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Problem Description
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using surface data. The aim of the project is to study the mathematical model of this problem,
analyze the non-uniqueness phenomena known as the Backus effect and look at the modern
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R
3 ���2��'>�z�P�� "���2)+�>�Q�Q(8)+���F���FW r = (x, y, z)

LZMO�"�*#
#�(;�+%$�1����4�4G���1�$EF@"��("(8�$ ��������°���2�Q@2#�@;�-4 � @2%�4��* "�3�-�°�2)+'�/ |r| =

√

x2 + y2 + z2
�����2��'>�6�P�

��'����>�
r
,U)+'A#>�2)+'��3LF�2)+'A���2�_#>�&�-�2 2�-'> ��Ä¤?�B�-4I@"�"���A�9�$%��>)+'>#A�j�_��'����>�

x̂ = (1, 0, 0)
�
ŷ = (0, 1, 0)�-�2 

ẑ = (0, 0, 1)
L��Z4*#>)��6(8)+���F�

r ∈ R
3 %3�-�u�8�0��'������>�����+# r = rr̂

�2���2��'>� |r̂| = 1
LA
��z����4�4

�-4*#>)Q@2#&�_#�("�2��'��*%3�-45%$)K)+'> ?���;�-�>�$#A���2��'>�_�j�_�;�$�9�!���2��,U)+4�4*)������"�1'>��4B�-���*)+�2#
x = r cos λ sin θ

y = r sinλ sin θ

z = r cos θ�2)+'A�0#>@"�2#>���
E ⊂ R

3 �P������4�4¶��'����>� E �7���F��� E �j�-�2 ∂E ,U)+'P���2�Z%�4*)�#>@"'>���7���7�>��'��*)+'a�-�2 1�8)+@"�2 KC
�-'�WY)-,

E
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E
�>)S�8�

∂E = E \ ���F� (E)
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E
���

R
3 ∪ {∞} �P�_��'����>� ∂∞E L
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x
�-�2 ='&�+ ?��@2#

R
�*#j "���2)+�>�$ ��FW

B(x, R)
�-�2 1���>#P�8)+@"�2 2�-'�W6(�)+���7�>#j�FW

S(x, R)
LN
¿�2���S���2��%$���F�>��'

x = 0
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�-�2 
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S
L,�2)+'Z�-���-�"�7@"4�@2#A�P�0��'����>�

A(r1, r2) = {r ∈ R
3 : r1 < |r| < r2}

L
�2)+'

n ∈ N
�-�2 ��6#�@"�2#>���

E ⊂ R
3 �j�0 "�o:2�2�_���2� Ln �2)+'�/ )-,G�z,q@"�2%����*)+�

f
)+�

E
�FW

‖f‖Ln(E) =

(
∫

E
|f |ndr

)1/n

.

HjW
L2 CX�$#�����/1�-�>�6�j�S����4�4G/6�3�-�����2�6�$#�����/1�-�>�6��� L2 �2)+'�/�LQ
��Q4*��� Ln(E) = {f : E → C :
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z
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�2)+'
f ∈ L1(S)

�P�0 "�o:2�2�

< f >=

∫

S
f dŝ.

�?�$WK���"�1���;�-�a�S,q@"�2%����*)+�
f(x) = o(x)

���2��� |x| → a
/6�3�-�2#

lim|x|→a
f(x)
|x| = 0

L

��� "�o:2�2�0���2�z��'&�+ ?�*���F�[)-,P�S,U@"�2%����*)+�

f
�7W ∇f = (∂xf, ∂yf, ∂zf)

�-�2 ��5�-("4B�+%��B�-��)+(���'&�-�>)+'
∆
�FW

∆ = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2
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∇ = r̂∂r + λ̂
1

r sin θ
∂λ + θ̂

1

r
∂θ

∆ =
1

r
∂r(r∂r + 1) +

1

r2

(

1

sin2 θ
∂2

λ + ∂2
θ +

1

tan θ
∂θ

)

.
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∇r = r∂r
�-�2 ∇1 = λ̂ 1

sin θ∂λ + θ̂∂θ

∆r = r∂r(r∂r + 1)
�-�2 

∆1 = 1
sin2 θ

∂2
λ + ∂2

θ + 1
tan θ∂θ

�
�P�_�;�3�9�_���2�_'>��4B�-���*)+�2#

r∇ = ∇r +∇1
�-�2 

r2∆ = ∆r + ∆1
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R
3 �Ä���2���6�A,q@"�2%����*)+� f : E → R

�*#N%3�-4�4*�$ 1c?k+wxe6f+r;mUüP)+�
E
�ø,
f ∈ C2(E)�-�2 

∆f ≡ 0
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E
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f ∈ H(E) í hqc"dor f k9üocFmDd�î-dzmUhqgzd©ï�hUw>doeSl7eÿf+r

∂∞E ðñjw�f�f�n ð �K�$�6úÖ�a¦0�?���2MO�2�$)+'>��/×��LÈ�?L Í+ûXL
ÒI·"¼�º°Ï ë�b5c"d1g^ò;c?d�wxm`ü>k+pjcKk+woe6f+r2m`üog {Y m

l }l,m í n�f�w 0 ≤ |m| ≤ l ≤ ∞ í msg�k+r�f+w�hqcKf+r�f+wxe6k+pi�k-gxmsgGn$f+w
L2(S) íFó c?dow>d

Y m
l (λ, θ) = (−1)m

√

2l + 1

4π

(l −m)!

(l +m)!
Pm

l (cos θ)eimλ,

k+r¶{
Pm

l

k+w�dºì�d`tFdor¶{�w�djnolKr¶ü$hUm`f+r"gat+môî-dor~ioy

Pm
l (x) =

1

2ll!
(1− x2)m/2∂l+m

x (x2 − 1)l,
n$f+w − l ≤ m ≤ l.

õ r¶{
Pm

l = 0
n�f+w

l < |m| ð�ö y<f+w�hqcKf+r¶f�wxe6k+p mqhUy ó d�e1d�k+r < Y m′

l′ Y m
l >= δll′δmm′ ð õ p�g$f ó dcKkÕî-d

Y m
l = (−1)mY −m

l ðñjw�f�f�n ð �K�$�6úÖ��
 Î�Ç?� � EF@;�-���*)+�	���3�?L��3ª9Ê��XûXL
ÒI·"¼�º=Û ë |Y m

l |2 ≤ 2l+1
4π

n�f�wzd�î-dowoy
l
k�r¶{

m ðñjw�f�f�n ð MO�"�*#O,`)+4�4*)3�A#A,q'>)+/ úÖ«F�+%�Ê+Ç"� � E7@;�-���*)+�	�`Ë?LÈª�Î9�XûXL
�D,
p
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l
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p
�*#��2)+/6)+�9���2)+@2#_�ø,

p(r) = rlp(r̂)
L_
��

���2���� "���2)+�>�
p
�7W

pl
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l
�P�0��'����>� Pl

L
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l
L

�2)+'Z���2)+/6)+�9���2)+@2#Z�;�-'�/6)+�"�*%0(8)+4�W7�2)+/Q�B�-4
hl
�P�0�;�$�9�

0 = r2∆hl(r) = hl(r̂)∆rr
l + rl∆1hl(r̂)

= [l(l + 1)hl(r̂) + ∆1hl(r̂)]r
l,

#>)
∆1hl(r̂) = −l(l + 1)hl(r̂).
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ÒI·"¼�º�â ëÓù5f+w!k+r2yQgoe6f3f�hqc_nxlKr¶ü$hUm`f+r"g
f
k+r�{

g ó d0cKkÕî-d
< ∇1f · ∇1g >= − < f∆1g > .

ñjw�f3f�n ð MO�"�*#�,`)+4�4*)3�A#A�7W� ?��'>�$%��Z%$)+/Q("@"�&�-���*)+�2#3L
��#����"�h�;�+%��aÍQ�j�0#>�$�[���;�-�

< ∇1Y
m′

l′ · ∇1Y
m
l > = − < Y m′

l′ ∆1Y
m
l >

= l(l + 1) < Y m′

l′ Y m
l >

= l(l + 1)δll′δmm′ .

����LÈ�9�

ÒI·"¼�º<Æ ëÓì�d�h
f ∈ L2(S) í hqc?dor�hqc?dow>dSk+w�d!lKr2m£ú�l"d!g$ü>k+p�k+wxg fm

l

gxl"üoc�hqcKk�h

f(r̂) =

∞
∑

l=0

l
∑

m=−l

fm
l Y

m
l (r̂)

ó c?dow>d fm
l =< Y m

l f > ð
ñjw�f3f�n ð �K�$�0MO�2�$)+'>��/÷ËS)+��(TLÈÇ?�[���°úÖHj¨jçOÎ�ª-ûXL

���Jû ü �,��+�êÏ�3�1���,�Ó#�+ý���&�äê*�&�l#�+

��!�-'>�_�9)+���"�1�>)S@2#>�[���2�_@"�"���>#A����M.�-�"4*�1��L���L

þ @;�-�F�����^W �7W7/z��)+4 �K��@"�"��� \��-/6�
�Z'>�3�

A m2çP@"'�'>���F�
I A

�-/Q(���'>�
çP@"'�'>���F�� "���2#����XW

J A/m2� 4*�$%���'��*%z%>�;�-'��9�
q C

%$)+@"4*)+/!�� 4*�$%���'��*%z%>�;�-'��9�! "���2#>���XW
ρ C/m2� 4*�$%���'��*%z ?�*#�("4B�+%$��/6���F�
D C/m2� 4*�$%���'��*%0:;��4* 
E V/m

�9)+4����Ä/6���>��'� 4*�$%���'��*%!(�)+4B�-'������-���*)+�
P C/m2�T���"�����
L m

/6���>��'
���-���2�����*%0 ?�*#�("4B�+%$��/6���F�

H A/m���-���2�����*%[:;��4* 
B T

�>�$#�4B�
���-���2���������-���*)+�

M A/mMO��/6�
t s

#>�$%$)+�2 
M��-�"4*�=��L���èP�K)+/6�0E7@;�-�F�������*�$#a@2#>�$ I�"���2����'a#�WK/!�8)+4D�?@"�"���Z�-�2 <�;�-/6��L



�3� ë�ÄÆÅÆÇZî.ï1ÈÊÉ�ËkÌOïZìeÍÎÅÏÌOíZï�î���ëbÅ�íÆÐ_ÍÎÅaî�Ä�ï1Í$Åaî��$ë�ÅÆÑsÇ1ÈZï1Ñw�ÒÍ$� íÓÅÆÈT� ïPð

��_����4�4I@2#>�_���2�_%$)+�2#��&�-�7�>#a����M.�-�"4*�1��LÈ�?L

þ @;�-�F�����^W �7WK/!�8)+4 ÿ��-4�@2�� �-'�����'&�+ ?���
R−1 6.371 × 106m/Q�*%�'>)
µ 10−6�;�-�2)
n 10−9�7(��$�$ <)-,N4������F�
c 299, 792, 458m

sÿ��+%�@"@"/Ú(8��'�/6�3�-�"��4����XW
µ0 4π × 10−7 kg m

s2 A2ÿ��+%�@"@"/Ú(8��'�/Q���������7���^W
ε0

1
µ0c2

M��-�"4*�6��LÈ�?èP�K)+/6�0("�FW?#��*%3�-45%$)+�2#��&�-�7�>#3L
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E · dA = q/ε0
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A
B · dA = 0

∮

L
E · dL = − d

dt

∫

AL

B · dA
∮

L
B · dL = µ0(I + ε0

d

dt

∫

AL

E · dA).
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A í ε0 msg�hqc?d$îÄk9ü�lKlKe ò2dowxeSmUh`hUm î�mqhUy í AL
msg�hqc?d�gxlKwqn�k9üxd

i�f+lKr¶{Fd�{�ioy
L í µ0
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∇ · EdV =
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ρ/ε0dV
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∇ ·BdV = 0
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∫

A
− ∂
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(∇×B) · dA = µ0

∫
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(J + ε0

∂
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∇ ·E = ρ/ε0

∇ ·B = 0

∇×E = − ∂

∂t
B

∇×B = µ0J + µ0ε0
∂

∂t
E.
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¿�2���~�P�=�3�9��'&�-�9�1)��9��'��q/1�+%�'>)�#>%$)+("�*%3�-4�4�W~#>(��3�-JK���"�7���2��@"��'&�-4�/6�$ ?�B�?�
�P��,U)+'��9���G���;�-�R���2��'>�A'>�3�-4�4�WS�-'>�A#&)+@"'>%$�$#R���2��'>��LN�a�2 S�8�$%3�-@2#>�A)-,����"�*#3�9���6)+@"'R/6)K "��4D�9���2�j:;��4* "#
�-'>�_�2)Q4*)+�"�9��'a4����2�3�-'�4�WY "��(8���2 "���F��)+�<���2�0#>)+@"'>%$�$#3L

��0 ?���K�* "�_���2�[�>)+�&�-45��4*�$%���'>)+/1�-���2�����*%!:;��4* I�

F
�?���F�>)1�X�j)Q(;�-'��>#3L
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F = F(F ) + F(P ),
���2��'>�

F(P ) �*#[���2��(8)+4B�-'����3�$ u:;��4* � ?@2�z�>)����2�S(8)+4B�-'������-���*)+��#>)+@"'>%$�$#0�-�2 F(F ) �*#Z���2��¢x,U'>�$�9¢:;��4* � ?@2�_�>)6�-4�4T���2�_)+���2��'a#&)+@"'>%$�$#3LG�T���
σ
�8�[���2�0#>)+@"'>%$�$#A)-,

F
�?���2�����j�!�-4*#>)6%3�-�� ?���K�* "�

σ
�

σ = σ(F ) + σ(P ).

�D,;�j�j4*)7)+Jz�-�N���2�O��4*�$%���'>)+/1�-���2�����*%O:;��4* 
F(F ) ��%�'>�3�-�>�$ �,U'>)+/Ñ���2�0¢x,U'>�$�9¢j#>)+@"'>%$�$#3�+���2���S���2 ?@2%$�$ #>)+@"'>%$�$#��P)+@"4* ��;�$�9�_�2)1�o©8�$%��a)+�<���2�_:;��4* ILGMO�F@2#a�����S�j�3W��j�_�;�$�9�!%$)+�2#>��'��+�-���*)+�u)-,N%&�;�-'��9�

���~��/1�+%�'>)�#>%$)+("�*%1#>���2#&��L�MO�"�*#0/6�3�-�2#_���;�-�0���2��:;��4* ��*#_4����2�3�-'�4�W� "��(8���2 "���F�z)+�����>#!#>)+@"'>%$�$#3L
MO�2��'>�o,U)+'>�_�j�0 "�o:2�2�_���2�[,`)+4�4*)3�����"�1:;��4* "#3�

MO�2�_(8)+4B�-'������-���*)+��:;��4* 
P � −ε0E(P )� 4*�$%���'��*%! ?�*#>("4B�+%$��/6���F�
D � ε0E

(F )MO�2�_/1�-���2���������-���*)+��:;��4* 
M � B(P )/µ0�u�-���2�����*%! ?�*#�("4B�+%$��/6���F�
H � B(F )/µ0

L
�a4����2)+@"�������2��'>���-'>�[�2)6%$)+/Q/6)+�u�+%$%$��("�>�$ ��;�-/6�$#a)+�<���2�$#>�_:;��4* "#A����4����>��'&�-��@"'>�!���2����'A4*�����>��'>#
�-�2 0/6�3�-�"���"�9#R�-'>�G�9��'�W0)-,U�>���!���2�P#&�-/6��L5MO�2�P/Q���F@2#.#������!���z���2�� "�o:2�"�����*)+�S)-,2���2�G(8)+4B�-'������-���*)+�
:;��4* Q�*#G ?@2�A�>)_%$)+�7�9���F���*)+�<#����2%$�

E(P ) �*#�)+("(8)�#����>��4�WQ ?��'>�$%��>�$ 6)-, E(F ) LNMO�2�$#>�A "�o:2�"�����*)+�2#P4*�3�+ �>)S���2�[,U)+4�4*)������"�1'>��4B�-���*)+�2#

D = ε0E + P

H = B/µ0 −M.

�Z#����"�Q���2�$#&�_'>��4B�-���*)+�2#A�j�0%3�-��'>����'����>�0���Ä¤K�j��4�4DÕÖ#a�$E7@;�-���*)+�2#3�
∇ ·D � ρ(F )

∇×E � −∂tB

∇ ·B � 0

∇×H � J(F ) + ∂tD
L

HPW�@"�2 "��'>#��&�-�2 ?���"�S�u�Ä¤?�P��4�4DÕÖ#j�$E7@;�-���*)+�2#G���6���"�*#��j�$WQ�j�a%3�-�1#x�$WS���;�-����4*�$%���'>)+/1�-���2�����*%Z:;��4* "#
�-'>�1�q4*)7%3�-4�4�W2�P4����2�3�-'�4�W< "��(����2 "���7�Z)+�����2����'Z#>)+@"'>%$�$#3L

áº�Jè ' %*�����,!T���T���*��#����O�v�,���å�µ� #�%&���ã#���!�+��&%&�����
HPWQ/6�3�+#>@"'����"�6)+'j#>)+/6���2)�� ("'>�$ ?�*%������"�Q���2�Z#����3�$#O)-,T�>��'�/6#3�K�j��%3�-���9���A�0�2)+���*)+�Y)-,5�2)�� �3�+%&�
�>��'�/¯%$)+�7��'����"@"�>�$#_�����6'>��4B�-���*)+�TL!�X�����"�*#��j�3W��P�S����4�4G�-�;�-4�WK�3�S)+�2�z)-,O�u�Ä¤?�P��4�4DÕÖ#_�$E7@;�-���*)+�2#3L

��S����4�4.4*)K)+Ju�-�_���2��/ÿ�������2�6�-��/6)�#�("�2��'>���.�-�2 u�2)+(��S���;�-�_���"�*#0�-�;�-4�W?#��*#[����4�4R4*�3�+ ��>)Y#>)+/6�
#���/Q("4��ø:;%3�-���*)+�TLG
��_����4�454*)7)+JY�-�A���2�[,`)+4�4*)3�����"�1�$E7@;�-���*)+�

∇×H = J(F ) + ∂tD.
�`�?L����


��[�j�-�F�a�>)z�9���a�z�8�����>��'O,U�$��4����"�6)-,.�2)3� �����8���;�$�9�$#����Y���2�0�-��/6)�#�("�2��'>��LF�"'>)+/ )+�2#>��'����-���*)+�2#
���<���2�!�-��/6)�#�("�2��'>�0�j�_�;�$�9�0���2�[,U)+4�4*)������"�= 2�-�&�?L



ÞGË! ¦Ë î�Ä�ï_ÌOï�ìeÍ$ÅÏÌOí�ïZî��$ë�
��^ïFÑwÐO�^í î�ÄZïBÅaî�ÍØì�ð�ÇFÄZï1ÈZï �3Ç

|H| ≈ 30− 60 · 10−6A/m

|J(F )| ≈ 10−11A/m2

|D| ≈ 10−9C/m2 L

��[�-'>�A4*)K)+J7���"�S)+�14*���"�����Y#>%3�-4*�$#j)-,5)+'> "��'

R−1 =
���2�Z'&�+ ?��@2#P)-,T���2���3�-'���� ≈ 6.25 · 106 /V�-�2 

����/6�0#>%3�-4*�$#a)-,N)+'> "��'
t
LRMO�2�������2�[�>��'�/6#a�����$EF@;�-���*)+�°�`�?L����O�;�$�9�0���2�_,U)+4�4*)������"�6/1�-���"����@2 "���

|∇ ×H| ≈ 4 · 10−6A/m2

|J(F )| ≈ 10−11A/m2

|∂tD| ≈ 10−9

t As/m2 L
�X,5�P�[4*)K)+J=�-�O����/6�[#>%3�-4*�$#

t� 2.5 · 10−4 #3�K�P�_#>�$�Z���;�-� |∇×H| �*#O ")+/Q���;�-�����"�6���2�[�$E7@;�-���*)+��>)+�&�-4�4�W9L MO�2��'>�o,`)+'>�u�P������4�4[�2����4*�$%��<���2��)+���2��'Y�>��'�/6#3L MO�2���-��/6)�#�("�2��'>���*#��9��'�W¿#�4������7��4�W
/1�-���2�����*%3�-4�4�W<(8)+4B�-'������-�"4*���;#>)S�j�0#>���

M = 0
)+'a�$E7@"���+�-4*���7��4�W

µ0H = B
LGMO�2�����P�0�;�$�9�

∇×B = 0.
�`�?LÈ�9�

�Z4����2)+@"��� �`�?L����z�-�2 �`�?LÈ�9�!�-'>�=���	���j�3W~%�4*)�#>�=���~���2�Y�-��/6)�#�("�2��'>���R���"�*#� ")��2)+�����~�9���2��'&�-4
��/Q("4�Wu���;�-�����2����'0#&)+4�@"���*)+�2#0�-'>�Q%�4*)�#>��L0M5)Y�9��'��ø,UW����;�-�[�j�S�;�$�9�S�>)<%$)+/Q(;�-'>�S���2�S#>)+4�@"���*)+��)-,
���2�_�-("("'>)$¤?��/1�-�>�$ ��$E7@;�-���*)+�<�����������2�[#>)+4�@"���*)+�<)-,.���2�Z'>�3�-4I�$E7@;�-���*)+�<)+'j�������<)+�2#>��'��9�$ < 2�-�&�?L

��!�-'>�_�2)+���9)+���"�1�>)6 ")S���"�*#3�"�"@"�A������@"'��2#Z)+@"�����;�-�A���2�0#>)+4�@"���*)+�2#��-'>�_%�4*)�#>��L
MO�2�!�-��/6)�#�("�2��'>�!�*#A#���/Q("4�WY%$)+�"�2�$%��>�$ �#>)S�j�0%3�-��@2#>�[���2��,`)+4�4*)3�����"�1,`�+%��3L
ÒI·"¼�º#" ëTì5d�h

F
i&dzk=ü>f+r;hUmqr2l"f+l7g_{+m $Zdow>dor;hUm`kFiop*dÏî-d�ü$hDf+w�ýjdop�{Qmqr�kSgomseÓò¶p y6ü>f+r2r�d>ü$hXd�{�w>d`t+m`f+r

E íhqc?dor

∇× F = 0⇔ F = ∇V,
n$f+w[g�f+e1d�nol7r¶ü3hUmUf+r

V ð
ñjw�f3f�n ð �K�$�6úÖ¡['>�3Î�Î"�"MO�2�$)+'>��/÷Ë�(TLGÍ7Ê+ÇÄûXL
MO�F@2#a���2��'>�0�o¤?�*#��>#a�z,U@"�2%����*)+�

ψ
#�@2%&�����;�-�

B = −∇ψ. �`�?LÈË9�

��=����4�4O#x�$W����;�-�

ψ
�*#!���2�=(�)+�>���7���B�-4O�>)

B
L�\Z)�� ���z,`)+4�4*)3�A#z,q'>)+/ ���2�=���"��'> 	)-,a���Ä¤?�P��4�4DÕÖ#

�$E7@;�-���*)+�2#A���;�-�
∇ ·B = −∆ψ = 0.

�K)
ψ
�*#A�;�-'�/6)+�"�*%�LG
��0#��&�-�>�[���"�*#a�����S'>�$#�@"4��3L

Ü�³FÅ�Ý.Ásº=± ë6b5c"datFd>f+e6k3t+r�d�hUm`üPýjdop�{Qmsg�mqr�hqc?dzk�hUe6f-gJò;c?dow>d ó d�pspTk�ò�ò�w�f�ï�mse6k�hXd�{<ioy6hqc"dat+w�k9{+mDdor;hf�n!k1cKk+woe6f+r2m`üGnolKr¶ü$hUm`f+r ð
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��^ï1ÑEÐO�^í î�ÄZïBÅaî�ÍØì�ð�Ç1Ä�ï1ÈZï
áº�^û % �Ó#����3�*���$���&�ä�&�º#������&���=�v�,���&+
�X�6���2�a4B�+#���#>�$%����*)+�=�P��%$)+�2%�4�@2 "�$ 1���;�-�P�P�Z%3�-�1�2����4*�$%��

J(F ) ���=���2�Z�-��/6)�#�("�2��'>��LRMO�"�*#P/6�3�-�2#���;�-���j��4*)7)+J��-��/1�-���2�����*%u:;��4* "#Y�������2)+@"���-�7W¿#>)+@"'>%$�$#Y���2��'>��L �X� ¦_�-@2#>#�Õ����2�$)+'�W�)-,z���2�
�3�-'����TÕÖ#A/1�-���2�����*%[:;��4* �#&)+@"'>%$�$#Z�-'>�[4*)K%3�-�>�$ ��-��)��9�_���2�!�-��/6)�#�("�2��'>�!)+'A�������"�������2�0�3�-'����TLG��#
�-�"�2)+@"�2%$�$ ~�j�6�2)3� �j�-�7�z�>)�#�("4����0���2�6/1�-���2�����*%6:;��4* ~ "��(8���2 "���F�S)+�~���>#z#>)+@"'>%$�$#3L=
��6����4�4
#�("4����0���2��:;��4* ����~�<���F�>��'��;�-4j�-�2 °�-�~�o¤K�>��'��*)+'0:;��4* I�

B(I) �-�2 B(E) '>�$#�(8�$%������9��4�W9L1MO�2����,`)+'���2�_�>)+�&�-4T/1�-���2�����*%[:;��4* 
B
�P�0�;�$�9�

B = B(I) + B(E).�T���
R−1

���[���2�_'&�+ ?��@2#Z)-,.���2�_�3�-'������-�2 
R+1

���2�['&�+ ?��@2#a)-,N���2�_�*)+�2)�#�("�2��'>���"�j�0�;�$�9�
∇ ·B(I) � � ���9��'�WK���2��'>�
∇ ·B(E) � � ���9��'�WK���2��'>�
∇×B(I) � � ���2���

r > R−1

∇×B(E) � � ���2���
r < R+1

L
\Z)��]���O,U)+4�4*)��A#�,U'>)+/ �;�+%���ª����;�-�a���2��'>�0�o¤K�*#>�>#O(�)+�>���7���B�-4*#

ψ(I) �-�2 ψ(E) #�@2%&�����;�-�
B(I) = −∇ψ(I) �-�2 

∆ψ(I) = 0
,`)+'

r > R−1

B(E) = −∇ψ(E) �-�2 
∆ψ(E) = 0

,`)+'
r < R+1

L
áº�(' ) �,��!��*+8#
�3ê*�E#���!�� "	�3!T� ���,�w#�!��_�&�ã#��
�X�j�*#A�-4��j�3WK#a��E7@2�$#����*)+�<)-,N�+%$%�@"'&�+%�W����2���< "�$#>%�'����"���"�1�z'>�3�-4I("�FW?#��*%3�-4I("�2���2)+/6���;�?L ù �2�_%3�-�
�2���9��'0 "�$#>%�'������S���0�o¤2�+%��3�I#>)<)+�2�S�*#�,`)+'>%$�$ ��>)�4*)7)+J��-�_�* "�3�-4����3�$ �#�����@;�-���*)+�2#3�5�-("("'>)3¤K��/1�-���*)+�2#
)+'A("'>)+�;�-�"��4����XW�/6)K "��4*#3LOMO�"�*#A�*#��-4*#>)Q���2�z%3�+#>�[,`)+'A���2�0�9�$)+/1�-���2�����*%!:;��4* ILj
��0����4�4T���2��'>�o,`)+'>�
)+�"4�W�4*)7)+Ju�-�Z���2�Y¢o�P��4�4G�-("("'>)$¤?��/1�-�>�$ T¢S/1�-���2�����*%z:;��4* u���uÙZ�$#�@"4��z��L[MO�"�*#�'>�$#�@"4��[#&�$W?#3�����;�-�
,U)+'����2�[�9�$)+/1�-���2�����*%0:;��4* I�

B
�"���<���2�0�-��/6)�#>("�2��'>�_���2��'>�0�o¤?�*#��>#A���;�-'�/6)+�"�*%[,U@"�2%����*)+�

ψ
#�@2%&�

���;�-�

B = −∇ψ.�T���z���2�Y�-�"�F@"4�@2#
A(r1, r2)

�.,`)+'
0 ≤ r1 < r2 ≤ ∞

�.�8�1���2�Y�-��/6)�#�("�2��'>��L�MO�2���
ψ
����4�4j�8�

�;�-'�/6)+�"�*%6���2��'>��Lh�.�ø¤
r ∈ (r1, r2)

�-�2 � "�o:2�2�
ψr(r̂) = ψ(rr̂)

L1çP4*�3�-'�4�W
ψr ∈ L2(S)

�5#&)Y�FW�;�+%��ZÇ?�
ψ(r) = ψr(r̂) =

∞
∑

l=0

l
∑

m=−l

ψm
l (r)Y m

l (r̂).

�Z��'>�[���2�0%$)K�o£1%��*���F�>#
ψm

l (r)
 "��(8���2 �)+�

r
L��7���2%$�

ψ
�*#A�;�-'�/6)+�"�*%0�P�0�2�$�$ 

0 = r2∆ψ =

∞
∑

l=0

l
∑

m=−l

[Y m
l (r̂)∆rψ

m
l (r) + ψm

l (r)∆1Y
m
l (r̂)]

=
∞
∑

l=0

l
∑

m=−l

[∆rψ
m
l (r)− l(l + 1)ψm

l (r)]Y m
l (r̂).
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��A@2#&�$ 
r2∆ = ∆r +∆1

�-�2 u����L����oLR\�)3� {Y m
l }l,m

,U)+'�/ �_�;�+#��*#�,U)+'
L2(S)

�F���7@2#����2�[�-�8)3�9�
�$E7@;�-���*)+���2)+4* "#a)+�"4�W��ø,

∆rψ
m
l (r)− l(l + 1)ψm

l (r) = r2∂2
rψ

m
l (r) + 2r∂rψ

m
l (r)− l(l + 1)ψm

l (r) = 0,
�`�?L Í7�

,`)+'O���9��'�W
l
�-�2 

m
LNMO�"�*#O�*#O�-� � @"4*��'�C çO�-@2%&�FW<�$E7@;�-���*)+�����"�*%&�<�;�+#�#>)+4�@"���*)+�2#O)-,����2�a,U)+'�/

rn L¨R@"�������"�
ψm

l (r) = rn ���F�>)��`�?L Í7�j�j�0�9���

[n(n− 1) + 2n− l(l + 1)]rn = 0,

���F@2#
n = −l − 1

)+'
n = l

LRMO�2�0�9���2��'&�-45#>)+4�@"���*)+��)-,A�`�?L Í7�j�*#����2���

ψm
l (r) = gm

l r
−(l+1) + km

l r
l.

�`�?LÈÇ9�

��2��'>�

gm
l

�-�2 
km

l

�-'>�Q#&)+/6�Q%$)+�2#��&�-�F�>#!���"�*%>���j�S����4�4G%3�-4�4R���2�/.Ak+lFgxg10�ü>f�d32�ü�m`d�r;hqg=)-,P���2�
,U@"�2%����*)+�

ψ
LG¨R@"�������"�=���"�*#A�o¤?("'>�$#>#��*)+�����7�>)Q���2�[,`)+'�/!@"4B��,`)+'

ψ
�j�_�9���

ψ(r) =
∞
∑

l=0

l
∑

m=−l

[gm
l r

−(l+1) + km
l r

l]Y m
l (r̂).

�`�?LÈª9�

�Z("("4�W7���"� −r−1∇r
�-�2 −r−1∇1

)+�Ø�`�?LÈª9���j�!�9�������2�0'&�+ ?�B�-4R�-�2 ����2�!#�("�2��'��*%3�-4N(;�-'��Z)-,G���2�
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Br(r) =

∞
∑

l=0

l
∑

m=−l

[(l + 1)gm
l r

−(l+2) − lkm
l r

l−1]Y m
l (r̂)

�`�?L�Ê��

Bs(r) = −
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∑
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l r
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m
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< ∇1Y m
l (ŝ) ·Bs(rŝ) >= −l(l + 1)(gm

l r
−(l+2) + km

l r
l−1).
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(2l + 1)r−(l+2)gm
l =< Y m

l (ŝ)Br(rŝ) > −
< ∇1Y

m
l (ŝ) ·Bs(rŝ) >

l + 1
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−(2l + 1)rl−1km
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l (ŝ)Br(rŝ) > +
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l
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r →∞ ���°�`�?L��3�9�oLO
��!�+#&#�@"/6�$ ����;�-�
B
�+�-�"�*#>���-�A���?:2�"���XW9�8#>)6���2�

'������F���;�-�2 <#��* "���9)K�$#O�>)z�3��'>)"L��X�Y)+'> "��'O,U)+'O���2�_�$E7@;�-���*)+�Y�>)S�2)+4* =�j�[���2��'>�o,U)+'>�[�2�$�$ 
km

l = 0,U)+'
l,m ≥ 1
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ψ(I)(r) =
∞
∑

l=0

l
∑

m=−l
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l r

−(l+1)Y m
l (r̂).
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0 ≤ r1 < r2 ≤ ∞
k+r�{=k-gxgxlKe1d

f ∈ H0(A(r1, r2)) í hqc?dor

f(x) =

∞
∑

l=0

l
∑

m=−l

fm
l r

−(l+1)Y m
l (r̂),

ó c?dow>d fm
l
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l
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m
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ψ(E)(r) =
∞
∑
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l
∑
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l r

lY m
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0 = 0

,`)+'a%$)+�F�9���"�*���2%$��LM�"@"'����2��'a�7W��`�?L������O�P�_�;�3�9�

r−2g0
0 = Y 0

0 < Br(rŝ) >,
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< Br(rŝ) >=
1

4π

∫

S
Br(rŝ)dŝ =

1

4πr2

∫

S(r)
Br(s)ds

=
1

4πr2

∫

∂B(r)
B(s) · ds =

1

4πr2

∫

B(r)
(∇ ·B)ds = 0.
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Ü�³FÅ�Ý.Ásº�Ï ë:9;l�ò�ò?f+g$d

ψ ∈ H0(A(r1, r2))
n$f+w

0 ≤ r1 < r2 ≤ ∞
k+r¶{�p�d$h

B = −∇ψ i>d=mqhqg
ü>f+wow>dxg^ò?f�r¶{+mqr7tYe6k3t+r�d$hUmUüPýjdop�{ í hqc?d�r

ψ(r) =

∞
∑

l=1

l
∑

m=−l

[gm
l r

−(l+1) + km
l r

l]Y m
l (r̂)

Br(r) =
∞
∑

l=1

l
∑

m=−l

[(l + 1)gm
l r

−(l+2) − lkm
l r

l−1]Y m
l (r̂)

Bs(r) = −
∞
∑

l=1

l
∑

m=−l

[gm
l r

−(l+2) + km
l r

l−1]∇1Y
m
l (r̂),

ó c?dow>d gm
l

k+r¶{
km

l
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l = 0 ðCB n B
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gm
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ψ(r) =

∞
∑

l=1

r−(l+1)
l
∑

m=−l

ψm
l Y

m
l (r̂),

�`Ë?L����
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Bu = ±Bv
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Bu = ±Bv
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Bu = −∇u �-�2 Bv = −∇v ,`)+'A#>)+/6�_�;�-'�/6)+�"�*%0,q@"�2%����*)+�2# u �-�2 v L��a4*#>)S�j�_�;�$�9�

|∇u| = |∇v| ⇔ ∇u · ∇u = ∇v · ∇v ⇔ ∇(u+ v) · ∇(u− v) = 0.
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φ = u + v
�
ψ = u − v

�
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φ
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ψ
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∇φ · ∇ψ = B+ ·B− = 0
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φ = r−1Y 0

0
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φ = r−1Y 0

0

�?���2��'>�
Y 0

0 = 1√
4π

LRMO�2���

∇φ = <
−1√
4πr2

, 0, 0 >

∇ψ = < ∂rψ, (r sin θ)−1∂λψ, r
−1∂θψ > .
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∇φ · ∇ψ =
−1√
4πr2

∂rψ = 0.
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ψ
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∂rψ(r) =
∞
∑

l=1

l
∑

m=−l

−(l + 1)r−(l+2)ψm
l Y

m
l (r̂) = 0.

MO�2����#����2%$� {Y m
l }l,m

,U)+'�/÷���;�+#��*#O,`)+'
L2(S)

���2�!�-�8)3�9�0�$E7@;�-���*)+���2)+4* "#A�ø,G�-�2 <)+�"4�WY�ø,

−(l + 1)r−(l+2)ψm
l = 0,
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l
�-�2 

m
LNMO�F@2#����9��'�W

ψm
l = 0

�K#&)
ψ ≡ 0
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0
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∂rψ = 0 ⇒ ψ ≡ 0
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g0
0 6= 0
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1

��Ë
è �lá X ���ZYºê&+q�&� �T�Q�v����R

φ = r−2Y 0
1
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φ = r−2Y 0
1

�T���2��'>�
Y 0

1 =
√

3
4π cos θ

L1MO�2���	#>���������"�
µ = cos θ

�P�!�9���

∇φ =

√

3

4π
< −2µr−3, 0,−r−3 sin θ >

∇ψ = < ∂rψ,
1

r sin θ
∂λψ, r

−1∂θψ > .

MO�F@2#

∇φ · ∇ψ =

√

3

4π
(−2µr−3∂rψ − r−4 sin θ∂θψ).

��#����"�
∂θ = − sin θ∂µ

�?���2��� ∇φ · ∇ψ = 0
�ø,R�-�2 �)+�"4�W��ø,

(1− µ2)∂µψ − 2rµ∂rψ = 0.
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ψ
�?�j�_�9���

∞
∑

l=1

l
∑

m=−l

ψm
l r

−(l+2)[(1− µ2)∂µY
m
l + 2µ(l + 1)Y m

l ] = 0.
�`Ë?LÈ�9�

¥[�o:2�2�
gm
l = 0

,U)+'
l < |m| �-�2 

gm
l =

[

(l +m)(l −m)

(2l + 1)(2l − 1)

]1/2 ,`)+'
0 ≤ |m| ≤ l.

�Z4*#>)S4*���
Y m

l = 0
,`)+'

l < |m| LR
��_�;�3�9�_���2�[,`)+4�4*)3�����"�6'>��4B�-���*)+�2#a,U'>)+/ ú � 
�¡0��Ì+û

(1− µ2)∂µY
m
l = (l + 1)gm

l Y
m
l−1 − lgm

l+1Y
m
l+1

µY m
l = gm

l Y
m
l−1 + gm

l+1Y
m
l+1.

�`Ë?LÈË9�

�7@"�2#�������@"�>�!���2�$#>�[���F�>)u�`Ë?LÈ�9�
∞
∑

l=1

l
∑

m=−l

ψm
l r

−(l+2)[3(l + 1)gm
l Y

m
l−1 + (l + 2)gm

l+1Y
m
l+1] = 0,

�-�2 � "�o:2�2�
ψm

l = 0
,`)+'

l < |m| �-�2 ψ0
0 = 0
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∞
∑

m=−∞

∞
∑

l=|m|
[3(l + 2)gm

l+1ψ
m
l+1 + (l + 1)gm

l ψ
m
l−1r

2]r−(l+3)Y m
l = 0.
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3(l + 2)gm
l+1ψ

m
l+1 + (l + 1)gm

l ψ
m
l−1r

2 = 0,,U)+'
0 ≤ |m| ≤ l L��7���2%$� gm

l+1 6= 0
�P�!%3�-��'>����'����>�_���a�+#

ψm
l+1 = −1

3

(l + 1)gm
l

(l + 2)gm
l+1

ψm
l−1r
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�`Ë?L Í7�
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ψm
l = 0
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l
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m
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r = R
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ψm
|m|−1 = 0
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���F�>���9��'

n
�
ψm
|m|+2n+1 = 0
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ψm
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∞
∑

m=−∞

∞
∑

l=|m|
ψm

l r
−(l+1)Y m

l (r̂).
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ψm
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|ψm

l+1| ≤ R2

3 |ψm
l−1|
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αm

l (r) = ψm
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−(l+1)Y m
l (r̂)
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l
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n
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|αm
|m|+2n(r)| ≤ |ψm

|m||r−(|m|+1)

(

R√
3r

)2n(2|m|+ 4n+ 1

4π

)1/2

.
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∞
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m=−∞

∞
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∞
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|ψm

|m||r−(|m|+1)
∞
∑
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(

R√
3r
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4π
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φ = c1r
−2Y 0

1 + c2r
−3Y 0

2

\�)3���j��4*���
φ = c1r

−2Y 0
1 +c2r

−3Y 0
2

�����2��'>�
Y 0

1 =
√

3
4π cos θ

�-�2 
Y 0

2 =
√

5
16π (3 cos2 θ−1)

L

�'��������"�

µ
,`)+'

cos θ
�-�2 

s
,U)+'

sin θ
�K�-�2 1�-4*#>)_4*���

b =
√

5
16π c2

�-�2 
a =

√

3
4π c1b

−1 �F#>@2%>�1���;�-�
b−1φ = aµr−2 + (3µ2 − 1)r−3 LRMO�2���

∇φ = b < −2aµr−3 − 3(3µ2 − 1)r−4, 0,−asr−3 − 6µsr−4 >

∇ψ = < ∂rψ, (rs)
−1∂λψ, r

−1∂θψ >,

�-�2 <�j�_�;�$�9�

∇φ · ∇ψ = −br−4{[2aµr + 3(3µ2 − 1)]∂rψ + [asr + 6µs]r−1∂θψ}
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ψ
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15(l + 3)gl+2gl+lψl+2 + 3a(l + 2)gl+1ψl+1r
2 + 3[5(l + 1)g2

l + (l + 3)g2
l+1 − (l + 1)]ψlr

2+

+a(l + 1)glψl−1r
4 + 3(l + 1)gl−1glψl−2r

4 = 0.
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gl → 1

2
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�9���A���2�0%$)+'�'>�$#>(�)+�2 ?���"�=�+#>W7/Q("�>)+���*%_'>��4B�-���*)+�T�

15ψl+2 + 6aψl+1r
2 + 6ψlr

2 + 2aψl−1r
4 + 3ψl−2r

4 = 0.
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a
�

a(x) = −15x4 + 6x2 + 3

6x3 + 2x
.

MO�2�����ø,6�`Ë?LÈÇ9�S#��;�-4�4��;�3�9�<'>)7)+�>#6��������/6)7 ?@"4*)�4*�$#>#S���;�-��)+�2���
a
/!@2#>�6���Y�������2����/1�-�9��)-,

(−1, 1)
@"�2 "��'

a(x)
LR
��0%3�-��#&�$�

a(x)
���c�.����@"'>�!Ë?L���L
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0
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a

–1 –0.8 –0.6 –0.4 –0.2 0.2 0.4 0.6 0.8 1

x

�.����@"'>�!Ë?L���èGMO�2�[,U@"�2%����*)+�
a(x)

�8���X�P�$��� −1
�-�2 

1
L

M5)�:2�2 	���2�=���-4�@2�$#
a(x)

�&�-J9�$#����
(−1, 1)

���P�=:2�2 	���>#S�x¤?��'>��/!@"/ó(8)+���F�>#�L�¥Z�ø©I��'>���F���B�-�����"�
a(x)

�j�_�9���

a′(x) = −60x3 + 12x

6x3 + 2x
+

(

15x4 + 6x2 + 3
) (

18x2 + 2
)

(6x3 + 2x)2
.

�K���������"�6���"�*#a�$E7@;�-4I�>)Q�3��'>)1�-�2 <#>)+4��K���"�Q,`)+'
x
�?�P�0�9���A�X�j)6'>�3�-4I'>)K)+�>#3�

s+ =

√

3 + 2
√

6

15

�-�2 
s− = −

√

3 + 2
√

6

15
.


��_�;�$�9�
a(±1) = ∓3

�-�2 
a(s±) = 2

s∓

�2#&)�,q'>)+/ :2��@"'>�!Ë?L��0�P�0#>�$�[���;�-�

|a| < 2
s+

�2)Q%$)+�F�9��'��9���7��#>)+4�@"���*)+�
2

s+
< |a| < 3

�^�P)6%$)+�7�9��'��9���F�[#>)+4�@"���*)+�2#
3 < |a| )+�2�_%$)+�7�9��'��9���F�[#>)+4�@"���*)+�

�a�;�-4�WK�$���"�����"�*#Q%3�+#>�=,U)+'S���2�Y�^�P)�#�("�2��'>�Y%3�+#>�Y�8�$%$)+/6�$#S�9��'�WØ ?�ø£1%�@"4��1�-�2 �%$)+/Q("@"�&�-���*)+�;�-4
 "��/1�-�2 ?���"�2L��Z�2 �,U)+'O/6)+'>�_���7�9)+4��9�$ ��o¤"�-/Q("4*�$#A�����9���>#A���9���<�;�-'> "��'3LG
��[����4�4I���2��'>�o,`)+'>�_4*)K)+J
�-�a�-�2)+���2��'a�>�$%>�"�"�*E7@2�0�>)S�9���Z�o¤"�-/Q("4*�$#a4���J9�[���"�*#3L

è �^û ` �,�&��������"¢!¼�3� ê*���

��[�j�-�F�[���9���2��'&�-4I,`)+'�/!@"4B��,`)+'A%$)+�2#���'�@2%������"�1)+'����2)+�9)+�;�-45:;��4* "#3LRMO�2�_�>�$%>�"�"�*E7@2�_�j�_@2#>�$ Y���
���2�0���"'>�$�z("'>���7�*)+@2#��o¤"�-/Q("4*�$#[%3�-�����!@2#>�$ ��>)14*)7)+J��-�[�-�FWY:;��4* I�¶�"@"�[�+#Z�P�z#&�$�����a�8�$%$)+/6�$#
�9��'�W� ?�ø£1%�@"4��S�-�2 ~%$)+/Q("@"�&�-���*)+�;�-4O "��/1�-�2 ?���"��,`)+'0���7�9)+4��9�$ °�o¤2�-/Q("4*�$#3L�MO�2��'>�o,U)+'>�1�P�6�;�3�9�
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PìeÈTÍPø�ÑwÅ �9Ê

4�������4*�0�2)+(8�0�>)1@2#>�_���"�*#Z����)+'> "��'��>)S:2�2 ��6�9���2��'&�-4T,`)+'�/!@"4B�?LO
��0����4�45,U)+4�4*)��VúÖ� ù ¨P�-Í�û5�>)6�9���
�S�9���2��'&�-45�o¤?("'>�$#>#��*)+�Y,`)+'

B+ ·B− L,����'>#>�A�P�_�;�3�9�_���2�[,`)+4�4*)3�����"�6J9��WY'>��4B�-���*)+�T�

∆(uv) = v∆u+ u∆v + 2(∇u · ∇v).
MO�"�*#1,U)+4�4*)�� �FW� ?��'>�$%��Y%3�-4*%�@"4B�-���*)+�TLÑ�7���2%$�

φ
�-�2 

ψ
�-'>���;�-'�/6)+�"�*%��P��)+�"4�W��2�$�$ ��>)�:2�2 

∆(φψ)
L � ¤?(;�-�2 ?���"�

φ
�-�2 

ψ
����#�("�2��'��*%3�-4T�;�-'�/6)+�"�*%$#a�P�_�9���

φ =

∞
∑

l+=1

l+
∑

m+=−l+

φm+

l+ r−(l++1)Y m+

l+

ψ =
∞
∑

l−=1

l−
∑

m−=−l−

ψm−

l− r−(l−+1)Y m−

l− .

MO�F@2#
φψ =

∑

l+,m+

∑

l−,m−

ψm+

l+ φm−

l− r−(l++l−+2)Y m+

l+ Y m−

l− .

\�)3�]�j�0%3�-��@2#>�[���2�[,`)+4�4*)3�����"�1,`�+%��3L
ÒI·"¼�ºCb ë

Y m1

l1
Y m2

l2
=

l1+l2
∑

l=|l1−l2|

l
∑

m=−l

√

(2l1 + 1)(2l2 + 1)

4π(2l + 1)
< l10; l20|l0 >< l1m1; l2m2|lm > Y m

l ,

ó c?dow>d < l1m1; l2m2|lm >
k�w�d�hqc?ddc.p*d3ixg$üocfeg.Af+w�{Fk+r]ü>f�d82�ü�mDdor;hqg ð ù5f+w[nxlKwohqc"dow�{Fd�hDk+mqp�g�g$d&dhji {+eIk1l í c�cKk�ò8hXdowEmon í g^ò"d>ü�mUk�psp y~g3d>d�;�m ðqpVðq>?Jg@ f+wa;�m ðqpVðq>?>g@ msr hqcKk�hSüocKk�ò�hXdow�n�f+wuk+rÑd©ï�ò¶p m`ü�mqhd©ï�ò�w�dxgxgxm`f+r ð �!f ó d�î-d�w í hqc?d!eQk�msr ò¶w�f�ò"dow�hUm`dog�f�n!hqc?dNc.p*d3ixg$üocfeA.Af�w�{9k�r~ü>f�d82�ü�mDdor;hqg�hqcKk�h ó dzk�w�dt9f+mqr7tQhDf�l7g$d0k+w�d_hqcKk�hNhqc?doy6k+w>d_f+r2p y�r¶f+rr�Ädow�f ó c"dor m = m1 +m2

k+r¶{ |l1− l2| ≤ l ≤ l1 + l2 ík+r¶{=hqcKk�h
< l10; l20|l0 >

msg[r�f+rr��d�w�fYf+r2p y ó c?d�r l1 + l2 + l
msg0d�î+dor ð

HjW=���"�*#�,`�+%��A�j�_�;�$�9�

φψ =
∑

l+,m+

∑

l−,m−

l++l−
∑

k=|l+−l−|

k
∑

mk=−k

√

(2l+ + 1)(2l− + 1)

4π(2k + 1)
< l+0; l−0|k0 >< l+m+; l−m−|kmk >

×φm+

l+ ψm−

l− r−(l++l−+2)Y mk
k .


��_�;�3�9�
∆ = r−2(∆r + ∆1)

�2�-�2 ��-4*#>)

∆rr
−(l++l−+2) = (r2∂2

r + 2r∂r)r
−(l++l−+2)

= (l+ + l− + 2)(l+ + l− + 3)r−(l++l−+2) − 2(l+ + l− + 2)r−(l++l−+2)

= (l+ + l− + 1)(l+ + l− + 2)r−(l++l−+2).
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HPW�����L����o�

∆1Y
mk
k = −k(k + 1)Y mk

k

�"#>)

∆r−(l++l−+2)Y mk
k = [(l+ + l− + 1)(l+ + l− + 2)− k(k + 1)]r−(l++l−+4)Y mk

k .


��_�;�$�9�_���2�!#���/Q("4*�['>��4B�-���*)+�

a(a+1)−k(k+1) = a2+a−k2−k = a2−k2+a−k = (a+k)(a−k)−(a−k) = (a+k+1)(a−k).
�Z#����"�Q���"�*#A�������

a = l+ + l− + 1
�?�j�0%3�-����'����>�

∆r−(l++l−+2)Y mk
k = (l+ + l− + 2 + k)(l+ + l− + 1− k)r−(l++l−+4)Y mk

k .

�����;�-4�4�WY�j�_�;�$�9�

B+ ·B− =
1

2

∞
∑

l+=1

l+
∑

m+=−l+

∞
∑

l−=1

l−
∑

m−=−l−

l++l−
∑

k=|l+−l−|

k
∑

mk=−k

√

(2l+ + 1)(2l− + 1)

4π(2k + 1)
< l+0; l−0|k0 >

× < l+m+; l−m−|kmk > (l+ + l− + 2 + k)(l+ + l− + 1− k)φm+

l+ ψm−

l− r−(l++l−+4)Y mk
k .

�7���2%$� {Y m
l }

�-'>�_)+'����2)+�9)+�;�-4D�2����,`)+4�4*)3�A#a���;�-�
B+ ·B− = 0

�ø,R�-�2 <)+�"4�WY�ø,
∑

l+,m+

∑

l−,m−

√

(2l+ + 1)(2l− + 1)(l+ + l− + 2 + k)(l+ + l− + 1− k)

× < l+0; l−0|k0 >< l+m+; l−m−|kmk > φm+

l+ ψm−

l− r−(l++l−) = 0,

�`Ë?LÈª9�

,U)+'A���9��'�WY(;�-��'
(k,mk)

#�@2%>�����;�-�
0 ≤ |mk| ≤ k

L
MO�"�*#G�j�+#����2��'>��4B�-���*)+�6�j�a#>)+@"���7�3LN
�������4�42@2#>�O���"�*#��>)_�9���P���9���2��'&�-4;'>�$#>@"4��P�-��)+@"�G:;��4* "#G�������
:2�"���>�0�o¤K(;�-�2#>�*)+�TL
Ü=³7Å�Ý�Ásº�â ���.���"���>�6�o¤?(;�-�2#��*)+�¶��ë B nSh ó f�mqr;hXdowor¶k+pqpvy*ò¶w�f3{+l"ü&d�{�eQk�t+r�d�hUm`üAýOdopø{+g�c?kÕî-d1hqc?dSg$k+e1dmsr;hXd�r"gxmUhUySf�r�kSgJò;c?dow>d!k�r¶{Qhqc?domqw�gxlKeÚk+r¶{1{�m $Zdow>dor¶üxdzf�r2pvy�cKk6î-d0kAýGr2mUhXd�r2lKe6i&dow0f�n[r¶f+r]ej��dow�f.Ak+lFgxg!ü>f�d82�ü�mDdor;hqg í hqc?d�ruhqc?d�y�{+m $Zdowzk�h�e6f-gohOioy�k6gxm�t+r ðñjw�f�f�n ð �Z4*)+�"���������~���2�1("'>���7�*)+@2#z ?�*#>%�@2#>#��*)+�°�������"�*#!#&�$%����*)+�T���j�6�;�3�9�6�>)�#��2)�� ���;�-�z�ø,

B+�-�2 
B− �;�3�9�0:2�"���>���o¤K(;�-�2#>�*)+�2#��-�2 ��-'>�!)+'����2)+�9)+�;�-4R)+�u�=#�("�2��'>���¶���2����)+�2��)-,G���2�_:;��4* "#��*#

�* "���F���*%3�-4�4�Wu�3��'>)"L���#>#�@"/6�z���;�-�[�2)+�2�S)-,����2�0:;��4* "#0�-'>�z�* "���F���*%3�-4�4�Wu�3��'>)"�8���2����#����2%$�
B+ �;�+#

)+�"4�WY:2�"���>��4�W�/1�-�FW��2)+�?CD�3��'>)�¦_�-@2#&#3Õ2%$)K�o£1%��*���F�>#[���2��'>���o¤K�*#��>#
L+,M+ #�@2%&�����;�-�

φM+

L+ 6= 0�-�2 
φm+

l+ = 0
���2���

l+ > L+ )+'
l+ = L+ �-�2 

m+ > M+ L[�7��/Q��4B�-'�4�W����2��'>�S�-'>��%$)+�2#��&�-�7�>#
L−,M− ,`)+'

ψ
L

\Z)�� �P�z4*)K)+J<�-�S�`Ë?LÈª9�����2���
k = L+ + L− �-�2 

mk = M+ +M− L��X,N���2�SçP4*���2#>%>�?C ¦_)+'> 2�-�%$)7�o£1%��*���7�>#�#>�;�-4�45�8�0�2)+�"�3��'>)
m+,m−, l+, l−

�;�+#a�>)6,q@"4ø:24�4.#>)+/6�0'>��4B�-���*)+�2#�4��*#��>�$ ����$�;�+%��_Ì?L
\��-/6��4�W

mk = M+ + M− = m+ + m− �����7@2# m+ = M+ �-�2 
m− = M− L��Z�;���-4*#>)

k = L+ + L− ≤ l+ + l−
#&)
l+ = L+ �-�2 

l− = L− LPMO�2�$#>�!�-'>�0���2�!)+�"4�WY)+("���*)+�2#Z#>)Q�j�z�-'>�4*�o,q���������

< L+0;L−0|L+ + L−0 >< L+M+;L−M−|L+ + L−M+ +M− > φM+

L+ ψM−

L− = 0.
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VÆÅÆÍÎÇ1ÑTï�W
φ = R−3Y 1

2

��Î

�X,��P�[4*���
J = j1 + j2

�-�2 
M = m1 +m2

�7���2���<�j�[�;�$�9�[,U'>)+/ÿú �  ?/1Ç9Ê"� � EF@;�-���*)+�~�`Ë?LÈª?L��3�9�XûX�

< j1m1; j2m2|JM >=

[

(2j1)!(2j2)!(J +M)!(J −M)!

(2J)!(j1 −m1)!(j1 +m1)!(j2 −m2)!(j2 +m2)!

]1/2

.

çP4*�3�-'�4�W
< L+0;L−0|L+ + L−0 >< L+M+;L−M−|L+ + L−M+ + M− >6= 0

�Z���7@2#
φM+

L+ ψM−

L− = 0
L.MO�"�*#N%$)+�7��'&�+ ?�*%��G���2���+#>#�@"/Q("���*)+�S���;�-�N��)+����:;��4* "#G�-'>�j�2)+�N�* "���F���*%3�-4"�3��'>)"L

è �_' P �*!¼#�%*���_�&� �T�Q�&�µ��R
φ = r−3Y 1

2


��z����4�4�@2#>�Y�`Ë?LÈª9�A�>)64*)K)+J��-�
φ = r−3Y 1

2

�;���"�*#�/6�3�-�2#����;�-�_�-4�4R¦_�-@2#&#3Õ;%$)K�o£1%��*���F�>#[)-,
φ
�-'>�

�3��'>)6�o¤"%$��("�
φ1

2

�"���F@2#
∑

l−,m−

√

(2l− + 1)(l−+4+k)(l−+3−k) < 20; l−0|k0 >< 21; l−m−|kmk > ψm−

l− r−l− = 0,

�`Ë?L�Ê��
,`)+'A���9��'�W�(;�-��'

(k,mk)
#�@2%&�����;�-�

0 ≤ |mk| ≤ k
L

�Z4*#>)
< 20; l−0|k0 >6= 0

)+�"4�W����2���
2 + l− + k

�*#[���9�����-�2 
< 21; l−m−|kmk >6= 0

���2���
mk = m− +1

�-�2 |l−− 2| ≤ k ≤ l− +2
LRMO�2��'>�o,U)+'>�Z�>)z�9���O�!�2)+�?CD��'����7�B�-4I�$E7@;�-���*)+�=�j��/!@2#��

�;�$�9�

m− = mk − 1
�-�2 |k − 2| ≤ l− ≤ k + 2

�-�2 
l− + k

���9���
,

���2��'>�
0 ≤ |mk| ≤ k

L�
����;�3�9�
ψm

l = 0
�F���2���

l ≤ 0
)+'
l < |m| �?#>)!�P�[%3�-��4*��� k− 2 ≤ l− ≤

k+2
LRM��-JK���"�S���F�>)Q�+%$%$)+@"�F�����;�-�

l− + k
/!@2#��j�8�Z���9�����P���;�$�9�

l− ∈ {k− 2, k, k+ 2} LR\�)3��`Ë?L�Ê��j'>�$ ?@2%$�$#a�>)
√

(2k − 3)(k + 1) < 20; k − 2 0|k0 >< 21; k − 2 mk − 1|kmk > ψmk−1
k−2 r4 +

+3
√

(2k + 1)(k + 2) < 20; k0|k0 >< 21; k mk − 1|kmk > ψmk−1
k r2 +

+5
√

(2k + 5)(k + 3) < 20; k + 2 0|k0 >< 21; k + 2 mk − 1|kmk > ψmk−1
k+2 = 0

L
�X,.�j�_'>��("4B�+%$�0���2�!çP4*���2#>%&�?C ¦[)+'> 2�-��%$)7�o£1%��*���7�>#a�7W����2����'a�+�-4�@2�$#�@2#>���"��úÖ�[�"Ê+�?�;M��-�"4*�!�9ÊKLÈÎ?L Í+ûX�
�P�0�9���

k + 1

2k − 1

√

(k +mk − 1)(k +mk − 2)(k2 −m2
k)

2k − 3
ψmk−1

k−2 r4+

+
3(k + 2)(2mk − 1)

(2k − 1)(2k + 3)

√

(k −mk + 1)(k +mk)(2k + 1)ψmk−1
k r2−

−5(k + 3)

2k + 3

√

(k −mk + 3)(k −mk + 2)(k −mk + 1)(k +mk + 1)

2k + 5
ψmk−1

k+2 = 0.

�`Ë?LÈÌ9�

MO�"�*#AWK�*��4* "#����2�_���"'>�$�0�>��'�/6#�'>�$%�@"'�'>���2%$�0'>��4B�-���*)+�
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ψmk−1
k+2 = −3(k + 2)(2mk − 1)

5(k + 3)(2k − 1)

√

(2k + 5)(k +mk)(2k + 1)

(k −mk + 3)(k −mk + 2)(k +mk + 1)
ψmk−1

k r2−

− (2k + 3)(k + 1)

5(k + 3)(2k − 1)

√

(2k + 5)(k +mk − 1)(k +mk − 2)(k2 −m2
k)

(k −mk + 3)(k −mk + 2)(k −mk + 1)(k +mk + 1)(2k − 3)
ψmk−1

k−2 r4.

�`Ë?LÈÎ9�
scDF5)Wd2e.1587V5w: IQ?EDutE587VCw5
DFIQ5
���ø¤

r = R
�-�2 ����2���� "�o:2�2�

p, q
�FWY'>����'��������"�u�`Ë?LÈÎ9�A�+#

ψmk−1
k+2 = p(k,mk)ψ

mk−1
k R2 + q(k,mk)ψmk−1

k−2 R4.
�`Ë?L��3�9�


��_�j�-�7�a�>)Q%>�2)K)�#>� {ψm
l }

���;�-��,U@"4ø:24�4��`Ë?L��3�9�A�-�2 <#>@2%>�����;�-�
∞
∑

l=1

l
∑

m=−l

ψm
l r

−(l+1)Y m
l (r̂)

%$)+�F�9��'��9�$#3L¯�T���
αm

l (r) = ψm
l r

−(l+1)Y m
l (r̂)

�[���2���Ñ�����*#�%�4*�3�-'�4�W]#>@?£1%��*���F���>)¿#��2)3� ���;�-�
∑∞

l=N

∑l
m=−l |αm

l | <∞
,U)+'A#>)+/6�0���F�>���9��'

N
L

�D,N�P�!4*���
k →∞ �?���2��� p(k,mk) ∼ − 3

5k

�-�2 
q(k,mk) = −1

5

�;#>)Q����,`)+4�4*)3�A#a���;�-�a���2��'>�!�o¤?�*#��
�-�<���F�>���9��'

N
#�@2%>�����;�-��,U)+'

k ≥ N �j�_�;�$�9�

|ψmk−1
k+2 | ≤

1

5
R2|ψmk−1

k |+ 2

5
R4|ψmk−1

k−2 |.�D,R�P��%>�2)K)�#>� {ψm
|m|, ψ

m
|m|+1}

#�@2%&�����;�-�����2��W��-'>�z��)+@"�2 "�$ �,U)+'[�-4�4
m
�;���2���

ψm
l

����4�4N�-�Z4*�3�+#��
���z��)+@"�2 "�$ �,`)+'a:2�"���>�

l
LZMO�"�*#�/6�3�-�2#����;�-�[���2��'>�z�o¤?�*#��>#_�6%$)+�2#��&�-�7�

A
#�@2%&�����;�-��,`)+'

α > 0�P�_�;�3�9� |ψmk−1
N−2 | ≤ (αR)N−2A

�-�2 |ψmk−1
N | ≤ (αR)NA

�;�-�2 Y���A,U)+4�4*)��A#A���;�-�

|ψmk−1
k+2 | ≤

(

1

5α2
+

2

5α

)

(αR)k+2A.

�T���������"�
α =

(√
21+1
10

)1/2 �P�0�9��� |ψmk−1
N+2 | ≤ (αR)k+2A

LP�^�����2����,`)+4�4*)3�A#Z�FWY���2 ?@2%����*)+�u���;�-�
|ψm

l | ≤ (αR)lA
,`)+'

l ≥ N LR��#����"� |Y m
l |2 ≤ 2l+1

4π

,U'>)+/ �;�+%��ZËS�j�_�;�$�9�

|αm
l (r)| ≤

√

2l + 1

4π
r−(l+1)|ψm

l | ≤
√

2l + 1

4π
r−(l+1)(αR)lA,

,`)+'
l ≥ N.

MO�2�����FW����2�_'&�-���*)Q�>�$#����j�0�;�3�9�
∞
∑

l=N

l
∑

m=−l

|αm
l (r)| ≤

∞
∑

l=N

2l

√

2l + 1

4π
r−1

(

αR

r

)l

A <∞,

,U)+'
r > αR

L
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φ = R−3Y 1

2

Ë?�
Zwv/?�Wn2M.F587�5
W�:UiMDFH�u�iF5
D15�WnW
�.�ø¤

mk
�-�2 � "�o:2�2�_���2�

a, b, c
�7W='>����'��������"���`Ë?LÈÌ9���+#

a(k)ψk−2r
4 + b(k)ψkr

2 + c(k)ψk+2 = 0.
�`Ë?L������

����'>�!�j�� ?'>)+(u���2�S#�@"(8��'>#>%�'���("�
mk
�8#����2%$�!���2��Wu�-'>�0:"¤"�$ IL[�a4*#>)6:"¤

k ≥ |mk| + 3
#�@2%>�����;�-�

abc 6= 0
LG��#>#�@"/6�

ψk−2 6= 0
�"���2���<�j�!%3�-�� ?���K�* "�_�FW

a(k)ψk−2
�2�-�2 ~�`Ë?L������j�8�$%$)+/6�$#

r4 +
b(k)ψk

a(k)ψk−2
r2 +

c(k)ψk+2

a(k)ψk−2
= 0.


��A%3�-�=���"���"JS)-,8���2��4*�o,U�G�;�-�2 6#��* "�a)-,����"�*#P�$EF@;�-���*)+�2#j�+#P��'>�3�-4;(8)+4�WK�2)+/Q�B�-42���
r
�F�-�2 Q'>����'����>�

���2�0�$E7@;�-���*)+���+#

(r2 − r21)(r2 − r22) = r4 − (r2
1 + r22)r + r2

1r
2
2 = 0,

���2��'>�

−(r2
1 + r22) =

b(k)ψk

a(k)ψk−2

r21r
2
2 =

c(k)ψk+2

a(k)ψk−2
.

MO�"�*#A�j�0%3�-���-�F�-����'>����'����>�z�+#

ψk

ψk−2
=
−a(k)(r2

1 + r22)

b(k)

�`Ë?L��3�9�

ψk+2

ψk−2
=
a(k)r2

1r
2
2

c(k)
.

�`Ë?L��3Ë9�

\�)3�]@2#����"�u�`Ë?L��3�9�j�X���*%$���;�P�_�;�3�9�

ψk+2

ψk−2
=
ψk+2

ψk

ψk

ψk−2
=
a(k + 2)a(k)(r2

1 + r22)
2

b(k + 2)b(k)
.

�`Ë?L���Í7�

MO�2�$#>�0�$E7@;�-���*)+�2#A�2)+4* "#�,U)+'A���9��'�W
k
�2�-�2 <�ø,N�P�_4*���

k
�8�[�"���2�"�j�0#>�$��,U'>)+/ �`Ë?LÈÌ9�j���;�-�

a(k) ∼ k3/2

2
√

2

�
b(k) ∼ 3k1/2

2
√

2

�
c(k) ∼ −5k3/2

2
√

2
.

\�)3�]�ø,
k →∞ �?���2����@2#����"���`Ë?L��3Ë9�O�P�0�9���

lim
k→∞

ψk−2

ψk+2
= lim

k→∞
c(k)

a(k)r2
1r

2
2

= − 5

r21r
2
2

6= 0.

��)3�P���9��'S�`Ë?L���Í7�O�����9�$#�@2#
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lim
k→∞

ψk−2

ψk+2
= lim

k→∞
b(k + 2)b(k)

a(k + 2)a(k)(r2
1 + r22)

2
= 0.

MO�"�*#5�*#.�A%$)+�F��'&�+ ?�*%����*)+�T�7#>)��ø,��`Ë?L������I�2)+4* "#5,`)+'T�^�P)[ ?�ø©8��'>���7�
r
CD���-4�@2�$#T�P�P/!@2#>���;�3�9�

ψk−2 = 0
�

�-�2 ~�`Ë?L������j'>�$ ?@2%$�$#A�>)
ψk+2 = −b(k)

c(k)
ψkr

2.

MO�2����,`)+'����"�*#Z�>)=�2)+4* �,U)+'��X�j)Y ?�ø©8��'>���7�
r
CD���-4�@2�$#��P��/!@2#����;�$�9�

ψk+2ψk = 0
�I#>)1����,U)+4�4*)��A#

�FW<�-���3�+#�W����2 ?@2%����*)+�u�-'���@"/6���F�Z���;�-�
ψl = 0

,`)+'a�-4�4
l
�2�-�2 <���F@2#

B− = 0
L

è �Fx % �Ó#��,�&+
�l#�çä!�ê #�+
���&��� +]�v%*���3�

��0�;�$�9��#>�$����#&���9��'&�-4.�o¤2�-/Q("4*�$#Z)-,G ?�ø©I��'>���F��/1�-���2�����*%0:;��4* "#Z�����������2�z#&�-/6�0���7�>���2#����XW�)+�u�
#�("�2��'>��LQ�Z)��P���9��'3���ø,P�j�QJ7�2)�� ���2�S���F�>���2#>���XW�)-,j���2�S�9�$)+/1�-���2�����*%6:;��4* ����9��'�W7���2��'>�=)+@"�>#��* "�
���2�0�3�-'��������2�������A%3�-��'>�$%$)+�2#>��'�@2%��>�$ IL
Ü=³7Å�Ý�Ásº~Æ �U�^�F�>���2#����^W	)+@"�>#>�* "�Y�u#�("�2��'>����ë õ e6k3t+r�d�hUm`ü_ýOdopø{�mBg�l7r2m£ú�l2dop y~{Fd�hXdowoeSmsr�d>{�l�ò�hDf
gxm�t+r�i�y1mUhqg�mqr;hXdor"gomqhUy1f�lKhqgomU{Fd�k1g^ò¶c?dow>dzü&f+r;hDk+mqr2mqr7t=mqhqg[g�f�l7w�ü&dxg ðñjw�f�f�n ð �^�N,U)+4�4*)��A#R,U'>)+/ ���2�A ?�*#>%�@2#&#��*)+�1�-�G���2�A#��&�-'��P)-,����"�*#G%&�;�-("�>��'����;�-�G�����*#G���2)+@"���1�>)0#>�2)3�
���;�-�

B+ ·B− = 0
���9��'�W7���2��'>�z)+@"�>#��* "�!�Q#>("�2��'>�_��/Q("4�WY���;�-�a)+�2�0)-,N���2�[:;��4* "#A�*#a�* "���F���*%3�-4�4�W

�3��'>)"L
�Z#>#>@"/6�

B+,B− 6= 0
�"���2���� ?@2�0�>)��`Ë?L����j�P�0%3�-����'����>�

φ(r) =
∞
∑

l=M

h+
l (r̂)

rl+1

ψ(r) =
∞
∑

l=N

h−l (r̂)

rl+1
,

���2��'>�
h+

M , h
−
N 6= 0

LR��#����"�
r∇ = ∇r +∇1

�j�_�;�$�9�

∇φ(r) =
∞
∑

l=M

[−(l + 1)h+
l r̂ +∇1h

+
l ]r−(l+2)

∇ψ(r) =
∞
∑

l=N

[−(l + 1)h−l r̂ +∇1h
−
l ]r−(l+2).

MO�2�0)+'����2)+�9)+�;�-4����XW�%$)+�2 ?�����*)+�2#Z�����9�$#

∇φ · ∇ψ =
∞
∑

l+=M

∞
∑

l−=N

[(l+ + 1)(l− + 1)h+
l+
h−

l−
+∇1h

+
l+
· ∇1h

−
l−

]r−(l++l−+4)

= [(M + 1)(N + 1)h+
Mh−N +∇1h

+
M · ∇1h

−
N ]r−(M+N+4) +O(r−(M+N+5)) = 0.
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\�)3�]�7W�/z@"4�����("4�W7���"�=���2�!�-�8)3�9�0�$E7@;�-���*)+���������
rM+N+4 �-�2 Y4*��� r →∞ �j�0#>�$�[���;�-�

(M + 1)(N + 1)h+
Mh−N +∇1h

+
M · ∇1h

−
N = 0.

�^�����2���<,U)+4�4*)��]���;�-�
(

∇ h+
M

rM+1

)

·
(

∇ h−N
rN+1

)

= [(M + 1)(N + 1)h+
Mh−N +∇1h

+
M · ∇1h

−
N ]rM+N+4 = 0.

MO�2�����7WuÙZ�$#�@"4��[Í���'_�;�$�9�
h+

M = 0
)+'
h−N = 0

LSMO�"�*#0%$)+�F��'&�+ ?�*%��>#z)+@"'z�+#>#�@"/Q("���*)+�~�-�2 ����
,`)+4�4*)3�A#A���;�-���-��4*�3�+#��a)+�2�0)-,

B+ )+'
B− �*#��* "���7���*%3�-4�4�W<�3��'>)"L
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u
)+�

SR0

�

D0
0 = {x ∈ SR0

: r̂ · ∇u(x) = ∂ru(x) = 0}.\Z)+�>�Z���;�-�P���2�� ?��(Y�$EF@;�-�>)+'O ?���7�* "�$#
SR0

���F�>)�'>�����*)+�2#j���2��'>�
∂ru

�;�+#j�z "���>��'�/Q���2�$ Y#������TLN
��
����4�45 "���2)+�>�_���2�$#>�0#&���>#O�FW

D+
0 = {x ∈ SR0

: ∂ru(x) > 0}
D−

0 = {x ∈ SR0
: ∂ru(x) < 0}.
��a����4�4¶��'����>�

D0
,U)+'��-4�4;���2�$#>�Z���"'>�$��#>���>#3�?�-�2 1%3�-4�4����2��/ ���2�!gxm�t+r�d�{1{+m°ò�d©ú�l"k�hDf+w�LG\Z)+�>�Z���;�-�

SR0
= D+

0 ∪D0
0∪D−

0

LN�T���
Ω = R

3 \BR0

L�
��O����4�4;4*)7)+JS�-�R(�)+�>���7���B�-4*#
u, v ∈ H0(Ω)∩C1(Ω)���"�*%>�u�-'>�_%$)+�"�2�$%��>�$ ����"'>)+@"�������2��,`)+4�4*)3�����"���$EF@"�����-4*���2%$�_'>��4B�-���*)+�T�

u ∼ v ⇔ |∇u| = |∇v| �-�2 �#������ (∂ru) =
#>�����

(∂rv)
)+�

SR0
.
��_�j�-�7�a�>)Q#��2)��]���;�-�

u ∼ v ⇒ u ≡ v ���2��� u, v ∈ H0(Ω) ∩ C1(Ω)
L1�.��'>#����P�_�;�3�9�

|∇u|2 − |∇v|2 = ∇u · ∇u−∇v · ∇v = ∇(u+ v) · ∇(u− v) = 0.
�qÍ2L����

¥��o:2�2�
h = u− v L�\�)3� h
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∂∞Ω
LA�X,

h
�*#Z�2)+�?CD�3��'>)����a�;�+#[�-�Z4*�3�+#>�Z)+�2���o¤K��'>��/z@"/

)+�
SR0

#����2%$�=���!���-�"�*#��2�$#S�-�z���?:2�"���^W9L���#>#�@"/6�
h
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x0 ∈ SR0

LNMO�2���6�j�A����4�42@2#>�O���2��,U)+4�4*)������"�!J9��WS4*��/Q/1��,U'>)+/ úÖHO«7�?ª-Í;�9("(TLO�3Ç?�oC&�3Ç��?�KMO�2�$)+'>��/
�>�>�XûXL
4 ³7µ°µ�·�� ëÏì5d$h

E
i&dYk�{9f+e6k+mqr ó mUhqc~{+m $Zdow�d�r;hUmUk7iop�d�i�f+lKr¶{9k+woy ðEB n f ∈ H(E) ∩ C1(E)

mBg
r¶f�hAü>f+r2gohDk+r;hZk+r¶{

f
cKk+g6d©ï9hUw�doeSlKe×hqcKk�hApvmDdxg6f+r~hqc?d=i�f+lKr¶{9k+woy í hqc?dor°k9hAhqcFmsgTò?f�msr;h ó dScKkÕî-d

∇f = αn̂
n$f+w[g$f+e1d

α 6= 0 íFó c?d�w�d n̂
{7dor¶f�hXdxg!hqc"d0r�f+wxe6k+pThDf

∂E ð
HPWu�T��/Q/1��Î?�

r̂ · ∇h(x0) = r̂ · ∇u(x0) − r̂ · ∇v(x0) = α 6= 0
�I���7@2#

x0 6∈ D0
0

LS��)3�j���9��'3�
,q'>)+/×�qÍ2L����j�j�_�;�$�9�

∇h(x0) · ∇(u+ v)(x0) = αr̂ · ∇(u+ v)(x0) = α[r̂ · ∇u(x0) + r̂ · ∇v(x0)] = 0.MO�"�*#[�*#[�=%$)+�F��'&�+ ?�*%����*)+�°#����2%$�
x0 ∈ D+

0 ∪D−
0

��/Q("4��*�$#[���;�-�
r̂ · ∇u(x0)

�-�2 
r̂ · ∇v(x0)

�-'>�
�2)+�?CD�3��'>)=�-�2 Y�;�$�9�!���2�_#&�-/6�0#������TL
Ü=³7Å�Ý�Ásº/" ë õ e6k3t+r8d�hUmUü�ýOdopø{umsg6lKr2m�ú$l"dop y�{Fd�hXdowoeSmsr8d�{~ioyumqhqg6mqr;hXdor2gxmUhUyuk+r¶{�hqc"d1gxm�t+r�f�n1mUhqg
r¶f+woeQk�p5ü>f+eÓò?f+r�d�r;hjf�r�k1g^ò¶c?dow>d!gxlKwxw�f+lKr¶{+mqr7t=mqhqg[g�f�l7w�ü&dxg ð
MO�"�*#O'>�$#�@"4��� ")7�$#O�2)+�O��/Q/6�$ ?�B�-�>��4�WY#>)+4��9�[)+@"'�("'>)+�"4*��/6#A#����2%$�

Br
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#&�-/6�0'>�3�+#>)+�2#��+#
B
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#&�-���*#�,D�+%��>)+'�Wz�+%$%�@"'&�+%�W9LN�X�z���2���2�o¤?�.#&�$%����*)+���j�j�-'>�P�9)+���"�[�>)a4*)K)+J!�-�.�2)3�Ø�9)7)K 0'>�$%$)+�2#>��'�@2%����*)+�
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SR0

�������2�P�-��/6)�#�("�2��'>��L
�T���

R−1 =
�3�-'�����'&�+ ?�����-�2 

Ω′ = R
3 \ BR−1

L�
��0����4�4�%$)+�2#��* "��'Z(�)+�>���7���B�-4*#Z)-,R���2�[,`)+4�4*)3�����"�
%�4B�+#>#

M = {f ∈ H(Ω′) ∩ C(Ω′) : |∇f | < Bmax
)+�

SR−1

�-�2 |f(x)| <
(

K

|x|

)2 ,`)+'
x ∈ Ω′}.

� /Q("��'��*%3�-4N 2�-�&�S����4�4T'>�$ ?@2%$�!���2�0#>���A)-,N(�)+�>���7���B�-4*#a���;�-�a%3�-��%$)+'�'>�$#�(�)+�2 ��>)Q���2�_�9�$)+/1�-���2�����*%
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δ
�I#�@2%>�����;�-�[�ø,P#>)+/6��/6�3�+#�@"'>��/6���7�>#

|∇u| � |∇v| �-'>�[�&�-J9����)-,N���2�0#&�-/6��:;��4* I�2�j�_����4�4I�;�$�9�
∣

∣

∣

∣

|∇u(x)| − |∇v(x)|
∣

∣

∣

∣

< δ
,U)+'A���9��'�W

x ∈ SR0
.

M5)��o¤K("'>�$#>#0���2�Q@"�2%$��'��&�-���F�^W��������2�6#������2�$ � ?��(~�$E7@;�-�>)+'0�j�6 "�o:2�2�Q���2�S,`)+4�4*)3�����"�u#>���>#�,U)+'��
�;�-'�/6)+�"�*%_,U@"�2%����*)+�

f
�

D−
ε (f) = {x ∈ SR0

: ∂rf(x) < −ε}
D0

ε (f) = {x ∈ SR0
: |∂rf(x)| ≤ ε}

D+
ε (f) = {x ∈ SR0

: ∂rf(x) > ε} L
��#>#�@"/6�����;�-�����2�[#�("�2��'>�[�*#O ?���7�* "�$ Y���7�>)S���2�Z���"'>�$�_#&���>#

D+ � D− �-�2 
D0 �?���2���Y�P�_#x�$W1���;�-����2�$#>�0#&���>#O,U)+'�/×k6gxm�t+r�d>{

ε
e {+mØò	d©ú�l"k�hDf+wS,`)+'

u
�ø,

D+ ⊂ D+
ε (u)

�-�2 
D− ⊂ D−

ε (u)
�-�2 

D0 ⊂ D0
2ε(u).

�qÍ2LÈ�9�
MO�2����#�(8�$%��B�-4�4�W=,U)+'A�^�P)S,U@"�2%����*)+�2#

u
�
v
�>)S�;�3�9�0���2�_#&�-/6�0#>�����2�$ 

ε
CX ?��(��$E7@;�-�>)+'A�P�_�2�$�$ 

D+ ⊂ D+
ε (u) ∩D+

ε (v)
�-�2 

D− ⊂ D−
ε (u) ∩D−

ε (v)
�-�2 

D0 ⊂ D0
2ε(u) ∩D0

2ε(v).

��#>#�@"/6�
u, v ∈M �;�$�9�0���2�!#&�-/6�_#������2�$ 

ε
CX ?��(��$EF@;�-�>)+'[�-�2 ||∇u| − |∇v|| < δ

)+�
SR0

�-�2 
4*���

h = u − v
L~
��=�O�-�F�=��(8)+���F�Q�$#�����/1�-�>��,`)+' ∇h ��� SR0

�G)+'Q�$E7@"���+�-4*���7��4�W°�j�Y�j�-�F�Q�>)
�$#�����/1�-�>� ‖∇h‖L∞(SR0

)
LAM5)� ")1���"�*#Z�P�z����4�4.("'>)7%$�$�$ �����,`)+@"'�#>�>��(2#��-�2 ��P�z����4�4�)+(8��'&�-�>�z)+�

���2�0 ?�ø©I��'>���F��#�("�2��'>�$#����c�.����@"'>�_Í2L���L
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SR
−1

SR1

SR0

SR
−1/2

�.����@"'>�_Í2L���èG¥��ø©I��'>���F�Z#>("�2��'>�$#��������2�0�-��/6)�#�("�2��'>��L

�Z��'>�
SR−1

����4�4I�8�����2�_#�@"'�,`�+%$�[)-,.���2�_�3�-'����T�;�-�2 
SR0

����4�4I�8�����2�_#�("�2��'>�[���2��'>�_)+@"'A 2�-�&�S�*#
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R−1

�-�2 
R0

�-'>��'>��4B�-�����9�Q%�4*)�#>��L0MO�2�S#�("�2��'>�$#
SR−1/2

�-�2 
SR1

�-'>�S#>)+/6�Q�-@?¤K��4��B�-'�Wu#�("�2��'>�$#
���;�-�A�P�_����4�4�%>�2)K)�#>�[�������2�0���2 IL
p�� X}�J9 �A46582 9w: ‖h‖L2(SR0

)

�X�����"�*#!:2'>#���#��>��(��P�=����4�4��9���S�-�
L2 CX�$#>����/1�-�>�6,`)+' ∇h )+� SR0

L<M5)� ")����"�*#z�P�6����4�4�,U)+4�4*)��
úÖ¡_�Z�T��Î�Î-ûX���"@"���>)1�9���[���2�z���$#��[�o¤?("4��*%������$#�����/1�-�>�������T��/Q/1���3Ë1�P�S%$)+/!�"���2�����2��("'>)7)-,j)-,
úÖ�Z�5Î9Ê"�G�T��/Q/1�Ø��LÈË-Í+ûZ�-�2 úÖ¡_�Z�5�uÎ�Î"���T��/Q/1��ËÄûX���-�2 Ø�j���-4*#>)u@2#>�Y���-'��;�+%&J�ÕÖ#S���2�$E7@;�-4����XW
,q'>)+/ úÖ�a¦_�?�$ûXL
Ó=Ý��5»UÁq»q·"ÃÄá�ÃÄ³7Å�Ý�Ásº3Å
Ð!À�³F´;Ã-³7µ ±r� ë7;8�0k�wxr¶kFüg��0 g[mqr�d©ú$l?k+p mUhUm`dxg @:B n f ∈ H+(B(x0, r)) í hqc"dor

(r − |x− x0|)r
(r + ‖x− x0‖)2

f(x0) ≤ f(x) ≤ (r + |x− x0|)r
(r − ‖x− x0‖)2

f(x0)

n�f+wzd>k9üoc
x ∈ B(x0, r) ðñjw�f�f�n ð �K�$�6úÖ�a¦0�?���2MO�2�$)+'>��/×��L Í2L��oû

4 ³7µ°µ�· ±¶± ë�9;l�ò�ò?f+g$d
f ∈ H(B) ∩ C(B) ðTB n f(x) < f(x0)

n�f+w<k+r2y
x ∈ B

k�r¶{ug�f�e6d
x0 ∈ ∂B í hqc?dor

∂f

∂r
(x0) ≥

f(x0)− f(0)

4
.

ñjw�f�f�n ð ¥[�o:2�2� g(x) = 1
|x| − 1

�?���2���
g(x) ∈ H+(B \ {0}) LF�;)+' ε > 0

�j�0 "�o:2�2�

hε(x) = f(x)− f(x0) + εg(x).
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çP4*�3�-'�4�W
hε ∈ H(A(R, 1))∩C(A(R, 1))

,U)+'G�-�FW
R ∈ (0, 1)

�F���7@2#R�FW����2�A�o¤?��'>��/!@"/ ("'����2%���("4*���
���;�+%������o�

hε
�+%>�"�*���9�$#Z���>#A/1�Ä¤?��/!@"/¯)+�

SR ∪ S
LOçP4*�3�-'�4�W

hε ≤ 0
)+�

S
�-�2 

hε(x0) = 0
�;�-�2 

#����2%$�
f(x) < f(x0)

,U)+' |x| = R
�j�A/1�3W��&�-J9�

ε > 0
#>)!#�/1�-4�4;#�@2%&�6���;�-�

hε ≤ 0
)+�

SR
L.MO�2���

����,`)+4�4*)3�A#a���;�-�
hε ≤ 0

���
A(R, 1)

�2���7@2#

∂hε

∂r
(x0) ≥ 0

)+' ∂f

∂r
(x0) ≥ −ε

∂g

∂r
(x0) = ε > 0.

\�)3�]�j�0�$#�����/1�-�>�
ε
LG
��[�j�-�F�

ε > 0
#>@2%>�����;�-�

ε ≤ f(x0)− f(x)

g(x)

,`)+'A���9��'�W
x ∈ SR.

¥[�o:2�2�
w(x) = f(x0) − f(x)

���
B
L MO�2���

w ∈ H+(B)
�A#&)��FW¿���-'��;�+%&J�ÕÖ#Y���2�$E7@;�-4������*�$#

�UMO�2�$)+'>��/ �3�9�O���2��'>�_�2)+4* "#
1−R

(1 +R)2
w(0) < w(x).

MO�F@2#a���A�*#A#�@?£1%��*���7�A���;�-�

ε ≤ 1−R
(1 +R)2

w(0)

g(x)

,`)+'
x ∈ SR

=
R

(1 +R)2
[f(x0)− f(0)].

MO�"�*#Z�2)+4* "#A,`)+'a���9��'�W
R ∈ (0, 1)

LA�Z4*#>)
0 < R

(1+R)2
< 1

4

���2���
R ∈ (0, 1)

�8#>)Q�j�!%3�-��%&�2)7)�#&�
ε = α[f(x0)− f(0)]

,`)+'
α ∈ (0, 1

4)
L�MO�2���

∂f

∂r
(x0) ≥ α[f(x0)− f(x)],

�-�2 <���"�*#��2)+4* "#��-4*#>)�,`)+'
α = 1

4

L
� ´;Ã-´¶ÁUÁq·"ÃÄáV±"Ï ë:9;l�ò�ò?f-g3d

f ∈ H(B(y, R)) ∩ C(B(y, R)) ð/B n f(x) < f(x0)
n�f+wYk+r2y

x ∈
B(y, R)

k+r�{Qg$f+e1d
x ∈ S(y, R) í hqc?d�r

∂f

∂n̂
(x0) ≥

f(x0)− f(y)

4R
,

ó c?dow>d n̂
{Fdor¶f9hXdxg!hqc?d!l7r;mqh�r¶f+woeQk�pThDf

S(y, R) ð
ñjw�f3f�n ð MO�2�Z#��&�-�>��/6���7��,`)+4�4*)3�A#P��/Q/6�$ ?�B�-�>��4�W6,U'>)+/ �5��/Q/1�1���a�FWQ@2#����"�z���;�-�

g(x) = f(Rx+
y) ∈ H(B)

L
4 ³Kµ~µ~·¿±?Û ë�9;l�òVò?f-g$d

f ∈ H(Ω) ∩ C1(Ω)
k+r�{ |f(x)| <

(

K
|x|

)2 ð�B n f k9üocFmDd�î-dogSe6k�ï�mseSlKe
k�h

x0 ∈ SR0
í hqc"dor

f(x0) < 3(2K|∇f(x0)|)2/3.



ÍF� ë�ÄÆÅÆÇZî.ï1ÈO÷QË)ÈaïZë�ìjí_ðIî�ÈvøOë�î��$ìjí�
�È0ìeÍ � íSî.ïGí_ð��$îTàbÅ�íÓÐ_Ðº��Ç¿ïw�&ø�Åaî�ìeÈ

y

x0

SR0

S(y, R)

R

�.����@"'>�_Í2LÈ�?èP�7J9���>%&�<,`)+'����2�_("'>)7)-,N����4*��/Q/1�<�3Ë?L

ñjw�f�f�n ð 
��_4*��� B(y, R) ⊂ Ω ∪ {x0}
#�@2%&�����;�-�

x0 ∈ S(y, R)
�¶�+#A���c������@"'>�0Í2LÈ�?L

\Z)��
x0
�*#A�z/1�Ä¤?��/!@"/ (8)+���F�O,`)+'

f
)+�

B(y, R)
�"#>)��7W=�T��/Q/1�QÎ����2����'&�+ ?�*���F�Z)-,

f
�-�

x0
�*#

�2)+'�/1�-4T�>)
S(y, R)

L��Z("("4�W7���"�=çj)+'>)+4�4B�-'�W��3�S�j�_�9���

|∇f(x0)| =
∂f

∂n̂
(x0) ≥

f(x0)− f(y)

4R
.

�qÍ2LÈË9�
MO�F@2#

f(x0) ≤ f(y) + 4R|∇f(x0)|

<

(

K

R0 +R

)2

+ 4R|∇f(x0)|

<

(

K

R

)2

+ 4R|∇f(x0)|.
MO�"�*#_�2)+4* "#[,`)+'[���9��'�W

R > 0
L�
��S�j�-�F�!�>)�:2�2 ����2�

R
���;�-�_/Q���"��/Q���3�Q���2�S'������F�0�;�-�2 �#>�* "�

���2��'>�o,U)+'>���P�[ ?�ø©I��'>���F���B�-�>�_���j�������Y'>�$#�(8�$%��j�>)
R
�-�2 Y#>���j���"�*#O�$EF@;�-48�>)��3��'>)"L��K)+4��K���"�����"�*#P,`)+'

R
�j�_�9���

R =

(

K2

2|∇f(x0)|

)1/3

.

MO�"�*#a�*#�%�4*�3�-'�4�W����2�z/Q���"��/!@"/ÿ#����2%$�0���2���
R → 0,∞ ���2�!�o¤?("'>�$#>#��*)+�u�9)7�$#a�>)1���?:2�"���^W9LZ\�)3�

@2#����"�Q���"�*#A���-4�@2��,U)+'
R
���°�qÍ2LÈË9�O���2�['>�$#�@"4���,`)+4�4*)3�A#3L

äZÅ$º�»Uµ~·?º3³
�7���2%$�

h
�*#��;�-'�/6)+�"�*%����

Ω
���Q�+%>�"�*���9�$#S���>#S�o¤?��'>��/!@"/ó)+�

∂∞Ω
Lu�X,

h ≡ 0
)+@"'z:2�;�-4j'>�$#>@"4��

����4�4��2)+4* I��#>)°�P���+#>#�@"/6�
h 6≡ 0

LV�7���2%$�
h
�+�-�"�*#��]�-�Y���?:2�"���XW���������4�4��;�3�9���-�Y4*�3�+#��<)+�2�

�o¤K��'>��/z@"/×)+�
SR0

L��T���
x0
�8�6�=/1�Ä¤K��/z@"/ (8)+���F�!)-, |h| L��X, x0 ∈ D0

2ε

�I���2�����FW� "�o:2�"�����*)+�
|∇h(x0)| ≤ |∇u(x0)|+ |∇v(x0)| ≤ 4ε

L��D,
x0 ∈ D+

ε ∪D−
ε

�?���2�������2�!#�����@;�-���*)+������4�4T�8�0�+#����������@"'>�6Í2LÈË?�5�-�2 ��P�S����4�4�@2#>�Q��4*��/6���F�&�-'�W��9�$)+/6����'��*%1%$)+�2#>�* "��'&�-���*)+�2#0�>)Y�9���!�-�~�$#�����/1�-�>��,`)+'
|∇h(x0)|

LG�^�<���2�[:2��@"'>� ù #��&�-�2 "#A,U)+'
x0
L
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∇v

Sr

A

B

O C

∇h

∇u

�.����@"'>�_Í2LÈË?èP�7J9���>%&��)-,N���2���
x0 ∈ D+

ε ∪D−
ε

�?���2��'>�
x0 � ù ���<���2�[:2��@"'>��L

\�)3� ∇u �-�2 ∇v �-'>�1)+�	���2��#&�-/6�=#>�* "�1)-, OC ���~���2�1:2��@"'>��#����2%$�
∂ru(x0)

�-�2 
∂rv(x0)�-'>�!)-,G�$E7@;�-4�#������TLA�7���2%$�

x0
�*#Z�-�u�o¤K��'>��/6�!(�)+���7�Z����,`)+4�4*)3�A#a,U'>)+/��T��/Q/1��ÎS���;�-� ∇h(x0)

�*#
�Y�2)+�"�3��'>)<'&�+ ?�B�-4��9�$%��>)+'3L1HO�$%3�-@2#>�Q)-,O���"�*#0�P�6�;�$�9�Q�^�P)�'������7��C^�-�"��4*�$ ~��'��B�-�"��4*�$#��

OCA
�-�2 

OCB
LN��#����"�6���2�_¨RWK���;�-�9)+'&�+#3Õ2���2�$)+'>��/�)+�����2�$#>�[�P�0�9���

|OA|2 = |OC|2 + |CA|2
|OB|2 = |OC|2 + |CB|2.

M��-JK���"�1���2�_ ?�ø©I��'>���2%$�!)-,N���2�$#>�[�^�P)1�$E7@;�-���*)+�2#Z�-�2 Y@2#&�_���;�-� |CA| = |CB|+ |BA| �"�j�_�9���
(|OA|+ |OB|)(|OA| − |OB|) = |OA|2 − |OB|2 = |CA|2 − |CB|2 = |BA|2 − 2|CB||BA|.
MO�"�*#A�*#Z�S#>�$%$)+�2 �)+'> "��'A(8)+4�W7�2)+/Q�B�-4��$EF@;�-���*)+����� |BA| �-�2 <���>#�(8)�#��������9�['>)7)+�a�*#

|BA| =
√

|CB|2 + (|OA|+ |OB|)(|OA| − |OB|)− |CB|
<

√

|CB|2 + 2|OA|(|OA| − |OB|)− |CB|
<

√

ε2 + 2δBmax − ε.
���@2#>�$ u���;�-� √
x2 +A − x �*#[ "�$%�'>�3�+#����"�<���2��� A �*#�(�)�#��������9���T�-�2 u���;�-� |∇u| < Bmax

)+�
SR−1

�-�2 <���2��'>�o,`)+'>�!�-4*#>)Q)+�
SR0

LR\�)3� #>���2%$� |∇h(x0)| = |BA|
�j�_�;�$�9�

|∇h(x0)| <
√

ε2 + 2δBmax − ε.�T���
R(ε, δ) = max{

√
ε2 + 2δBmax − ε, 4ε}

#�@2%&�����;�-� |∇h(x0)| ≤ R(ε, δ)
L

\��o¤K�A�j�0�;�3�9� |h(x)| ≤ |u(x)| + |v(x)| ≤
(√

2K
|x|

)2 �2#>)6�P�!%3�-���-("("4�W��T��/Q/1���3Ë=�-�2 ��9���[�
�8)+@"�2 Y,U)+' |h|

‖h‖L∞(SR0
) = |h(x0)| ≤ 6(K|∇h(x0)|)2/3.MO�2��������,`)+4�4*)3�A#a���;�-�

‖h‖L2(SR0
) =

(

∫

SR0

|h|2dr
)1/2

≤ 2
√
πR0‖h‖L∞(SR0

).
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�È0ìeÍ � íSî.ïGí_ð��$îTàbÅ�íÓÐ_Ðº��Ç¿ïw�&ø�Åaî�ìeÈ
p�� X}� X �A46582ÊX,: ‖∇h‖L2(SR1

)

�X�°���"�*#�#>�>��(°�j�1����4�4O�9���Q�-�
L2 CX�$#>����/1�-�>�1,`)+' ∇h )+����#�("�2��'>�=)+@"�>#>�* "� SR0

L��5��/Q/1�uË����
úÖ¡_�Z�T��Î�Î-ûN%$)+�"�2�$%��>#Z�;�-'�/6)+�"�*%z,U@"�2%����*)+�2#������������2����'���'&�+ ?�*���F�>#3L�MO�2�z4*��/Q/1�6�*#Z�&�-J9����,U'>)+/
úÖ�����&Î-Í;�"çj)+'>)+4�4B�-'�W�Ç?L��3ÌÄû5�-�2 �#��&�-�>�$ ��������2)+@"�O("'>)7)-,�LRMO�2�a4*��/Q/1�z�*#O#��&�-�>�$ 1,U)+'��-�FW=�;�-'�/6)+�"�*%
,q@"�2%����*)+�

u
���"�*%>���>���2 "#a�>)6�3��'>)=�-�A���?:2�"���^W��-�2 ��-�FW�%$)+�7�9�o¤�#�/6)K)+�����-�2 �%�4*)�#>�$ �#�@"'�,`�+%$�

Σ
L

MO�2�z4*��/Q/1�1,D�-��4*#Z,U)+'����2�S#���/Q("4*�S%3�+#>�����2���
u = 1

r

�-�2 
Σ = S

L_�a4*#&)1���2��#���'��*%��[���2�$EF@;�-4����^W
,U)+'Z���2�!'>��4B�-���*)+� ∼ �������2�!4*��/Q/1�=%�4*�3�-'�4�W� ")K�$#A�2)+���2)+4* ����2��� u = 0

LZ� %$)+'�'>�$%����9��'>#>�*)+�u)-,
���"�*#G4*��/Q/1�[,`)+'R���2�A#�(8�$%��B�-4;%3�+#>�A���2���

Σ
�*#��_#>("�2��'>���*#�#��&�-�>�$ =�-�2 Q("'>)3�9�$ =���6���"�*#�#>@"�2#>�$%����*)+�

�U�T��/Q/1���3ª9�o�;�-�2 Y���"�*#a����4�4I���[���2�0J9��W=(8)+���F�A�>)6�9���A���2�_�$#�����/1�-�>��L
Ó=Ý��5»UÁq»q·"ÃÄá�ÃÄ³7Å�Ý�Ásº3Å
Â0ÃÄ´¶ÔG´;ÅÄ»Bº�»q´�¹ ±7â ë B n 0 ≤ r1 < R < r2 ≤ ∞

k+r�{
f ∈ H0(A(r1, r2)) í hqc?dor

∫

SR

|∇f |2ds =

∞
∑

l=0

l
∑

m=−l

(2l + 1)(l + 1)|fm
l |2R−(2l+2),

ó c?dow>d fm
l

k+w>dzhqc?d7.Ak+l7g&g!ü>f�d82�ü$m`dor¶hqg�f�n
f ð

ñjw�f�f�n ð HjWY�T��/Q/1�1Ê��j�_�;�$�9�

f(r) =

∞
∑

l=0

l
∑

m=−l

fm
l r

−(l+1)Y m
l (r̂).

�qÍ2L Í7�

�T���
F = −∇f �8���2��� |∇f |2 = |F|2 = F · F = FrF r + Fs · Fs

�I���2��'>�
Fr = −r−1∇rf

�*#
���2�a'&�+ ?�B�-48(;�-'��A�-�2 

Fs = −r−1∇1f
���2�[#�("�2��'��*%3�-48(;�-'���)-,

F
LR�^�P���2���=,U)+4�4*)��A#j,q'>)+/ÿ�qÍ2L Í7���FW

 ?��'>�$%��a%3�-4*%�@"4B�-���*)+�2#a���;�-�

Fr(r) =

∞
∑

l=0

l
∑

m=−l

(l + 1)fm
l r

−(l+2)Y m
l (r̂)

Fs(r) =

∞
∑

l=0

l
∑

m=−l

−fm
l r

−(l+2)∇1Y
m
l (r̂).

�Z#����"�Q���"�*#A�P�_�9���
∫

SR

FrF rds =
∑

l,m

∑

l′,m′

(l + 1)(l′ + 1)fm
l f

m′

l′ R
−(l+l′+4)

∫

SR

Y m
l Y m′

l′ ds.

\Z)�� {Y m
l }l,m

�-'>�!)+'����2)+�2)+'�/1�-4.�-�2 <���2 "��(8���2 "���F��)+�
r
#&)S4*���������"�

s = Rω
�P�_�;�3�9�

∫

SR

Y m
l Y m′

l′ ds = R2

∫

S
Y m

l Y m′

l′ dω = R2δll′δmm′ .

MO�F@2#
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∫

SR

FrF rds =
∑

l,m

(l + 1)2|fm
l |2R−(2l+2).

�qÍ2LÈÇ9�


��O�;�$�9��,q'>)+/ �$E7@;�-���*)+������LÈ�9�.���;�-�
< ∇1Y

m′

l′ ·∇1Y
m
l >= l(l+1)δll′δmm′

LN�K)[�������1�[#���/Q��4B�-'
%>�;�-�"�9�z)-,.���-'��B�-�"4*�!�+#a�-�8)3�9�0����4�4T�����9�

∫

SR

∇1Y
m
l · ∇1Y m′

l′ ds = R2l(l + 1)δll′δmm′ .

MO�F@2#

∫

SR

Fs·Fsds =
∑

l,m

∑

l′,m′

fm
l f

m′

l′ R
−(l+l′+4)

∫

SR

∇1Y
m
l ·∇1Y m′

l′ ds =
∑

l,m

l(l+1)|fm
l |2R−(2l+2).

�qÍ2LÈª9�
\�)3�]���2�_'>�$#>@"4��>#O,U)+4�4*)��A#A�7WY%$)+/z�"���"���"�u�qÍ2LÈÇ9���-�2 °�qÍ2LÈª9�oL
� ´;Ã-´¶ÁUÁq·"ÃÄá ±?Æ ë B n 0 ≤ r1 < r < R < r2 ≤ ∞

k+r¶{
f ∈ H0(A(r1, r2)) í hqc?dor

‖∇f‖2L2(SR) =

∫

SR

|∇f |2ds ≤
∫

Sr

|∇f |2ds = ‖∇f‖2L2(Sr).

ñjw�f3f�n ð MO�"�*#�,`)+4�4*)3�A#A��/Q/6�$ ?�B�-�>��4�W�,U'>)+/ ¨R'>)+(8)�#������*)+�~��Í2L
4 ³Kµ~µ~·Ñ±�" ë B n f ∈ H0(A(R,∞)) ∩ C(A(R,∞))

n$f+w
R > 0

k+r�{
f(x) = o

(

1
|x|

) ó c?dor
|x| → ∞ í hqc?dor

∫

R3\BR

|∇f |2(r −R)ds ≤
∫

SR

|f |2ds. �qÍ2L�Ê��
ñjw�f3f�n ð HPWY�T��/Q/1��Êz�P�_�;�3�9�

f(r) =

∞
∑

l=0

l
∑

m=−l

fm
l r

−(l+1)Y m
l (r̂).

�qÍ2LÈÌ9�

�7���2%$�
f = o

(

1
|x|

) �j���;�$�9�
f0
0 = 0

L.�Z4*#>) |f |2 = ff
�K#>)z@2#����"�<�qÍ2LÈÌ9�P�-�2 =���2��)+'����2)+�2)+'�/1�-4����XW

)-, {Y m
l }l,m

���O,`)+4�4*)3�A#a��/Q/6�$ ?�B�-�>��4�W<���;�-�
∫

SR

|f |2dŝ =
∑

l,m

∑

l′,m′

fm
l f

m′

l′ R
−(l+l′+2)

∫

SR

Y m
l Y m′

l′ ds =

∞
∑

l=1

l
∑

m=−l

|fm
l |2R−2l.

�qÍ2LÈÎ9�

\�)3� ,`)+'����2�_4*�o,U���;�-�2 �#��* "�_)-,A�qÍ2L�Ê��j�P�!�;�$�9�
∫

R3\BR

|∇f |2(r −R)ds =

∫ ∞

R
(r −R)

∫

Sr

|∇f(r)|2dsdr.



Í�Í ë�ÄÆÅÆÇZî.ï1ÈO÷QË)ÈaïZë�ìjí_ðIî�ÈvøOë�î��$ìjí�
�È0ìeÍ � íSî.ïGí_ð��$îTàbÅ�íÓÐ_Ðº��Ç¿ïw�&ø�Åaî�ìeÈ

��_�;�$�9�

f0
0 = 0

#&)S���O,U)+4�4*)��A#�,U'>)+/Ú¨R'>)+(�)�#>�����*)+�°��ÍQ���;�-�

∫

R3\BR

|∇f |2(r −R)ds =
∑

l,m

(l + 1)(2l + 1)|fm
l |2

∫ ∞

R
r−(2l+1) −Rr−(2l+2)dr

�qÍ2L��3�9�

=

∞
∑

l=1

l
∑

m=−l

l + 1

2l
|fm

l |2R−2l.
�qÍ2L������

\Z)��]���2�['>�$#�@"4���,`)+4�4*)3�A#a�FWY%$)+/Q(;�-'����"�u�qÍ2LÈÎ9���-�2 ~�qÍ2L������oL

äZÅ$º�»Uµ~·?º3³
HPW�çj)+'>)+4�4B�-'�W��3ÇS�P�0�;�$�9�

∫

A(R0,R1)
(r −R0)|∇h|2dr =

∫ R1

R0

r −R0

∫

Sr

|∇h|2dŝdr

≥ ‖∇h‖2L2(SR1
)

∫ R1

R0

r −R0dr

=
1

2
(R1 −R0)

2‖∇h‖2L2(SR1
).

MO�2���<,q'>)+/Ú�5��/Q/1���3ªS���O,`)+4�4*)3�A#a���;�-�
∫

A(R0 ,R1)
(r −R0)|∇h|2dr ≤

∫

A(R0 ,∞)
(r −R0)|∇h|2dr ≤

∫

SR0

|h|2ds.

MO�F@2#A�j�_�;�$�9�0���2�[,U)+4�4*)������"�=�$#�����/1�-�>�

‖∇h‖L2(SR1
) ≤

√
2

R1 −R0
‖h‖L2(SR0

).

MO�"�*#S�����9�$#Q@2#Q�-�
L2 CX�$#�����/1�-�>��,`)+' ∇h )+���-�FW	�"�����9��'6#�("�2��'>�����2��� SR0

�G�"@"�Q�P�<#>�$�����;�-�
���2���<�P�_�9���A%�4*)�#>�[�>)

SR0

���"�*#��8)+@"�2 Y��'>)3�A#��>)S���?:2�"���^W9L�MO�F@2#a�P�[�;�3�9�_�2)Q%$)+�F��'>)+45)-,N���;�-�
�;�-("(����2#Z)+�

SR0

LR
��0����4�4T���<���2�_�2�o¤?�A�X�j)6#��>��(2#A@2#&�[���;�-�
h
�*#��8)+@"�2 "�$ �)+�

SR−1

�-�2 <���;�-�
�����+�-�"�*#��2�$#Z�-�A���?:2�"���XWY����)+'> "��'A�>)S�9������@"�"�ø,U)+'�/Ú�8)+@"�2 Y,`)+' ∇h )+� SR0

L

p�� X}� f �A46582Êf,: ‖∇h‖L2(SR
−1/2

)

�X�¿���"�*#=#��>��(¿�P��:2�2 ��-� �$#�����/1�-�>��,U)+' ∇h )+���°#�/1�-4�4*��'�#>("�2��'>�����;�-�����2��)+�2�����2��'>���j�
%$)+4�4*�$%��>�$ Y���2�� 2�-�&�?LRMO�2�Z,D�+%��O�P��@2#>���>)�("'>)3�9�����"�*#j,U)+4�4*)��A#j,q'>)+/ ���2��("'>)K)-,�)-,��T��/Q/1�Q�?L������
úÖ¡_�uÎ-Í�ûT�7W� ")+���"�=#>)+/6�_/Q���2)+'a%&�;�-�"�9�$#3L
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Ó�Ý��5»UÁU»q·"Ã�á�Ã-³FÅ�Ý.Ásº3Å
ÒI·"¼�º	±]5 ë B n f ∈ H0(R

3 \ BR) ∩ C(R3 \ BR)
k+r¶{

R ≥ r1 < r2 < r3 < ∞
msgSgxl"üoc~hqcKk�h

r2 = rα
1 r

1−α
3 í hqc?dor

‖∇f‖L2(Sr2 ) ≤ ‖∇f‖αL2(Sr1 )‖∇f‖1−α
L2(Sr3 )

.

ñjw�f3f�n ð �X�O,`)+4�4*)3�A#A,q'>)+/ ���2�_("'>)K)-,R)-,N�T��/Q/1�=�?L��[���~úÖ¡_��Î-Í�ûXL

ä�Å$º�»Uµ�·?º3³
HjW/�¶�+%��!��Ê

‖∇h‖L2(SR
−1/2

) ≤ ‖∇h‖αL2(SR−1
)‖∇h‖1−α

L2(SR1
)
.

�7���2%$� ∇h < Bmax
)+�

S−1
�j�_�;�$�9�

‖∇h‖L2(R−1) =

(

∫

SR−1

|∇h|2ds
)1/2

≤ 2
√
πBmaxR−1.

MO�F@2#

‖∇h‖L2(SR
−1/2

) ≤ (2
√
πBmaxR−1)

α‖∇h‖1−α
L2(SR1

)

���2��'>�
R−1/2 = Rα

−1R
1−α
1 .

p�� X
� p �A46582�p1: ‖∇h‖L∞(SR0
)�^�����"�*#Z4B�+#��Z#��>��(��P�z@2#>�!¨.)+�*#>#>)+�TÕÖ#����7�>����'&�-4�,`)+'�/!@"4B���-�2 ����2�!¡_��4��K������'&�-�2#�,`)+'�/ ����)+'> "��'a�>)

�9���a)+@"'A@"�"�ø,`)+'�/ �$#�����/1�-�>�!)-, ∇h )+�����2�_#�("�2��'>�_���2��'>�_�j�0%$)+4�4*�$%��>�$ ����2�! 2�-�&�?L

Ó�Ý��5»UÁU»q·"Ã�á�Ã-³FÅ�Ý.Ásº3Å
ã<³?�R¹.»Bº�»q´�¹ ±rb ë=b5c?dºñ�f+msg&g$f+r��+d�wxr�d�p.f�n

B(x̃, R)
msg0hqc?d�nxlKr¶ü$hUm`f+r

P (x,y) =
1

4πR

R2 − |x− x̃|2
|x− y|3 (y ∈ S(x̃, R);x ∈ R3 \ {y}).

Ð!À�³F´¶ÃÄ³Kµ ±�� �U¨�)+�*#&#>)+�TÕÖ#A���7�>����'&�-4s��ë B n h ∈ H(BR) ∩ C(BR)
hqc?dor

h(x) =

∫

SR

h(y)P (x,y)dy

ñjw�f3f�n ð �K�$�6úÖ�a¦_�?�9�;çj)+'>)+4�4B�-'�W���LÈË?L Í+ûXL
ã<³?�R¹.»Bº�»q´�¹ØÏ�� �U¡_��4��7������'&�-�2#�,`)+'�/=��ë B n x ∈ R

3 \ {y} í hqc?doruhqc?d_���7�9��'>#>�1f�n x ó mqhqc6w>dxgJò"d�ü$hjhDf
S(y, R)

mBg0hqc?d¼ò?f+mqr;h
x∗ =

R2

|x− y|2 (x− y) + y.
�qÍ2L��3�9�



ÍFª ë�ÄÆÅÆÇZî.ï1ÈO÷QË)ÈaïZë�ìjí_ðIî�ÈvøOë�î��$ìjí�
�È0ìeÍ � íSî.ïGí_ð��$îTàbÅ�íÓÐ_Ðº��Ç¿ïw�&ø�Åaî�ìeÈ
õ r¶{Qhqc?d0msr
î-dowxg$dzf�n[kQg$d�h

E ó mUhqc1w>dxg^ò"d>ü$hOhDf S(y, R)
msg[hqc"d�g$d$h

E∗ = {x∗ : x ∈ E \ {y}} ð�B n
f
mBg!kZnxlKr¶ü$hUm`f+r�{FdqýGr8d�{Yf+r�k9hGp*d�k-goh

E í hqc?dor ó dz{7dqýGr�d f∗ f�r E∗ ioy

f∗(x) =
R

|x− y|f(x∗).
�qÍ2L��3Ë9�

b5c?d_e6k�òVò¶msrKt
f → f∗

mBg!ü>k+pqp*d�{Yhqc?dS¡_��4��K���<��'&�-�2#�,`)+'�/�; ó mqhqcYw�dog^ò"d�ü3h�hDf S(y, R) @6ð
Ð!À�³F´;Ã-³7µ ÏI± ë B n f ∈ C2(E)

k�r¶{
f∗

mBg�hqc?d�mqeQk�tFdSf�n
f
lKr¶{FdowShqc?d��Sdop î3mqr~hUw�k�r"gsn$f+woe ó mUhqcw�dxgJò"d�ü$h�hDf

S í hqc?dor
∆f∗(x) = |x|−5∆f(x∗) x ∈ E∗.

�qÍ2L���Í7�
ñjw�f�f�n ð MO�2�_'>�$#>@"4��O,U)+4�4*)��A#A�FW< ?��'>�$%��a%3�-4*%�@"4B�-���*)+�Ø�U#>�$�QúÖ�a¦_�?�9�"MO�2�$)+'>��/ ��LÈª?LÈËÄûq�oL
� ´;Ã-´¶ÁUÁq·"Ã�á Ï;Ï ë B n h ∈ H(E)

k+r¶{
h∗

mBgShqc?d�mqeQk�tFd6f�n
h
lKr¶{FdowQhqc?d��SdopÚî�msr	hUw�k+r2gsn$f+wxe ó mUhqcw�dxgJò"d�ü$h�hDf

S(y, a) í hqc?dor h∗ ∈ H(E∗)

ñjw�f�f�n ð MO�"�*#O,`)+4�4*)3�A#A,q'>)+/�MO�2�$)+'>��/��?�_�FW�@2#����"�=�S ?��4B�-���*)+���-�2 ��-���*#>)+/6����'�W9L
Ð!À�³F´;Ã-³7µ Ï;Û ë B n h msg0cKk+woe6f+r2m`ü�msr B(y, R) \ {y} k+r¶{ h(x)|x − y| → 0

k-g
x → y í hqc?dor

h
c?k-g!kQcKk�wxe6f+r2m`üSü>f+r;hUmqr2l"k�hUm`f+ruhDf

B(y, R) ð
ñjw�f�f�n ð �K�$�6úÖ�a¦0�?���2MO�2�$)+'>��/×��LÈË?L�Ê�ûq�oL
äZÅ$º�»Uµ~·?º3³

��0����4�4��$#>����/1�-�>� ∇h (8)+���F��CD���*#>��)+� SR0

�7W<@2#����"�1���2�
L2 CX�$#�����/1�-�>��)+� SR−1/2

L�M5)1 ")1���"�*#
�P�=�-'>�=�9)+���"���>)u�-("("4�W����2�1¨.)+�*#>#>)+�	���F�>����'&�-4P,U)+'�/z@"4B�?�R#>)<�j�1("'>)-§��$%��z)+@"'!:;��4* ∇h )+�F�>)���9�$%��>)+'

p
LR
��[��'����>�

g = ∇h · p LRMO�2��� g �*#A)+�F�K�*)+@2#�4�WY�;�-'�/6)+�"�*%0#����2%$�

∆g = ∆(∇h · p) = ∇(∆h) · p.
�T���

g∗
�8�Q���2�6¡_��4��K������'&�-�2#�,`)+'�/×)-,

g
�������°'>�$#�(��$%��_�>)

SR−1/2

L=MO�2���~�7W�çj)+'>)+4�4B�-'�W����Y�j�
�;�$�9�

g∗ ∈ H(BR−1/2
\ {0}) L1�Z4*#>) g ∈ C(R3 \ BR−1/2

)
#>)Y�j�Q�;�$�9�

g ∈ C(BR−1/2
\ {0})#����2%$�

g = g∗
)+�

SR−1/2
LG\�)3� ∇h �+�-�"�*#>�2�$#a�-�A���?:2�"���XW9�;���"�*#A/6�3�-�2#����;�-� g(x) = o(1)

���2���
|x| → ∞ �?���F@2# g∗(x∗) = o(1)

���2��� |x∗| → 0
LPMO�2��'>�o,U)+'>�0����,U)+4�4*)��A#�,U'>)+/ MO�2�$)+'>��/÷��ËQ���;�-�

g∗
�;�+#P�_�;�-'�/6)+�"�*%Z%$)+�7�����F@;�-���*)+�Y�>)

BR−1/2

�F�P�Z "���2)+�>�A���"�*#G�7W
g∗c
LN\Z)����P���-("("4�W6¨�)+�*#&#>)+�TÕÖ#

���F�>����'&�-4T,`)+'�/!@"4B�?�

g∗c (x) =

∫

SR
−1/2

g∗c (y)P (x,y)dy.

\Z)��
g∗c (x) = g∗(x) =

R−1/2

|x| g(x∗)
,U)+'

x ∈ BR−1/2
\ {0} LR�Z#����"� g∗c = g∗ = g

)+�
SR−1/2

�-�2 
(x∗)∗ = x

�P�_�9���

g(x) =
|x∗|
R−1/2

∫

SR
−1/2

g(y)P (x∗,y)dy,
,U)+'

x ∈ R
3 \ BR−1/2

.
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HjW<çO�-@2%&�FW7C �K%>�7�j�-'����9ÕÖ#_���2�$E7@;�-4����XWY�P�0�;�$�9�

|g(x)| = |x∗|
R−1/2

∣

∣

∣

∣

∣

∫

SR
−1/2

g(y)P (x∗,y)dy

∣

∣

∣

∣

∣

≤ |x∗|
R−1/2

‖P (x∗,y)‖L2(SR
−1/2

)‖g‖L2(SR
−1/2

).

MO�"�*#A�2)+4* "#a#�(��$%��B�-4�4�W=,`)+'Z�-4�4
x ∈ SR0

�?���F@2#

‖g‖L∞(SR0
) ≤

|x∗|
R−1/2

‖P (x∗,y)‖L2(SR
−1/2

)‖g‖L2(SR
−1/2

).

�7���2%$�
g = ∇h · p ���2��'>� p

�O�+#a�-���-'��"����'&�-'�WY�9�$%��>)+'3�"�j�_�;�$�9�!���2�[,U)+4�4*)������"�

‖∇h‖L∞(SR0
) = max

x∈SR0

|∇h(x)|

= max
x∈SR0

(|∇h · x̂|2 + |∇h · ŷ|2 + |∇h · ẑ|2)1/2

≤ ( max
x∈SR0

|∇h · x̂|2 + max
x∈SR0

|∇h · ŷ|2 + max
x∈SR0

|∇h · ẑ|2)1/2

≤ |x∗|
R−1/2

‖P (x∗,y)‖L2(SR
−1/2

)

(

∫

S(R−1/2)
|∂xh|2 + |∂yh|2 + |∂zh|2ds

)1/2

≤ |x∗|
R−1/2

‖P (x∗,y)‖L2(SR
−1/2

)‖∇h‖L2(SR
−1/2

).

\�)3�]�j�0%3�-4*%�@"4B�-�>� ‖P (x∗,y)‖L2(SR
−1/2

)
�

‖P (x∗,y)‖L2(SR
−1/2

) =

(

∫

SR
−1/2

|P (x∗,y)|2dy
)1/2

.


��6�;�3�9�
P (x∗,y) = 1

4πR−1/2

R2
−1/2

−|x∗|2
|x∗−y|3

�
x∗ = (

R−1/2

R0
)2x

�-�2 |x| = R0
��#&)�#>���������"�

a =
R−1/2

R0

�P�_�9���

‖P (x∗,y)‖L2(SR
−1/2

) =
R−1/2

4π
(1− a2)

(

∫

SR
−1/2

dy

|a2x− y|6

)1/2

.


��_�2)+'�/1�-4����3�!���2�[�+�-'��B�-�"4*�$#a�FW<#>���������"�
u = x/R0

�-�2 
v = y/R−1/2

�?���2���

‖P (x∗,y)‖L2(SR
−1/2

) =
1

4πR−1/2
(1− a2)

(
∫

S

dv

|au− v|6
)1/2

.

M5)1%3�-4*%�@"4B�-�>�0���2�_���7�>����'&�-45�P�0(;�-'&�-/6���>��'����3�0���2�_@"�"���a#>("�2��'>�[�FW

r(ξ, θ) = (
√

1− ξ2 cos θ,
√

1− ξ2 sin θ, ξ).



ÍFÌ ë�ÄÆÅÆÇZî.ï1ÈO÷QË)ÈaïZë�ìjí_ðIî�ÈvøOë�î��$ìjí�
�È0ìeÍ � íSî.ïGí_ð��$îTàbÅ�íÓÐ_Ðº��Ç¿ïw�&ø�Åaî�ìeÈ
�D,O�P�Q4*���!���2�

z
C^�Ä¤K�*#0�9)��-4*)+�"�

u
�j�1%3�-�����"���"J�)-,����"�*#!�+#0#�4��*%����"�����2�6#�("�2��'>�Q@"(°�-4*)+�"�����"�*#

�Ä¤K�*#3LNMO�2����:2'>#��j�P�����F�>����'&�-�>�0���2�Z#�4��*%$�$#��?�-�2 =���2���Y�P�[#�@"/V���2��/ @"(<�-4*)+�"�S���2�
z
C^�Ä¤K�*#�LRMO�"�*#

�*#���4�4�@2#���'&�-�>�$ <�����.����@"'>�_Í2L ÍQ���2��'>�
ξ
�*#A���2�[���F�>����'&�-���*)+�u�+�-'��B�-�"4*�!�-4*)+�"�1���2�

z
C^�Ä¤?�*#3L

z

a

ξ

-1

1

v

x,y

������@"'>�0Í2L Í2è��7J9���>%>��)-,N�2)3� �P�0���7�>����'&�-�>��L

\Z)�� )+@"'0#�@"'�,D�+%$�6��4*��/6���F�z�*#
dv = |∂θr × ∂ξr|dθdξ

�T#>�$��úÖ¡['>�3Î�Î2�I(TL1Ç��?�oûR,`)+'! "���&�-��4*#3L � 4*�oC
/6���F�&�-'�W�%3�-4*%�@"4B�-���*)+�2#[#��2)��A#a���;�-� |∂θr × ∂ξr| = 1

L��Z4*#>)6�j�!#>�$�0,q'>)+/����2�_:2��@"'>�z���;�-�a�ø,R�P�
@2#>�[���2�0¨RWK���;�-�9)+'&�+#3Õ"���2�$)+'>��/��X���*%$�_�j�_�;�$�9�

|au− v|2 = (ξ − a)2 + 1− ξ2 = 1 + a2 − 2aξ.MO�2���
∫

S

dv

|au− v|6 =

∫ 1

−1

∫ 2π

0

|∂θr× ∂ξr|dθdξ
(1 + a2 − 2aξ)3

= 2π

∫ 1

−1

dξ

(1 + a2 − 2aξ)3
.

�7@"�2#�������@"�����"�
w = 1 + a2 − 2aξ

�P�0�9���
dw = −2adξ

�2#>)

2π

∫ 1

−1

dξ

(1 + a2 − 2aξ)3
=
−π
a

∫ (1−a)2

(1+a)2

dw

w3
=

π

2a

(

1

(1− a)4 −
1

(1 + a)4

)

= 4π
1 + a2

(1− a2)4
.

\Z)��

‖P (x∗,y)‖L2(SR
−1/2

) =
1

4πR−1/2
(1− a2)

√

4π
1 + a2

(1− a2)4

=

√
1 + a2

√
4πR−1/2(1− a2)

.

MO�2�����P�_�;�3�9�_���2�[,`)+4�4*)3�����"���$#�����/1�-�>�
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‖∇h‖L∞(SR0
) ≤

√
1 + a2

4πR0(1− a2)
‖∇h‖L2(SR

−1/2
)

=

√

R2
0 +R2

−1/2

4π(R2
0 −R2

−1/2)
‖∇h‖L2(SR

−1/2
).

p�� X
�q� gÎ5�WniMR£4
çj)+4�4*�$%������"���-4�45���2�_�$#�����/1�-�>�$#A�j�_�;�$�9�

Ù!��è ‖∇h‖L∞(SR0
) ≤

q

R2
0
+R2

−1/2

4π(R2
0
−R2

−1/2
)
‖∇h‖L2(SR

−1/2
)ÙZ�?è ‖∇h‖L2(SR

−1/2
) ≤ (2

√
πBmaxR−1)

α‖∇h‖1−α
L2(SR1

)ÙZË?è ‖∇h‖L2(SR1
) ≤

√
2

R1−R0
‖h‖L2(SR0

)ÙAÍ2è ‖h‖L2(SR0
) ≤ 2

√
πR0‖h‖L∞(SR0

)ÙZÇ?è ‖h‖L∞(SR0
) ≤ 6(K|∇h(x0)|)2/3ÙZª?è |∇h(x0)| < max{

√
ε2 + 2δBmax − ε, 4ε} = R(ε, δ)


��_�O�-�F����@"�"�ø,`)+'�/ �$#�����/1�-�>�_,U)+' ∇h )+� SR0

�-�2 <@2#����"�Q���2�_'>�$#�@"4��>#Z�-��)��9�0�P�0�;�$�9�

‖∇h‖L∞(SR0
) ≤

√

R2
0 +R2

−1/2

4π(R2
0 −R2

−1/2)
(2
√
πBmaxR−1)

α

( √
2

R1 −R0
2
√
πR06(KR(ε, δ))2/3

)1−α

= 6
√

2K2/3

(

Bmax

12K2/3

)α
√

1 +

(

R−1/2

R0

)2Rα
−1

R0

(

1−
(

R−1/2

R0

)2
)−1(

R(ε, δ)
R1

R0
− 1

)1−α


��A�;�3�9�a���2�A,q'>�$�$ ")+/V�>)0%&�2)7)�#>�
R−1/2, R1

���=)+'> "��'P�>)0/Q���"��/Q���3�Z���2�a�o¤?("'>�$#>#��*)+���-�8)3�9��LN
��
�+#>#�@"/6�0���;�-�

Bmax, 12K
2/3 > 1

�-�2 <�P�0�;�$�9�
R−1, R−1/2 < R0

�"���F@2#

‖∇h‖L∞(SR0
) ≤ 12K2/3Bmax

(

1−
R−1/2

R0

)−1
(

R(ε, δ)2/3

R1

R0
− 1

)1−α

.

\�)3�]�j�_�j�-�7�a�>)6%&�2)7)�#>�
R−1/2, R1

#�@2%&�����;�-�
(

1− R−1/2

R0

)−1
(

R(ε, δ)2/3

R1

R0
− 1

)1−α �qÍ2L��3Ç9�
�9)K�$#a�>)Q�3��'>)=���u�Q'>��4B�-�����9��4�W<,`�+#>�A�j�3W����2���

R(ε, δ) → 0
LO
��0����4�4.#>���

R(ε, δ) = ε
�;���2�����j�

����4�4T�;�3�9�

R(ε, δ)2/3

R1

R0
− 1

= εγ
�qÍ2L��3ª9�
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γ
 "��(����2 ?���"�<)+�u���2��%&�2)+�*%$�Q)-,

R1
L[\Z)+�>�z���;�-�[�ø,��P�S%>�2)K)�#>�

R1
#�@2%&�����;�-�

γ ≤ 0
�

���F@2# R(ε,δ)2/3

R1
R0

−1
≥ 1

�7���2���
R−1

����4�48�������2�[)+("����/1�-4T%>�2)+�*%$��,`)+'
R−1/2

�7�"@"�O���2���
α = 0

�?#>)����2�
�o¤K("'>�$#>#>�*)+�������qÍ2L��3Ç9�a����4�4N�2)+���9)=�>)��3��'>)����2���

R(ε, δ) → 0
L_MO�2��'>�o,`)+'>���P������4�4R%>�2)K)�#>�

R1#�@2%>�����;�-�
γ > 0

LG\�)3� �qÍ2L��3ª9�j�����9�$#
R1

R0
= 1 + ε2/3−γ .


��0#>���
y = 2

3 − γ
LRMO�2����@2#����"�Q���2�0%$)+�"�2�$%����*)+���8���X�j�$���

R−1/2
�-�2 

R1
�P�0�9���

R−1/2 = Rα
−1R

1−α
1 = Rα

−1(1 + εy)1−αR1−α
0 .MO�F@2#

R−1/2

R0
=

(

R−1

R0

)α

(1 + εy)1−α.

�K��� R−1

R0
= 1− x �?���2���

(1− x)α(1 + εy)1−α = (1 + εy)

(

1− x
1 + εy

)α

= (1 + εy)

(

1− x+ εy

1 + εy

)α

.

�2)+'
0 ≤ α, z ≤ 1

�P�0�;�$�9�_���;�-�
(1− z)α ≤ 1− αz. �qÍ2L���Ê��

MO�"�*#�%�4*�3�-'�4�W��2)+4* "#Z,U)+'
α = 0, 1

�T�-�2 �,U)+'
0 < α < 1

�P���;�$�9�S�$E7@;�-4����XW����2���
z = 0

L0�K)=�FW
 ?�ø©8��'>���7���B�-���*)+���j�!#>�$�[���;�-�Z���2�_4*�o,q�a�;�-�2 �#��* "�0 "�$%3�3WK#A,`�+#��>��'a���2�������2�_'������F�3LAçP4*�3�-'�4�W

x < 1�-�2 <���2���
y > 0

�j�_/1�$W��+#>#>@"/6�
x+ εy < 1

�"#>)S@2#����"���qÍ2L���Ê��j�j�_�9���

R−1/2

R0
≤ (1 + εy)

(

1− αx+ εy

1 + εy

)

= 1 + εy − α(x+ εy).

MO�2�����P�_�;�3�9�
1− R−1/2

R0
≥ α(x+ εy)− εy ≥ 0.

�K)S�P�0�2�$�$ 
α > εy

x+εy

LN
��!%>�2)K)�#>�
α = 2 εy

x+εy

LGMO�2���

(1−
R−1/2

R0
)−1εγ(1−α) ≤ [α(x+ εy)− εy]−1εγ(1−α) = εγ(1−α)−y .

\Z)��]�P�_�O�-�F�Z�>)Q%>�2)K)�#>�
γ ∈ (0, 2

3 )
#�@2%>�����;�-�

f(γ) = γ(1− α)− y = 2γ

(

1− εy

x+ εy

)

− 2

3
> 0.

MO�F@2#A�j�_�2�$�$ 
1− εy

x+ εy
=

x

x+ εy
>

1

3γ
.
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1

3

(

x+ εy

x

)

=
1

3
(1 + εy/x) < γ.

�K)1�-��4*�3�+#��a�P�_�2�$�$ 
γ > 1/3

LM�2)+'
γ = 1

2

�j�0�9���

f(1/2) =
1

3
− ε1/6

x+ ε1/6
=

1

3
− 1

1 + x/ε1/6
.


��a#&�$�����;�-�P���=)+'> "��'�,`)+'
f(1/2)

�>)_�8�A(8)�#��������9���j�a�2�$�$ 
ε < (x/2)6

�7���"�*#P�-4*#&)0/1�-J9�$#
α < 1

L
�X,��P�z,`)+'��o¤2�-/Q("4*�Q�+#>#�@"/6�

ε < (x/5)6
�P���9���0�1%$)+�7�9��'��9���2%$�Q'&�-�>�S)-,

ε
1

6

L�
��S#�@"/÷���"�*#Z@"(
������'>�$#�@"4��3L
Ð!À�³/�8º3·"êN»qÁU»sº&á�Ü�³FÅÄÝ�Ásº ëÓì5d$h

u, v ∈M cKkÕî-d�hqc"d_g$k+e1d[gomøt�r�d�{
ε
e�{+m°ò°d©ú�l"k�hDf+wQk+r¶{

|∇u(x)| − |∇v(x)|| < δ
n�f�wzd�î-dowoy

x ∈ SR0
.

B n ε = max{
√
ε2 + 2δBmax − ε, 4ε} <

(

1−R−1/R0

5

)6 í hqc?dor

‖∇u−∇v‖L∞(SR0
) ≤ 12K2/3Bmaxε

1/6.
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