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Abstract

Pulse width modulated converters are becoming increasingly popular as
their cost decreases and power rating increases. The new trend of small-
scale power producers, often using renewable energy sources, has created
new demands for delivery of energy to the grid.

A major advantage of the pulse width modulated converter is the ability
to control the output voltage at any point in the voltage period. This
enables rapid response to load changes and non-linear loads. In addition it
can shape the voltage in response to the output current to create an outward
appearance of a source impedance. This is called a virtual impedance.

This thesis presents a controller for a voltage controlled three phase pulse
width modulated converter. This controller enables operation in standalone
mode, in parallel with other converters in a microgrid, and in parallel with
a strong main grid.

A time varying virtual impedance is presented which mainly attenuates
reactive currents. A method of investigating the overall impedance including
the virtual impedance is presented.

New net standards have been introduced, requiring the converter to op-
erate even during severe dips in the grid voltage. Experiments are presented
verifying the operation of the controller during voltage dips.
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Introduction

Distributed power generation

Distributed power generation with small scale producers is an emerging
trend in the power grid. These producers often utilizes renewable power
sources such as windmills and solar panels.

Other small scale producers of power are industrial processes that can
generate power for a very small cost as a side effect of the process. Steam
turbine generators powered by the waste heat from furnaces are well known.

These producers need to deliver energy to the main grid. A flexible
way of delivering power is connecting to the grid using pulse width modu-
lated (pwm) converters.

Grid connected pulse width modulated converters;
possibilities and limitations.

A pwm converter with intelligent control can be controlled to give any cur-
rent waveform to the grid. They enable optimization of the control of both
the local power source and of the connection to the grid.

If the connection to the main grid is broken, the grid connected pwm
converters can be operated in island mode. The load is shared using droop
control for voltage and frequency. No further communication is strictly
neccessary. Weak grids can also be boosted.

The power flow of the converter is bidirectional. This means that it can
draw power from the grid as well. This can be useful to provide the dc-link
with power if the generator is off-line. The dc-link can have local consumers
attached which need more power than the generator provides, or the link
can provide startup power for the power generation process. If the dc-link
has local storage capabilities, the power draw can also be used to reduce
temporary overvoltages on the grid.

The LCL-filter used between the power switches (igbts) and the grid
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can be minimized by introducing active filter damping in the control algo-
ritm. A grid connected converter can also be operated as an active power
conditioner. It works as an active filter by reducing the voltage harmonics,
and as a phase compensator by stabilizing the voltage magnitude. Voltage
symmetry can be improved.

The converter can even continue to run during a voltage dip of the
grid, caused by for example a short circuit. Note that due to the sudden
reduction of delivered power to the grid, the power source can make the
dc-link voltage rise to an unacceptable level. This extra energy must either
be stored or burned away locally.

The main limitation of the pwm-converter is the switching frequency.
The switching frequency is limited by the switching losses of the igbts. It
causes a time delay from the measurement of signals to the output voltage
is updated. This time delay will limit the bandwidth of any controller.

A related limitation of the converter is the requirement for a low-pass
filter to smoothen the voltage output. The ripple current induced by the
switching output voltage and the bandwidth of the controller dictate the
minimum size of the these filter components.

Using cybernetic theory and tools to influence the output impedance
of a pwm-converter has been known in the ups marked since the 1980’s.
Varying this impedance according to operational situations has been known
the last ten years. This thesis implements a virtual impedance and shows
its effect on the converters’ current response. By varying the impedance
in the voltage period, the current response can be shaped to give different
responses for active and reactive currents.

New netstandards

The trend of distributed small scale power producers has created new de-
mands for connecting to the grid. A specification has been made target-
ting these small-scale plants, giving guidelines for wind farms greater than
10 MVA [1]. This specification include toleration limits of faults in the grid.

Contrary to the old regulations, where a distributed power producer
must disconnect when the grid voltage dropped below 70 - 80 % of nominal
value, the new netstandard states that all producers shall remain connected
and produce reactive current even if the voltage drops to 15 % for 0.5 s. Dif-
ferent countries have different numbers, but the principle is the same. These
demands can be met by using grid side pulse width modulated converters.
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Industrial context

The work in this thesis are included as a part of a large research program
called “Weight reduced windgenerator systems.” This research program is
sponsored by EBL, Statkraft, NVE, Lyse, Shell, Wärtsilä, SmartGenerator
and NFR.

The research program focus on wind power systems where all aspects
from the turbineshaft to the grid connection are evaluated. The program
includes development of PSS/E models of the wind power system. The fo-
cus for the work in this thesis was to develop and test novel control methods
for a wind power system in a small scale laboratory test.

A paper describing wireless load sharing optimized for non-linear loads
for single phase converters was released at the norpie conference in 2002 [2].

Contributions

The main contributions in this thesis are:

• Implementation of an interperiodic time varying virtual impedance.
This impedance enables better individual control over the response to
active and reactive currents.

• Empirically creating a map of the active and reactive current response
to show the effect of the virtual impedance for the current response of
the converter.

• Using said map to find a good decoupling for the current into a mag-
nitude part and a phase part, and also to find a good feed forward
signal for a current regulator.

• Experiments indicating that the grid side converter controller similar
to the one developed in this thesis can be used to meet the guidelines
given by a new net standard.

Outline of this thesis

Chapter 1 presents an overview of the grid side converter system. A three
phase pulse width modulation unit including different switching patterns is
introduced, and a per unit model of a three phase LCL-filter is derived.
Some important implementation details for the converter system are also
given.
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Chapter 2 describes the laboratory setup for the test system used in this
thesis. The different parts of the setup is described in detail, and the per
unit system and the state space model for the test system is presented.

Chapter 3 introduces a voltage observer which is used to find the phase
and amplitude of a three phase voltage measurement.

Chapter 4 presents a voltage controller which regulates the filter capaci-
tor voltage. It includes active dampening, voltage shape control and virtual
impedance. Of particular interest is the implementation of an interperiodic
time varying virtual impedance.

Chapter 5 uses the voltage controller presented in chapter 4 together
with current feedback signals to control the active and reactive power de-
livered by the converter. This is done by using the measured converter
current to create an amplitude and frequency reference for a three phase
voltage generator which feed its generated signal to the voltage controller.

Chapter 6 uses the active and reactive power controller presented in
chapter 5 to implement droop control. This droop control enables a con-
verter to run in parallel with other converters or synchronous machine gen-
erators.

Chapter 7 gives evidence that the grid converter presented in this thesis
can be used to implement the grid codes given by the transmission system
operator of Norway, Statnett.

Chapter 8 gives a summary and proposes future work.
Some general mathematical tools used in this thesis is presented in the

appendices.
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System description

This chapter presents an overview of the grid converter system. An intro-
duction to a general three phase pulse width modulator unit is given. A per
unit model is developed for a LCL-filter, and implementation details of a
grid side converter unit are discussed.

1.1 Overview

The grid side converter used in this thesis is comprised of a three phase
pwm converter connected to a LCL-filter. Figure 1.1 shows an overview of
the controller and the physical system. v0 and ω0 are the nominal voltage
magnitude and frequency. Pg,0 and Qg,0 are the active and reactive power
output reference for nominal operation. vabcf and iabcf are the measured ca-
pacitor voltage and capacitor current of the LCL-filter. iabce is the measured
converter output current. vdc is the measured dc-link voltage. vαβpwm is the
output from the controller to the pwm-unit.

The controller can be split further into parts. Figure 1.2 shows an
overview of the different parts of the controller. The parts of the controller
are presented in the coming chapters.

1.2 The pulse width modulator

The pulse width modulator (pwm) unit has become a very common com-
ponent in power electronics. An introduction with emphasis of the pecu-
liarities of a three phase pwm unit is given here. A much more thorough
investigation can be found in e.g. Holmes [3].

The basic idea behind the pwm unit is to use transistors to periodically
switch a voltage between the two levels of the dc bus such that the average
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Figure 1.1 – Overview of the converter system. Physical parts of the system
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Figure 1.3 – A three phase pulse width modulator unit.

of the signal becomes the required output voltage. The word output has
been chosen here to indicate the positive sign of the current flow which is
out from the dc bus. The use of transistors enables current and thus power
to flow in as well as out from the dc bus, unlike e.g. a thyristor rectifier.

Figure 1.3 shows an idealized model of the unit. One or more capacitors
are normally connected to the dc link to provide a relatively stable voltage,
and has been included in the figure.

The negative dc link voltage is defined in this thesis as the reference
voltage (i.e. zero voltage). Another practice sometimes encountered in the
litterature is the use of the “middle” voltage potential of the capacitor as
the reference voltage. That would have given a positive link voltage of 1

2vdc

and negative link voltage of −1
2vdc.

The two transistors and their corresponding diodes connecting the dc
link to a output of the converter are called a leg of the converter. It can be
in one of four states depending on the states of its transistors. In particular,
consider leg a:

1. If a1 is on and a2 is off, the voltage va will be vdc.

2. If a1 is off and a2 is on, the voltage va will be 0.

3. If both are off, the voltage will still be clamped by the diodes to be
between 0 and vdc depending on the load current.

4. If both are on, this will cause a short of the dc link through the
transistor, possibly burning them out. This is called shoot-through
and must be avoided.
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Table 1.1 – Transistor configurations for a three-phase pwm converter.

la lb lc va vb vc vα vβ v0

0 0 0 0 0 0 0 0 0
0 0 1 0 0 vdc −1

3vdc −
√

3
3 vdc

1
3vdc

0 1 0 0 vdc 0 −1
3vdc

√
3

3 vdc
1
3vdc

0 1 1 0 vdc vdc −2
3vdc 0 2

3vdc

1 0 0 vdc 0 0 2
3vdc 0 1

3vdc

1 0 1 vdc 0 vdc
1
3vdc −

√
3

3 vdc
2
3vdc

1 1 0 vdc vdc 0 1
3vdc

√
3

3 vdc
2
3vdc

1 1 1 vdc vdc vdc 0 0 vdc

Leg b and leg c are of course identical to leg a.
Each leg is normally in one of the first two states for most of the switching

period. Only considering these two normal states per leg gives a total of 8
states for the converter. Table 1.1 shows the output voltages for different
transistor configurations. la, lb, and lc are logic variables giving the state of
the individual leg. I.e. when la is 1, transistor a1 is closed, and when la is
0, a2 is closed.

By periodically alternating between the two normal states of a leg, the
average of the output voltage can be controlled. Deciding when to switch
between the upper and lower transistor can be done by using a triangle
signal and a comparator. Figure 1.4 shows the principle of the symmetrical
switching pattern. A counter counts from 0 up to rmax and down again
using a fixed timer base. The counter is compared to a value ra. When
the value is greater the lower transistor a2 is switched on, and when lesser
the higher transistor a1 is switched on∗. Similarly, values rb and rc are
compared against the same counter for the b and c leg. The comparison and
the corresponding transistor control signal generation is a supported feature
for all microcontrollers used for converter control.

Normally the period of the triangle signal, T , is held constant. How-
ever, there exists switching schemes that involves changing the period. One
example is lowering the frequency to lessen the switching losses and thus
the temperature of the transistors when the system is running in overload
conditions. Another example is adding a randomized factor to the period
to spread the acoustic noise and to spread electromagnetic noise caused by
the switching over a wider area of the frequency spectrum.
∗Sometimes the control signals of the upper and lower transistor are swapped. If this

is the case, the comparison values can be changed to rmax − r( · ).
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va
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Figure 1.4 – The symmetric switching pattern.

The average output voltages are given as

v̄a =
ra
rmax

vdc =
2ta
T
vdc = davdc,

v̄b =
rb
rmax

vdc =
2tb
T
vdc = dbvdc,

v̄c =
rc
rmax

vdc =
2tc
T
vdc = dcvdc,

(1.1)

where the ratios da, db, and dc are the pwm duty cycle ratios.
Thus, to get a particular output voltage from the converter, the duty

cycles should be set to

da =
v̄a
vdc

, db =
v̄b
vdc

, dc =
v̄c
vdc

. (1.2)

A very straight forward switching pattern can be implemented by setting
the (average) null system to vdc

2 . For a three phase signal, this gives a
maximum amplitude of vdc

2 .

1.2.1 The space vector switching pattern

Normally the null system of the output voltages is of no interest. Recogniz-
ing this hints at the possibility to increase the maximum amplitude.

Figure 1.5 shows the relationship of the different transistor configura-
tions of table 1.1 and the αβ-coordinate system. Here, vαβ0◦ is the αβ-vector
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β
vαβ120◦ vαβ60◦

vαβoutd2

(110)(010)

(001) (101)
vαβ240◦ vαβ300◦

d1 (100) α
vαβ0◦vαβ180◦ (011)

Figure 1.5 – The basic space vectors in the αβ-coordinate system.

given by the table entry for the 100 configuration, i.e. la = 1, lb = 0, and
lc = 0. vαβ60◦ is the αβ-vector for the 110 configuration and so on. The
two configurations 000 and 111 is not shown in the figure, as they only
contributes to the null system.

The output voltage can be calculated from the time spent in each con-
figuration. If it e.g. stays in the 001 configuration for the whole switching
period, the output voltage would be

vαβ0
out = vαβ0

240◦ =

 −1
3

−
√

3
3

1
3

 vdc. (1.3)

The wanted output αβ-vector can be decomposed into the two nearest
neighbouring transistor configuration vectors. E.g. for the output vector in
figure 1.5

vαβout = d1v
αβ
0◦ + d2v

αβ
60◦ =

[
2d1+d2

3

−
√

3d2
3

]
vdc. (1.4)

When not in either of these configurations, the transistors are either in
the 000 or 111 configuration, which just contributes to the null-component.
The time in each of these configurations are often split evenly.

Figure 1.5 shows that the maximum magnitude of the αβ-vector, and
thus the maximum output voltage amplitude, is limited by the inner radius
of the hexagon. The height of one of the equilateral triangle sectors gives
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Figure 1.6 – A three phase LCL-filter.

the maximum output voltage amplitude for a sinusoidal signal as

vmax =
1√
3
vdc ≈ 0.57735vdc. (1.5)

Note that this is not the peak-to-peak value, but the maximum amplitude
of a single phase. The maximum output phase-to-phase value is vdc.

This switching pattern are called the space vector switching pattern, and
increases the maximum amplitude of the output voltage amplitude by ap-
proximately 28.9 % compared to the “näıve” symmetrical switching pattern.

The null system for a three phase sinusoidal output voltage using this
space vector switching pattern is a triangle signal. The higher harmonics
of this triangle signal could create unwanted parasitic effects due to e.g. ca-
pacitive couplings towards ground. To avoid these effects another switching
pattern is sometimes used which injects only the third harmonic component
of the space vector triangle signal. This switching pattern has a maximum
amplitude which is the same as the space vector switching pattern for a
purely sinusoidal output signal.

1.3 The LCL-filter

Figure 1.6 shows the topology of the three phase LCL-filter. The grid is
drawn as a box in the figure as its configuration is unknown.

There are two main concerns when choosing the component sizes for the
LCL-filter. The ripple current through the inductor between the converter
and the capacitor must be kept reasonable. A reasonable choice is for this
current to be between 20 % and 50 % of the fundamental harmonic current
at nominal operation.
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Table 1.2 – Grid side unit ratings.

Parameter Symbol
Rated line voltage Vn,rms

Rated apparent power Sn =
√

3Vn,rmsIn,rms

Nominal frequency fn
Rated current In,rms = Sn√

3Vn,rms

Another dimensioning factor is the resonance frequency of the filter when
the grid is very strong or short circuited. The resulting resonance frequency
must be below the bandwidth of the active damping of the pwm-controller.

Typical values are around 0.05 p.u.† for both inductors, and 0.15 p.u.
for the capacitor of the LCL-filter.

For more information about filter design there are many sources. For grid
connected converters, IEEE has released a standard IEEE 519-1992 [4]
entitled “IEEE Recommended Practices and Requirements for Harmonic
Control in Electric Power systems.” See e.g. Pradeep [5] for optimized filter
design in the context of IEEE 519 compliant grid connected converters.

1.4 The three-phase converter model

A model is needed to be able to analyse the converter. By using a per unit
system, the model variables are scaled as fractions of defined base units.
This makes the model independent of scale, and will also facilitate any
software implementation of the control by avoiding numerical problems.

As the configuration of the grid is unknown, it is modelled as voltage
inputs. These inputs can then be made dependent of e.g. the grid current
to model different load conditions.

1.4.1 The per unit system

A per unit system of a three phase power electronic device can be created
from its rated line voltage and rated apparent power as well as the nominal
grid frequency. Typical rating parameters are listed in table 1.2. These
are used to create the per unit system summarized in table 1.3. The base
inductance and base capacitance are often not explicitly expressed, but are
included here for completeness.

†The per unit system is presented below in section 1.4.1.
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Table 1.3 – Grid side unit per unit system.

Parameter Symbol

Base voltage (peak phase voltage) V̂n =
√

2
3Vn,rms

Base current În =
√

2In,rms

Base angular frequency ωn = 2πfn
Base impedance Zn = V̂n

În
= Vn,rms√

3In,rms

Base inductance Ln = Zn
ωn

= Vn,rms√
3In,rms2πfn

Base capacitance Cn = 1
Znωn

=
√

3In,rms

Vn,rms2πfn

Table 1.4 – Grid side unit parameters.

Parameter Physical size symbol Per unit symbol
Converter side filter inductance Lf xf
Converter side filter resistance Rf rf
Filter capacitance Cf yf
Grid side filter inductance Lg xg
Grid side filter resistance Rg rg

1.4.2 The pwm-unit model

As the LCL-filter smoothens out the output voltage of the pwm unit, it can
simply be modelled as three voltage sources giving an output voltage equal
to the reference voltage.

Be aware that pulse width modulation introduces a time delay from
the reference is set until the output is updated. This time delay must be
included in a model when investigating higher frequencies.

The output voltages are limited by the dc-link voltage, which means
that the voltage sources should also be limited when simulating the system.

1.4.3 The LCL-filter model

The parameters of the grid side unit are the inductances and capacitance
of its LCL-filter. The physical parameters and their per unit counterparts
are listed in table 1.4.

The relation between currents and voltages in the filter can be found
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using Ohm’s law:

vabce − vabcf =
(
s

ωn
xabcf + rabcf

)
iabce , (1.6)

vabcf − vf,nqabc =
ωn
s

(
yabcf

)−1
iabcf , (1.7)

vabcf − vabcg =
(
s

ωn
xabcg + rabcg

)
iabcg , (1.8)

where vf,n is the voltage of the star point of the capacitors, and

xabcf =

xf,a 0 0
0 xf,b 0
0 0 xf,c

 , xabcg =

xg,a 0 0
0 xg,b 0
0 0 xg,c

 , (1.9)

yabcf =

yf,a 0 0
0 yf,b 0
0 0 yf,c

 , qabc =

1
1
1

 . (1.10)

Kirchoffs current law gives the relations between the currents as

iabcg = iabce − iabcf , (1.11)

0 =
(
qabc

)T
iabcf , (1.12)

0 =
(
qabc

)T
iabce . (1.13)

If the parameters of the corresponding components in the filter are different
in each phase, the system is said to be unsymmetric. Solving these equa-
tions to make them linearly independent in this case gives rather complex
equations. However, converting the equations to the αβ-coordinate system
and assuming that the system is symmetric greatly simplifies them.

A linear state space equation of a multivariable system can be written
in the time plane as

ẋ(t) = Ax(t) +Bu(t),
y(t) = Cx(t),

(1.14)

where x(t) is the system state vector, u(t) the system input vector, and y(t)
the system output vector. A, B, and C are real, normally time independent
matrices.
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Let the states, inputs and outputs of the LCL-filter in the αβ-coordinate
system be

xαβ =

i
αβ
e

iαβf
vαβf

 , uαβ =

[
vαβe
vαβg

]
, yαβ =


vαβf
iαβe
iαβf
iαβg

 , (1.15)

where the time dependence (t) has been dropped.
Assume the filter parameters to be symmetrical, i.e. xabcf = Ixf etc.

Then a state space model of the filter is

ẋαβ = Aαβxαβ +Bαβuαβ,

yαβ = Cαβxαβ,
(1.16)

where Aαβ, Bαβ, and Cαβ are

Aαβ = ωn



− rf
xf

0 0 0 − 1
xf

0
0 − rf

xf
0 0 0 − 1

xf

− rf
xf

+ rg
xg

0 − rg
xg

0 − 1
xf
− 1

xg
0

0 − rf
xf

+ rg
xg

0 − rg
xg

0 − 1
xf
− 1

xg

0 0 1
yf

0 0 0
0 0 0 1

yf
0 0


,

(1.17)

Bαβ = ωn



1
xf

0 0 0
0 1

xf
0 0

1
xf

0 1
xg

0
0 1

xf
0 1

xg

0 0 0 0
0 0 0 0


, Cαβ =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 −1 0 0 0
0 1 0 −1 0 0


. (1.18)

Note that the α and β system are completely decoupled. This means that
analysis of the combined αβ system can be simplified to an analysis of a
single phase system. Any coupling between the two systems comes as a
result of the inputs, i.e. the converter or the grid voltage. In particular, an
unsymmetric load will cause the systems to become coupled.
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A state space model of the filter in the dq-coordinate system can be
found by using equation A.29:

ẋdq = Adqxdq +Bdqudq,

ydq = Cdqxdq,
(1.19)

where Adq, Bdq, and Cdq are:

Adq = ωn



− rf
xf

Ωr 0 0 − 1
xf

0
−Ωr − rf

xf
0 0 0 − 1

xf

− rf
xf

+ rg
xg

0 − rg
xg

Ωr − 1
xf
− 1

xg
0

0 − rf
xf

+ rg
xg
−Ωr − rg

xg
0 − 1

xf
− 1

xg

0 0 1
yf

0 0 Ωr

0 0 0 1
yf

−Ωr 0


,

(1.20)

Bdq = Bαβ, Cdq = Cαβ, (1.21)

Ωr =
θ̇

ωn
. (1.22)

As can be seen from equation 1.20, the d and q system states are coupled
by a factor proportional to the frequency of the reference system.

The model of the ignored null system are simply

vf,0 = vg,0 = ve,0, if,0 = ig,0 = ie,0 = 0. (1.23)

1.5 Grid side converter implementation details

This section gives general implementation details for a grid side converter.

1.5.1 Measurements of filter states

A grid side converter needs extra measurements compared to e.g. a motor
drive. The capacitor or output voltages must be measured to know the
state of the grid, and the capacitor currents must be measured to provide
effective active damping.

The sensors add hardware complexity and lessens the system reliability
against sensor failure. There exists methods to estimate both the capacitor
currents and capacitor voltages using only the pwm output currents (see
e.g. [6]), but these are not used in this thesis as they add implementation
complexity and might introduce issues of their own.
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For regulation purposes the phase shift for a measurement signal is very
important. It is important that the bandwidth of the filter measurement
channels are sufficient for the bandwidth of the regulator. The bandwidth
of the regulator is typically quite close to the sampling frequency and thus
the Nyquist frequency. A certain amount of aliasing of the measured signals
is usually preferrable to a loss of phase. Using higher order filters are often
tempting for anti-aliasing filters, but care must be taken as these higher
order filters rapidly add a significant phase shift to the measured signal. A
first order filter with the bandwidth set to around the Nyquist frequency is
often sufficient.

1.5.2 The dc link

The task of the dc link is to be a short term energy storage. It should be of
sufficient size to handle the induced ripple current from the pwm module,
and also be able to handle any transients in the power regulation.

The internal diodes of the igbts will work as a diode rectifier against
an active grid. This will cause a large inrush current when the converter is
connected to the grid if the dc link is not precharged. The LCL-filter will
limit this inrush current, but can cause the dc link voltage to significantly
overshoot. To avoid this a precharger mechanism can be used, for example
a resistor in series with the inrush current which can be short circuited by
a contactor when the dc link has been charged.

A brake chopper can be used to avoid overvoltages, particularly if the
grid side is disconnected or short circuited when a generator providing power
to the dc bus is running at full power. The brake chopper burns off the
excess power produced by the generator while the generator regulator ramps
down the power generation. A properly designed brake chopper circuit can
potentially also limit any overvoltage given by the inrush current discussed
in the previous paragraph.

1.5.3 Protection functions

A robust grid side converter needs protection functions both for protection
of the converter and loads on the grid.

Overcurrent protection

A large difference between the output voltage of the converter and the grid
will cause a substantial current to flow. This can for example be caused by
a short circuit of the grid, or if the converter is running out of phase with
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the grid. Being often only of a transient nature, such currents should not
immediately disable the converter.

To avoid damage to the converter the currents must nevertheless be lim-
ited. This can be done by temporary turning off both transistors connected
to the phase output which have the overcurrent until the current is below
the disable limit again.

As a worst case example, assume the grid is ideally shorted out. If the
positive dc bus voltage be connected to phase a, and the negative dc bus
voltage be connected to phase b and phase c, this gives an output voltage of

vαβ = Tαβ
abcv

abc =
1
3

[
2 −1 −1
0
√

3 −
√

3

]vdc

0
0

 =
[

2
3vdc

0

]
. (1.24)

If the resistance of the inductances is ignored, this gives an output current
of

iαβe (t) =
ωn
xf

∫ t

0
vαβdt+ iαβe (0). (1.25)

Here, the β-current is unchanged, as can be expected. The α-current, how-
ever, is

ie,α(t) =
2ωnvdc

3xf
t+ ie,α(0). (1.26)

To cut the current after it has risen beyond a given threshold, the com-
parator must detect it in

tdetect = (iabsolute-max − ithreshold)
3xf

2ωnvdc
. (1.27)

Given some typical values: xf = 5%, ωn = 314.15 rad s−1, vdc = 2, and
a difference in current of 10%, this gives a detection time limit of 11.9 µs.
In other words, a monitoring frequency of at least 83.8 kHz.

A monitoring frequency of 83.8 kHz is quite taxing, but can still be
considered within the limits of a modern microcontroller. This is a very
conservative limit as it does not take the resistances and grid inductance
into account, so the requirements can be lowered some.

Note that some microcontrollers taylored for the power electronics mar-
ket have a built-in capability to disable individual transistor pairs dependent
on external signals. This capability in combination with e.g. external com-
parators enables a much simpler solution at the cost of some hardware.

Even with a good software solution of this protection, it is also good
practice to include a hardware detection circuit in addition to the software
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solution for protection of the converter against software failures or even
faster current transients. Such a detection circuit will typically shut off all
three phases of the converter as a last effort to protect it.

Dc-overvoltage protection

The power flow of a converter is bidirectional. This means that it is possible
to feed power to the dc link, making its voltage level rise.

Software protection can be used to reduce or reverse the power flow to
the dc link from the grid if the link voltage rises above a certain level.
However, in case of both hardware and software faults a hardware high dc
voltage detection circuit should be included. This will normally shut off
the transistors of all three phases of the converter, but keep any braking
chopper running to help limit the overvoltage.

Overtemperature protection

If the cooling of the converter is insufficient, the temperature of some of the
components of the converter will rise above their maximum recommended
operating temperature. This can be caused by running the converter in an
overload situation. When the temperature rises above a certain level, an
operator can be notified so corrective action can be taken. Depending upon
the application, it can be desirable to automatically reduce the power. At
an even higher temperature level, the system is normally tripped to avoid
damage.

The timeconstants for the temperature monitoring is large, typically
seconds or even minutes.





c h a p t e r 2

Laboratory setup

An example system was set up to illustate the concepts and validate the
different theories in this thesis. This chapter introduces this setup.

2.1 Overview

The laboratory equipment consists of two converters, a synchronous gen-
erator, various test loads and diode bridges. Transformators are used for
galvanic separation and transformation of voltages. A typical setup for an
experiment showing the various laboratory equipment is shown in figure 2.1.
The source voltages for the diode bridges and the asynchronous drive volt-
ages are only indicated using dashed lines with a double arrow.

2.2 The grid converter system

The grid side converters are the most important part of the setup, as they
are the focal point of this thesis. The system consists of two converters
which can be connected together or to a grid through a LCL filter. It is
also possible to run one of the converters as a generator drive to create a
full generator to grid drive train.

The two converters with their LCL filters are put into a cabinet for ease
of use and mobility. Figure 2.2 shows a picture of the cabinet.

2.2.1 The pulse width modulated converters

The two main components of the setup is two 2-level pwm converters devel-
oped and built by NTNU in cooperation with SINTEF Energy AS. They
have six igbts for the three outputs, with an additional igbt for a brake
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SMIM

Test load

Synchronous generator

Converter 2

Converter 1

Main grid

Figure 2.1 – Overview of typical laboratory setup for running two converters
with LCL-filters in parallel with a synchronous generator or the main grid.
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Diode rectifier

Dc-link precharger

Controller cards

Pwm-converter 1

Pwm-converter 2

Filter inductances

Grid contactors

Filter capacitances

Figure 2.2 – Picture of the grid converter cabinet. The contents of each of
the cabinet shelves are described to the left.
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Figure 2.3 – Closeup picture of a pwm converter. The current measurement
sensors can be seen in the background.

chopper output. The converter is rated for up to 760 V dc, with a dc bus
capacitance of 3300 µF. The IGBTs used for the chopper outputs are rated
for 1200 V and 400 A. Figure 2.3 shows a picture of one of the converters.

The converters have gate drivers with built-in hardware blanking time
generation, in addition to protection for overcurrents, overvoltages and
overtemperature. They interface individually with an external dsp/micro-
controller board through an external cable containing the pulse width mod-
ulation signals and controller signals for the supervision circuits.

The controller card is built around a dsp from Texas Instrument named
TMS320F2812. It is a 32-bit, fixed point, 150 MHz, 1.9 V low power dsp
capable of up to 150 MMACS∗. In addition to the dsps internal 36 KiB of
ram and 256 KiB of flash memory, the board is fitted with an additional
256 KiB of external memory and a 8 KiB eeprom.

The dsp has a built-in 12 bit analog to digital converter with a minimum
conversion time of 80 ns. However, internal noise in the dsp lowers the
actual analog to digital converter resolution to about 10 bits. The board has
four inputs for connecting current signals from current or voltage sensors,
but more signals are possible by using an extra measurement expansion
card. This card has four extra current signal inputs. Figure 2.4 shows a

∗Million Multiply Accumulate Cycles per Second
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Figure 2.4 – Picture of a controller circuit board and its measurement circuit
board. The controller circuit board is the one on top and the measurement
circuit board is the one below.

picture of a controller circuit board and its measurement circuit board.
The currents out from the converter are measured using the current

transducer LA 205-S from LEM. These are bidirectional sensors with a
primary nominal measurement current up to 200 A. As the rated output
current from the system is lower, the output cables are looped through the
sensors four times. This quadruples the signal strength.

The dc bus voltage is measured using a voltage transducer LV 25-
800 also from LEM. It has a primary nominal voltage of 800 V. It is a
bidirectional sensor, but the ad input channel has been configured as a
unidirectional sensor to increase the ad resolution.

The controller board is equipped with a RS-232 serial communication
port used for control and debugging of the software. It has also a can-bus
connector capable of speeds up to 1 Mbps, which can be used to communi-
cate with other controller boards.
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2.2.2 The LCL filter

The LCL filter consists of six individual inductors and three star connected
capacitors. A contactor switch can connect and disconnect the filter from
the grid. The contactor is controlled by the dsp from a relay output on the
controller board.

There are three voltage sensors and three current sensor in the LCL filter
to measure the voltages and currents of the capacitors. However, only two of
each is used by the converter, as the third is redundant. The current sensors
are the same type as the ones used in the converter. The voltage sensors
are also of the same type as the dc bus measurement in the converter, but
the ad input channels have been configured for bidirectional measurement.

The six inductors which makes up the Ls in the LCL filter are separated
into individual units. These are in turn split into four coils for one iron
core. These coils can be configured in series or parallel to give miscellaneous
inductances in the range 250 µH to 2 mH.

The three capacitances of the filter have a capacitance of approximately
50 µF. Three small RC-filters have been added in parallel with the capac-
itors to reduce noise, as the large capacitors lose their capacitance charac-
teristics for high frequencies.

2.3 The synchronous generator

To simulate different grid conditions, a synchronous machine is used as a
generator to generate the grid voltage. This generator is linked with an
asynchronous machine which provides the power for the generator.

The synchronous machine is a seasoned generator built by Siemens-
Schuckert Werke†, and is a 3-phase, 220 V, 10 kVA machine with a cosφ
of 0.8. The nominal speed is 1500 RPM which give an output voltage of
50 Hz. A pulse width modulated current source has been built from the
power electronic parts of an electrical actuator from Smart Actuator AS.
The current source provides an adjustable magnetizing current of the gen-
erator, up to the rated maximum of 2.8 A at a dc voltage of 300 V. This
enables changing the amplitude of the generated grid voltage.

The asynchronous machine is a brand new motor built by ABB. It is a
3-phase, 400 V, 15 kW machine with a cosφ of 0.82. The nominal speed is
1460 RPM. It is driven by a commercial motor drive from Vacon, which is
speed regulated. This enables changing the frequency of the grid voltage.

†Siemens-Schuckert Werke AG, Siemens & Halske AG, and Siemens Reiniger-Werke
AG merged into Siemens AG in 1966.
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Figure 2.5 – Picture of the grid generating synchronous machine generator
linked to an asynchronous machine motor.

Figure 2.5 shows a picture of the synchronous machine generator linked
to the asynchronous machine motor.

2.4 Software

The software is written in a mixture of C++ and optimized assembly, us-
ing the Code Composer Studio compiler suite from Texas Instruments. It
is supported by a limited operating system to help development and de-
bugging. This operating system provides services to download a program,
and control and inspect it from a personal computer over the RS-232 serial
communication link.

For a switching period of 8 kHz the time from the first analog to digial
convertion is started to the pwm output registers must have been updated
is 62.5 µs. This short time period is all that is available for all the different
grid converter controllers to be updated with the new measurements. In
addition, the high speed software detection of overcurrent makes the time
available even less. This short time period made it necessary to focus on
speed when developing the software. A good optimizing C++-compiler
made the task easier, but many of the commonly used library functions and
certain other speed bottlenecks were hand-optimized further using assembly
language.

The software is built around interrupts based on the triangle signal used
for the generation of the pulse width modulation signals. The analog con-
verter is started at the top of the triangle, and generates an interrupt when
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done. These measurements are then used to update the pwm compare reg-
isters, which will then be loaded at the next triangle bottom. In addition,
measurements are done with a corresponding interrupt five extra times dur-
ing a triangle signal period to implement software overcurrent protection.
At 8 kHz switching frequency this gives a monitoring frequency of 48 kHz.

The Texas Instrument TMS320F2812 dsp supports very fast multipli-
cation and addition of 32-bit fixed point values. Floating points however,
is not very well supported for this generation of DSPs‡, and was avoided in
the software altogether.

The fixed point representation used for most of the variables in the
software is 32-bit integers scaled by 220. This scaling is often called Q20. The
maximum values supported is approximately ±2000, and the resolution is
2−20 which is approximately 9.5×10−7. This means that care must be taken
to avoid numerical problems arising from too small or large values. The
per unit system introduced in the system chapter will avoid most of these
problems, as the variables of the system is scaled to around 1. However,
for digital filters the fixed point representation can still give trouble. The
difference equations presented in this thesis have taken this into account.

2.5 The per unit system of the grid side system

The system was dimensioned for a 230 V phase to phase rms voltage with a
nominal apparent output power of 5 kVA. Even though the converters are
capable of more, this power was chosen to fit with other components in the
system.

Table 2.1 summarizes the ratings of the system, including the pwm
switching frequency§ This creates the per unit system in table 2.2. The
physical quantities of the LCL filter and their per unit counterparts are
summarized in table 2.3.

The small resistances of the inductors are dependent upon both fre-
quency and temperature, and are therefore very unaccurate. In particular,
the resistance is much higher than the stated resistance for frequencies at
and above the resonance frequency. However, by setting them this low but
non zero they represent a“worst case”resistance, yet makes the model stable
and thus easier to e.g. simulate.

‡The new generation of this family of dsps starting with the TMS320F28335 adds
support for fast floating point operations.
§8009 Hz was selected instead of the more “intuitive” frequency 8000 Hz because 8009

is a prime number. A prime number runs less chance of being a multiple of another
external frequency, reducing aliasing problems.
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Table 2.1 – Grid side unit system ratings. See table 1.2 for the relationships
between the ratings.

Parameter Symbol Physical value
Rated line voltage Vn,rms 230 Vrms

Rated apparent power Sn 5 kVA
Nominal frequency fn 50 Hz
Rated current In,rms 12.551 Arms

Pwmswitching frequency fsw 8009 Hz

Table 2.2 – Grid side unit per unit system. See table 1.3 for the relationships
between the parameters.

Parameter Symbol Physical value
Base voltage (peak phase voltage) V̂n 187.79 V
Base current În 17.75 A
Base angular frequency ωn 314.159 rad s−1

Base impedance Zn 10.58 Ω
Base inductance Ln 33.677 mH
Base capacitance Cn 300.86 µF

Table 2.3 – Grid side unit parameters.

Parameter Symbol Quantity p.u. Quantity
Converter side filter inductance Lf 1.95 mH xf 0.05642
Converter side filter resistance Rf 0.5 mΩ rf 47.2610−6

Filter capacitance Cf 50 µF yf 0.1662
Grid side filter inductance Lg 1.35 mH xg 0.04009
Grid side filter resistance Rg 0.35 mΩ rg 32.7210−6
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The αβ-state space model of the LCL filter is given by equation 1.16,
and the dq-state space model is given by equation 1.19. Assuming θ̇ = ωn
for the dq-system and inserting the values of the example system gives the
matrices

Aαβ =

−0.256410 0 0 0 −5425.64 0
0 −0.256410 0 0 0 −5425.64
0 0 −0.256410 0 −13262.7 0
0 0 0 −0.256410 0 −13262.7
0 0 1890.36 0 0 0
0 0 0 1890.36 0 0

 , (2.1)

Adq =

−0.256410 314.159 0 0 −5425.64 0
−314.159 −0.256410 0 0 0 −5425.64

0 0 −0.256410 314.159 −13262.7 0
0 0 −314.159 −0.256410 0 −13262.7
0 0 1890.36 0 0 314.159
0 0 0 1890.36 −314.159 0

 , (2.2)

Bαβ = Bdq =

 5425.64 0 0 0
0 5425.64 0 0

5425.64 0 7837.04 0
0 5425.64 0 7837.04
0 0 0 0
0 0 0 0

 . (2.3)
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A voltage observer

The voltage observer is used to find the phase and amplitude of a three
phase voltage signal. This information can be used by the voltage regulator
to synchronize to an external grid before connecting the converter. It can
also be used to monitor the output voltage while the converter is running.
If the grid is “strong” it can be used to run the converter at a fixed phase
shift or fixed difference in amplitude.

3.1 Ideal symmetrical three phase voltage

An ideal symmetrical three phase voltage signal can be given as

vabc = vm

 cos (ϑ)
cos (ϑ− 120◦)
cos (ϑ− 240◦)

 , (3.1)

where vm is the voltage amplitude and ϑ the time varying phase angle of
the grid. The phase angle can also be written as

ϑ = ωt+ ϑ0 (3.2)

to underline its dependence of time. Here, ω is the angular phase speed of
the grid and ϑ0 the phase offset of the grid at time t = 0.

Using the αβ-transform, the three phase voltage signal can be trans-
formed into

vαβ = Tαβ
abcv

abc = vm

[
cos (ϑ)
sin (ϑ)

]
. (3.3)

Solving equation 3.3 with respect of vm and ϑ gives the magnitude and
phase of the voltage signal. The grid voltage can be found using the mag-
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nitude of the αβ-vector

‖vαβ‖2 =
√
v2
α + v2

β

=
√

(vm cos(ϑ))2 + (vm sin(ϑ))2

= vm
√

sin(ϑ)2 + cos(ϑ)2 = vm

(3.4)

The phase can be found dividing the two components

vβ
vα

=
vm sinϑ
vm cosϑ

= tanϑ =⇒ ϑ = arctan
vβ
vα

(3.5)

Equation 3.5 is however only valid for angles ϑ ∈
〈
−π

2 ,
π
2

〉
. To find the

phase for all four quadrants, another related function called arctan2 found
in most computer libraries can be used instead∗.

To summarize, the magnitude and the phase of a three phase signal is
given by

vm =
√
v2
α + v2

β (3.7)

ϑ = arctan2 (vβ, vα) (3.8)

3.2 The magnitude observer

A very simple voltage magnitude observer can be made by low pass filtering
equation 3.7, e.g.:

v(s)m =
1

s
ωbw

+ 1
vm(s) (3.9)

The filter bandwidth, ωbw, should be made low enough to attenuate any
transient disturbances.
∗The relationship between the regular arctan function and the four quadrant version

arctan2 can be defined as

arctan2 (y, x) =



arctan
(
y
x

)
x > 0

π + arctan
(
y
x

)
y ≥ 0, x < 0

−π + arctan
(
y
x

)
y < 0, x < 0

π
2

y > 0, x = 0

−π
2

y < 0, x = 0

undefined y = 0, x = 0

(3.6)
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Figure 3.1 – Block diagram of an analog frequency observer

This filter can be discretized using e.g. Euler’s method described in
section A.2.1. This gives the difference equation:

vm,k+1 = vm,k + kn (vm,k − vm,k) (3.10)

where:
kn =

1
1 + 1

Tωbw

(3.11)

Additional notch filters can be added for any unwanted frequencies if
necessary.

3.3 The angular observer

The grid voltage is often distorted by e.g. transient disturbances and non
linear loads, as well as measurement errors. An observer is used to suppress
these disturbances.

An angular observer is presented in [7] as

˙̂ω = ω2
f ε, (3.12)

˙̂
θ = ω̂ + 2ζωf ε, (3.13)

where ω̂ is the estimated frequency, θ̂ the estimated phase, and ε is an
angular error estimation. ωf and ζ are filter constants. The angular error
estimation is given by:

ε = sin(θmeas − θ̂) (3.14)

Proof of global stability towards points where ε = 0 for a constant frequency
of this non-linear system is also presented.

Figure 3.1 shows a block diagram of the frequency observer in the s-
plane.



34 A VOLTAGE OBSERVER

For small perturbations the error estimation can be simplified to:

ε ≈ θmeas − θ̂ (3.15)

Inserting this into equation 3.12 and equation 3.13 and converting to the
s-plane gives the transfer functions:

ω̂(s) =
1

s2

ω2
f

+ 2ζ s
ωf

+ 1
ωmeas(s), (3.16)

θ̂(s) =
2ζ s

ωf
+ 1

s2

ω2
f

+ 2ζ s
ωf

+ 1
θmeas(s), (3.17)

where ωmeas(s) = sθmeas(s).
The speed of convergence and robustness against disturbances of the

estimator can be tuned by the filter bandwidth constant ωf . The damping
constant of the filter, ζ, is set to 1 to have a critically damped filter. For
a constant frequency, the steady state error is zero for both the phase and
the frequency.

For digital control, the estimator is converted into a discrete model using
e.g. the Euler’s method described in section A.2.1. This gives the following
difference equations:

ω̂k+1 = ω̂k + Tω2
f εk, (3.18)

θ̂k+1 = θ̂k + T ω̂k + 2hζωf εk, (3.19)

where T is the sampling interval.

3.3.1 Phase synchronization using discrete events

Sometimes the voltage phase information is only known at discrete points
in time. The discrete estimator in the previous section can accommodate
this by setting ε to 0 whenever the phase information is unavailable. One
example of this is when only the sign bit of a voltage is available.

Another more involved example is if the system is required to synchro-
nize over a communication bus. Synchronization over the widely available
can bus is an example. It is not known in advance when a package having
phase information is successfully transmitted. This is because there may be
other traffic on the bus when first trying to transmit, or a communication
error caused the package to be retransmitted. However, it is known when
the package was sent after the fact. Another package can then be sent telling
the other controller how old the phase information in the previous package
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was. The error can then be found using the difference between that phase
and the estimated phase at that period in time, i.e.:

ε = sin
(
θ̂ − ω̂∆t− θmeas

)
(3.20)

As this can bus synchronization can be made very accurate†, especially
for fixed frequencies, it can also be used for other purposes than grid syn-
chronization. In particular it is possible to reduce the dc-link voltage ripple
when several converters share the same dc-link by synchronizing the pwm-
triangle signal.

†Experiments have been done using a Texas Instruments TMS320F2809 DSP with a
can bus bit rate of 1 MHz. These show that the time of a package transmission/reception
can be determined with an accuracy of less than 100 ns, only a tenth of the bit width of
the communication medium.
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Inner voltage controller

There are many ways to control a grid side converter. In this thesis, a voltage
controller is used for the innermost control loop. This voltage controller
enables operation of the converter for both when the converter is connected
to a strong grid and when the converter is operating in islanding mode.

This controller regulates the capacitor filter voltage based on a voltage
reference vector and measurements of currents and voltages in the LCL-
filter. It creates a voltage vector which is then output by the pwm unit.
Generation of the voltage reference vector is discussed in the next chapter.

4.1 Overview

Figure 4.1 shows a block diagram of the controller. Here, vαβpwm is the output
voltage vector from the inner voltage controller to the pwm module. vαβf,ref is

the voltage reference vector, and vαβz is the voltage reference modified by the
impedance feedback loop. iαβe is the measured pwm module output current
vector, iαβf is the measured capacitor current vector and vαβf is the measured

capacitor voltage vector. iαβf,ref is the capacitor current vector reference,

possibly calculated from the voltage reference vαβf,ref . i
αβ
g = iαβe − iαβf is the

grid current vector.
Kv, Ki are constant, diagonal matrices that gives the gain of the voltage

feedback signal and active damping controller loops respectively. Hv(z) and
H i(z) are diagonal filter matrices that filters out the “uninteresting” part
of the loopback signals. Kz(θ) is a possibly phase dependent matrix that
gives the gain of the impedance loop.

All the variables of the inner voltage controller are given in the αβ-
coordinate system, not the dq-coordinate system. This means that the
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Figure 4.1 – Block diagram of the inner voltage controller. The individual
parts of the controller is indicated using dotted lines at the right of the diagram.

reference vector is a sinusoidal, and that the regulation of the voltage is a
servo problem. Accurate tracking is however not necessary, and any integral
action in the feedback loop could create problems as the converters interact
with each other.

The system chapter shows that a symmetric three phase LCL filter can
be decoupled into two separate single phase systems using the αβ-transform.
To simplify the discussion and design in this chapter a single phase system
is introduced and often used instead of the full three phase system.

The controller is split into four parts. The first part is the feed forward
signal. This is a simple feed forward from the reference, modified by the
virtual impedance part discussed below.

The second part is the active damping. To avoid overvoltages in the
LCL filter, the resonance tendencies of the filter must be damped out.

The third part is the voltage shape controller. To have good perfor-
mance, specifically for non-linear loads, a voltage feedback loop is introduced
to reduce deviations from the sinusoidal voltage shape.

The fourth and last part is the programmable virtual impedance. This
impedance can be used to avoid excessive currents if the converter is out
of phase with the grid. It can also be used to “burn off” any oscillatory
tendencies between converters connected to the same grid without any real
energy loss.
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Figure 4.2 – A single phase LCL filter connected to a strong grid.

4.2 A single phase LCL filter

Figure 4.2 shows a circuit diagram of a single phase LCL filter connected
directly to a strong grid. Here, ve is the converter voltage, and vg the grid
voltage. xf is the inductance and rf the resistance of the converter side
inductor, and xg is the inductance and rg the resistance of the grid side
inductor. yf is the capacitance of the filter.

The two inductors and the capacitor of the LCL filter will cause certain
resonance frequencies to be amplified. These resonance frequencies can be
excited by both the converter and maybe more importantly by the grid. If
they are not damped, they can cause overvoltages by excessive amplification
of any voltage harmonics.

The filter is studied when it connected directly to a voltage source, i.e.
a strong grid, as this is a worst case situation. This case conveniently also
includes a short circuit situation, which can be seen as a special case with
the grid voltage set to zero.

The Laplace transformation of the voltage over the capacitor of this
single phase system, vf (s), is

vf (s) =
( s
ωn
xg + rg)ve(s) + ( s

ωn
xf + rf )vg(s)

yfxgxf
s3

ω3
n

+ yf (rgxf + xgrf ) s2
ω2
n

+ (rfrgyf + xf + xg) s
ωn

+ rf + rg
,

(4.1)
and the current through the capacitor, if (s), can simply be written as

if (s) = s
yf
ωn
vf (s). (4.2)
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The resistances are normally so small that ignoring them can still give
a good approximation of the real filter if the system is not required to be
asymptically stable. This simplifies the function of the voltage to

vf (s) =
xp
xf
ve(s) + xp

xg
vg(s)

yfxp
s2

ω2
n

+ 1
, (4.3)

xp =
xfxg
xf + xg

, (4.4)

where xp is the inductance of the two inductances connected in parallel.
This is an undamped resonance system with a resonance frequency of

ωp =
ωn√
yfxp

. (4.5)

For the experimental system the parameters in table 2.3 gives the gains,
poles, and zeros as

Ke = 1.02564 · 107, Kg = 1.48148 · 107,

p1 = −0.256410, p2,3 = −0.128205± 5007.12j,
z1,e = −0.256410 z1,g, = −0.256410,

where the function has been written in the canonical zero-poles format

vf (s) =
Ke(s+ z1,e)ve(s) +Kg(s+ z1,g)vg(s)

(s+ p1)(s+ p2)(s+ p3)
. (4.6)

The resonance frequency is thus 5007.12 rad s−1 ≈ 800 Hz. Figure 4.3 shows
the bode diagrams of the system.

4.3 Damping of the LCL filter

Methods to damp out the resonances can be split into two main groups,
passive damping methods and active damping methods.

4.3.1 Passive damping

Passive damping methods introduces new passive components to the filter.
A very simple method connects a resistor in series with the capacitor. More
complex methods uses e.g. RLC circuits in parallel with the capacitor. See
for example [6] which in turn bases its presentation on [5] and [8]. More
exotic possibilities may include custom made resistors created specifically
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Figure 4.3 – Bode diagrams of the transfer functions of the LCL-filter without
any active damping.
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to have low resistance for low frequencies but high resistance for frequencies
around and above the resonance frequency.

However, all passive damping methods introduces extra components to
the filter. This increases the cost and lowers the reliability, especially for
the more complex schemes. Any resistors in the filter will dissipate energy
as well, which reduces the efficiency of the system and increases cooling
requirements.

4.3.2 Active damping

A more energy efficient and less costly solution than passiv damping is to
actively control the converter voltage ve to dampen out oscillations in the
filter. Numerous methods for active damping have been presented in the
literature, see [9–13] for active damping in various situations.

Recently methods have been introduced for active damping inspired by
sensorless control for motor drives, see e.g. [6, 14, 15]. Sensorless control
avoids measuring the voltages and currents of the LCL-filter and only esti-
mates them using the converter current measurements.

The method chosen in this thesis uses a classical proportional feedback
from the capacitor current measurement. This is a reasonably simple and
tried method and can be thought of as introducing a “virtual” resistance in
the filter.

A very simple active damping algorithm can be implemented by sub-
tracting a proportional feedback of the capacitor current from the voltage
reference

ve(s) = −kaif (s) + ṽe(s), (4.7)

where ka is the feedback gain constant. Ideally, the new Laplace transformed
function of the filter voltage, ignoring the resistances of the inductances,
becomes

vf (s) =
xp
xf
ṽe(s) + xp

xg
vg(s)

yfxp
s2

ω2
n

+ ka
yfxp
xf

s
ωn

+ 1
. (4.8)

This is a second order, damped oscillator. It can be made critically damped
by selecting the feedback constant ka as

ka = 2

√
xf
yf

(
xf
xg

+ 1
)
. (4.9)

Note however that the discrete control and pwm nature of the converter
introduces a time delay from the measurement of the current is done to the
output voltage has changed.
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The filter is normally designed with a resonance frequency so high that
this time delay must be included in an analysis. Equation 4.3 shows that the
resonance frequency is particularly high if the filter is connected to a strong
grid or is in a short circuit situation. A high as possible resonance frequency
of the filter is favored as it decreases the cost and size requirements of the
filter. Also, a higher frequency enables a higher bandwidth for use in active
filtering of the grid and improved response for non-linear loads.

Several approximations for this time delay and the pulse width modula-
tion nature of the converter voltage can be used. Section A.2.3 shows that
the pulse width modulation can be split into a time delay part and a gain
attenuation part.

Measurements are done in the top of the triangle illustrated by figure 1.4,
and the centre of the next pulse output of the converter is at the next top.
Equation A.59 gives the transfer function of the pulse width modulator. For
frequencies below the Nyquist frequency, fsw

2 , the gain loss from the pulse
width modulation is always less than 4 dB

sin(π2 )
π
2

=
2
π
≈ 0.6366 (4.10)

Ignoring this attenuation of the amplitude leaves the time delay

ve(s) = −kae−sT if (s) + ṽe(s) (4.11)

where T = 1
fsw

is one switching period.
The open loop transfer function for the feedback control including the

time delay, Ld(s), can be written as

Ld(s) = e−sT ifve (s) (4.12)

The time delay can be approximated using a Padé approximation intro-
duced in section A.2.4. This creates rational transfer functions that can be
analysed using normal, analytical feedback tools. The open loop transfer
functions using a first order approximation, a first order approximation with
frequency shift, and a second order approximation are:

Ld,1(s) =
1− sT

2

1 + sT
2

if
ve

(s) 1. order Padé, (4.13)

Ld,γ(s) =
1− sγT

2

1 + sγT
2

if
ve

(s)
1. order Padé with
frequency shift,

(4.14)

Ld,2(s) =
1− sT

2 + (sT )2

12

1 + sT
2 + (sT )2

12

if
ve

(s) 2. order Padé. (4.15)
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Figure 4.4 – Open loop function of the active damping feedback with time
delay. The real open loop response is plotted together with three responses
where the time delay has been approximated using different types of Padé
approximations. Note that the magnitude for all four responses are the same.

The transfer function if
ve

(s) shifts rapidly from +90◦ to −90◦ at the
resonance frequency. This suggest that the phase of Ld(jω) is around −180◦

when the phase of e−jTω is −90◦. Solving for ω at this approximate crossing
of the −180◦ phase of the open loop function gives

ω−180◦ =
π

2h
. (4.16)

Using this and equation A.66 to find the frequency shift factor for the first
order Padé approximation gives

γ =
tan

(
π
4

)
π
4

=
4
π
≈ 1.27 (4.17)

A plot of the open loop transfer function and their approximations is
shown in figure 4.4. The frequency shift factor, γ, is set to 1.27. The figure
shows that the first order approximation without the frequency shift factor
is not satisfactory for an analysis of the example system. The frequency
shift factor, however, corrects the phase to the phase crossing at −180◦.
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For systems where the first order approximation is still valid, an analyti-
cal estimation of the limit of the gain of the feedback loop can be found. Let
the time delay in equation 4.11 be approximated with a first order frequency
shifted Padé approximation

ve(s) ≈ −ka
1− α s

ωn

1 + α s
ωn

if (s) + ṽe(s), α = ωnγT
2 . (4.18)

This feedback gives the filter voltage transfer function

vf (s) =
xp
xf

( s
ωn
α+ 1)ṽe(s) + xp

xg
( s
ωn
α+ 1)vg(s)

yfxpα
s3

ω3
n

+ yfxp(1− kaα
xf

) s2
ω2
n

+ xp(α+ yfka
xf

) s
ωn

+ 1
. (4.19)

It can be shown (see e.g. [16] or [17]) that a third order polynom equation

x3 + ax2 + bx+ c = 0 (4.20)

will have all its roots in the left half plane if and only if

a > 0, b > 0, 0 < c < ab (4.21)

Normalizing the denominator of equation 4.19 and using the terms in
equation 4.21 gives the condition

ka < xf

(
2

Tγωn
− Tγωn

2yfxp

)
(4.22)

for a stable transfer function. This shows analytically that a time delay will
make the system unstable if the feedback gain is too large. For the example
system and γ = 1.27, the estimated gain limit is ka < 1.95. This is a gain of
5.8 dB, which can be verified as the approximate gain margin in figure 4.4.

A closer study of the bode plot of Ld(s) in figure 4.4 shows that a sim-
ple proportional feedback will give a poor phase margin for any significant
feedback gain. A derivative action in the current feedback loop can be used
to lift the phase around the wanted crossing frequency.

The phase can be lifted by the controller with a derivative action. This
can be done by using a discrete derivate action for higher frequencies. A
simple phase lifting filter has the transfer function∗

Hi,d(z) =
1 + kd

1 + kdz−1
, (4.23)

∗ This can be extended to a slightly more complex filter, Hi,d(z) = 1+kd+k2z
−1

1+(kd+k2)z−1 if

more control over the phase is required.
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Figure 4.5 – Bode diagrams of Hi,d(z) = 1+kd

1+kdz−1 for different values of kd.
The dashed lines in the phase plot includes a one sample period delay.

which have the difference equation

yk = uk + kd(uk − yk−1) (4.24)

Figure 4.5 shows the bode diagrams for this filter for different values of kd.
The figure also shows the impact on the phase of a one sample time delay.

The new loop gain transfer function including this derivative action can
be approximated as

Ld,d(s) =
(1 + kd)e−sT

1 + kde−sT
if
ue

(s) (4.25)

Figure 4.6 shows a comparison of the new function and the old. The ampli-
tude peak at the Nyquist frequency hints at problems with the gain margin
and noise from the measurement. However, experiments on the real system
show that antialiasing filters and the pulse width modulation attenuation
helps with the response of the system.

This current loop will also be active for the nominal frequency used
for the voltage reference. If the current reference is set to zero, it will in
particular impact the phase of the reference voltage. Figure 4.7 shows the
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Figure 4.6 – Bode diagram of the open loop transfer function with derivative
action.

impact on the voltage reference of a zero current reference for an actively
damped converter with no load, i.e. ig = 0.

To avoid the impact of the current loop on any voltage regulation, the
current shaping filter can be augmented with a highpass filter. This will
lessen the impact of the current loop on the voltage regulaton of the lower
harmonics. As an added bonus this filter will remove any dc-offset in the
current sensors. In fact, as the dc-component is not needed for the active
damping, the capacitor current sensor can be of a simpler ac-only type if
this is convenient.

Equation A.50 gives a simple high pass filter with bandwidth fh as

Hi,h(z) =
kh + 1

2
1− z−1

1− khz−1
, kh =

1
1 + 2πfhT

(4.26)

The full current shaping function Hi(z) is then given by equation 4.23
and equation 4.26 as

Hi(z) = Hi,d(z)Hi,h(z) (4.27)

A bode diagram is shown in figure 4.8 for this combined function with the
phase lifting filter constant set to kd = 0.5 and different bandwidths of the
highpass filter.
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Figure 4.7 – Impact on the voltage reference from the active damping around
the nominal frequency. The plot shows the relative magnitude and phase shift
of vf

vref
(jω). The converter is not connected to a load, and the filter current
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10
1

10
2

10
3

−60

−40

−20

0

A
m

pl
itu

de
 [d

B
]

 

 

fh = 0
fh = 150
fh = 400
fh = 1600

10
1

10
2

10
3

0

45

90

P
ha

se
 [°

]

Frequency [Hz]

Figure 4.8 – Bode diagram of the current shaping function Hi(z) for different
highpass bandwidth constants.



4.4 VOLTAGE SHAPE CONTROLLER 49

0 20 40 60 80 100
0.9

1

1.1
A

m
pl

itu
de

 [r
el

]

0 20 40 60 80 100
−20

−10

0

Frequency [Hz]

P
ha

se
 [°

]

 

 

ka = 0.5
ka = 1
ka = 1.5

Figure 4.9 – Impact on the filter voltage from the active damping with high-
pass filter around the nominal frequency. The plot shows the relative magni-
tude and phase shift of vf

vref
(jω). The converter is not connected to a load, and

the filter current reference is set to zero. The dashed lines are the responses
for the corresponding active damping without the highpass filter.

The bandwidth of the highpass filter is chosen as fh = 400. The new
impact on the filter voltage from the active damping when the highpass
filter is included is shown in figure 4.9. The old impact from figure 4.7 is
included as dashed lines for comparison.

To summarize, the active damping function and gain in figure 4.1 is
given by

H i(z) =
[
Hi(z) 0

0 Hi(z)

]
, (4.28)

Ki =
[
ka 0
0 ka

]
, (4.29)

with Hi(z) given in equation 4.27.

4.4 Voltage shape controller

The voltage shape controller is used to correct deviations from the sinusoidal
voltage shape. It reduces any lower harmonics in the capacitor voltage filter,
which improves the performance for non-linear loads.
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It is implemented as a feedback loop using a pure proportional controller.
An integrating controller is avoided as it might interact unfavorably with
other converters with integrating controllers.

The voltage feedback shaping function Hv(z) in figure 4.1 is simply set
to the identity matrix I in this thesis. If better performance for certain
frequencies are wanted, one or several peak filters can be used to boost
these frequencies. A low pass filter could also be included to avoid noise
amplification and interactions with the active damping.

Thus:

Hv(z) =
[
1 0
0 1

]
, (4.30)

Kv =
[
kv 0
0 kv

]
. (4.31)

4.5 The virtual impedance feedback

The programmable virtual impedance feedback reduces the output voltage
depending on the output current to give the apperance of an impedance
between the converter and the grid.

Consider first the constant diagonal matrix

Kz =
[
kz 0
0 kz

]
(4.32)

The equation of the load current, ig, of the equivalent single phase system
is

vf − vg =
sxg
ωn

ig (4.33)

Ignoring the time delay and assuming perfect control of vf , the impedance
feedback changes the output voltage to

vref − kzig − vg =
sxg
ωn

ig =⇒ vref − vg =
(
sxg
ωn

+ kz

)
ig. (4.34)

This shows that the virtual impedance introduced by this feedback will have
the same effect as an ohmic resistor connected in series with the output
inductor. The virtual resistor will, unlike a real resistor, not use any energy.
The time delay which was ignored here will limit the maximum obtainable
impedance and create non-ohmic response for frequencies where the above
assumptions does not hold.

An ohmic resistor is useful in series with the inductance in a number
of situations. It reduces the output current from the converter in case
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the converter voltage and grid voltage are out of phase, and dampens the
phase locking mechanism. The resistor will also dampen and stabilize any
subharmonic oscillations between the converter and other generators in the
grid.

As the impedance is programmable, it can be changed during operation.
This can be used to help synchronize it after e.g. a short circuit where the
phase information of the net has been lost, or to connect or disconnect
“softly” to and from a grid.

A non-ohmic response can also be considered using the derivative of
the output current. Using a negative virtual inductance can for instance
reduce the effect of the inductance connecting the converter to the grid.
This derivative will typically have a significant noise component and phase
shift for higher harmonics which will limit the shaping of the impedance to
the lower harmonics. It is also possible to tune the virtual impedance for
individual harmonics by shaping the feedback signal using peak and notch
filters.

4.5.1 Interperiodic virtual impedance control

A side effect of the virtual resistor is a drop in the output voltage as the
load increases. For linear loads, a slower outer controller can adjust the
reference amplitude to compensate. But for non-linear loads like e.g. diode
rectifiers the response will be deteriorated by the impedance. However, it
is possible to mitigate this.

The phase related and non-linear load related effects take mostly place in
different places in the voltage period. Consider first a single phase system.
Figure 4.10 shows two unit voltages, one phase delayed by 5◦, and their
difference. This difference creates currents which can be reduced by using a
virtual impedance to allow for a larger phase shift between the voltages. It
is maximum at the zero crossing, and close to zero at the top. On the other
hand, a diode rectifier only pulls current at the voltage peaks, where there
is no effect of the phase shift.

By updating the impedance within the voltage period to be large at
the voltage zero crossing and small at the voltage peaks, both the positive
effects of the virtual impedance and a good response to non-linear loads
can be obtained. For a single phase system this virtual impedance can be
shaped as

fz(θ) = k̃z(sin θ)2 (4.35)

This signal is smooth and avoids introducing higher harmonics into the
voltage. Figure 4.11 shows a plot of this impedance function together with
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Figure 4.10 – Two sinusoidal voltages separated by 5◦ and their difference.

its corresponding single phase voltage. This virtual impedance for single
phase systems was proposed in a paper released at Norpie 2002 [2].

For a three phase system, the situation is a bit more complicated. A
three phase system has three linearly dependent output voltages, which can
be reduced to two decoupled systems by ignoring the null system. Similarly,
one virtual output impedance for each of the three phases can be reduced
to two virtual impedances for the decoupled systems.

Let there be three individual virtual impedances instead of a symmetric
one. The feedback signal in the abc-frame is then

vabcz = Kabc
z iabcg =

kz,a 0 0
0 kz,b 0
0 0 kz,c

 iabcg . (4.36)

This can be converted to the αβ-frame using the αβ-transform:

vαβz = Tαβ
abcK

abc
z Tabc

αβ i
αβ
g

=
1
6

[
4kz,a + kz,b + kz,c −

√
3(kz,b − kz,c)

−
√

3(kz,b − kz,c) 3kz,b + 3kz, c

]
iαβg

= Kαβ
z i

αβ
g .

(4.37)

Equation 4.37 and equation 4.35 can be used to find an interperiodic
virtual impedance similarly to the interperiodic impedance for the single
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Figure 4.11 – Plot of the time varying virtual impedance function.

Table 4.1 – Response for non linear load for different virtual impedances.

Description Vdc,load [V]
No virtual impedance 302.8 V
Time varying virtual impedance of k̃z = 0.1 299.0 V
Fixed virtual impedance of kz = 0.05 295.5 V

phase system. Let the individual virtual impedances be

kz,a = kz + k̃z (sin θ)2 ,

kz,b = kz + k̃z (sin(θ − 120◦))2 ,

kz,c = kz + k̃z (sin(θ − 240◦))2 .

(4.38)

Inserting this into equation 4.37 gives the feedback matrix

Kz(θ) = kz +
k̃z
2

[
1− 1

2 cos(2θ) −1
2 sin(2θ)

−1
2 sin(2θ) 1 + 1

2 cos(2θ)

]
. (4.39)

Here, kz tunes the static impedance and k̃z the time varying impedance.
An experiment was done to confirm the improved response to non-linear

loads. A three phase diode rectifier with a capacitor bank of 3300 µF and
resistance of 36 Ω was placed as the load of the converter. The output of
the converter was set to 1 p.u., i.e. a phase-to-phase voltage of 230 Vrms.

The dc-voltage of the capacitor bank was then measured using a multi-
meter. The results are summarized in table 4.1. Later, in section 5.5.2, the
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current response for a phase shift is shown to be much lower for the time
varying impedance as well.

One difference between the single phase system and the three phase
system for the interperiodic time-variant virtual impedance, is that the re-
sulting three phase system impedance never goes to zero impedance. Let
θ = 0 and kz = 0, then

kz,a = 0,

kz,b = k̃z (sin(−120◦))2 =
3
4
k̃z,

kz,c = k̃z (sin(−240◦))2 =
3
4
k̃z.

(4.40)

The resulting virtual impedance for the phase a current will be the
parallel of the phase b and phase c impedance, i.e. 3

8 k̃z = 0.375k̃z. An
alternative if a smaller impedance is wanted is to use

fz(θ) = k̃z(sin θ)2n (4.41)

with n an integer > 1. As an example, for n = 4 the resulting minimum
impedance is (

3
4

)4

k̃z ≈ 0.1582k̃z. (4.42)

Other, less smooth interperiodic impedances can also be considered.

4.6 Experimental tuning of parameters

The active damping can be tested by short circuiting the grid voltage, i.e.
vg = 0, and sending a short pulse from the converter. The pulse will set
the resonance of the filter ringing. The active damping is then released
to dampen out the ringing. Figure 4.12 compares the short circuited filter
response without any feedback, with only active damping, and with full
damping and voltage feedback.

The active damping must also work when the grid is not connected. In
this case the resonance frequency of the filter is much lower. The damping
can be tested in the same way as for the short circuited case. Figure 4.13
compares the responses for a filter not connected to the grid without and
with the active damping.

A synchron machine generator was used to illustrate the active damp-
ing. The machine generates slot harmonics at 17 times its fundamental
harmonic frequency. The generator was run at different speeds with the
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Figure 4.12 – Plot of measurements for filter response without and with
active damping for short circuited grid.
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Figure 4.13 – Plot of measurements for filter response without and with
active damping for disconnected grid.
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filter connected to locate the resonance frequency. It was found at approx-
imately 500 Hz. The converter was then enabled with its active damping.
Figure 4.14 shows measurement plots and net topologies of this case.

If the synchronous generator is run at its nominal speed giving a 50 Hz
voltage, its slot harmonics induces a 850 Hz capacitor current. This is above
the bandwidth of the filter and its controller. Being above the bandwidth,
the signal is not damped. Figure 4.15 shows measurement plots of this case.
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Figure 4.14 – Measurements of voltage and current with actively damped
LCL filter. A generator is run at approximately 30 Hz which induces slot har-
monics of 510 Hz. This excites the resonance frequency of the filter. The top
figure shows the generator running without the filter connected. The middle
figure shows the generator running with the filter connected but the converter
disabled. The bottom figure shows the generator running with the filter con-
nected and the converter enabled. The net topologies of the experiments are
shown to the right of the plots.
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Figure 4.15 – Measurements of voltage and current with actively damped
LCL filter without sufficient bandwidth. A generator is run at 50 Hz which
induces slot harmonics of 850 Hz. The top figure shows the generator running
without the filter connected. The middle figure shows the generator running
with the filter connected but the converter disabled. The bottom figure shows
the generator running with the filter connected and the converter enabled.
This does not dampen out the harmoics as the bandwidth of the filter is to
low. The net topologies of the experiments are shown to the right of the plots.
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Active and reactive power
control

The active and reactive power control uses the capacitor voltage generated
by the inner voltage controller to control the flow of active and reactive
power from the converter.

5.1 Overview

Figure 5.1 shows an overview of the power controller. The inputs are the
active power reference Pg,ref , and the reactive power reference Qg,ref .

The parameters are the nominal voltage, v0, and the nominal frequency
ω0. A nominal phase, α0, can also be included here as a tuning parameter.

The measurements are the active power Pg, the reactive power Qg, and
the converter current idq

e . The d-component of the capacitor voltage, vf,d,
is also used by the active and reactive power controller to calculate the feed

Active
and reactive

power
controller

Pg Qg vf,d

Pg,ref

Qg,ref

idq
e,ref dq-current

controller

idq
e

v0 α0 ω0

ωref

αref

vref

Voltage
generator

vαβ
e,ref

θ

Figure 5.1 – Overview of the power controller.
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forward signal to the dq-current controller.
The outputs are the capacitor voltage reference vαβe,ref , and the reference

frame for the dq-coordinate system, θ.

5.2 The dq reference frame

The dq-system originates from motor drive theory, where the d and q axis
is dependent upon the flux field and the rotor position. For a normal mo-
tor only the q-current from the converter affects the output torque of the
machine. In other words, the q-current determines the active power output,
and the d-current gives the reactive power output. See for example [18] for
a discussion of electrical machines and active and reactive power.

A converter connected to a grid has no physical rotor. The frequency of
the grid provides the angular speed of the dq-system, but the phase can be
chosen freely. In this thesis, the angle is chosen to be that of the reference
of the capacitor voltage. That is, the reference vector of the inner voltage
controller in the dq-frame is given by

vdq
ref =

[
vref

0

]
. (5.1)

This means that unlike the motor drive, the d-current gives the active power
output, and the q-current the reactive power output.

The reference vector in equation 5.1 is not the real capacitor voltage.
The reference vector is changed by the inner voltage controller by the virtual
impedance. Furthermore, the voltage shape controller does not regulate the
capacitor voltage perfectly. This means that the relationship between d
and q current components and the active and reactive power output is only
approximate. However, the coupling is strong enough for the d component
of the current to be called the active current, and for the q component of
the current to be called the reactive current in this thesis.

5.3 Active and reactive power in the dq-system

For a general three phase system, instantaneous active and reactive power
is given in the dq-frame as

P = vdid + vqiq, (5.2)
Q = vdiq − vqid, (5.3)
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where P is the active power, and Q the reactive power. vd, vq, id, and iq
are the d and q components of the voltage and current, respectively.

As a side note it can be remarked that the definition of instantaneous
reactive power has been somewhat contentious over the years. More re-
cent papers on the subject (see e.g. [19] or [20]) refers to the instantaneous
imaginary power introduced by Akagi [21], given by

q(t) = vαiβ − vβiα. (5.4)

This corresponds to the definition of the reactive power given here. From a
geometrical point of view it can be worth noting that the reactive power in
equation 5.2 corresponds to the cross product of the voltage vector and the
current vector if they are extended to a third dimension.

As mentioned in the previous section, the reference frame for the dq-
coordinate system have been chosen so the d-current gives active power
output, and the q-current reactive power output. This is different from
general motor theory, where the situation is opposite. Equation 5.3 shows
that this swap of currents will cause the sign of Q to be changed as well.

The active and reactive power delivered to the capacitor from the con-
verter is thus

Pe = vf,die,d + vf,qie,q, (5.5)
Qe = vf,die,q − vf,qie,d. (5.6)

Likewise the active and reactive power delivered to the grid from the capac-
itor is

Pg = vf,dig,d + vf,qig,q, (5.7)
Qg = vf,dig,q − vf,qig,d. (5.8)

For the capacitor, using equation A.34 gives

idq
f =

yf
ωn

(
ω × vdq

f + v̇dq
f

)
(5.9)

Considering the steady state situation, i.e. v̇dq
f = 0, the capacitor current is

given by

if,d = yfvf,q, (5.10)
if,q = −yfvf,d. (5.11)
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Thus, as idq
e = idq

g + idq
f

Pe = vf,dig,d + vf,qig,q + yf (vf,dvf,q − vf,qvf,d) = Pg, (5.12)

Qe = vf,dig,q − vf,qig,d − yf (vf,dvf,d + vf,qvf,q) = Qg − yf‖vdq
f ‖22. (5.13)

This shows that the capacitor will not affect the active power in steady state,
which is as expected. For a typical situation with a filter voltage amplitude
of one and yf = 0.15, the capacitor will subtract 15 % reactive power.

The inductance separating the capacitor from the grid is not included
and can be considered part of the grid here. It will only affect the reactive
power and can be handled similarly as the capacitance.

5.4 Voltage reference generator

The voltage reference generator is responsible for creating the reference for
the inner voltage controller described in the previous chapter, given a fre-
quency and amplitude reference. It corresponds in many ways to the rotor
and magnetizing circuit of a machine.

The angle of the dq-frame is defined from the voltage reference. It is
established using an integrator from the reference frequency. Using Euler’s
method to convert this integrator to a discrete model gives the difference
equation∗

θk = θk−1 + Tωk (5.14)

The time delay from the measurements to the output means that the
dq-frame has rotated from the measurement until the reference output is
in effect. For example, for a reference frequency of 50 Hz and a switching
frequency of 8 kHz, the difference will be 2.25◦. This rotation can be taken
into account when converting to and from the dq-frame by changing the
frame from θk to θk+1 before calculating the reference.

Figure 5.2 shows a block diagram of the voltage reference generator.
Here, vref is the voltage magnitude reference. The dq-coordinates of the
voltage reference, vdq

ref , is given by setting vref as the d-component, and 0
as the q-component. In the figure a small angle, αref , which rotates the
voltage reference vector, has been included. This can be used for extra
tuning purposes.

∗The infinitely increasing angle will create problems for a computer implementation.
To avoid the numerical problems the angle is normally restricted to e.g. the range 〈−π, π]
by adding/subtracting a multiple of 2π.
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-
vref [ cosαref

sinαref

] vdq
ref

- Rαβ
dq ( · ) -

vαβref

αref

-
ωref T

1−z−1
-+ h θref

6

?+

Figure 5.2 – Block diagram of the voltage reference generator.

ωref is the voltage frequency reference. αref is a phase adjustment term
enabling immediate tuning of the phase. θref is the dq-frame angle for the
reference.

5.5 dq-current controller

A voltage amplitude difference or a phase shift between the capacitor voltage
and the grid voltage will cause a current to flow. It is however not trivial
how this difference decouples into a d and a q current. Effects like for
example the dead-band, internal impedances of the igbts, and the tuning
of the inner voltage controller will change this coupling.

5.5.1 Ideal impedance response

Let two three phase voltage vectors with a fixed difference in amplitude and
phase be given by

vabc1 = v(1 + δ)

 cos(ωnt)
cos(ωnt− 120◦)
cos(ωnt− 240◦)

 , (5.15)

vabc2 = v

 cos(ωnt+ α)
cos(ωnt+ α− 120◦)
cos(ωnt+ α− 240◦)

 . (5.16)

δ gives the relative difference of the voltages, and α gives the difference in
the angle between the first and the second voltage.

Now consider an ideal symmetric impedance with inductance x
ωn

and re-
sistance r connected between the two voltages. Ohm’s law gives the relation
between the current and voltage vectors as

x

ωn

d

dt
iabc + riabc = vabc1 − vabc2 . (5.17)
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Transforming the right side of equation 5.17 using the dq-transform with
the dq-frame aligned to the phase of vabc1 gives the voltage difference

vdq
1 − vdq

2 = v

[
1 + δ − cosα
− sinα

]
. (5.18)

Similarly, transforming the left side of equation 5.17 with the help of equa-
tion A.34 gives

ridq + Rdq
αβT

αβ
abc

x

ωn

d

dt
iabc = ridq +

x

ωn

([
iq
−id

]
ωn +

d

dt
idq

)
. (5.19)

Combining the two sides and assuming a steady state system gives[
r x
−x r

]
idq = v

[
1 + δ − cosα
− sinα

]
. (5.20)

Thus, the current response in the dq-frame can be given as

idq =
v√

x2 + r2
R(β)δdq

v , (5.21)

where

R(β) =
[
cosβ − sinβ
sinβ cosβ

]
, β = arctan

(x
r

)
, (5.22)

δdq
v =

[
1 + δ − cosα
− sinα

]
. (5.23)

The new angle β is a rotational term introduced by the relation between
the resistance and the inductance of the impedance.

Now assume the phase difference to be small, i.e. sinα ≈ α and cosα ≈ 1.
If the inductance is zero, i.e. x = 0, the rotational angle is β = 0 and the
current response becomes

idq =
v

r

[
δ
−α

]
. (5.24)

This means that for this case a voltage amplitude difference will cause a
active power flow, and a difference in phase cause a reactive power flow.
This is called an ohmic response.

If the resistance is zero instead and the impedance positive, i.e. r = 0,
and x > 0 the rotational angle is β = 90◦ and the current response becomes

idq =
v

x

[
α
δ

]
. (5.25)
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For this case, a difference in voltage amplitude gives a reactive power flow,
and a difference in phase a active power flow. This is called an inductive
response. If x < 0, β = −90◦, the current response will change sign. This
is called a capacitive response.

5.5.2 Mapping of active and reactive current

Instead of trying to calculate the converters’ response to differences in the
voltage amplitude or phase, the converter can be “mapped” empirically by
setting a fixed phase shift or a fixed amplitude difference and measuring the
resulting current components.

In this thesis, this is done using two converters. The dc-buses are in-
terconnected and the outputs connected together through a transformator,
separating them galvanically. One converter is set to run at a fixed fre-
quency and amplitude, basically functioning as a signal generator to create
a strong net. To further strengthen the voltage of this converter, the grid
side inductor is bypassed, and the virtual impedance set to zero.

The other converter is configured to lock its phase to its capacitor voltage
using the net observer. This converter can now be set to run at a fixed phase
shift and a fixed amplitude difference. The currents are then measured in
the dq-frame.

An automatic scan is run through a matrix of 21 × 21 different ampli-
tudes and phases, creating 441 sampling points. The corresponding current
response creates a “topographic map” of the current responses of the con-
verter against a strong net. The absolute output phase and amplitude was
set to values that reduced the output current to approximately zero before
each scan, centering the map.

Two discontinuities are generally visible in a map. These are caused by
a limited dc-voltage and the overcurrent protection (See section 1.5.3).

The dc-link voltage is 2 p.u. without load for the system used here.
When the converter is loaded, i.e. transmitting power to the grid, it will
drop even further. This will limit the maximum obtainable output volt-
age amplitude, and thus the maximum positive output difference available.
Equation 1.5 gives the absolute maximum output voltage assuming space
vector modulation and non-overmodulated mode. For the no-load situation
where vdc = 2 p.u. the maximum output voltage is

vmax =
1√
3
vdc =

2√
3
≈ 1.15. (5.26)

Because of this limitation, the grid voltage is lowered to around 0.9 p.u.
when running the automatic scan.
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The overcurrent protection protects the converter and the load from
excessive currents. It caps the output current of the individual phases to a
maximum limit. The limit for the system used here is set to 2.25 p.u..

Figure 5.3 shows a contour map of idq
e when the virtual impedance have

been turned off. The blue lines are the contours of ie,d, and the green lines
are the contours of ie,q. The discontinuity caused by the limited dc-voltage
is visible in the right of the plot.

Red dotted lines have been included to indicate the total magnitude of
the current at 1 p.u. and 2 p.u.. This magnitude is given by the length of
the current vector

‖idq
e ‖2 =

√
i2e,d + i2e,q. (5.27)

The discontinuity caused by the overcurrent protection is visible just outside
the 2 p.u. current magnitude line.

Figure 5.4 shows a map of the converter’s current response for a fixed
virtual impedance of kz = 0.05. Comparing this map to the one in figure 5.3
shows that the impedance lessens the current response of the converter’s for
differences in the grid voltage, as it should. It is also rotated somewhat
towards a more ohmic response.

Figure 5.5 shows a map for the converter when running with a time-
varying virtual impedance of k̃z = 0.1. Comparing this to the one in 5.4
shows a much more relaxed response for phase errors, and a harder response
for amplitude errors. Figure 5.6 shows the same map as figure 5.5, but with
extended phase difference range.

5.5.3 Decoupling the current feedback

If the system had a mainly inductive response, the phase could be used
directly to control the active current, and the amplitude could be used to
control the reactive current. For a mainly ohmic response, the regulation
can be done similarly, but with the amplitude and phase swapped.

The mapping information from the previous section shows that the con-
verter system have a response which are somewhere between inductive or
ohmic. Using the mapping information, a rotation transformation can be
found which significantly decouples the current vector into an amplitude
and phase part.

A decoupling can be found using least square optimization. Let an error
function be given by

J =
∑
k

([
vk
αk

]
− F

(
idq
e,k,ψ

))2

, (5.28)
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Figure 5.3 – Contour map of measurements of the converter’s current re-
sponse for differences in amplitude and phase with no virtual impedance. The
blue lines are the contours of ie,d, and the green lines are the contours of ie,q.
In addition, two red dotted lines have been added to show where the con-
verter’s current magnitude is 1 p.u. and 2 p.u.. The output current protection
is clearly visible just outside the 2 p.u. line. Furthermore, the maximum ob-
tainable positive magnitude difference was limited by the dc-link voltage, as
can be seen at the right edge of the plot.
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Figure 5.4 – Contour map of measurements of the converter’s current
response for differences in amplitude and phase with a constant virtual
impedance. The blue lines are the contours of ie,d, and the green lines are
the contours of ie,q. In addition, two red dotted lines have been added to show
where the converter’s current magnitude is 1 p.u. and 2 p.u.. The maximum
obtainable positive magnitude difference was limited by the dc-link voltage,
as can be seen at the lower right corner of the plot.
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Figure 5.5 – Contour map of measurements of the converter’s current re-
sponse for differences in amplitude and phase with a time-variant virtual
impedance. The blue lines are the contours of ie,d, and the green lines are
the contours of ie,q. In addition, two red dotted lines have been added to show
where the converter’s current magnitude is 1 p.u. and 2 p.u.. The effects of
the output current protection is visible just outside the 2 p.u. line at the left
and right edges.
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Figure 5.6 – Contour map of measurements of the converter’s current re-
sponse for differences in amplitude and phase with a time-variant virtual
impedance with extended phase range. The blue lines are the contours of
ie,d, and the green lines are the contours of ie,q. In addition, two red dotted
lines have been added to show where the converter current magnitude is 1 p.u.
and 2 p.u.. The effects of the output current protection is visible just outside
the 2 p.u. line. The maximum obtainable positive magnitude difference was
limited by the dc-link voltage, as can be seen at the right edge of the plot.
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where vk and αk is the amplitude and phase difference for sample point k,
idq
e,k is the measured current response for the same sample point, F ( · , · ) is

a candidate best fit function with ψ the parameters of the best fit function
to optimize.

A best fit function candidate is

F (idq
e ,ψ) =

[
γm 0
0 γθ

]
R(β)idq

e +
[
v0

α0

]
, (5.29)

ψ =
[
γm γθ v0 α0 β

]T
, (5.30)

where γm and γθ are scaling constants, R(β) is the usual rotational matrix

R(β) =
[
cos(β) − sin(β)
sin(β) cos(β)

]
, (5.31)

and v0 and α0 the amplitude and phase offset giving a zero current response.
Optimizing the error function J for the time varying impedance of k̃ =

0.05 for all the points where ‖idq
e ‖ ≤ 1 using a numerical optimization

function like e.g. lsqnonlin in Matlab gives a result of

γm = 0.1203, γθ = 0.01645,
v0 = 0.8750, α0 = −2.565◦,
β = 43.01◦

(5.32)

Define a new mθ-coordinate system using

xmθ = Rmθ
dq x

dq (5.33)

where Rmθ
dq is a transformation matrix transforming a vector in the dq-

coordinate system to the mθ-coordinate system. It is given as the rotation
matrixR(β) in equation 5.31. xdq is any vector in the dq-coordinate system,
and xmθ the corresponding vector in the new mθ-coordinate system.

The current response in this coordinate system is given by imθe = Rmθ
dq i

dq
e .

This current vector is rotated so a change in the amplitude will be strongly
coupled with a change in the first vector component, ie,m. This component
is called the amplitude current. A change in the phase will be strongly cou-
pled with a change in the second vector component ie,θ. This component is
called the phase current.

To summarize, the relationship between the amplitude and phase and
the output current of the converter can be approximated as[

v
α

]
≈ SmθRmθ

dq i
dq
e,ref +

[
v0

α0

]
, (5.34)
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where

Smθ =
[
γm 0
0 γθ

]
. (5.35)

Equation 5.32 gives the parameters for the case where k̃ = 0.05.

5.5.4 The dq-current controller

The feed forward rule given in equation 5.34 is approximate and will also
vary a great deal depending upon e.g. the grid impedance. To lower the
error between the reference current and the real current, a feedback control
is needed.

Using the results of the last section, a simple proportional controller
with feedforward using the amplitude and phase currents is[

vref

αref

]
= Smθimθe +Kmθ

(
imθe,ref − imθe

)
+
[
v0

α0

]
(5.36)

where

Kmθ =
[
km 0
0 kθ

]
(5.37)

is the feedback gain matrix.
Note that a difference in frequency between the grids will cause a conti-

nously rising or descending phase as the two voltages drifts apart in phase.
To avoid drifting apart and be able to synchronize to the external net, a
feedback is also needed for the frequency reference, ωref

ωref = ω0 + kω (ie,ref,α − ie,α) (5.38)

This feedback will synchronize the converter to a frequency giving a static
error for ie,α related to the difference of ω0 and the grid frequency. Figure 5.7
shows a block diagram of the controller.

A converter using this controller can work as a standalone unit, setting
ωref to the nominal frequency and v0 to the nominal output voltage. Loads
will cause static deviations from these nominal settings depending on the
size of the proportional gains of the controller.

The droop caused by this controller structure can be used to share a
load between two or more converters without any further communication
than the local output current. This internal, rapid response droop enables
the load sharing to also work for transients and non-linear loads.
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Figure 5.7 – Block diagram of the dq-current controller.

5.6 Power controller

The active and reactive power from the controller can be regulated using
the dq-current controller. The d-component of the current is used to control
the active power, and the q-component the reactive power.

The dq-current controller uses the converter current, not the grid cur-
rent. However, equation 5.12 and equation 5.13 shows the relations between
the active and reactive power from the converter. The power delivered to
the grid is thus:

Pg = vf,die,d + vf,qie,q, (5.39)

Qg = vf,die,q − vf,qie,d + yf‖vdq
f ‖22. (5.40)

As the q-component of the capacitor voltage vector is small it can be
approximated as zero, i.e. vf,q ≈ 0. The active and reactive power delivered
to the grid from the capacitor can then be approximated as

Pg ≈ vf,die,d, (5.41)
Qg ≈ vf,d (ie,q + yfvf,d) . (5.42)

An active power controller and a reactive power controller using feed-
forward and a relatively slow integrator to avoid static deviations are

ie,ref,d =
Pg,ref

vf,d
+

kP
1− z−1

(Pg,ref − Pg) , (5.43)

ie,ref,q =
Qg,ref

vf,d
− i0,q +

kQ
1− z−1

(Qg,ref −Qg) , (5.44)
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Figure 5.8 – Block diagram of the active and reactive power controller.

where

i0,q = yfvf,d. (5.45)

i0,q is the reactive current needed for the capacitor in steady state. Fig-
ure 5.8 shows a block diagram of the active and reactive power controller.

Note that special care must be taken when vf,d is small, as the feed
forward signal will become exceedingly large. This follows from the low grid
voltage which limits the ability to manipulate the power. One way to limit
the current is to use

vf,d = max (vf,d, vmin) (5.46)

instead of vf,d in the controller equations. Setting for example vmin = 0.5
will limit the current to 2 p.u. for an output power of 1 p.u..

Figure 5.9 shows a plot of the measured active and reactive power re-
sponses for different steps in the active and reactive power references. The
power measurements were low pass filtered with a bandwidth of 12.5 Hz and
two notch filters for 50 Hz and 100 Hz to remove any harmonics caused by
unsymmetries. The controller gains was set to

km = 0.1, kθ = 0.63, kω = 0.13 (5.47)
kP = 0.002, kQ = 0.002 (5.48)
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(a) A step from 0 to 1 in the active power reference.
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(b) A step from 0 to −1 in the active power reference.
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(c) A step from 0 to 1 in the reactive power reference.
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Figure 5.9 – Measurements of active and reactive power responses for steps
in the active or reactive power reference.





c h a p t e r 6

Grid control

This chapter uses the active and reactive power control introduced in the last
chapter to create an explicit droop control for load sharing. It also discusses
issues related to running in parallel with a main grid and in islanding mode.
Distributed converters running in parallel creating a small grid is often called
a minigrid or microgrid.

Guerrero [22] splits the control of a microgrid into three control lev-
els. A primary control, which is the droop control used to share load be-
tween converters. A secondary control, responsible for removing any steady
state errors introduced by the droop control. And last a tertiary control
concerning more global responsibilities using e.g. economic data to decide
import/export of energy for the microgrid. The controller given in this the-
sis falls into the first category, but secondary control is briefly discussed in
section 6.3.1 on page 80.

6.1 Droop control

Traditionally (see e.g. [23]), large power producers in a grid have power
droop dependent on the grid frequency to share the load. This is a direct
consequence of the nature of the synchronous generators. A synchronous
generator will slow down when a load drawing active power is connected, and
generate a lower amplitude if a load drawing reactive power is connected.

Emulating amplitude droop and frequency droop using a pulse width
modulated converter to share loads is a known technique. Numerous papers
on droop control for load sharing for linear loads without extra communi-
cations exists in the literature, see e.g. [24].

For non-linear loads, like for example a diode rectifier, an inductive
impedance is not ideal. Compared to linear loads which only generates
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a ground harmonic current, non-linear loads generate higher harmonics in
their load current. The inductive impedance means that these higher har-
monics will have a much higher attenuation compared to the ground har-
monic. This will in turn limit the voltage of the dc-link of the rectifier
as the top of the grid voltage is reduced. To improve the response of the
converter to non-linear load, a more ohmic response can be used instead of
a purely inductive for these higher harmonics.

Controllers using virtual impedance which can potentially get better
response for nonlinear loads have been introduced relatively recently, see [2,
25–29].

The dq-current controller introduced in the previous chapter has already
an inherent amplitude and frequency droop from its virtual impedance. The
rapid response of this droop also enable sharing of non-linear loads and
transients.

It is often desireable to have better control over the droop characteristics
of the converter for steady state linear loads. This can be done by setting
the references to the active and reactive power regulator depending on the
current state of the grid voltage magnitude and frequency.

A general linear droop control is given as

Pg,ref = Pg,0 + kpmδm + kpωδω, (6.1)
Qg,ref = Qg,0 + kqmδm + kqωδω, (6.2)

where

δm =
v0 − vmeas

v0
, (6.3)

δω =
ω0 − ωmeas

ω0
. (6.4)

Here, Pg,ref andQg,ref is the active and reactive power reference, respectively.
Pg,0 and Qg,0 is the wanted active and reactive power input when both the
grid voltage and grid frequency is nominal. kpm and kqm is the relative
droop from the voltage difference to the active power and reactive power,
respectively. kpω and kqω is the droop from the frequency difference to
the active power and reactive power. δm is the relative difference of the
nominal voltage magnitude and the grid voltage magnitude, and δω is the
relative difference of the nominal grid frequency and the grid frequency. The
power references are limited to a configurable minimum/maximum value,
not shown in the equations here.

As the grid voltage observer is relatively slow, this droop control will
also be slow. For fast transients, the rapid internal droop will be dominant.
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Figure 6.1 – Connecting the converter to a grid.

6.2 Running in parallel with a grid

The normal operation of a grid converter is running in parallel with a strong
main grid. Examples of a converter running in parallel with a grid is shown
in the next chapter.

6.2.1 Connecting to and disconnecting from a grid

A contactor switch is used to split the filter from the grid when the converter
is off. This avoids exitations of the resonance frequency of the LCL-filter,
which is now not actively damped. It can also be used to separate the
converter from the grid in case of emergency trips or maintenance.

The measurements of the filter voltages can be moved to the grid side of
the switch to avoid extra voltage sensors for the grid voltage. This enables
the converter to synchronize to the external grid before closing the switch.
Figure 6.1 shows the switch position in the LCL-filter∗. The voltage mea-
surement point labeled ṽf is shown on the far side of the switch.

To reduce transients at connection, the virtual impedance of the inner
voltage regulator can be set to a high value before gradually being reduced
to its nominal value. This is called a “soft” connection.

A similar soft disconnection can be used to avoid both sudden transients
and even blackouts. If the grid is very weak, a gradual increase of the
impedance can be used to see if the grid voltage magnitude falls below its
required minimum voltage or the grid frequency becomes out of bounds. If
it does, the disconnection procedure is aborted to avoid a blackout.

∗A single phase representation has been used instead of a three phase in the figure to
reduce the figure complexity.
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6.2.2 Attenuation of subharmonic oscillations

The drooping characteristics can in many ways be seen as controller feedback
gains. Steep droop responses where small changes cause a large current
response introduces large feedback gains in the open loop function. This
can cause oscillations in the voltage frequency and magnitude. A virtual
impedance can be used to dampen these oscillations. To keep a reasonable
response for nonlinear loads, the time varying impedance is useful as the
oscillations are usually most prominent for the frequency.

6.3 Islanding mode

The droop control enables several converters to run both with and without
a main grid. Local converters still supplying power to the local grid when
the main grid is disabled are said to be running in islanding mode. Hoff [30]
has examined issues and algorithms surronding distributed power generation
and islanding modes in detail.

6.3.1 Supervisor controller

To have a stable grid in islanding mode requires that the power delivered
to the grid by the converters equals the power used by any load connected
to the same grid. The amplitude and frequency droop characteristics of the
converters enables them to share this load without any further communica-
tion.

Continuous deviations from the voltage magnitude and frequency can
be a problem in some situations. These deviations are caused by the droop
characteristics of the converter.

If the load is relatively constant, the grid can be tuned for this load and
the voltage can be fine tuned by a large single power source using integral
action. However, this is often neither desireable nor feasible. In these cases
a central controller is needed.

This controller will be responsible for the long term voltage amplitude
and frequency. It can also be responsible for tuning the load sharing between
the different controllers. As this is a slow process, communication can be
done over a relatively low bandwidth communication medium.

The supervisor controller can also be used to synchronize the islanded
grid to an external grid before connecting them together.



6.3 ISLANDING MODE 81

6.3.2 Experimental verification of load sharing

Figure 6.2 shows the responses of two individual converters running in is-
landing mode in parallel when an ohmic load is connected. The power
measurements were low pass filtered with a bandwidth of 12.5 Hz and two
notch filters for 50 Hz and 100 Hz to remove any harmonics caused by un-
symmetries. The droop control of the two converters are set to

v0 = 1, ω0 = 314.15, (6.5)
Pg,0 = 0, Qg,0 = 0, (6.6)
kpm = 20, kpω = −20, (6.7)
kqm = −8, kqω = 50. (6.8)
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(a) Converter 1
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(b) Converter 2

Figure 6.2 – Measurements of two individual converters running in parallel
when connecting an ohmic load. The difference in voltage magnitudes is caused
by the 230 : 240-transformer which provides the galvanic separation between
the converters.
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Power system guidelines

The power system guidelines for connecting to a grid is given by the trans-
mission system operator (TSO). These guidelines are called grid codes.

In Norway the TSO is Statnett. Statnett has recently added guidelines
for wind farms greater than 10 MVA in their grid code. This chapter outlines
the guidelines presented in the document “Veiledende systemkrav til anlegg
tilknyttet regional- og sentralnettet i Norge”∗ [1].

An experiment is done with the grid connected pulse width modulated
converter introduced in this thesis. This shows the converter operation
during a dip in the grid voltage.

7.1 Normal operation

The controller of the wind farm must have the following functions:

• Output power limitation. It shall be possible to limit the output power
to a reference between 20 % to 100 % of rated power.

• Ramp rate limitation. It shall be possible to limit the ramp rate of
the output power to a reference between 10 % to 100 % of rated power
per minute.

• System protection. It shall be possible to regulate the output power
from rated power to zero, i.e. stop, in 30 s.

• Frequency control. The output power shall respond to frequency de-
viation. It shall be possible to adjust the frequency droop between
2 % to 8 %.

∗Translation: “Guideline system requirements to installations connected to the Nor-
wegian regional and main transmission grid.”
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Table 7.1 – Operational requirements of wind farm output for deviations in
frequency.

Frequency band Operation requirements
47− 47.5 Hz Reduced operation for at least 20 s.
47.5− 49 Hz Continuous reduced operation.
49− 50.5 Hz Continuous normal operation.
50.5− 51 Hz Reduced operation for at least 30 min.
51− 53 Hz Reduced operation for at least 3 min.

The wind farm is required to operate normally for a certain band of
frequencies and amplitudes of the grid voltage. Table 7.1 summarizes the
operational requirements of the wind farms output for deviations in the grid
frequency.

For deviations in the grid voltage amplitude, the active power output
of the wind farm shall not be reduced when the grid voltage is within
90− 110 % of the normal voltage amplitude. In this operation the wind
farm shall also be able to operate with a power factor of cosφ = ±0.91 re-
ferred the wind farm point of grid connection. Reduced reactive capability
is accepted at lower grid voltages.

7.1.1 Verifying droop control

The droop control of the grid connected converter is set to a strictly induc-
tive droop control with the droop controller parameters set as

kpv = 0, kpω = 12.5, (7.1)
kqv = −9, kqω = 0. (7.2)

The converter is connected directly to a synchronous machine with control-
lable frequency and field magnetizing current. Figure 7.1 shows the power
responses for differences in grid voltage frequency, and figure 7.2 shows the
power responses for differences in grid voltage magnitude.
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(a) Frequency up
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(b) Frequency down

Figure 7.1 – Measurements of power responses with inductive droop control
for changes in frequency.
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(a) Voltage magnitude up
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(b) Voltage magnitude down

Figure 7.2 – Measurements of power responses with inductive droop control
for changes in voltage magnitude.
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Figure 7.3 – Voltage dip specification from wind farm specification document

7.2 Toleration limits during net faults

For wind farms with voltages below 132 kV, the wind farm shall endure a
fault giving approximately symmetrical voltages as shown in figure 7.3.

In addition to the guidelines, IEC 61400-21 [31] is a standard giving
a uniform methodology to ensure consistency and accuracy in presentation,
testing and assessment of power quality characteristics of grid connected
wind turbines. Of particlar interest here is the detailed test procedures for
voltage dips.

It specifies testing the converter for a 400 ms dips of 90 % and 50 %
voltage while supplying 20 % and 100 % rated power. Test should be done
for both phase to phase and full three phase short circuits.

The test setup used the inductors of one of the converter filters connected
to the main grid. Figure 7.4 shows a simplified line-phase outline of the test
setup. The dashed lines mark where the converter is connected for the
different voltage dips.

Experiments was done short circuiting with 400 ms dips to 87.5 %, 50 %,
and 25 % of nominal voltage. The reactive power delivered to the grid was
limited to −1 p.u., −0.7 p.u., and −0.5 p.u., respectively.

See figures 7.5 to 7.9 on pages 89–93 for experiments done for a volt-
age dip to 87.5 %. Figure 7.5 shows the voltage dip when no converter is
connected for both the full three phase short cirucit and the phase to phase
short circuit. Figure 7.6 and figure 7.7 gives the response for the converter
for a full three phase short circuit when running at 20 % and 100 % of rated
power, respectively. Similarly, figure 7.8 and figure 7.9 gives the response
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Figure 7.4 – Outline of experimental setup for voltage dips

for a phase to phase short circuit. The power measurements were low pass
filtered with a bandwidth of 12.5 Hz and two notch filters for 50 Hz and
100 Hz to remove any harmonics caused by unsymmetries. The voltage and
frequency measurement are those estimated by the voltage observer.

Figures 7.10 to 7.14 on pages 94–98 show similar results for experiments
done for a voltage dip to 50 %, and figures 7.16 to 7.19 on pages 100–103
show the results for experiments done for a voltage dip to 25 %.

In addition, experiments for a 3 s dip was done for the dip to 25 %. See
figures 7.20 to 7.23 on pages 104–107.

For these larger dips, the overcurrent protection is readily visible at the
peaks of the current ig,a giving it a “jagged” look, particularly for the phase
to phase short circuits. This protection interferes with the decoupling of the
current as it limits the converter response and makes it more ohmic. This
in turn gives a poorer response from the controller, as it does not adjust its
parameters accordingly. The response could be improved if a overcurrent
protection detection was included.

The large currents running in the short circuit limited the period of the
obtainable dip to 3 s for the setup in figure 7.4. To obtain a longer lasting
dip, the converter was connected directly to the synchronous generator and
the grid short circuited through inductances of xf

ωn
. The resulting response

for both a phase to phase and full three phase short circuit is shown in
figures 7.24 to 7.25 on pages 108–109.
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(a) Full three phase short circuit
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(b) Phase a to phase b short circuit

Figure 7.5 – Oscilloscope measurements of short circuits to 87.5 % voltage of
a strong grid without any converter connected.
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(a) Converter measurments
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(b) Oscilloscope measurements

Figure 7.6 – Full three phase short circuit to 87.5 % voltage of a strong grid
with a converter connected supplying 20 % active power.
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(a) Converter measurments
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(b) Oscilloscope measurements

Figure 7.7 – Full three phase short circuit to 87.5 % voltage of a strong grid
with a converter connected supplying 100 % active power.
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(a) Converter measurments
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(b) Oscilloscope measurements

Figure 7.8 – Phase a and phase b short circuit to 87.5 % voltage of a strong
grid with a converter connected supplying 20 % active power.
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(a) Converter measurments
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(b) Oscilloscope measurements

Figure 7.9 – Phase a and phase b short circuit to 87.5 % voltage of a strong
grid with a converter connected supplying 100 % active power.
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(a) Full three phase short circuit
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(b) Phase a to phase b short circuit

Figure 7.10 – Oscilloscope measurements of short circuits to 50 % voltage of
a strong grid without any converter connected.
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(a) Converter measurments
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(b) Oscilloscope measurements

Figure 7.11 – Full three phase short circuit to 50 % voltage of a strong grid
with a converter connected supplying 20 % active power.
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Figure 7.12 – Full three phase short circuit to 50 % voltage of a strong grid
with a converter connected supplying 100 % active power.
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(b) Oscilloscope measurements

Figure 7.13 – Phase a and phase b short circuit to 50 % voltage of a strong
grid with a converter connected supplying 20 % active power.
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(b) Oscilloscope measurements

Figure 7.14 – Phase a and phase b short circuit to 50 % voltage of a strong
grid with a converter connected supplying 100 % active power.
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Figure 7.15 – Oscilloscope measurements of short circuits to 25 % voltage of
a strong grid without any converter connected.
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Figure 7.16 – Full three phase short circuit to 25 % voltage of a strong grid
with a converter connected supplying 20 % active power.
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(b) Oscilloscope measurements

Figure 7.17 – Full three phase short circuit to 25 % voltage of a strong grid
with a converter connected supplying 100 % active power.
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(b) Oscilloscope measurements

Figure 7.18 – Phase a and phase b short circuit to 25 % voltage of a strong
grid with a converter connected supplying 20 % active power.
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(b) Oscilloscope measurements

Figure 7.19 – Phase a and phase b short circuit to 25 % voltage of a strong
grid with a converter connected supplying 100 % active power.
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Figure 7.20 – Full three phase short circuit to 25 % voltage of a strong grid
for 3 s with a converter connected supplying 20 % active power.
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(b) Oscilloscope measurements

Figure 7.21 – Full three phase short circuit to 25 % voltage of a strong grid
for 3 s with a converter connected supplying 100 % active power.
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(b) Oscilloscope measurements

Figure 7.22 – Phase a and phase b short circuit to 25 % voltage of a strong
grid for 3 s with a converter connected supplying 20 % active power.
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(b) Oscilloscope measurements

Figure 7.23 – Phase a and phase b short circuit to 25 % voltage of a strong
grid for 3 s with a converter connected supplying 100 % active power.
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Figure 7.24 – Full short circuit of a weak synchronous generator grid voltage
with converter connected supplying 10 % active power.
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(b) Oscilloscope measurements

Figure 7.25 – Phase-to-phase short circuit of a weak synchronous generator
grid voltage with converter connected supplying 10 % active power.
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Conclusions

This chapter presents a summary of the thesis with conclusions. It also
proposes future work.

8.1 Summary

In this thesis a controller for a voltage controlled three phase pulse width
modulated converter has been presented.

Chapter 1 introduces the grid converter controller and chapter 2 presents
the laboratory setup for a test system which is used to illustrate the concepts
introduced in later chapters.

A voltage observer for observing both magnitude and frequency of a
three phase voltage is given in chapter 3. This observer can be used for
synchronization to an external grid, or for running phase locked against a
strong grid. It can even be used for synchronization over a low bandwidth
communication channel.

Chapter 4 presents the inner voltage regulator which regulates the ca-
pacitor filter voltage. This chapter introduces the virtual impedance, in par-
ticular the interperiodic time-variant virtual impedance. An active damping
feedback and a voltage shape controller is also presented.

Active and reactive power control is discussed in chapter 5. The current
response of the converter to differences in magnitude and phase compared
to a grid voltage is used to decouple the current into a magnitude part and
a phase part. This decoupled response is used to implement a current regu-
lator, which in turn is used to control the power delivered by the converter.

Chapter 6 uses the active and reactive power control to implement a
general droop control and discusses issues conserning grid control.
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Finally, chapter 7 presents experiments giving evidence that the pro-
posed controller can be made to work according to the new grid codes for
small-scale plants.

8.2 Proposed future work

The pulse width modulated converter is a very versatile component, imply-
ing a wast field of opportunities for further study.

As dsps and microcontrollers become more powerful, available comput-
ing power becomes less of a limiting factor for control of the converter. The
bandwidth of the controller is thus limited by the igbts and their maximum
switching frequency.

The increase of computing capabilities enables the use of more numer-
ically taxing control algorithms. More advanced algorithms using e.g. es-
timators, multivariable feedback and higher order controllers can increase
the bandwidth compared to more classically designed algorithms for a given
switching frequency. In particular, implementing multivariable frequency
based algorithms based on for example H∞ or µ-optimal controllers, which
are typically very numerically intensive, has become feasible.

Another way to increase the bandwidth is to use several pulse width
modulated bridges connected in parallel or serial configurations. These can
use e.g. an interleaved switching pattern. Another possibility is to use fast,
relatively low current igbts with high switching frequency to correct and
help shape the output of slower high current igbts which uses a low switch-
ing frequency. The idea here is that control of the higher harmonics only
need a small fraction of the power needed to output the fundamental fre-
quency.

For the converter in this thesis, the inner voltage regulator was designed
using classical, continuous cybernetic tools. Other possibilties, such as e.g.
discrete tools based on armax control, could potentially give better per-
formance, particularly for the active damping. Also, investigating hybrid
filters using both passive and active damping could prove interesting.

This thesis has only examined the performance of the controller in case
of a limited voltage dip. If the dip goes all the way to zero, no information
of the phase of the grid is available. The frequency can be expected to be
approximately the same as it was before the short circuit, so the voltage
observer presented in chapter 3 can be used setting the phase error to zero.
However, if the short circuit lasts for a period of time, the converter and
the grid will drift apart. To get a softer start if the grid voltage returns,
the virtual impedance can be gradually increased while the grid is short
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circuited.
Currently no short circuit detection has been implemented. Such a de-

tection mechanism, particularly for the phase-to-phase short circuits, can
improve the response for dips and short circuits by updating the internal
parameters for the controllers.

To avoid the sharp cut-off created by the overcurrent protection for
large currents the virtual impedance can be made non-linear. This non-
linear response would increase the impedance for large currents limiting the
current more smoothly.

It is the author’s belief that the concept of the virtual impedance can be
developed substantially further. The interperiodic time dependent virtual
impedance introduced in this thesis is only one of many tools which can be
used to shape the apparent source impedance of a converter.
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[27] J. M. Guerrero, L. G. de Vicuñja, M. Castilla, and J. Miret, “A wireless
controller to enhance dynamic performance of parallel inverters in dis-
tributed generation systems,” Power Electronics, IEEE Transactions
on, vol. 19, no. 5, pp. 1205–1213, Sept. 2004.

[28] E. S. Hoff, T. Skjellnes, and L. E. Norum, “Paralleled three-phase in-
verters,” Proc. NORPIE’04, 14-16 June 2004.

[29] K. D. Brabandere, B. Bolsens, J. V. den Keybus, A. Woyte, J. Driesen,
and R. Belmans, “A voltage and frequency droop control method for
parallel inverters,” Power Electronics, IEEE Transactions on, vol. 22,
no. 4, pp. 1107–1115, July 2007.



118 BIBLIOGRAPHY

[30] E. S. Hoff, “Distributed generation - power electronic converters, com-
munication and control,” Ph.D. dissertation, Norwegian University of
Science and Technology, Department of Electric Power Engineering,
Trondheim, Norway, April 2007.

[31] Standards for measurements and testing of wind turbine power quality,
IEC61400-21.

[32] G. Paap, “Symmetrical components in the time domain and their ap-
plication to power network calculations,” Power Systems, IEEE Trans-
actions on, vol. 15, no. 2, pp. 522–528, May 2000.

[33] C. L. Fortescue, “Method of symmetrical coordinates applied to the
solution of polyphase networks,” Trans. AIEE, pt. II, vol. 37, pp. 1027–
1140, 1918.

[34] A. V. Oppenheim, A. S. Willsky, and I. T. Young, Signals and systems.
Prentice-Hall, 1983.

[35] O. Egeland and J. T. Gravdahl, Modeling and Simulation for Automatic
Control. Trondheim, Norway: Marine Cybernetics, 2002.

[36] S. Skogestad and I. Postlethwaite, Multivariable Feedback Control,
Analysis and Design. Baffins Lane, Chichester: John Wiley & Sons
Ltd., 1997.

[37] E. Kreyszig, Advanced Engineering Mathematics, 7th ed. John Wiley
& Sons, Inc., 1993.



a p p e n d i x A

Mathematical tools

This chapter presents a few mathematical tools that are used through this
thesis.

A.1 On three-phase systems

Both the grid side converter and the motor drive is three-phase systems.
This section investigates transformations between different coordinate sys-
tems.

The history of the αβ and dq-transformation presented here can accord-
ing to Paap [32] be traced back to a paper presented in 1918 by Fortescue [33]
when he introduced the symmetrical component transform as a decomposi-
tion of complex steady-state phasors.

Note that the scaling of some of the transformations given in this chapter
differ from the scaling sometimes found in litterature, e.g. the paper men-
tioned above by Paap. This scaling has been chosen because peak values
are preferred over rms values in this thesis.

A.1.1 Phase-to-phase to line voltage conversion

Sometimes a conversion from phase-to-phase measurements to line voltages
are necessary, or vice versa. The conversion to phase-to-phase measurements
is simple:

x∆ =

xbcxca
xab

 =

xb − xcxc − xa
xa − xb

 =

 0 1 −1
−1 0 1
1 −1 0

xaxb
xc

 = T∆
abcx

abc. (A.1)

The sign and order of the elements in x∆ are chosen so that the trans-
formation matrix T∆

abc is skew-symmetric. Furthermore, it is the negated
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cross-product matrix of the vector qabc =
[
1 1 1

]T, i.e.

x∆ = −qabc × xabc. (A.2)

The matrix T∆
abc is linearly dependent with a rank of 2. In particular

xbc + xca + xab = 0. (A.3)

The linear dependence of the transformation matrix means that it can
not be inverted. However, premultiplying with the cross product of qabc and
using Lagrange’s formula∗, it can be easily verified that:

xabc =
1
3
qabc × x∆ + qabcx0, (A.4)

where

x0 =
qabc ·xabc
qabc · qabc =

xa + xb + xc
3

. (A.5)

In matrix form this becomes

xabc−qabcx0 = Tabc
∆ x∆ =

1
3
(
T∆
abc

)T
x∆ =

1
3

 0 −1 1
1 0 −1
−1 1 0

xbcxca
xab

 . (A.6)

The linear dependence means that only two measurements are needed.
The following equations summarizes the relationships between the line and
phase measurements:

xa − x0 =
−xbc − 2xca

3
=
xbc + 2xab

3
=
−xca + xab

3
(A.7)

xb − x0 =
2xbc + xca

3
=
xbc − xab

3
=
−xca − 2xab

3
(A.8)

xc − x0 =
−xbc + xca

3
=
−2xbc − xab

3
=

2xca + xab
3

. (A.9)

A.1.2 The αβ transform

The well known αβ transform, often called the Clarke transform, is useful
for three phase systems. Its basic property is that it decouples three similar
sinusoidal signals separated by 120◦ into two sinusoidal signals separated by
90◦. More general periodic signals are investigated below.
∗Lagrange’s formula: r × (s× t) = s (r · t)− t (r · s).
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The αβ0 transform can be given as

xαβ0 =

xαxβ
x0

 = Tαβ0
abc x

abc =
1
3

2 −1 −1
0
√

3 −
√

3
1 1 1

xaxb
xc

 . (A.10)

The inverse transformation can be calculated from the inverse of Tαβ0
abc :

xabc = Tabc
αβ0x

αβ0 = Tαβ0
abc

−1
xαβ0 =

1
2

 2 0 2
−1

√
3 2

−1 −
√

3 2

xαβ0. (A.11)

The third vector component of the transformed vector, x0, is called the
null component of the system. It is the average of the three phases and is
often zero or simply ignored. This thesis uses the name αβ0 transform if
the null component is included, as opposed to the name αβ transform if the
null component is ignored.

If the null component is known to be zero, or subtracted from the values
before transformation, then xa + xb + xc = 0. This relation can be used to
remove one of the elements:[

xα
xβ

]
=

[
1 0
1√
3

2√
3

][
xa
xb

]
=

[
1 0
− 1√

3
− 2√

3

] [
xa
xc

]
=

[
−1 −1

1√
3
− 1√

3

][
xb
xc

]
.

(A.12)
The inverse is of course equation A.11 without the null-component:xaxb

xc

 =

 1 0
−1

2

√
3

2

−1
2 −

√
3

2

[xα
xβ

]
. (A.13)

The xαβ-vector can also be found directly from phase-to-phase measure-
ments:[

xα
xβ

]
=

[
xab−xca

3
2xbc−xca−xab

3
√

3

]
=

[
−2xca+xbc

3
xbc√

3

]
=

[
2xab+xbc

3
xbc√

3

]
=

[
xab−xca

3
−xab+xca√

3

]
.

(A.14)

General periodic signal

A more thorough investigation of the αβ0-transform gives further insight
into its usefulness. Let f(t) be a piecewise smooth and continuous, period-
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ical signal of period T . The fourier series expansion of f(t) is

f(t) =
1
2
a0 +

∞∑
n=1

(an cos (ωnt) + bn sin (ωnt)) (A.15)

where

ωn =
2πn
T

, (A.16)

an =
2
T

∫
T

0
f(τ) cos (ωnτ) dτ, (A.17)

bn =
2
T

∫
T

0
f(τ) sin (ωnτ) dτ. (A.18)

Using the fourier series expansion, split f(t) into the sum of three func-
tions

f(t) = f0(t) + fp(t) + fn(t), (A.19)

where f0(t) contains every third harmonic starting from the 0. harmonic
(the dc-average), fp(t) every third harmonic starting from the 1. harmonic
(the fundamental harmonic), and fn(t) every third harmonic starting from
the 2. harmonic.

Let xabc be a three phase vector defined as

xabc =

xaxb
xc

 =

 f(t)
f(t− T

3 )
f(t− 2T

3 )

 . (A.20)

Then it can be shown that (see appendix B)

xαβ0 =

xαxβ
x0

 =

 fp(t) + fn(t)
f90◦
p (t)− f90◦

n (t)
f0(t)

 . (A.21)

The superscript ( · )90◦ denotes a transform shifting all the harmonics 90◦,
i.e.

g90◦(t) =
1
2
a0 +

∞∑
n=1

(
an cos

(
ωnt−

π

2

)
+ bn sin

(
ωnt−

π

2

))
=

1
2
a0 +

∞∑
n=1

(−bn cos (ωnt) + an sin (ωnt)) ,

(A.22)

where an and bn are the fourier series coefficients of g(t).
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A.1.3 The dq transform

The dq transform, sometimes called the Park transform, is the αβ transform
followed by a rotation. The rotation gives an accelerated coordinate system
where symmetric sinusoidal three phase signals with a frequency equal to
the rotation rate are transformed into constant signals.

Like the αβ transform, the null component is often not needed. This
thesis uses the name dq0 transform if the null component is included, and
dq transform if the null component is ignored.

The dq0 transform of a vector x is given as

xdq0 = Tdq0
abcx

abc = Rdq0
αβ0T

αβ0
abc x

abc

=

 cosωt sinωt 0
− sinωt cosωt 0

0 0 1

1
3

2 −1 −1
0
√

3 −
√

3
1 1 1

xabc
=

 2
3 cosωt 2

3 cos (ωt− 120◦) 2
3 cos (ωt− 240◦)

−2
3 sinωt −2

3 sin (ωt− 120◦) −2
3 sin (ωt− 240◦)

1
3

1
3

1
3

xabc.
(A.23)

The inverse trasformation is given as

xabc = Tabc
dq0x

dq0 = Tabc
αβ0R

αβ0
dq0x

dq0

=

 1 0 1
−1

2

√
3

2 1
−1

2 −
√

3
2 1


cosωt − sinωt 0

sinωt cosωt 0
0 0 1

xdq0

=

 cosωt − sinωt 1
cos (ωt− 120◦) − sin (ωt− 120◦) 1
cos (ωt− 240◦) − sin (ωt− 240◦) 1

xdq0.

(A.24)

If xa + xb + xc = 0, this can be inserted into the transform to give[
xd
xq

]
=

2
√

3
3

[
cos (ωt− 60◦) sinωt
− sin (ωt− 60◦) cosωt

] [
xa
xb

]
(A.25)

=
2
√

3
3

[
cos (ωt+ 60◦) − sinωt
− sin (ωt− 60◦) − cosωt

] [
xa
xc

]
(A.26)

=
2
√

3
3

[
− cos (ωt+ 60◦) − cos (ωt− 60◦)
sin (ωt+ 60◦) sin (ωt− 60◦)

] [
xb
xc

]
. (A.27)
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Time derivates

The dq-coordinate system uses a rotating reference frame. This means that
time derivates of variables in this coordinate system gets a cross coupling
factor which is not present in the αβ-coordinate system. This coupling factor
can be compared to the fictitious centrifugal force in a rotating mechanical
system.

The relationship between a time derivate variable in the αβ-coordinate
system and one in the dq-coordinate system is

ẋαβ0 =
d

dt

(
Rαβ0

dq0x
dq0
)

=

−xβxα
0

 θ̇ + Rαβ0
dq0 ẋ

dq0, (A.28)

ẋdq0 =
d

dt

(
Rdq0
αβ0x

αβ0
)

=

 xq
−xd

0

 θ̇ + Rdq0
αβ0ẋ

αβ0. (A.29)

Note that if θ = ωt for a constant ω, then θ̇ = ω.
Keeping with the comparison with a mechanical system, the relationship

can also be written

ẋαβ0 = ω × xαβ0 + Rαβ0
dq0 ẋ

dq0, (A.30)

ẋdq0 = −ω × xdq0 + Rdq0
αβ0ẋ

αβ0, (A.31)

where:

ω =
[
0 0 θ̇

]T
. (A.32)

A useful relationship can be found for the case where

yαβ0 = kẋαβ0, (A.33)

where k is a scalar. Then

ydq0 = k
(
ω × xdq0 + ẋdq0

)
= k

 xq
−xd

0

 θ̇ + ẋdq0

 . (A.34)

A.2 On discrete and continuous systems

The converter is composed of a mix of discrete and continuous systems.
This section investigates approximations and conversions between discrete
and continuous systems, as well as some discrete filters.
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For a proper introduction to the relationship between discrete and con-
tinuous system, see any digital signal processing book (e.g. [34]). This intro-
duction should include but not be limited to the z-transform, the Nyquist
criterion, the Nyquist frequency and aliasing phenomenons.

For easy implementation in software, the difference equations† are given.
The difference equation gives the next output signal as a function of the
previous output signals and current and previous input signals

yk = f(yk−1, yk−2, . . . , uk, uk−1, . . . ) (A.35)

The symbol yk is used for the output signal for time-step k, and uk is used
for the input signal for the same time-step. Special care has been taken
in the form of these equations to have both speed of calculation and more
importantly to avoid loss of precision when using fixed point math.

A.2.1 Simple continuous to discrete conversion

If the sampling frequency is sufficiently high compared to the time responses
of the discrete system, the continuous transfer function in the s-plane can
be converted to a discrete transfer function in the z-plane by replacing the
variable s with 1−z−1

T . T is the sampling period.
This method utilizes Euler’s method (see e.g. [35]), which approximates

the differential of a signal with the difference between the two time steps.
Another approximation which can be used to convert a continuous sys-

tem to a discrete system is the bilinear transform. It replaces s with 2
T

1−z−1

1+z−1 .
Low pass filters implemented with this approximation has much better at-
tenuation around the Nyquist frequency of the filter, but adds some com-
plexity.

A discrete low pass filter

Euler’s method can be used to discretize the simple, well known, continuous
low pass filter

Fc(s) =
1

s
ωf

+ 1
. (A.36)

The bandwidth of this low pass filter is given by ωf . Inserting s = 1−z−1

T
gives the discrete version as

Fd(z) = Fc(1−z−1

T ) =
1

1−z−1

Tωf
+ 1

=
kf

1− (1− kf )z−1
, (A.37)

†Also called a recurrence relation.
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where
kf =

1
1 + 1

Tωf

. (A.38)

A very simple difference equation for this low pass filter is

yk = yk−1 + kf (uk − yk−1) (A.39)

Here, yk is the filtered signal at time step k, and uk is the signal to be
filtered. Note that the filter is frozen if kf is set to zero, and disabled (i.e.
yk = uk−1) if kf is set to one.

The difference equation A.39 has been formatted so it can be calculated
very quickly by a processor. It is even possible to exchange the multiplica-
tion with a bit shift if kf is 2−n for an integer n. Note however that if the
processor is a digital signal processor (dsp), the multiplication can typically
be done just as fast or even faster than a bit shift.

Using the bilinear transform instead for the same continuous lowpass
filter in equation A.36 gives

Fb(z) = Fc( 2
T

1−z−1

1+z−1 ) =
kb
2 (1 + z−1)

1− (1− kb)z−1
, (A.40)

where
kb =

2
1 + 2

Tωf

. (A.41)

The difference equation for the low pass filter using the bilinear trans-
form is

yk = yk−1 + kb(
uk+uk−1

2 − yk−1) (A.42)

It can be easily seen that it is not possible to completely disable this filter
by setting kb to one, like the other filter in equation A.39.

A discrete high pass filter

Using Euler’s method on the continuous high pass filter

Fc(s) =
s
ωf

s
ωf

+ 1
. (A.43)

gives

Fd(z) = Fc(1−z−1

T ) = kf
1− z−1

1− kfz−1
, (A.44)
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where
kf =

1
1 + Tωf

. (A.45)

The difference equation is

yk = kf (yk−1 + uk − uk−1). (A.46)

Note that setting kf = 1 will not disable the filter completely, as the initial
value of the filter y0 will be retained. Numerical errors could also compound
if floating points methods are used to calculate the equation. If the filter
can be configured with kf = 1, a test for this special case should be used.

This discrete filter will give a lower response than the continuous filter,
especially if the bandwidth frequency is near the Nyquist frequency. It can
therefore often be useful to boost the gain of the discrete filter so it equals 1
for the Nyquist frequency. Solving

|kbFd(e−jπ)| = 1 (A.47)

gives

kb =
kf + 1

2kf
. (A.48)

This gives a new alternative highpass filter

F ′d(z) =
kf + 1

2
1− z−1

1− kfz−1
, (A.49)

which have the difference equation

yk = kf

(
yk−1 +

uk − uk−1

2

)
+
uk − uk−1

2
. (A.50)

A.2.2 A discrete notch filter

A notch filter is used to remove unwanted frequencies in a relatively narrow
band from a signal. A 2. order, discrete notch filter can be written as

Fn(z) = α
1− 2 cos(ωNT )z−1 + z−2

1− 2α cos(ωNT )z−1 + (2α− 1)z−2
(A.51)

where ωN is the frequency of the notch peak, T the sampling period, and α
is a constant giving the width of the notch.

A difference equation suitable for a software implementation is

yk = yk−2 + α (uk − 2uk−1 + uk−2 + 2(yk−1 − yk−2) + kω(uk−1 − yk−1))
(A.52)
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where
kω = 2 (1− cos(ωNT )) ≈ (ωNT )2 for small ωNT . (A.53)

Note the need for high numeric precision of the constant kω if the notch
frequency is much smaller than the sampling frequency.

A.2.3 The frequency response of a time delayed pulse

Let f(t) describe a time delayed pulse

f(t) = u(t− t1)− u(t− t2) (A.54)

where u(t) is the Heaviside function. t1 is the time delay for the rising
edge of the pulse, and t2 the time delay for the falling edge. The Laplace
transform of f(t) is

F (s) =
e−st1 − e−st2

s
. (A.55)

This can be rewritten as

F (s) = e−sτ
e
stw
2 − e−

stw
2

s
, (A.56)

where

τ =
t1 + t2

2
, (A.57)

tw = t2 − t1. (A.58)

This gives the frequency response of the time delayed pulse

F (jω) = twe−jωτ sin( twω2 )
twω

2

. (A.59)

The frequency response of a time delayed pulse can thus be separated
into a time delay and a gain part.

A.2.4 Padé approximation of a time delay

When connecting discrete and continuous systems it is often convenient to
approximate a time delay with a linear transfer function. In a continuous
system, the transfer function of a time delay of length τ is given by

gtd(s) = e−τs. (A.60)
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Table A.1 – Padé approximations of e−τs.

Order Approximation

1. 1− 1
2
τs

1+ 1
2
τs

2. 1− 1
2
τs+ 1

12
(τs)2

1+ 1
2
τs+ 1

12
(τs)2

3. 1− 1
2
τs+ 1

10
(τs)2− 1

120
(τs)3

1+ 1
2
τs+ 1

10
(τs)2+ 1

120
(τs)3

4. 1− 1
2
τs+ 3

28
(τs)2− 1

84
(τs)3+ 1

1680
(τs)4

1+ 1
2
τs+ 3

28
(τs)2+ 1

84
(τs)3+ 1

1680
(τs)4

5. 1− 1
2
τs+ 1

9
(τs)2− 1

72
(τs)3+ 1

1008
(τs)4− 1

30240
(τs)5

1+ 1
2
τs+ 1

9
(τs)2+ 1

72
(τs)3+ 1

1008
(τs)4+ 1

30240
(τs)5

This time delay can be approximated using a Padé approximation of
n’th order

gtd(s) ≈ gp,n(s) =
∑n

k=0 ck(−τs)k∑n
k=0 ck(τs)k

, (A.61)

where

ck =
(2n− k)!n!

2n!k!(n− k)!
, k = 0, 1, · · · , n. (A.62)

See table A.1 for the Padé approximations up to the fifth order. Another
possibility is to chain n first order approximations in series, see e.g. [36]

gtd(s) ≈ gc,n(s) =

(
1− 1

2nτs
)n(

1 + 1
2nτs

)n . (A.63)

The approximations introduces errors in the phase which increases with
increasing frequency. Figure A.1 shows the phase error plotted against a
normalized per unit frequency sτ = j2πλ, i.e. ω = 2πλ

τ . The solid line
gives normal Padé approximations from the first to the fifth order. The
dashed lines gives the chained approximations from the second to the fifth
order. Note that the frequency axis is linear, and not logarithmic. The
figure shows that the chained approximation gets rapidly worse than their
Padé counterparts for higher orders.

It is however possible to mitigate the error somewhat for a low order
approximation if the approximation is only needed for a specific part of
the frequency spectrum. This is done by introducing a “frequency shift”
factor in the approximation to make the phase error zero for a specific
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Figure A.1 – Phase errors of the Padé approximations of e−jλ for orders one
through five. Higher orders give better approximations. The solid lines are
the approximations given in table A.1, and the dashed lines are the chained
first order approximations.

frequency. Instead of approximating the transfer function in equation A.60,
the approximation is done for a transfer function

gfs(s) = e−τγs. (A.64)

A new factor γ called the frequency shift factor has been multiplied to the
time delay in equation A.60.

As a special case, a simple analytic expression can be found for γ for the
first order approximation

e−j2πλ0 =
1− jγπλ0

1 + jγπλ0
. (A.65)

Solving this equation with respect for γ gives

γ =
tan(πλ0)
πλ0

. (A.66)

The limitation of the phase of the transfer function means this expression
is only valid for λ0 ∈

[
0, 1

2

]
.
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Figure A.2 – Frequency shift factor used in equation A.64 for phase correction
of approximations of e−jλ. Higher orders have lesser shifts. The solid lines are
the approximations given in table A.1, and the dashed lines are the chained
first order approximations.

For higher orders a numerical equation solver was used to create fig-
ure A.2. It shows the factor γ plotted against the normalized per unit
frequency necessary to obtain zero error for a specific frequency. The max-
imum obtainable phase shift adjustment is limited as the approximations
are rational transfer functions.





a p p e n d i x B

On the αβ0-transformation of
a periodic signal

This appendix calculates the αβ0-transformation of a timeshifted three
phase periodic vector.

Let f(t) be a piecewise smooth and continuous, periodical function of
period T . The vector to be transformed into the αβ0-coordinate system is
defined as

xabc(t) =

 f(t)
f(t− T

3 )
f(t− 2T

3 )

 . (B.1)

First, consider the fourier series expansion of f(t), which can be written
as [37]

f(t) =
1
2
a0 +

∞∑
n=1

(an cos (ωnt) + bn sin (ωnt)) , (B.2)

where

ωn =
2πn
T

, (B.3)

an =
2
T

∫ T

0
f(τ) cos (ωnτ) dτ, (B.4)

bn =
2
T

∫ T

0
f(τ) sin (ωnτ) dτ. (B.5)

Define new functions hn(t) denoting the n’th individual harmonic com-
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ponent of f(t) as

hn(t) =

{
1
2a0 if n = 0,
an cos (ωnt) + bn sin (ωnt) if n > 0.

(B.6)

Also define new functions h90◦
n (t) denoting hn(t) shifted by 90◦ to be

h90◦
n (t) =

{
1
2a0 if n = 0,
an cos

(
ωnt− π

2

)
+ bn sin

(
ωnt− π

2

)
if n > 0.

(B.7)

Timeshifting any of equations defined by B.6 by m thirds of a period
give

hn(t−mT

3
) =


1
2a0 if n = 0,
(anCnm − bnSnm) cos(ωnt)

+ (anSnm + bnCnm) sin(ωnt) if n > 0,

(B.8)

where

Cnm = cos(
2π
3
nm), (B.9)

Snm = sin(
2π
3
nm). (B.10)

This can be rewritten in matrix form as

hn(t−mT

3
) =

[
cos(ωnt) sin(ωnt)

]([−1
2 −

√
3

2√
3

2 −1
2

])nm [
an
bn

]
= θTn (t)Knmcn.

(B.11)

If k is an integer, the matrix K has the following basic properties

K3k = I, (B.12)

K3k+1 = K, (B.13)

K3k+2 = K2 = KT . (B.14)

Furthermore, the following properties are useful here

2I −K3k+1 −K2(3k+1)

3
=

2I −K3k+2 −K2(3k+2)

3
= I, (B.15)

K3k+1 −K2(3k+1)

√
3

= −K
3k+2 −K2(3k+2)

√
3

=
[
0 −1
1 0

]
, (B.16)

I +K3k+1 +K2(3k+1)

3
=
I +K3k+2 +K2(3k+2)

3
= 0. (B.17)
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Define a vector of the n’th harmonic as

habcn (t) =

 hn(t)
hn(t− T

3 )
hn(t− 2T

3 )

 =

 θTn (t)cn
θTn (t)Kncn
θTn (t)K2ncn

 . (B.18)

This vector can be transformed using the αβ0-transform

hαβ0
n (t) =

hα,n(t)
hβ,n(t)
h0,n(t)

 = Tαβ0
abc h

abc
n (t)

=
1
3

2 −1 −1
0
√

3 −
√

3
1 1 1

 θTn (t)cn
θTn (t)Kncn
θTn (t)K2ncn

 .
(B.19)

The α-component is

hα,n(t) = θTn (t)
2I −Kn −K2n

3
cn

=

{
0 if n = 0, 3, 6, . . . ,
hn(t) if n = 1, 2, 4, 5, 7, 8, . . . .

(B.20)

The β-component is

hβ,n(t) = θTn (t)
Kn −K2n

√
3

cn

=


0 if n = 0, 3, 6, . . . ,
h90◦
n (t) if n = 1, 4, 7, . . . ,
−h90◦

n (t) if n = 2, 5, 8, . . . .

(B.21)

The null-component is

h0,n(t) = θTn (t)
I +Kn +K2n

3
cn

=

{
hn(t) if n = 0, 3, 6, . . . ,
0 if n = 1, 2, 4, 5, 7, 8, . . . .

(B.22)

These results suggests splitting the original function f(t) into three new
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functions:

f0(t) =
∞∑
k=0

h3k(t), (B.23)

fp(t) =
∞∑
k=1

h3k+1(t), (B.24)

fn(t) =
∞∑
k=1

h3k+2(t), (B.25)

where
f(t) = f0(t) + fp(t) + fn(t). (B.26)

The αβ0-transform of the original vector in equation B.1 is

xαβ0(t) =Tαβ0
abc

 f0(t) + fp(t) + fn(t)
f0(t− T

3 ) + fp(t− T
3 ) + fn(t− T

3 )
f0(t− 2T

3 ) + fp(t− 2T
3 ) + fn(t− 2T

3 )


=
∞∑
k=0

Tαβ0
abc

 h3k(t)
h3k(t− T

3 )
h3k(t− 2T

3 )


+
∞∑
k=1

Tαβ0
abc

 h3k+1(t)
h3k+1(t− T

3 )
h3k+1(t− 2T

3 )


+
∞∑
k=1

Tαβ0
abc

 h3k+2(t)
h3k+2(t− T

3 )
h3k+2(t− 2T

3 )


=
∞∑
k=0

 0
0

h3k(t)

+
∞∑
k=1

h3k+1(t)
h90◦

3k+1(t)
0

+
∞∑
k=1

 h3k+2(t)
−h90◦

3k+2(t)
0


=

 0
0

f0(t)

+

 fp(t)
f90◦
p (t)

0

+

 fn(t)
−f90◦

n (t)
0

 ,

(B.27)

and thus, finally:

xαβ0(t) =

 fp(t) + fn(t)
f90◦
p (t)− f90◦

n (t)
f0(t)

 . (B.28)
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