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Abstract 
 
This paper theoretically and experimentally investigates the semi-empirical formulas 
recommended by Eurocode 2 (EC2), fib Model Code 2010 (MC2010), and Eurocode 2 with 
the German National Annex (DIN) for calculating crack widths in reinforced concrete. It is 
shown that the formulas can be derived from the principles for the idealized behaviour of RC 
ties. However, instead of explicitly solving the resulting differential equations, the use of 
simplifications leads to inconsistent formulas. An experimental study was carried out 
involving the testing of eight RC ties to discover the modelling uncertainty of the formulas. It 
was found that EC2 substantially overestimated the crack widths for the RC ties. MC2010 and 
DIN seemed to predict the crack widths better, but gave rather a large number of non-
conservative crack width predictions. These experimental results, combined with the 
theoretical study, suggest that a more consistent calculation model should be formulated by 
explicitly solving the resulting differential equation.  
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1 Introduction 
 
There are several methods for calculating crack widths, and a comprehensive summary of 
them is provided in Borosnyói and Balász [(2005)]. This study focuses on the semi-empirical 
formulas for calculating crack widths in cases with relatively large bar diameters and covers, 
recommended by Eurocode 2 (EC2) [(2004)], fib Model Code 2010 (MC2010) [(2013)], and 
Eurocode 2 with the German National Annex (DIN) [(2011)].  

This study is a part of an ongoing research project with the overall objective of 
improving crack width calculation methods for large-scale concrete structures, i.e. for large 
cross-sections and thick concrete members. New revisions of EC2 and MC2010 are also 
currently under way, and this study seeks to contribute by enhancing the crack width 
calculation methods currently recommended by these codes. The main reason for including 
DIN in this study is that, unlike EC2 and MC2010, it excludes the cover term in calculating 
crack distance. The significance of the cover term has been the subject of major discussion in 
the development of the semi-empirical formulas. Some investigators argue that it should be 
abandoned [Debernardi and Taliano (2016)], while others claim that it should be dominant 
[Broms (1968), Gergely and Lutz (1968), Beeby (2004)].  

The aim of this study is to investigate how well the formulas comply with the 
behaviour of RC ties, from both a theoretical and an experimental point of view. First, the 
idealized behaviour of RC ties is discussed, after which the background theory and the main 
assumptions used when deriving the semi-empirical formulas is revisited. Then, an 
experimental study of some relatively large RC ties is presented, which are assumed to be 
representative of the tensile zones of large cross-sections exposed to bending. Finally, the 
modelling uncertainty and the theoretical background of the semi-empirical formulas is 
assessed and investigated.  
 
2 The theoretical background for crack width calculations of RC ties 
2.1 The idealized behaviour of RC ties 
 
For simplicity, the idealized behaviour of RC ties is discussed in terms of axisymmetry and 
using the concept of slip as in fib bulletin No. 10 [(2000)].  
 
2.1.1 General  
 
Fig. 1 depicts an axisymmetric plane in a RC tie exposed to a tensile force in the steel 
reinforcement bar ends. The steel bar is shown elongated more than the embedding concrete, 
and the relative displacement between the materials at an arbitrary section over the transfer 
length, 𝐿𝐿t, is considered the slip. The slip consists of two contributions: the relative 
displacement at the interface between concrete and steel, 𝑠𝑠i, and the elastic shear deformation 
in the concrete section, 𝑠𝑠s; see section 1 in Fig. 1. The sum of the two contributions is the total 
slip, 𝑠𝑠tot. The slip at the interface between concrete and steel is normally caused by the non-
linear behaviour of the bond due to chemical adhesion and the formation of internal and 
splitting cracks [Goto (1971), Dörr (1978), Jiang et al. (1984), Tammo et al. (2009)]. The slip 
caused by elastic shear deformation is a consequence of the force applied at the steel bar end 
being transmitted to the embedding concrete [Ferry-Borges (1966), Beeby (1979)].  



The slip can be conceptually visualized by considering the three different sections in 
Fig. 1. Both contributions to the total slip are present at section 1 (𝑠𝑠tot = 𝑠𝑠s + 𝑠𝑠i). At section 
2, however, the contribution to the total slip is solely due to the elastic shear deformation 
(𝑠𝑠tot = 𝑠𝑠s). There is no slip at section 3 implying that any deformation in the concrete and 
steel is fully compatible, i.e. there is no relative displacement between the materials. This 
section also marks the end of the transfer length, 𝐿𝐿t.  
 
2.1.2 Analytical static model  
 
Treating every aspect of the non-linear behaviour of bond can be rather complicated in an 
analytical static model, and simplifications are needed. One possible simplification is 
conceptually shown in Fig. 2 by assuming that the sections are statically equivalent. Briefly 
summarized, the simplification involves treating concrete and steel as elastic materials and 
lumping all the non-linearity to the interface between concrete and steel by applying a proper 
bond-slip law. Several authors in the literature [Russo and Romano (1992), Balász (1993), fib 
bulletin No. 52 (2009), Debernardi and Taliano (2016)] have acknowledged this analytical 
static approach.  
 
2.1.3 Equilibrium and compatibility 
 
The equilibrium and the compatibility of an arbitrary section over the transfer length can now 
be formulated in accordance with the static model in Fig. 2c). This means that the equilibrium 
relationships for concrete and steel can respectively be obtained as: 
 

� 𝑑𝑑𝜎𝜎c
 

𝐴𝐴c
𝑑𝑑𝑑𝑑c = 𝜏𝜏(𝑠𝑠i)𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 (1) 

 
and 
 

𝑑𝑑𝑑𝑑s𝐴𝐴s = −𝜏𝜏(𝑠𝑠i)𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 (2) 
 
Note that an integral is generally necessary in Eq. (1) since a certain strain distribution in the 
concrete section is assumed to occur due to the presence of elastic shear deformation. The 
strain distribution in the steel section is assumed constant. Furthermore, the relative 
displacement at the interface between concrete and steel in Fig. 2c) leads to the following 
compatibility equation for the derivative of the slip: 
 

𝑠𝑠i′(𝑥𝑥) =
𝑑𝑑𝑑𝑑i
𝑑𝑑𝑑𝑑

= 𝜀𝜀si − 𝜀𝜀ci (3) 

 
2.1.4 The slip 
 
Using Eq. (1), (2) and (3), and assuming that Hooke’s law of elasticity applies for concrete 
and steel, that Poisson’s ratio can be neglected, and that the strain distribution over the 
concrete section does not vary over the transfer length leads to the following second order 
ordinary differential equation for the slip:  



 
𝑑𝑑2𝑠𝑠i
𝑑𝑑𝑥𝑥2

−  𝜒𝜒𝜒𝜒(𝑠𝑠i) = 0 (4) 

 
where 𝜒𝜒 is a constant governing the stiffness relationship between the concrete and steel. To 
solve Eq. (4), the following boundary conditions can be applied in the crack formation stage 
and the stabilized cracking stage respectively:  
 

𝑠𝑠i(𝐿𝐿t) = 0 (5a) 
𝑠𝑠i′(𝐿𝐿t) = 0 (5b) 

 
and 
 

𝑠𝑠i(𝐿𝐿t) = 0 (6a) 
𝑠𝑠i′(𝐿𝐿t) > 0 (6b) 

 
The crack width, crack distance, longitudinal stress, and strain distribution for the materials 
can now be obtained by explicitly solving Eq. (4), provided that a proper bond-slip law is 
applied and that a certain strain distribution over the concrete section is assumed beforehand.  
 
2.2 Semi-empirical formulation 
 
The semi-empirical formulas recommended by EC2, MC2010 and DIN for calculating the 
crack width can be derived by using the same principles as in the idealized behaviour of RC 
ties previously discussed. However, it will be shown that simplifications are used instead of 
explicitly solving Eq. (4) to obtain expressions for the crack width, crack distance, 
longitudinal stress, and strain distribution of the concrete and steel. 
 
2.2.1 The characteristic crack width 
 
By considering the cracked segment of a RC tie in the stabilized cracking stage (see Fig. 3), 
the following compatibility equation can be easily derived:  
 

𝑤𝑤k = 𝑆𝑆r,max(𝜀𝜀sm − 𝜀𝜀cm) = 2𝐿𝐿t,max(𝜀𝜀sm − 𝜀𝜀cm) (7) 
 
where 𝑤𝑤k is the characteristic crack width, and (𝜀𝜀sm − 𝜀𝜀cm) is the difference in longitudinal 
steel and concrete mean strains over the maximum crack distance, 𝑆𝑆r,max, which is defined as 
twice the maximum transfer length, 𝐿𝐿t,max.  
 
2.2.2 Transfer length 
 
The transfer length was originally formulated using the so-called slip theory and the no-slip 
theory [Beeby (1979)]. In the slip theory, a slip in the interface between concrete and steel is 
assumed to occur due to bond failure [Saliger (1936)]. This means solving Eq. (1) under the 
assumption that the bond-slip function is constant (i.e. 𝜏𝜏(𝑠𝑠i) =  𝜏𝜏bms), that plane sections 
remain plane, and that the concrete stresses at the end of the transfer length do not exceed the 



mean tensile strength of concrete 𝑓𝑓ctm in the stabilized cracking stage, which leads to the 
following equation for the transfer length:  
 

𝐿𝐿tτ =
1
4
𝑓𝑓ctm
𝜏𝜏bms

𝜙𝜙
𝜌𝜌s

 (8) 

 
where 𝜌𝜌s = 𝐴𝐴s/𝐴𝐴c,ef is the reinforcement ratio of the RC tie.  

In contrast, the no-slip theory assumes that slip does not occur in the interface between 
the concrete and steel [Base et al. (1966)]. This means that any slip is solely due to the 
presence of elastic shear deformation in the concrete section, which reduces the concrete 
surface stresses and implies that plane sections do not remain plane as in section 2 in Fig. 1. 
However, no mathematical relationships can be derived and a “traditional engineering rule” is 
applied instead, with the claim that the transfer length is proportional to the size of the cover 𝑐𝑐 
as in: 
 

𝐿𝐿tα = 𝑘𝑘α𝑐𝑐 (9) 
 
where the constant 𝑘𝑘α is empirically determined.  

In principle, either theory can be used to calculate the transfer length. However, both 
theories represent the reported behaviour of RC ties in the literature only to a certain extent 
[Scott and Gill (1987), Yannopoulos (1989), Fantilli et al. (2007), Tammo and Thelandersson 
(2009), Borosnyói and Snóbli (2010), Berrocal et al. (2016)]. This resulted in the pragmatic 
merger of the theories to form the following equation for the maximum transfer length at the 
time it was formulated [Ferry-Borges (1966)]:  
 

𝐿𝐿t,max = 𝐿𝐿tα + 𝐿𝐿tτ = 𝑘𝑘α𝑐𝑐 +
1
4
𝑓𝑓ctm
𝜏𝜏bms

𝜙𝜙
𝜌𝜌s

 (10) 

 
It can be shown that EC2 and MC2010 have adopted this combined concept, however, 
altering the perception of the contribution related to the no-slip theory. This term seems rather 
related to the fact that the internal cracks become smaller and eventually close as the distance 
increases from the steel bar in cases of large covers instead of the elastic shear deformations, 
which normally are considered negligible [Braam (1990)]. DIN, however, has abandoned the 
cover term and calculates the maximum transfer length according to Eq. (8), though not 
exceeding 𝐿𝐿tτ = 1

4
𝜎𝜎s𝜙𝜙

1.8𝑓𝑓ctm
 which accounts for the fact that the transfer length varies in the crack 

formation stage as stated by [Russo and Romano (1992), Balász (1993), Debernardi and 
Taliano (2016)].  
 
2.2.3 Mean strains 
 
The mean strains can be derived by assuming a certain longitudinal strain distribution for the 
concrete and steel in the RC tie in Fig. 3a). Assuming that the mean strains for concrete and 
steel can be expressed by the same integration constant 𝛽𝛽 yields the following mean strain 
expressions for steel and concrete respectively: 
 

𝜀𝜀sm = 𝜀𝜀s2 − 𝛽𝛽Δ𝜀𝜀sr (11) 



 
and 
 

𝜀𝜀cm = 𝛽𝛽𝜀𝜀sr1 (12) 
 
Using that Δ𝜀𝜀sr =  𝜀𝜀sr2 − 𝜀𝜀sr1 and subtracting (12) from (11) yields the following expression 
for the difference in mean strains:  
 

𝜀𝜀sm − 𝜀𝜀cm = 𝜀𝜀s2 − 𝛽𝛽𝜀𝜀sr2 (13) 
 
where 𝜀𝜀s2 = 𝜎𝜎s/𝐸𝐸s  are the steel strains in a crack in the stabilized cracking stage, 𝜀𝜀sr2 =
𝜎𝜎sr/𝐸𝐸s are the steel strains right after a crack has formed in the crack formation stage, and 
𝜀𝜀sr1 = 𝑓𝑓ctm/𝐸𝐸c are the concrete strains across the section at cracking. The steel stresses right 
after a crack has formed can be expressed as 𝜎𝜎sr = 𝑓𝑓ctm

𝜌𝜌s
(1 + 𝛼𝛼e𝜌𝜌s) when considering the 

behaviour of a RC tie in the crack formation stage, where 𝛼𝛼e = 𝐸𝐸s/𝐸𝐸c. Inserting these 
relationships in Eq. (13) finally yields the expression for the difference in mean strains in the 
stabilized cracking stage as: 
 

𝜀𝜀sm − 𝜀𝜀cm =
𝜎𝜎s − 𝛽𝛽 𝑓𝑓ctm𝜌𝜌s

(1 + 𝛼𝛼e𝜌𝜌s)

𝐸𝐸s
 (14) 

 
A similar expression can be derived in the crack formation stage by considering the steel 
strain distribution for this cracking stage in Fig. 3a). The mean steel strains can then be 
expressed as: 𝜀𝜀sm = 𝜀𝜀sr2 − 𝛽𝛽Δ𝜀𝜀sr. Using the same procedure as above yields the following 
expression for the difference in mean strains in the crack formation stage: 
 

𝜀𝜀sm − 𝜀𝜀cm =
𝜎𝜎sr
𝐸𝐸s

(1 − 𝛽𝛽) (15) 

 
EC2, MC2010 and DIN have all adopted Eq. (14) for the stabilized cracking stage. In the 
crack formation stage, however, only MC2010 uses Eq. (15), while EC2 and DIN use the 
following expression instead: 
 

𝜀𝜀sm − 𝜀𝜀cm = 0.6
𝜎𝜎s
𝐸𝐸s

 (16) 

 
Hence, Eq. (15) and (16) yields the lower boundary for the difference in mean strains.  
 
3 Experimental study 
3.1 Geometry, material properties and test set-up 
 
The behaviour of four square cross-sections (400x400 mm), reinforced with eight deformed 
steel bars, was experimentally investigated. The bar diameter was either 20 mm or 32 mm, 
while the cover was either 40 mm or 90 mm; see Fig. 4. The RC ties were pulled in tension 
and had a total length of 3 metres, of which 2 metres were assumed to be representative for 
the crack pattern due to the anchorage zones at each end. See Fig. 5 for the test set-up.  



The concrete quality was B45 MF40, which is a Norwegian concrete typically used for 
bridges with a water-to-cement ratio of 0.4. The cement type was Norcem Standard FA 
Cement and conforms to the requirements of CEM II/B-M 42,5R according to NS-EN 197-
1:2011 [(2011)]. The specimens were cured under wet conditions to avoid drying shrinkage. 
Table 1 shows the compressive strength, tensile strength, and Young’s modulus after 28 days. 
The reinforcement quality was B500NC according to NS 3576 [(2005)] with a yield strength 
of 500 MPa and Young’s modulus 200000 MPa. The threaded rods used in the anchorage 
zone had a steel quality denoted as 8.8, i.e. with a yield limit of 640 MPa and an ultimate 
strength of 800 MPa.  

An additional set of four parallel RC ties were cast, giving a total of eight RC ties to 
be investigated in the experimental study. Two identical RC ties were loaded to different 
loading regimes corresponding to either the crack formation or the stabilized cracking stage. 
The objective was to study the internal crack pattern at the two load levels by injecting epoxy 
resin in the cracks. These results will be documented in a subsequent paper, while this paper 
mainly focuses on the surface cracks. The RC ties were named 𝑋𝑋-𝜙𝜙-𝑐𝑐, where 𝑋𝑋 represents the 
loading regime either as the crack formation (F) or stabilized cracking stage (S), 𝜙𝜙 represents 
the steel bar diameter and 𝑐𝑐 represents the cover; see Table 2 and Fig. 4.  

The tensile force from the loading rig was transferred to the RC tie by mounting a 30 
mm thick steel plate with welded ribs onto four M36 rods that were embedded in the 
anchorage zone at each end; see Fig. 5b). The anchorage of the steel rods inside the specimen 
was strengthened with steel nuts, while stirrups, additional longitudinal reinforcement, and 
externally prestressed steel frames were mounted to prevent anchorage failure. The load was 
applied in a deformation-controlled procedure with a velocity of 0.2 – 0.4 mm/min. Strain 
gauges were utilized to monitor eccentricities caused by the self-weight of the RC ties or 
geometric deviations before cracking. The strain measurements showed that these effects 
were small, which was confirmed by the fact that cracks were usually observed to form 
instantaneously through the whole section.  
 
3.2 Measuring technique using image analysis 
 
The development of surface cracks was documented using a digital single-lens reflex (DSLR) 
camera with a 50 mm f/2.5 macro lens mounted to a tripod system; see Fig. 6a) and b). Each 
crack formed was measured section-wise over a length of 40 mm to the level of the 
reinforcement; see Fig. 6c), d) and e). This is in agreement with the recommendations in 
MC2010, i.e. that the crack width measured at the elevation of the reinforcement is comparable 
to the characteristic crack width. Each section measured was afterwards processed and analysed 
in the open source program Fiji (ImageJ) [(2012)]. The average crack width for each section 
measured was then obtained by applying a user-supplied subroutine to the program. Only the 
crack widths along the vertical faces were documented due to the time consuming measuring 
technique. This resulted in up to six section average crack width measurements for each crack 
formed; see Fig. 6d).   

One of the main advantages of using this imaging technique is that the inhomogeneous 
propagation of formed cracks could be properly accounted for, e.g. cracks do not form in a 
straight line and crack widths vary over the concrete surface; see Fig. 6e).  
 
3.3 Statistical analysis for determining crack widths and modelling uncertainty  
 



The crack widths that are of primary interest from the experimental study and that are 
comparable to the characteristic crack width, 𝑤𝑤k, are the 95%-fractile of the crack widths 
measured, 𝑤𝑤0.95, for each RC tie. To obtain this value, the statistical method of Engen et al. 
[(2017)] was used to account for the uncertainty related to the limited number of section 
average crack width measurements for each formed crack. Generally, the mean and the 
variance of the crack width for a formed crack 𝑖𝑖 with 𝑛𝑛𝑖𝑖 section average crack width 
measurements can be estimated as:  
 

𝑦𝑦�𝑖𝑖 =  
1
𝑛𝑛𝑖𝑖
�𝑦𝑦𝑖𝑖,𝑗𝑗

𝑛𝑛𝑖𝑖

𝑗𝑗=1

 (17) 

 
and  
 

𝑆𝑆𝑖𝑖2 =
1

𝑛𝑛𝑖𝑖 − 1
�(𝑦𝑦𝑖𝑖,𝑗𝑗 − 𝑦𝑦�𝑖𝑖)2
𝑛𝑛𝑖𝑖

𝑗𝑗=1

 (18) 

 
where 𝑦𝑦𝑖𝑖,𝑗𝑗 is the 𝑗𝑗th section average crack width measurement of crack 𝑖𝑖. See Fig. 6c) and d) 
for practical examples of the indexing. Furthermore, it can be shown that the mean and the 
variance of a group with 𝑚𝑚 formed cracks in a RC tie can be respectively estimated as:  
 

𝑦𝑦�tot =
1
𝑛𝑛tot

�𝑛𝑛𝑖𝑖𝑦𝑦�𝑖𝑖

𝑚𝑚

𝑖𝑖=1

 (19) 

 
and 
 

𝑆𝑆tot2 =
∑ ([𝑛𝑛𝑖𝑖 − 1]𝑠𝑠𝑖𝑖2)𝑚𝑚
𝑖𝑖=1

𝑛𝑛tot − 1
+
∑ (𝑛𝑛𝑖𝑖𝑦𝑦�𝑖𝑖2) −𝑚𝑚
𝑖𝑖=1 𝑛𝑛tot𝑦𝑦�tot2

𝑛𝑛tot − 1
= 𝑠𝑠tot,w2 + 𝑠𝑠tot,b2  (20) 

 
where 𝑛𝑛tot = ∑ 𝑛𝑛𝑖𝑖𝑚𝑚

𝑖𝑖=1  is the total number of section average crack width measurements in a 
group with 𝑚𝑚 formed cracks in a RC tie. It should be noted that 𝑆𝑆tot2  includes both the variation 
of the crack width within a formed crack, 𝑠𝑠tot,w2 , and the variation in the crack width between 
cracks, 𝑠𝑠tot,b2 , in a RC tie. The standard deviation, 𝑆𝑆tot, and the coefficient of variation, 𝑉𝑉tot, for 
a group with 𝑚𝑚 formed cracks can now be obtained based on the mean, 𝑦𝑦�tot, and variance, 𝑆𝑆tot2 .  

Assuming that the crack widths are normally distributed, a future prediction of the 95%-
fractile of the crack width in a RC tie can be estimated as:  
 

𝑤𝑤0.95 = 𝑦𝑦�tot − 𝑡𝑡𝛼𝛼=95%,𝑣𝑣𝑠𝑠tot�
𝜐𝜐 + 2
𝜐𝜐 + 1

 (21) 

 
where 𝑡𝑡𝛼𝛼=95%,𝑣𝑣 is the 95%-fractile of the t-distribution with 𝜈𝜈 = 𝑛𝑛tot − 1 degrees of freedom. 
Based on the estimated 95%-fractile of the crack width, 𝑤𝑤0.95, the modelling uncertainty, 𝜃𝜃, can 
now be calculated as: 
 



𝜃𝜃 =
𝑤𝑤0.95

𝑤𝑤k
 (22) 

 
where 𝑤𝑤k is the characteristic crack width calculated using the semi-empirical formulas 
recommended in EC2, MC2010 or DIN. The crack width measured, 𝑤𝑤0.95, can be obtained by 
assuming both a normal and log-normal distribution of the crack widths. The difference is 
small and, in the following, only the results assuming log-normally distributed crack widths 
are presented in accordance with [CEB (1985)]. This means that the natural logarithm of the 
section average crack width measurement is assumed normally distributed, thus replacing 𝑦𝑦𝑖𝑖,𝑗𝑗 
with ln𝑦𝑦𝑖𝑖,𝑗𝑗 in Eq. (17) and (18). The modelling uncertainty is assumed to be log-normally 
distributed in accordance with the suggestions in the JCSS Probabilistic Model Code [(2001)].  
 
4 Experimental results 
4.1 The modelling uncertainty  
 
The ratio, 𝑠𝑠tot,w2 /𝑠𝑠tot2 , in Table 2 indicates that the contribution of the within-cracks variation 
to the total variance, 𝑆𝑆tot2 , is significant and justifies the use of Eq. (17) to (21). The ratio of 
𝑠𝑠tot,w2 /𝑠𝑠tot2 = 1 in the first two loads steps for S-20-40 can be explained by the fact that only 
one crack was measured. Furthermore, the relatively low ratio, 𝑠𝑠tot,w2 /𝑠𝑠tot2 , in the last load 
steps for S-20-90 and S-32-90 can be explained by the observed variation in crack distances 
for these members.  

The characteristic and measured crack widths at the respective load steps for the RC 
ties are given in Table 3. The mean material properties in Table 1 were used in determining 
the characteristic crack widths. Furthermore, the characteristic crack widths determined in 
accordance with EC2 and MC2010 were based on using the integration constant 𝛽𝛽 = 0.6 
since the RC ties could be considered to be subject to short-term loading only, while a factor 
of 𝛽𝛽 = 0.4 was used for DIN in accordance with the provisions in this Annex. It was assumed 
that the effective concrete area was equal to the cross-sectional area, i.e. 𝐴𝐴c,ef = 𝐴𝐴c. This is 
reasonable since it was observed that the RC ties usually seemed to crack through the whole 
section. This assumption was tested by pouring water into the cracks in the top face and 
observing that it leaked through the whole of the bottom face for RC tie S-32-40, which had 
the smallest crack widths and a low cover.  

The modelling uncertainty for the respective formulas is graphically plotted in Fig. 7 
and summarized in Table 4, which shows the mean 𝜇𝜇𝜃𝜃, the standard deviation 𝜎𝜎𝜃𝜃, the 
coefficient of variation 𝑉𝑉𝜃𝜃, and the minimum and maximum values for the modelling 
uncertainty. The number of observations in which the crack widths measured exceed the crack 
widths calculated is also shown, i.e. 𝑛𝑛(𝜃𝜃𝑠𝑠 > 1). In total, 16 values for the crack widths 
measured 𝑤𝑤0.95 were obtained from the experiments (see Table 2), which gives 16 
observations for the modelling uncertainty. The median 𝑤𝑤0.5 is also given to elucidate the 
scatter of the measurements.   

The results show that EC2 has the lowest standard deviation and coefficient of 
variation, implying that the scatter of the modelling uncertainty around the mean is lower than 
with MC2010 and DIN. However, EC2 consistently predicts crack widths substantially on the 
conservative side, which is shown by the low mean value and the relatively low maximum 
value for the modelling uncertainty. In practice, this implies that EC2 consistently predicts 
crack widths that are on average more than half the size of the largest crack widths measured 



(95%-fractile) in the RC ties. Nevertheless, all of the predicted crack widths according to EC2 
are on the conservative side.  

MC2010 and DIN seem to predict the crack widths better in terms of the mean for the 
modelling uncertainty. However, the relatively high standard deviation and coefficient of 
variation for both codes yields a larger scatter around the mean than with EC2. This implies 
that MC2010 and DIN predict the crack widths more inconsistently than EC2 and do so 
occasionally on the non-conservative side. In fact, MC2010 predicts five and DIN predicts 
seven crack widths that are on the non-conservative side, which are relatively large numbers 
compared to the total observations for the modelling uncertainty. This is particularly 
pronounced for the RC ties with large bar diameters and covers; see Table 3. It should be 
mentioned though, that the reported modelling uncertainties are representative for this 
experimental series and are not intended to serve as a generalization for the performance of 
the formulas.  
 
4.2 Crack distances 
 
Table 5 shows the maximum calculated crack distance and the maximum measured crack 
distances for the RC ties in the stabilized cracking stage, which should be comparable 
according to the discussions in subsection 2.2.2 above. The mean values are also shown. The 
table shows that EC2 and MC2010 predict the maximum crack distances on the conservative 
side in all cases, while DIN underestimates the maximum measurements for S-32-40 and S-
32-90. The table also elucidates that the maximum crack distances are more influenced by the 
cover than the bar diameter. The measured values show that the maximum crack distance 
increases with increasing cover for a constant reinforcement ratio. This seems to comply with 
the formulas recommended by EC2 and MC2010, which acknowledge the significance of the 
cover in calculating the maximum crack distance. However, the increase in the maximum 
crack distance due to the influence of the cover seems to be dramatically overestimated in 
EC2, which can be seen from the contribution of the no-slip term, 2𝐿𝐿tα, to the maximum 
crack distance. MC2010 appears to predict the increase better. Nevertheless, DIN actually 
gives the best overall agreement with the measured maximum crack distances.  
 
5 Discussion 
5.1  Semi-empirical formulas in theory 
 
The composed transfer length in Eq. (10) is conceptually visualized in Fig. 8 in accordance to 
the origin of the formula, which shows that plane sections remain plane and that a slip in the 
interface between concrete and steel occurs at section 1 as assumed in the slip theory. 
Compatibility in deformation is restored on the right-hand side of section 2, which also marks 
the end of the transfer length according to the slip theory. The addition of the transfer length 
according to the no-slip theory implies a sudden incompatibility in deformation on the left-
hand side of section 2, which means that plane sections no longer remain plane due to the 
presence of elastic shear deformation. Compatibility is restored at section 3, which marks the 
end of the transfer length according to the no-slip theory as well as the end of the composed 
transfer length. In other words, the combined concept implies that compatibility and 
incompatibility in deformation both occur at the same time at section 2, and that compatibility 
in deformation occurs twice within the same composed transfer length, at sections 2 and 3. 
Although the cover term in the transfer length formula recommended by EC2 and MC2010 



has a different physical meaning than originally formulated, does not change the fact that the 
current formulation is in conflict with the basic principles of solid mechanics and violates the 
equilibrium for the concrete section in Eq. (1). Moreover, a merging of the slip and the no-slip 
theory, two theories based on exactly opposite assumptions, can be considered inconsistent, 
ambivalent and controversial from a statics point of view.  
 
5.2  Semi-empirical formulas in practice 
 
An important physical factor is how well the semi-empirical formulas according to EC2, 
MC2010 and DIN capture the cracking behaviour in the crack formation stage and the 
stabilized cracking stage. This can be monitored by using Eq. (14), (15) and (16) to indicate 
the cracking state of the RC ties at the current load level and then comparing it to the 
observed experimental behaviour; see Table 3. This shows that EC2 assumes that the RC ties 
are in the crack formation stage except for one load step. This applies even to relatively large 
steel stresses, such as 321 MPa for S-20-40 and 399 MPa for S-20-90 in the last load steps. 
MC2010 and DIN seem to capture this better than EC2. For MC2010, the better compliance 
between the predicted and observed behaviour seems to be related to the fact that the 
difference in mean strains are explicitly derived based on the assumed behaviour of the RC 
ties in the crack formation stage, as shown in subsection 2.2.3. The better compliance for DIN 
seems to be related to the fact that the tension stiffening factor 𝛽𝛽 = 0.4 seems to fit better than 
𝛽𝛽 = 0.6 in the stabilized cracking stage. Recent studies in the literature also support the idea 
of reducing the tension stiffening factor in the stabilized cracking stage [Debernardi and 
Taliano (2016), CEOS.fr (2016)].  

The experimental study suggests that the maximum crack distance is significantly 
influenced by the cover, which is supported by another experimental study in the literature 
[Caldentey et al. (2013)]. More remarkable is the limited influence of the bar diameter, which 
contradicts the beneficial effect of using large bar diameters in reducing the transfer length 
according to the slip term in Eq. (10) and as observed in Table 5. Moreover, DIN does not 
acknowledge that the crack distance increases with increasing cover under the assumption that 
𝐴𝐴c,ef = 𝐴𝐴c, which contradicts the observed behaviour of the RC ties in this experimental 
study. An interesting point, however, is that DIN gives the best overall agreement with the 
maximum crack distances measured. These contradictory observations, combined with the 
theoretical study, suggest that the effect of cover and bar diameter should be implemented 
more consistently than is done in the current semi-empirical formulas.  
 
5.3 Suggestions for improvements 
 
One suggestion for a more consistent calculation model is to solve Eq. (4) explicitly, by 
applying a proper bond-slip law that takes into account the bond non-linearity in RC ties and 
by assuming an appropriate strain distribution over the cover in Eq. (1). In this way, the 
contribution to the total slip can be consistently accounted for at each section of the RC tie 
without violating the equilibrium, which is an effect the semi-empirical formulas are essentially 
attempting to model. Moreover, one of the main advantages of explicitly solving Eq. (4) is that 
it is not necessary to assume a certain longitudinal strain distribution for concrete and steel to 
obtain the crack widths. Instead, the chosen bond-slip law and the contribution of the 
embedding concrete will explicitly account for the tension stiffening. The challenge is then 



limited to determining the bond-slip law properties and the strain distribution in the concrete, 
for instance, by conducting physical and numerical studies. Some of the authors in this paper 
are currently working on such improvements.  
 It should be mentioned though, that these suggestions lead to more complex crack width 
calculations that primarily are intended for large-scale concrete structures, i.e. where the use of 
large covers and bar diameters is typical. The simplifications in the semi-empirical formulas, 
however, seem adequate in conventional cases.  
 
6 Conclusion 
 
The behaviour of RC ties has been investigated from both an experimental and a theoretical 
point of view. The aim was to study the applicability of the semi-empirical formulas 
recommended by EC2, MC2010 and DIN in predicting crack widths for large-scale concrete 
structures, where large bar diameters and covers typically are used. The theoretical study 
showed that the semi-empirical formulas could be derived by using the principles of the 
idealized behaviour of RC ties. However, instead of solving the resulting differential equation 
explicitly, simplifications are made, resulting in semi-empirical formulas that account for the 
physical behaviour of RC ties in a rather inconsistent manner that is also in conflict with the 
basic principles of solid mechanics.  

The conducted experimental study showed that EC2 consistently predicted crack 
widths that were substantially on the conservative side. MC2010 and DIN seemed to predict 
the crack widths better, but the relatively large standard deviation and coefficient of variation 
for the modelling uncertainty resulted in a large number of predicted crack widths on the non-
conservative side. This was particularly pronounced for large bar diameters and covers. The 
experimental study also showed that the cover governs the crack distance and thus the crack 
widths, which is acknowledged by the semi-empirical formulas in EC2 and MC2010, yet DIN 
actually gave the best agreement with the crack distances measured even though the cover 
term is abandoned in this code. The reported modelling uncertainties are representative for 
this experimental series and are not intended to serve as a generalization for the performance 
of the formulas.  

These contradictory observations, combined with the theoretical study, suggest that a 
more consistent calculation model should be formulated for large-scale concrete structures. It 
is proposed that the influence of cover and tension stiffening can be addressed more 
consistently by (i) selecting a proper bond-slip law, (ii) assuming an appropriate strain 
distribution over the concrete cover, and (iii) explicitly solving the differential equations for 
the slip.  
 
Notation 
 
𝐴𝐴c  concrete area 
𝐴𝐴c,ef  effective concrete area 
𝐴𝐴s  steel area 
𝑐𝑐  cover 
𝑑𝑑𝑑𝑑  infinitesimal increase x-coordinate 
𝐸𝐸c  concrete Young’s modulus 
𝐸𝐸s  steel Young’s modulus 



𝑓𝑓ctm  mean tensile strength for concrete 
𝑗𝑗  section in a crack 
𝑘𝑘α   empirical constant in the no-slip theory 
𝐿𝐿t  transfer length 
𝐿𝐿t,max  maximum transfer length 
𝐿𝐿tα  transfer length according to no-slip theory 
𝐿𝐿tτ  transfer length according to slip theory 
𝑛𝑛𝑖𝑖  number of section average crack width measurements for a crack in a RC tie 
𝑛𝑛tot  total number of section average crack width measurements for a group of 

cracks in a RC tie 
𝑚𝑚  total number of cracks in a RC tie 
𝑃𝑃  applied force in the RC ties 
𝑠𝑠i  slip at interface between concrete and steel 
𝑠𝑠s  slip caused by shear deformations in the concrete section 
𝑠𝑠tot  total slip in a section over the transfer length 
𝑆𝑆𝑖𝑖2  variance of section average crack width measurements for a crack 
𝑆𝑆tot2   variance of total section average crack width measurements for a group of 

cracks in a RC tie 
𝑆𝑆r,max  maximum crack distance 
𝑉𝑉𝜃𝜃   coefficient of variation for the modelling uncertainty 
𝑤𝑤0,95  95%-fractile of the measured crack widths 
𝑤𝑤k  characteristic crack width 
𝑤𝑤k,DIN  characteristic crack width recommended by DIN 
𝑤𝑤k,EC2  characteristic crack width recommended by EC2 
𝑤𝑤k,MC2010 characteristic crack width recommended by MC2010 
𝑋𝑋  loading regime for RC ties in either crack formation stage or stabilized 

cracking stage 
𝑦𝑦𝑖𝑖,𝑗𝑗  average crack width measurement for the 𝑗𝑗th section in a crack 
𝑦𝑦�𝑖𝑖  mean of section average crack width measurements for a crack  
𝑦𝑦�tot  mean of total section average crack width measurements for a group of cracks 

in a RC tie   
 
𝛼𝛼e  modular ratio 
𝛽𝛽  tension stiffening factor 
Δ𝜀𝜀sr  difference in steel strains at a crack and at the end of transfer length in crack 

formation stage 
𝜀𝜀ci  longitudinal concrete strains at interface 
𝜀𝜀cm  longitudinal mean concrete strains 
𝜀𝜀s2   steel strains at a crack in stabilized cracking stage 
𝜀𝜀sr1  steel strains at the end of the transfer length in crack formation stage  
𝜀𝜀sr2  steel strains in crack in crack formation stage  
𝜀𝜀sm   longitudinal mean steel strains 
𝜀𝜀si   longitudinal steel strains at interface  
𝜇𝜇𝜃𝜃   mean value for the modelling uncertainty 
𝜎𝜎c   concrete stress  



𝜎𝜎s  steel stress  
𝜎𝜎sr  steel stress at a crack in crack formation stage 
𝜎𝜎𝜃𝜃   standard deviation for the modelling uncertainty 
𝜌𝜌s  reinforcement ratio 
𝜏𝜏   bond stress  
𝜏𝜏bms   mean bond stress 
𝜙𝜙   steel bar diameter  
𝜒𝜒   stiffness relationship between concrete and steel 
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Fig. 1.  Idealized behaviour of RC ties and the definition of slip 



 

 
  

 

 
 
Fig. 2.  Statically equivalent sections: a) “True” behaviour of bond non-linearity caused by loss of 
adhesion and formation of internal and splitting cracks; b) Bond non-linearity lumped as spring 
behaviour to the interface between concrete and steel; c) Simplified static model assuming that the 
bond non-linearity in the spring can be modelled with a proper bond-slip law  



 

 
  

 

 
 
Fig. 3.  Cracked RC tie: a) Strain distribution in a fully cracked RC Tie; b) Cracked segment in an 
RC tie  



 

 
  

 

 
 
Fig. 4.  Cross-sections of RC ties  
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Fig. 5.  Test set-up: a) Test set-up for RC ties; b) Anchorage zone details  
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d)                                                                                                    e) 

               
 
Fig. 6.  Measuring crack widths: a) Set-up for measuring crack widths with DSLR camera 
section-wise at vertical faces; b) Set-up for measuring crack widths with DSLR camera  
section-wise at top faces; c) Numbering of the cracks formed; d) 𝑛𝑛𝑖𝑖 measured section crack 
widths at the level of the reinforcement for the formed crack i; e) Cracks were averaged over 
a length of 40 mm at section 𝑗𝑗 due to the inhomogeneous propagation of cracks.  
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Fig. 7.  The modelling uncertainty for EC2, MC2010 and DIN 
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Fig. 8.  Composed transfer length formulas conceptually visualized 



Table 1.  Material properties of concrete at 28 days.  
 

Specimen Date of test 
Measured 𝑓𝑓c 
[MPa] 

Mean 𝑓𝑓c 
[MPa] 

Measured 𝑓𝑓ct 
[MPa] 

Mean 𝑓𝑓ct 
[MPa] 

Measured 𝐸𝐸c 
[GPa] 

Mean 𝐸𝐸c 
[GPa] 

1 March 03, 2017 74.1  3.98  27.3  
2 March 03, 2017 73.2 74.3 4.03 4.14 27.2 27.4 
3 March 03, 2017 75.5  4.41  27.6  

 
  



Table 2.  Statistical properties showing the number of total measured crack widths 𝑛𝑛tot, the mean 𝑦𝑦�tot and the variance 𝑠𝑠tot in a member. 
𝑠𝑠tot,w2 /𝑠𝑠tot2  indicates the contribution of the within-cracks variation to the total variance, while 𝑤𝑤0.50 and 𝑤𝑤0.95 respectively shows the median and  
95%-fractile. These values are obtained by assuming that the crack widths are log-normally distributed.  
 
Member 𝑃𝑃 [kN] 𝜎𝜎s [MPa] 𝑛𝑛tot 𝑦𝑦�tot  𝑠𝑠tot  𝑠𝑠tot,w2 /𝑠𝑠tot2   𝑤𝑤0.50 [mm] 𝑤𝑤0.95 [mm] 
F-20-40 503 200 42 -2.53 0.31 0.77 0.08 0.13 

S-20-40 
520 207 6 -2.27 0.11 1.00 0.10 0.13 
667 265 6 -2.07 0.12 1.00 0.13 0.16 
808 321 68 -2.05 0.32 0.61 0.13 0.22 

F-32-40 753 117 51 -2.90 0.22 0.71 0.06 0.08 

S-32-40 743 115 30 -3.15 0.27 0.65 0.04 0.07 
1012 157 50 -2.91 0.34 0.84 0.05 0.10 

F-20-90 585 233 30 -1.93 0.21 0.74 0.15 0.21 

S-20-90 
574 228 42 -1.99 0.26 0.60 0.14 0.21 
736 293 42 -1.64 0.27 0.50 0.19 0.31 
1003 399 54 -1.44 0.31 0.36 0.24 0.40 

F-32-90 804 125 41 -2.47 0.37 0.68 0.08 0.16 

S-32-90 

805 125 36 -2.36 0.34 0.44 0.09 0.17 
1004 156 47 -2.27 0.42 0.27 0.10 0.21 
1201 187 47 -2.11 0.40 0.31 0.12 0.24 
1363 212 45 -1.91 0.34 0.35 0.15 0.27 

 
 
 
 
  



Table 3.  Load steps and the corresponding crack widths and cracking stages in each member.  
 
 Load Crack width Cracking stage 
Member 𝑃𝑃 [kN] 𝜎𝜎s [MPa] 𝑤𝑤k,EC2  𝑤𝑤k,MC2010  𝑤𝑤k,DIN  𝑤𝑤0,95  EC2 MC2010 DIN Observed 
F-φ20-c40 503 200 0.34 0.25 0.16 0.13 F F F F 

S-φ20-c40 
520 207 0.35 0.25 0.17 0.13 F F F F 
667 265 0.45 0.25 0.28 0.16 F F F S 
808 321 0.55 0.31 0.36 0.22 F S S S 

F-φ32-c40 753 117 0.14 0.08 0.08 0.08 F F F F 

S-φ32-c40 743 115 0.14 0.08 0.08 0.07 F F F S 
1012 157 0.19 0.12 0.11 0.10 F S S S 

F-φ20-c90 585 233 0.52 0.31 0.22 0.21 F F F F 

S-φ20-c90 
574 228 0.51 0.31 0.21 0.21 F F F F 
736 293 0.65 0.31 0.31 0.31 F F F S 
1003 399 0.88 0.59 0.50 0.40 F S S S 

F-φ32-c90 804 125 0.22 0.11 0.08 0.16 F F F F 

S-φ32-c90 

805 125 0.22 0.11 0.08 0.17 F F F F 
1004 156 0.27 0.15 0.11 0.21 F S S S 
1201 187 0.32 0.21 0.15 0.24 F S S S 
1363 212 0.38 0.26 0.18 0.27 S S S S 

 
 
  



Table 4.  Statistical properties for the modelling uncertainty showing mean 𝜇𝜇𝜃𝜃, standard deviation 𝜎𝜎𝜃𝜃, coefficient of variation 𝑉𝑉𝜃𝜃, minimum and 
maximum observed values and the number of observations where 𝜃𝜃 > 1.   
 

 𝜇𝜇𝜃𝜃 𝜎𝜎𝜃𝜃 𝑉𝑉𝜃𝜃 Min Max 𝑛𝑛(𝜃𝜃 > 1) 
EC2 0.54 0.17 0.32 0.36 0.78 0 
MC2010 0.93 0.38 0.40 0.52 1.58 5 
DIN 1.17 0.55 0.47 0.58 2.03 7 

 
 
Table 5.  Crack distances. 𝐿𝐿tα and 𝐿𝐿tτ respectively indicates the contribution from the no-slip and the slip theory to the maximum transfer length 
𝐿𝐿t,max, where the calculated maximum crack distance is given as 𝑆𝑆r,max = 2𝐿𝐿t,max. The measured values from the experiments for the maximum 
crack distance and the mean crack distance 𝑆𝑆r,m are also shown.  
 

 Load EC2 [mm] MC2010 [mm] DIN [mm] Measured values [mm] 
Member 𝑃𝑃 [kN] 𝜎𝜎𝑠𝑠 [MPa] 2𝐿𝐿tα  2𝐿𝐿tτ  𝑆𝑆r,max  2𝐿𝐿tα   2𝐿𝐿tτ 𝑆𝑆r,max   𝑆𝑆r,max 𝑆𝑆r,max 𝑆𝑆r,m   
S-20-40 808 321 136 433 569 80 354 434 353 250 163 
S-32-40 1012 157 136 271 407 80 221 301 221 240 178 
S-20-90 1003 399 306 433 739 180 354 534 353 290 217 
S-32-90 1363 212 306 271 577 180 221 401 221 320 266 
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