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INTRODUCTION

The main goal of this thesis is to study low regularity solutions for nonlinear
wave equations arising from relativistic quantum field theories. In particular, we
study low regularity solutions for the the system of Dirac-Klein-Gordon equations
in three space dimensions (3d) and one space dimension (1d).

The Dirac-Klein-Gordon system (DKG) arises in the so-called Yukawa interac-
tion [3], and describes an interaction between a Dirac spinor ¢ of mass M > 0 and
a meson field ¢ of mass m > 0.

In n space dimensions, DKG reads

(=iv" 0 + M) = g9
(—O0+m?)¢ = Ty,

where ¢ : R1*" — CV is the Dirac spinor field regarded as a column vector in
CY and ¢ : R — R represents a meson field. Points in Minkowski space-time

(0.1)

R+ are denoted by (¢,z), where x = (z!,- - -, 2"); we also denote t = x° when
convenient. For partial derivatives we write 0, = %. Roman indices j,k,- - -
range over 1,---,n, while Greek indices u,v,--- over 0,1, ---,n, and repeated upper

and lower indices are implicitly summed over these ranges. The wave operator
O = —9? + A, where A is the Laplace operator. The v#’s are N x N matrices
which should satisfy (see [31])

YAt =2g" ()T =90 ()T =, (0.2)
where gt = diag(1, —1,- -+, —1), and the superscript  denotes a conjugate trans-
pose.

We can rewrite (0.1) in a slightly different form, multiplying the Dirac equation
on the left by 8 :=~° (note that 2 = I), and setting o/ := %97 to get

(0.3)

—i (O +a-V)p=—-MByY+ ¢pY,
—0¢ = —m*¢ + ¢ By,

where a = (at,- -+, a™).

For the DKG system there are many conserved quantities which are not positive
definite, such as the energy (see [17]). However, there is a known positive conserved
quantity, namely the charge,

lle(t, )| 2 = const.

0.1. Dirac-Klein-Gordon system in 3d. In 3d the smallest possible dimension
of the spin space, i.e., the smallest N for which the relations in (0.2) can take place,
is N =4, (see [31]). In other words, in 3d the matrices {7*}3_, should be 4 x 4
matrices, and hence the Dirac operator (—iy*9d,, + M) has to act on a 4-component
column matrix 1 € C*. The usual representation of {'Y”}i:o in 2 x 2 blocks is given

by .
o (I © i (0 o o
V= <0 —I1) V= 70,]' 0 (j - 17273)7 (04)
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2 INTRODUCTION

where ¢7’s are the Pauli matrices

, (01 s (0 —i s (10
"(10’ =G o) 77\ 1)

0.2. Dirac-Klein-Gordon system 1d. In 1d the smallest possible dimension of
the spin space, i.e., the smallest N for which the relations in (0.2) can take place,
is N = 2, (see [31]). In other words, in 1d {y*},_, should be 2 x 2 matrices,
and hence the Dirac operator (—iy*d, + M) has to act on a 2-component column
matrix ¢ € C*. A representation for {y*}],_, can be either

*=( o) =0 ) 09
7= 8) =4 o) 0)

both of which satisty (0.2).

or

1. HISTORICAL BACKGROUND ON KLEIN-GORDON AND DIRAC EQUATIONS

Klein-Gordon and Dirac equations are two of the most important field equations
arising in relativistic quantum mechanics. We briefly review the historical back-
ground of these equations in 3d (for details see, for example, [3]). In what follows
the speed of light ¢ and Planck’s constant & are scaled to unity.

In quantum mechanics a particle is represented by a wave function ¢ = ¢(t, )
taking value in C. A quantum mechanical description of a free particle results
from applying the correspondence principle, which allows one to replace classical
observables by quantum mechanical operators acting on the wave function ¢.

Let m be the mass and p = p(¢,z) be the momentum of the particle (p is a
vector field). In non-relativistic mechanics, the energy for a free particle

p2

" 2m
is quantized by the correspondence principle

v
i
to give the Schrodinger equation
1
2m
The relativistic energy-momentum equation
E? = p? +m?, (1.2)

is quantized by the substitution (1.1) to give the free Klein-Gordon equation
(-O0+4+m?)¢ =0,

which is the relativistic analogue of the Schrodinger equation.
The four-current density {j,,}7,_ associated with the Klein-Gordon equation for
a particle is given by

. i —
Ju = %(ﬁbau(b - ¢6u¢)7
and it is conserved,
0"j, =0.
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However, the density p = —jg is not positive definite, and hence cannot describe
a probability density for a single particle. For this reason the Klein-Gordon equa-
tion was discarded initially as a single-particle equation until it was resurrected in
quantum field theory, where it describes spin-0 particles.

To solve the negative probability density problem of the Klein-Gordon equation,
Dirac tried to look for a relativistic equation which only contain first-order deriva-
tives in both space and time. Dirac derived his operator in 1928 starting from
the usual classical expression of the energy of a free relativistic particle (1.2). The
operator should feature then a differential operator of the type

D = in"d,, (1.3)

where y#’s are matrices to be determined.
A starting point for a wave equation with only a first order time derivative is to
write £ = +1/p? + m?2. Application of the correspondence principle (1.1) leads to

the wave equation
10 = £V —A +m3y. (1.4)

These two equations can be combined to give the Klein-Gordon equation:
(<0 +m2) ¢ = (10 + V=a+m2) (i, — V=A+m2) v =0. (1.5)

Dirac achieved the linearization of the “square root operator” in the right hand
side of (1.4) by factorizing, according to (1.5), the Klein-Gordon operator (—O +
m?) = (9,0" +m?) into

8,0" +m2=—(D+m)(D—m). (1.6)

Inserting (1.3) into (1.6), and then comparing the left and right hand sides of (1.6)
he concluded that the matrices {y#}>_, have to satisfy (0.2). Consequently, the
Klein-Gordon equation can be factorized formally

("0 +m) (iv"9p —m) P = 0,

where {y#}3_ satisfy (0.2). From this equation one can conclude the famous free
Dirac equation

(=", +m)1p = 0.

The Dirac equation provides a description of elementary spin-half particles, such
as electrons. Note that any solution to the free Dirac equation is automatically a
solution to the free Klein-Gordon equation but the converse is not true.

Now, the four-current density { j“}zzo associated with the Dirac equation for a
particle is given by

j* = 9Ty,
and it is conserved
Oug" = 0.
In particular, the probability density
p=3" =9l =yP

has the desired property of being positive definite, eliminating one of the problems
of the Klein-Gordon equation.
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2. LOW REGULARITY WELL-POSEDNESS OF THE DKG SYSTEM
We complement the DKG system (0.1) with initial data
P(0,2) =vo(z),  ¢0,2) =¢o(z), 9P(0,2) = ¢1(x), (2.1)
which have the regularity
(Y0, G0, ¢1) € H* x H" x H" ™
for s,r € R. Here H®* = H*(R™) is the standard Sobolev space with norm

1l = |@*F )|,

)
3

where f(€) denotes the Fourier transform of f(x) and (-) = \/1+ | - [2. We denote
by H* the corresponding homogeneous Sobolev space with norm

1 e = |61 F(©)]

-
Lg

Our main interest concerning well-posedness of the Cauchy problem (0.1), (2.1)
is to minimize the regularity assumption on the data (i.e., minimizing s and r)
necessary to ensure well-posedness. In particular, we will be concerned with Local
well-posedness of DKG in 3d, and both local and global well-posedness of DKG in
1d, given low regular initial data.

An important concept for the local existence problem is the critical exponent,
which gives an idea about the minimal regularity of data required to ensure well-
posedness. This is the unique exponent such that the homogeneous data space

Hx H x H™!

is invariant under the natural scaling of equation (0.1). For the non-massive case,
M = m = 0, the DKG system (0.1) in n space dimensions is invariant under the
scaling

Ua(t, @) == N2 (M, Ax),  dalt,z) := Ap (A, Ax) .

The scale invariant data space is therefore
(o, o, p1) € H=3/2 5 gn=2/2 5 g(n=4)/2,

and hence the critical Sobolev exponents are (s.,7.) = ((n — 3)/2,(n —2)/2). In
particular, the critical Sobolev exponents for DKG in 3d and 1d are (s.,r.) =
(0,1/2) and (s¢,re) = (—1,—1/2), respectively. Heuristically, one cannot expect
well-posedness below this regularity.

3. LOCAL WELL-POSEDNESS OF THE DKG SYSTEM IN 3D

In 3d, one can prove using energy estimates and Sobolev embeddings that DKG
is locally well-posed for data

(w0a¢07¢1) S I{1+‘S X }13/2%?‘S X H1/2+5

for any £ > 0. Bachelot [1] proved that the e can be removed. By using Strichartz
type estimates for the homogeneous wave equations one can prove local well-
posedness for data

(o, o, 1) € HY?He x H' x H®
(see [25], [7]).
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Bournaveas [7] proved local well-posedness in the energy class, i.e., for data
(Yo, do, ¢1) € HY? x H' x L2

His proof relies on a null structure he discovered in the Dirac part of the system;
the quadratic nonlinearity in the Klein-Gordon part of the system, i.e., T~%, was
already known to be a null form (see [19], [2]). In order to take best advantage of
the null structure in the system one should work in spaces of Bourgain-Klainerman-
Machedon type, while this was not the case in [7]. Later, using these type of spaces,
Fang and Grillakis [16] proved local well-posedness for data in

(0, Po, 1) € H® x H' x L.

for all 1/4 < s < 1/2, improving the result in [7].

The Dirac-part null structure found by Bournaveas has the drawback that it
involves squaring the Dirac equation, which seems to creat difficulties at very low
regularity. Later, P. d’Ancona, D. Foschi and S. Selberg [13] proved, using a duality
argument, that the null form ~%) occurs not only in the KleinGordon part, but
in fact also in the Dirac part of the system. Consequently, they proved [13] local
well-posedness for data

(Yo, b0, ¢1) € H® x HY? x H~/2,

which is arbitrarily close to the minimal regularity predicted by the scaling (¢ = 0).
Recently, the author proved, as part of his present thesis, local well-posedness
for data

(¢07¢07¢1) € H° x H" x Hril

with (s,7) in the region

>0 Lo Ly s ) <r<min(lias1+

S max |-+ —-,- 4+ —,s r < min [ = S S
) 2 37 3 3 ) 2 9 9

and moreover, (s,7) such that r =1+ sif s > 1/2 and r = s if s > 1 are allowed.
This result contains and extends the earlier known results for the same problem.
The proof relies on the complete null structure in the system and interpolation
of bilinear estimates of the wave equation in Bourgain-Klainerman-Machedon type
spaces.

4. LOCAL WELL-POSEDNESS OF THE DKG SYSTEM IN 1D

The one dimensional DKG is first studied by Chadam and Glassey in [8] and [9]
where they proved global well-posedness for data

(Yo, Po, 1) € H' x H' x L.

This result was improved by Bournaveas [5] (see also Fang [14]) who proved global
well-posedness for data

(o, o, ¢1) € L* x H' x L?.
Local well-posedness was shown by Fang [15] for data
(0, G0, ¢1) € H* x H" x H"™*

with (s,7) in the region

1
§<7‘§1+28.
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Bournaveas and Gibbeson [6] proved global well-posedness for data
(¢0a¢07¢1) S L2 x H" x _[.‘IT_1

with 1/4 < r < 1/2. The proof of local existence in [5], [14], [15] and [6] relies on
a null form estimate of Klainerman and Machedon type for solutions of the wave
equation which is adapted to the setting of the Dirac equation.

Machihara [22] and Pecher [23], who worked independently of each other, proved
local well posedness for data

(to, o, 1) € H® x H" x H' ™!
with (s,7) in the region
—1/4<s<0, 2s|<r<1+42s

in Machihara’s case, whereas
1
s>—7 r>0, [s|sr<l+4s, 7<1+42s

in Pecher’s result. Recently, S. Selberg and the present author [28] proved local
well posedness for data

(Yo, b0, 1) € H* x H" x H™ ™!
with (s,7) in the region

5>fi, r>0, |s|]<r<1+s,

relaxing the condition r < 1 + 2s imposed in Pecher’s result. The result was also
shown to be optimal if one works within the frame work of Bourgain-Klainerman-
Machedon Fourier restriction norm method. This result [28] is included in the
present thesis.

The results in [23] and [28] relies on the null structure that occurs in the quadratic
nonlinearity in the Dirac part of the system, obtained by d’Ancona, Foschi and
Selberg in [13]. More recently, Pecher [24] proved local well posedness for data

(¢0)¢0a¢1) S 1;5\47 X ﬁa? X I{/T-—T,p
with (s,r,p) in the region

1 1 2
s>—-+—, r>-—1, 1<p<2, |[s|]<r<1+s,
2 2p p

generalizing the results for p = 2 by Selberg and Tesfahun. Here Hs» is a Sobolev
space with norm

1l = |[(€°F©))

p/ b
L

where 1/p+1/p = 1.
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5. GLOBAL WELL-POSEDNESS OF THE DKG SYSTEM IN 1D

As indicated in the preceding section global well-posedness of DKG was first
studied by Chadam [8] and Glassey [9]. Using the conservation of charge Bour-
naveas [5], Fang [14], and Bournaveas and Gibbeson [6] (in increasing order of
improvements) able to lower the regularity requirements on the initial data which
ensure global-in-time solutions (see the preceding section for the results). Later,
Machihara [22] and Pecher [23] improved the earlier results by proving global well-
posedness for data

(o, b0, ¢1) € L x H" x H™™!

with 0 < r < 1; again, the conservation of charge is used in their proof.
Recently, using the method of Bourgain (see [4]), Selberg [27] proved global
well-posedness for data

(Yo, o, ¢1) € H® x H" x H™!

with (s,7) in the region
1
—§<S<O, —s5+vs2—s<r<1l+s.

In this result the regularity of data needed for the spinor is below the charge norm,
i.e., below L? norm, which greatly improved the earlier known results. More re-
cently, using the theory of “almost conservation law” and “I-method” introduced by
Colliander, Keel, Staffilani, Takaoka and Tao (see [10, 11, 12]), the present author
proved global well-posedness for data

(Yo, o, ¢1) € H® x H" x H™™!

with (s,7) in the region
1
—§<s<07 s+vsZ2—s<r<1l+s,

improving Selberg’s result. This result is part of the present thesis.

In what follows we briefly explain, using the cubic wave equation in 3d as an ex-
ample, the ideas behind Bourgain’s method and the theory of “almost conservation
law” and “I-method” for proving global well-posedness of nonlinear wave equation
for rough initial data (i.e., data with regularity below the conserved norm of the
equation). In general, these methods apply to dispersive and wave equations, and
the main steps in the application of these methods are the same.

Example 1. Consider the cubic wave equation in 3d
Ou = u?, (5.1)
with data
u(0) = uo, Ou(0) = uy. (5.2)
It is known [20] that (5.1) is locally well-posed for all data (ug,u;) € H® x H*!

with s > 1/2.
The cubic wave equation (5.1) enjoys the conservation of energy

1 1
E(u(t) = 5 /R Vul? + 10;ul® + Su* do = E(uo).

This implies
[ult]]| 1 < CE(uo)'/?, (5.3)
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where we used the notation

wlt]ll e = Nu(®ll o + 0eu(®)]] o -
Combining (5.3) with the local well-posedness theory we immediately have global
well-posedness of (5.1) for all data (ug,u;) € H' N L* x L?. We are interested
on the question of global well-posedness of (5.1) for data whose norm is below the
energy norm, i.e., s < 1. This is a difficult question since conservation of energy is
unavailable for s < 1. To resolve such problems one can use the method of Bourgain
or the theory of “almost conservation law” and “I-method”.

5.1. The method of Bourgain. We briefly follow the proof by Kenig, Ponce and
Vega [18] who showed that (5.1) is global well-posedness for all data (ug,u1) €
H*NL* x H*! with 3/4 < s < 1, which of course is below the energy class.

The basic idea here is to split the initial data into two parts corresponding to
low and high frequencies, and then treat their evolution separately at each time
step of iteration of the local result. For the Cauchy problem (5.1), (5.2) we assume
that ug € H® N L* where s < 1 (for simplicity we set u1 = 0). We split

u = f+y,
where
J?(f) = X\g\gNﬂB(f)a g(&) = (1 - X|£|§N) 175(5)7
for a characteristic function y, and a large parameter N > 1 to be chosen later.
One can immediately observe that the low frequency part, f, is smoother, but has

a large norm:

11l S N2 (5.4)

~

(note also that || f|| ;4 < |Juollpa ~ 1 < NY2(=9)) while the high frequency part, g,
clearly is no more regular than wug, but its lower order norms are small:

lgll o S NF for a <s.

Let u; be the evolution of the low frequency part f under equation (5.1), and wy,
be the evolution of the high frequency part g under the difference equation

Oup, = 3upui + 3uju + uj. (5.5)
Then we can write

un(t) = up (t) + Un(t),

where u) is the homogenous part of up, and U, = O~ (3upuf + 3uiu, + u3) is the
inhomogeneous part of uy,. Clearly, u = u; 4+ uy,. Since f € H' N L* we conclude
by the conservation of energy that u; exists globally in time. On the other hand,
by local existence theory there exists AT = AT (||uol| gsnza) > 0 and a solution uy,

o (5.5) for all 0 <t < AT.
Moreover, due to a nonlinear smoothing effect one has

Un(t) e H'NL* for 0 <t < AT.
In particular, for 0 <t < AT,
ULt 72 S N77 for some o = o(s) > 0. (5.6)

A key observation is that since the inhomogeneous part, Uy, € H' N L*, at the
end of the time interval of existence (i.e., AT), Uy can be added to the evolution
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of the low-frequency data, and the whole process can be iterated. Thus, we start
with new Cauchy problems

U (AT) = w(AT) + Uy (AT) € H' N L*, (5.7)
Oy (AT) = 0wy (AT) + 0,U,(AT) € L2,
and
Oy, = 3unt; + 3t + iy,
in(AT) = up(AT) € H*, (5.8)
Byitn (AT) = Byun(AT) € H* 1.

Fix arbitrary time 0 < T" < oo. We shall divide this interval into subintervals
of length AT, and show well-posedness on each subinterval successively (we have
already shown this on the first subinterval [0, AT]). Let M = T /AT be the number
of subintervals. Now, observe from (5.6) and (5.7) that at the first step of the
iteration a quantity of energy about N~27(*) is added (this is considered as an
error).

To show well-posedness of (5.1), (5.2) on the entire interval [0, T], we have to
control the total added energy after M iterations which is ~ MN~27(5) by the
initial energy which is ~ N2(1=*) Thus, we must have

MN—?U(S) _ T(AT)—IN—2<7(5) 5 N2(1—s)'

Then the range of s where global well-posedness holds can be computed from this
inequality using the explicit formula for AT (which depends on N) and o(s), which
we do not discuss here.

5.2. The I-method and almost conservation law. We consider (5.1) for data
in a slightly different spaces, (ug,u1) € H® x H*~. The basic idea here is to apply
a smoothing operator I of order 1 —s to (5.1), (5.2), and then replace the conserved
quantity F(u), which is no longer available for s < 1, with a smoothed out variant
E(Iu). However, E(Iu) is not conserved either since Iu is not a solution anymore,
but one hopes that some cancellation will still occur so that the increment (error)
of E(Iu) can be proved to be small. This is indeed the case for certain values of
s < 1, and one obtains in this way global well-posedness below H'. For the sake of
simplicity we set u; = 0.
The smoothing operator [ is defined, for s < 1 and N > 1, by

_ . 1, €] <N,
If(&) =m(Qf(€),  m(§) = {(IgNl)l € > 2N, (5.9)
where m is smooth and monotone. It can be seen that
[woll o S a0l g S N2 Jluoll . - (5.10)

Another ingredient in the proof of global well-posedness of the Cauchy problem
is a modified local well-posedness theorem for the I-system

Olu = I(u?), (5.11)

with data
Tu(0) = Tug € H',  0:Iu(0) = 0. (5.12)
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One can show that this I-Cauchy problem is locally well-posed with time of exis-
tence, say AT = AT(|[Tug|| 1), such that the solution satisfies the property

lultlll g1 S E(fug) forall 0 <t < AT. (5.13)

The next crucial step is to use (5.10), (5.13) and some kind of cancellation
property in E(Iu) to prove the almost conservation energy

E(Iu(t)) = E(ITug) + O(N~?) for all 0 <t < AT, (5.14)

for some 3 = 3(s) > 0.

As in the preceding subsection, let M = T'/AT be the number of subintervals.
Global well-posedness of (5.1), (5.2) will follow if we show well-posedness on [0, T'].

Observe from (5.14) that at the first step of iteration, i.e., for the solution on
the subinterval [0, AT] an increment energy of size O(N~?) is added to the initial
energy. Therefore, to reach the final time T' by iteration, we have to control the
total added energy after M iteration which is ~ MN=P() by the energy of the
initial data which is E(Iug) ~ N2(1=%); Thus, we must have

MN—B6) — T<AT)—1N—5(S) < N2(-s)

Then the range of s where global well-posedness holds can be computed from this
inequality using the explicit formula for AT (which depends on N) and 3(s).

Recently, using the I-method and almost conservation laws, T. Roy [26] proved
the Cauchy problem (5.1), (5.2) to be global well-posedness for data (ug,u1) €
H* x H*~! with 13/18 < s < 1, which is below the energy class.

6. SUMMARY OF PAPERS

The following papers are part of the present thesis.

6.1. Paper I: Low regularity and local well-posedness for the 14+3 dimen-
sional Dirac-Klein-Gordon system. In this paper we consider the DKG system
(0.3) in 3d with Dirac matrices given by (0.4). Then given the initial data (2.1)
with regularity

(%0, b0, ¢1) € H* x H" x H'™}
with (s,7) in the region
s> 0, max<1+,1—|—2875> <r<min<1+28,1+s>.
2 33 3 2
we prove that there exists a time 7" > 0 and a solution of (0.3),
(¥, ¢) € C([0,T),H®) x C([0,T],H")nC* ([0,T],H" "),

which depends continuously on the data, and moreover, the solution is unique in
some subspace of

C([0,T],H®) x C ([0, T, H )nC* ([0,T],H ).

Further more, (s,7) such that r =1+ s if s > 1/2 and r = s if s > 1, are allowed.
Our proof relies on the null structure in the system, and bilinear spacetime
estimates of Klainerman-Machedon type.
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6.2. Paper II: Low regularity well-posedness for one dimensional Dirac-
Klein-Gordon system. In this paper we consider the DKG system (0.3) in 1d
with the Dirac matrices given by (0.6). Then given the initial data (2.1) with
regularity

(Y0, %0, ¢1) € H® x H" x H' !,

with (s,7) in the region
1
S>—Z, r>0, |s|<r<1+4s,

we prove that there exists a time 7' > 0 and a solution of (0.3),
(¥, ¢) € C([0,T],H®) x C([0,T],H")nC* ([0,T],H" "),

which depends continuously on the data, and moreover, the solution is unique in
some subspace of

C([0,T],H®) x C([0,T),H")nC* ([0,T],H" ).

Furthermore, we show that our result is best possible up to endpoint cases, if one
works in Bourgain-Klainerman-Machedon spaces.

Our proof relies on the null structure in the system, and bilinear spacetime
estimates of Klainerman-Machedon type.

6.3. Paper III: Global well-posedness of the 1D Dirac-Klein-Gordon sys-
tem in Sobolev spaces of negative index. In this paper we consider the DKG
system (0.1) in 1d with Dirac matrices given by (0.5). Then given the initial data
(2.1) with regularity

(¢07¢07¢1) € H® x H" x HT_l

with (s,7) in the region
1
—§<s<0, s+vs2—s<r<l1l+s,

we prove that there exists a global-in-time solution of (0.1)
(.) € C([0,00), H*) x C([0,00), H") N C* ([0,00), H™™') ,

which depends continuously on the data, and moreover, the solution is unique in
some subspace of

C ([0,00), H*) x C ([0,00), H") N C" ([0,00), H" ") .

The main ingredient in our proof is the theory of almost conservation law and
I-method introduced by Colliander, Keel, Staffilani, Takaoka and Tao. Our proof
also relies on the null structure in the system, and bilinear spacetime estimates of
Klainerman-Machedon type.
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LOW REGULARITY AND LOCAL WELL-POSEDNESS FOR THE
14+3 DIMENSIONAL DIRAC-KLEIN-GORDON SYSTEM

ACHENEF TESFAHUN

ABSTRACT. We prove that the Cauchy problem for the Dirac-Klein-Gordon
system of equations in 1+3 dimensions is locally well-posed in a range of
Sobolev spaces for the Dirac spinor and the meson field. The result con-
tains and extends the earlier known results for the same problem. Our proof
relies on the null structure in the system, and bilinear spacetime estimates of
Klainerman-Machedon type.

1. INTRODUCTION
We consider the Dirac-Klein-Gordon system (DKG) in three space dimensions,
(Dt + - Dy)p = =MBy + B¢, (D = —idy, Dy = —iV) (11)
D¢ =m*—(3Y,9), (O=-0;+4)

with initial data
¢’t20 = ,(/)0 € H57 ¢|t:0 = ¢0 S HT7 8t¢‘t:0 = (bl S HT_l) (12)

where v (t, ) is the Dirac spinor, regarded as a column vector in C*, and ¢(t, )
is the meson field which is real-valued; both the Dirac spinor and the meson field
are defined for t € R, z € R%* M,m > 0 are constants; V = (s, 0z,,0u,);
(u,v) := (u,v)ca = viu for column vectors u,v € C*, where v' is the complex
conjugate transpose of v; H® = (14 +/—A)7*L?(R?) is the standard Sobolev space
of order s. The Dirac matrices are given in 2 x 2 block form by

(I 0 i (0 oI
=0 5) (0 0)
0 1 0 —i 1 0
1 2 _ 3 _
S () ER el V) R )
are the Pauli matrices. The Dirac matrices o, 3 satisfy

Br=p, ()=o), B=() =1 of+pal =0 (13)

where
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For the DKG system there are many conserved quantities which are not positive
definite, such as the energy, see [11]. However, there is a known positive conserved
quantity, namely the charge, [|7(t,.)||;,2 = const. To study questions of global
regularity, a natural strategy is to study local (in time) well-posedness (LWP) for
low regularity data, and then try to exploit the conserved quantities of the system.
See, e.g., the global result of Chadam [8] for 14+1 dimensional DKG system. The
LWP results for DKG in 1+3 dimensions are summarized in Table 1

For DKG in 143 dimensions the scale invariant data is (see [1])

(o, o, 1) € L? x HY? x H=1/2,

where H® = (vV/—A)~*L?. Heuristically, one cannot expect well-posedness below
this regularity. This scaling also suggests that » = 1/2+ s is the line where equation
(1.1) is LWP. Concerning LWP of the DKG system in 143 dimensions, the best
result to date is due to P. d’Ancona, D. Foschi and S. Selberg in [1] for data

vo € HY, o € H'PTE, gy € U,

where € > 0 is arbitrary. This result is arbitrarily close to the minimal regularity
predicted by the scaling (¢ = 0). The key achievement in this result is that a null
structure occurs not only in the Klein-Gordon part (in the nonlinearity (5, 1))
which was known to be a null form (see [1] for references)), but also in the Dirac
part (in the nonlinearity ¢3t) of the system, which they discover using a duality
argument. This requires first to diagonalize the system by using the eigenspace
projections of the Dirac operator. The same authors used their result on the null
structure in ¢B1 to prove LWP below the charge norm of the DKG system in 142
dimensions (see [2]).

In the present paper we study the LWP of the DKG system in 143 dimensions.
We prove that (1.1)—(1.2) is LWP for (s,7) in the convex region shown in Figure 1,
extending to the right, which contains the union of all the results shown in Table
1 as a proper subset. In our proof, we take advantage of the null structure in the
nonlinearity ¢ found in [1] besides the null structure in the nonlinearity (81, 1),
and some bilinear spacetime estimates.

We now describe our main result.

Theorem 1.1. Suppose (s,r) € R? belongs to the convex region described by (see
Figure 1) the region
1 1 2 1
s> 0, max(i—&-%,g—i—;,s) <r<min(§+25,1—|—s).
Then the DKG system (1.1) is LWP for data (1.2). Moreover, we can allowr = 1+s
if s>1/2, andr =sif s> 1.

If A,B,C,D are points in the (s,r)-plane, the symbol AB represents a line
from A to B, ABC represents a triangle and ABCD a quadrilateral, all of them
excluding the boundaries. We use the following notation for different regions in

Figure 1:
Ry := ACDUAD,

R2 = ABD,
Rs:=DUFUCDUDFUFEUCDFE, (1.4)
R, := GUBGUGF UBDGF,

R:=BDUU,_,R;.
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3/2

1/2 1

FIGURE 1. LWP holds in the interior of the shaded region, ex-
tending to the right. Moreover, we can allow the line r = 1+ s
for s > 1/2, and the line r = s for s > 1. The line r = 1/2 4+ s
represents the regularity predicted by the scaling.

This paper is organized as follows. In the next section we fix some notation,
state definitions and basic estimates. In addition, we shall rewrite the system (1.1)
by splitting ¥ as the sum Py (D, )¢ + P_(D,)v, where P (D,,) are the projections
onto the eigenspaces of the matrix a.D,. We also state the reduction of Theorem
1.1 to two X bilinear estimates. In Section 3 we review the crucial null structure
of the bilinear forms involved, and we discuss product estimates for wave-Sobolev
spaces H*?. In Section 4 we interpolate between the product estimates from Section
3 to get a wider range of estimates. In Sections 5 and 6 we apply the estimates
from Sections 3 and 4 to prove the bilinear estimates from Section 2. In Section 7
we prove that these bilinear estimates are optimal up to some endpoint cases, by
constructing counterexamples.

For simplicity we set M = m = 0 in the rest of the paper, but the discussion can
easily be modified to handle the massive case as well.

2. NOTATION AND PRELIMINARIES

In estimates, we use the symbols <, ~ 2 to denote relations <, =, > up to

~

a positive constant which may depend on s and r. Also, if K1 < Ky < K; we
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TABLE 1. LWP exponents for (1.1), (1.2). That is, if the data
(1o, ¢o, ¢1) € H® x H" x H™=1, then there exists a time 7' > 0 and
a solution of (1.1), (¢(t), ¢(t)) € C([0,T], H?)xC(]0,T], H") which
depends continuously on the data. The solution is also unique in
some subspace of C([0,T], H*)xC([0,T],H"). Here ¢ > 0 is an
arbitrary parameter.

Reference s T
classical methods 1+¢ 3/2+¢
Bachelot [3], 1984 1 3/2
Strichartz estimate [7, 15], 1993 1/2+¢ 1+e¢
Beals and Bezard [4], 1996 1 2
Bournaveas [7], 1999 1/2 1
Fang and Grillakis [9], 2005 (1/4,1/2] 1
D’Ancona, Foschi and Selberg [1], 2005 € 1/2+¢

will write K7 ~ Ks. If in the inequality < the multiplicative constant is much
smaller than 1 then we use the symbol <; similarly, if in 2 the constant is much
greater than 1 then we use . Throughout we use the notation (:-) =1+ |-|. The
characteristic function of a set A is denoted by 14. For a € R, a® := a % € for
sufficiently small € > 0. The Fourier transforms in space and space-time are defined
by

~

fo = [ e r@n, wn = [ e Oulta) dede
Then Dyu = Tu, and Dyu = &u. If ¢ : R? — C, we define the multiplier ¢(D) by
S(D)F(&) = 6(©)F(&).

If XY, Z are normed function spaces, we use the notation X -Y — Z to mean that

Juv]ly < lullx llvlly -
In the study of non-linear wave equations it is standard that the following spaces
of Bourgain-Klainerman-Machedon type are used. For a,b € R, define Xi’b, Hab
to be the completions of S(R'*3) with respect to the norms

lull oo = [[(€)*( £ [€])*u(, ) ||L2 ;
H,U’HH“b - || ‘T| |§| T 5 HL2 ’
We also need the restrictions to a time slab Sy = (0,7) x R3, since we study local

in time solutions. The restriction Xi’b(ST) is a Banach space with norm

a, = inf |G| e -

Iull xzsyy = 5 inf Wilgs
The restrictions H*?(Sr) is defined in the same way. We now collect some facts
about these spaces which will be needed in the later sections. It is well known that
the following interpolation property holds:

(H™0 Hoo) ) = H, (2.1)
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where 0 < 0 <1, 5 = (1 —60)so +0s1, « = (1 = 0)ag + 0oy and (.,.)jg is the in-
termediate space with respect to the interpolation pair (.,.). It immediately follows
from a general bilinear complex interpolation for Banach spaces (see for example
[6]) that if

H 0,0 . Hboﬁo s H—Co,—’yo’

Ha1at . Hblﬁl s H—Cl,—’h’
then

H»e . Hb,ﬁ — ch,f'y’
where 0 < 0 < 1,a = (1—60)ag + 0ay, b = (1 —0)by + 0by, ¢ = (1 — )¢y + Ocy,
o = (1- 0)ag +0ay, B = (1—0) + 68, and v = (1— )y + 671,
We shall also need the fact that
XE(Sr) — H**(Sr) — C([0,T],H*) provided b > 1/2, (2.2)

X§P — HY® for all b > 0. (2.3)

The embedding (2.2) is equivalent to the estimate
[u@llga < Crllullgasisyy < Collullxar(s,)

for all 0 < ¢ < T and Cy,Cs > 1. In the first inequality, C; will depend on b (see
[1] for the proof), and the second inequality follows from the fact that (7| — |£]) <
(t £1£]) (hence Cy = 1), which also implies (2.3).

Following [1], we diagonalize the system by defining the projections

Pi() = 51+ a),

where £ = £/|¢]. Then the spinor field splits into ¢ = 14 + ¢_, where ¢y =
Py(D,)y. Now applying Py(D,) to the Dirac equation in (1.1), and using the
identities

a- Dy =|Dy|Pr(Dy) — |Dg|P-(Dy),

P?(D,) = P+(D,) and Py(D,)P+(D,) =0, (24)
we obtain
(Dt + |D1D¢+ = P+(Dz)(¢6w)7
(Dt = |De )y = P_(D.)(¢B), (2.5)

O¢ = —(BY,¥),
which is the system we shall study.
We iterate in the spaces
Uy € X77(Sr), - € X27(Sr),  (9,0:0) € H™P x H" 1P (Sr),
where

1
—<o,p<l
9 S0P

will be chosen depending on r,s. By a standard argument (see [1] for details)
Theorem 1.1 then reduces to

1P (Da) (@8 Py (D)) scgro-rve S N6lzrr 191 (2:6)
(8P4 (D), Pr(Do)")| yovp1ve S I10llxoo W'Hx;ff ; (2.7)

[£]
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for all ¢,1,v" € S(R'3), where 4 and [+] denote independent signs, and ¢ > 0 is
sufficiently small.
But in [1], it was shown that (2.6) is equivalent, by duality, to an estimate similar
to (2.7), namely
(8P (D), P (D)) vy S M1l xceye 191 2o < (2.6")

]
for all 1,9’ € S(R'*3). Note that in this formulation, the bilinear null form
(BP11(Dy), P+(Dg)Y"), appears again. Thus, Theorem 1.1 has been reduced
to proving (2.6") and (2.7). We shall prove the following theorem, which implies
Theorem 1.1.

Theorem 2.1. Suppose

1 s 2s 1
s >0, max(2+3,3+3,s)<7“<m1n(2+25,1—|—s). (2.8)
Then there exist 1/2 < p,o < 1 and € > 0 such that (2.6") and (2.7) hold simul-
taneously for all ,+' € S(RYT3). Moreover, in addition to (2.8) we can allow
r=14+sifs>1/2, and r = s if s > 1. The parameters p,o can be chosen as

follows:

p=1/2+e¢, (2.9)
1/2+s/3 if (s,r) € Ry,
1/2+s if (s,r) € Ra,
> 5/6 —s/3+¢ z.f(s,r)eRg, (2.10)
3/2 — s+ 4e if (s,r) € Ry,
1—¢ if (s,r) € BD,
any number in (1/2,1)  otherwise,

with € > 0 sufficiently small depending on s,r (see (1.4) to locate (s,r) in the case

of (2.10)).
3. NULL STRUCTURE AND A PRODUCT LAW FOR WAVE SOBOLEV SPACES

Let us first discuss the null structure in (8P4+)(Dz)v, P+(D;)y"). The discussion
here follows [1]. Taking the spacetime Fourier transform on this bilinear form we
get

[<6P[:t] (Dz)'l/}a Py (Dm)d/ﬂ N(Ta 5)

= [ (P TOn). Pel - OF 0= o - ) dra,

where we have (A — 7,17 — &) as an argument of 1/;’ instead of (7 — \, £ —n) because
of the complex conjugation in the inner product. Since Pi(n — &)f = PL(n — &),
and Py (n—§)p = BPx(n — &), we obtain

(BPa(mv (A m), Pe(n —EY' (A —7,m1 =€)

= (Px(n = )BPy(mv (A n), ' (A = 7.0 =)

o o

= (BPx(n = P (my (A n), v’ (A =71, —=§)).

The matrix BPx(n — §)P+1(n) is the symbol of the bilinear operator (v,v')
(BP4)(Dg)th, PL(Dy)y"). By orthogonality, P+(n — &)Pr4(n) vanishes when the
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vectors [£]n and +(n — &) line up in the same direction. The following lemma,
proved in [1], quantifies this cancellation. We shall use the notation £(n, () for the
angle between vectors 1, € R3.

Lemma 3.1. BPy (1 — &) P (n) = O (L([£]n, £(n — ©))).

As a result of this lemma, we get

|(BP) (D), P (D) (r,€)] < /R L O 2O mI[67O = 7 = )] dXd,
(3.1)

where 64+ = £([£]n, £(n - €)).

The strategy for proving Theorem 2.1 is to make use of this null form estimate,
(3.1), and reduce (2.6") and (2.7) to some well-known bilinear spacetime estimates
of Klainerman-Machedon type for products of free waves. We now discuss some
product laws for the wave Sobolev spaces H*“ in the following theorems.

Theorem 3.2. Let d > 1/2. Then
HY H — 12, (3.2)
provided that a,b >0, and a +b > 1.

Proof. By the same proof as in Corollary 3.3 in [5], but using the dyadic estimates
in Theorem 12.1 in [10], we have, for any ¢ > 0,

||UUHL2(R1+3> S HUOHHHE(RB) HUOHL?(RS) :

It follows by the transfer principle (see [1], Lemma 4) that

HlJrEA,d . HO,d PN L2.
Now, interpolation between

H1+E,d . HO,d MR L2

HO,d . H1+E’d MR L2
gives

H(1+E)(1—9),d . H(1+8)07d s L2
for 0 € [0, 1]. If there exists 6 € [0, 1] such that a > (1+¢)(1-0) (& 0 > 1—a/(1+¢))
and b> (1+¢)0 (& 0 <b/(1+¢)), then we have
Ha,d . Hb,d PN L2.

If a,b > 0 and a+b > 1, then such 6 € [0, 1] exists, if we choose £ > 0 small enough.
This proves Theorem 3.2. O

Theorem 3.3 ([10, 13, 14]). Let s1, 52,53 € R. For free waves u(t) = eF®P=ly,
and v(t) = ety (where + and [+] are independent signs), we have the esti-
mate

11D () [ 2 gavsy < ol grer o]l g7 (33)
if and only if
1+ 852+ 83 =1, 81+82>1/2, S1,82 < 1. (34)

As an application of Theorems 3.2 and 3.3 we have the following result.
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Theorem 3.4. Suppose s1, 2,53 €ER and d > 1/2. Then
Hovd . foot ey fpss0 (3.5)
provided s1, S2, 83 satisfy
S1+s2+s3=1, s1+82>1/2,
$1+58320, s2+s320, (3.6)
S1,82 < 1,

or
s1+s2+s3>1, s1+82>1/2,

3.7
s1+832>0, s2+s832>0. (8.7)

Proof. First, let us prove (3.5) for s, s9,s3 € R satisfying (3.6). By Theorem 3.3
and the transfer principle (see [1], Lemma 4), we obtain
Ss1+ 82+ 53 =1,
514, fs2d  fF—s30 i 51+ 82 > 1/2, (38)
51, 52,53 > 07 81,82 < 1.
Note that in view of (3.6) at most one of s1, s2, s3 can be < 0. But by the triangle

inequality in Fourier space (i.e., Leibniz rule), we can always reduce the problem
to the case s1, s2, 83 > 0. Indeed, if s3 < 0, then (3.5) reduces to

H31+S3,b . HSQ,d SN L2 and Hsl,d . H52+837d SN L2.

In view of (3.8) these estimates hold for s, s2, s3 satisfying (3.6). If s; < 0, then
(3.5) reduces to

HOA . gsits2d =30 g HOA. gs2d o H*(S1+ss),0’

and again by (3.8) these hold for si,se,ss satisfying (3.6). The case so < 0 is
symmetrical to that of s; < 0.

It remains to show (3.5) for sy, so, s3 satisfying (3.7). Write s1 +s2+s3=1+¢
where € > 0. We consider three cases: s3 <0, 0 < s3 < 1/2 and s3 > 1/2.
Case 1: s3 < 0. In this case (using s3 = 1+ — 51 — s2), (3.5) reduces to

Hl—‘rE—SQ,d . HSQ,d FN L2 and Hsl,d . Hl—‘rs—sl,d N L2
which hold by Theorem 3.2 (since s1,s2 > 0, by (3.7) and the assumption s3 < 0).
Case 2: 0 < s3 < 1/2. Here we consider three subcases: s; < 0, so < 0 and
s1,82 > 0. By symmetry it suffices to consider s; < 0 and s1,s2 > 0. Assume
s1 < 0; then (using s; =1+ — s3 — s3) (3.5) reduces to
HO,d . H1+efs3,d PN H*S3,0 (39)

HO,d . Hl-‘ra—sl—Sg,d N H—(81+83),0. (310)

Since (3.6) implies (3.5), we have
FOd . pgl/2+ed  pp—(1/2—-),0  p—1/2,0
Interpolating between this and
HO,d . Hl—i—s,d M L2

with 6 = 2s3, gives (3.9) (note that 6 € (0,1) by the assumption on sg). The same
interpolation, but now with 8 = 2(s; + s3) (6 € [0, 1] by the assumption on s; and
s3), gives (3.10).
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Assume next s1,s9 > 0. Choose 0 < 8] < s1, 0 < 85 < 89 such that s},s5 <1
and s} +s5+s3 = 1. Indeed, we can choose such s} and s} as follows: If so+s5 < 1,
take 8] :=1— (s2+ s3) € [0,1) and s} := 59 € [0,1). If s5 + s3 > 1, take s} := 0
and s5 :=1—s3 € (1/2,1). Then the problem reduces to

Hs'l,d . Hsé,d PN H_S3’O,
which holds since (3.6) implies (3.5).
Case 3: s3 > 1/2. Take s5 = 1/2—4, where ¢ > 0 is chosen such that s;+s2+s5 > 1
(this is possible due to the assumption s; + s3 > 1/2 in (3.5)). Then
H—sg,O PN H—Sg,O)

so the problem reduces to case 2 for s1, s and s5. O
We also need the following product law for the Wave Sobolev spaces.
Theorem 3.5 ([16]). Let t1,t2,t5 € R. Then
Hivd, frtesds o fr—ts,—ds (3.11)

provided
t1 +ito+ts > 3/2,

t1 +t22>20, ta+132>20, t1+13>0
dq +d2+d3>1/2,
dy,da,d3 > 0.

Moreover, we can allow t1 + to + t3 = 3/2, provided t; # 3/2 for 1 < j < 3.
Similarly, we may take di + da + d3z = 1/2, provided d; #1/2 for 1 < j <3.

(3.12)

Proof. In view of (3.12), at most one of ¢1,ts,t3 can be negative. But by the
same Leibniz rule as in the proof of Theorem 3.4 this can be reduced to the case

t1,ta,t3 > 0, which was proved in [16, Proposition 10]. O
Theorem 3.6. Let ¢ > 0. Then
H1/2+671/2+ ~H€71/2+ N H—1+6,1/2. (313)

Proof. The embedding (3.13) is equivalent to the estimate
IS lull o oy 1l L2 grvsy »
where
I H/ (7] = €D 2a, m)v(r — A€ —n) J
R (E)1<()V/2He(€ — )< = [n)1/2" (|7 — N[ — € —n)/2"

By the "hyperbolic’ Leibniz rule (see [12] lemma 3.2), we reduce this to three esti-
mates

)\dn‘

2
(7,8)

+
H1/2+€,0 . H5,1/2 SN I_I71+5,07
+
H1/2+s,1/2 'HE’O s }1*14*6707
and (using also transfer principle to one free wave estimate)

D=7 +<D> wo)l| 2 S (1Dl uo ] 2 [| D21 200 .,

~

where u = e*P=ly, and v = e*itlP=ly,, and the operator D_ corresponds to
the symbol ||7| — |¢]|. The first two estimates hold by Theorem 3.5, and the last
estimate holds by Theorem 1.1 in [10]. O
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4. INTERPOLATION RESULTS

By bilinear interpolation between special cases of Theorems 3.4 and 3.5, and at
one point Theorem 3.6, we obtain a series of estimates which will be useful in the
proof of Theorem 2.1. For a,b, c, o, 3,7 € R, and € > 0 sufficiently small, we obtain
the following estimates (the proof is given below):

>
H»> . 1{0,1/2+ M H*C,O if a, Ca.O‘ = 0, (41)
3min(a/2,a) + ¢ > 3/2.
H»> . 1'_[(),1/2Jr M H_C’O if a7.a > Oa c> 1/27 (42)
min(a, o) +¢/2 > 3/4.

a>1,a>0, 03,720,
H® - H% < o7 if  { a+ min(a, §) > 3/2, (4.3)
v + min(«, 8) > 1/2.

075207 aab>07

H»Y/2 g s B0 if Qatb=1, (4.4)
c+p>1/2
gLzt o o geeo g JP20¢>0 (4.5)
c+p>1/2.
a,b,a>0, c>1/2,
HY . HY/?" s =0 if  { min(a, o) + 2b/3 > 1/2, (4.6)
min(a, @) + 2¢ > 3/2.
b,3>0 >1/2
Ha,1/2+ 'Hb’ﬁ AN L2 if aﬁ = .7 a = / ) (47)
a + 2min(b, 3) > 3/2.
> >
Ha,1/2+ . HI/Z,B N L2 if ﬁ = 07 a =z 1/27 (48)
a+06>1.
> > —
]{(1,1/2Jr . Hs,ﬁ AN H—1+e,——y if aa.ﬂ = 07 Y2 1/23 (49)
min(a, 5) +v/2 > 1/4.
1{1/2,1/2Jr . Ho,ﬂ [N H—C,O if 6 2 07 c> 1/25 (410)
c+p3>1.

Proof of (4.1)—(4.10). The parameter £ > 0 is assumed to be sufficiently small. To
prove (4.1) we interpolate between

Hltel/2+e H0,1/2+ s 12
L2 -H0’1/2+ oy g—(3/2+€),0
This gives
g +e)(1-0),(1/2+e)(1-0) | [y0,1/2% | [7—(3/2+¢€)6,0

for & € [0,1]. Now, if there exists § € [0,1] such that a > (1 4+ €)(1 — 0)
(0>1-a/(14+¢), a>(1/24e)(1-0) (0>1-2a/(1+2¢)) and ¢ >
(3/2 + )0 (& 60 <2¢/(3+2¢)), then we have H®™ . HO1/2" «, H-0 But



EJDE-2007/162 DKG IN THREE SPACE DIMENSIONS 11

such a 6 € [0,1] exists if a,a,c > 0, 3a + 2¢ > 3 + 5e — 2¢(a + ¢) + 2¢% and
2¢ + 6a > 3+ 8 — 2¢(c + ) + 4€2. Since € > 0 is very small, it is enough to have
a,a, ¢ >0, 3a+ 2¢ > 3 and 2¢ 4 6« > 3. This proves (4.1). Interpolation between

[l/2te1/2+e H0,1/2+ s f—(1/2+¢),0
L2 . go1/2" o, (/2480
with a similar argument as above, proves (4.2).
To prove (4.3), we interpolate between
H1+5,1/2+6 . H0,1/2+€ MR L2
H3/2+E,E . L2 PN HO,—(l/Q—E).
This gives
F+)(1-0)+(3/2+)6,(1/2+¢) (1-0)+¢0 | (0,(1/2+¢)(1-0) , py0,~(1/2-)8
for 6 € [0,1]. If there exists § € [0,1] such that a > (1+¢)(1 — 0) + (3/2 + ¢)8,
a>(1/24e)(1—-0)+¢eb, 8> (1/2+¢)(1 —0) and v > (1/2 —€)6 , then we have
H» . HO,ﬁ s HO7,
By a similar argument as in the proof of (4.1), such a 8 € [0,1] exists if a > 1,
a>0,08y>0,a+a>3/2,a+0>3/2,a+~v>1/2and B+~ > 1/2. This

proves (4.3).
To prove (4.4), we interpolate between

Ha,l/z+ b /2te g2
Ha,l/2+ L0 < fr1/2,0

which both hold if a +b =1, a,b > 0, by Theorems 3.4 and 3.5, respectively. This
gives
Ha,1/2+ o (1/24e)(1-0) , [—0/2,0

for 6 € [0, 1]. If there exists 6 € [0,1] such that 8 > (1/2+¢)(1 —0) and ¢ > 0/2,
then we have
1—_11171/2Jr . Hb”B N H—C,Oy

for a+b =1, a,b > 0. By a similar argument as before such a 6 € [0, 1] exists if
B,c>0and ¢+ 4> 1/2.
For (4.5)—(4.10), similar arguments as in the proof of (4.1) are used, so we only
give the interpolation pairs, which give the desired estimate when interpolated.
For (4.5), we use

}11,1/2Jr .HO,1/2+€ s H*E,O’
H1,1/2Jr L2 s /20
For (4.6), we interpolate between
Hgl/2te/2+e Ho,1/24r N H—(1/2—5),07
2. H3/4,1/2+ o, g3/40
For (4.7), we interpolate between

H1/2,1/2+ CHY2.1/24e L2,
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H3/2+e,1/2+ L2 s 2
For (4.8), we interpolate between
H1/2,1/2+ Y21/ 24 12
H1,1/2+ CgY20 12
For (4.9), we interpolate between
1’{0,1/2Jr . HE’O AN H_(l_a)’_(1/2+5),
H1/2+5,1/2+ L2 H7(175),1/27

where the second embedding holds by Theorem 3.6. For (4.10), we interpolate
between

H1/2,1/2+ .H0,1/2+5 < H—(1/2-s-e),07
Hl/2,1/2+ L2 e, gLo

where the first embedding does not directly follow from Theorems 3.4 and 3.5, but
from interpolation between

H1/2+e,1/2+ L HO1/24e H’(I/Q’E)’O,
Ho,1/2+ CHO1/24e H7(3/2+5),07

which gives
H(1/2+5)(1—9),1/2+ L [jOL/24e , pp—(1/2—€)(1-0)—(3/2+¢€)0,0

for 6 € [0,1]. Choosing 6 = IJQF‘ZS gives the desired estimate. O

In the following two sections, we shall present the proof of the bilinear estimates
(2.6") and (2.7) for all ¢, € S(R**3) provided (r, s), p and o are as in (2.8), (2.9)
and (2.10) respectively. These will imply Theorem 2.1. First we prove (2.7), and
then (2.6’). Note that using (2.3) we can reduce X*° type estimates to H*? type
estimates, which we shall do in the following two sections.

5. PROOF OF (2.7)

Without loss of generality we take [+] = +. Assume 1,9’ € S(R!*3) . Using
(3.1), we can reduce (2.7) (write p =1/2+¢, as in (2.9)) to

IF S Wllxee 191 xzm
+ +

where
R
russ ()17 (7| — €)1/
and 04 = £(n,£(n — €)). The low frequency case, where min(|n[,|n — £]) < 1 in

I'*, follows from a similar argument as in [2], and hence we do not consider this
question here. From now on we assume that in I*,

InlIn— &l = 1. (5.1)

We shall use the following notation in order to make expressions manageable:

FOum) = ) O+ D7 m)l, GeOum) = () (A )14 (A, )],
L=|r[—[¢, ©=A+[n[, Zz=A-7x[np-¢,

GO O =7, = O dadn||
7€
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b =1¢ = |Inl—In—€ll, w—=Inl+In—¢ —I¢.

We shall need the estimates (see [1]):

62 ~ |§|K/+ 92 ~ (|77| + |77 - 5‘)’1* ~ K— ) 5.9
=g T T e~ mmn ey Y
R+ S 2m1n(|77|a |77 - f‘)7 (53)

kit < [T +16] + [S].
5.1. Estimate for I". By (5.2), and using (5.1)
rel / RO G (A =70~ §)
N fgass (1727 ()15 (y — €)1/2F5(1)1/2-22(B)7 (T )7
By (5.3) and (5.4)
kY < P22 minjn], Iy — €))% + O + |54/,

Moreover, by symmetry we may assume || > |n — | in IT. By (2.8), r > 1/2, so
we have by the triangle inequality

ST =T RS ()R (5.5)
Hence the estimate reduces to

I SNFl e Gl 5=1,2,3,

drd H .
s

where
I+ _ / F(Aﬂ?)G+(>\*Tﬂ7*§)
1 R1+3 <,,7>1—|-s—7"<,,7 _ £>1/2+s—25<@>a<2+> Liyg,
/ FAnGL(A=1,n-%) dAdnH
Ri+a (15— (n — £>1/2+S<F>1/2—26<@>0—1/2<2+>a’ L3,57
FAnG+(A—1,n—=¢)
I = ) 5 d\d ‘
g / YTy — €)1/2F (D172 (@) (T ye 172
5.1.1. Estimate for I f‘ . The problem reduces to
H1+sfr,o . Hs+1/2725,0' AN LZ7

. d/\dn‘

5
LT,E

which holds by Theorem 3.4 for all 1/2 < o < 1 provided the conditions
s>-=1/2 r<1/242s and r<1+s
are satisfied, which they are by (2.8), and provided also that ¢ > 0 is sufficiently

small, which is tacitly assumed in the following discussion.

5.1.2. Estimate for Ij. We assume that |T'| < min(|n|,|n — &|) = |n — &|, since
otherwise It reduces to I} in view of (5.3). Giving up the weight (©)~7+1/2 in
the integral, we get

I+< H/ F(Aan)G'i‘()\_T’n_g)
2 | Joss (g)irs—r(n — £)1/2Fs =32 (5 Yo ([)1/2+e

Then the problem reduces to

A dn’

, -
L2,

H1+s—r,0 . H1/2+s—35,0 PN HO,—l/Z—a

But by duality this is equivalent to the embedding
H0,1/2+s . H1/2+s—3e,a s g—1l=s+70
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which holds by Theorem 3.4 for all 1/2 < ¢ < 1 provided
>0, r<1/24+2s and r<1+s,
which are true by (2.8).
5.1.3. Estimate for Ij. As in the argument as for I, we assume that || <
min(|n], [n — &[) = [n — £|. Then
FAnGLA=71-=¢)

I < ij dXd ‘ .
3~ | Jarss (n)IFs=r(p — £)1/2+s=3(T)1/2+< (@) (¥, Jo—1/2 n L2,
Hence the problem reduces to proving
Hlts—ro, H1/2+s—3s,a'—1/2 PN HO,—I/Q—E. (56)
By duality this is equivalent to the embedding
H1+57T,J . HO,1/2+6 M H71/27s+35,7a+1/2 (57)

which holds by Theorem 3.4 if s > —1/2 and r < min(1/2+2s,1/2+s). But s >0
by (2.8), so (5.7) holds for r < 1/2+ s and all 1/2 < o < 1.
If s>1and r <1+ s (see figure 1), then (5.7) reduces to

0,0 0,1/2+¢ —1/2—s+3e,—0+1/2
O L fO1/24e g1/ /2

which is true by Theorem 3.5 for all 1/2 < o < 1.
If s >1/2 and r = 1/2 + s (this includes (s,r) € DF U F, see figure 1), then
(5.7) becomes
HY/20 . gO1/2+e , [p1/2-st3e,—0+1/2,

which is true by Theorem 3.5 for all 1/2 < o < 1.
It remains to prove (5.7) for (see figure 1)

(s,7) € DUADUBDURyU Ry.

To do this, we need special choices of o which will depend on s and r as in (2.10). We
shall consider five cases based on these regions. In the rest of the paper, § € [0, 1] is
an interpolation parameter, ¢ > 0 depends on s and r, and €,6 > 0 will be chosen
sufficiently small, depending on p. We may also assume that o > § > .

Case 1: (s,7) € Ra. Then according to (2.10) we choose ¢ = 1/2 + s (note that
1/2 < 0 < 1, since 0 < s < 1/2 in this region). Write r = 1/2 + 2s — p; Then (5.7)
becomes

H1/2—s+g,1/2+s . HO,1/2+€ SN H_1/2_8+35’_3. (58)
At s =0, (5.8) becomes
H/2=8+01/246 | pg0.1/24e  py—1/2-0+3¢,~5 (5.9)

which holds by Theorem 3.4. At s =1/2 — ¢, (5.8) becomes

H§+g,l—5 . H0,1/2+s [N H—1+5+3E,—1/2+5' (510)
By duality this equivalent to

FLl—0—351/2=8  [p0,1/2+4e  pp—d—o,—1+6

2(s—4¢)
1-46

which is true by (4.1). Now, interpolation between (5.9) and (5.10) with 6 =
(note that 0 < 0 < 1 whenever § < s < 1/2—§) gives (5.8).
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Case 2: (s,r) € AD. Here 0 < s < 1/2, r =1/2+ s. According to (2.10) we choose
o =1/2+ s/3. Then (5.7) becomes

H1/2,1/2+s/3 . HO,1/2+£ FN H71/275+36,78/3
which holds by (4.2) for s > 4.

Case 3: (s,r) € Ry4. By (2.10), we choose 0 = 3/2 — s+ 4e. Since r > 1+ s, (5.7)
reduces to (using also duality)

H1/2+5735,175+45 . HO,1/2+8 AN HO,73/2+5748
which holds by (4.3) for 1/2 < s < 1.

Case 4: (s,7) € BD. Here s =1/2and 1 < r < 3/2. According to (2.10), we choose
o =1—¢. Then (5.7) after duality becomes

H1—35,1/2—s . H0,1/2+5 N H—3/2+7"7—1+5
which holds by (4.1).

Case 5: (s,r) € D (i.e, (s,r) = (1/2,1)). Then by (2.10) we have 0 = 2/3 + ¢.
Hence (5.7) becomes

F1/22/3+e | go.1/2+e  pr—1+3s,—1/6—¢
which is true by (4.2).

5.2. Estimate for I~. Assume first || < |7 — &|. Then [§] ~ |n — &, so by (5.2),

€]k
Inlln — €|’

and hence we have the same estimate for 6_ as for 6. Moreover, by (5.3) and (5.4)
we have

02 ~

k7 < (T2 min(|y], |y — €))% + (©)/2 + (£_)1/2, (5.11)

so the analysis of IT in the previous subsection applies also to I~. The same is
true if |n| > |n — &| or €] ~ |n| ~ |n — &|. Hence we assume from now on that

Sl < Inl ~ In —¢&l, (5.12)
n I~. By (5.1) and (5.2), we have

H/ RPFO)G-(A =70 =€) d/\dnH
~ R1+3 1 r <77 _ §>1/2+S<I‘>1/2—25<@>0<27>o’ L2,
By (5.11), the estimate reduces to
LS IFle G-l s 5 =1,2,3,
where
i FOLG_(A—7.1€)
ruta ()17 — §)1/2272(@)7 (8 )
s-f FOL)G—(A 7.0~ &)
pirs (E)17T () — €)1/2+2s(T)1/2-2¢(@)o—1/2(x _)o
F\nG —T,
& =] [ g ol

By symmetry it suffices to consider I; and I, .
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5.2.1. Estimate for I; . Here the problem reduces to

HO’U . H1/2+28—2E,0' M H—l+r,0
which holds by Theorem 3.4 provided
r<l, s>0, r<1/2+2s,

and o > 1/2. Now assuming r > 1, which implies (£)"1 < ()"~ + (n — &)™ ~
(n — &)1, the problem reduces to

HO’U . H3/2+28—7‘—25,0 SN L2
which is true by Theorem 3.4 provided r < 1/2 + 2s and o > 1/2. Thus, the
estimate for I; holds in the desired region described in figure 1.
5.2.2. Estimate for Iy, . We may assume |I'| < min(|n|,|n —&|) ~ |n — €|, since
otherwise I~ reduces to I; . Giving up the weight (©), the problem reduces to

LQ . H1/2+25735,a M H71+r,71/27s

By duality this is equivalent to the embedding

Hl—r,1/2+s . H1/2+25—35,a M L2
which holds by Theorem 3.4 if
r<l, s>-1/4, r<1/2+2s,
and o > 1/2. For r > 1, using the triangle inequality as in the previous subsection,
the problem reduces to
H0’1/2+5 . H3/2+237r735,o' AN L2

which is true by Theorem 3.4 if r < 1/2 4 2s and ¢ > 1/2. Thus, the estimate for
15 holds in the desired region described in figure 1.

6. PROOF OF (2.6)

Without loss of generality we take [+] = +. Assume ,¢’ € S(R**3) . In view
of the null form estimate (3.1), we can reduce (2.6) (write p = 1/2+ ¢, as in (2.9))
to

TE S Ml 19l enmame (6.1)
+ +

where now

7=\ L O o - glaa] |

and 04 = A(n, +(n— 5)) as before. We use the same notation as in the previous
section, except that now

Ge\m) = ()£ D)= ~*1¢' (A, ).

The low frequency case, min(|n|, |[n—¢|) < 1in J*, follows from a similar argument
as in [2], and hence we do not consider this question here. From now on we therefore
assume that in J*,

Inl, |ln— ¢ > 1. (6.2)
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6.1. Estimate for J*. By (5.2) and (6.2),

x| / ] Ki/QF(A,n)Gt(/\—Tm—O
risa (E)~1/2(n) /2y — €)172==(T)1/2+2(0)" (%)
By (5.3) and (5.4),

A2 IO 4 (O 4 2o ely — g/t

l1—o—¢ dX dnHLz 5.

Hence the estimate reduces to

T SUFle 1G5 =1,2,3,

where
FAnGL(A-—7,n—¢)
Ji = ’ : drd H :
! /Rws E 2 () (n — 12— (@) (St iz
J2+ _ / F()‘an)GJr()‘_Tvn_g) d/\dnH ,
jiss (€122 (g — (O @) 172 (E == Vs,
FAnGL(A—7,n—¢)
g+ — ) d\d ‘ ,
’ /Rw E 2y (n — 1o —=(my/zre (@) Yz
6.1.1. Estimate for Jfr . The problem reduces to
H1/2+s,a . H1/27s,17075 SN H1/27T,O. (63)

If s> 1 and r > s, then (6.3) reduces to
H1/2+s7a . H1/278717076 AN Hl/2fs,0

which is true by Theorem 3.5, for all 1/2 < o < 1.

It remains to prove (6.3) in the region R (see figure 1). We split this into the
following five cases:
Case 1: (s,r) € R;. Then according to (2.10), we choose 0 = 1/2 4 s/3. Write
r=1/24s/3 + g; (6.3) becomes

H1/2+s,1/2+s/3 . H1/27s,1/27s/37€ MR H78/379’07

which holds by (4.4) for 0 < s < 1/2.
Case 2: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2+s. Write r = 1/2+ s + o;
(6.3) becomes

H1/2+s,1/2+s . H1/275,1/27575 SN H*S*Q,O

which holds by (4.4) for 0 < s < 1/2.
Case 3: (s,7) € R3. Then according to (2.10), we choose 0 = 5/6 — s/3+e. Writing
r=1/342s/3+ o, (6.3) becomes

)

F1/2+5,5/6—s/34e _ pr1/2—s,1/6+5/3=2¢  py1/6—2s/3—0,0 (6.4)
At s =1/2, (6.4) becomes
H1,2/3+8 . HO,1/3—26 N H—I/G—Q,O (65)
which holds by (4.5). At s =1, (6.4) becomes
F3/21/24e | pp—1/2,1/2=2c | p—1/2-00 6.6

which is true by Theorem 3.5. Hence we get (6.4) by interpolating between (6.5)
and (6.6) with § = —1 + 2s.



18 A. TESFAHUN EJDE-2007/162

Case 4: (s,r) € BD. Here s =1/2 and 1 < r < 3/2. Then we choose 0 =1 —¢ in
view of (2.10). Hence (6.3) becomes

Hl,l—s . L2 N Hl/Q—T,O
which holds by Theorem 3.5.

Case 5: (s,r) € BD. Then in view of (2.10), we choose o = 3/2 — s + 4¢. Writing
r=1/24 s+ p, (6.3) reduces to

H1/2+s,3/2—s+45 . H1/2—s,—1/2+s—56 o g—s—e0
which is true by Theorem 3.5 for 1/2 < s < 1.

6.1.2. Estimate for J5 . By duality the problem reduces to
H—1/2+r71/2+6 . H1/2—s71—0'—6 AN H—l/2—s,1/2—a. (67)

Assume s > 1 and r > s. Then (6.7) reduces to proving
H71/2+S,1/2+6 . H1/27S,170'7€ SN H71/275,1/270'
which holds by Theorem 3.5 for all 1/2 < o < 1.
To prove (6.7) for (s,r) € R, we consider the following five cases.

Case 1: (s,r) € R;. Then by (2.10), we choose ¢ = 1/2 + s/3. Writing r =
1/2+ s/3 + p, (6.7) becomes

Hs/3+g,1/2+5 . H1/275,1/278/376 AN H71/275,75/3.
At s = 4, this holds by (4.6), and at s = 1/2 — § by (4.9); interpolation implies the
intermediate cases.

Case 2: (s,r) € Ry. By (2.10), we choose o = 1/2+s. Then writing r =1/24+s+p
, (6.7) becomes

Hs+g,1/2+6 . H1/27s71/27576 N H71/275,7s.
At s = 4, this holds by (4.6), and at s = 1/2 — § by Theorem 3.5; the intermediate
cases follows by interpolation.

Case 3: (s,7) € Rs. Then according to (2.10), we choose 0 = 5/6 — s/3 4+ . Write
r=1/3+2s/3 + p; (6.7) becomes

- 1/6+2s/3+0,1/24e | py1/2-51/6+5/3-25 | pp—1/2-5,~1/3+s/3—¢ (6.8)
At s =1/2, (6.8) reduces to
F1/6+e1/24e | pg0.1/3-2c | pp—1,-1/6 (6.9)
Using the triangle inequality (n — &) < (€) + (n), (6.8) can be reduced to
H/6+0-81/24e  p81/3-2c | pr—1,-1/6

and
H1/6+g,1/2+8 . H6,1/3—26 N H_1+6’_1/6,

which both hold by (4.9). At s = 1, (6.8) becomes
H/2He1/24e | g-1/21/2-2¢ | p—3/2,—¢ (6.10)

which holds by Theorem 3.5. Interpolation between (6.9) and (6.10) with 6 = 2s—1,
gives (6.8).
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Case 4: (s,r) € BD. We choose ¢ = 1 — ¢, by (2.10). Then (6.7) becomes
HV2n1/2e p2  get-/2-e
which is true by Theorem 3.5.

Case 5: (s,r) € Ry. Then by (2.10), we choose o = 3/2—s+4e. Write r = 1/24s+;
(6.7) reduces to

+0,1/2+¢ 1/2—s,—1/2+s—5e —1/2—5,—1+s—4e
Hstel/ .H/s/é(_>H/55’

which holds by Theorem 3.5 for s > 1/2.

6.1.3. Estimate for J; . By duality the problem reduces to

Hl/2+s,a’ . H—1/2+'r‘,1/2+6 PN H_1+S+G+E’O. (611)

Assume s > 1 and r > s. Then (6.11) reduces to

1/2+s, —1/2+4s,1/2 -1 ,0
H/ 80 /+s/+a(_)H —&-s—&—o—‘,—zs7

which holds by Theorem 3.4 for all 1/2 < o < 1.

Next, we prove that (6.11) holds for (s,r) € R.
Case 1: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2 4 s/3. Write r = 1/2 +
s/3+ o; (6.11) becomes

1/24s,1/24s/3 s/34+0,1/2+¢ —1/244s/34¢,0
HY [2+s5/3 | [rs/3+el/2+e , pr—1/2+4s/ ,

which is true by Theorem 3.4 for 0 < s < 1/2.
Case 2: (s,7) € Re. We choose 0 = 1/2+ s, by (2.10). Then writing r = 1/2+ s+ p,
(6.11) becomes

H1/2+s,1/2+s . HS+Q’1/2+E N H_1/2+28+E’0.

which holds by Theorem 3.4 for 0 < s < 1/2.
Case 3: (s,r) € R3. . Then according to (2.10), we choose 0 = 5/6 — s/3+¢. Write
r=1/342s/3+ p; (6.11) becomes

H1/2+s,5/6—s/3+5 . H—1/6+2s/3+g,1/2+s < H—1/6+2s/3+2s,0
which is true by Theorem 3.4 for 1/2 < s < 1.

Case 4: (s,r) € BD.. Here, s = 1/2 and 1 < r < 3/2). By (2.10), we choose
0 =1—¢. Then (6.11) becomes

Hll-e . g-1/2+r1/24e  [r1/2,0
which holds by Theorem 3.4.

Case 5: (s,r) € Ry. Then by (2.10), we choose o = 3/2—s+4e. Writer = 1/2+s+p;
(6.11) becomes

1/245,3/2—s+4 s+0,1/2+ 1/245¢,0
H/2H:3/2=sHe | prstol/24e o p1/245e,0

which is true by Theorem 3.4 for 1/2 < s < 1.
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6.2. Estimate for J~. By the same argument as in subsection 5.2, we may assume

[l < Inl ~ n = &].
Combining this with (5.2) and (6.2), we get

KPFO)G_ (A =1, — €)
J < H/RHS 1/4(77 §>1/4< >1/2+E<@>0<27>1—o’—5

dAdnHng

By (5.3) and (5.4), we get /2 < [T|V/2 +|©|1/2 + |S_|1=o—¢|p — £|°—1/2+<. Hence
the estimate reduces to

Ji SIFN NGz 7 =1,2,3,

where

- F(AJI)G(/\—TJI—&)
O /RHS (E)r(m/2(e)7 (B_)t-o-e

/‘ FOG_(A— 77— £)
s €0 — 1LY /2= (@172 (s _y1—o—
_ FAnG-(A—1,n-§)
Js = Auw@wml —< (@) (T)1/2+

6.2.1. Estimate for J; . The problem reduces to the estimate

Jy =

Hl/Q,o’ . HO,I—O’—E N H_T’O. (612)
If s>1and r > s, then (6.12) reduces to
H1/2,(T X HO,l—o‘—E SN H_S’O

which holds by Theorem 3.5 for all 1/2 < o < 1.

We now prove (6.12) for (s,7) € R.
Case 1: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2 + s/3. Write r = 1/2 +
s/3 + o; (6.12) becomes

F1/21/2+s/3 | pg0.1/2=s/3—¢  [—1/2—s/3—0,0
which holds by (4.10) for 0 < s < 1/2.
Case 2: (s,7) € Ry. Then we choose 0 = 1/2+s, by (2.10). Writing r = 1/2+s+ o,
(6.12) becomes
H1/2,1/2+s . HO,I/?—S—E MEN H—1/2—s—g,0

which is true by (4.10) for 0 < s < 1/2.
Case 3: (s,7) € R3. Then according to (2.10), we choose 0 = 5/6 — s/3 + . Write
r=1/342s/3 + p; (6.12) becomes

H1/2,5/6—s/3+6 . HO,1/6+3/3—28 SN H—l/3—2$/3—g,0
which holds by (4.10) for 1/2 < s < 1.

Case 4: (s,r) € BD. Here s = 1/2 and 1 < r < 3/2. We choose 0 = 1 —¢ by (2.10).
Then (6.12) becomes

H1/2,1—8 . L2 SN H—T,O
which is true by Theorem 3.5.
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Case 5: (s,r) € Ry. Then by (2.10), we choose o = 3/2—s+4e. Write r = 1/24s+;
(6.12) becomes

H1/2,3/275+45 . HO,71/2+5755 MR H71/27579,0
which is true by Theorem 3.5 for 1/2 < s < 1.

6.2.2. Estimate for J; . Giving up the weight (©)7~'/2 and keep duality, the prob-
lem reduces to

HT,1/2+E . Hl/?,l—o‘—a PN LZ. (613)
Assume s > 1 and r > s. Then (6.13) reduces to proving

Hs,1/2+s . H1/2,1—0—5 — L2

which holds by Theorem 3.5 for all 1/2 < o < 1.

It remains to prove (6.13) for (s,r) € R, which we shall do in the following five
cases.
Case 1: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2 + s/3. Write r = 1/2 +
s/3 + o; (6.13) becomes

H1/2+s/3+g,1/2+6 . H1/2,1/278/37€ AN LQ.

At s = 0, this holds by (4.7), and at s = 1/2 — §, by (4.8); the intermediate cases
follows by interpolation.
Case 2: (s,7) € Ry. We choose 0 = 1/2+ s, by (2.10). Then writing r = 1/2+s+ o,
(6.13) becomes

H1/2+s+g,1/2+5 . H1/2,1/2—s—5 — I2.

At s = 4, this holds by (4.7), and at s = 1/2 — § by Theorem 3.5; interpolation
implies the intermediate cases.

Case 3: (s,7) € R3. Then according to (2.10), we choose 0 = 5/6 — s/3 4+ . Write
r=1/342s/3 + p; (6.13) becomes

1/3+2s/3+01/24e | [r1/2,1/6+s/3-2e _, T2

)

which holds by (4.8) for 1/2 < s < 1.
Case 4: (s,r) € BD. We choose 0 = 1 — ¢, by (2.10). Then (6.13) becomes

HT,1/2+€ . HI/Q,O SN 1127

which is true by Theorem 3.5.
Case 5: (s,r) € Ry. Then by (2.10), we choose o = 3/2—s+4e. Write r = 1/2+s+yp;
(6.13) becomes

H1/2+s+g,1/2+a X H1/2’_1/2+S_56 PN LQ.

which holds by Theorem 3.5 for 1/2 < s < 1.

6.2.3. Estimate for J; . By duality, the problem reduces to
HT,1/2+E . Hl—o‘—s,a PN L2. (614)
If s > 1 and r > s, then (6.14) reduces to
Hs,l/2+€ . Hl—o‘—a,l/2+8 N L2

which holds by Theorem 3.4 for all 1/2 < o < 1.
We next prove (6.14) for (s,r) € R.
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Case 1: (s,7) € Ry. Then by (2.10), we choose 0 = 1/2 4 s/3. Write r = 1/2 +
s/3 + p; (6.14) becomes

H1/2+s/3+9,1/2+€ . H1/2—S/3—E,1/2+s/3 - 12
which holds by Theorem 3.4 for 0 < s < 3/2.
Case 2: (s,7) € Ry. We choose o0 = 1/2+s, by (2.10). Then writing r = 1/2+s+ o,

(6.14) becomes
H1/2+s+9,1/2+€ . H1/27575,1/2+s AN LQ,

which holds by Theorem 3.4 for 0 < s < 1/2.
Case 3: (s,7) € Rs. Then according to (2.10), we choose 0 = 5/6 — s/3 4+ ¢. Write
r=1/3+2s/3 + p; (6.14) becomes

H1/3+2s/3+9,1/2+e . H1/6+s/3725,1/2+5 s I2.

which holds by Theorem 3.4 for s > 1/2.
Case 4: (s,7) € BD. Then by (2.10), we choose ¢ = 1 — e. Hence (6.14) becomes

Hr,1/2+5 . H0,1/2+5 SN LQ,

which is true by Theorem 3.4.
Case 5: (s,r) € Ry. Then by (2.10), we choose o = 3/2—s+4e. Write r = 1/24s+;
(6.14) becomes

F/2+s+01/2+e | pp—1/2+s—5e,1/2+e 2

which holds by Theorem 3.4 for s > 1/2.

7. COUNTEREXAMPLES

Here we prove optimality conditions on s and r in Theorem 1.1, as far as iteration
in the spaces X7, H™ is concerned. To be precise, we prove:

Theorem 7.1. If s <0 orr < % orr<sorr>1l4sorr> %+25, then for all
o,p €R and e > 0, at least one of the estimates (2.6") or (2.7) fails.

More generally, we prove:
Theorem 7.2. Let ay,as,as3,a1,as, a3 € R. If the 4-spinor estimate
[KBP (D), Pe(Da ) ) - a5 S N9l xoren [ xozoz

holds for all 1," € S(R'*3), then:

1
a; + as + ag > 5, (71)
3
al;al taytay > (7.2)
as + a 3
a + = 2+a321,

(
a1 +asz > 0. (
az +az > 0. (

a1 +as + az > 0. (
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7.1. Proof of Theorem 7.1. Applying (7.1) and (7.5) in Theorem 7.2 to (2.6'),
with (a1, as,as, 01, @2,a3) = (s,—s,r,0,1 — 0 — g,p), we see that the conditions
r > 1/2 and r > s are necessary. Similarly, we apply (7.1) and (7.5) in Theorem
7.2 to (2.7), with (a1,as2,as,a1,as,a3) = (s,8,1 —r,0,0,1 — p — €), to obtain the
necessary conditions r < 1/2+2s and r < 14s. We further apply the summation of
(7.2) and (7.3) to (2.6") to obtain the necessary condition » > 1/2 (r > 1/2+¢/4),
which is stronger than r > 1/2. Finally, we combine the necessary conditions
r>1/2 and r < 1/2 + 2s to conclude that s > 0 is also a necessary condition.

7.2. Proof of Theorem 7.2. The following counterexamples are directly adapted
from those for the 2d case in [2], and depend on a large, positive parameter L going
to infinity. We choose A, B,C' C R3, depending on L and concentrated along the
&q-direction, with the property

neA eC = n—€€B. (7.7)
Using these sets, we then construct 1 and 1)’ depending on L, such that

(8P4 (D), (D))l oz o5 < 1 (7.8)

[l xaen [[97] x 22002 L
for some § = d(ay,as,as,ar,as,a3). This inequality will lead to the necessary
condition § > 0.
Let us take the plus sign in (7.8) for the moment. Later, we will also use the
minus sign. Assuming A, B, C' have been chosen, we set

(A7) = Lyxim=001)lpeavs(n), (7.9)
PN =70 €) = Ly i —es=0(1) Ln—ecpv4 (1 — €), (7.10)
where
(&) = [1 0,83, &1 +Z§2] (7.11)
is an eigenvector of Py (5) and é =
Observe that
(Bop(m), 04 (Q)) = L= Ctim' AL, (7.12)
where 17/ A (" = f1Co — 7121 and € = (&1, &). Hence
Im(Buy (n), v4(n = §)) = £sin by ~ £0,, (7.13)

where the sign in front of sin 6, depends on the orientation of (n’,n" —¢&’). But the
sets A, B, C will be chosen so that the orientation of the pair (n',n’ — &') is fixed;
hence we conclude (see [2]) that

(8P4 (D), Py (D)) || fy-ag.-as > KT, (7.14)
where

0,
- 1 —oyLeee, rei=oqy) dAdn|
H /]Rl+3 <€>a3<|7—| - ‘£|>a3 {n€eA, AM+m=0(1)} L{c€C, 7+&1=0(1)} n L?_yg
We now construct the counterexamples, by choosing the sets A, B, C. Note that
in KT,
UEAv 5607 77—563,

Am=001), 7+&6=01), A—1+m —£& =0(1). (7.15)
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7.2.1. Necessity of (7.1). We consider high-high frequency interaction giving out
put at high frequency. Set

{¢e® :la —LI<L/a |- L' < LV24, |6 — LY < LV/2/4),

leeR® |6 — 2Ll < L/2, 6] < LV?/2, |6 < LV2/2),

A
B
C {§GR3:|§1+L|§L/4, €2 — LV/2) < LV/2)4, |§2—L1/2|§L1/2/4}.

Then (7.7) holds. By (7.15), we have

1
9+:4<77la77/_§/)'“m7 |§|7|77|»|77—§|NL>

and
2 2
Al =X m 4l —m = A+m + 2B — o), (7.16)
I +m
Similarly,
A=7+n=¢&=0Q), [rl-l|=]r -l <7+&=0() (7.17)

Let |A| denote the volume of A. Then

Al

+ o220l
K L1/2+a3

and ] gmen ~ LAY, | yesien ~ LB
Since |A| = |C| ~ L?, we conclude that (7.8) holds with 6(a1, as, as, a1, az,a3) =
ay + as + a3 — 1/2, proving the necessity of a; + as + az > 1/2.

7.2.2. Necessity of (7.2) and (7.3). We consider high-low frequency interaction
with output at high frequency.

A={ceR: |a| <LV o -1 < LV?/2, | —1] < LV?/2},
B={¢eR: |6 - LIS L' |6 <LV, |&| < 2V/2),

C={¢eR: |+ LI <LV2/2, & -1 < LV?)2, &g — 1] < LV3/2}.

Then 0, = £L(n',n' —¢&') ~ 1, |n| ~ LY? and |€], |n — €| ~ L. Further, (7.17) still
holds, whereas the calculation in (7.16) shows that X + || ~ L'/2, since |n| +n1 >
n2 —m > LY?/2. Thus,

Al|C|M/? a1 /24 s
~ T [as ||¢HX$1*“1 ~ L/t 1/2|A|1/27 ||1/’/HX12‘“2 ~ L |B|1/2-

K+
But |Al,|B|,|C| ~ L*2, hence (7.8) holds with §(a1, a2, a3, a1, az, az) = 92 4
as + az — 3/4, proving the necessity of (7.2).

To show the necessity of (7.3), we only need to modify A and B such that in
A, we set [& + L| < L'Y?/2 instead of |£;] < LY?/2, and in B we set |&;| < LY/?
instead of |¢&; — L| < L'?/2. Otherwise, the same argument as above shows the
necessity of (7.3).
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7.2.3. Necessity of (7.4) and (7.5). The configuration is the same as in the previous

subsection, except that the squares A, B, C' now have side length ~ 1. We set
A={¢eR: 6] <1/2, |6 -1 <1/2, |& -1 <1/2},
B={¢eR’:|& —LI<1, [&| <1, & -1 <1/2},
C={¢eR:|a+LI<1/2 |&-1]<1/2 [&-1]<1/2}.

Then 04 ~ 1, |n| ~ 1, |£],|n — &| ~ L, and (7.16) holds. Since (7.17) also holds, we

conclude:

[A[C]'?
Lc
But |4, |B|,|C| ~ 1, so (7.8) holds with d(a1, as, az, a1, aa, a3) = a1 + ag, proving
necessity of (7.5). By symmetry (7.4) is also necessary.

Kt o llxee ~TAIYZ, (9| ~ L|BIY2.

7.3. Necessity of (7.6). Here we consider high-high frequency interaction with
output at low frequency, and we choose the minus sign in (7.8).

A={¢eR’: &6~ L <1/4, [& -1 <1/4, & - 1] < 1/4},
B={¢eR’: & — LI <1/2, [&] <1/2, |&| <1/2},
C={6eR’ G| <1/4, [ -1 <1/4, |&] <1/2}.
We now restrict the integration to
neA X+|n=0(@1), £€€C, 7+2L=0(1),
which implies
n—§€B, A-—T—[n=¢=A+n[-7—=2L+L—|n|+L—n-¢=0(1),

since L—|n| = L=y — (3 +n)/(Inl+m) = O(1) and, similarly, L— [y —&| = O(1).
Now set

Y1) = Lagjg=o(1) Lneavy (1),
V'AN=7,n—£&) = 1x_r_jy—g|=0(1) Ly—ccBv—(n — £),

where v_(§) = vy (=€) and vy () is given by (7.11). Thus, v_(§) is an eigenvector
of P_(&) = P4(=£). Since 0_ = L(n', & —n') ~ 1, we then get, arguing as in (7.14),
and using (7.12),

[{BPL (D), P_(D)Y)| fr—az.—as = K™,

where
1
K~ — H/ 1 —omniecc rian—omn dAdnl e -
s @ (] = e L neA Minl=oan Ligec, reaz=omy dAdlzz
Since |£] ~ 1, |n|,|n — &| ~ L and |7| — |¢| ~ |7| ~ L, we see that
B AllC 1/2
K A s en ~ Lo0AP, o on ~ L7212

But |4], |B|,|C| ~ 1, hence (7.8) holds with §(a1, az,as, a1, as, as) = a; + az + as,
proving necessity of (7.6) .
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LOW REGULARITY WELL-POSEDNESS FOR THE ONE
DIMENSIONAL DIRAC-KLEIN-GORDON SYSTEM

SIGMUND SELBERG AND ACHENEF TESFAHUN

ABSTRACT. We extend recent results of S. Machihara and H. Pecher on low
regularity well-posedness of the Dirac-Klein-Gordon (DKG) system in one di-
mension. Our proof, like that of Pecher, relies on the null structure of DKG,
recently completed by D’Ancona, Foschi and Selberg, but we show that in 1d
the argument can be simplified by modifying the choice of projections for the
Dirac operator. We also show that the result is best possible up to endpoint
cases, if one works in Bourgain-Klainerman-Machedon spaces.

1. INTRODUCTION
We consider the Dirac-Klein-Gordon system (DKG) in one space dimension,
) { Dy + aDyp + My = 9Py, (D¢ = =0, Dy = —i0y)
—0¢+m*¢ = (4, ¢)ce, (O=-0F +0%)
with initial data

(2) Pli—o = o € H?, Gli—o = ¢o € H", OPlio =1 € H™1,

where ¢(t,z) is real-valued and v (t,xz) € C? is the Dirac spinor, regarded as a
column vector with components 1, ¥9; M, m > 0 are constants. The 2 x 2 matrices
a, 3 should be hermitian and satisfy 82 = o? = I, a8 + Ba = 0. A particular

representation is
0 1 1 0
(o) el )

Global well-posedness for DKG in 1d was proved by Chadam [4], for data (2)
with (r,s) = (1,1). Several authors have improved Chadam’s result, in the sense
that the required regularity (r, s) has been lowered; see Table 1 for an overview.

The global results are obtained by first proving local well-posedness and then
using the conservation of the charge norm || (t)|| 2 together with a suitable a priori
estimate for ¢(t), to show that the solution extends globally.

Thus, the main step is to prove local well-posedness, and the best such results
to date are due to Machihara [10] and Pecher [11], who worked independently of
each other. Machihara proved local well posedness of (1) for data (2) with (s,r) in
the region

1
—1<S§0, 2|s| <, r <14 2s.
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2 SIGMUND SELBERG AND ACHENEF TESFAHUN

TABLE 1. Global well-posedness for (1), (2)

s T
Chadam [4], 1973 | 1 1
Bournaveas [2], 2000 | 0 1
Fang [7], 2004 | 0 | (1/2,1]
Bournaveas and Gibbeson [3], 2006 | 0 | [1/4,1]
Machihara [10], Pecher [11], 2006 | 0 | (0,1]
Pecher obtained the region
1
s>71, r >0, ls| <, r <1+ 2s, r<l+s.

To compare the two results, note that in Pecher’s region, intersected with the strip
—1/4 < s <0, the lower bound for r is |s|, which is better than Machihara’s lower
bound |2s|, but on the other hand, Pecher has r < 1+ 2s in this strip, whereas
Machihara has r <1 4+ 2s.

Here we prove local well-posedness in a strictly larger region of the (s,r)-plane,
which contains the union of the Pecher’s and Machihara’s regions. In fact, we show
that in the strip —1/4 < s < 0, the bound r < 1+ 2s can be relaxed to r <1+ s.

Theorem 1. The DKG system (1) is locally well posed for data (2) with (s,r) in

the region

1
s>—1, r >0, [s] <r<1+s.

Moreover, we show that this result is best possible, except possibly for the end-
point (s,7) = (0,0), if one uses iteration in Bourgain-Klainerman-Machedon spaces;
see Section 4.

Our proof of Theorem 1, like Pecher’s original proof, relies on the null structure
of DKG, which was completed recently by D’Ancona, Foschi and Selberg [6]. To
see the null structure, one starts by decomposing the spinor into eigenvectors of
the Dirac operator. This approach was used by Beals and Bezard [1] to show that
(B, %) is a null form." The new idea introduced in [6] is that this null form then
appears again in the Dirac equation, after a duality argument. The null structure
was used in [6] to prove almost optimal local well-posedness of the 3d DKG system,
and in [5] to treat the 2d case. Pecher’s proof for the 1d case follows closely the
argument in [6], but here we show that in 1d the argument can be simplified by
choosing the Dirac projections in a different way.

This paper is organized as follows: In the next section we reduce Theorem 1
to two bilinear estimates, and introduce the main tools needed for their proofs,
which are given in Section 3. In Section 4 we prove the optimality of our result, by
constructing explicit counterexamples for the iterative estimates. In Section 5 we
prove a product law for Wave-Sobolev spaces (see Theorem 2) which is needed for
the proof of Theorem 1.

1The fact that this expression is a null form was proved even earlier by Klainerman and
Machedon [8], but they used a different, more indirect method.
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Let us fix some notation. We use < to mean < up to multiplication by a positive
constant C' which may depend on s and r. If a,b are nonnegative quantities, a ~ b
means b < a < b. The Fourier transforms in space and space-time are defined by

flo) = [ e s da,
R
u(r,€) = / e~ T (¢, 2) dt di,
Rl+l
s0 Dyu = &u, Dyu=7u. H® = H* (R) is the Sobolev space with norm
1l = || (€ F©)]

Here () =1+ |-|. For a,a € R, let X$“ and H*“ be the completions of S(R!*1)
with respect to

-
Lg

lullxze = 11€) £ &°Tr &)
g = €)%l = 1607, )|

See [6] for more details about these spaces. Finally, if X,Y, Z are normed function
spaces, we use the notation
X Y—>Z

to mean that [[uvl|, S [[ullx [[0]y-

2. PRELIMINARIES

The Dirac operator aD, has Fourier symbol a&, whose eigenvalues are +££. The

eigenspace projections are
171 +1
Pe=3 (il 1 ) '

Following [6], Pecher used instead the ordering =+ |£| of the eigenvalues, yielding
nonconstant projections (with our choice of «a, 3)

1 1 +sgné
m(§) = 2 (j:sgn§ 1 ) '

The fact that our projections are constant simplifies the argument considerably.
We now write ¢ = 14 + 1_, where

se=r=s (1) w5 (M10),

Applying P1 on both sides of the first equation in (1), and using the identities
a=P, —P_, P2 =Py and PLP; =0, (1) is rewritten as

(Dt + D)4 = Py (9BY),
(3) (Dt — Dy )yp— = P_(BY),

O¢ = —(BY,¢)c2 -
We iterate in the spaces

vy € XY, Yo €X¥, (¢,0i0) € H™P x H™™ 1P,

where

1
—<o,p<l1
5 SHP=
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will be chosen depending on r,s. By a standard argument (see [6] for details)
Theorem 1 then reduces to

(4) HP¢(¢5P[¢]¢)HX?—1+E S ol gre ||¢||X[Si"]’ ,
(5) H<6P[¢]¢, Piw/ >(C2 ||HT’71,p71+5 5 HwHX[Si? ”w/HXi” s

where + and [+] denote independent signs and e > 0 is sufficiently small; the
introduction of the parameter € is a technical detail needed in the time localized
linear estimates (see [6, Lemmas 5 and 6]).

But by a duality argument introduced in [6], estimate (4) is in fact equivalent to
(4/) H<ﬁp[j:]’lr/)7 Piwl >(C2 HHﬂ-,fp 5 ||¢||X3*" ‘lwl‘le’l*"*f :

(]
The advantage of this formulation is that, like (5), it contains the bilinear form
< BP Y, Pry)’ >, which turns out be a null form: With our choice of projections,
this comes out very easily, since by the self-adjointness, idempotency and orthogo-
nality of the Py, as well as the identity P13 = 3P+, we see that
(BP9, Piy) oo = (BP-t), P_1)" )2 = 0.

As a result, (4") and (5) can be reduced to

(6) (R ey

(7) ol g v < Nl oo

where u,v are C-valued and v denotes the complex conjugate. The crucial point
to note here is the difference in signs on the right, due to the null structure; if we
had two equal signs, then the estimates would fail at the regularity prescribed in
Theorem 1 (cf. the conditions in Theorem 2 below). There are two key reasons
why things are better when the signs are different: The first reason is the algebraic

constraint given in Lemma 1 below, which is the analogue, in the current setting, of
Lemma 7 in [6]; the second reason is the bilinear estimate given in Lemma 2 below.

Lemma 1. Define, for 7,\,&{,n € R,
L=lr[—¢l, ©1=A+n Z_=A-71-(n-9§).
Then
. 3
min(|n], |n — €]) < 5 max ([T], [©+],[E-]).

Proof. We have

T A R ) if 7 >0,
e+ S+ @2p-g—fg)  ifr <o

and the terms in parentheses equal 27 or 2(n — &), depending on the sign of &.
Therefore, 2min(|n|, |n — &|) < |T'| +|0+] + |Z_]. O

This lemma is applied in tandem with the following product law for the Wave-
Sobolev spaces H**. The sufficiency of the conditions (9) and (10) in the following
theorem can easily be deduced from [9, Proposition A.1], but here we also prove
sufficiency, up to endpoints; see Section 5.
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Theorem 2. Suppose a,b,c e R, a,8,7v >0 and a+8+v > % Then
(8) H®> . H"P s g=577,

provided that

1
9) a+b+c>§,
(10) a+b>0, at+c>0, b+c>0.

Furthermore, these conditions are sharp up to equality, in the sense that if (8)
holds, then (10) must hold, and (9) must hold with >.

Remark 1. The above product law is analogous to the one for the standard Sobolev
spaces, which in 1d reads [|fglly-c < £l o lgll v, with the same conditions on
a,b, c as in the above theorem.

The algebraic constraint (Lemma 1) and the product law for Wave-Sobolev
spaces are enough to prove the result of Pecher, but to improve on that result,
we use also the following bilinear space-time estimate for 1d free waves, where
again the different signs are crucial.

Lemma 2. Suppose u,v solve
(Dt + D)u =0, u(0,2) = f(x),
(Dt_Dw)U:O7 ’U(O,J?):g
where f,g € L*(R). Then

[uv]l 2 gy < V2| fllz gl 2 -

o~

Proof. We have u(7,£) = 6(1 + &) f(§) and v(7,&) = 6(1 — £)g(€), so

@)= [ A=A ¢ iy

~

= [ o(r+2n =& f()g(€—n)dn

B f E—T\ [(&+T

- 2 )9\ 2 )
The claimed estimate now follows from Plancherel’s theorem and an obvious change
of variables. O

By the transfer principle (see [6, Lemma 4]), Lemma 2 implies:
Corollary 1. For any a > 1/2,
X$o. X0 L2

Again, this would fail if we had equal signs in the left hand side.
We now have all the tools needed to finish the proof of the main estimates.
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3. PROOF OF THEOREM 1

3.1. Proof of (6). With notation as in Lemma 1, the estimate is equivalent to,
using Plancherel’s theorem,

/ FAN)GA —1,m—&)dNdn
r2 (§)"(M)*(n — & (I)P(O1)7(B_)1=77¢ ] .

for arbitrary F, G € L?(R?). In view of Lemma 1 we can add either p, 0 or 1 —0 —¢
to the exponent of either the (n) weight or the (n — £) weight, at the expense
of giving up one of the “hyperbolic” weights (I'), (©) or (X_). Then we apply
Theorem 2. In fact, since (recall p,o > 1/2)

SIFN 1G]
3

min(p,0,1 —oc—¢)=1—-0 —¢,

we can reduce to Theorem 2 with a,b, c as in the first two rows of Table 2. The
conditions on a, b, ¢ in Theorem 2 impose the following restrictions:

1
(11) r>a—§+s,
(12) r=> s,
(13) oc<1-—e.

Finally, we mention that the hypotheses on («, 3,7) in Theorem 2 are indeed sat-
isfied in this situation, as follows from (13) and the fact that we require

1
(14) 5 <pmo<l
So we conclude that (6) holds provided (11)—(14) are verified.

3.2. Proof of (7). This reduces to

/ FA )G\ —71,n—&)d\dn
r2 ()1 (n — &) (I)1=P(04)7(E_)7

We consider two cases, with notation as in Lemma 1:

I \ < P2 Gl

2
Lm&

3.2.1. Case 1: max(|T'|,|04],|2_|) ~ |[|. By symmetry we may assume |n| <
|n —&| in I. Then either |n| ~ |n —&|, or |n| < |n —&| ~ |£], hence, using Lemma
17
I<L+D
where
I H/ FO\, )G\ — 7,0 — £)d\dn
Inl~ln—g ()T (M2 TI=PmE(O )7 (E )

H/ YGXA — 7, —&)d\dn
e TR R

9

2
Lﬁ§

2
L

Moreover, if r > 1, then we can use (£)"~! < (n)"~! 4+ (n — £)"~! to further reduce
Il to

7 / ,GN—T1,m—&)d\dn
1,r>1 — i~ £| 23-{-1 p—e+1— 7<@+> <27>0

2
L7
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TABLE 2. Exponents used in Theorem 2

a b ‘ c ‘
s —s+1—-—0—c¢ T
s+1—0—c¢ —5 T
s+o S 1—r

Applying Corollary 1, we then see that I; < ||F||,2 ||G]|;» (i = 1,2), provided

(15) r<1l+s,

1 p+e
1 > _=
(16) s2 -5+
(17) s>—1+p+e
(18) r<l4+2s4+1—-p—ce.

Remark 2. If we had applied Theorem 2 here, the last condition would have been
replaced by (due to the requirement a + b+ ¢ > 1/2 in Theorem 2)

1
T<§+28+1—p—€,

which is still sufficient to obtain the result of Pecher. So it is exactly at this point
that we gain something more.

3.2.2. Case 2: max(|T'|,|©4+],|X-]) ~ |04] or |X_|. Then by Lemma 1 we reduce
to Theorem 2 with a, b, ¢ as in the last row of Table 2, and (o, 8,7) = (0,0,1—p—¢)
or (¢,0,1—p—e). The conditions on a, b, ¢, o, 3, in Theorem 2 yield the restrictions

1
(19) r<§+a+2s,
(20) r<1+s,
o
21 > 2
(22) p<l—e.

Note that (20) is the same as (15).
We conclude that (7) holds if (15)—(22) are satisfied.

3.3. Conlusion of the proof. It only remains, given (s, r) satisfying the hypothe-
ses

1
(23) s> -7 r >0, [s]<r<1l+s
of Theorem 1, to choose p, o, in such a way that the constraints (11)—(22) are all
satisfied. We shall need the fact that (23) implies
(24) r<3/2+2s.

Clearly, we get the best results by choosing p and ¢ as small as possible, so let
us set

Ly
=_+c¢
P B )



8 SIGMUND SELBERG AND ACHENEF TESFAHUN

where ¢ > 0 will be chosen sufficiently small. Note that (22) is satisfied provided
e < 1/4. Condition (16) becomes

> 1+
§>—=+e¢,
- 4

which is compatible with the assumption s > —1/4 in Theorem 1; (17) and (21)
are weaker than (16), so they are also satisfied. Condition (18) becomes

3
r§§+2s—25,

in accordance with (24).
The only remaining conditions are (11), (13) and (19) (as well as (14), which
requires o > 1/2), and these conditions can be summed up as follows:

1 <o<l1
5 <0< &,
L +e<r<o+ L + 2
o-gte<r<odg+s
Since 0 < r < 3/2 + 2s, by (23) and (24), it is clear that we can find o and € > 0

such that the last two conditions are satisfied. This completes the proof of Theorem
1.

4. COUNTEREXAMPLES

Here we prove the optimality, except for the endpoint (s,7) = (0,0), of the
conditions on s and 7 in Theorem 1, as far as iteration in the Bourgain-Klainerman-
Machedon spaces X7, H™ is concernced. To be precise, we prove:

Theorem 3.

(a) The estimate (5) fails (for every choice of 1/2 < o,p < 1 and e > 0) if
s<—=1/4 0orr>1+s.

(b) The estimate (4'), hence also (4), fails (for every choice of 1/2 < o,p <1
and e > 0) if r < |s].

More generally, we prove:

Theorem 4. Let a,b,c,a, 3,7 € R. If the 2-spinor estimate

IKBP, P ol ey S 1l xcee 191 000

holds, then:

(25) a+ b+ min(a, 5,7v) > 0,
(26) a+b+c+min(a,ﬁ)2%
(27) a+b+c+v>0,
(28) min(a, b) +c¢ > 0.
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4.1. Proof of Theorem 3. We apply Theorem 4. For part (a) we take (a,b,c) =
(s,8,1—r)and (o, 8,7) = (0,0,1— p—¢). Then (25) gives the necessary condition
2s+1—p—€>0,ie,s>—-1/24 (p+¢€)/2 > —1/4, where the last inequality
holds since p > 1/2. Moreover, (28) gives the necessary condition s + 1 —r > 0.
This proves part (a).

To prove part (b), take (a,b,c) = (s, —s,r) and (o, 8,7) = (0,1 —0 —¢, p). Then
(28) implies — |s| +r > 0.

Note that we only used (25) and (28) to prove Theorem 3.

4.2. Proof of Theorem 4. The following counterexamples are adapted from those
for the 2d case in [5], and depend on a large, positive parameter L going to infinity.
We choose intervals A, B,C C R, depending on L, with the property

(29) neA EeC = n—-£€B.
We shall denote by |A| the length of the interval A.
We shall set
1 1
(30) vt =uto)(}). v =),
where u, v : R™! — C are defined on the Fourier transform side by

(31) u(A,n) = Iapp—omylnea, VA—7,m—=&) =1x_ryp_c—0n)ly—ceB,

and A, B remain to be chosen. Here 1(.) stands for the indicator function of the
set determined by the condition in the subscript. Then

(32) <5P+¢7P—¢/ >(C2 = <ﬁ1/%1// >(C2 = 21“77
so in fact it suffices to find counterexamples to

(33) [0l e S [l xae (0]l o0 -
Each counterexample will be of the form

R 1

(34) 5
a,a ~ (a,b,c,a,ﬁ,'y) ?
||UHX+ HU”XIi«ﬁ L

which leads to the necessary condition §(a, b, ¢, a, 3,7) > 0.
Observe that

(] [P

1
— 1 A 1 cen dX\dn
/ O =16 {rmsom } {srtiZom ) L

7€

>1:=

)

2
LT,E

1
S 1 dXdn
fow Lo V{50 )

where to get the last inequality we restrict the L? norm to 7 + ¢ = O(1), € € C,
make use of (29), and note that

A+n=0Q1), T+£{(=0(1) = A—17+n—-E=0(1).

Note also that ||7] — |¢|| < |7+ & = O(1). (So to get counterexamples involving 7,
we shall later have to modify I).
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4.2.1. Necessity of (25) when min(«, 3,7) = a or 5. Define

A=[L-1/2,L+1/2, B=[L-1,L+1], C=[-1/2,1/2.
Then [¢] = O(1), |n| ~ L, [n = &| ~ L and

A== ==A-1+ 0= -20-& ~ L,

hence

I~ [AIC], ullyae ~ LA, ol gos ~ L9 (B2
But |A|,|B|,|C| ~ 1, so (34) holds with 6(a, b, ¢, o, 5,77) = a+b+ 3, which gives the
necessary condition a + b+ # > 0. By symmetry, we must also have a + b+ a > 0.
4.2.2. Necessity of (26). Set

A=[L/4,L/2], B=][L/2,3L/2), C=|[-L,—L/2].
Then |7, |€],|n —&|] ~ L and (as above) A\—7— (n—&) ~ L, so
Al
LC

Since |A|,|B],|C| ~ L, we conclude that (34) holds with §(a,b,c, o, 5,7) = a+b+

¢+ B — 1/2, proving the necessity of a + b+ ¢+ 8 > 1/2. By symmetry, we also
needa+b+c+a>1/2

1/2 b 1/2
1 o Ml ~ LA ol s ~ L9 BI2

4.2.3. Necessity of (28). Here we set

A=C=[L-1/2,L+1/2], B=[-1,1].
Then [§| ~ L, [n| ~ L, |n — &| = O(1) and

A=T==8§=A-7+n-§ —20n—-¢§ =0(1),
50 1/2
e IO g~ 221412, ol ~ 1B
But |A|,|B|,|C| ~ 1, hence (34) holds with d(a,b,c,a,3,7) = a + ¢, proving
necessity of a + ¢ > 0. By symmetry, a 4+ ¢ > 0 is also necessary.
4.2.4. Necessity of (25) when min(«, 3,7) = . Set
A=[L-1,L+1, B=[L-2L+2, C=[-11].

Again we use (30), with u as in (31), but we change v to:

VA=7,n=&) =1+ (y_e)=0(1) Ly—teB-

Since (32) is unchanged, it suffices to disprove (33), but now, in view of the modi-
fication of v,

[uo]| e~

/ 1 1 1 dAdn
Tee /ol 1ehy A —¢€B

e @I =1E0 {aii<om b {hmr 0w | .
3

>1:=

i

2
Lﬂé

1
S 1 d\dn
/ Ol =16 {1\ =0 } {0 }
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where in the last step we restrict the L? norm to the region 7 + 2L = O(1), ¢ € C,
make use of (29), and note that

A=T=m=8=A+n)+2L-n) - (7+2L)+£=0(1),

since each term is O(1). Sonow [¢| = O(1), || ~ L, [np — | ~ L, and ||7|—[¢]| ~ L,
hence ,
Kl a)q1L/2 1/2
I =i, ullyso ~ LA, ol xes ~ 2 |B)2.
Since |A|,|B|,|C| ~ 1, (34) holds with 6(a,b,c,a, B,7) =a+ b+ .

4.2.5. Necessity of (27). Here we use the same u, v as in subsection 4.2.4. Set
A=[L-1,L+1], B=[2L-2,2L+2|, C=[-L—-1,—-L+1].
Then as in subsection 4.2.4, we have ||ud|| .-, > I, with the only difference that

the condition 7+ 2L = O(1) in I has been replaced by 7+ 3L = O(1), for then we
can write

A=r=m=8&) =A+n+2(L-n)—(r+3L)+ (£ + L) = O(1),

each term being O(1). So [¢], 0|, |n —&| ~ L, and ||7| — |¢|| ~ L, hence
Kl
NW
Since |Al,|B],|C| ~ 1, (34) holds with é(a,b,c,«, 3,7) = a+ b+ c+ 7.

a 1/2 1/2
1 o Ml ~ LA, ol s ~ 2B

5. PROOF OF THEOREM 2

In this section we fix «, 5,7 > 0 satisfying o + 8+ > 1/2. We shall say that a
triple (a, b, c¢) of real numbers is admissible if the embedding (8) holds, i.e., if the
bilinear estimate

(35) luvll e S lull oo 0]l o0

holds.

First, assume that conditions (9) and (10) are satisfied. If a,b,c¢ > 0, then
(a,b,c) is admissible, as proved in [9, Proposition A.1]. It remains to consider the
case where (a,b,c) contains a negative number. But in view of (10), at most one
of the numbers a, b, ¢ can be negative, and by symmetry it suffices to consider the
case a < 0, say. In that case we can write ()% < (1)~ + (n+ &), thus reducing
to the triples (0,a + b, ¢) or (0,b,a + ¢), which contain no negative numbers, hence
are admissible, as noted above.

It remains to prove necessity of (9) (up to equality) and (10). But in fact, the
counterexample constructed in subsection 4.2.2 gives, with u, v as in (31)

Juolgos o 1
R Toab b’

(36) allec Tolles
with d(a, b, ¢, o, B,7) = a+b+c—1/2, proving necessity of a+b+c¢ > 1/2, which is
(9) with >. The fact that we have a conjugate here, but not in (35), is irrelevant,
since [0 gro.6 = (|| go.-

Similarly, the counterexample from 4.2.3 gives (36) with 6(a, b, ¢, o, 8,7) = a+c,
proving necessity of a + ¢ > 0. By duality and symmetry in (35), we then get also
a+b>0and b+ ¢ > 0, so we have proved necessity of (10).
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GLOBAL WELL-POSEDNESS OF THE 1D
DIRAC-KLEIN-GORDON SYSTEM IN SOBOLEV SPACES OF
NEGATIVE INDEX

ACHENEF TESFAHUN

ABSTRACT. We prove that the Cauchy problem for the Dirac-Klein-Gordon
system of equations in 1D is globally well-posed in a range of Sobolev spaces
of negative index for the Dirac spinor and positive index for the scalar field.
The main ingredient in the proof is the theory of “almost conservation law”
and “I-method” introduced by Colliander, Keel, Staffilani, Takaoka and Tao.
Our proof also relies on the null structure in the system, and bilinear spacetime
estimates of Klainerman-Machedon type.

1. INTRODUCTION

We consider the Dirac-Klein-Gordon system (DKG) in one space dimension,
{ (—i(y°0 +7'0:) + M) ¥ = ¢u,

(-O0+m*)o=("Y,¢)., (O=-07+02) .

with initial data

Ylt=o0 = o € H", Pli=o = ¢o € H", OPlimo =1 € H™ 1. (2)

Here (t,z) € R, ) = 4(t,x) € C? is the Dirac spinor and ¢ = ¢(t,x) is the
scalar field which is real-valued; M, m > 0 are constants. Further, (w,z)c = 2z*w
for column vectors w,z € C?, where z* is the complex conjugate transpose of z;
H® = (1 —92)~%/2L*(R) is the standard Sobolev space of order s, and 7° and ~*
are the Dirac matrices given by

o (0 1 , (0 -1
7‘(10’ 7=\ o)

We remark that with this choice the general requirements for Dirac matrices are
verified:
P =20, () =90 () =
for u,v = 0,1, where (¢"*) = (§ %).
We are interested in studying low regularity global solutions of the DKG system
(1) given the initial data (2). Global well-posedness (GWP) of DKG in 1d was first
proved by Chadam [4] for data

(Yo, po, 1) € H' x H' x L.

2000 Mathematics Subject Classification. 35Q40; 35L70.
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Sciences, Alfred Getz vei 1, N-7491 Trondheim, Norway. Email: tesfahun@math.ntnu.no.
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TABLE 1. GWP for DKG in 1d for data (v, ¢o, 1) € H* x H" x H" 1.

[ s | r

Chadam [4], 1973 1 1
Bournaveas [2], 2000 0 1
Fang [9], 2001 0 (1/2,1]
Bournaveas and Gibbeson [3], 2006 0 (1/4,1]
Machihara [11], Pecher [13], 2006 0 (0,1]
Selberg [15], 2007 (—1/8,0) | (—s+Vs2 —s,1+

This result has been improved over the years in the sense that the regularity re-
quirements on the initial data which ensure global-in-time solutions can be lowered.
The earlier known GWP results for DKG in 1d are summarized in Table 1.

It is well known that when s > 0, the question of GWP of (1), (2) reduces to
the corresponding local question essentially due to the conservation of charge:

[ )2 = llvoll 2 -

However, when s < 0 there is no applicable conservation law. So even if we have a
local well-posedness (LWP) result for sp < s < 0 for some s, it seems that we are
stuck when trying to extend this to a global-in-time solution.

The first breakthrough for resolving such problems came from Bourgain [1] who
considered the cubic, defocusing nonlinear Schrodinger (NLS) equation in 2d, and
proved GWP of NLS below the (conserved) energy norm, i.e., below H!. The
idea behind this method for a PDE is to split the rough initial data (data whose
regularity is below the conserved norm; say the L? norm from now on) into low and
high frequency parts, using a Fourier truncation operator. Consequently, one splits
the PDE into two, corresponding to the initial data with low and high frequencies.
The data with low frequency becomes smoother, in fact it is in L? , so by global
well-posedness its evolution remains in L? for all time.

On the other hand, the difference between the original solution and the evolu-
tion of the low frequency data satisfies a modified nonlinear equation evolving the
high-frequency part of the initial data. The homogeneous part of this evolution is
of course no smoother than the initial data (so it may not be in L?), but the inho-
mogeneous part may be better due to nonlinear smoothing effects. If the nonlinear
smoothing brings the inhomogeneous part into L?, then at the end of the time
interval of existence this part can be added to the evolution of the low-frequency
data, and the whole process can be iterated. Assuming that sufficiently good a
priori estimates are available, this iteration allows one to reach an arbitrarily large
existence time, by adjusting the frequency cut-off point of the original initial data.
Several authors used Bourgain’s method to prove GWP of dispersive and wave
equations with rough data.

Recently, Selberg [15] used Bourgain’s method to prove GWP of 1d-DKG be-
low the charge norm, obtaining the following result (for a comparison with earlier
results, see Table 1):
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Theorem 1. The DKG system (1) is GWP for data (2) provided
1
—§<s<0, —s+vs2—s<r<1l+s.

Concerning LWP of 1d-DKG the best result so far, which we state in the next
theorem, is due to S. Selberg and the present author [16], building on earlier results
by several authors; see [4], [2], [9], [3], [11] and [13].

Theorem 2. The DKG system (1) is LWP for data (2) if
1
s>—1, r>0, |s|<r<1l+s.

As mentioned earlier, when s > 0 this LWP result can be extended to GWP
result essentially due to the presence of conservation of charge. So in view of
Theorem 2, we have the following (see also Table 1):

Theorem 3. The DKG system (1) is GWP for data (2) provided
§>0, r>0, |s|<r<1l+s.

However, in view of Theorems 2, 3 and 1, there is still a gap left between the
local and global results known so far. In the present paper, we shall relax the lower
bound of r in Theorem 1. In particular, we fill the following gap left by Theorem 1
(see Figure 1):

1
—§<s<0, s+Vs2—s<r<—s+1s2—s

We now state our Main theorem.

Theorem 4. The DKG system (1) is GWP for data (2) if (see Figure 1)
1
—§<3<0, s+vs2—s<r<1l+s.

The technique used here is the theory of “almost conservation law” and “I-
method” which was developed by Colliander, Keel, Staffilani, Takaoka and Tao in a
series of papers; See for instance [5], [6], [7]. The idea here is to apply a smoothing
operator I to the solution of the PDE. The operator I is chosen so that it is the
identity for low frequencies and an integration operator for high frequencies. The
next step is to prove an “almost conservation law” for the smoothed out solution
as time passes. Then one hopes that a modified version of LWP Theorem (after I
is introduced) together with the “almost conservation law” will give a GWP result
of the PDE for rough data.

In the DKG system, however, there is no conservation law for the field ¢, only
for the spinor . Hence, we will not have “almost conservation law” for the ¢ field,
which makes the problem harder. To fix this problem we use a product estimate for
the Sobolev spaces for the inhomogeneous part of ¢, the “almost conservation law”
for the spinor 9, together with an additional idea used by Selberg [15] of making
use of induction argument involving a cascade of free waves.

This paper is organized as follows. In the next section we fix some notation, state
definitions, and recall the derivation of the conservation of charge. In Section 3 we
shall state some basic linear and bilinear estimates, and prove some null form esti-
mates. In Section 4 we discuss the I-method, state a modified LWP theorem when
we introduce the I operator, state a key Lemma concerning smoothing estimate,
and show that a combination of these imply an “almost conservation law” for the
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r

r=s+vs:—s

FiGURE 1. Global well-posedness of DKG holds in the interior of
the shaded region. Moreover, we can allow the line r = 1 + s for
—1/8 < s < 0. The larger region which is contained in the strip
—1/4 < s < 0 is where Local well-posedness of DKG holds.

charge. Here, we also state another key Lemma which is used to control the growth
of solution of the Klein-Gordon part of DKG, ¢. In Section 5 we put everything
from section 4 together and prove our main theorem. In Sections 6 and 7 we prove
the two key lemmas stated in section 4. In section 8 we prove the modified LWP
theorem.

2. PRELIMINARIES

2.1. Notation and Definitions. In estimates, C' denotes a positive constant
which can vary from line to line and may depend on the Sobolev exponents s
and r in (2). We use the shorthand X <Y for X < CY, and if C <« 1 we use the
symbol < instead of <. We use the shorthand X ~ Y for Y < X <Y. Throughout
the paper ¢ is considered to be a sufficiently small positive number in the sense that
0 < e < 1. We also use the notation

(=1

The Fourier transforms in space and space-time are defined by
Fe) = / e " f(x)de,  u(r,€) = / e 1 ITHE)y (¢, ) dt da.
R R1+1

We denote D = —i0y, so B\u(f) = &u(§). We also write Dy = 9, + 9, and
D_:=0; — 0y, hence d=—-D,D_.



DKG IN ONE SPACE DIMENSION 5

We use the following spaces of Bourgain-Klainerman-Machedon type: For a,b €
R, define Xi"b, H%* and H%" to be the completions of S(R'*!) with respect to the
norms

lull oo = [[ €)% £ €)%l E)HL?,J
lull oo = (€Y (|| — I€])*ulr, §)||L31§,
[wll3gar = lull gas + 10cull fraro -

We also need the restrictions to a time slab Spy = (0,7) x R. The restriction
Xi’b(ST) is a Banach space with norm

a = inf ||u|yas.
Il xgsry = nt il g

The restrictions H**(Sy) and H*?(Sr) are defined in the same way. See [8] for
more details about these spaces.

2.2. Rewriting DKG and Conservation of charge. To see the symmetry in
the DKG system, we shall rewrite (1) as follows: Let

u
»=(0)
for u,v € C. Then we calculate
0 1 I O A P
and
<’yoz/J, ) >C2 = v + uv = 2Re(uv).
Using this information, we rewrite (1) as
i(us + uz) = Mv — ¢,
i(ve — v2) = Mu — ¢u, (3)
O¢ = m?¢ — 2Re(uv),
with the initial data (2) transformed to
U(O):U()EHS, ’U(O):’U()EHS,
Pp(0)=¢oe H",  0:¢(0) =1 € H .
We shall then work with the Cauchy problem (3), (4) in the rest of the paper.
To motivate the derivation of the “almost conservation law”, we first recall the
proof of the conservation of L?-norm of the solution to the Dirac part of the equation
(3), using integration by parts. To do this we first assume u,v to be smooth
functions that decay at spatial infinity. For general well posed solutions of (3)
where s > 0, the conservation of charge will follow by a density argument.

Multiplying the first and second equations in (3) by —iw and —i, respectively,
we get

(4)

U + au, = —iMuv + i¢uv,
{ Uy — VU, = —tMut + igun.
Adding these two we obtain
Tuy + v + Uy, — v, = 2i(—M + ¢) Re(up).
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We now take the real part of this equation to get
Re(wut) + Re(vvy) + Re(uu,) — Re(vv,) = 0.

Using the identity (Tu); = tu; + uzu = 2 Re(uuy) (and the same identity if we take
partial derivative in z), we have

2 2 2 2
(ul™)e + ([o)e + ([ul")2 = ([0")e = 0.
We get after integrating in x

& (s + 1 12) = o

which implies the conservation charge:
2 2 2 2
(@2 + lo@)z2 = lluollz2 + [lvollz- - (5)
3. LINEAR AND BILINEAR ESTIMATES

The representation formula in Fourier space for the inhomogeneous nonmassive
Dirac Cauchy problem

(6)

Z‘D:I:u}:l: = Fi(t,x),
Wi(07$> = fi(x)7

is given by

— = . ~ t . N o~

w(t)(€) = eTIfL() +/ eTOUIE (¢ &)dt'. (7)
0

Similarly, the representation formula in Fourier space for the inhomogeneous mas-

sive Klein-Gordon Cauchy problem
Oz = m?z + F(t, ),
2(0,2) = f(z),  0,:2(0,2) = g(),

is given by
2(t) = COS fl W’\ " sin ((t — t,)<€>m) Far /
2(t)(€) = cos(t(&)m) F(€) + e 9(&) +/0 G F()(©)dt', (9)

where (&), = \/m2 + [€]°.

3.1. Linear estimates. Throughout the paper, we use the notation

12080 e = 2@ o + 10e2@ a1 -

From the solution formulas (7) and (9) we deduce the following energy estimates
for the solution of Cauchy problems (6) and (8), respectively:

t
[ws (@Ol g < [ f£ 1 +/O 1P ()] et (10)

2[t)ll gra < C (IIfIIHa + gl o +/0 IFE) s dt’) : (11)

! for some C' > 0 and for all ¢ > 0.
The estimates we present in the following two lemmas are a priori estimates for
the solutions of the nonmassive Dirac and massive Klein-Gordon Cauchy problems,

1If we set m = 0 in (8), then the constant C' in the energy estimate (11) will depend on ¢.
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and they are crucial for the reduction of the local existence problem to bilinear
estimates. The following Lemma is proved in [8, Lemma 5]:

Lemma 1. Let 1/2 <b<1l,a € R,0<T <1and0< 6 <1—b. Then for
all data Fy € Xi’b_l+5(ST) and fy € H®, we have the following estimate for the
solution (7) of the Dirac Cauchy problem (6):

”w:I:Hxib(sT) < C(”f:tHHa =+ T6 ||F:t||Xi*b_1+5(ST)>a (12)
where C' depends only on b.

The estimate in the following Lemma is a variant of the estimate in [8, Lemma 6],
i.e., when m = 0.

Lemma 2. Let 1/2<b<1,a R, 0<T <1 and0<§<1—0b. Then for all
data F € HO=Lb=149(80), f € H® and g € H*™', we have the following estimate
for the solution (9) of the Klein-Gordon Cauchy problem (8):

12l 3gab(s7) < C(HfHHa + gl o + T2 HFHH‘I*L”*lJﬂ;(ST))? (13)
where C' depends only on b.
Proof. Define the space HZ? with a norm
g = 1€)° (7] = (©m)* T 5
and the space H5 with a norm
lllygso = lull gz + 1Breul g0

So, in view of [14, Theorem 12] the estimate (13) holds if we replace the spaces H*?
and H*? by HS? and H3?, respectively. Hence, to complete the proof it suffices to
show
HS79 _ Hs,G.
This reduces to proving
(Il = I&l) = (7] = (€)m)- (14)
Assume 7 > 0. Then
(=7 + ) =1+ [=7 + €] S 1+ [=7 + ()m| + (Om — [¢]
ST4mA+[=7+(E)ml
S/ <7T + <§>m>
Conversely,
<_T + <§>m> ~ 1+ ‘_T + <§>m|
<1+ ‘_T"i' |£H + <£>m - |£|
=l+m+ -7+l S (=7 + &)
Similarly, it can be shown that the estimate (14) holds true for 7 < 0. This
completes the proof of the Theorem. O

We shall need the fact that if b > 1/2, then
470 < Cllellgosgsgy < Clullxgrs,y)  for0<e<T,  (15)
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where C' depends only on b. The following estimate will also be needed in the last
section (see [12] for the proof):

(16)

1/2-2
Hu”Xi'E(ST) <CT /22 ”u”Xi’l/{Z_E(ST) y

for all £ > 0 sufficiently small, and 0 < T < 1.
Lemma 3. Let 2 < g < oo and € > 0 be sufficiently small. Then

ull go.—1/241/a— S Hu”L?’Li
where % + % =1.
Remark 1. This Lemma also holds if we replace HO—1/2+1/a—¢ py Xi’fl/ﬂl/qfs,
simply because H%® — Xi’o‘ for any a < 0.
Proof of lemma 3. By duality, the estimate is equivalent to

lallzaze S Nullgrossacsose (17)
By Sobolev embedding in ¢

el ez S Nl gros/2se -

Interpolating this with

lull 22 = llull 22
gives
lull oz S lull o
where . ) Ly
6:£+T7 b=0(1/2+¢)
for § € [0,1]. Thus b= § — 1 +¢(1—2) < 5 — L +¢, and hence (17) follows. This
concludes the proof of the Lemma. O

3.2. Bilinear estimates. We shall need the standard product estimate for the
Sobolev spaces H®, which reads as follows:

Lemma 4. Suppose a1,az,a3 € R. Then

19l g-as S 1 F | rar 91l raz - (18)

provided
ay +as +as > 1/2,

19
a1+a220, a1+a320, a2+a320. ( )

The following estimate is just the analogue of Lemma 4 for the wave-Sobolev
space H*?.
Lemma 5. [14, 16]. Suppose ai,as,a3 € R satisfy (19). Let o, 8,7 > 0 and
a+B+v> % Then

[wz]| fr-ag.— S 1wl grasia 12l oz - (20)

The following comparison estimate between elliptic and hyperbolic weights proved
in [16] will be needed in the proof of Lemma 7 below. This estimate is used to iden-
tify null structure in bilinear estimates.
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Lemma 6. Denote
L=r[—l, ©i=A+n  X_=7-A-({-n).
Then
min([n|, [§ —n[) < max(|['[,[©4],[E-]).

We now prove the following null form estimates. We remark that the null struc-
ture of DKG in 1d is reflected in the difference of signs in the r.h.s. of the estimate
(21), and the difference of signs in the r.h.s. and Lh.s. of the estimates (22) and
(23) below; for equal signs the estimates would fail.

Lemma 7. Let b= % + ¢ for sufficiently small € > 0. The bilinear estimates

lwzllgg—s1.0-1 S llwll o2 [12]] os0 (21)

lwzll o501 S 1wll oo [12]] o2 (22)

[wz]| y—sav-1 S [0l grogo 2] o200 (23)
X] X

hold provided
S1+ 82+ 83 > ¢,
So+ s3> —1/2+¢, (24)
s1+s822>0, s1+4+s3>0.
Remark 2. The bilinear estimates (21)—(23) will still hold if we replace z in the
Lh.s. of the inequalities in these estimates by Z. We also note that these bilinear

estimates will imply the corresponding estimates where the spaces are restricted in
time (refer [8] for the detail).

Proof of Lemma 7. We only prove (21) and (22), since (23) will follow from (22)
by symmetry. We first prove (21).
Set

Fy(An) = (= +m)” [a(x )],
G-(Am) = () (A =m)" [Z(\, ).
Then (21) is equivalent to
S SN2 1G] 2

where

i

J:‘

/ FL (A n)G—(1 — X\, § —n)dAdy
R (€)*1 ()2 (€ —m)s (D) =2(O4)0(E)°
where I', ©4 and ¥_ are defined as in Lemma 6.

By symmetry, we may assume || < | —n|. If max(|I'|,|O4],|X-|) = |['|, then
in view of Lemma 6 the estimate for J reduces to (20) with exponents (a1, az,a3) =
(s2+1-0b,s3,81), (a,B,7) = (b,0,0). If max(|T'|,|O+],|X-]) = |0O+] or |X_], then
the estimate for J reduces to (20) with exponents (a1, az,a3) = (s2 + b, s3, 1),
(o, 8,7) = (0,b,1 = b) or (b,0,1 —b).

Then the conditions on (a1, az, ag), (19), will be satisfied (for all the cases above)
as long as (24) holds.

Next, we prove (22). By duality, proving the estimate (22) is equivalent to
proving

2
Lr,g

lwzllgr-es =0 S lwll oo NIzl o020, (25)
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where w, z are C-valued functions. Define F'; as before, and redefine G_ as

G_(An) = ()= A =)' " [Z\ )]
Then (25) is equivalent to
LS Pl G-Iz

where

L:‘

/ Fy(An)G_(1 =X\, §—mn)d\dn
ri1 (€)% ()52 (& — n)s3(T)P(O4)b(X_)1~*

We use the same argument as in the estimate for J above. In view of Lemma 6 we
can add 1 — b to the exponent of either the weight (n) or (£ — n), at the cost of
giving up one of the hyperbolic weights (I'), (04) or (¥_). Then we apply Lemma
5. In fact, we can reduce the estimate for L to (20) with exponents (a1, as,as) =
(s2+1—0b,s3,81) or (s2,83 +1 —b,s1). Then the condition (19) is satisfied, since
we assume (24). O

2
ng

4. I-METHOD AND ALMOST CONSERVATION LAwW

Let s <0 and N > 1 be fixed. Define the Fourier multiplier operator

e =a0f©.  a0={y g 55N (26)

with ¢ even, smooth and monotone.

Observe that on low frequencies {¢ : |£| < N}, I is the identity operator. The
operator I commutes with differential operators. We also have the following prop-
erties: For a,b € R,

I f e S WA e s Hwll gas S 1wl e (27)
1 eze S Az S N2l e s (28)
1Flzre SN2F gramee S N2 Fllgra s (29)
and if supp 2(¢,-) C {£: |€| Z N}, we have
117 2] s S N° N2l oo
which in turn implies
2] prae S N[22 fyaess - (30)

Let (s, r) be such that —f < s < 0and —s < r < $+2s. Then from the modified
LWP theorem which we state in the next section, there exists a AT > 0 depending
on

HIU’OHL2 + ”I’UO”L2 + HI2¢OHH7‘*2S + H12¢1HH"‘*25*1 )

such that (3), (4) has solution for times 0 < ¢t < AT. Of course, (3), (4) has solution
for (s,r) in a larger region as in Theorem 2, but now we reprove the Theorem in
the above restricted region with a different time of existence of solution.

Now, we observe using the Fundamental Theorem of Calculus that

ITu(AT) |72 + [ To(AT)| 72 = [Tuol|z2 + [ Tvoll 72 + Ri(AT) + Ro(AT),
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where
AT 4
Ri(AT) = / 9 (Tu(r), Tu(r)dr,
o dr
Ry (AT) z/ — (Tv(7), Tv(T))dT,
0 dT
and (.,.) denotes the scalar product in L2. By the first equation in (3),
AT g4
R (AT) :/ — (Tu(r), Tu(r))dr
0 dr

AT
= QRG/O (Ia(), Tu(r))dr
AT
= 2Re/0 (I[—iMv + idv — ug] (1), Tu(T))dT
AT AT
= 2Re/0 (—tMIv(T), Tu(T))dT + 2Re/0 (i1 (pv)(7), Tu(T))dT

AT
+2Re/0 (=Tug (1), Iu(r))dr.

But the third term is zero. Indeed,
AT AT
2Re/ (—Tuy (1), Tu(r))dr = =2 Re/ / Tu, (1) Tu(T)dzdr
0 0 R

AT
= —/ / (I’LL(T)I’U,(T));C dxdr = 0.
0 R
Hence
AT AT
R (AT) =2 Re/ / —iMIv(r)Tu(T)dxdr + 2Re/ / il () (1) Iu(r)dzdr.
0 R 0 R
Similarly, by the second equation in (3)
AT AT
Ry (AT) = 2Re/ / —iM Iu(r)Iv(T)dxdr + 2Re/ / iI(¢pu)(r)Iv(r)dzdr.
0 R 0 R

We therefore get
R(AT) : = R1(AT) + Ro(AT)

AT
= 2Re/0 /R—QMZ Re(Tu(r)Iv(r))dzdr
AT AT
+2Re/0 /Ril((bu)(T)Iv(T)dach—l—QRe/O /Ril((bv)(T)Iu(T)dxdT

=2Re /O > /}R il (¢u)(r)Tv(r)dzdr + 2Re /O o /R iI(¢v) () Tu(T)dzdr.

Now, observe that

—ilpIulv — ilgpIvIu = —2il¢ Re(Tulv).
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Using this identity and the fact that I¢ is real-valued (recall that the multiplier ¢
is assumed to be even), we obtain

AT B AT | B
2Re /0 /R—ZI(b(T)Iu(T)IU(T)dxdT—F/O /R—zlqb(T)IU(T)Iu(T)dardT =0.

We can therefore add this term to R(AT) for free. We remark that adding this
term to R(AT) gives us a cancellation on the dangerous interaction in frequencies,
and this makes it possible for proving some smoothing estimates. This in turn
enables us to get the desired almost conservation law (see below for the details).
We can now write

AT
R(AT) = 2Re /0 /R i{I(pu) — IpIu} (7)Tv(T)dxdr

AT
+ 2Re/ / i{I(pv) — IpIv}(T)Iu(T)dzdr.
0 R
We therefore conclude
[ Tu(AT)[|72 + [ To(AT) |72 = [[Tuoll72 + | Tvoll72 + R(AT). (31)

The quantity that could make ||Tu(AT)|32 + [ Tv(AT)|32 too large in the future
is R(AT). The idea is then to use bilinear estimates to show that locally in time
R(AT) is small. By Plancherel and Cauchy-Schwarz, we obtain

IRAT)| S I1(6u) — ToTull o o5, IT0]Lxo0

(SaT) |

sar) (32)
+ |1 (¢v) — IQSIU”XS’;*’?(SAT) ||IU||X$J’(SAT) )
for b € R.
We denote
Qi(f.9) =1(fg) —I1f - Ig.
Lemma 8. (Smoothing estimate). Suppose
—-1/3<s5<0, —s<r<1+2s. (33)
Let b = % + ¢ for sufficiently small € > 0 depending on s,r. Then
”QI(QS’U)”XE'_”(SAT) < CN7T+25+28 ||I2¢||H7‘—25,b(SAT) ”Iu”X?r'h(SAT) 3 (34)
1Q1(6, )l x0-5apy < ONT T2y T o050y s (35)

where C' depends on s, r, €, but not N or AT .

In order to apply the I-method, we need a variant of Theorem 2, which we call
a modified LWP Theorem for the I-modified equation
iDy (Iu) = MIv — I(¢v),
iD_(Iv) = MIu— I(¢u), (36)
O(I%¢) = m*I*¢ — 21*(Re(uv)),
which is obtained from (3) by applying I. The corresponding I-initial data obtained
from (4) are

{Iu(O) = Jug € L?, Iv(0) = Tvg € L?,

PPe(0) =IP¢g € H™™>*,  8I°¢(0) = I¢y € H' >, (87)
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Combining (31), (32), (34) and (35) we obtain, for s,r and ¢ as in Lemma 8 ,
I Tu(AT) [ + [To(AT) 7
< |[TuollZ2 + |[Tvoll 72 (38)

FON TPy Wl s 1]

(Sar) | (Sa) | (Sar)

where C' depends on s, r and €, but not N or AT.
In view of (28) and (29), we have

[Tuoll 2 + [[Tvoll 2 < AN,
17260l yo—ae + 1771l om0 < BNT2,

for some A, B > 0. Here, A depends on ||ug||;2> + |[vo]| ;> whereas B depends on

||¢0||HT + ”(bl ||Hr—1 .
We now state the modified LWP theorem which will be proved in the last section.

(39)

Theorem 5. Suppose
1 1
_6<8<0’ —s§r<§—|—23, (40)
Let b = % + ¢ for sufficiently small € > 0 depending on s,r. Assume also that A
and B in (39) are such that
C(B+ A?)(N™2 4+ N7y < 1. (41)
Then there exists
AT ~ N(sfa)/(r72572e) (42)
such that (3), (4) has a unique solution
(u,v,¢) € X7(Sar) x X (Sar) x H™*(Sar)
on the time interval 0 <t < AT. Moreover,
||IU||X3=b(SAT) + ||IU||X2,b(SAT) < CAN™?, (43)
2 2\ AT—2s
120l —a00q5,.) < OB + AN, (44)

where C' depends on s, r and €, but not N or AT.

Combining (38), (43) and (44) we conclude the following almost conservation
law:

Corollary 1. Let s,r,AT,e, A, B,u and v be as in Theorem 5. Then
17u(AT) |2 +ITo(AT)| 72 < [ Tuol 72 + | Tvollz: +C(B+ A APN 7722 (45)
As a consequence of this Corollary and (39), we obtain
| FW(AT) 22 + [To(AT)|[22 < AN + C(B + A)AXN—"-242% (46)

We also need to control the growth of I?¢. To do so, we first split ¢ into its
homogeneous and inhomogeneous parts. Let ¢(®) be solution of the homogenous
Klein-Gordon Cauchy problem

{(D —m?) ¢! =0 )
#D(0) = po, 962 (0) = ¢1.

Then we write
6=00+2
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where
o= (0-m?) " (~2(Re(uD))). (48)

Here (D - m2) ~' F denotes the solution of (D — m2) w = F' with vanishing initial
data.

The solution of the homogeneous Cauchy problem (47) in Fourier space is given
by

SO(E) = cos(tle)m)n(6) + THH LG 6) (19)
Then by the energy estimate we have
“IZ¢(O)[t]“ < C(HIQ(bOHHszs + HIQQbIHHrfzsfl)v (50)

Hr-2s

for some C > 0 and for all ¢t > 0.
Now, consider the inhomogeneous part, (48). Since the multiplier ¢ is assumed
to be even, we obtain

I? Re(ut) = Re(I*(ut)) = Re(I(Tu - I7)) + Re(IQ (u,T)).
Using this identity, we write
r’e=(0- nzz’)’1 (—2Re(I(Iu - Iv))) + (O —m?) "' (=2Re(IQ(u,v))). (51)
We then prove the following:
Lemma 9. Suppose
—-1/4<s<0, 0<r<1/2+42s. (52)

Let b = % + ¢ for sufficiently small € > 0 depending on s,r, and AT be as in
Theorem 5. Then

[FRINE < CAT(||Tuo 7 + [[Tvoll72)
+ CATN—T+28+2€ HIZ

M g
¢HH%23vb(sAT) ”I“”Xi”’(sm) 1ol 00 (55
FONTY2 |l o, ol ongs -
(53)
where C' depends on s, v, and €, but not N or AT.
Then, by (39), (43), (44) and (53) we conclude

Corollary 2. Let A, B, AT be as in Theorem 5 and s,r,e be as in Lemma 9.
Then

HIQ‘D[AT]HHPR < CA2 (ATN_QS 4 (B 4+ A2)ATN-T—25+2 | N—1/2—23+25> .
(54)
By (39) and (50), we also have
H12¢<0> [t}HHHS < OBN~%, (55)

for some C > 0 and for all ¢t > 0.
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5. PROOF OF THEOREM 4

We first remark that by propagation of higher regularity (see Remark 1.4 in [15]
for the detail on this argument), it suffices to prove Theorem 4 for r < 1/2 4 2s.
We therefore fix s and r satisfying

1 1
—§<s<0, s+ 82—S<7’<§+28. (56)

Observe that this region is contained in the intersection of the regions in (33), (40)
and (52), so the statements made in Theorem 5, Lemmas 8 and 9, Corollaries 1
and 2, (46) and (54) hold true for s, r satisfying (56).

Global well-posedness of (3), (4) will follow if we show well-posedness on [0, T
for arbitrary 0 < T' < co. We have already shown in Theorem 5 that (3), (4) is
well-posed on [0, AT], where the size of AT is given by (42). Now, we divide the
interval [0, T'] into subintervals of length AT'. Let K be the number of subintervals,

SO

T
K = E ~ N(75+€)/(7‘728726). (57)

To reach the given time T, we need to advance the solution from AT to 2AT etc.
up to K AT, successively.

We shall use induction argument to show well-posedness of (3), (4) up to time
T. We denote the solution of (3), (4) on the n-th subinterval [(n — 1)AT,nAT],
where 1 <n < K, by (un, Vn, ¢n). Now, consider the DKG system

iD+un = Mv, — ¢nun7
1D _vy, = Muy — ¢nitin, (58)
O, = m*¢, — 2Re(uny).
The initial data for this system at ¢ = (n — 1)AT is specified by the induction
scheme

up((n — DAT) = up—1((n — 1)AT) € H?,
Up((n —1AT) =v,_1((n — 1)AT) € H?,
On((n —1)AT) = ¢n_1((n — 1)AT) € H,
Oipn((n — 1)AT) = dypn-1((n —1)AT) € H™™.
The corresponding I-system will be
1Dy (Tuy) = MIv, — I($nvy),
1D_(Ivy,) = MTuy, — I(dnun), (60)
O(I%¢,) = m*I? ¢, — 21*(Re(u,v,)),
with the I-initial data at ¢t = (n — 1)AT:
Tun((n — 1)AT) = Tu,_1((n — 1)AT) € L?,
Iv,((n — 1)AT) = Tv,_1((n — 1)AT) € L?,
¢, ((n — 1)AT) = I*¢p_1((n — 1)AT) € H" 2%,
O pn((n — 1)AT) = 1% ¢p_1((n — 1)AT) € H™=271,

Note that for n = 1, this I-initial value problem corresponds to (36), (37).
In the following estimates and the rest of this section we shall use the notation

Spar = [(n — 1)AT,nAT] x R.

(59)

(61)
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Recall that (uy, v, ¢r) is a solution of DKG on the n-th subinterval [(n—1) AT, nAT]
for given data at t = (n — 1)AT. Then in view of (38) we have
1 un (nAT)|[72 + [[Tva(nAT)| 72
< [Hun((n = DAT)|72 + [ Tva((n — DAT))||7: (62)
—r+2s+42¢ 2
+CN et HI ('ZS”HHT—?S"’(SnAT) HIU””X&’I’(SW,AT) HIU"HXE’b(SnAT) :

On the other hand, splitting ¢,, into its homogeneous and inhomogeneous parts,
bn = ) + B, we have in view of (50) and (53)

[12@n[nAT]|| 17, .
< CAT(|[Tun((n — DAT) |72 + | Tva((n — 1)AT)|72)

Cri2s (63)
+ CATN +2542¢ ||12¢n||HT*25:b(STLAT) ||IU”HX$”’(SnAT) ”IU"”XE’I’(SnAT)
+ CN71/2+2€ ||IunHX2r’b(SnAT) HIU"”XT’(SW,AT) s
and
swp |26, < Cl|126altn — 1)AT] . 64
s |2o0m| < cllrol |/ (64)
Our induction hypotheses will be
[Hun((n = DAT)|| > + [Tva((n = DAT)|| L < AN, (65)
[ IP¢nl(n — 1)AT]|| ;. < BaN—2°, (66)

for some 1 < n < K, where A,, and B,, are independent of N. Again, at the first
induction step, n = 1, (65) and (66) hold by (39). Now, by Theorem 5 we know
that (un, Un, ¢r) solves (58), (59) on the n-th subinterval [(n — 1)AT, nAT], where
the size of AT is given by (42), provided that the boot-strap condition

C(B, + A2)(N"%* + N"F2) < 1 (67)

is satisfied. Moreover, these solutions satisfy the bound
HIUnHng(snAT) + Hlvn‘lx‘jb(snAT) <CA,N7*, (68)
1126nl3gr 2005, 0y S C(Bu + AN (69)

So, if we can prove that A, and B,, stay bounded for all 1 <n < K, then (67) will
be satisfied for all 1 < n < K, choosing ¢ small enough and N large enough (recall
r > 0). We can therefore apply Theorem 5 K times, and hence prove well-posedness
on [0, T7.

By (68), (69) and the induction hypotheses (65) and (66), the estimates (62) and
(63) imply
[T (AT)|[72 + [[Ton (RAT) |72 < AN+ C(By + AR)ALN 77212 (70)

11200 [nAT]|| o, < CAZ (ATN2 4 (B, + AZ)ATN 72042 4 y-1/2- 20420
(71)
whereas (64) and (66) imply

sup HI%;‘)) 1] H < CB,N~%. (72)

0<t<T Hr=2s
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By (61) and (70) we obtain
171 (RAT)||Z2 + 0011 (RAT)| 2 = || Tun (RAT) |2 + [[Tvn (RAT)| 72
< AZNT2 L OB, + A2)AZ N2 H2e
We therefore have
A2, < A2+ CO(B, + A2)AZN T2 (73)
On the other hand, by (61), (71) and (72) we get

HI2¢7L+1 [TLAT] ||H7‘72s = ||12¢n[nAT] ||H7‘—2s

< |[PePmAT)| |+ [P mAT .

S CBnN72S 4 OAEL (ATN72S 4 (Bn 4 AZ)ATN7T72S+2S + N71/2728+26)
Therefore,
Bpi1 < CBp + CA2AT 4+ C(B,, + A2)A2ATN 742 L CA2N~V242e (74)

However, the presence of a constant C' in front of B,, in the first term of the r.h.s. of

this inequality is bad, since then B,, will grow exponentially in n; after n induction

steps, B, ~ C™. To fix this problem, we follow [15] to write 20) as a cascade of

free waves:
dts = 01+ 08+ + 80 + oL,
for n > 1, where
(@-m?) (;5521 =0
Ol1 (NAT) = &, (nAT), (75)
09 (nAT) = 8,9, (nAT).
Now, by energy inequality and (71) we have

HIZQggg)-l[t]H < CA% (ATNiZS + (Bn + Ai)ATNfoZSJr% + N71/2725+25) ’

Hr—2s

(76)
in the entire time interval 0 <t < T.
We now replace the induction hypothesis (66) by the stronger condition
sup H12¢5?> 1] H < B,N~%. (77)
0<t<T Hr—2s
Since ngLOJ)rl = 4 Qgg)lu we have

0
|2eum||,,, . < ||
for all 0 <t < T. Then using (77) and (76), we conclude
Bpi1 < B, + CA2AT + C(B,, + A2)A2ATN "2 f CA2N-Y2H2= (78)

2 7(0)
Hr—2s + HI ¢"+1[t]HHT»725 ’

This estimate will be a replacement for the “bad” estimate (74).
Now, we claim that if € > 0 is chosen small enough, and then N large enough,
depending on ¢, then for 1 <n < K,

A, < p=2A4, B, <0 =2B;, +4CTA3. (79)
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We proceed by induction. Assume that (79) holds for 1 < n < k, for some k < K.
Then (67) reduces to

C(o+ pg)(N_QE + N_"+28) <1, (80)

for n < k. Since r > 0, we can choose € very small and N very large to ensure
that (80) is satisfied. So by (73) and (78), and the assumption that (79) holds for
n < k, we get (for n < k)

A2 | < A7 +nCop®’ N2
Bpi1 <Bi+n [CpQAT + Cop? ATN-T+2¢ 4 CpQN‘1/2+2E] .
Furthermore, (79) will be satisfied for Ay and By, provided that
(k—1)Cop? N™"+2€ < 343
(k- 1) (CpQAT + Cop? ATN-"+2¢ | szN_1/2+25) < By +40TA2.

Now, since k < K = T/(AT) < CN(—s+e)/(r=2s=2¢) "by (42), it suffices to have

Cop? N—s+9)/(r=2s-2e)=r+2e 342 (81)
CTop*N™"12 < By /2, (52
Cp2N(—ste)/(r=2s=2e)=1/242¢ < B /o (83)
O < 4CT A2, (84)

Here, to get the Lh.s. of (84) we used the fact that (k — 1)AT < KAT =T; In
fact, (84) holds with equality, since p = 2A. Since r > 0, (82) will be satisfied by
choosing first € small enough and then N sufficiently large. To satisfy (81) and
(83), it suffices to have

—s5+e —s5+e€
2.5 T+ 2 <0, 2% 1/2+2e <0. (85)
The first condition is equivalent to 72 — 2sr + s > g(4(r — s) + 1 — 4¢). Choosing
€ > 0 very small, this reduces to 72 —2sr +s > 0, i.e., r > s+ /52 — s, which holds
by assumption (56). The second condition in (85) is weaker than the first condition
since by assumption (56), < 1/2 + 2s and s < 0.
Thus, (79) holds for n = 1, - -, K, and hence the proof is complete.

6. PROOF OF LEMMA &8

Taking the Fourier transform in space, we get

[Q1(f,9)](§) = /[Q(€) —q(ma(& =) f(ma(& - n)dn. (86)

Recall that the symbol ¢(¢) =1 for |¢| < N.

We now write u = u; + up, v = vy +vp, ¢ = ¢ + ¢, with 4y, 0y, d?l supported on
{€:|¢] <« N} and uy,, oy, ¢, supported on {£:1€] Z N}. Since we are considering
(weighted) L2 norms, we can replace @, 0 and ¢ by [il, 0] and |$|. Assume therefore
that @,9, ¢ > 0.

We only prove (34) since the proof for (35) is quite similar. The only difference
is that to prove (34), we use the product estimate (22), but to prove (35), we use
(23). We prove (34) for all possible interactions. As a matter of convenience we
skip the time restriction in this section.
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6.1. Low/low interaction. Recalling (86), we have

Q1 (b, w)) (€)= / (9(€) — a(male — o (man(e — n)dn.

But since |n|,|£ —n| < N, which in turn implies |[£| < N, the expression inside the
square bracket in the above integral vanishes.

6.2. Low/high interaction. Then
Qu(on )€ = [10(©) - ate ~ In(u)in (€ ~ )

because ¢(n) = 1 on the support of <ZA51- By the mean value theorem,

1q(&) = q(& =) < 1d' ()] nl,

where ( lies between £ and & — 7.
Now, assume |§ — | > N. Then |n| < |§ — 1|, and this implies

€l ~ 1€ —nl ~ 1]
Hence
6/ = N~ |sl¢" v fsle ="

Next, assume € — 7| = N. If |{| < N, then ¢'({) = 0. If |{] > 2N, then
() = N~ [sl¢I* ™| S N g =l
Finally, assume N < || < 2N. In this case, we define ¢(§) = x({/N) where x is a
smooth, even and monotone function defined by
{1 if0<o<l,
o® ifo>2.

x(o) =
Then .
(OIS N TSN E—n|" .
We therefore conclude
q(€) — (=) SN |E=n|"" " n|.
Interpolating this with the trivial estimate

lg(§) —q(€ =n)| S N7*|E—nl°
we get
4(€) — g€ =) SN~ le—nl*le —nl"" In|°,
for 6 € [0, 1].
Then

Qi un) O [l G €~ nl™ N7 ¢ " anle ~ md
S[D% - D0 Tug] ().
Now, choosing # = r — 2s and applying the product estimate (22), we get
1Q1 (61, un)ll xo—0 < [|D7"¢1 - D"+ Tup | 0.

S ||Dr—2s¢l D_T+251uhHX2E,b
+

(87)

o |

5 N—r+23+2€ ||¢l||H7‘72S’b HIuhHXi'b .
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6.3. High/low interaction. A calculation similar to the preceding low /high in-
teraction estimate gives

[Q1(én, w)]™(€)] S D1y - Do ™ ().

Take § = 0. Applying the product estimate (22) and (30), we get

1Q1(dn, w)l xo—v S [[1¢n - wl] xo.—o
S 1 onl gz lluall xo
SN I s el o

SN g L e

6.4. High/high interaction. Here, we do not take advantage of any cancellation.
We instead use the triangle inequality to get

1Q1(Pn, un)ll xo.—» < [[1(dnun)| xo.~v + [[Ldn - Lun]| oo .
By (27), the product estimate (22), and (30), we get

[ (Snun)ll xo.-v < lonunll xo.—o
S0l gr-evace lunll xq0
= 10l rr—rszew N*NT2 [Jun]| o
SNl v N [ Tun| o
= N 7702 T || oo [[Hunllxo

SN [ Tunl xo0

and

1261 - Tunllov S 1T 6n e | Tunll o
SN G g [[Tunl o

SN2 T o
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7. PROOF OF LEMMA 9

First, we estimate the first term in the right hand side of (51). By energy
inequality, (27), Lemma 4 and (38) we get (recall that r < 1/2 + 2s)

H (0= m?) " 2Re(I(Tu - I7))|AT) HH

AT
<C [ IRe((Tule) - Fo(®)) s i
OAT
<C / I Tu(t) - T5()|| grsor dt
OAT
e / | Fu(®)l 2 1700 o dt

AT 9 9
<C / 1Tu() |2 + |[To(t) |2 dt

< OAT (|[Tuoll3 + | ol

—r+2s+2 2
+ CATN teetze HI ¢HH7'725,17(SAT) ||IUHX3_,b(SAT) HI’UHXO_‘"(SAT) :

Now, we estimate the second term in the right hand side of (51). We claim that
H (0 - m?) "' 2Re(1Q; (u, 7))[AT] H
Hr=2e (89)

< CN71/2+2€ ”Iu”Xfr’b(SAT) ||IU||X2’b(SAT) :

Assume for the moment that this claim is true. Then a combination of the estimates
(51), (88) and (89) proves the Lemma.
It remains to prove the claim, (89). By (15), Lemma 2 and (27)

|(©—m2) " Re(1Q1(w, ) (AT

Hr—2s

<C||(@-m?) " Re1Qu(w, 7))

S C ||IQI(U7E)HHr—Zs—l,b—l(SAT)
S C ”Ql(ua @)HHT72571,1371(SAT) .

HT—ZS,b(SAT)

Then to estimate [|Qr(w, V) r-2:-1.6-1(g, ) We follow a similar argument as in the
preceding subsection. As a matter of convenience we skip the time restriction in
the rest of the section. The contribution from the low/low frequency interaction,
Qr(ug,v;), vanishes by the same argument as in the low/low frequency case in the
preceding section. For the low/high frequency case we use (87) with § = 0 (the
high /low frequency case is similar) to get

Q1 (ue, o))~ ()] < e - Tor] ™ (€)1 -
Then by (21),
[wr - TN grr-2o-10-1 S Nluall o0 (VR y—17242e0

< N—L/2+2¢ ||U/l||X5)r,b HIUh”XE’b .
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To estimate the contribution from high/high interaction, we first use the triangle

inequality to get

||Ql(uhvm)||H7‘72s—l,b71 < ||I(th)HHr72sfl,b71 + ||IUh : Iﬁh”Hersfl,b—l .

Then applying (21), we obtain
I (wn®r) || grr—2a16-1 S NlunWrll gr—2e-10-1

S lunll e llonll x-ravaen
SN [l o0 N7V o | o
< N/ ||Iuh||X9r,b [[Tvn | 0.0 5

and

Hun - T0R||prr-ze-1o-2 S 1Lunll x ovvan [1Honl g —1avaen
S N7V | oo [ Ton) o
8. PROOF OF THEOREM 5

Assume 0 < AT < 1. Define

Hwllxos(sary = 1Tullxor (sapy T 110100550y

[Hwoll 2 = [[Huoll L2 + [ Tvoll 2 -

Applying Lemma 1 to the first two equations and Lemma 2 to the third equation

of the I-system (36), we get

17ull o sy < € {ITu0ll o+ 170l 015,y + IT@0) o150 b

120l 00 5y < C {1002 + 1Tl o015y + (@) xo0-1 (5, }

||I2¢||HT_2S’b(SAT) = C’{H]Qd)[o]HHT—25 + HIz(ug)HHT—QS—“’—l(SAT)} ’
Using estimate (16), we have

170l o1 53y < IT0lx0e 500y S (AT)V272 0l o,

1/2—2.
17ull o1 sy < 1Tl o5,y S (AT) V272 [ Tu yongs

)"
Now, we claim the following:
(@)l 001500y < CTL 20| vy 1700 x00 (500
|‘I(¢U)Hxivb’1(SAT) <CTy H12¢HH“25=5(SAT) HIU”XE”’(SAT) ’
120 a1+ gy < OT [Tl gnas sy 10l oo,y
where
[y = [0 (N, AT) : = (AT)2r 45— 4 N-r+2s+2e
Ty =Dy(N,AT) : = (AT) 7% 4 N~1/212,
Assume for the moment that the claim is true. Then using (90)—(93),
||IwHX0,b(sAT) < C | Twol 2 + C(AT)U%QE ||Iw||xo,b(sAT)

+ CTl HI2¢HH7‘725,17(SAT) ||IwHX0>b(sAT) )
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120l ersisny < ClEON e + CTa [ Fulenngsnny . (95)
In (94), the term || ITw|

XO0b(Sap) CAN be moved to the left hand side provided
C(AT)Y/?725 < 1. (96)
Thus, using (95), the estimate (94) reduces to
3
11wl xou 507y < CIHwoll 2 + CT1 |P2G[0]|| fyr—as 1wl x0 (55 0y + CT1 2 [Tl 50,0559
< CAN™* + CBN_2SF1 ”Iw”XO’b(SAT) + CF1F2 ||Iw||3X0’b(SAT) .

So if

CBN™*T1(2CAN"%) + CT T'9,(2CAN %) < CAN ", (98)
then it follows by a boot-strap argument (see the Remark below for the detail on
this argument) that

HIwHXO’b(SAT) < 2CANT5. (99)
Now, if we choose
AT ~ ]\T(s—a)/(r—Qs—Qe)7 (100)
the boot-strap condition (98) reduces to (modifying C)
C(B+A?) (N™%# + N7+%) < 1. (101)

Note that the choice of AT in (100) also satisfies condition (96) since N is assumed
to.
On the other hand, by (95) we get (modifying C)

H12¢||Hr—2s,b(sAT) < CBN72S + 4CA2N*2S (N(sfs)(1745)/(r72572e) + N71/2+2E> )

The second term in the r.h.s. of this inequality can be bounded by C(B + A?)N ~2¢
since the quantity in the bracket is very small. So, we obtain

1126|3205,y < 2C(B + AP)NT2, (102)

Remark 3. The above estimates imply LWP of (3), (4) with time of existence up
to AT > 0 given by (100) provided that the condition (101) is satisfied. The
boot-strap argument mentioned above can be shown using the standard iteration
argument: Set u(~1) = v(=1) =0, and define for n > —1 inductively

iDy (Tu™ D) = MIv™ — 1(¢™ ™),
iD_(To™ )Y = MIu™ — [(™M (™), (103)
Tul"(0) = Tug € L2, Tv™™(0) = Ivg € L?,
where
O™ = m?2¢™ — 2Re(u™7™),

with the same data as for ¢.
Then, defining y,, = ||[Tw"|| yo.,» for n >0, (97) becomes

Yni1 < CAN™* + CBN 2Ty, + CT Ty

By (12) and (39), yo < 2CAN~*. Now, if (101) holds, we conclude by induction
that y, < 2CAN~* for all n > 0. On the other hand, we know from [16] that
(u™ ™) — (u,v) € Xi’b x X** as n — oo, which implies Tw™ — Tw € X as
n — oo, and hence (99) follows.
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It remain to prove the claim; i.e., (91)—(93). The estimates (91) and (92) are
symmetrical. Hence we only prove (91) and (93). As in Section 6, we decompose
u, v, ¢ into low and high frequencies, and prove the bilinear estimates for all possible
interactions.

8.1. Proof of (91). We recall that s > —1/6, —s <r < 1/2+2s, b=1/2+¢, and
the operator I is the identity for low frequencies. Note also that low-low interaction
yields low frequency output. Then for the low/low interaction, we have by (27) and
the product estimate (22)

I (prwr) || xo-1(g, ) < C lldruall yor-1g,,

< Cllbdlmsensan il xonsary -
On the other hand, by (27), Lemma 3, Holder in ¢, (18) and (15), we have
L (drw)]| xor-1(g, ) < Clldrwll xor-1(g,,
<C ||¢lul‘|LT%€L§(SAT)
< C(AT)™ [ dyull e s (105)

< C(AT)' 7> 1Dell oo prrrz+e (0 Ntttll Lo 2 (50
< C(AT)l_Qs H¢l||H1/2+s,b(5AT) HulHXi'b(SAT) :
Then interpolation between (104) and (105), for 0 < 6 < 1, gives
I (@run)ll o015,
< C’(AT)(PQE)G H¢l||H25(1—6>+(1/2+E>s,b(sAT) Hul||x$b(sﬂ) .

We take 0 = %‘;45 (by the hypothesis made on s,r, we then have 6 € [0,1]).

This implies 2e(1—6)+(1/2+¢)8 = r—2s and (1—2¢)0 = 2r—4s—4e. Consequently,
1 (r) o015y < COTI 7 gl avs s Tl ooy (106)

The contribution from low/high can be estimated using (27) and the product
estimate (22) as
[ (Prun)llxor-1(557) < C lldrunllxor—1 (5,
< Clldull 2oy 1unll x2emrs2en (g, (107)
= Clloull grr-2e(sary NN 72 Munll xgre—rszen g,
< CNT"F2 2| rzen () ||I“h‘|x$b(sm) :

The contribution from high/low can be estimated using (27), the product estimate
(22), and (30) as

H(@nu)llxor-r(sapy < Clonullyxor=r(s g,
< Clinllzen(sar Il xon (s,
< ON-TsTst2e ||¢h||H'r-—s+s,b(SAT) Hul”X_?_’b(SAT) (108)
= C’N—T’+s+2s HI¢h||Hr—s,b(
§ CN77‘+28+25 ||12¢h

SaT) HUZHXS;I)(SAT)

||H7‘—2s‘b(SAT) ||ul||X$’b(SAT) ’
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Similarly, we estimate the high/high interaction using (27), the product estimate
(22), and (30) as

H(Pnun)llxor-1(5,7) < C lontllxor-1 s,
<C “¢h‘|H75+25'b(SAT) Huhuxj_vb(sAT)
- C H¢hHHr—s—T+25,b(SAT) NSN_S HuhHXib(sAT) (109)
S ONTH 02 I s (5 ([ unl| o0

S CN—T+28+2E ||I2¢h

(Sar)
[— ([ Tun]| o :
H ) (SAT) X+ (SAT)
Therefore, (91) follows from the estimates (106)—(109).
8.2. Proof of (93). We recall that s > —1/6, —s <r <1/2+2sand b=1/2+e¢.
Noting that I is the identity for low frequencies, we have by (27), Lemma 5 and
(16)
||I2(UZQTZ)||Hr72571,b71(SAT) <C ”uﬂTZHH"'*25*1171/2+E(SAT)
<C HulHX?f(SAT) HUZHXE’E(SAT)

< C(AT)1745 HUZ”X?FUQ_E(SAT) HUZHXEJ/Q_E(SAT)

< O(AT) laell o0 507y 102l 500 (5 -
(110)

The contribution from low/high interaction is estimated using (27) and the product
estimate (21) as
||12(UZW) HH”"QS’Lb’l(sAT) S C HulWHH—l/zb—l(SAT)
<C Hul”Xi’b(SAT) ||’UhHX:1/2+2s,b(SAT)
= Hul”Xi’b(SAT) ||’UhHX:1/2—S+2s+s,b(SAT) (111)

< Ol oo s N2 ol oo

(Sar) Sar)

= CN~1/2+2 HulllX.?.’b(SAT) ”Ivh”XE’b(SAT) ’
By symmetry
HIQ(UMTZ)HHT*ZS*M*I(SAT) < ON~/2eee ||Iuh||xfr’b(sAT) ||UIHX0_)b(sAT) - (112)
Finally, for the high/high interaction we obtain using (27) and the product estimate
(21)
HI2(uhm)||Hr72571,b—1(SAT) <C ”th”Hfl/?,b*l(SAT)
<C ||Uh||X;1/4+25,b(SAT) ||Uh||X:1/4,b(SAT)

—1/4—s5+2 —1/4—s
< ONTVA g,y N

SaT) H’Uh”Xi’b(SAT)

= ONTVEE o sy om0ty
(113)

We therefore conclude that (93) follows from the estimates (110)—(113).
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