy and it can
be difficult deciding what are tumor cells and what are not. Edge detectors
can help the surgeon making such descisions by outlining the important
structures in the ultrasound image.
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Ultrasound does not affect the patient worth mentioning and it is realative
easily performed compared to other methods such as MR. However, ultra-
sound images are very noisy which makes it difficult to seperate objects
in the image. Most of the noise is due to interference between echoes of
the sound waves sendt by the ultrasound probe, this is called speckle noise.
Also, the electronic instruments adds some noise to the image. Therefore
edge detection in ultrasound images are not an easy task.

In general the intensity changes in ultrasound images due to noise have a
shorter duration than the ones corresponding to important objects. One
might say that the noise are small structures in the image. The word struc-
ture has no precise meaning here, but it is to be understood intuitively. For
example we may have an image of a chessboard lying on top av a table in
which we would like to locate the chessboard. There will be high intensity
changes between each square on the chessboard as well as in the transition
between the chessboard and the table. In this case the chessboard is a larger
structure than the texture of the chessboard. The wavelet transform is a
multiscale transform and for large scales it is mainly sensitive to intensity
changes caused by large structures, while at smaller scales it is also sensitive
to intensity changes caused by smaller structures. This multiscale behavior
makes the wavelet transform usefull for edge detection.

This thesis has three main chapters: Chapter 2, Chapter 3 and Chapter 4.
Chapter 2 introduce the mathematical theory that will be the basis for the
final edge detectors described in Chapter 4. Lipshictz regularity is introduced
and related to edges. We see how Lipschitz regularity may be characterized
from the decay of the wavelet transform. Therefore, the wavelet transform
can be used both to locate edges and to characterize edges. We will look at
theory for both one-dimension and two-dimensions.

Chapter 3 is a survey of some articles concerning reconstruction of signals
from samples of the wavelet transform at local extremum positions. Also
we glance at how the wavelet transform may be used in an edge detection
similar to the one given by Canny|3].

In Chapter 4 we give a 1-D multiscale edge detector which both locate edges
and characterize Lipschitz regularity for 1-D signals. The 2-D single scale
edge detector inspired by the edge detector given by Canny is implemented.
One disadvantage with this edge detector is that a fixed set of input param-
eters will only fit a small class of images. Lastly we suggest a 2-D multiscale
edge detector such that a fixed set of input parameters will fit a bigger class
of images. All of the discussed edge detectors are tested on a set of images.
Thomas Langg and Sébastien Muller at SINTEF Helse have kindly supplied
us with both real ultrasound images and phantom images with simulated
noise.



Chapter 2

Matemathical approach

When designing an edge detection algorithm one should be familiar with
the theory one want to apply in the algorithm. In this report we will use
the wavelet transform for edge detection and therefore start by introducing
wavelets.

An image may be represented as a set of one-dimensional functions or as a
two-dimensional function. In the one-dimensional case each function corre-
spond to some stripe of the image while in the two-dimensional case one
function correspond to the whole image. Both representations have it’s
advantages and disadvantages when it comes to edge detection. The one-
dimensional representation tend to have algorithms that are easier to im-
plement than in the two-dimensional case, but in general it gives poorer
detection. In the two-dimensional case one can combine image informa-
tion in both z-direction and y-direction when detecting edges. In the one-
dimensional case we only analyse one direction at a time. In Chapter 4 an
edge detector for each representation is given.

We start by introducing the wavelet transform in one-dimension so the num-
ber of parameters don’t obscure the ideas. Then, in the next section, we
extend the theory into two-dimensions.

2.1 1-D analysis

2.1.1 Some notations

In this subsection we introduce some notations and definitions we will use
throughout this report.
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For any function g(t) write

6s() = ——g(=L) and gus(t) = gs(u—1)

Vs s

The parameter s dilates the function while u is a translation parameter. The

factor = preserves the energy when dilating the function.

e

In this report a 1-D signal is any function from the space L? (R) specified in
Definition 2.1.

Definition 2.1. L? (R) is the space of functions
f:R—C
such that

/oo |f()]2dt < oo (2.1)

—00

with the inner product and norm

<f,g>= /Oo f(t)g(t)dt (2.2)

7= !f(t)\zdtf (23)

Definition 2.2. The energy of a signal f is given by

B=lnp= [ " \f Pt (2.4)

2.1.2 The wavelet transform

A well known tool in signal processing is the Fourier transform which gives
global information about the frequency spectrum f of a 1-D signal f.

Definition 2.3. Let f € L? (R), then

for= [ swe i 2.5)

is called the Fourier transform of f.
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From now fwill always denote the Fouriere transform of f. We will use the

~

word frequency domain when we talk about f(w) and time domain about
ft)

In edge detection it is not enough to be able to say if an edge exists some-
where or not, we need to find the position of the edge as well. The wavelet
transform is a multiscale transform which is suitable for edge detection. In
this subsection we see that the wavelet transform contains localized infor-
mation of f in both time and frequency domain.

We define a wavelet in terms of the admissibility condition (2.6):

Definition 2.4. A wavelet is a function 1 (t) € L? (R) satisfying

0</00de<oo (2.6)
0 w

This definition ensures that dilation of 12 will cover the whole frequency
domain and that f may be reconstructed from it’s wavelet transform. These
assertions will be stated more precisely later in this subsection.

For continuous 7,5 the admissibility condition implies that 121(0) =0.

20 = [ w0

So a wavelet has zero average and therefore must have some oscillations and
might be associated with a wave. We also want ¢ and 1 to be well localized,
i.e they should both converge to zero quite rapid, hence the word "wavelet".
It should be mentioned that Heisenberg’s uncertainty principle A.2 gives a
lower bound on how well localized @ and @ can be. Better localisation in
time will give worser localisation in frequency.

Definition 2.5. A wavelet atom is a dilated and translated wavelet ¢ de-

noted by
1 t—u
1/}u,s (t) - ﬁw < s >

The wavelet transform will be defined in terms of wavelet atoms and in
that context v is refered to as the mother wavelet. The factor ﬁ is a
normalization factor such that a wavelet atom and it’s mother wavelet has

the same energy.

lhusl3 = / s () Pt = )]
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The parameter u translates the wavelet by a distance v while the parameter
s dilates the wavelet proportional to s.

Definition 2.6. Let f € L? (R) and {%y s }user,s>0 be a family of wavelet
atoms, then the wavelet transform of f with respect to 1 is defined as

Wf(s,u) =< f,tus >= /_Z f(t)\}gzﬂ (t _8 u) dt (2.7)

The wavelet transform of f is the inner product between a dilated and shifted
mother wavelet ¢ and f. Let us take a closer look at what the parameters
u and s mean for W f(u, s), but first we remember Parseval’s equality.

Parseval’s equality 2.1. If f,g € L?(R) then

Q)

| rog@a= [ Fe)ie

Using Parseval’s equality we get

Wis) = [ F@) b (o)

If for some (u, ) 1y, s(t) is neglectible for all ¢ ¢ (a, b) then W f (u, s) contains
information about f (¢) only when ¢ € (a,b). The behavior of f (¢) outside
the intervall does not affect W f (u, s).

Also, if for some (u, s) Ju\s (w) is neglectible for all w & (n, ) then W f (u, s)
contains information about f (w) only when w € (1,€). The behavior of
f (w) outside the intervall does not affect W f (u, s).

~

We would like W f to contain information about f(t¢) for all ¢ and f(w) for
all w. It is clear that {t s}uer covers the whole time domain. As promised
earlier in this subsection we now show that {Ju\s} scr+ covers the whole fre-
quency domain. First we notice the following properties:

Property 2.2. Let f € L2 (R) then
(i) fs(w) = —/5f(—sw)
(ii) Fus(w) = /se~ 2T f(s)



2.1. 1-D ANALYSIS 7

Proof.
j.\ (w) _ /oo L (l’ - U)e—inxwdm (2 8)
u,s - e \/g s .
— - %f(T)€72iwsmT€72i7rqudT (29)
= V/se 2 F(sw) (2.10)
The other statement is proved using the same procedure. ]

From Property 2.2 we know |@Zu\5(w)\ = ]\/Elz(swﬂ If the frequency domain

is covered by dilations of 121\ then for each w € R there must exist some s > 0
such that |¢)(sw)| > 0. This can be formulated as follows. For each w € R

we have )
|1 (sw)|

0</ P ds < o0 (2.11)
0 S

Using substitution 7 = sw this is exactly the same as the admissibillity
condition (2.6) and therefore satisfied by every wavelet.

So now we know that W f contains information about f from the whole time
domain and frequency domain. Actually, since dilation and translation are
done continuously it might be that W f contains too much information. In
the next chapter we look into some algorithms reconstructing an approxi-
mation of f using only the value of W f at extremum points or zero crossing
positions.

We notice that in the frequency-domain the parameter s dilates the mother
wavelet proportional to s and in the time-domain proportional to s~!. This
means that if we decrease s then we get a better localization in time, but a
worser localization in frequency. It is this property which makes the wavelet
transform usefull for multiscale edge detection. For large s the transform is
not very sensitive to noise, on the other hand the detected edge might be
far away from the real edge. By using information for several values of s we
might better detect edges in noisy images.

Let us look at another property of the wavelet transform.

Definition 2.7. f € L? (R) is said to have n vanishing moments if

/ t*f(t)dt =0 for k=0,...,n—1

If a wavelet ¥ has (n + 1) vanishing moments the corresponding wavelet
transform is zero for any polynomial of degree n. In the next subsection we
see that this property makes it possible to characterize the regularity of f.
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It is time to introduce the reconstruction formula. Theorem 2.3 states that
any f € L? (R) can be reconstructed from W f and that W f preserves energy.

Theorem 2.3. Let 1) € L2 (R) be such that

oo 7 2
Cy = /0 W(j)’dw < 00 (2.12)

Then, for each f € L?(R)
1 [ [ 1 t—u ds
s =g [ [ Wiz () an

1 [ [ d
1= o [ s P (213)

and

[6, p. 81]

Definition 2.8. A smoothing function is any function 6(¢) > 0 whose inte-
gral is equal to one and that converges to zero at infinity.

Definition 2.9. A function 8 is said to have fast decay if
lim |t[*6(t) — 0 for each k € N
t—=+o0

Theorem 2.4. A wavelet ¢ with fast decay has n vanishing moments if and
only if there exists a 0 with a fast decay such that

wir) = (-1 T

(2.14)

[6, p. 167]

We end this subsection with an example of two wavelets ¢); and 19 having
1 and 2 vanishing moments respectively. In chapter 4 1 is used in an one-
dimensional edge detection algorithm.

Example 2.1. Define ¥y and o as the first- and second-order derivative of
the normalized Gaussian function 6.

o(t) = \/1%e_t2
Dlt) = (~1) 5 0(0) = ;Ete_tz
d? 2 2
ha(t) = - 50(t) = NG 2 —1)
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Since 0 is a smoothing function with fast decay then from Theorem 2.} we
know that 1 and Yo has 1 and 2 vanishing moments respectively. Let us
evaluate ¢1 and wg Since 0 is a Gaussian function then 9 is also Gaussian.

Olw)=e ™Y (2.15)

For the interested reader an evaluation of (2.15) is given in [2, p. 159].
Using Proposition A.4 we get
U1 (w) = (-1 (W) = —2imwe ™

—

Po(w) = 03 (w) = —Ar2 e

Figure 2.1 shows 0, 11 and 9 togheter with their Fourier transforms.
Let us verify that 11 and 1o fulfil (2.6) and thus are wavelets.

/ W}l( )‘ dw:/ Am2we 2™ dy
0 w 0

7 . —272w?7a

=t (=

= lim (—6_2”2‘12 - (—eo)) =1
a—00

Using substitution T = w? and integration by parts we verify 1s.

0o [0 2 [e’e]
/ LQ(W)‘ dw:/ 16m4w3e 27" g
0 w 0
x
:/ 8rire 2 Tdr
0

[o@)
= lim [—471'27'6_27r T —|—/ Ar2e= 27T dr
0

a—00

=0+ lim [~ 272770 =2

a—00

So by Definition 2.4 11 and 2 are wavelets.

From Figure 2.1(d) and (f) we see that fﬁ; and 1//1\2 attenuate frequencies
outside some intervalls (a,b) and (c,d) of the frequency domain. The Fourier
transform of two wavelet atoms o, ,, and s, 1s plotted in Figure 2.2 for
scales s1 = 0.8 and sa = 1 in colors green and red respectively. The size of
the intervalls (a,b) and (¢, d) depends on s. As s increases the intervalls gets
more compact and closer to zero. As s decreases the intervalls get bigger and
cover more of the frequency domain. This means that for large s the wavelet
transform get contribution from f at low frequencies and for small s at high
frequencies. It should be mentioned that by high/low frequencies we mean
large /small value of w in the Fourier transform.
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Next we see how the wavelet transform acts as an differential operator on the

smoothed signal. Use T = %
Wis) = [ f(0)—= (-1 g () at (216
u,s) = . = TR0 _
dn dn du n non dn

Substitute the right hand side of equation (2.17) into (2.16):

W (u,s) = /Z f(t)(—l)”s"’%dfne (t_“) dt

S
1 dn oo
=s""2— t)0s(u — t)dt
s [ o=

So, we can write the wavelet transform as the derivative of the convolution
with the smoothing function.

mn

W (u, 5) = s”_%ddﬁ(f*t%)(u) (2.18)

Thus, depending on which wavelet we use W f is proportional to the first-
order or second-order derivative of (f * 0s).
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CYREY 0 o4 06 os

(c) Y1 = Zte™” (d) |91 (w)|
() o= Ze (12— 1) (£) [f2(w)]

Figure 2.1: Smoothing function 6 with corresponding wavelets togheter with
their Fourier transforms.

Figure 2.2: The Fourier transform of two wavelet atoms; ¢, , and v, ,,
for scales s; = 0.8 and sy = 1 plotted with colors green and red respectively.
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2.1.3 Lipschitz regularity

In this subsection we introduce Lipschitz regularity and see why it makes
sense to use Lipschitz regularity as a measure of local regularity of functions.

The regularity of a function f reflects how smooth f is. If f(¢) has many
derivatives, then it is a smooth signal. Let f € C™(R) then the larger n the
smoother we say f is. If f is discontinuous at ¢y then it’s derivative at ¢g
does not exist. This disconfinuous appears as large frequency components
in f. The regularity a of f is related to the decay of f (w) and given as the
largest « such that

/OO F(@) (1 + J]*)dw < oo (2.19)

If (2.19) holds for some n < o < n + 1 then f(w),(%ﬂw)"]?(w) € L'(R)
which means that their inverse Fourier transform exists in L!(R). Assuming
f € C*(R) N LY(R) and all the derivatives/ﬂk), k=1,...,n are in L'(R)
then from Proposition A.4 we know that f(")(w) = (2imw)"f(w). Thus if
a =nin (2.19) we know that f is n times continuously differentiable. We
say that (2.19) gives a global regularity condition over the whole real line,
but one can not determine wether the f is locally more regular at a point ¢
from this condition. The Fourier transform is not well adapted to measure
local regularity of functions.

As discussed earlier W f(u,s) is a multiscale transform and for smaller s
|@m(w)| # 0 for larger w. In addition, for smaller s () gets a better local-
ization in time domain. Thus, one might wonder if the decay of |W f(u, s)]
as s decrease can be used to measure local regularity of f. This is the case

and later we see how local regularity of f can be measured from the decay
of |W f(u, s)| through s.

To get a precise definition of what we mean by regularity of functions we
introduce Lipschitz regularity.

Definition 2.10. Let n > 0 be an integer « > 0 and n < a<n+1. A
signal f(t) is said to be Lipschitz o at the point tq if there exists a constant
C > 0 and a polynomial Py (t) = >_}_,ax(t — to)* of degree n such that for
all t in a neigbourhood of ¢

[f(t) = Py ()] < Clt — to]® (2.20)

Definition 2.11. A signal f(¢) is uniformly Lipschitz o over (a,b) if it is
Lipschitz a at the point to for every to € (a,b) and the constant in (2.20)
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may be chosen independent of ¢g.

Definition 2.12. The Lipschitz reqularity of f(t) at ty (or over (a,b)) is the
supremum of all « such that f(¢) is Lipschitz « at ¢y (or over (a,b)).

One can prove that if f is Lipshictz a over R then (2.19) is satisfied. Later
in this subsection we relate the Lipschitz regularity of f at ¢g to the number
of derivatives of f at to.

Definition 2.13. A signal f is said to be singular at a point ¢y if there
exists an integer n > 0 and € > 0 such that f is Lipschitz n at ¢ whenever
t € {to —€,to+ €}\{to} and f is not Lipschitz n at to.

If f(t) is Lipschitz aq at to then it is also Lipschitz a at to for all o < .

Let us try to be more intuitive on what it means when a function is Lipschitz
«. Assume f is singular at tg with 0 < o < 1. then there exists a polynomial
of degree zero, P, (t) = Cy,, such that for some h > 0 we have

|f(t) — Cy| < Chlt — to]®, whenever t € (tg — h,to+ h) (2.21)
Using a new variable 7 = ¢t — t¢ and defining g(7) = f(7 + to) — Cy, we get

lg(T)| < Ci|7|* whenever T € (—h,h) (2.22)
As we can se in Figure 2.3 |7|* is changing very fast near zero when « is
small. Thus f(¢) may change very fast near ¢y when « is small.

Let us see what it means when f is Lipscithz « for @ > 1. First assume
there exists a h > 0 such that f(¢) has exactly n + 1 derivatives for all
t € (to — h,top + h). Then we can write the Taylor polynomial of degree n
for f(t) about t = t.

Taylor’s formula gives an error estimate [5]

(n+1)
SUPye(tg—h,to+h) |f (u)‘
— <
()~ Pu(0)] < oy

= Cyonlt — to|" "1, Vt € (to — h,to + h)

So the function f(t) is at least Lipschitz n 4+ 1 at ¢ = .

It can be helpful to relate Lipschitz regularity to the number of derivatives.
In general Lipschitz regularity tells us how many derivatives a function has
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___—a=02
a=04
a=0.7

0.2

.|
Figure 2.3: f(7) = £|7|* when 7 is near zero

at tp and what type of singular point the last derivative has at ty. Denote
by [ the nearest integer of a rounded down and {a} = o — [a]. Then if
f(t) is Lipschitz a at to then f(t) has [a] derivatives at to and fU)(¢) is
Lipschitz {a} at t.

2.1.4 The wavelet transform and Lipschitz regularity

Now we will see how the decay of the wavelet transform modulus through
scales is related to the local regularity of the signal being transformed. With
some conditions on the wavelet both the uniform Lipschitz regularity and
the Lipschitz regularity at a point can be revealed.

Assuming 1 has n vanishing moments and n derivatives having fast decay
the following theorem relates the decay of the wavelet transform modulus to
the Lipschitz regularity at a point.

Theorem 2.5. If f € L2 (R) is Lipschitz o < n at ug, then there exists a
constant A such that for every (u,s) € R x RT

U — Uug

W f(u,5)| < Asot (1 e

a) (2.23)

Conversly, if a < n is not an integer and there exists a constant A and
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o < o such that for every (u,s) € R x RT

«
W f(u, )| < AsFz [ 14222

(2.24)

then f is Lipschitz o at ug.
[6, p. 171]

Assuming f is uniformly Lipschitz a on [a, b] the term {% ‘a in theorem 2.5

is zero for every u € (a,b). This is true because for every u € [a,b] we can
choose ug = u. The next theorem states the same as theorem 2.5 on an
intervall [a, b] instead of a point wug.

Theorem 2.6. If f € L2 (R) is uniformly Lipschitz o < n over [a,b], then
there ezists A > 0 such that

W f(u, s)| < As*T2,¥(u, s) € [a,b] x RT (2.25)

Conversly, suppose that f is bounded and that Wf(u,s) satisfies (2.25) for an
a < n that is not an integer. Then f is uniformly Lipschitz « on (a’,b)
whenever a’ < a and b’ < b.

/6, p. 169]

If f is Lipschitz « at ug then by Theorem 2.5 we know
1
log |W f(s,up)| <logA+ (a+ 5) log s (2.26)
Conversly, if inequality (2.26) is satisfied then f is Lipschitz a at ug.

Definition 2.14. The cone of influence of ug is every point (u,s) in the
scale-space plane such that |u — ug| < s.

Let f be Lipschitz o < n at ug where n > 0 is an integer. Then (2.23) states
that |Wf(u,s)| = O(s"+%) inside the cone of influence of ug. Conversly if
(W f(u,s)| = O(s‘”%) inside the cone of influence of ug then (2.24) states
that f is Lipschitz a < n at wuyg.

The decay of the wavelet transform inside the cone of influence of u char-
acterize the Lipschitz regularity of f at u. If for some sg > 0 |[Wf(-,s)|
has one local maximum point inside the cone of influence for sp > s > 0
then the decay of |W f(u, s)| inside the cone of influence is bounded above
by the decay of |W f(ui(s),s)| where ui(s) is the local maximum point at
scale s. The curve (u;(s),s) in the scale-space plane is called a mazimum
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line. The Lipschitz regularity « of f at tgp can be measured from the decay
of |W f(u, s)| along the maximum line inside the cone of influence of #.

Theorem 2.7. Letn be a positive integer. Let 1)(t) be a wavelet with compact
support, n vanishing moments and be n times continuously differentiable. Let

f(t) € L' ([a, b]).

o Ifthere exists a scale so > 0 such that for all scales s < so and u € [a, b],
W f(s,u) has no modulus mazimum points, then for every a < n, f(t)
is uniformly Lipschitz o on (a,b)

[8, section 4]

Theorem 2.7 reassures us that if a function is singular at tg with a < n then
every neighbourhood of ¢y contains at least one modulus maximum point
for small s. This is true because if there exist a neighbourhood of tg not
containing a modulus maximum point for fine scales, then Theorem 2.7 states
that it cannot contain any points where the function is Lipschitz « for a fixed
o < n. All singular points of f can be located by following the maximum
lines as the scale approach zero. However the theorem does not imply that
if there exists at least one modulus maximum in every neighbourhood of ¢y,
then f(t) is singular at ¢y, i.e a maximum line does not necessarily point
towards a singularity.

Using theory from this section singularities can be located and characterized
using the wavelet transform. All singularities are located by following the
maximum lines, then characterized by the decay of |W f(u, s)| through scales.
Since |W f(ug, s)| decays as sT2 when f is Lipschitz a at ug then a = a—3
where a is the slope of log |W f(uo, s)| versus log s.

2.1.5 Lipschitz regularity and edgepoints

We may say that the edges of an images are the set of points having sharp
intensity change. In images of physical objects the edges should consist of
curves and the points having sharp intensity change should line up accord-
ingly. In 1-D signals we define edge points in terms of Lipschitz regularity.

Definition 2.15. For f € L? (R) xg is called an edge point of f if f is sin-
gular at xg with 0 < a < 1.

Then every edge point of f can be located and characterized by analysing
the decay of the wavelet transform through scales.

Let us visualize some constructed edge points. Let the Lipschitz regularity
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of f at up be a. We plot f in an image plot letting f(¢) correspond to the
brightness of the image at position ¢ resulting in an image consisting of one
pixel row. Figure 2.4 depicts five such image plots for different «. Each
image is drawn using tall but narrow pixels to better see the edges.

Figure 2.4: Edges in images that are Lipschitz a at ug.

Figure 2.4 shows that an edge point corresponding to a large « is less visible
than an edge corresponding to a small «. When « is small f gives a good
representation of a jump at ug corresponding to a sharp edge in its image
plot.

In chapter 4 we give an edge detector which detectes edge points for each
row and column of an image by following maximalines and we calculate The
Lipschitz regularity for some edge points.

2.2 2-D analysis

2.2.1 Definitions, notation and properties
In this section we introduce some notations and definitions that are used
later in this report.

For any 2-D function g(z,y) write

1 —x —y
gu(@.y) = 59(—5. =) and guus(e,9) = gs(u— 2,0 )
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s is a scaling parameter which dilates the function. If we want different
scaling parameter for each direction, then we write
1 —xr —y

g(sz,sy)(xa y) = sxsyg(ga g) and gu,v,(sz,sy)(xa y) = g(sz,sy)(u — T,V = y)

The factor z and —— » keeps the energy unchange when dilating the function.
The parameters U and v translates the function in the x- and y-direction
respectively.

Throughout the text when we talk about 2-D signals we will mean functions
from the space L? (]R2) given by the following definition:

Definition 2.16. L? (RQ) is the space of functions

f:R*—C

/ / f(z,y)Pdzdy < oo

with the inner product and norm

<fg>2—// Vg(x, y)[Pdzdy
!If\lz—(// my|dazdy>

such that

This space contains all 2-D functions with finite energy. Any image can be
represented with a function from L? (]RQ).

The 2-D Fourier transformation is given in Definition 2.17.

Definition 2.17. Let f € L* (R?). Then

~ o0 oo .
fwz,wy) = / / Fla,y)e™ 2 @wetvon) qo.dy
—0o0 —o
is called the 2-D Fourier transform of f

Definition 2.18. For f,g € L? (R?) the convolution (f % g) is given by

e = [ [ -y - vdue
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Property 2.8.

o — o~

(f * 9)(wa, wy) = f(wa,wy)g(wa, wy) (2.27)
Proof.
(m)(wx,wy):/w /oo Uoo /w f(u,v)g(x—u,y—v)dudv] e~ 2w tvey) gy
em e (2.28)
_ / h / b / h / T Flu, 0)g(ra, 7)o B TR0 ) Gy,
. (2.29)
= / - / Tl v)e B ) gy gy / h / T (e my)e T ) g
o T (2.30)
= Flwe,wy)d(we, wy) (2.31)
]

Property 2.8 say that a convolution in the time-domain corresponds to a
product in the Fourier-domain.

Property 2.9. Let f(z,y) € L? (]RQ) N L' (R?) such that 87159(6%3"), Bngﬁ’y) €
LY(R?) forn =1,..,N. Then for eachn =1,..N

(i) %(vawy) = (2i7rwx)”f(wx,wy)

(i) %(mey) = (2i7rwy)”f(wx,wy) R R
Property 2.10. Let f(w;,w,) € L? (R2)NLI(R?) such that " Ifzen) OSesn) ¢
LY(R?) forn =1,..,N. Then for eachn =1,..N

(i) Ik (wr,wy) = [(~2ime)" f] (wa. 0y)

o —

(i) Gl (wr,wy) = [(~2img)" f)(war )

2.2.2 The wavelet transform

The 2-D wavelet transform use dilated and transleted 2-D wavelets. Since
a 2-D function may be dilated both in the z-direction and y-direction the
wavelet transform may be defined with two scaling parameters, one for each
direction. However for simplicity we define it using one scaling parameter. In
Appendix A.4 we look at the wavelet transform using two scaling parameter.
In both cases a reconstruction formula is given.
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2-D wavelet transform with one scaling parameter

Here we define the 2-D wavelet transform in terms of one scaling parameter.

Definition 2.19. Let ¥ = {¢*}7_, be a set of functions ¢*(z,y) € L? (R?)n
LY(R?). W is called a 2-D wavelet if there exists a constant Ky € R such
that

co M /E 2
0< Ky :/ ZWdS < o0 (2.32)
0 k=1

In this case (2.32) are called the 2-D admissibillity condition. A 2-D wavelet
is a set of functions such that their dilations by s togheter cover the Fourier
plane and translations by (ug,u,) cover R%. As in one-dimension we will see
that this definition of a 2-D wavelet give rise to a reconstruction formula.

Definition 2.20. Let f(z,y) € L? (R?) N L}(R?) and ¥ be a 2-D wavelet.
The 2-D wavelet tranform of f with respect to ¥ is the set of functions

W f(u,v,s) = {W*f(u,v,s)}1_, (2.33)
with
WEf(u,v,8) o1 =< [ 0s >
- [ [ et ey (234)

S

The 2-D wavelet transform of f is a set of inner products between f and
wﬁﬂj,s. Each waj’w can be constructed to have some desired properties. In Ex-
ample 2.2 we look at a 2-D wavelet ¥(x,y) = {¢'(x,5),?(z,y)} such that
W f(u,v, s) is sensitive to intensity changes in z-direction while W2 f(u, v, s)
is sensive to intensity changes in y-direction. Those properties makes ¥(z,y)
suited for edge detection.

Theorem 2.11 states Parseval’s equality in two-dimensions.

Theorem 2.11. If f, g € L? (]RQ) then

[ steoiamitsty = [~ [ Fonon et



2.2. 2-D ANALYSIS 21

From now on we will use the more compact inner product notation < f, g >
instead of integral signs. Parseval in two-dimensions gives

Wf(u v 8) - {<f 77/)uv$ >}Z=1

If for some (u, v, s) and open set D ¢f | (x,y), k = 1,...,n is neglectible for
all (xz,y) ¢ D, then W f(u, v, s) contains information about f(z,y) only when
(x,y) € D. The behavior of f(x,y) outside D does not affect W f(u, v, s).

Also, if for some (u,v,s) and open set B ¢f  (wgz,wy), k = 1,...,n, is
neglectible for all (wg,wy) ¢ B, then W f(u, v, s) contains information about

f(wx,wy) only when (w;,w,) € B. The behavior of ]/”\(wz,wy) outside B does
not affect W f(u, v, s).

—

Next we show that {y% , }ser+ k=1, covers the Fourier plane. First we
notice the following properties:

Property 2.12. Let ¢(z,y) € L? (R?) N LY(R?) then
(1) Yuawa, wy) = 72T (s, 50,)
() ta(wr, wy) = D(—swa, —swy)
(i13) wu,:(s\bsy)(wz,wy) = 6*2”(““’1*””9)1&(%@)% Sywy)

(zv) w(sm,sy)(wm7wy) = &(—smwx, _Sywy)

Proof.
wu v,s wnm Wy / / .’L' —u y ; v)e_ziﬁ(zw$+ywy)dl’dy (235)
/ / szTy 72i7r(7'z(swz)+‘ry(swy))82672iw(uw1+va)d7_zd7_y
(2.36)
= ¢ s TV (5, swy) (2.37)
The other statements are proved using the same procedure as above. OJ
—_— —_
From Property 2.12 we know [¢% , (ws,wy)| = [1F(swy, swy)|. If the Fourier

plane is covered by dilations then for each (wg,w,) there must exist k such

that |1/b\k(swx, swy)| > 0. for some s > 0. Thus, from (2.32) any 2-D wavelet
covers the Fourier plane by dilations of s.

Proposition 2.13. Let f € L? (Rz) N LY(R?), ¥ be a 2-D wavelet and
W f(u,v,s) be the 2-D wavelet transform of f with respect to V. Then

oo M ) [e%S) ds
fa) = 5= | > | Wit e 239
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with

© . ds
K\I,:/O Zwk(swx,swy)ﬁ? (2.39)
k=1

Proof. We start with the function

) = [ h / T W v, )6 (2, ) dud (2.40)

Property 2.12 and Parseval gives

Whf(u,0,8) =< f 900, > (2.41)
=< fa d;ku ,U,8 > (242)
- /oo /Oo f(""z,"-’y) 2m(uwx+va)12’k(3"-’zvSwy)dwzd"-’y (2.43)
= F 7 [f(we, wy)¥* (swe, swy)] (u, v) (2.44)

The we can write (A.16) as
(2,5 / / F [ (e wy) 0% (50, 50y, 0)16u (1 — 2,0 — y)dudv — (2.45)
=< F7[f (e, wy) P* (swe, swy))(,0), s (u — 2,0 — ) > (2.46)
Using Parseval and Proposition 2.12 again we get
Jk (ZC, Y, S) =< f(wla wy)z/;k (sw17 swy), ef2i7r(zwm+ywy)F*1 [w(7—17 Ty)}(sw17 Swy) > (247)
Assuming *(z,y) is real we get
Jk (x’ v, S) _ / / f-(wz’ wy)62i7r(zwﬂc+ywy>|1zjk (swz, swy)|2dwzdwy (248)
Define the function
o ds
s = [ 3 Fans? (2.49)
0 k=1

By interchange of integration and sum we get

oo co ) co M Tk 2
g(x’y) = / / f(wzywy)emrr(zwIerwy) / Z MdewxdWy (250)

0 k=1
= / / f(wz,wy)e%”(zw’”JrWy)Kq,(wz,wy)dwzdwy (2.51)
(2.52)

From Definition 2.19 we know that Ky (ws,wy) is constant. Then we get

flz,y) = K%jg(:c,y)

The following proposition will be used in the next example.
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Proposition 2.14. For any function f,g € L2 (R?) such that g(z,y) =
ore on R ,
789(;@) then < f, guv,s >= (—1)”3”7”3“2(“ v)

Proof. Let 7, = *=* and 7, = Y= then g(7.,7y) = % First we notice the
following
0"0(1z,7y) (8"7'35 )" 0"0(7a, Ty)
oum™ T Qun oy
n 1 nang(TﬂmTy)
— () (2yn LA T Ty)
(-1
thus we can write o6 ) om6( )
TzaTy n _n Tszy
=(=1 - B Y 2.
orn (=1)"s ou™ (2.53)
Use (2.53) in the inner product
1 x—
<f7guvs>—/ / fmyj y )dl‘dy
/ / f (7—177—y)d dy
_ nn/ / f@ 18 (Tm,ry)dd
8"(f_ f f(z,y)0 (ufx,vfy)dxdy)
= (~1)"s"
ou™
n 00" (f x0s)(u,v)
= (1)L T T T
(=1)"s Sy
O

Example 2.2. Let us look at a 2-D wavelet we will use later. We define the
2-D wavelet ¥ = {1, 1/12} to be the partial derivatives of the normalized 2-D
Gaussian 0(z,y) = L e~ (@)

P (z,y) = aeg;, y)
2 _ 69(1‘,y)

In Figure 2.5 ¢, ¢? and 6 are plotted.

To verify that V is a 2-D wavelet we calculate Ky. First we calculate the
Fourier transform of 0(x,y) and then use Property 2.10 to get the Fourier
tranform of ' and .

R 0o oo q . ~
0 (we, wy) =/ / — e (@4 2imwe) o= (P +2imwyy) oo gy (2.54)
B T
_ 1/00 o~ (@ 2imy) {/00 e_(y2+2i7rwyy)dy dx (2.55)
T J_oo —o0
1 —(mwg)? —(mwy)?
e (2.56)
T

_ o (mwa)?— (mwy)? (2.57)
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By Property 2.10 we get

ﬁ(u}x, wy) = (27:7wa)€_(7rw95)2_(7rwy)2
2

—

¢2(wl‘7wy) (217Twy)€7(ﬂ-w1)27(77wy)

Pk (swy, swy)\Q

S

ds

=

[l
=
e TP

g

Y (swy, Swy)VF (swy, swy)
s

S— S—

ds

=

20.2(,2,,2
42 (w? —i—wz)sze s72m i (watwy) g

[e.9]

_6752(47r2wg+4772w2} o0
0

O e |

slgrolo _6—82(47r2w§+47r2w§) - (_1)

|
—

So VU is a 2-D wavelet and the reconstruction formula in Proposition 2.13 for
the single scale 2-D wavelet transform is valid.

From Proposition 2.14 we see that Wf(u,v,s) can be written as the gradient
vector of the convolution (f x0s)(u,s).

Wf(u,v,s) = ( f(u,v, 5)>

(u,v,s)
_ (83 2 (fx0s) (u,
— 555 (f % 0s)(u,
= —sV(f *0s)(u,v)

")

The 2-D wavelet transform is proportional to the partial derivatives of the
smoothed signal, and the parameter s dilates 6.

One difference between the 2-D and 1-D wavelet transform is that W f(u, )
has both magnitude |W f(u, s)| and direction Af(u,v,s) = Arg{W f(u,s)}
with 0 < Af(u,v,s) < 2m. So, Af(u,v,s) gives the direction where the
smoothed signal changes the most.
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Figure 2.5: 0, the normalized 2-D Gaussian, and it’s corresponding mother
wavelets

2.2.3 Lipschitz regularity

In this section we introduce Lipschitz regularity in R?. We will se the con-
nection between Lipschitz regularity and edges.

Definition 2.21. Lipschitz at a point Let 0 < o < 1. A function f(x,y) €
I? (RQ) is said to be Lipschitz a at a point (xg,yo) if there exists a
K > 0 such that for all (z,y) € R?

|f(@,y) = f(zo,90)] < K (|2 — a0l + [y — yol*)% (2.58)
[6]

Lipschitz over an open set A function is said to be Lipschitz a over an
open set D € R? if it is Lipschitz a at (xg,yo) for every (xg,%0) € D.

Lipschitz regularity The Lipschitz reqularity of f(x,y) at (xo,yo) (or over
an open set D) is the supremum of all « such that f(x,y) is Lipscithz
a at (zg,yp) (or over an open set D).
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Lipschitz regularity of f(z,y) at (zg, yo) is an estimate on how fast a function
change in a neigbourhood of (zg,y0). If f(z,y) is discontinuous at (xo,yo)
in the z-direction, but perfectly smooth in the y-direction then the Lipschitz
regularity of f at (xo,y0) is zero. One might say that the worst estimate is
used.

In one-dimension we saw how Lipschitz regularity was characterised by the
wavelet transform. It is possible to extend Theorem 2.5 to be valid also in
the two-dimensional case, i.e Lipschitz regularity for a function f € L? (R2)
may be characterised from the decay of the 2-D wavelet transform of f.
However, the proof will require much work and we will not use the result in
this report. Therefore we do not elaborate more on this subject.

2.2.4 Lipschitz regularity and edges

To show the connection between Lipschitz regularity and edges we construct
some edges corresponding to different singular points. Let the Lipschitz
regularity of f at (u,v) be « for every (u,v) on the circle vVu2 + v2 = ry.

We plot f in an image plot letting f(z,y) correspond to the brightness of
the image at position (z,y). Figure 2.6 depicts four such image plots for
different «. The bottom half of the circle with radius rg is drawn so the
reader more easily can see where the singular points are located.

Figure 2.6 shows that an edge corresponding to large « is less visible than an
edge corresponding to small . When « is small f gives a good representation
of a jump at (u,v) corresponding to a sharp edge in its image plot.
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(a) a~0 (b) «=0.3

() a=07 (d)a~1

Figure 2.6: Images where all points on a circle are Lipschitz o. The bottom
half of the circle is marked red.
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Chapter 3

survey

3.1 Introduction

This chapter is a survey of some articles concerning reconstruction of signals
from samples of the wavelet transform at local extremum positions. We also
see how the edge detector given by Canny in [3] might be expressed using
the wavelet transform.

The survey includes the following articles: [1, p. 83-94] 7] [4] [9].

3.2 Multiscale framework

3.2.1 Multiscale edge detection

Mallat and Zhong shows how the wavelet transform is a multiscale differential
operator.|7| For wavelets defined as the first and second order derivative of
a smoothing function 6(x) it is shown that the wavelet transform of f is the
first and second order derivative of (f % 65)(u) respectively. The definition
for a smoothing function is given in Definition 2.8.

W f(u, 5) = —s%(f*@s)(u) (3.1)
2
Wof(u,s) = 52%(]"*95)(@0 (3.2)

The local extrema of W f(u, s) correspond to the zero crossings of W f(u, s)
and to inflection points of (f * 05)(u).

29
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J. Canny derived a optimal detector optimizing a localization and detection
criteria. In 1-D the optimal detector have an approximate implementation
in which edges are marked at local maximum points of the first derivative of
a Gaussian convolved with f.[3] This particular case correspond to locating
maxima of W f(u, s) when 0(x) is Gaussian.

Detecting zero crossings of W’ f(u,s) or extrema of W?f(u,s) are similar
procedures, but the extrema approach have some advantages. With the ex-
trema approach we can distinguish between minima and maxima. Inflection
points of (fx0s)(u) corresponding to minima of |W® f(u, s)| are slow variation
points, whereas the maxima correspond to sharp variation points. Thus we
select all sharp variation points by detecting maxima points of |[W f(u, s)|.
Also, the values of |Wf(u,s)| at each maxima characterize Lipschitz regu-
larity at the inflection points. The zero crossing approach only gives position
information.

J. Canny gave a 2-D approach where the image I is convolved with a symmet-
ric 2-D Gaussian G and the zeros of the directional second order derivative
a‘%(G * I) is marked as edges. The direction is given by n = %. A
similar approach is given in terms of wavelets by Mallat and Zhong [7]. They

define two wavelets as the partial derivatives of a 2-D smoothing function.

and 42(z.y) = - 22 0)

90(x,y)
Ox y

¢1($7 y) = -
The 2-D wavelet transform has two components

W f(u,v) = (f x¥2)(u,v) and W2 f(u,v) = (f *7)(u, v)

One can show that

_ Wslf(uvv) _ _5%(f*95)(uav) _
Waf(w.v) = <W3f<u,v>> - (—Szfl(f*f)s)(u, v)) = sV 6e)(w.0)

All maxima points of [Wgf| in the direction which W f points are marked
as edges.

These two approches differs slightly. For each point (u,v) Wy f(u,v) gives a
weighted sum of the values at some neighbouring points from the image. For
the method given by J. Canny this sum will be a difference between local
averages on different sides of the edge. For the latter method the sum will
also be affected by differences in other directions than normal to the edge.
The average parallell to the edge do not contribute to the localization of the
edge.
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3.2.2 Analysis of the multiscale information

As we have seen in Chapter 2 the evolution across scales of the wavelet trans-
form characterize the local Lipschitz regularity of the signal and Lipshictz
regularity were defined for functions. Mallat and Zhong extended Lipschitz
regularity to distribution by saying that a distribution has a uniform Lips-
chitz regularity equal to « on (a, b) if and only if its primitive has a uniform
Lipschitz regularity equal to a + 1 on (a,b). For example, Dirac’s delta
function centered at tg is uniformly Lipschitz —1 in a neigbourhood of tg
since it’s primitive, a step edge, has uniformly Lipschitz regularity 0 in a
neighbourhood of ty.

It has been proved that if a signal is singular at a point ty, there exists a
sequence of wavelet transform modulus maxima that converge to ¢ty when the
scale decreases. Hence, we detect all the singularities from the positions of
the wavelet tranform modulus maxima. Moreover, the decay of the wavelet
transform is bounded by the decay of these modulus maxima, and we can
thus measure the local uniform Lipschitz regularity from this decay.

Smooth variation at tg is modelled by a singularity smoothed with a Gaussian

of variance o2. If the smoothing function is close to a Gaussian, then the

wavelet transform at the scale s of the smoothed singularity is equal to the
wavelet transform of the nonsmoothed singularity at the scale sp = v/s2 + o2.
It is shown

(W f(z)] < Ksy! with sg = /52 + 02 (3.3)
If the signal is multiplied with a constant, then ag and o are not affected. If

the signal is smoothed by a Guassian, then «q is not affected, but o increases.

3.2.3 The dyadic wavelet transform

To allow fast numerical implementations, the scales are choosen only along
the dyadic sequence {27} ;¢z.

Definition 3.1. Let v(z) be a wavelet, f € L? (R) and W f the sequence of
functions {Wy; f(x)} ez given by

Wai f(z) = (f x¢25)(2) (3.4)
Then W is called the dyadic wavelet transform operator and W f the the

dyadic wavelet transform of f.

Mallat and Zong proved that if the whole frequency axis is covered by dila-
tions; {27} ez, of ¥ (w) then the dyadic wavelet transform is complete and
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stable, i.e for any function f € L? (R) Wf characterize f uniquely and f
may be reconstructed from W f. The reconstruction wavelet x(z) is any
function whose Fourier transform satisfies

[e.o]

> p(2w)R(2w) =1 (3.5)

j==oc

Denote by W~ the operator defined by

[e.e]

W g (@) }jez(w) = D (5% Xx25)(u) (3.6)

j=—o0

Then W~ recover the function f(z) from W f

o

f@) =W Wy fliez = > (War f * x2) () (3.7)

j=—o0

3.2.4 discussion

The wavelet transform can be expressed as a differential operator and used
as an edge detector by locating it’s local extrema or zero-crossings. Also
the dyadic wavelet transform is a complete and stable representation of any
function f € L? (R). In the next section we see how sampling of the dyadic
wavelet transform at local extremum points or zero-crossings can be used to
reconstruct an approximation of f.

3.3 Reconstruction from multiscale edges

Any function f € L* (R) can be reconstructed from it’s dyadic wavelet trans-
form. However W f contains "to much information" and one would like to
minimize the amount of information necessary to have a stable and complete
representation of f.

In |7, sec. 5] Mallat and Zhong introduce an algorithm to reconstruct
f € L*(R) from the extrema of Wf. More accurate, the algorithm re-
constructs an approximation of W f from the modulus maxima of Wy; f(z)
from each scale j via an alternate projection iteration procedure. Then
W1 is used on the approximated dyadic wavelet transform to reconstruct
an approximation of f. An alternative algorithm reconstructing f directly is
given by Carmona in [1, Page 83]. Both algorithms are based on continuous-
time theory while implementation takes place in the discrete-time domain.
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With implementation in mind Cvetkovic and Vetterli; in [9], introduced two
reconstruction algorithms based on discrete-time theory. Their reconstruc-
tion algorithms use alternate projection iteration procedure in ¢?(Z), one
based on the wavelet zero crossings representation and the other based on
the wavelet extrema representation. In this section we take a look at the
above mentioned algorithms starting with the one introduced by Mallat and
Zhong.

For any representation of f the reconstruction set of f denotes the set of
functions having the same representation as f.

3.3.1 The wavelet modulus maxima representation

The decay of the wavelet transform modulus maxima through scales charac-
terize Lipschitz regularity and thus the modulus maxima contains important
information about the signal. Mallat and Zong introduced a signal repre-
sentation using the position and values of the local modulus maxima of the
dyadic wavelet transform of f.

Let f € L?(R) and {2} },ez be the abscissas where |Wy, f(z)| is locally
maximum. Denote by H the reconstruction set of f consisting of functions
from L2 (R) having the same modulus maxima representation as f, i.e for
each j and h € L* (R) N H

1. Wyh(ah) = Wy f(ah)
2. The local maxima of |Way;h(z)| is located at the abscissa {a7 }nez

In general H\ {f} # 0, i.e the wavelet modulus maxima representation does
not characterize f uniquely.

Let K be the space of all sequences of functions {g;},cz such that

o0

b= Y (ol + 2121 ) < oc (3.5

j=—00

Then K together with the above norm |-| is a Hilbert space. In Appendix A.1
we list some definitions for the spaces we talk about in this section.

It is shown that if there exists two constants As > 0 and By such that for
all weR

as Y BEwrs Y 1 wup<s @9

j:—oo J=—00

Then for any h € L? (R) with the norm |- | in (3.8)

Ao||h||* < [Wh[* < B||h||? (3.10)
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As in last section W denotes the dyadic wavelet transform operator. Not
every sequence from K is the dyadic wavelet transform of some function from
I? (R). Denote by V the space of all dyadic wavelet transforms of functions
from L? (R). From (3.10) we know that V is a subset of K, V C K.

Let I" be all sequences of functions {g;};cz € K such that
g5(x3,) = Wy, f(x) (3.11)

Then the dyadic wavelet transforms that satisfies Condition 1 are the se-
quence of functions that belong to

A=VAT (3.12)

The wavelet modulus maxima representation does not contain all extrema of
W f and Condition 2 is approximated by the problem of finding Wh € A such
that [Wh|? is minimum. This minimazation generally creates local modulus

I

maxima at the positions {27, }nez. The second term; 2%’ || Z22||%, is minimized

to have as few local modulus maxima possible outside the abscissas {xﬁ;}nez.

Since K is a Hilbert space, V C K and I'" an affine space the orthogonal
projection of {g;}jez € K on A is given by iterating alternate projections on
Vand T.

PRA{gj}jEZ = nhjgo (PRV (¢] PRF)n {gj}jEZ (313)

If we start with the zero element of K the alternate projections converge
to the element of A which is closest to zero, and thus whose norm |- | is
minimum.

The orthogonal projector operator from K on V is given by

PRy = WoW™! (3.14)

With W as in Definition 3.1 and W~! as (3.6). It may be proved that
PRy is an orthogonal projection if and only if the wavelet is symmetrical or
antisymmetrical.

The orthogonal projector operator on I' transforms any sequence {g;(z)} ez €
K into the closest sequence {h;(z)}jez € I' with respect to the norm | - |.
This is done by chosing {h;(x)} ez such that the sequence of error functions

{ej(@)}jez = {hj(z) — gj(z)}jez (3.15)

is minimum with respect to the norm |- |.
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J
i+l
that for z € (2], ], ) the solution of this minimization is

Let :I:f and z7, ; be two consecutive modulus maxima of Wy; f(x). It is shown

¢j(x) = a?-esz + ﬁ]i-efzijz (3.16)

Since {h;(x)}jcz € I' we know

N
~—
hat
[
N |
~

J(xi) = szf(wj
hj(xg-i-l) = W2jf(f€g+1) (3.18)

thus the constants aé and Bji- are calculated using

ej(x]) = Wy f () — gj(a?) (3.19)

)

ej(@l ) = Wa f(aly)) — gi(al) (3.20)

The convergence of the alternate projection may be very slow and in the case
where {V/274)y; (), — T)}(nj)ez2 18 a frame of U the stability depends on the
value of the frame constants. Here U C L? (R) denote the space of functions
that are linear combinations of functions in the family {tg; (27, — %)} (j n)ez2-

3.3.2 The discrete wavelet transform representation

In [9] Cvetkovic and Vetterli look at the zero crossings and extrema repre-
sentation in £2(Z). They cover wavelet design, reconstruction and implemen-
tation. In this section we look at the two latter subjects.

The wavelet transform is defined as a linear operator
W 2(Z) — (1) with T={1,2,...,J+1} x Z (3.21)
consisting of J + 1 linear operators W; : (2(Z) — (*(Z), j = 1,2,...,J + 1.

Denote by ¥ = Wf and F/ = W; f the j'th column vector of F, j =
1,2,...,J+ 1.

The discrete wavelet transform zero crossing representation

The wavelet zero crossings representation of f is defined as:

E.f ={ZW,;f,SW,f,j=1,2,...,J +1} (3.22)
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with
Zf ={k: f(k)f(k—1) <0} (3.23)
zp—1
Sf={Sf(k) = Y fU)k=1,...,1Zf]+1} (3.24)
J=2k—1

Here |Z f| denote the total number of zero crossings of f, and zy its kth zero
crossing. S f provides the sum of points between all pairs of consecutive zero
crossings and is necessary to improve the stabillity of the representation. A
large familiy of functions with the same zero crossings was found by Meyer.
Adding Sf to the representation will not, in general, give a unique charac-
terisation of f. However, it then seems like two functions having the same
representation differ only at high frequency.

The discrete wavelet transform extrema representation

The discrete wavelet extrema representation of a signal f € ¢(Z) is define
as:

E.f = {Maij, Minf7 MW]f7] =12,...,J+ 1} (325)

with
Mof =A{k: f(k+1) < f(k), f(k—1) < f(k)} (3.26)
Mif ={k: f(k+1) = f(k), f(k—1) = f(k)} (3.27)
Mf=A{f(k): ke MfuUuM,f} (3.28)

Here M f plays the role S f does in E,f. Actually there is a relation between
these two representations

Ef=EAf (3.29)
where Af is the first difference of f,
Af(n) = f(n+1) = f(n) (3.30)

In the case where the wavelet is the first derivative of some smoothing func-
tion the modulus maxima correspond to sharp variation points in the signal
while the modulus minima correspond to slow variation points. When the
wavelet is the second order derivative a zero crossing corresponds either to a
sharp variation point or a slow variation point of f. Using E.f we can dis-
tinguish between these two types of points, this is not possible from E, f. In
addition, furhter characterization of the variation points of f is possible from
M f. Therefore, for further analysis of f, the wavelet extrema representation
is prefered.
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As the reconstruction algorithm given by Mallat and Zhong, the following
algorithm also recovers, from the representation of f, the wavelet transform
Wh for some h in the reconstruction set of f. Then h is reconstructed using
the inverse wavelet transform.

The algorithm use alternating projections on the sets V, £ and (N;;C; ;)
starting with any initial point Fy € £2(I). With

e V is the range of the wavelet transform;

V={G:G=Wg,gc*2)} (3.31)

e & is the set of all G € (*(I) having the same value as MW;f at all
local extrema of W; f across all scales j:

E={G e *(I): GI(k) = W;f(k)Vk € MW, fUM, W, f,j =1,2,...,J+1}
(3.32)

e C;jistheset of all G € VNE such that G’ (i) is nonincreasing /nondecreasing
if FJ(i) is decreasing/increasing.

The intersection ¥ N € contains all G € ¢2(I) such that G is the wavelet
transform of some g € ¢?(Z) and its values matches with the values of W f
at each extrema point of W f. The intersection with the set C; ; makes sure
these matching points are the only extremum points of G.

The projections; Gy € V, Gg € € and G, ; € C;j, of G € /2(T) on V, € and
Ci ; respectively are given by

[ ]
Gy =WW~l@ (3.33)
°
ng(k:) _ FJ(k:) kE is ar.l extremum of F* (3.34)
G (k) otherwise
[
G?S(k:) _ Fj(kr) ks ar.l extremum of F* (3.35)
G (k) otherwise

3.3.3 discussion

We have seen how an approximation of a signal may be reconstructed from
the extremum points or zero-crossings of it’s wavelet transform. Really this
is an irregular sampling of the wavelet transform where the set of samples
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contains most of the information of the signal. Therefore the wavelet trans-
form is suitable for compression of signals. Mallat and Zhong gives examples
of image reconstruction from multiscale edges with a compression ratio over
30 [7]. The recovered images have lost some small details, but is visually of
good quality.



Chapter 4

Edge detectors

4.1 Introduction

In this chapter we look into and implement some edge detectors to see how
well they function on the images shown in Figure 4.1 refered to as I, Io, I3,
14, Is and Ig throughout this chapter.

The images I;, I2 and I3 are constructed images where I; has no noise, I
is after addition of white noise and I3 is after addition of simulated speckle.
The edges we would like to detect are the contour round the bright areas in
I;.

The image Iy is an ultrasound image of a brain tumor. It is not easy to
determine the contour of the tumor. The image I5 is also an ultrasound
image of a brain tumor, but in this case the contrast between the tumor and
brain-cells are high. Image Is shows some object shaped as an egg and is
included to have a variety of images to test our edge detectors for.

In Chapter 2 we looked at some theory which we would like to use in some
edge detection algorithms. The introduced theory deals with continuous
functions, but our algorithms are implemented on a computer. When we
analyse a function f on a computer the value of f is only know for a discrete
set of points {t;}rez and the integral in W f must be approximated. Since
the Lipschitz regularity of f is characterized from the decay of the wavelet
transform as the scale approaches zero we cannot detect Lipschitz regularity
of f based on it’s samples. It might seem that f is discontinuous even though
it is continuous having a very sharp transition between two samples.

In practice we say that f behaves as if it is Lipschitz « at k up to its sam-
ple resolution. When we talk about discontinuity and Lipschitz regularity
of samples of signals we mean that the samples behave as if the signal is

39
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discontinuous an so on.

Denote by R(™*™) all matrices having m rows and n columns with elements
from R. Let I € R(™*™ and denote by I(i,j) the element from the i’th
column and j’th row of I. Denote by C = {I;.}?_; the family of sequences
corresponding to the columns of /. Denote by R = {I;}72; the family of
sequences corresponding to the rows of I. All images we analyse in this
chapter are greyscale images; this means that they are represented by some
I € RU™*™) guch that the value I(4,j) gives the brigthness at position (i, j)
in the image. The values zero and one correspond to black and white respec-
tively. When we use the word pixel we mean some element (3, j).
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h-
100
150 '
(a) Il c R(275X437) (b) ]2 c R(275X437)

1 50 100 150 200 250 300 350 400 437 1 50 100 150 200 250 300 343

(c) Is € R(275%437) d) I € R(278x343)

1 50 100 150 200 256

(e) Is € R(362x512) (f) Is € R (240%256)

Figure 4.1: The six greyscale images we will use throughout this chapter.
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From now WI(i,7,s) (or WI(i,s;)) with I € R(™*™) means an approxi-
mation of W f(x,y,si) (or Wf(x,si)) where I is a sampling of f(z,y) (or
f(z)) at points (i,7) (or ). The scale s > 1 are integers deciding the
support of the wavelet atom used to calculate W1(i, j,si) (WI(i,si)). For
example, we may determine that for s = 1 the support of the wavelet atom
covers five pixels. Then the WI(i,s;) are approximated using the points
{i—2,i—1,i,i+1,i 4+ 2}. As s increase, the support of the wavelet atom
increase. For each edge detector in the following sections we will state the
support for each s; used.

When we say that two pixels are neighbours using 8-connectivity we mean
that they are positioned next to each other either in orthogonal directions or
diagonal directions. If two pixels are neighbours using 4-connectivity they
are positioned next to each other in orthogonal directions. Both cases are
shown in Table 4.1.

171710 ]1/|0
11X |1 X
17171} 0]1

—_

O =

Table 4.1: All neighbours for pixel X are marked with 1. In the left table we
use 8-connectivity and in the right table 4-connectivity.

4.2 1-D Multiscale edge detector

In this section we give a 1-D multiscale edge detector which detects singu-
larities in 1-D signals. We see how edges in an image may be detected by
applying the 1-D multiscale edge detector on each rown and column of the
image.

To avoid using many indices we will in this section denote by I the greyscale
image I € R(240%256) shown in Figure 4.1(f). The edges of I is detected by
analysing each row and column of I independently. First we look in details
how row [.199 is analysed, then the edge detector is applied for every row
and column of 1.

4.2.1 Application on row /[y

Let ¢ € L?(R) be the first-order derivative of the normalized Gaussian
function 6 from Example 2.1. Denote by W 1.190(i, si) the wavelet transform
of I.199 with respect to ¢ given in Definition 2.6.
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Since 1 has one vanishing moments Theorem 2.7 ensures that every singular
point of 1190 with @ < 1 can be located by following the maximum lines
of WIia0(i,sg) as si decrease. Also, using Theorem 2.5 v < 1 may be
characterised from the decay of W1120(i(sk),sk) along the maximum line
(i(sk), sg) in the scale-space plane as sj decrease.

We start by calculating W L120(4, s ) for scales {s, = k}?%, andi = 1,...,256.
The calculation is done using the wavelet toolbox in Matlab. When s; =1

the support of the wavelet atom is five pixels and as s; gets larger the sup-

port increases. In Figure 4.2 I.199 and W 1.190(¢, si) are plotted. From (b) we

see that the intensity changes of I.190(k) at i = 43,59, 172,202 contributes

with highest value of |W1199(i,sk)|- The intensity increase at i = 43 and

t = 172 correspond to negative values of W1.159 while the intensity decrease

at ¢ = 59 and ¢ = 202 correspond to positive values.

250 50
200
150
100

50

o
1 43 59 172 202 256

1

43 59 172 202 256

(a) (b)

Figure 4.2: (a)The uppermost graph plots I.;190(i) as a function. Below it
is plotted as an image. (b)WL120(i,sx) for {sp = k}3%, and i = 1,...,n.
Black, white and grey correspond to values that are respectively negative,
positive and zero.

Next all maximum points {mpx = (n,sx)} of [WIi2/(:,sk)| are located for
each s;. Then each maximum point m,; is classified as either belonging
to some maximum line [, or not belonging to any maximum line. Each
My can only belong to one or none maximum line. This classification is
done such that WIig(n,sk) has constant sign for all my,; from the same
maximum line. We have implemented both the location of maximum points
and classification of maximum points in Matlab.

In Figure 4.3(a) the maximum points {my;} are plotted in the uppermost
graph. All my such that Wlig(n,s;) < 0 and Wlig(n,si) > 0 are
plotted in blue and red respectively. Each line plotted in the lowermost graph
connects all maximum points classified as belonging to the same maximum
line. In (b) I199 is plotted and each point that a maximum line converges
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towards is marked with a red dot.

50 r; 250 -

150

256

5( ? 100

N | sof

‘ L ) L :
1 43 59 172 202 256 1 43 59 172 202 256

(a) (b)

Figure 4.3: (a)The uppermost graph plots all maximum points (n, sx). Blue
and red dots correspond to negative and positive value of W199(n,sy) re-
spectively. In the lowermost graph the corresponding maximum lines are
plotted. (b)Plot of I.199. Each point which a maximum line ends at s = 1
is marked with a red dot.

Denote by u, as u, = n such that (n,s;) € [,, i.e u, is the point which
the maximum line [, ends up at the lowest scale s;. The Lipschitz regular-

ity oy of L1909 at uy, are calculated using the decay of |W1.i20(n,si)| along

. . . ap+i .
the maximum line I,. Since |W1li20(n,s;)| decays as s,” * when Iy is

Lipschitz «y, at u, then o), = a — % where a is the slope of log |W f(n, s;)|
versus log si. In Figure 4.4 a histogram of the calculated o, for each u, is
shown. Most of the points u, have Lipschits regularity between —0.5 and
0.5. Lipschitz regularity «,, tells us something about the behaviour of I.129
in a neighbourhood of w,, but not the amplitude of the intensity change. A
step edge with small amplitude has the same regularity as a step edge with
high amplitude. Therefore Lipschitz regularity is not usefull for determine
which u, correspond to high intensity change in I.129. On the other hand
Lipschitz regularity may be used to distinguish types of singularities. For
example, from Table 4.2 we see that the points u, = 43 and u,, = 202 behave
as step edges.

The irregular signal yields many maximum lines pointing towards non-important
points u,. We are not interested in detecting the small signal fluctations since
they are mainly caused by noise. In this case we are interested in detect-
ing the edge around the dark area in Figure 4.1(f) shaped as an egg. The
points of interest in I.190 is u, = 43,59,172,202. As we saw in Figure 4.2(b)
these are the points corresponding to the intensity change in I.19¢ that con-
tributes most to the value of |WIi0(uyp,sk)|. We suggest thresholding on



4.2. 1-D MULTISCALE EDGE DETECTOR 45

~ w rS «

Number of points with Lipschitz  a

Figure 4.4: Histogram of the calculated a.

the summation of |W1.129(n, s;)| over maximum lines {l,},cz:

S, =Y |WIizn(n,s)|

(n,sk)€Elp

Denote by S the mean value of all S1,- We suggest setting the threshold
T = CS where C > 0 is some constant. For images with little noise C
should be chosen between zero and one. For images with substantial amount
of noise C should be greater than one. All maximum lines [, such that
Sy, < T are classified as non-important, the rest as important. In Figure 4.5
(a) the important maximum lines are plotted for C' = 1.5. In (b) the points
{up}p corresponding to important maximum lines {l,} are marked with red
circles.

s0
a5
40 1 (
s ) |
30 ! ) ‘

2 /

g 2s5f / \

Ll / \

20 ‘ / ‘

(a)

Figure 4.5: (a) The important maximum lines for I using C' = 1.5. (b)
Detected edgepoints plotted as red circles.
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Up Xp

43  0.0134
59  0.3566
172 0.4357
202 -0.0072

Table 4.2: The calculated a’s
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4.2.2 Application on images

In this subsection we present the result of the 1-D multiscale edge detector
applied on each row and column of some images.
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(a) Is with edges using C' = 0.9 (b) Edges for Is using C' = 0.9

-

(g) I+ with edges using C' = 1.8 (h) Edges for I using C' = 1.8

Figure 4.6: The 1-D multiscale edge detector applied on the images I3, Iy,
I5 and IG-
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4.2.3 Discussion

The 1-D multiscale edge detector works well on one-dimensional signals. By
connecting maximum modulus points through scales we get good localiza-
tion of singular points. For each singular point Lipschitz regularity may be
estimated using the value of the wavelet transform modulus along the cor-
responding maximum line. From both the length of the maximum line and
the value of the wavelet transform we may determine if the singular point is
subject to a high amplitude change or not. Both step edges u,, = 43 and
Up, = 202 in I.199 plotted in Figure 4.5(b) have high amplitude change and
the corresponding maximum lines [,,, and [, are long. Lipschitz regularity
is estimated to be a;, = 0.0134 and oy, = —0.0072. From the values 5, ,
Slp2> ap, and ap, we determine that I.129 has step edges of high amplitude
at positions uy, and u,,. The threshold 7' = C'S works well in the cases
where the important singularities have high amplitude compared to the sin-
gularities due to noise. However, it is not possible to find one C' that works
optimal for each signal. When the 1-D multiscale edge detector is applied
on each row and column of some image the result varies depending on the
image. For an image where most of the singular points are due to noise a
high value of C' > 1 should be chosen. If the image has little noise and most
of the intensity changes are due to important structures then a low value of
0 < C' < 1 should be chosen.

The image I shown in Figure 4.1(f) has quite distinct jumps and the singular
points corresponding to noise have low amplitude change. As we see from the
Figure 4.6(b) the choice C' = 0.9 results in output for each row and column
consisting of mostly important edges. For the images I3 and 14 the edges are
plotted in Figure 4.6(f) and (h) using C' = 2.5 and C = 1.8 respectively. The
result is not nearly as good since both images have much noise with vague
contoures. For the image I5 the edges are plotted in Figure 4.6(d). The hazy
edges at the bottom of the object are not detected successfully. The points
are spread and it is not obvious from those points how the contour of the
objects looks like.

In the 1-D multiscale edge detector edges are detected by rows and columns
independently. When the edge is weak in both directions it wont be detected
well using this method. Instead we should combine the information from
both direction to better detect weak edges. In the next section we look at
a 2-D edge detector which combines information from both directions when
detecting edges in an image.
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4.3 2-D single scale edge detector

In this section we look at a wavelet transform edge detector inspired by the
detector suggested by Canny [3]. We take advantage of the fact that the 2-D
wavelet transformation acts as a differential operator on a smoothed image
where the amount of smoothing is given by scale s.

We use the 2-D wavelet discussed in Example 2.2

¥y = 20 (4.1)
W(a,y) = %ggw (42)

where 6(z,y) is a normalized 2-D Gaussian.

We have seen that the 2-D wavelet transform of f € L? (Rz) then can be
written as the gradient of (f % 6)(u,v):

. Wlf(U,U, 5) =< f7 Qbi,v,s >
W f(u,v,s) = (sz(u’v’ s) =< f, ¢g’v’s >>

= —sV(f *05)(u,v)

Thus W f(u, v, s) points in the direction where ( fxf;)(u, v) changes the most,
i.e where it’s partial derivatives are maximum. Actually, since the gradient
is multiplied with —s then W f(u, v, s) points in the direction where the
smoothed function decrease most.

Three distinct edges f1, fo and f3 are depict in Figure 4.7 (a), (d) and (g). For
each edge f;, i = 1,2, 3 the corresponding (f; * 05,)(u,v) and |W f;(u, v, so)|
are plotted.

The 2-D wavelet ¥ = {¢! 1%} is designed such that ¢! and 12 feels edges
in the z-direction and y-direction respectively.

Let us look at the step edge in the z-direction fi(z,y) depict in Figure 4.7(a).
From Figure 4.7(b) we see that the gradient of (fi % 6s,)(u,v) is zero in the
v-direction. Thus W?2f;(u,v,s0) = 0, i.e W2 f1(u,v, so) ignores step edges
in the z-direction. However, the step edge is felt by W1 fi(u,v, sg) which
has one local modulus maximum point in the wu-direction for each v. The
important observation is that W f(u, v, s¢) points in the direction normal to
the step edge and [W f(u,v, sg)| is local maximum in that direction for all
points along the step edge.

The edge f2 depict in Figure 4.7(d) is of short duration. This results in
(fax0s,)(u,v) having a sharp intensity increase followed by a sharp intensity
decrease. Then W1 fy(u,v,sq) has two local modulus maximum points in
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(8) fa(z,y) (h) (f3 % 0so)(w,0) (1) [Wfa(u,v,s0)]|

Figure 4.7: Edges and how they are smoothed

the u-direction for each v. In this case when (u,v) lies on either side of
the edge W fa(u, v, s¢) points in the direction normal to the edge such that
(fax 0s,) decreases most. So, for the edge of short duration |W fa(u, v, so)|
has two local maximum points, one corresponding to the increase and the
other corresponding to the decrease in fs.

The last f3 is normalized with very small support and intend to simulate

Dirac’s delta function in two-dimensions. Since a convolution with Dirac’s

delta yields the function itself we get (f3 x 65,) = 05,. Using substitution
-y

Tz:;—fandTyZEV\/eget

995 (2,9)

ox
—500(1y, Ty) 0Ty
g or, Oz
1 00(z,y)
ST% Oz

= Sl(g)zbl(w,y) (4.3)

W1f3($aya 50) =

The same procedure can be used to show W?2f3(z,y,s0) = s%wz. Then we
0
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get

WA, v,50)] = /55 (01 (w,0)? + 02 (0, 0)?)

< Asy? with A = ( m)a)i%2 Vl(u,v)2 + 92 (u,v)2  (4.4)
u,v)e

Thus as the scale decreases the value of |W f3(u, v, s9)| increases.

For a greyscale image I € R(™*") we would like to detect the points (i, 7)
where I has sharp intensity change. Let AI(i,7,sx) = Arg{WI(i,j,s)}
where —m < AI(i,j,s;) < m. Denote by a provisional edge point of I at
scale sy as any point (4, 7) such that [WI(i, j, si)| is local maximum in the
direction given by AI(i,j, sk).

The 2-D single scale edge detector in this section consists of locating all
provisional edge points of I at scale s; and then thresholding with hysteresis
is employed on those points. In the following subsection we explain what we
mean by thresholding with hysteresis.

4.3.1 Thresholding with hysteresis

Some of the provisional edge points of I might correspond to noise and
we would like to seperate them from the ones corresponding to important
intensity changes. Assuming that the noise contributes with low energy in
WI(-, -, s) we threshold on [WI(-, -, s;)|. Suppose we have a single threshold
T} and that an edge exists such that the mean value of |WI(-,-, si)| along
the edge equals Tj. The value [WI(-,-, s;)| may vary along the edge due to
noise which leads to a broken edge contour. This is called streaking and is a
common problem with edge detectors using a single threshold.

As suggested by Canny [3] we will employ thresholding with hysteresis to
reduce the probabillity of streaking. Two thresholds are set; Tj,,, and Thign,
such that Tjo, < Thign- All provisional edge points {(7,7)} of I such that
[WI(i,j,sk)| > Tiow are classified as candidate edge points. Then all sets of
8-connected candidate edge points containing at least one point (I, ¢) such
that |[WI(l,q, si)| > Thign are classified as edge points.

If isolated weak provisional edge points were to be removed using a single
threshold then weak provisional edge points connected to strong provisional
edge points would also be removed. Thresholding with hysteresis allows
the value along connected edge points to vary, but not lower than Tj,,. In
addition at least one of the connected edge points must have value higher
than Tj;g,. This way the probabillity of streaking is reduced while isolated
weak provisional edge points are removed.
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We select Thign so that a given fraction 0 < P,. < 1 of |[WI| has value
greater than zero and lower than Tj;s,. Then we chose Tj,, to be some

fraction 0 < R < 1 of Th;gp.

Algorithm 1 describes the 2-D single scale edge detector for an image I €

RMX1) at scale sg.

Algorithm 1 2-D single scale edge detector at scale sy,

Require: [ e R(™*") g >1 0<R<land0< P, <1
Ensure: {(i,7) : (i,7) is an edge point of I}

e e e e e e

Calculate [WI(-,-, sk)| and AI(-,-, sg).

P<0

for (i,7) € {[1,2,...,m] x [1,2,...,n]|} do
if |[W1I(i,7,sk)| is local maximum in direction AI(i,j,s;) then

P = PU{(i))}

end if

end for

Calculate Th;qp such that

Tiow < RThigh

W= {(Z,]) epP: ’WI(’L.>.7.> Sk)‘ > Tlow}

count ({(i,) : 0<|WI(i,j,5)|<Thign})
mn

:Pne

S = {(17.]) EW: |WI(27]7 Sk)| > Thigh}
€<= S
: for all 8-connected set of pixels O, = {(¢,5)} € W do

if SN0, # 0 then
E=EU(04\S)
end if

. end for
: return &




54 CHAPTER 4. EDGE DETECTORS

Implementation

We have implemented Algorithm 1 in Matlab. The Matlab routine "conv2.m"
was used to calculate (I % 6, ) and "grad.m" to calculate —s;V (I * 65, ).
The support of b, (i,7) = (msz)*16_("%”'2)51;2 includes all (7,j) such that
05, (4,7) > 0.0001. In Table 4.3 the support of 6, for each s =1,---,10 is
listed. For example when s, = 4 then (I % 6, )(i,7) is a weighted sum of I
over the 361 = (9+9+1)? pixels {(q, 1)} located in the 19 x 19 square centered
at (i,7). In the case when (q,1) ¢ {[1,m] x [1,n]} we define I(q,l) = 0.

Sk support of 0,
1 [—2,2] x [-2,2]
2 [—5,5] x [—5, 5]
3 [=7,7] x [-7,7]
4 [—9,9] x [-9,9]
5 | [-11,11] x [~11, 11]
6 | [-12,12] x [~12,12]
7 | [-14,14] x [-14,14]
8 | [~15,15] x [—15,15]
9 | [-17,17] x [-17,17]
10 | [—18,18] x [—18,18]

Table 4.3: The support of 5, for s, =1,---,10

The non-maximum supression method used to locate the provisional edge
points is not a standard function in Matlab, but the sub-function "can-
nyFindLocalMazima" located in the function file "edge.m”. For each pixel
(7,7) the method estimates values of |[WI| between pixels using interpola-
tion. Then these estimates are used to check if (i,7) is a local modulus
maximum point in direction AI(i, j, sg)-

4.3.2 Result

In this subsection we look at the output of Algorithm 1 for different inputs.
For each of the four images Is, I3, Iy and I5 shown in Figure 4.1 the Al-
gorithm 1 is applied at scales s = 4,6,8. The parameters P,. = 0.7 and
R = 0.3 are used in all twelve cases.

For each twelve cases we plot the provisional edge points and the edge points
after thresholding. The edge points after thresholding is plotted both as an
binary image and as red pixels in the smoothed image (I % 65, )(i, 7).
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(a) Provisional edgepoints (b) Edge points for I (¢) (I2 * 64) where edge
for I points are marked as red
pixels.

(d) Provisional edgepoints (e) Edge points for Is  (f) (I3 * 04) where edge
for I3 points are marked as red
pixels.

(g) Provisional edgepoints (h) Edge points for I, (i) (la * 64) where edge
for I points are marked as red
pixels.

(j) Provisional edgepoints (k) Edge points for Is (1) (Is * 64) where edge
for I5 points are marked as red
pixels.

Figure 4.8: Algorithm 1 applied on the images I, I3, I4 and I5 shown in
Figure 4.1 at scale sy = 4. The parameters used are P,. = 0.7 and R = 0.3.
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(a) Provisional edgepoints (b) Edge points for I (¢) (I2 *x 6s) where edge
for I points are marked as red
pixels.

(d) Provisional edgepoints (e) Edge points for Is  (f) (I3 * 0s) where edge
for I3 points are marked as red
pixels.

(g) Provisional edgepoints (h) Edge points for I, (i) (Is * 0s) where edge
for I points are marked as red
pixels.

(j) Provisional edgepoints (k) Edge points for Is (1) (Is * 0s) where edge
for I5 points are marked as red
pixels.

Figure 4.9: Algorithm 1 applied on the images Is, I3, I4 and I5 shown in
Figure 4.1 at scale s = 6. The parameters used are P,. = 0.7 and R = 0.3.
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(¢) (I2 * 0s) where edge
for I points are marked as red
pixels.

(d) Provisional edgepoints (e) Edge points for Is  (f) (I3 * 0s) where edge
for I3 points are marked as red
pixels.

(g) Provisional edgepoints (h) Edge points for I, (i) (lsa * 0s) where edge
for I points are marked as red
pixels.

(j) Provisional edgepoints (k) Edge points for Is (1) (Is * 6s) where edge
for I5 points are marked as red
pixels.

Figure 4.10: Algorithm 1 applied on the images Is, I3, I4 and I5 shown in
Figure 4.1 at scales s = 8. The parameters used are P, = 0.7 and R = 0.3.
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4.3.3 Discussion

In general, most of the edges detected for small s; are dominated by noise.
For example from Figure 4.8(e) it is very hard to get an impression of the im-
portant structures in the image. Most of the detected edges follows the small
structures caused by simulated speckle noise. However, in Figure 4.10(e) the
edges follows larger and, in this case more, important structures. This be-
havior was expected since larger s means that the noise is smoothed away
more. The cost of this smoothing is worser edge localisation.

For which scale s the edge detection should be performed depends on the
image analysed. If an image has high contrast structures and small amount
of noise, then small s; should be used to get best localisation of edges. The
image I5 is such an image. In comparison, the image I3 has low contrast and
quite heavily noise, therefore larger s; should be used.

In all four cases the thresholding only removed edges located at low contrast
areas of the image. However, for some images and scales there are still
detected edges which should be removed. For example image I5 has quite
high contrast edges, but as we see in Figure 4.9(k) edges in low contrast
areas are detected.

In the next section we suggest a method using information across scales to
determine at which scale s we should detect the provisional edge points. In
addition we suggest a thresholding method rewarding both length and high
contrast edges.

4.4 2-D Multiscale edge detector

In this section we suggest an edge detector which estimates the smallest scale
Sc for which the provisional edge points at s. are not dominated by noise.
Then thresholding on the provisional edge points of I at s. is employed. An
alternative to the thresholding with hysteresis is suggested.

Let Iy, Is, I3, 14, Is and Ig be the images from last section shown in Fig-
ure 4.1.

4.4.1 Edge curves

Using 8-connectivity the provisional edge points of an image I at scale s

Nec(sk)

are connected to form a set of edge curves; {eg}, 7 " where Nec(sy) is the

number of edge curves at scale sg.
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All but two points along an edge curve must have exactly two neighbours be-
longing to the same edge curve, i.e an edge curve has exactly two endpoints.

Let us define a function giving the smallest angle between two vectors with
angles a and 3:

Definition 4.1. Let —7 < «, 8 <= m. Then the distance d(«, ) is given

by
la| + | 5] if af<0 and |a|+ |0 <=7
dla,B) =2 —|a|—|B] if af<0 and |a|+ |0 >7 (4.5)
lae — [ otherwise

Let d(«, 8) be the distance function from Definition 4.1. Each provisional
edge point (7, j) at scale s, can only belong to the edge curve ey, containing
it’s neighbour (p,l) of shortest distance d (A(, 4, sk), A(p,!, sx)) and (p,!)
cannot have any neighbour (a,b) from another curve e, such that

d(A(p,l,sk), Ala,b,sg)) < d(A(, j, sk), A(p, 1, si))

This criteria makes sure that a 8-connected set of provisional edge points
having more than two endpoints are seperetad into two or more edge curves
such that the gradient direction changes minimum along the edge curves.

) Connected set having (b) Corresponding edge
three endpoints curves

Figure 4.11: (a) A connected set of provisional edge points with three end-
points a,b and ¢. (b) The corresponding set of edge curves. Each edge curve
is drawn in one color.
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In Figure 4.12 all edge curves at scales s = 4,8 for the images I3 and I are
plotted such that the color does no change along an edge curve.

Figure 4.12: The images show all edge curves from scale s = 8 and s = 4.
The edge curves are plotted on top of the corresponding image such that the
color does not change along an edge curve.
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4.4.2 Deciding which scale to use for final edge detection

As the scale sj;, decreases WI(i, j, si) gets more sensitive to intensity changes
in I of short duration and if I has many small structures then I has many
provisional edge points. From Figure 4.8, Figure 4.9 and Figure 4.10 we
can see that the number of provisional edge points increase as s decrease.
Specially in noisy image the increase is quite large. For comparison all provi-
sional edge points of an image without noise at scales s; = 8, 6,4 are plotted
in Figure 4.13. We can see that the number of points is almost constant
across the three scales.

Figure 4.13: Algorithm 1 applied on an image whithout noise at scales s =
4,6,8

Denote by Nepl(sy) the number of provisional edge point of I at scale sy
and N.I(si) the number of edge curves of I at scale si. As we see from
Figure 4.12 N¢cI3(4) > Necl3(8) and Necly(4) > Necly(8), i.e there are more
edge curves at scale sy = 4 than s; = 8.

Let us see if the increase of Nepl(sy) or NeoI(sy) as sy decrease is usefull for
deciding at which scale s; thresholding on the provisional edge points should
be done.

In Figure 4.14 (d) - (i) Nepli(sk) and Neoli(sg) (1 = 2,3,4) and s, = 1,...,10
are plotted. For all three images N¢.I;(s) has a distinct increase in growth
starting at some s;. This is not the case for NpI;(s) which has a more
evenly increase as the scale decrease.

For a noisy image an edge curve at large scale will at some lower scale be di-
vided into shorter edge curves. This means that at the scale in which the edge
curves are dominated by noise we will see an increase in Ne.I;(si) reflecting
both the addition of new edge curves due to smaller structures/noise and the
dividing of edge curves into shorter edge curves due to noise. On the other
hand, the increase of Nep,I;(sy) only reflects the addition of new provisional
edge points due to smaller structures/noise. When N,.I;(sy) increase by one
then Nepl;(sy) increase by n where n is the number of points along the added
edge curve. Thus |%kN€pIi(sk)| > \ﬁNecIi(skﬂ as shown in Figure 4.14 (j)
- (1). Based on these observations we suggest choosing the smallest scale s,
such that for some chosen Ty, > 0 we have (—l)éNecIi(sk) < Tp,, for
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Sk > Sc. Then employ thresholding on the provisional edge points of I; at
Se-

In the next subsection we suggest thresholding using edge curves.
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Figure 4.14: For each image (a), (b) and (c) the corresponding number of
edge curves and edge points VS s are plotted below.
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250

150

Figure 4.15: Histogram of {qu}f\;efb(sk) for a fixed sy = 8. The height of
each bar shows the number of edge curves having values Sy, in the intervall
along the horisontal axis covered by the bar.

4.4.3 Thresholding

In this subsection we suggest a thresholding method which rewards both
long edge curves and high intensity changes across the edge. In addition the
threshold should also adapt to the image analysed.

Denote by Sy, the sum of [WI(-, -, s;)| over edge curve eg:

qu = Z |WI(17J7 Sk)’

(z’.]) eeqk

Figure 4.15 shows a histogram of {qu}ﬁv:efh(sk) with s;, = 8.

As we see, most of the Sy, are located in the bins close to zero and are most
likely a result of noise. We want to determine a threshold T} > 0 such that
if Syr. < T} then ey is removed from the family of edge curves.

There are several methods for choosing T}. For example T} can be chosen
such that the number of edge curves with Sy < T} are a given fraction
0 < P.. < 1 of the total number of edge curves Ng.I(si). This means
that we assume P..Ne.I(s;) number of edge curves are non-important while
(1 = P.c) NecI(sy) are important. Then the quality of the output will depend
on the image since a fixed P, will not fit every image. For an image with
one large structure and little noise {qu}é\icll(s’“) are concentrated around
some value. In this case it is a better suggestion to say that most of the
edge curves are important edges. A fixed P.. will only fit one small class of
images.

We suggest chosing T}, depending on which scale sy the thresholding is done.
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Denote by Sy, as the mean value of {qu}é\icll(s’“)

o 1 Necl(sg)
Sk - NecI(Sk) ; qu

As discussed in the previous subsection assume s. is the smallest scale such
that for some chosen Ty, > 0 we have (—1)%Necli(sk) < Tn,, for s > sc.

If s. is large this means that the image is subjected to noise of significant
structure size and only edge curves ey, with Sy that have a significant higher
value than S}, should be trusted to be important edges. If s;, is small, then
the image have little noise and edge curves ey, with Sy close to S}, should
be trusted to be important edges. We suggest chosing T}, = C)S), for some
fixed Ck. A set {C}x should be choosen such that the thresholding works
optimal on a given test set of ultrasound images.

Algorithm 2 describes the edge detector for an image 1.
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Algorithm 2 Edge Detector

Require: [ e R(mxn) {sk}tk=1,..~ with s < spy1, Tn,. > 0 and

{Creli=1,..N
Ensure: {(i,7) : (¢,7) is an edge point of I}

1: fork=N,...,1do

2: Calculate [WI(-,-, si)| and AI(-,-,sk).

3: P <= 0

4: for (i,5) € {[1,2,...,m] x [1,2,...,n]} do
5: if [W £ (4,7, s)| is local maximum in direction AI(i, j, s;) then
6 Py < Py U{(i,))}

7 end if

8: end for

9: Generate {eqk}N“I(s’“) from the set Py

10: if k=1 then

11: Skip to the next iteration in the FOR-loop
12: else if £ = 2 then

13: &Necl(skfl) - Nec(Sch:jl):i\jcec(Sk)

14: else

15: &Necf(sk—l) - Nec(sgk—f;:i\lf:c(sk)

16: end if

17: if (—1 )dSk Necf(Sk—1) > T, then

18: Jump out of FOR-loop

19: end if
20: end for
2l: c=k—1
22: Calculate {Sgc},* “f () and S,
23: T, < C.S,
24: £ <)
25: for all g such that S,c > T, do
26: E<=EU{(,7): (4,7) € eqe}
27: end for
28: return &
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4.4.4 Result

Below are some results after using the edge detector on five different images
using T,, = 100, C' =0, 0.1, 0.6, 1.3, 1.5, 1.8, 2.2, 2.5, 2.5, 2.5] and s, = k
for k=1,...,10.
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(a) Tmage I5s with edges plotted as red pix- (b) Edges for image I5s. s. = 7, S. = 272.6,
els. C. = 2.2 and P.. = 0.9251

(c) Image I3 with edges plotted as red pix- (d) Edges for image I5. s. = 7, Sc = 438.8,
els. C.=22and P.. =0.9171

(e) Image 11 with edges plotted as red pix- (f) Edges for image I4. s. = 6, S. = 105.3,
els. C.=1.8 and P.. = 0.8597

Figure 4.16: The edge detector used on different images. The same thresh-
olding parameters was used for each image



4.4. 2-D MULTISCALE EDGE DETECTOR 69

(a) Image I with edges plotted as red pix- (b) Edges for image Is. s. = 4, S. = 396.7,
els. C. =13 and P.. = 0.9862

(c) Image I with edges plotted as red pix- (d) Edges for image I>. s. = 6, Se = 366.7,
els. C.=1.8 and P.. = 0.9592

Figure 4.17: The edge detector used on different images. The same thresh-
olding parameters was used for each image
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4.4.5 Discussion

As we see in Figure 4.16 and Figure 4.17 the result is acceptable for the quite
different images Iy, Is, Iy, Is and Ig. The image Is has distinct intensity
changes and little noise. The 2-D multiscale edge detector therefore detects
edges at the small scale s, = 4. Only 1.38 percent of the intially detecte
edge curves was not removed in the thresholding procedure. For the image
I3 having not as distinct edges and more noise than Ig the edge detector
uses the larger scale s, = 7 and 8.29 percent of the initially detected edge
curves was not removed in the thresholding procedure. It seems like thresh-
olding on ﬁNec(sk) works well for determine the scale s.. For all images
the important edges are retained after thresholding on Sy, while keeping a
low number of edges corresponding to low contrast areas. For the image
I5 our thresholding method results in fewer low contrast edges than after
thresholding with hyseterias using P, = 0.7 and R = 0.3 at s = 8. The
parameters Py, s and R could be adjusted to give better result for image
I5, but then result might not be very good for the other images.
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Conclusion

The wavelet transform of an image acts as a differential operator on the
smoothed image and the amount of smoothing increases as the scale s in-
creases. Therefore small s should be used for best localisation of edges.
However, for small s the wavelet transform is sensitive to noise.

The 1-D multiscale edge detector works very well for locating singularities
and characterising Lipschitz regularity in 1-D signals. However, as an edge
detector for images the 1-D multiscale edge detector does not function satis-
factory. The result is poor escpecially for noisy images containg low contrast
edges. Also edges that are weak in both z-direction and y-direction wont be
detected well. For images with quite distinct edges and little noise the 1-D
multiscale edge detector yields edge points where most of the edge points
correspond to important intensity changes in the image. For most of the im-
ages the edge points did not lie nicely aligned as curves, but they were spread
with high consentration near high intensity areas in the image. Lipschitz reg-
ularity is not suited for determine which singular points are corresponding
to high intensity changes. For example a step edge of low amplitude have
the same Lipschitz regularity as a step edge of high amplitude.

The 2-D single scale edge detector and the 2-D multiscale edge detector
differs in how thresholding is performed and that the 2-D multiscale edge
detector automatically choose the scale to use when detecting the edges. The
threshold T}, = C},Sj has an overall better performance for the images in this
report than the threshold with hysteresis.

The parameters N, T, and {C}; }x=1,... .~ in the 2-D multiscale edge detector
may be chosen to fit a large class of images. After the parameters are chosen
the 2-D multiscale edge detector only takes as input the image to be analysed.
Thus the 2-D multiscale edge detector is an user-friendly edge detector. In
comparison for fixed parameters P,., sy and R the 2-D single scale edge
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detector will not function as satisfactory for a large class of images as the
2-D multiscale edge detector will.

Since the 2-D multiscale edge detector does calculations for several scales it
will use longer time detecting edges than the 2-D single scale edge detec-
tor. However the running time for the 2-D multiscale edge detector may be
shortened by choosing a smarter order which the calculations in Algorithm 2
is performed. For example if (—1)&]\736[ is small for some s; then we can
skip to scale s;, for some n > 1 and check the value at that scale instead
of sj 1. If (—1)£N€CI has to high value at sj;, then we go back and check
some scale between s; and s;j4,.

The wavelet transform is also well adapted for other image analysis. For
example image compression and noise removal can be done effectively using
the wavelet transform. Mallat and Zhong gives examples of image recon-
struction from multiscale edges with a compression ratio over 30 [7|. The
recovered images have lost some small details, but is visually of good qual-
ity. This means that most of the important information of an image can be
represented by it’s edges.

5.1 Further work

To derive edge detectors that are less sensitive to noise with good localisa-
tion properties further investigation on how to use the multiscale information
carried by the wavelet transform should be performed. For example in the
1-D single scale edge detector we connect maximum points through scales.
Maybe this can be done in the two-dimensional case as well by connecting
provisional edge points through scales. Another suggestion is to connect edge
curves through scales as well. Neither of these suggestions are easy to im-
plement and more details on how points or edge curves should be connected
must be derived.
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Appendix

A.1 Some definitions

Definition A.1l. wvector space V is a set that is closed under finite vector
addition and scalar multiplication.

Definition A.2. A metric space is a set S with a metric g that, for every
two points x,y € S, gives the distance between them as a nonnegative real
number g(z,y). A metric space must also satisfy

1. g(z,y) =0if and only if x = y

2. g(z,y) = g(y, )

3. The triangle inequality g(x,y) + g(y, 2) >= g(z, 2)
Definition A.3. A Cauchy sequence is a sequence aq, ao, ... such that the
metric d(am,, ay,) satisfies

lim  d(am,a,) =0 (A1)

min m,n— o0

Definition A.4. A complete metric space is a metric space in which every
Cauchy sequence is convergent.

Definition A.5. A Hilbert space is a vector space H with an inner product
< f,g > such that the norm defined by

Il =< f> (A-2)

turns H into a complete metric space.
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Definition A.6. Let V be a vector space over a field K, and let A be a
nonempty set. Now define addition p + a in A for any vector a € V and
element p € A subject to the conditions

1. p+0=p
2. (p+a)+b=p+(a+h)
3. For any q in A, there exists a unique vector a in V such that q=p+a

Here, a,b € V. Then A is an affine space and K is called the coefficient field.

Proposition A.1. Any closed subspace V of a Hilbert space H is itself a
Hilbert space.

A.2 Heisenberg’s uncertainty principle

Let f(t) be a function in L? (R) and denote

- ”;’P/_Oo £ F() 2t (A.3)
¢ = [ elf)la (A4)

2
Since ffooo |ﬁ§fﬁ£ dt = 1 the integrand can be interpret as a probability density
function with u as it’s expected value. Using the same reasoning we interpret
n 2
¢ as the the expected value for |ﬂ§f‘fé . Denote the variances around u and &

to be

o? =,ﬁp[§w—wwuwﬁ (A.5)
o =|;W/m@—wﬂﬂwﬁm (A.6)

oy and oy, is a measure of how much f(¢) spreads around u and & respectively.
We say that f(t) is well localized in time if oy is small enough and well
localized in frequency if o, is small enough.

Heisenberg’s uncertainty principle gives a lower bound on how well a func-
tion from L? (R) can be localized in time and frequency.
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Heisenberg’s uncertainty principle A.2. With o? and o2 as above for
f € L2(R) the following inequality is satisfied

oo >

040, (A7)

»M}—‘

This inequality is an equality if and only if there exists (u, &, a,b) € R? x C?
with b > 0 such that

F(t) = aexpt-tlt-w)® (A.8)

[6, p. 31]

A Heisenberg box is a graphical view of the limitations given by Heisenberg’s
uncertainty principle. Figure A.1 shows the Heisenberg box for a function f
with u, &, O't2 and af) as above.

A.3 One-dimensional definitions and properties

Definition A.7. For f,g € L?(R) the convolution denoted by (f  g) is
given by

(f*9)( / fuw)g(z —u)du (A.9)

Property A.3. For f,g € L?(R) we have
(f*9)(w) = f(w)g(w) (A.10)
[2, P. 313]

Property A.3 says that a convolution in the time-domain corresponds to a
product in the Fourier-domain.

Proposition A.4. If f € C" (R) N L' (R) and if all derivatives f*), k =
1,...,n are in L' (R), then

—

F®) (w) = 2inw) f(w) fork=1,....,n

[2, P. 157]
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T Ouw 010, > 1

Figure A.1: The Heisenberg box for a function f.

A.4 2-D wavelet transform with two scaling param-
eters

As in one-dimension we define the 2-D wavelet in such a way that dilations of
the 2-D wavelet cover the Fourier plane and a reconstruction formula exists.



A.4. 2-D WAVELET TRANSFORM WITH TWO SCALING PARAMETERST7

Definition A.8. Let ¥ = {1/*}7_, be a set of functions 1*(z,y) € L* (R?)N
LY(R?). Wis called a 2-D wavelet if there exists constants A > 0, B < co € R
such that

A< Cy= / / W) wr,wy) Y dwgdwy, < B (A.11)

In this case (A.11) are called the 2-D admissibillity condition. A 2-D wavelet
is a set of functions such that their dilations by (s.,sy) togheter cover the
Fourier plane and translations by (ug,u,) cover R2.

Definition A.9. Let f(z,y) € L* (R?) N L*(R?) and ¥ a 2-D wavelet. The
2-D wavelet tranform of f with respect W is the set of functions

W f(u,v, Sy, sy) = {ka(u,v,su,sv)}}g:l (A.12)

with
ka(uv U, Su,s SU)}Z:I =< f, 5,1},(51“51,) > (A13)

Reconstruction - two scaling parameters

Proposition A.5. Let f € L2 (R2) N LY(R?), ¥ be a 2-D wavelet and
W f(u,v,s) be the 2-D wavelet transform of f with respect to V. Then

1 Sl el I e ds,ds,
f(xay) = C/ / Z |:/ / ka<u,'l),Su,3v)¢57v7(8u75v)($,y)dudv P
v Jo A e S (A ) uSv
.14

Cy = / / P (ar )l 2 01 g deo, (A.15)

Wy

with

Proof. We start with the function

T (@, 50, 50) = / / WEF(u, v, 50, 50008 o (2,y)dudo (A.16)
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Proposition 2.12 and Parseval gives

WHF (1,0, S0, 80) =< 008 05000 > (A.17)
=< o 0 > (A.18)
= /OO /OO f(wx,wy)e%”(“‘“z”w?f)zﬁ’“(%w—z,sl,cc)z,)dw$dwy

T (A.19)
U (@ w0 (300, 5000 (1, 0) (A.20)

The we can write (A.16)

TF(2,Y, $u, Sv) / / wx, wy)wk(suwx, suwy )| (1, V)V (s, 5,) (U — 2,0 — y)dudv
(A.21)

=< F_l[f(wwva)d;k(s’uwif? vay)](% U)v dj(su,sv)(u — L,V = y) >
(A.22)

Using Parseval and Proposition 2.12 again we get

~2im(zwetywy) P (1, 7,)] (swa, swy) >

(A.23)

Jk(JUa Y, Su, S’U) =< f(wxa wy)d;k(Suwa:a vay)7 €
Assuming " (z,vy) is real we get

Jk(x, Y, Su, 31;) _ / / f(wz’wy)QQiW(xwz—i—ywy)’&k(suwm vay)‘demdwy
B (A.24)
Define the function

d udsy
9(z,y) / / ZJ’“ (2, Y, Su 80) ™ (A.25)

SuSv

By interchange of integration and sum we get

0 oo ) o poo Mok 2
g(:v,y) = / / f(wwiy)e%w(:cwz-i-ywy) [/ / Z W (Su(-:m; vay)| dsudsv] dwxdwy
—00 J —00 0 0 k=1 uSv

(A.26)
227r($wx+yw * |¢ Tr, Ty)|
C\I/ / / f Wy, W v) [ / / P ———dTdT1y | dwydwy
(A.27)
:/ / f(wx?wy)€2’iﬂ'(1wz+ywy)dwxdwy (A.28)
= f(z,y) (A.29)

O
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