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Summary

The main goal of the thesis is to simulate and analyze non-linear partial differential equa-
tions effeciently in Matlab. Immiscible displacement of oil by water in porous media is
simulated and analyzed in Matlab. We visualized different scenarios in two dimensions by
using the MRST toolbox. Multiple initial states were used on various mesh sizes and we
determined optimal grid sizes to converge to the correct number of fingers. We examined
the stability of viscous fingering theoretically and numerically with the help of automatic
differentiation. We showed general results about the instability of the base state and deter-
mined the relationship between the growth rate and the number of fingers. We conducted a
theoretical introduction of dimension splitting which could provide even faster and better
results for the stability.
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Introduction

Fluid flows in porous media have been a great interest for the last 70 years due to oil
recovery. After primary production the pressure drops and a significant part of the oil
remains in the ground. One of the most natural ways to mine the valuable resource from
an underground reservoir is to drill two wells into the ground. We inject a liquid (e.g.
water) or a gas into the system through one well and hopefully the other liquid (usually oil)
comes out through the production well because of the pressure difference. Unfortunately,
in practice we find that water finds his way through the oil and nothing but water comes out.
The problem is that the breakthrough is happening way too fast. The phenomena is known
as viscous fingering and it is attributable mainly to the viscosity differences between the
fluids. The water phase (part) is moving faster and displaces the oil phase.

In this thesis we would like to focus on multiphase immiscible fluid flows where the
phases do not interact on a molecular level (i.e. not free to move) and there is surface
tension between the phases.

In the next few chapters we attempt to give a brief description of the governing physical
laws of the system. We try to cover all the necessary details, but some concepts are not
fully described and we advise the reader to look them up in the references for deeper
understanding.

Then we derive the governing equations using these previously introduced concepts.
This boils down to the pressure equation and the saturation equation.

Before we go into the details, we investigate the general behavior of the system. We
classify the partial differential equations and form some expectations before solving them.
This could give a good overview and a frame of reference if the deeper analysis is getting
complicated.

In the continuation we focus on the discretization of the equations and how the math-
ematical model was built in order to efficiently use the numerical schemes to solve it. We
superficially discuss how the finite volume framework applied to the cells.

Then we introduce how the MRST toolbox is used to simulate the viscous fingering
through some elementary examples. We focus on giving the full picture without hiding the
tiny details such that the reader can recreate our results with the help of this document and
the codes.

Finally, we carry out a stability analysis for the base state, and we investigate the
relationship between the growth rate and the number of fingers.
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Chapter 1

Physical and mathematical
description of the fingering

1.1 Physical properties of the phenomena

1.1.1 Representative elementary volume

One of the important concepts is Representative Elementary Volume (REV). We don’t go
into the details here how to choose an appropriate scale, we only introduce the idea of it.

The goal is to choose some minimum volume, which represents very well the physical
properties of the reservoir. Ideally, all the petrophysical properties of the flow are constant
on a well chosen length scale.

For example, porosity is the ratio of the pore spaces and the rocks in the medium
Φ = Vv

Vv+Vr
and it varies with our choice of the volume. In Figure 1.1 we can see how the

porosity is changing by choosing different representations of the medium. Our goal is to
work on a scale where the average of the porosity is representative for the porosity of the
reservoir

1.1.2 Formulation of a new continuum model

In a Darcy-continuum description a fluid quantity at a point −→x represents an average over
the REV. In the case of immiscible multiphase flow the elements are not mixing and there
is an infinitely thin interface between them. At a point −→x it is either totally filled with
rock, oil or water. This can be well seen in Figure 1.2.

In the Darcy representations the oil-water concentration (later saturation) will show a con-
tinuous picture. So the transmission from one to another phase is continuous like in Figure
1.3.

iii



[6]

Figure 1.1: Example of REV

1.1.3 Darcys law
Henry Philibert Gaspard Darcy was a French hydraulic engineer who was the pioneer in
the field of the one phase fluid flow in porous media. He designed a water tank where he
made experiments and he discovered the following relationship between the flow rate and
the pressure difference which attributed here to the hydraulic pressure. We tend to follow
the notations from [6].

Q

A
= κ

ht − hb
L

. (1.1)

In equation (1.1) κ is the hydraulic conductivity, L is the length and h is the height. The
quantity Q

A is the Darcy flux, which represents the volume per fluid per total area and time
and has dimensions [m/s].

Sometimes it is referred as velocity, but actually it is not in the microscopic sense.
Since some parts of the cross sectional area are blocked by (in this case) sand (later by
rocks), it represents the macroscopic velocity which calculated on the REV discussed in
the previous Section 1.1.1. But we will use Darcy velocity and by that we refer to the
concept described above. In slightly different notation the law for one phase flow:

−→v = −K
µ

(∇p− gρ∇z). (1.2)

Equation (1.2) expresses simply conversation of momentum and it can be derived from
the Navier-Stokes equations.
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[10]

Figure 1.2: Multiphase flow in Porous media

1.1.4 Saturation

In Section 1.1.2 we defined a continuum model where more than one phase can occupy a
point as we could see in Figure 1.3. This leads to some reasonable assumptions and we
introduce a new quantities.

One of this is the saturation Sα which defines the portion occupied by phase α. Fur-
thermore, we assume that the fluids fill completely the void space between the rocks. This
gives us the relation between saturation:∑

α

Sα = 1. (1.3)

In theory any phase saturation can vary from 0 to 1, but in reality system when water
reaches the irreducible water saturation, it becomes immobile. It will be denoted with
Swr. We will talk about these residual values more in the upcoming sections.

1.1.5 Wettability

As we mentioned before immiscible fluids are separated by a well-defined, infinitely thin
interface. This interface has a surface tension which measures the forces one must apply
in order to change the shape of it this interface. Naturally. the system tries to minimize
this surface energy. This results in the interface of a droplet of one phase contained within
another phase to assume a spherical shape. The interface tension will keep phases apart,
irregardless of the size of the droplet.

On the other hand the flow will be strongly affected by how the phases attach to the
interface of the solid material (e.g. rock). The ability of a liquid to main contact with a
solid interface is called wettability and it is determined by adhesive forces when the liquid
and solid are in contact.
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Figure 1.3: Saturation profile in two phase flow

These intermolecular forces will cause water droplets to spread across the mineral
surface. In the case when both phases are present in a pore, one is more attracted to
mineral particles and we call then system water wet or non-wet. In Figure we can see this
behavior. Similarly we are going to call one of the phases wetting phase, while the other
will be the non-wetting phase.

[13]

Figure 1.4: Water or non-water wet systems

The relationship between the contact angle θ the interface energies can be written by using
Young equation:

cos θ =
σos − σws
σow

. (1.4)

Where the subscript s and σ refers to the solid and the surface energy, respectively. Here
we note the first case on Figure 1.4 is more often in nature and it the porous media is called
hydrophilic or water wet.
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1.1.6 Capillary Pressure
In straight consequence of the surface tension the pressure will be different in the phases.
This difference is called the capillary pressure:

pc = pn − pw, (1.5)

where in equation (1.5) the capillary pressure is always positive because the pressure
in the non-wetting phase is greater than the pressure in the wetting phase. According to
this we can write pcow (or pcwo) in most of the cases (in oil-wet systems).

Therefore, in narrow spaces (capillary tubes) liquids can move against gravity forces
when the capillary pressure overcomes the other external forces. On Figure 1.5 we can
see a water-wet system with θ < π/2 and the oil-wet system can be easily imagined with
θ ≥ π/2.

[1]

Figure 1.5: Behavior in capillary tubes

The intuition behind this is that whether the force between the fluid particles (cohesion
forces) or the forces between the liquid and the solid interface (adhesion forces) are bigger.
In the first case which can be seen on Figure 1.5 we say that a concave meniscus is formed.
On the other hand, when adhesion is smaller than cohesion a convex meniscus is formed.
In the equilibrium state of air-water capillary tube equation when the forces are balancing
each other we can write the following equation for the upward forces (capillary force).

2πr(σas − σls) = 2πrσ cos θ. (1.6)

So we get the capillary force in the form of

pc =
2πσ cos θ

r
, (1.7)

after dividing by 2πr. The downward forces are derived from Archimedes’ law. In equi-
librium
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pc = ∆ρgh. (1.8)

The void space will supposedly contain a lot of narrow pores which could be considered
as capillary tubes of different radius. In (1.7) one can observe that the capillary pressure
increases with a decreasing tube radius, which means it will play an important role in
establishing the fluid distribution in the reservoir.

Now oil enters into a water filled porous medium from downward. Then the buoyancy
force must exceed a minimum capillary pressure in order to enter to the void space. The
capillary pressure that is required to force an oil droplet into the rock is called the entry
pressure. We can imagine that in the medium there are many capillary tubes with differ-
ent radius and according to equation (1.7)] it will be the tube with the smallest capillary
pressure (i.e. the wildest tube). As the pressure increases between the buoyant oil and the
water, the oil will be able to penetrate smaller and smaller pore throats and thus the water
saturation drops there. This leads to a relationship between the capillary pressure and the
saturation.

pcnw = pn − pw = Pc(Sw). (1.9)

This relationship can be seen in Figure 1.6. However the the shape of the curve is strongly
dependent of the pore sizes. If most of the scales are similar sizes, they will be quickly
filled with the non wetting fluid when the entry pressure is exceeded. Hence the saturation
drops rapidly with the increasing capillary pressure. Logically, if there is a higher variation
in size among the spores, the decrease in saturation will be more gradual.

This example was based on the assumption that a non wetting phase is displacing
a wetting fluid. This type of displacement is called drainage which refers to the fact
that the saturation of the wetting phase is decreasing. The opposite of drainage is called
imbibition, occurs when a wetting fluid displaces a non wetting fluid.

So in the second case we inject water to flush out the oil from the reservoir. During the
process the water saturation increases with more water injected into the system. However
the oil saturation does not drop below a residual or immobile oil saturation (see Figure
1.6). The drainage and imbibition curves usually do not coincide. This is an example of
hysteresis, when the behavior of the system depends not just only the current but also on
the previous history.

It is often practical to express Pc(Sw) as an analytical or tabulated function. In most
of the cases it is done by using experimental results. Since each sample will generate a
different capillary curve because of the different pore sizes. We normalize the data with
the Leverett J-function.

J(Sw) =
Pc

σ cos θ

√
K

φ
. (1.10)

Because of the extent of the project exercise we cannot continue this chapter, but we note
that there are many cases with different behaviors, thus capillary functions. We built sig-
nificant parts of this section on [6] and we encourage the reader to look into it if interested
in the behavior of different capillary function.
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Figure 1.6: Primary drainage, imbibition and secondary drainage in water wet systems

1.1.7 Relative Permeability
Permeability first appears in one phase models and it is the parameter affects how fast the
fluid flows through the medium. It is denoted with K and called the absolution permeabil-
ity which measures the transmission of the rock.

In theory, this is an intrinsic property, however in reality this quite true. Because on
microscale level there are interactions between the rock and the fluid which can modify
the permeability. In addition, gases do not have no-slip condition and that results in that
gases adhere differently to the interface.

In case of multiphase flow, each phase α will have an effective permeability Kα
ε and

this has to be smaller than K. The latter comes trivially from the fact that in case of
immiscible fluid flows there is an additional capillary pressure, which the fluid should
overcome in order to displace the other fluid. Thus the relationship is given by∑

α

Kα
ε < K. (1.11)

In order to model this properly, we introduce a new property called relative permeability
which is defined as

krα =
Kα

ε

K
. (1.12)

From (1.11) and (1.12) follows that
∑
α krα < 1. For anisotropic media, the relationship

between k and K, however the relations are often defined as

Kα
ε = krαK. (1.13)

Moreover the relative permeabilities will be the function of saturation, krw = krw(Sw)
and krn = krn(Sw), where n and w refers to wetting and non-wetting, respectively. We
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already discussed drainage and imbibition, in Figure 1.7 we can see how the relative per-
meability is changing during the processes.

[9]

Figure 1.7: Relative Permeability

We stop here and we would rather discuss how permeability is expressed in the special
cases. The reader can find more information in [6].

1.2 Behavior of the system
So far we gather the necessary components and concepts which will appear in the equation.
Naturally, there are very special cases when other petrophysical parameters can play an
important role and we introduce them when it becomes necessary.

In this chapter, we are going to formulate the model and analyze its physical behaviour.
We followed the outline in [6], but it was extracted, simplified and customized for our
purpose.

1.2.1 Mass conservation for components
The phases α satisfy mass conservation, which gives us a system of N equations for N
immiscible fluids. One can write for each component,

∂

∂t
(φραSα) +∇ · (ρα−→v α) = ραqα. (1.14)

Each phase can contain different chemical properties, but these are considered as single
components since there is no transfer between the phases.

In Section 1.1.3 we derived the relationship between pressure and Darcy flux for one
phase flow. We extend that result and write
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−→v α = −Kkrα
µα

(∇pα − gρα∇z). (1.15)

Furthermore, we can simplify by introducing new notation of the phase mobility λα =
Kkrα/µα, or the relative phase mobility λα = λαK.

One of the possible ways to write down our system if we express the saturation as the
function of pressures. We assume that the capillary pressure has an unique inverse and we
end up with a system of two unknowns, pressure and saturation. However, both phases
are present in the equations and this will make the system highly coupled and creates
difficulties for numerical solutions.

We would rather continue with a different approach presented below.

1.2.2 Fractional flow formulation for incompressible flow
We choose the water saturation and the oil pressure as primary unknowns and we transform
the equations accordingly and we have the trivial relationship from equation (1.3) for the
saturation between phases,

∂

∂t
(φρwSw) +∇ ·

(ρwKkrw
µw

(∇pn −∇Pc(Sw)− ρwg∇z)
)

= ρwqw,

∂

∂t
(φρn(1− Sw)) +∇ ·

(ρnKkrn
µn

(∇pn − ρng∇z)
)

= ρnqn.

(1.16)

In case of incompressible flow we have constant densities. This could be a good ap-
proximation of the flow is not totally incompressible but the base pressure in the reservoir
is very high. Density varies a lot when pressure is relatively small, but as pressure raises
the density tends to be constant after a while.

The goal of this formula is to simplify the mass conservation equation into

ρ
∂Sα
∂t

+∇ · −→v α = qα. (1.17)

In order to achieve this, we write the total flux

−→v = −→v n +−→v w = −λn∇pn − λw∇pw + (λnρn + λwρw)g∇z,
= −(λn + λw)∇p+ λw∇pc + (λnρn + λwρw)g∇z.

(1.18)

We now add the two equations and then use the the relationship between saturation that
Sw + S − n = 1, and we have the pressure equation

φ
∂

∂t
(Sn + Sw) +∇ · (−→v n +−→v w) = ∇−→v = qn + qw. (1.19)

We note the total mobility with λ = λw + λn = λK and the total source with q =
qn + qw. We substitute into (1.17) and (1.19), then we collect all the variables containing
pressure on the left-hand side and the rest on the right-hand side, we obtain

−∇(λk∇pn) = q −∇[λw∇pc + (λnρn + λwρw)gλz)]. (1.20)
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In other words the diversion of the (Darcy’s) flux is equal what is produced through the
wells, but we have some additional difficulties. The coefficients are variables and the right
hand side is dependent on saturation through the relative mobilities. We call this equation
a Poisson-type equation.

To find an equation for the water saturation, we multiply the velocity with the relative
mobility of the other phase, subtract the results, and use Darcy’s law to obtain

λn
−→v w − λw−→v n = λ−→v w + λw

−→v ,
= λnλwK(∇pw − ρwg∇z) + λwλnK()∇pn − ρng∇z
= λwλnK[∇pc + (ρw − ρn)g∇z].

(1.21)

We express−→v w and use (1.17), we obtain the saturation equation or transport equation:

φ
∂Sw
∂t

+∇ · [fw(−→v + λn4ρg∇z)] = qw −∇ · (fwλnP ′c∇Sw) (1.22)

Where4ρ = ρw − ρn and the fractional flow function is defined as fw = λw

λn+λw
(see

in Figure 1.8).

Figure 1.8: Fractional flow function (left) and gravity segregation function (right), while the x-axis
shows the water saturation in both figures

1.2.3 Hyperbolic behaviour
As we can see in (1.22) we have three driving forces, viscous advection fw−→v , gravity
segregation λn4ρg∇z and capillary forces fwλnP ′c∇Sw.

At first sight the equation looks parabolic because of the presence of the second order
capillary term. The problem is well-posed because P ′c < 0 which makes the overall term
positive.

However if we take a closer look at the parabolic term, we can see that λn is zero
at the endpoints. This means that the second order term vanishes where the saturation is
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zero or 1. In Figure 1.3 we can observe that in major part of the domain the saturation is
either zero or one. This means the capillary term vanishes and if we look at the equation
at reservoir level, the equation becomes parabolic.

Until parabolic equations tend to have an infinite speed of propagation, hyperbolic
equations have a finite speed of propagation.

Furthermore, if the viscous term is dominant and we can neglect the gravity and cap-
illary forces, then the flow will be co-current because the f ′w > 0. On the other hand the
gravity segregation function typically has a bell shape, which means that it could create a
counter-current flow.

1.3 Transport equation in 1D and the B-L case
We will use the theory of one dimensional transport equation to find solutions for the
Buckley-Leverett case. We will proceed from simple linear cases to more complex prob-
lems and finally deal with the formulation of shocks or rarefaction waves.

1.3.1 Linear flux and the method of characteristics
We write the scalar conservation law for one dimension without sinks or sources. The
equations and notations are in line with the textbook [6].

∂u

∂t
+
v

φ

∂f(u)

∂x
= 0 (1.23)

Where u will be replaced with S, but it is not limited and could be any physical quantity
being transported through the medium. First, we see what the constant v is in our case.
We know the elliptic pressure equation derived from Darcys law is

v′(x) = q, v(x) = −λ(x)p′(x) (1.24)

Since we do not have sources and sinks q = 0, then v is constant in the domain [0,∞).
Furthermore, we can scale the equation with t∗ = t vq and we obtain

∂S

∂t
+
∂f(S)

∂x
= 0 (1.25)

We would like to find the speed of propagation for constant saturation values. We write
the formula for the total differential

dS =
∂S

∂t
dt+

∂S

∂x
dx (1.26)

and set dS = 0. We express ∂S
∂t and write

dx

dt

∣∣∣
dS=0

=
df(S)

dS
(1.27)

Here, we assume that f is a function of S only, then it reads from equation (1.27) that
constant saturation propagates through straight lines.
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x(t) = x0(t0) +
df(S)

dS
(t− t0) (1.28)

Furthermore, we need initial and boundary conditions to obtain a well-posed problem.
In special cases, for example for linear fractional flow function, e.g. f(S) = aS, the

solution can be given in a closed form as below

S(x, t) =

{
S0,x(x− at), x ≥ at
St,0(at− x), x < at

(1.29)

This means simply that the initial and the boundary data and propagates it along the x-
axis with speed a. This way of solving the equation is called themethodofcharacteristics.

1.3.2 Shocks and rarefaction waves

It was discussed before in Section 1.2.2 that fractional flow function tends to have a typical
S shape (See Figure 1.8). In addition, it has an inflection point where the second derivative
changes sign and f ′(S) has a maximum (in our case, generally it could be a minimum as
well).

Some points travel faster than others, when we have a nonlinear function. Essentially,
we have two cases which result in two different behaviours. When we are analyzing the
B-L case, we have the two cases present in our solution in different parts of the omain.

We are going to analyze separately the cases when the second derivative of the frac-
tional flow function has different signs.

Rankine-Hugoniot shocks

First, we would like to deal with the case when the second derivative of the fractional
flow function is strictly negative. Intuitively, we can imagine two points travelling with
different speed. Moreover, we know that f ′(a) < f ′(b) if a > b. So the fluid particle,
which starts at point a is going to ”catch” the fluid particle, which originates from point b.
We will end with a multivariate solutions which is clearly not physical (See in Figure 1.9).

To avoid this, we replace the multivariate solution with a discontinuity. However,
we can’t interpret the solution in the classical sense, since the derivatives do not exist
pointwise. We define the weak form and with it a weak solution. We multiply the solution
with a test function ϕ of compact support and integrating the results over time and space∫ ∫ [

∂S

∂t
+
∂f(S)

∂x

]
ϕ(x, t)dxdt = 0. (1.30)

We integrate by parts ∫ ∫ [
S
∂ϕ

∂t
+ f(S)

∂ϕ

∂x

]
dxdt = 0. (1.31)

A weak solution is defined as any solution that satisfies (1.31) for all smooth and compactly
supported test functions ϕ. We aim to find a propagating discontinuity in Figure 1.9. We
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will denote the front xs(t) and we choose two points a and b such that a < xd(t) < b. We
use the integral form of the saturation equation

f(S1)− f(S1) =

∫ b

a

∂f(S)

∂x
dx =

d

dt

∫ b

a

S(x, t)dx. (1.32)

Then we transform the last integral with limits∫ b

a

S(x, t)dx = lim
ε→0

∫ xs(t)−ε

a

S(x, t)dx+ lim
ε→0

∫ b

xs(t)+ε

S(x, t)dx. (1.33)

[12]

Figure 1.9: The solution of the one dimensional Buckley-Leverett case

Leibniz rule can be applied because the integrals and we obtain

d

dt

∫ xs(t)−ε

a

S(x, t)dx =

∫ xs(t)−ε

a

∂S

∂t
dx+ S(xs(t)− ε, t)

dxs(t)

dt
. (1.34)

We let a → xs(t) − ε and then we have only the second term. We substitute everything
back to equation (1.32), we get the Rankine-Hugoniot shock condition

dxs(t)

dt
=
F (S+)− F (S−)

S+ − S−
. (1.35)

where the values S± will denote the saturation values immediately to the left and to the
right to the shock. This condition provides a necessary relationship between the right and
a left hand states, but it does not guarantee that the solution will be physical. Further
investigation is required to find the physically correct solution. The sufficient condition
is called the entropy condition. We stop here and continue with the case of rarefaction
waves.
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Rarefaction waves

The second case when the second derivative of f(S) is strictly negative. Intuitively, we
can imagine this that a point a, which was originally ahead of point b, is moving even
faster and the distance will be bigger and bigger between them.

If we apply the method of characteristics, we will end up with no solution in parts of
our domain. This can be observed in Figure 1.9.

This is actually can be considered as a Riemann problem, i.e., a conservation law with
a constant left and right state. We denote these states with SL and SR. When SL > SR,
the solution of the problem has the following form

S(x, t) =


SL, x/t < f ′c(SL),

St,0(at− x), f ′c(SL) < x ≤ f ′c(SR),

SR, x/t ≥ f ′c(SR).

(1.36)

Thee solution can be constructed by finding the upper concave envelope f ′c(S) of the
fractional flow function over [SR, SL] and f ′c(S) the inverse of its derivative.

This case could be analyzed in details and could lead to interesting findings. For
example, we could find out how much oil is recovered until the water breaks through.

From now on we would like to focus on the two dimensional case and would like to
analyze the appearence of viscous fingers.
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Chapter 2

Model Examples

2.1 Two-dimensional models
In this section we describe the two dimensional model by using the concepts already in-
troduced. Furthermore, we formulate the discrete form of the equations and describe some
numerical methods which could be used for solving these types of problems.

2.1.1 The appearance of fingering effect
The fundamental reason for the appearance of the viscous effect can understood by exam-
ining the flux of liquid containing oil and water.

In two dimensional models we neglect the effect the gravity. So the driving force in
the channel is the pressure difference between the left and right end of the tube.

Since oil is more viscous than water, it shows greater resistance against displacement.
In the channels where there is less oil, water moves more freely and therefore faster than
in other channels. As we can see in Figure 2.1, there are three different compositions of
water and oil.

Figure 2.1: Fingers represented by individual channels
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This formation will occur because of many reasons. One of them is that we can’t flood the
oil field perfectly from one side. That leads to small perturbations which will grow over
time. On the other hand the porous medium is always highly heterogenous which makes
this kind of formation inevitable.

If we use Darcy’s law (1.1) and we write down for the phases α = o, w, we obtain

u = −Kα

µα
∆p. (2.1)

Here we neglected the gravitational forces in the channel due to very small ∆z. If we fix
the pressure at the end of the channels and substitute into equations for the phase, we find
that a completely water filled channel has a larger flux due to the smaller viscosity of the
water. We assume that we have started from fully oil filled channel and flooded with water
from the left. Since the flux is a continuous function which means it must be increasing
with increasing water saturation, because the initial state has a smaller flux than the final
state. Thus we get

u = −
(xw
µw

+
xo
µo

)
K∆p. (2.2)

This is a very important mechanism because it means that the longer fingers will grow even
faster than the smaller ones. This effect is fortunately controlled by the capillary pressure.
Since fingers with very small radius will experience a very large resistance from the oil
interface due to capillary forces. This is called the smearing effect and it will be discussed
in more details later.

Many different problem formulations were designed to simulate viscous fingering. In
the followings we review the fundamental principles of some models.

2.1.2 The Muskat problem
Sometimes porous medium will be represented by a Hele-Shaw cell (See Figure 2.2). The
fluid is flowing between two plates where H is the distance between them and H → 0.

[4]

Figure 2.2: Schematic of a two-dimensional Hele-Shaw cell
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Two immiscible fluids separated by an infinitely thin interface that is modelled by a moving
boundary. We have a constant higher pressure on the right end. We can write the Darcy
equations for the phases i = 1, 2

ui = − k

µi
∇pi and ∇ · u = 0. (2.3)

At the moving boundary we have a pressure condition p1 = p2 and a kinematic boundary
condition u1 · −→n = u2 · −→n = vn, where −→n is the normal to the boundary and vn is the
normal velocity of the boundary.

The stability analysis of the planar interface has shown that the Muskat-problem is
an ill-posed problem, i.e. the solution ’blow up’ in finite time. In practice, we neglect
some physical phenomenon which regularizes the problem and ensures that it becomes
well-posed.

Figure 2.3: The Saffman-Taylor finger

For this unique problem there is a well known analytical solution. One single finger
with viscosity µ1 penetrates the other phase µ2 in an infinite channel −∞ < x < ∞,
−1 < y < 1 (see Figure 2.3). If at the right end (x → −∞) occupies a fraction of the
channels λ and as x → ∞ the velocity of the displaced fluid is V . The displacing fluid
moves with constant velocity U . Then the interface is given by the formula

x− Ut =
1− λ
π

log

(
1 + cos

(
πy
λ

)
2

)
. (2.4)

And the finger moves with velocity

U =
MV

1 + λ(M − 1)
, (2.5)

where M = µ2

µ1
. One can observe that we have different values for every 0 < λ < 1 and

the speed of the finger can take any value between V and MV .
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2.1.3 The Peaceman model
There are other models which are replacing the two phase flow with a one phase flow with
a solvent. This implies that the concentration (exactly as the saturation) must be defined
everywhere in the reservoir. and we modify the equation,

φ
∂c

∂t
+∇ · (uc) = ∇ · (D∇c) (2.6)

. Regardless from the approach we arrive to very similar solutions in the simulations.

2.2 Discretization of the equation
In this chapter, we introduce the grid structure and the approach to solve these systems
numerically. Later in the section we implemented a basic first order scheme and we will
present the results here. We adapted here major parts from the textbook [6].

2.2.1 The Grid
A grid is a tessalation of volumetric or planar object which consists of cells. The descrip-
tion of a grid can be given by the geometry, i.e. the shapes the of the cells the form the
grid and the topology their topology that tells how the cells are connected. In 2D the cell
is a closed polygon which is defined by its vertices and edges. In 3D, the object is a poly-
hedron for which the geometry is defined by vertices,edges and faces (surface enclosed
by edges).

Furthermore, we assume that the cells are not overlapping, i.e. every point each point
in the grid is in a single cell. Two cells which share the same face are said to be con-
nected, neighbours. Therefore, connections between cells can be described with edges
and faces, so the topology of the grid can be defined by connections, sometimes referred
as the connectivity of the grid.

[3]

Figure 2.4: Edges and centroids in single cells
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When we are implementing grids in modeling, we have two important factors to consider.
Optimization between generality and efficiency is not a trivial task at all.

2.2.2 Finite volume discretization
Finite volume discretization is built up on the idea of cell averages. Its big advantage that
it is a conservative method regarding cell value averages, but it does not know the exact
values at point such as in the center (centroid) of the cell or at the centroid of the faces.
These values must be approximated. Lets formalize how we are seeking the solution and
we are defining the sliding average below

u(x, t) =
1

∆x

∫ x+1/2∆x

x−1/2∆x

u(ξ, t)dξ. (2.7)

We are going to use the notation that ui(t) = u(xi, t) is the average in the cell i,
{

[xi−1/2, xi+1/2]
}

[6]. Using this notation and we substitute into (1.23) with v and φ = 1, we obtain a semi
discrete-version

dui
dt

=
1

∆xi
[f(u(xi−1/2, t)− f(u(xi+1/2, t)]. (2.8)

Then we integrate over time from tn to tn+1 and we get the following fully discrete equa-
tion form,

un+1 − un =
1

∆xi

[ tn+1∫
tn

f(u(xi−1/2, t)dt−
tn+1∫
tn

f(u(xi+1/2, t)dt
]
. (2.9)

However, we don’t know the values at x1−1/2 or x1+1/2. In order to be able to calculate
the saturation values, we need the definition of the flux on the faces. We have only cell
averages for the pressure and using Darcys equation, we can compute the flux at the
centroid of the cells. Therefore, we need an approximation on the faces. This will be
carried out first with a simple upwind scheme using the value from the upstream end.
Later we will get to higher order methods.

Fnx±1/2 ≈
1

∆t

tn+∫
tn

f(u(xi±1/2, t)dt. (2.10)

Here there are two useful pieces of information. One is that we are using information
from the upstream end. The second is that we have a hyperbolic equation which means
that the propagation of the speed is finite. Thus the approximation will be using finite
number of points to calculate the flux such that Fnx±1/2 = F (uni−m, . . . , u

n
i+l). To prove

that the method is conservative we substitute (2.10) into (2.9) and multiply with ∆x, then
we obtain

N∑
−M

un+1
i ∆x =

N∑
−M

uni ∆x−∆tn(FnN+1/2 − F
n
−M−1/2). (2.11)
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If the initial solution u0(x) has a bounded support, it means that the flux terms will cancel
out if we choose M,N sufficiently large. Thus, we end up with a conservative scheme∑

i

un+1
i ∆x =

∑
i

uni ∆x = · · · =
∫
u0(x)dx. (2.12)

Discrete grad and div operators

So basically we need the pressure gradients (in the cells) and the divergence of the satu-
ration (on the faces) in order to calculate the saturation values. We described the grid by
cells c ∈ Nnc and by faces f ∈ Nnf . The divergence from a cell or into a cell (depending
on the sign) is the sum of the fluxes through the faces. In other words, it will be a function
of c which loops over the faces. Let v is the flux from N1(f) to N2(f). Hence, we get the
flux for cell c. It can be written as

div(v)[c] =
∑

f∈N(c)

v[f ]1{c=N1(f)} −
∑

f∈N(c)

v[f ]1{c=N2(f)}. (2.13)

The grad operator is easier to define, since that is only the difference between the neigh-
bouring cells, i.e. it is a function of face f

grad(p)[f ] = p[N2(f)]− p[N1(f)], (2.14)

for any p ∈ Rnc . Now it is time to introduce the discrete relationship between flux and
pressure. We did not discuss the two-point flux approximation (TPFA), but it is an im-
mediate consequence of Darcys equation for the discrete case. We have v as a discrete
approximation of the flux on the faces.

v[f ] ≈
∫
Γf

K(x)∇p · −→n fds, (2.15)

where −→n f is the normal to the face f , where the orientation is given by the grid. Writing
the discrete version of Darcys law, we obtain

v[f ] = −T[f ]grad(p)[f ] ≈ −
∫
Γf

K(x)∇p · −→n fds, (2.16)

where T[f ] is the transmissibility of the face f . Summarizing the results, we end up with

div(v) = q, (2.17)

v = −Tgrad(p). (2.18)

Explicit and implicit time-discretizations

We have two options to solve one time step: explicitly or implicitly. The advantage of
explicit methods, such as the forward Euler, are that they tend to be faster, but in practice
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they are notoriously unstable. The reason for this is the CFL (Courant–Friedrichs–Lewy)
condition, e.g. that the numerical scheme has to include the domain of dependence to be
stable, in other words the time step should satisfy the ∆t ≤ C∆x equation, where c is
constant if f(u) is linear, however, in our case it depends highly on x. We either check the
CFL every time step and set ∆t accordingly or we have to use another approach. We will
choose the second alternative and use an implicit scheme.

2.2.3 Numerical example

In our first simulation, we are going to flood an oil field with water from the left and see
how the water saturation changes over time. In order to simplify the model will be two
dimensional to avoid gravitational forces. We will go through the codes to connect the
previously introduced concepts with their forms implemented in practice.

Grid and material properties of fluids and rock

First, we set a very simple rectangular Cartesional grid and we build the geometry of cells
and faces for it.

nx = 5 0 ;
ny = 5 0 ;
G = c a r t G r i d ( [ nx , ny ] , [ 1 1 ] ) ;
G = computeGeometry (G) ;

Listing 2.1: Matlab example

Cartgrid creates the grid and computeGeometry constructs the structure of cells and
faces for it. The rock and fluid properties are easily defined by the following lines.

r ock = makeRock (G, 100∗ m i l l i ∗darcy , 0 . 5 ) ;
f l u i d = i n i t S i m p l e A D I F l u i d ( ’mu’ , . . .

[ 1 , 10 , 1]∗ c e n t i ∗ p o i s e , . . .
’ n ’ , [1 1 1 ] , . . .
’ rho ’ , . . .
[ 1 0 0 0 , 700 , 2 5 0 ] . . .
∗ k i l o g r a m / me te r ˆ 3 ) ;

Where the second argument in makeRock defines the permeability and the third is the
porosity of the rock. The fluid properties are viscosity, degrees of monomials (describing
relative permeability) and density for water,oil and gas. We don’t need gas properties for
this simulation but it doesn’t cause any trouble to leave them in the code.

Choosing the model

This is one of the crucial steps. The model knows basically all the information about
the equations. It contains the function EquationsOilWater.m which provides the mass
conservation equations for water and oil saturation.

model = TwoPhaseOilWaterModel (G, rock , f l u i d ) ;
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Initial saturation

We do not want to overcomplicate things with the initial setup either. We break the sym-
metry in the second column, so the fingering can be more visible.
[ i i , j j ] = g r i d L o g i c a l I n d i c e s (G) ;
%f i r s t we j u s t s e t t h e f i r s t column on t h e l e f t boundary
sW = ones (G. c e l l s . num , 1 ) ;
t o t h e r i g h t = i i > 1 ;
sW( t o t h e r i g h t ) = 0 ;
%second column e v e r y second row i s o i l and o t h e r s a r e w a t e r
s e c c o l = ( i i == 2) & ( mod ( j j , 2 ) == 1) ;
sW( s e c c o l ) = 1 ;
%s i m i l a r y f o r mod 7
s e c c o l = ( i i == 2) & ( mod ( j j , 7 ) == 1) ;
sW( s e c c o l ) = 1 ;
%c r e a t e t h e s t a t e v a r i a b l e
s = [sW, 1−sW ] ;
s t a t e = i n i t R e s S o l (G,100∗ b a r s a , s ) ;

%p l o t t h e g r i d how i t l o o k s l i k e
p l o t C e l l D a t a (G, s t a t e . s ( : , 1 ) )

Boundary conditions

Setting up the boundary is trickier because boundary conditions will be built into sources.
Lets state this formally and get to the coding after. For Ωi, we write the saturation equation
with source term q. ∫

Ωi

(st +∇ · (su))dx =

∫
Ωi

q(x)dx,

d

dt

∫
Ωi

sdx+
∑
j

∫
Γi,j

(su)dx =

∫
Ωi

q(x)dx,

|Ωi|
d

dt
si +

∑
j

∫
Γi,j

(su)dx =

∫
Ωi

q(x)dx,

|Ωi|
∆t

(sn+1
i − sni ) +

∑
j

∫
Γi,j

sn+1udx =

∫
Ωi

q(x)dx.

For internal cells, there is no problem, since we know the flux using upwind scheme and
we know we take the saturation from the neighbouring cells. On the other hand, if Ω0 is
a cell on the boundary, the mass conservation for the cell is bit different. Let u = 1 and
write

|Ω0|
∆t

(sn+1
0 − sn0 )−

∫
Γ−1,0

sn+1
−1 dx+

∫
Γ0,1

sn+1
0 dx = qi.

We need boundary condition. Let us say that s = 1 on the left-hand side. Then equation
above becomes

|Ω0|
∆t

(sn+1
0 − sn0 ) +

∫
Γ0,1

sn+1
0 dx =

∣∣Γ−1,0

∣∣+ qi.
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So it is important that on the left boundary how we set the saturation which is going to
flow in from outside. In our case the left boundary is more important because we will set
the pressure in a way such that that the fluid will move from left to right.

bc = [ ] ;
bc = p s i d e ( bc , G, ’ L e f t ’ , 150∗ b a r s a , ’ s a t ’ , [ 1 0 ] ) ;
bc = p s i d e ( bc , G, ’ R i g h t ’ , 100∗ b a r s a , ’ s a t ’ , [ 0 1 ] ) ;

In the second row we declare sn+1
−1 to be one (water). As we said before the saturation at

the right boundary is not important because nothing will flow in from there, since pressure
differences were initialized otherwise.

Solution of the equations

We have a highly nonlinear system with unknown saturation and pressure at the next time
step. We are going to use automatic differentiation to solve these equations. The funda-
mental concept of automatic differentiation is to store the first derivative of every variable
with respect to the space variable(in our case these are cells). By defining some rules for
the derivatives of functions Matlab can easily compute the Jacobian of the system. Then
we can use Newton-Rhaphson-method to solve the equations.

xn+1 = xn −
f(xn)

f ′(xn)
(2.19)

It is fast and effective and the Jacobian stores essential information about the behaviour
of the system. For more information on automatic differentiation see [7].

Simulation and results

The rest of the code is storing and plotting the results. A realistic time scale is dependent
on the grid scale.

d t = repmat ( 0 . 1∗ hour , 20 , 1 ) ;
% s e t t h e s c h e d u l e
s c h e d u l e = s i m p l e S c h e d u l e ( dt , ’ bc ’ , bc ) ;
[ w e l l S o l s , s t a t e s ] = s imula t eSchedu leAD ( s t a t e , model , s c h e d u l e , ’ Verbose ’ ,

t r u e ) ;
%% P l o t t h e s e g r e g a t i o n p r o c e s s
h = f i g u r e ( ) ;
f o r i = 1 : numel ( s t a t e s )

f i g u r e ( h ) ; c l f ;
% Neat t i t l e
s t r = [ ’ a f t e r ’ , formatTimeRange ( sum ( d t ( 1 : i ) ) ) , ’ ( S t ep # ’ , num2s t r ( i )
, ’ ) ’ ] ;

% P l o t t i n g
p l o t C e l l D a t a (G, s t a t e s { i } . s ( : , 1 ) )
t i t l e ( [ ’ Water s a t u r a t i o n ’ , s t r ] )

% Make a x i s e q u a l t o show column s t r u c t u r e
a x i s e q u a l t i g h t o f f
c o l o r b a r
pause ( 0 . 2 )

end
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Figure 2.5: Evolution of water saturation

It is clear that the fingers which were bigger at the beginning evolve faster than the rest
of the domain. However, we are not able to see really big differences in the evolution of
the fingers in Figure 2.5. We are going to use higher order methods to simulate the same
experiment and compare the results.

2.3 Shock in the moving frame

In this Section we would like to investigate the fingering subject to small perturbation in a
moving coordinate system. In the one dimensional case we have already seen the fractional
flow function (See Figure 1.8), which leads to shocks where the function is strictly convex
with respect to water saturation Sw and generates rarefaction waves in the concave-region.
For now we focus on the shock range, i.e. we stay within the range between 0.1 and 0.2
water saturation to make sure that shock occurs but no rarefaction waves. The moving
coordinate will have the speed of the shock such that the fingering will be visible with
respect to the shock. Let’s derive the system from the two dimensional example, we have
gone through before.

In Section 2.4 we provided a numerical solution to the two dimensional fingering for
the equation

φ
∂Sw
∂t

+∇ · −→u w = 0, (2.20)

where −→u w is the Darcy flux and we can use equation (1.2), disregarding the gravitational
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part. It results in

φ
∂Sw
∂t
−∇ · (K∇P ) = 0, (2.21)

where K and P are the transmissibility and pressure, respectively. The code used a simple
rectangular grid in Cartesian coordinates. However, we can choose a moving coordinate
in the horizontal direction,

ξ = x+ υt, Y = y, T = t.

Here we have the shock speed defined at (2.38). Hereafter, we are going to use the nota-
tions ξ, y and t. If we substitute into (2.21) with the new coordinates, then we obtain

∂Sw
∂t
− φ∂Sw

∂x1

∂x1

∂t
−∇ · (λαK∇P ) = 0. (2.22)

We can bring the second term under the divergence operator and then we have a new
fractional flow, which we can call real or effective fractional flow function. One can note
that ∂x1

∂t = v and we can write

∂φSw
∂t

−∇ · (λαK∇P + υsw∇x1) = 0. (2.23)

2.3.1 Discretization of the moving frame
We can discretize the scheme by using TPFA (two-point flux approximation), We define
the transmissibilities on the face between the cells Ti,j which consist of the half transmis-
sibilities

Ti,j =
( 1

ti,j
+

1

tj,i

)−1

, (2.24)

where the half-transmissibility ti,j = 1

|ci,j|2
−→n i,j ·

−→
K−→c i,j (−→c i,j is the vector between the

cells and the face centroids). So the discrete flux obtains the form of

vi,j = Ti,j(pi − pj) ≈ −
∫
∂Ci,j

−→
K · −→n i,jdA. (2.25)

Now, we need to find the flux of the moving component of∫
∂Ci,j

φ∇x1 · −→n i,jdA. (2.26)

Similarly, we need to define the pseudo transmissibilities T̃i,j here. It will have the exact
same form as (2.24) but here instead of the

−→
K vector we have the porosity,

t̃i,j =
φi∣∣ci,j∣∣2−→n i,j · −→c i,j . (2.27)

Then we can write the total flux using the discrete operators introduced in Section 2.2.

uw[f ] = λfw[f ]T [f ]grad(p)[f ]− υssfw[f ]T̃ [f ]grad(x1)[f ] (2.28)

Unfortunately, we still don’t know the exact saturations and mobilities at the faces. One
can use an upwind scheme, but even for small perturbations it leads to instabilities.
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2.3.2 Unstable upwind scheme
The major reason why the upwind scheme can be unstable lies in the different fractional
flow functions. Contrary to the function for the steady coordinate system, the effective
fractional flow is still convex but not monotone.

First, we had the fractional flow in Figure 1.8 and we can obtain a pure shock if we set

f(S) ≤ S − SR
SL − SR

f(SL) +
SL − S
SL − SR

f(SR). (2.29)

The speed is given by the Rankine-Hugoniot condition

vS =
f(SL)− f(SR)

SL − SR
. (2.30)

We define the effective fractional flow as

feff (S) = f(S) + vSS, (2.31)

which leads to a convex function with a unique minimum (see Figure 2.6).
If we have an initial condition with a single jump between i − 1 and i cells and the

saturation is

Figure 2.6: Effective fractional flow on the right, flux direction in the cells on the left.

Sj =

{
SL, ifj < i,

SR, ifj ≥ i.
(2.32)

Then we encounter the problem that on the face i− 1/2 we get two contradictory upwind
direction. From the fact that f

′

eff (SL) > 0, we would obtain that the flux is coming from
left to right. On the other hand, the cell i is suggesting otherwise because f

′

eff (SR) < 0.
We can assign the upwind direction according the highest absolute value of the derivative.
For example, if

∣∣∣f ′eff (SL)
∣∣∣ > ∣∣∣f ′eff (SR)

∣∣∣, then we choose the upwind direction from left
to right (see Figure 2.6). Moreover, follows from the definition of the effective fractional
flow that

feff (SL) = feff (SR).
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Actually, this is not a contradiction yet, it simply means that we have a stationary solution.
However, if we consider a small perturbation in the saturation at the left hand side, i.e.

we set SL = SL + ε. This results in that the sum of the flux is positive

Fi−1/2 − Fi+1/2 = feff (SL − ε)− feff (SR) > 0.

Therefore we have that

sni = sn−1
i + ∆t(Fi−1/2 − Fi+1/2),

i.e. sni is increasing in n. This will lead to an unstable scheme.

2.3.3 The HLL fix
Harten, Leer and Lax entropy fix gives an idea how to fix this problem. Until the function
is monotone, there is no need to change the upwind scheme. An additional intermediate
state will be introduced S̃i−1/2. The Rankine-Hugoniot shocks then reads

v1 =
f(S̃i−1/2)− f(Si−1)

S̃i−1/2 − Si−1

and v2 =
f(Si)− f(s̃i−1/2)

si − s̃i−1/2
.

We get that

S̃i−1/2 =
f(Si) + f(Si−1)− v2si + v1si−1

v1 − v2
.

Furthermore, we define

v1 = f ′(Si−1) , v2 = f ′(Si).

Then we alter the scheme where v1 < 0 and v2 > 0, i.e.where the function is not mono-

Figure 2.7: The Hll entropy fix

tone (See Figure 2.7). We obtain a scheme which is stable with

Si−1/2 =


Si−1, ifv1 > 0,

S̃i−1/2 ifv1 > 0 and v2 < 0,

Si, ifv2 < 0.

(2.33)
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2.3.4 Implementation and results
We would like to present results for incompressible flow. We are going to investigate the
differences between the moving frame and the usual Cartesian coordinates. Moreover, we
test the fingering with capillary pressure on meshes with high and low resolution.

As we mentioned before in order to get a shock we need to stay in the convex range of
the original fractional flow function. The fractional flow is defined as

f(S) = λ(Sw0)/(λ(Sw) + λ(So)),

and calculated by the mobility functions of the fluids. This is a monotone function with an
inflection point (see Figure 2.8). We are interested in the behaviour of the shock which oc-
curs when water saturation is between 0.1 and 0.2. We calculate the shock speed according

Figure 2.8: The convex range in the fractional flow function

to the formula in equation (2.30).

Boundary conditions

In MRST there are three routines for setting boundary condition. We use addBC to im-
pose either flux or pressure conditions on the boundary faces. We can also directly call
pside or fluxside to impose pressure or boundary conditions, respectively.

In the moving frame script we first define saturation and influx rate on the faces. The
functions are stored in fluid properties for permeability, viscosity and permeability. The
grid structure knows the faces and the cells. Then after putting the elements together it
gives the influxes and the outfluxes in the boundary cells.

muW = f l u i d .muW( p ) ;
mobW = krW . /muW;
muO = f l u i d . BOxmuO( p ) .∗ f l u i d . bO ( p ) ;
mobO = krO . / muO;

i f param . s e t o u t f l u x
bc . i n f l u x e s = [G. f a c e s . a r e a s ( f a c e s {1} )∗param . i n f l u x r a t e ∗ . . .

[mobO ( 1 ) ,mobW( 1 ) ] / ( mobO ( 1 ) + . . .
mobW( 1 ) ) ; − G. f a c e s . a r e a s ( f a c e s {2} ) ∗ . . .

param . i n f l u x r a t e ∗ [mobO ( 2 ) , mobW( 2 ) ] / ( mobO ( 2 ) + mobW( 2 ) ) ] ;
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e l s e
bc . i n f l u x e s = G. f a c e s . a r e a s ( f a c e s {1} )∗param . i n f l u x r a t e ∗ . . .

[mobO ,mobW ] / ( mobO + mobW) ;
end

This can be considered as sources in the cells on the boundary. In the script with Cartesian
coordinates, we impose boundary/source conditions on the incoming boundary.

s r c = addSource ( s r c , c e l l s , f l u x e s i n , ’ s a t ’ , s a t i n ) ;

In both scripts the cell- and faceindeces must be computed manually. Source conditions
are easier to work with, however usually the boundary conditions are given.

Initial state

Figure 2.9: Initial states with diffent mesh refinements

To compare objectively different mesh refinements or moving coordinates versus the steady
system, we need to start with the same initial conditions for water saturation. Therefore,
we generated a random perturbation for the 10x10 grid, which will be used for all the other
refinements and systems (See the initial state in Figure).

First, we used this idea, but the only difference that we copied the perturbation pattern
for one column only. This is still not capturing the same saturation conditions and makes
the comparison unreliable. Other approaches emerged, such as to start with finer meshes
and take the average of the perturbation for smaller meshes. The averages can neutralize
the perturbation and the comparison does not make sense anymore.

The advantages of the moving frame

In the first example (See figure 2.5) the fingering is noticeable but it does not give back
the true nature of the phenomenon. Because the boundary and the initial conditions were
different, we simulated the first example with similar conditions. The figures did not show
much difference from the presented example, so we compare the moving frame to the
above presented figures.
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The apparent speed of the frame creates a diffusive effect, thus it masks the fingering.
As we can see in Figure 2.10 the appearance of the fingering is very well observable on
finer meshes.

Mesh size and capillary pressure

In general, when we are trying to determine the optimal mesh size, it would be ideal that
the numerical error would be negligible compared to any characteristic force present in the
viscous fingering.

It happens very often that the numerical error which generates the diffusion will sup-
presses the capillary pressure. We would like to avoid this to happen.

We have already introduced capillary pressure curves in Figure 1.6. In the numerical
script we use a simple water saturation capillary pressure table which will be extended
to our domain by interpolation. The shape of the function is very similar to the above
presented analytical function.

So far the magnitude of the pressure was not important since the driving forces are
generated by fluxes and sources. Although, capillary pressure is very sensitive this setup
and we have to adjust these quantities accordingly.

Simulations and results

The physical domain in our simulation was a 200x200 oil/water reservoir. Capillary pres-
sure is set to the same magnitude as base pressure. At the oil-water boundary it has a
significant effect on the fingering.

In order to show how inappropriate mesh size can can make the capillary pressure’s
effect disappear, we first used a very big mesh element and used 10 elements over the axes.
In Figure 2.10 the simulations in the upper part one can observe that there is literally no
different between the two figures.

This must be incorrect and as we can see below that on finer meshes the capillary effect
becomes more and more visible. To make sure that the numerical error is negligible we
refine the mesh further and analyze the formations.

Shielding, spreading and splitting

George M. Homsy describes the viscous fingering in his article [5] throughout the pro-
cesses shielding, spreading and splitting. We would like to first show some experimental
results and then compare our numerical simulations to these phenomenomas.

We have briefly mentioned the Hele-Shaw cell 2.2 where we have

∇ · u = 0,

∇p = −12µ−→u /b2 + ρg.

This configuration allows us to experiment and to check whether our numerical schemes
gives good results.

As we can observe in Figure 2.11 if we have a perturbation (e.g. the water has already
penetrated slightly in the oil) then as it was expected the finger is going to spread due to
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Figure 2.10: Simulations on different mesh sizes with and without capillary pressure

the viscosity differences. When it reached a critical point and the capillary pressure is
getting bigger than the pressure driving the liquid (water), it splits and we have two less
sharp fingers. The shielding is simply that bigger fingers are spreading faster and fill the
space in front of the small fingers.

Now let’s take a look at the numerical simulation. However, the spreading is difficult
to see, but the bigger fingers are certainly moving faster. In addition, we can observe the
the effect of the capillary pressure is more and more visible as we refine our mesh. In
Figure 2.10 the last plot shows the simulation on a 50x50 grid and if we compare that to
Figure 2.12, we can track the splitting.

In the last figure we feel comfortable about that the important properties of the phe-
nomenon are captured because it is apparently converging. On the other hand, on this mesh
size (above 150x150) one step takes significantly more time and even the convergence is
getting slower and we need to cut the time step at some steps in order to converge.

This suggests us to find more adequate high order methods. Before we do that, we test
the convergence for different perturbations.
In the first set of simulations, we generated 10 random numbers on a [0, 1], we subtracted
0.5 from them and we scaled them up to the desired magnitude of the perturbation. Then
we just simply copied these values for the finer meshes, keeping the saturation values the
same for the physical domain.

In the second method we generated a multivariate normal distribution by a python
code. In the script we generated a covariance matrix with a correlation paramater γ. When
γ was typically small the correlation was very strong and the perturbation values were
small. Then we used slightly larger γ and tested our meshes. See in Figure 2.13.

We can observe as we have the proper mesh size (i.e. the numerical error is negligible)
the number of fingers is converging to 10-11 fingers (depends on how we count the very
small fingers which are becoming part of a bigger finger). In addition, one can see that the
very sharp edges disappear and length of the fingers can’t exceed a certain limit and when

xxxiii



[5]

Figure 2.11: Flooding the Hele-Shaw cell

we are watching the progression we get the idea that could be a relationship between the
number of fingers and the length. This was discussed in 2.4.

2.4 Growth and wavenumber of the fingering

In [14], Yortsos and Hickernell derive important relations between the rate of growth and
the wavenumber of the disturbance. We summarize and provide some additional visual-
ization of their results.

2.4.1 The base state

[14]
The base state is the solution of the model when we inject flow (e.g. water) with

a constant pressure into an oil filled reservoir. It is represented by the same continuum
model which we described in Section 1.1.2 and every quantities will be understood in
terms of REV (see Section 1.1.1).

The governing equations are Darcys equation, conservation of mass and momentum
for the phases, capillary pressure and saturation equation. The mass conservation equation
in general form is
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Figure 2.12: Different mesh sizes for the moving frame

Figure 2.13: Different covariance matrix

φ
∂Sw
∂t

+∇ · −→u w = 0. (2.34)

We are not going to indicate that the flux is a vector function from now on. Moreover, they
assume that the capillary function is a function of saturation only and it takes the form of

Pc = γow cos θ

√
φ√
k
J(Sw). (2.35)

Capillary pressure, relative permeabilities and fractional flow function were introduced in
the previous chapters. We are going to refer to Figures 1.6, 1.7 and 1.8. As we described
before the saturation satisfies a parabolic equation,

φ
∂Sw
∂t

+ uT
dfw
dSw

· ∂Sw
∂X

=
∂

∂X

(
fw
kkro
ηo
· dPc
dSw

· ∂Sw
∂X

)
. (2.36)
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Where initial saturation Sw = Swi at T = 0, Sw = Swi at X = 0 (boundary saturation)
and fw kkroηo

· dPc

dSw
· ∂Sw

∂X = fw0.
We analyzed the shape of the fractional flow function before Section 1.2.2 and in Fig-

ure 1.8 one can see a typical S shape function for it. However, for a strongly wet system,
empirical results suggest that the fractional flow is strongly convex.

If we neglect capillary effects, write the equation

φ
∂Sw
∂T

+ uT
dfw
dSW

∂Sw
∂X

= 0, (2.37)

and we assume strong convexity of the fractional flow function, the solution will develop
shocks. It is in line with the results that we discussed for the B-L case in 1.3, since the
rarefaction part disappears because there is no inflection point and the second derivative
is always positive. Similarly, it can happen that only rarefaction waves appear, in the case
where the fractional flow is strictly concave.

The authors analyze the results in a moving coordinate system with a speed of

v =
uT
φ

(f−∞w − f∞w )

(S−∞w − S∞w )
, (2.38)

and the moving coordinate ξ = x − vt. They introduced the following normalized and
scaled variables,

λw(S) =
krw

k−∞rw
, λo =

kro
k∞ro

, M =
k−∞rw ηo
k∞roηw

,

λT (S) = Mλw + λo, λc(S) =

√
k√
φ
· 1

γ cos θ · dPc

dSw

< 0.

Using these normalizations, we have that fw = Mλw

λT
. Furthermore, they introduce dimen-

sionless time, length and capillary pressure by multiplying with φL(S−∞w − S∞w )/uT ,L
and uT ηoLkk∞ro respectively. The length is defined as L =

√
φk(S−∞w − S∞w )k−∞rw /NCa

where NCa = uT ηw/γow cos θ is the local capillary number of the displacement.
We have already discussed that, by solving the equation via the method of characteris-

tics, we obtain a travelling wave solution

S(x, t) = S(x− vt). (2.39)

So we use this information and let ξ = x − vt. Then we integrate (2.36) and use the
chain rule that dS(ξ)

dt = dS
dξ ·

∂ξ
∂t and we define the reduced saturation

S =
Sw − S∞w
S−∞w − S∞w

. (2.40)

Due to scaling and normalization, they obtain the following simplifications:
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λoλwλc
dS

dξ
= λT (vS + f∞w )−Mλw, (2.41a)

λo
dP

dξ
= vS + f∞w − 1, (2.41b)

v = f−∞w − f∞w . (2.41c)

If the solutions exist, the right hand side of (2.41) must be positive, but this is satisfied,
because of the identity λT (vS + f∞w ) −Mλw = λT (vS − (f∞w − f−∞w )). In case of
miscible flow (λc = 0), the base states admits any solution, provided that the right hand
side of (2.41) vanishes identically [14]. Additional results can be found in the article [2].

Phase phane linear analysis for ODE

One possible way to analyze the base state if we convert it to an ODE system. Let’s
consider

ÿ = f(y, ẏ). (2.42)

We rewrite it as a system and set

u = y,

v = ẏ.

Then, we get the first-order system ode,

u̇ = v,

v̇ = f(u, v).

The traveling wave equation is a second order scalar ode, with unknown S and parameter
ξ.

The saturation in a one-dimensional model is the solution of

st + a(sx, s) + b(s)sxx = 0, (2.43)

where a : R2 → R and b : R → R, with b > 0. The steady state solution is therefore
given by

a(sx, s) + b(s)sxx = 0, (2.44)

which is a second order scalar ode.
When we discretize, we replace s(t, x) = 0 by a S(t) ∈ RN and (2.43) becomes

dS

dt
= F (S) (2.45)

where F : RN → RN . The steady state of the discretized system (2.45) is the solution of

F (S) = 0.
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In fact, the equation for the base state (2.44) can be integrated once. Indeed, the complete
expression is

−v ∂s
∂ξ
− ∂

∂ξ
(λw(s)K(

∂p

∂ξ
− p′c(s)

∂s

∂ξ
)) = 0, (2.46)

− ∂

∂ξ
(λT (s)K

∂p

∂ξ
− λwp′c(s)K

∂s

∂ξ
) = 0. (2.47)

see (2.74a) and (2.76) below. Hence,

λT (s)K
∂p

∂ξ
− λw(s)p′c(s)K

∂s

∂ξ
= uc,

for some constant uc. From (2.46), we get

∂

∂ξ
(vs+

λw
λT

u− λwλo
λT

Kp′c(s)
∂s

∂ξ
) = 0,

which we can integrate. We obtain

vs+
λw
λT

u− λwλo
λT

Kp′c(s)
∂s

∂ξ
= C

for some constantC. This is a first order ODE. The constantC can be determined by using
that limξ→∞ s(ξ) = sr and limξ→∞ sξ(ξ) = 0 so that we end up with

vs+
λw
λT

u− λwλo
λT

Kp′c(s)
∂s

∂ξ
= vsr +

λw(sr)

λT (sr)
u.

Since we also have limξ→−∞ s(ξ) = sl and limξ→−∞ sξ(ξ) = 0, it follows that

vsl +
λw(sl)

λT (sl)
u = vsr +

λw(sr)

λT (sr)
u

and therefore

v =
fw(sl)− fw(sr)

sl − sr
u,

which corresponds with to the Rankine-Hugoniot shock condition.

Simulation of the base state

We have simulated the base state without and with capillary pressure in the moving coordi-
nate system in one dimension. We have given a detailed explanation of the moving frame
in Section 2.3. In the Descartes-coordinates the difference is only that the wave(shock) is
moving with the shock speed v.

As we expected a pure shock appears on the first figure and the capillary smoothens
the graphs in the middle where we have the jump in saturation.
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Figure 2.14: On the left we can observe a pure shock, the right hand shows the simulation with
capillary pressure (with exaggregated capillary pressure)

− v ∂Sα
∂ξ

+ ∇̃ · (λo∇̃P ) = 0 (2.48)

The result can be seen in Figure 2.15. If we compare the results with the one dimensional
Figure 2.14, we can see that the solution is invariant in the y direction. This is of course
expected as the consequence of the symmetric initial state.

We are going to analyze the stability of this state and compare it to the article [14] by
Yortsos and Hickernell. First we review the framework in more details.

Figure 2.15: The corresponding base state to a symmetrical initial condition in two dimensions
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2.4.2 Eigenmode analysis
Standard framework

We have a state variable and a system of partial differential equations which describes the
time evolution of that,

ut +Au = 0 (2.49)

or
utt+Au = 0 (2.50)

where A is a linear differential operator involving only the spatial derivatives. The heat
equations and the acoustic wave equation could be examples respectively, for the first and
the second. If we take

utt −
1

c2
∆p = 0, (2.51)

then the eigenmodes denote the eigenvectors of A. For a given eigenvalue λ with eigen-
mode uλ, after this we get

u(t, x) = e−λuλ(x) (2.52)

is a solution to (2.49). Typically, the operator A is self-adjoint, so λ ≥ 0. Then we obtain
oscillatory solutions to (2.51) of the form

u(t, x) = eiwtuλ(x), (2.53)

where w =
√
λ. The eigenvalues of the operator depend on the domain.

Discretization in the standard framework

We discretize the equation in space and u(t, x) ∈ R becomes u(t) ∈ RN . A typical
discretization of (2.49) is

Mut +Au = 0. (2.54)

Note here that A in (2.49) is a continuous operator, while A in (2.54) corresponds the
discretization of the previous. The matrix M is often called the mass matrix. For a given
mass matrix M , λ is a generalized eigenvalue if there exists a u 6= 0 such that

Au = λMu. (2.55)

The vector u is called a generalized eigenvector. Let uλ be a generalized eigenvector
of A with respect to M and we denote by λ the corresponding eigenvalue. Then, let us
insert u = f(t)uλ in (2.54), we get

(f ′(t) + λf(t))Muλ = 0, (2.56)

which implies that u = e−λuλ is a solution. Here it is crucial that theM must be invertible,
and it is even better if it is a symmetric positive definite matrix.

Before we go any further and analyze the eigenmodes of the different formulations,
we introduce the concept of a small perturbation and linearize it around the base state.
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2.4.3 The eigenvalue problem and the dispersion relation
Probably the most important result of the article is the relationship between the rate of
growth and the wavenumber. We have to underline here that this subsection is mostly
based on [14] with extraction and of the parts which were crucial were our latter analyses.

First they write the equations in a dimensionless notation:

∂S

∂t
− v ∂S

∂ξ
+ ∇̃ · (λo∇̃P ) = 0,

∇̃ · (λT ∇̃P − λwλc∇̃S)
∂P

∂ξ
= 0,

∇̃ =
( ∂
∂ξ
,
∂

∂y

)
.

(2.57)

The linear stability of the state in the transverse direction is being analyzed. The solution
of the base state is denoted (S̄, P̄ ). So we seek the solution in the form of

S(x, y, t) = S̄(ξ) + εs(ξ)eiαy+ωt,

P (x, y, t) = P̄ (ξ) + εp(ξ)eiαy+ωt,
(2.58)

where εp << P̄ and εs << S̄. We write back this into the equations and we linearize
around the base state. This results in an eigenvalue problem for p, s with a single variable
ξ. Substitution into the equation yields

∂

∂t
(S̄ + εs(ξ)eiαy+ωt)− v ∂

∂ξ
(S̄ + εs(ξ)eiαy+ωt)+

∇̃ · (λo(S̄(ξ) + εs(ξ)eiαy+ωt)∇̃(P̄ (ξ) + εp(ξ)eiαy+ωt)) = 0,

∇̃ · (λT (S̄(ξ) + εs(ξ)eiαy+ωt)∇̃(P̄ (ξ) + εp(ξ)eiαy+ωt)

−λw(S̄(ξ) + εs(ξ)eiαy+ωt)λc(S̄(ξ)

+εs(ξ)eiαy+ωt)∇̃(S̄(ξ) + εs(ξ)eiαy+ωt)) = 0.

(2.59)

We linearize around the base state with

λw(S̄(ξ) + εs(ξ)eiαy+ωt) = λw(S̄) + ελ
′

w(S̄)p(ξ)eiαy+ωt (2.60)

After calculations, we obtain

ωεeiαy+ωts(ξ)− v dS̄
dξ

+ vεeiαy+ωt ds

dξ
+

∂

∂ξ
(λo(S̄)

dP̄

dξ
)+

εeiαy+ωt
( ∂
∂ξ

(λ
′

o(S̄)s
dP̄

dξ
) +

∂

∂ξ
(λo(S̄)

dp

dξ
)− α2p

)
= 0,

∂

∂ξ
(λT (S̄)

dP̄

dξ
) + εeiαy+ωt

( ∂
∂ξ

(λ
′

T (S̄)s
dP̄

dξ
) +

∂

∂ξ
(λT (S̄)

dp

dξ
)− α2p(ξ)

)
∂

∂ξ
(λw(S̄)λc(S̄)

dP̄

dξ
) + εeiαy+ωt

( ∂
∂ξ

(λ
′

w(S̄)sλc(S̄)
dS̄

dξ
)

+
∂

∂ξ
(λw(S̄)λ

′

c(S̄)s
dS̄

dξ
) +

∂

∂ξ
(λw(S̄)λc(S̄)

ds

dξ
)− sα2λwλc

)
= 0.

(2.61)
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Since the base state S̄, P̄ is a particular solution of the equation, we have only

ωs+ v
ds

dξ
+

∂

∂ξ
(λ
′

o(S̄)s
dP̄

dξ
) +

∂

∂ξ
(λo(S̄)

dp

dξ
)− α2p = 0,

∂

∂ξ
(λ
′

T (S̄)s
dP̄

dξ
) +

∂

∂ξ
(λT (S̄)

dp

dξ
)− α2p

+
∂

∂ξ
(λ
′

w(S̄)sλc(S̄)
dS̄

dξ
)

+
∂

∂ξ
(λw(S̄)λ

′

c(S̄)s
dS̄

dξ
) +

∂

∂ξ
(λw(S̄)λc(S̄)

ds

dξ
)− α2λw(S̄)λc(S̄)s = 0.

(2.62)

where s and p are only a function of ξ. To simplify the problem into a second order system,
Yortsos and Hickernell introduced new functions,

Φ = s/
(dS̄
dξ

)
,

Ψ = p− (vS̄ + f∞w − 1)s/
[
λo
dS̄

dξ

]
.

(2.63)

After using the base equations from (2.41) the equations yield

d

dξ

(
λo
dΨ

dξ

)
+

d

dξ

(
ζ
dΦ

dξ

)
+
ω

v

dζ

dξ
Φ− α2λoΨ− α2ζΦ = 0,

d

dξ

(
αT

dΨ

dξ

)
− d2Φ

dξ2
− α2λTΨ + α2Φ = 0,

ζ = vS + f∞w − 1,

(2.64)

where the effects of hysteresis and anisotropy are absent. The system can be simplified
into a single fourth order equation with

µ = ζλT + λo ≥ 0,

dW

dξ
= λTΨ + Φ,

(2.65)

definitions. Then we can write Ψ and Φ as functions of W only,

Φ =
W ′′ − α2W

λ
′
T

Φ =
λT
λ
′
T

[W ′′ − α2W ]−W ′.
(2.66)

Then we substitute (2.66) into (2.64) and we obtain

d

dξ

[
µ
d

dξ

(W ′′ − α2W

λ
′
T

)]
− α2 µ

λ
′
T

[
W ′′ − α2W

]
= −ω

v

dζ

dξ

[λT
λ
′
T

(W ′′ − α2W )−W ′ − α2υ

ω
W
]
.

(2.67)

xlii



However, in order to derive bounds on ω, they stick to the previous formulation with Ψ
and Φ. After some rearrangements of (2.66) and (2.64)

d

dξ

[ µ
λT

dΦ

dξ

]
+ α2 d

dξ

[ µ
λT

]
W − α2µ

λT
Φ +

ω

υ

dζ

dξ
Φ− α2 dζ

dξ
W = 0, (2.68a)

d

dξ

[ 1

λT

dW

dξ

]
− α2W

λT
− λ

′

T

λT
Φ = 0. (2.68b)

From (2.68a) ω can be expressed:

ω

υ
=
{ µ

λT
Φ
′′
−
( µ

λT

)′
Φ
′
+ α2 µ

λT
Φ + α2

[
ζ
′
−
( µ

λT

)]
W
}
ζ
′
Φ. (2.69)

Let ξmax is the place where |Φ| attains its maximum value‖Φ‖∞. It can be said without
loss of generality that Φ(ξmax) > 0, because if not, then we can replace Φ with −Φ, since
the equations are linear. Then, Φ′(ξmax) = , Φ′′(ξmax) < 0 and (2.69) yields

ω =
( υµ

ζ ′λT

)∣∣∣∣
ξ=ξmax

[−Φ′′(ξmax)

‖Φ‖∞
+ α2

]
+ υα2

[
1− µ/λT

ζ ′

]∣∣∣∣
ξ=ξmax

W (ξmax)

‖Φ‖∞
.

(2.70)
Let A1, A2 and A3 positive numbers such that

υµ

λ
′
T ζ
≤ A1,∣∣∣∣∣υ(1− 1

ζ ′

( µ

λT

)′)∣∣∣∣∣ ≤ A2,

|W |
‖Φ‖∞

≤ A3.

(2.71)

After further calculations, we obtain the relationship in figure (2.16). This is very impor-
tant that the ω can’t exceed the maximum value A2

2A
2
3

4A1
and it attains it the point A2A3

2A1
.

2.4.4 Eigenmodes in different formulations
In the previous subsection 2.4.3 one could see that it is a tedious work to linearize the
system analytically. This can be easily obtained from our numerical structure because the
saturations and pressure values are stored as ADI variables. Thus, the Jacobian of the base
state is known numerically. Although it is not straightforward to find the eigenvalues of
the system and to prove the instability of the base state.

In our numerical simulations, we have used

∂sα
∂t
− v ∂sα

∂ξ
−∇ · (λ(sα)K∇pα = 0, (2.72)

for α = {w, o}, and

xliii



[14]

Figure 2.16: Schematic of upper bound for the rate of growth

sw + so = 1 po − pw = p(sw). (2.73)

In this form there are four unknowns sα and pα and four equations. This is reduced to the
two variables sw and po, which we denote s and p, respectively. The governing equations
are then

∂s

∂t
− v ∂s

∂ξ
−∇ · (λw(s)K(∇p− pc′(s)∇s)) = 0, (2.74a)

− ∂s

∂t
+ v

∂s

∂ξ
−∇ · (λo(s)K∇p) = 0. (2.74b)

After the linearization, we obtain(
1 0
−1 0

)(
s
p

)
t

+B

(
s
p

)
= 0. (2.75)

Then we have

M =

(
1 0
−1 0,

)
,i.e. the matrix is singular, which means that we can not use the standard framework

because it is not invertible. In order to solve this problem, we sum up the equations in
(2.74) and obtain the so-called pressure equation,

∇ · (λT (s)K(∇p− pc′(s)∇s)) = 0. (2.76)

Here we linearize around the base state again, i.e. we are using the Jacobians of the
equations which is stored. This would require the same steps as in the previous subsection
and we would arrive to something similar as in (2.62) in the saturation or fractional flow
formulation. So the pressure equation is taking the form

Apss+Appp = 0, (2.77)
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and for the two linear differential operators Aps and App the system is

st +Asss+Aspp = 0,

Apss+Appp = 0.
(2.78)

where again Ass and Asp are two linear operators.
It turns out that the operator App is invertible and we can express the pressure as

p = −A−1
pp Apss. (2.79)

Plugging this into the linearized version of (2.74a), we get the equation

st + (Ass −−A−1
pp Aps)s = 0, (2.80)

and we are back to the standard framework, see 2.4.2, we have

st + Âs = 0 (2.81)

for

Â = Ass −AspA−1
pp Aps. (2.82)

We have to compute the eigenvalues of Â,

Âs = λs. (2.83)

In this notation, the solution of the system will be

s1 = C1 · e−λ1 · v11+ . . . +CN · e−λN · vN1,

... =
. . .

sN = C1 · e−λ1 · v1N+ . . . +CN · e−λN · vNN ,

where

vi =


vi1
...
viN


is the i-th eigenvectors of Ã, λi is the corresponding eigenvalue and Ci are the constants
which can be determined from the initial and the boundary conditions.

In order to prove the instability of the base state, there must be at least one negative
(real part) eigenvalue. Since this will be the dominating solutions as time evolves, we need
the corresponding eigenvector to find the frequency, i.e. the number of fingers.
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Figure 2.17: 3D representation of the base state

Codes and results

The first problem which we faced was to create the base state. We converged into some
smooth state where the shape was dependent on the size of the capillary pressure. However
the state has not converged to 0.2 saturation on the left side, instead we get between 1.95
and 1.9. This could be fixed by setting an extremely large physical domain, e.g. 10000
meters.

Although the process is fairly straightforward and we have all the necessary infor-
mation stored in the Jacobian matrices we face annoying computational difficulties. We
would like to use a big mesh size in order to work with sufficiently small matrices. On the
other hand, if we don’t use an appropriate mesh size, the numerical error is too big and
could eventually lead to inaccurate simulations (discussed in Section 2.3.4).

On the other hand, numerical inaccuracy can ironically give us a hint on the behavior
of the system. If we use a 150x150 mesh with physical properties 200m (could be any
number which is not a precise multiple of the mesh) in both directions, then Matlab rounds
the rational numbers which creates a very small inaccuracy in the division. Even this
small perturbation is enough to create fingers. This is certainly not a precise proof of the
instability of the system but it is a good practical example for that.

Therefore first we have chosen 100x100 mesh size in order to avoid these pitfalls and to
get sufficiently fine mesh to reach convergence and capture the true nature of the fingering.
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This has taken still quite long time and the results were not conclusive. Then we went
down to 50x50 grid and we obtained results more in line with the theoretical results. See
the eigenvalues and the eigenvector in Figure 2.18

Figure 2.18: Eigenvalues and the corresponding eigenvector to the minimum

As one can see we have negative eigenvalues (actually one would be enough) and we have
the corresponding eigenvector which shows which cells are going to grow faster, e.i. they
will dominate as time goes forward. Certainly this is valid only in a small environment of
the base state where the first derivatives (Jacobian) dominate. However, after long time it
won’t grow unboundedly because of the capillary pressure.

In figure 2.19 we plotted the number of the fingers (x-axis) in different eigenmodes
and their growth rate (y-axis). This is very similar with 2.16 but the largest eigenvalue
should not have the largest number of fingers.
We improved this version by using averages of the saturation on the faces. However, this
posed new difficulties in the convergence. Then first we simulated the base state with
upwind to get a smooth function and after that we ran the simulation again with averages
on the faces. This gave much better results. For better visualization purposes, we used a
3-dimensional plot to show the dominating eigenmode (see in Figure 2.20).
If we examine the number of fingers now, we finally get the expected results in Figure
2.21. We multiplied the negative eigenvalues with−1 in order to get a similar plot as 2.16.

Then in the latest version of the code we applied some additional steps. We recom-
mend to everyone that every version should be tested with many incoming parameters
both for the physical properties (such as capillary pressure and physical length) and the
grid parameters (cell numbers). It can often happen that some major effects can be visible
in certain setups and not in others. This requires quite a lot of experimenting.

We first compute the base state in one dimension. Even this seemingly easy process
requires several steps. From the symmetrical initial state the base state is computed by
using hll fix and upwind scheme on the faces. After this preliminary state was achieved.
We change the scheme to face averages from upwind. We apply this order because the
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Figure 2.19: Number of fingers in the different modes

initial state is not smooth enough and face averages don’t converge to a solution.
We have calculated the source terms at the end of the one dimensional solution. That

should be constant on all the faces, since this is a steady state and there is mass conserva-
tion in the cells. Then we simply extend this one dimensional solution to two dimensions,
see in Figure 2.17. We run the two dimensional simulation with this state and the precal-
culated source terms for some quite long time in order to check whether the base state is
stable.

Finally, we compute the eigenvalues and plot the first eigenmode, i.e. the correspond-
ing eigenvector to the biggest eigenvalue pair (convex conjugates). We obtain convex
eigenvalue pairs as we expected before. We summarized the eigenmodes of the two largest
convex conjugates and the result can be seen in Figure 2.22.

Capillary pressure stabilizes the fingering

Capillary pressure has a very important effect as we described in previous sections. If we
choose an extremely large capillary multiplier, then even the base state becomes and stable
equilibrium point (the smallest eigenvalue will be still positive).

After sufficiently long time and on a fine mesh we can’t exceed a maximum length
and a number of fingers. It is not necessarily that we end up in an equilibrium state which
is stable, because it could lead some periodical behavior where the wavenumber and the
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Figure 2.20: Number of fingers in different modes

length are limited in any state.

2.4.5 Dimension splitting
Because of the computational difficulties we tried to find different methods to deal with the
problem. Dimension splitting is very similar process to separation of variables where we
use functions dependent on one space variable only. Similarly in dimension splitting we
make a decomposition of the operator A by space dimensions x and y. Let u = (s, p)T .
The eigenvalue problem takes the form of finding λ such that there exists u 6= 0 and

Au =

(
λ 0
0 0

)
u, (2.84)

where

A =

(
Ass Asp
Aps App

)
.

The operatorA can be split in twoA = Aξ +Ay∆y whereAξ contains all the derivatives
with respect to ξ, Ay functions of ξ and

∆y =

(
∂2

∂y2 0

0 ∂2

∂y2

)
.
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Figure 2.21: The dominating eigenmode

We can rewrite (2.84) as

Aξu+Ay∆yu =

(
λ 0
0 0

)
u. (2.85)

The operator Ay has the form

Ay = k

(
p′s(s) −λw(s)
p′s(s) −λT (s)

)
The operators ∆y commute with Aξ and Ay , that is,

Aξ∆y = ∆yAξ,

and correspondingly for Ay . There exists a classical result about joint diagonalization of
linear operators that commute: If A and B commute and are diagonalizable then they can
be diagonalized in the same basis of eigenvectors. This result relies on the fact that an
eigenvector space for, say A, which we denote Eλ is stable by B, meaning that B(Eλ) ⊂
Eλ. Indeed, let u ∈ Eλ, we have

Au = λu,

which implies
BAu = λBu.
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Figure 2.22: Eigenmodes to the fastest growth rate

Since BA = AB, we end up with

ABu = λBu,

which means that Bu ∈ Eλ. The eigenvalues of ∆y are easy to compute and are equal to
u(ξ, y) = eiωyu(ξ). Indeed, for such u, ∆yu = −ω2u. Let us denote by Eλ, the set of u
which satisfies (2.85). For any u ∈ Eλ, we have

∆y(Aξu+Ay∆y)u = ∆y

(
λ 0
0 0

)
u,

which implies, using the commutation properties of the operators,

(Aξu+Ay∆y)∆yu =

(
λ 0
0 0

)
∆yu.

Hence, ∆yu ∈ Eλ and the space Eλ is stable with respect to the operator ∆y . We can
therefore find a decomposition of Eλ with respect to the eigenvector of ∆y , something of
the form u(ξ)eiωy.
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Conclusion
We have gone through a very interesting and challenging process by analyzing viscous

fingering with Matlab. Even on the way to get to know the physical and the mathematical
model we have faced various obstacles. The highly nonlinear nature of the differential
equations and the strong coupling between them are inspiring us to improve numerical
schemes to find better and more precise solutions.

The numerical scheme and model proved to be very effective and give immediate re-
sults but as we can see later the apparent speed of the frame is covering some very impor-
tant natures of the phenomena.

We could easily overcome this issue by using a moving frame, but there was still lots to
investigate. We determined the optimal mesh sizes which don’t hide the capillary effects
and we showed that additional mesh refinement does not improve the results.

Although the simulation gave us confidence that our results are convergent and we can
trust them, the analysis has created more challenges. So far we had to invert a big matrix
only once in the calculation and multiply with the previous state (vector). Suddenly we
were working multiple very big matrices and the running times have grown substantially.
This forced us to improve our codes at other points and led to the final base state.

We are really happy that we managed to show the instability of the system and we
numerically supported some known theoretical results between the number of fingers and
the growth rate.

We planned to move on with dimension splitting which could make the process faster
and more effective. Therefore, we provided some theoretical background and we hope that
we can continue this work on viscous fingering in a Ph.d. thesis.
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