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Abstract: Allometry studies describe how phenotypic traits increase relative to the increase of the size of the organism. Because the increase in organism’s size is due to growth, a multiplicative process, allometric relationships are often analysed on a proportional scale (e.g. a log-log scale) to account for the multiplicative nature of the data. Still, the log-transformation of the data when estimating allometric relationships has been the subject of debate. In a series of replies to various case studies of allometry, G.C. Packard has repeatedly criticized this approach under the premise that the log-transformation of the data alters the estimate of the allometric exponent, and obscures the biological meaning of the allometric parameters. Recently, Packard (2018) reanalysed data from our study on horn length allometry in Bovids (Tidière et al., 2017) and reached conclusions that contrasted with those reported in our original study. Echoing many authors before us, we argue here that log-transformation of the data in allometric studies is justified by the expected distribution of the residual variation in ontogenetic, static, and evolutionary allometry. We also point out that allometric slopes thus obtained have a direct biological interpretation in terms of elasticities. Finally, we show that Packard’s criticism is based on qualitative and not quantitative assessment of the models fitted on different scales, and his conclusions disregard statistical and biological evidence supporting models fitted on a log-log scale. 
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INTRODUCTION
Allometric relationships describe the covariation generally observed between morphological, physiological, and life history traits, and the size of the organisms (Huxley, 1924, 1932; Huxley & Tessier, 1936). To explain these relationships, Huxley (1932) hypothesized that both the size of a trait y and the size of the rest of the organism x, are controlled by a common growth factor. It follows that the relative growth of y and x are linked by a power function

 y = x, 										(1)

where  is a constant and  the allometric exponent (see also Savageau, 1979). 
The allometric exponent , measures the increase in trait size relative to the size of the organism, and can inform thereby on the presence of developmental or genetic constraints in ontogenetic and static allometry (i.e. allometry measured during ontogeny within individuals and, at similar developmental stage among individuals of different size within a population, respectively ; Lande, 1979, 1985). In evolutionary allometry (i.e. allometry across populations or species),  may reflect either the effect of different selective optima of the trait size relative to the body size across populations or species (i.e. selective constraint) or the effect of developmental (genetic) correlations between trait size and body size that constrain population and species divergence (the allometry-as-a-constraint hypothesis, Lande, 1979, 1985; Voje et al., 2014; see Pélabon et al., 2014 for a review).  
	Following Huxley (1932), allometric relationships are generally analysed on log-transformed data. On a log-log scale, the power function becomes linear: 

							(2)

where log() is the allometric intercept, and  is the allometric slope. 
	The use of log-transformed data for studying allometric relationship has been long debated, however (e.g. Smith 1980, 1984, Bales 1996; Sartori and Ball 2009, Packard 2015), possibly starting with D’Arcy Thompson (1942) re-analysing data from Huxley without log-transformation	 (cited in Smith, 1980). During the past years, the debate has been fed by G.C. Packard and colleagues in a series of more than 20 papers where they reanalysed data from published studies by fitting non-linear models to the data on the arithmetic scale. The main justification provided by these authors for doing so is that log-transformation alters the data so that predictions from the models on the arithmetic scale (i.e. after back-transformation) are no longer accurate, and the interpretation of the parameters is unclear. 
	In our study of the evolutionary allometry of horn length and body mass in Bovids (Tidière et al., 2017), we found that the evolutionary allometry in males is non-linear on a log-log scale, with a decreasing allometric slope when the size of the species increases. This pattern, influenced by the phylogenetic relationships among species, resulted from an absence of horn length increase with an increase in mean mass among species larger than 350 kg. In females, the evolutionary allometry between horn length and body mass was linear, and was also influenced by the phylogenetic relationship among species. Furthermore, sexual dimorphism in horn length in species with both sexes carrying horns reached a maximum for horn length of ca. 32 cm in females and subsequently decreased with increasingly larger female horns. We interpreted these results as reflecting a change in selection pressures on horn size in males from small to large species, and proposed that in the largest species, horn length is replaced with body mass as the target of sexual selection in males. Packard (2018) challenged these conclusions. After arguing that the log-transformation of the data altered their distribution “in ways that may conceal flaws in the original data” (text in italics from Packard, 2018) and that allometric models should be validated with graphical analyses on the arithmetic scale, he adjusted a three-parameter power function () that, according to him, better fitted the data. From his reanalysis, Packard concluded that horn length of males and females had the same allometric exponent , and the same intercept y0, and only differed by the constant, . Several authors have already pointed out the problems with Packard’s arguments against the use of log-transformed data (see e.g. Kerkhoff & Enquist, 2009; Cawley & Janacek, 2010; Ballantyne, 2013; Glazier, 2013; Mascaro et al., 2014; Lemaître et al., 2015; Xiao et al., 2011). Here, we summarize the most salient points of disagreement, and develop some new arguments in support of the use of log-transformed data in allometry analyses. 
Due to the assumptions associated with the distribution of the residuals in least square regression (normal distribution and homoscedasticity of the residuals), the debate on the use of log-transformed data in allometry studies has mostly focused on the scale of the residual variation (normal vs. log-normal). Here, we first discuss the different sources of residual variation in ontogenetic, static and evolutionary allometry, and we argue that a log-normal distribution of the residuals is generally expected, therefore justifying the log-transformation of the data when studying allometry. We then show that the allometric slope estimated from models fitted on log-transformed data has a particularly meaningful biological interpretation. Finally, we point out that Packard’s approach is qualitative and does not provide a proper quantitative assessment of the different approaches. 

MEANING AND DISTRIBUTION OF THE RESIDUAL VARIANCE
The main criticism of allometric studies based on log-transformed data formulated by Packard and colleagues states that the error term in the model becomes, by definition, multiplicative on the arithmetic scale. Effectively, additive error on a log-log scale:

, with , 			(3)

becomes multiplicative on the arithmetic scale:

 .								(4)

According to Packard and colleagues, this is a problem because the use of a proportional scale decreases the relative contribution of the large species to the fit of the model (Packard et al., 2009). Consequently, when back-transformed to the arithmetic scale, models generally poorly fit the distribution of the largest species (Packard & Birchard, 2008; Packard, 2011). As an alternative, these authors propose to fit a non-linear regression on the arithmetic scale that assumes additive errors (equation 3 in Packard, 2017). Then, one should test for the normality and homoscedasticity of the residuals. If the distribution of the residuals deviates from normality and/or shows signs of heteroscedasticity, specific variance-mean relationship should be modelled to account for this deviation. 
First, it is noteworthy that in the case of heteroscedastic residuals with a log-normal distribution on the arithmetic scale, fitting a non-linear model on an arithmetic scale with log-normal residuals should provide the same results as fitting a linear model on a log-log scale with normally distributed residuals. The allometric exponent  should equal to the slope of the linear regression, and the intercept of the linear regression should equal to the logarithm of the constant in the non-linear model on the arithmetic scale. In this case, both models are equally valid, but such a correspondence does not hold anymore for three-parameter non-linear models. However, modelling ad hoc distributions for the residual variance to fit non-linear models on the arithmetic scale, as advocated by Packard, does not account for the theoretical foundation of allometric relationships, and it may lead to overlook information concealed in the distribution of the residuals when this one deviates from theoretical expectations. 
Deviation from the allometric slope (i.e. residuals) results from the combination of biological and measurement errors (Riska, 1991). In ontogenetic allometry assessed with transversal data and in static allometry, biological errors correspond to any developmental variation among individuals that is caused by stochastic (i.e. developmental noise) or environmental perturbations of the growth of the trait y relative to the growth of the trait x. Such perturbations may affect either the constant , or the allometric exponent , and can be modelled as:

, 									(5)

where i is the error affecting , and i is the error effecting . Deviations from the power function generated by i will equal , and their distribution will depend on the distribution of i. Because  corresponds to the value of y when x equals 1 (whatever the unit of x), the distribution of i depends on the distribution of the error in y. Within a population, traits are often normally distributed, and we expect i to be normally distributed as well. The error affecting the allometric exponent  will generate deviations from the power function equal to , that is, equivalent to the exp(i) in eq. 4. If i is normally distributed, the residuals of the allometric relationship will be log-normally distributed. The biological error being the product of these two errors, its distribution will correspond to the product of a normal and a log-normal distribution and will be log-normal. 
Measurement error is the error made during the measurement procedure and its magnitude depends on the precision of the measuring device. If the trait y is always measured with the same instrument and assuming that the accuracy of this instrument does not depend on the size of the attribute measured, we expect the measurement error to be normally distributed with a mean of zero and a variance 2 on the measurement scale, that is, on an arithmetic scale. Including both types of error in the power function gives:     

 ,							(6)   

where  is the measurement error. The log-transformation of the data renders the biological error additive, with a constant variance as x increases, but diminishes the impact of measurement error on the residual variance when x increases. As long as the measurement error is much smaller than the biological error, as it is often the case, the distribution of the residuals will be approximately log-normal. However, if the measurement error becomes non-negligible compared to the biological error, the distribution may differ from a log-normal distribution, and we could expect the residual variance to decrease with increasing x.  
Evolutionary allometry may result from developmental constraints affecting the trajectory of the population or species divergence (Lande, 1979; 1985; Voje et al., 2014). In this case, the biological error results from the adaptation of populations or species to specific environmental conditions that drive the size of the trait y relative to the size of the trait x away from the expected allometric trajectory. Alternatively, evolutionary allometry may result from correlated selection generating adaptive ridge (Armbruster & Schweagerle, 1996; Armbruster et al., 2014). In both cases, the scale of the biological error depends on the scale of the fitness landscape on which populations or species evolve. At first sight, we may consider that variation in fitness associated with the variation in relative trait size across populations or species is on a proportional scale. For example, we do not expect the same change in fitness for a change in beak depth of 0.5 mm in Geospiza fuliginosa (mean beak depth ca. 7 mm) and in G. magnirostris (mean beak depth ca. 16 mm, means from Schluter & Grant, 1984), but we rather expect that a 5% change in beak depth in both species has a comparable effect on their fitness. In this case, we expect a log-normal distribution of the residuals. In some cases, however, similar differences in absolute size may generate similar effects on fitness across populations or species of different sizes. For example, the fit between floral reproductive organs (i.e. anther and stigma) and insect pollinators may generate a fitness landscape that is defined by the absolute size of the pollinators, generating an adaptive ridge defined on the arithmetic scale (Armbruster et al., 2009), and residuals normally distributed on the arithmetic scale. Therefore, the scale of the biological error in evolutionary allometry is an empirical question, but multiplicative error (i.e. log-normally distributed) may often be a reasonable starting point. 
Measurement errors in evolutionary allometry are too rarely estimated. This may stem from the complexity of these measurement variances that combine different sources of errors. First, both the x and y traits are often measured with different tools for species of very different size. In this case, it is likely that the magnitude of the measurement error varies across the size range. Measurement error can also result from sampling variance that generates errors in the estimation of population or species means when these means are estimated independently for x and y, as it is often the case when data for the two traits come from different studies. Whether or not these different sources of error and/or their combination translate into residual variance proportional to the trait measured is generally unknown. However, as for ontogenetic and static allometry, measurement errors in evolutionary allometry are generally assumed to be small compared to biological errors. 
These considerations suggest that theory generally predicts multiplicative error in allometric relationships as long as the measurement error is negligible compared to the biological error and that variation in fitness is related to proportional variation in trait size across populations or species in evolutionary allometry. Importantly, our capacity to distinguish between normal and log-normal distribution of the residuals depends on the range of variation of the x trait. With limited variation, as it is often the case in static allometry, normal and log-normal distribution may be very difficult to distinguish, as illustrated in the study by Gingerich (2000). Therefore, although a log-normal distribution is the theoretical expectation for the residuals in allometric studies, it may be difficult to distinguish it from a normal distribution when variation in the traits is limited. 
Consequently, we agree with Packard and colleagues that the distribution of the residuals should be carefully examined when performing any allometric study. However, we disagree with these authors when they advocate modelling any type of residual variance after fitting a non-linear regression on the arithmetic scale, because this ad hoc modelling of the error distribution solely based on statistical arguments considers the distribution of the residuals as non-informative and does not account for biology-grounded theoretical expectations. Instead, we consider the log-normal distribution of the residuals as a null hypothesis which can be disproved, and we see deviation from this null hypothesis as a valuable source of information that can help understanding the nature of the residual variance. 
In our study (Tidière et al., 2018), after fitting a quadratic model on a log-log scale, residuals were normally distributed and independent from the predictor variable, as expected from the theory. Although this was acknowledged by Packard (2018) who used log-normally distributed residuals to fit his models, it was apparently not sufficient to justify the log-transformation of the data. 

INTERPRETING THE ALLOMETRIC SLOPE ON A LOG-LOG SCALE 
Packard and colleagues have repeatedly stated that allometric relationships should not be interpreted on a log-log scale because the main purpose of allometric studies is to make prediction of the size of a trait (i.e. on the measurement scale) when only body size is known (Packard, 2011; 2018). Although this procedure is common in palaeontology (Grabowski et al., 2015), this perspective ignores a large body of literature where the allometric slope  is the main focus of the study (Eberhard et al., 1998; Bonduriansky, 2007; Pélabon et al., 2014; Voje, 2016). On a log-log scale, the allometric slope represents the proportional change in a trait y that occurs in response to a proportional change in trait x, that is, the percent change in y for a 1% change in x. Such proportional sensitivity indices have been called elasticities by microeconomists and they are particularly useful in biology, especially when traits have different units or dimensions (De Kroon et al., 1986; Van Tienderen, 1995, 2000). To illustrate the use of elasticities in interpreting biological variation, let us consider an example of ontogenetic allometry between horn size and body mass in a hypothetical bovid species. Say the allometric coefficient is 1.3 in males, and 1.05 in females. If we try to illustrate the difference between sexes in horn growth on the arithmetic scale, we need to consider at which body mass the comparison is done. Indeed, for an increase of one kg between 14 and 15 kg, male horns will increase by 0.86 mm while they will increase by 0.41 mm in females. However, for a same increase of one kg between 41 and 42 kg, the horn growth in males and females will be 1.16 and 0.44mm, respectively (we consider similar intercepts for the ease of comparison). Using a log-log scale, these figures can be interpreted as follow: for a 1% increase in body mass, the horn length will increase by 1.3% in males, but only by 1.05% in females, whatever the size of the animals. 
	For complex allometries, as long as the traits are expressed on a log-log scale and that the model describing their relationship is a linear model, it is possible to define an allometric slope between x and y that can be interpreted as an elasticity. This can be achieved by using broken-stick regression (i.e. piecewise linear function), where each segment represents the elasticity of the two traits between the limit defined by the model (e.g. Lemaître et al. 2014). Alternatively, one can use a quadratic regression (on a log-log scale) that allows estimating the elasticity of the two traits for a given value of log(x) by calculating the derivative of the function (Tidière et al., 2017).  
	To account for non-linear allometry, Packard (2018) used a three-parameter power function: . With such a function, the slope of the derivative at specific values of x does not correspond anymore to the derivative of the quadratic function on a log-log scale, and it cannot be interpreted as an elasticity. Furthermore, as noticed by Packard himself, the parameter Y0 has no biological interpretation. Yet, in an attempt to provide an interpretation of this parameter, Packard (2018) explained that the important parameter is not Y0, but the x intercept (i.e. when the curve passes through the x axis) that he interpreted as the size under which Bovids could not wear horns. To support his claim, Packard stated that the smallest species with horns in both sexes had this expected mass. This interpretation appears to us as being “ad hoc” and not convincing. It implies that the size of horns relative to body size in Bovids is governed by the same process in both sexes and in all species, ignoring obvious differences in selection on horn length among species of different size and the fact that in many species females are not wearing horns. 

QUALITATIVE VS. QUANTITATIVE ASSESSMENT OF THE ALTERNATIVE MODELS
Packard (2018) claimed that models on arithmetic scale fit better the data than those fitted on a log-log scale. However, this claim is only based on visual (qualitative) assessment of the fit of the models and not on proper quantitative comparison between models fitted on different scales (see also Packard, 2012 for a similar issue). In some earlier criticisms of models fitted on a log-log scale, Packard (e.g. Packard & Birchard, 2008) mistakenly used r-square values for comparing the models on the two scales. However, due to the non-linear transformation that affects the distribution of the residuals, r-square values, as well as AIC values, cannot be used to compare models on different scales without correction (see Ballantyne, 2013 for appropriate correction of AIC values). To avoid this problem, Packard (2018) only compared visually models fitted on arithmetic scale or log-log scale. This procedure is disputable, especially because the assessment is done on graphs on the arithmetic scale, while the model is fitted with a log-normally distributed error. 
To compare quantitatively the fit of the different models, we used the correlation between the observed and the predicted values for horn length provided by the different models. Because Packard fitted his model with a log-normal error, we compared observed and predicted values using log-transformed values, and calculated the r-square between the observed and predicted values for the two types of model (Fig. 1). This analysis revealed that, although the difference is small, our models better fit the data (higher r-square). The poorer fit of Packard’s model is also revealed by the slightly wider distribution of the residuals of the non-linear model that results from the inability of this model to predict the particularly small horn length of males from the largest species (Fig. 2). Packard acknowledged this problem when he wrote “the distribution of data for males is slightly peculiar…”. But surprisingly, instead of questioning his model, Packard criticized the “suitability of the data for use in an allometric analysis”. Such a practice does not match the commonly accepted way of modelling biological processes where the model should be fitted to the data and not the other way round, and represents another example of the predominance of statistics at the expense of the meaning in the analysis of biological data (Houle et al. 2011). This problem is clearly illustrated by the inconsistencies between the predictions drawn from Packard’s model and the patterns observed in the data. Indeed, based on his non-linear model, Packard concluded that both horn length and sexual dimorphism in horn length increase monotonically with increasing body mass in Bovids. The data show, however, whatever the scale on which they are represented, that these conclusions are both erroneous. The longest horns are observed for medium-sized Bovid species, while for species above 230 kg (Hippotragus niger), there is no more increase in horn length with increasing body mass. Similarly, the maximum sexual dimorphism in horn length is displayed by species with female horn length of about 32 cm, and subsequently decreases with increasing horn length (Fig. 4 in Tidière et al. 2018).  These patterns are captured by the models fitted on a log-log scale for males and females (Tidière et al., 2017). We are fully aware that the quadratic model we fitted (Tidière et al. 2017) is not suitable for describing allometry, but the statistical significance of the quadratic term allows us to conclude safely that the proportional increase in horn length relative to the proportional increase in mass (i.e. the allometry) changes when the species body mass increases. This suggests that the selective pressures that determine the optimal horn size for a given body mass in Bovids change when increasing species body mass.

CONCLUSIONS
The two analyses (Tidière et al., 2017; Packard, 2018) reveal different conceptions of modelling biological processes. Packard’s approach, mostly based on statistical considerations, aims at fitting allometric data with any model as long as these models are on an arithmetic scale because it is the scale on which traits are measured. The interpretation of the model parameters is performed a posteriori and unexpected deviations (in this case the particularly high residuals for the males of the largest species) are interpreted as outliers that may be discarded. In the approach we advocate, the allometric model (Eq. 1) serves as a “null model” that describes the expected proportional increase of two traits sharing a common factor affecting their growth (Huxley 1932, Savageau 1979). This model provides a theoretical justification for the log-normal distribution of the error and the use of a proportional scale (i.e. a log-log scale) to analyse allometry. In this context, the allometric slope is a key parameter that can be interpreted as an elasticity between the two traits. Such a dimensionless number (sensu Charnov 1993) provides a metric that can be used in comparative analyses across the tree of life. 
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Fig. 1 – Correlations between observed and predicted values for the horn length in male and female Bovids using either a linear models fitted on a log-log scale without phylogenetic correction (black dots, Tidière et al., 2017), or a non-linear model on an arithmetic scale (open dots, Packard, 2018). Because Packard (2018) modelled log-normally distributed residuals, we compare the fit of the two models by comparing predicted and observed values on a log-log scale. R-square values are, for the model on a log-log scale males: r2 = 0.75; females r2 = 0.67, and for the model on the arithmetic scale males: r2 = 0.71; females r2 = 0.60. The solid line represents the 1:1 relationship.  

Fig. 2 – Distribution of the residuals of the two different models. Residuals of the model fitted on a log-log scale (without correction for phylogenetic relationship among species) for males and females on the upper row, and residuals of the models fitted on the arithmetic scale with log-normal error for males and females (residuals from the model fitted on the arithmetic scale, log-transformed) on the lower row. 
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