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Abstract. The paper presents a simplified one-dimensional calculation of the efficiency hill-

chart for Francis turbines, based on the velocity triangles at the inlet and outlet of the runner’s 

blade. Calculation is done for one streamline, namely the shroud streamline in the meridional 

section, where an efficiency model is established and iteratively approximated in order to 

satisfy the Euler equation for turbomachines at a wide operating range around the best 

efficiency point (BEP). Using the presented method, hill charts are calculated for one splitter-

bladed Francis turbine runner and one Reversible Pump-Turbine (RPT) runner operated in the 

turbine mode. Both turbines have similar and relatively low specific speeds of          and 

      , equal inlet and outlet diameters and are designed to fit in the same turbine rig for 

laboratory measurements (i.e. spiral casing and draft tube are the same). Calculated hill charts 

are compared against performance data obtained experimentally from model tests according to 

IEC standards for both turbines. Good agreement between theoretical and experimental results 

is observed when comparing the shapes of the efficiency contours in the hill-charts. The 

simplified analysis identifies the design parameters that defines the general shape and 

inclination of the turbine’s hill charts and, with some additional improvements in the loss 

models used, it can be used for quick assessment of the performance at off-design conditions 

during the design process of hydraulic turbines. 

1. Introduction 

Efficiency of hydraulic Francis turbines at off-design operating conditions is governed by the shapes 

of their performance hill-charts [1-3]. All parameters that define the wetted surfaces of a turbine 

passage, both rotating and stationary, has influence on the total efficiency at each operating point 

defined by the head, discharge and rotational speed of the runner [4]. Depending on the type and 

location, turbine losses can be typically classified into 

 Spiral casing losses (due to skin friction and secondary flow); 

 Stay and guide-vane losses (due to secondary flow, wake mixing, skin friction and incidence); 

 Runner losses (due to flow incidence at inlet, skin friction in the blade channels, three-

dimensional and curvature effects and residual swirl at the outlet); 

 Draft tube losses (due to skin friction, flow in an elbow and channel divergence). 

 

 Not listed in the losses classification is the slip effect in the runner, which is mainly governed 

by the (1) relative whirl in the blade channel generated by the finite number of runner blades, and (2) 

http://creativecommons.org/licenses/by/3.0
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the energy distribution along the blade length. These effects are usually modelled with a slip factor 

that has indirect influence on the peak efficiency and the location of the BEP point in the hill-chart. 

 Experimental and numerical results have showed that runner and draft-tube losses can account 

for up to 50% of the total losses at best-efficiency point (BEP) [5-7]. Normally, runner and draft-tube 

losses will further increase to an even higher percentage when the turbine is being operated at off-

design operating conditions, i.e. part-load (PL) and full load (FL). Considering the global parameters 

of the turbine, prior knowledge of the shape of the hill-chart can be obtained by conducting a single-

streamline hydrodynamic performance analysis. Mean-streamline models are usually used for 

performance prediction in the design stage of both compressible and incompressible flow in runners 

and impellers of mixed-flow turbo machines [8-11]. The accuracy of these models, however, relies 

heavily on the needed coefficients that are rarely reported in the open literature. 

 On the other hand, Computational Fluid Dynamics (CFD) is a powerful tool that can predict the 

hill-charts with a high accuracy and is becoming more and more practical for automatically guided 

design and optimization of turbomachinery [12-14]. However, when analytical insight is needed in 

order to provide understanding of what drives the general shape of the turbine hill charts, CFD is 

usually not the way to go. 

 The focus in this paper is to examine the ability to predict the general shape of the hill-chart of a 

two low-specific-speed Francis turbines by only using simplified models for the runner losses based 

on the velocity triangles at the inlet and outlet of the shroud streamline. Since the only difference 

between the two examined turbines is in the runner design, it indicates that the differences in the 

general shapes of their hill charts (experimentally measured) could be linked with the losses in and 

downstream of their runners. 

2. Specifications and description of the analyzed runners 

Two low specific speed Francis turbine runners, which were available for model tests at the 

Waterpower laboratory, were used for the theoretical analysis of the general shape of their hill-charts. 

Both runners are designed to fit in the same test-rig, i.e. same distributor and draft-tube, but originate 

from different research activities in the aforementioned laboratory [15, 16]. Marked as “F99” is the 

splitter-bladed Francis turbine runner, while “RPT” represents the reversible pump-turbine runner (see 

figure 1 below). Global parameters that were used in the theoretical analysis are specified in table 1.  

 

 
Figure 1. Comparison of the geometries for both runners.  

F99 – on the left, RPT – on the right. 

 

 The F99 runner has 15 full-length blades and 15 splitter blades with a model peak efficiency of 

         when operated in an open loop under a net head of          . The RPT runner has 6 

full-length blades with a model peak efficiency of          when operated in the same rig as the 

F99 model. The common distributor is comprised of 14 stay vanes and 28 guide vanes and the 

common draft-tube is an elbow type. Hence, the most effective difference between both runners is the 

reaction ratio (           and           ) and the prescribed stream wise angle distribution 

along the blade’s mid surface. The specific speeds of both runners are          and        in 

        ⁄      ⁄  , for F99 and RPT respectively. 
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Table 1. Global parameters used as input for both runners 

 F99 RPT 

Parameter Inlet Outlet Inlet Outlet 

Diameter   [mm] 621.6 349 630.5 349 

Runner width   [mm] 58.7 / 58.7 / 

Blade angle   [deg] 63.38 19.62 12.02 13.45 

Number of blades   [-] 30 15 6 6 

Blade length    [mm] 250 690 

 

 Experimental data used for comparison is obtained from model tests done at the Waterpower 

Laboratory from different measuring campaigns. The test rig has the possibility to be operated in open 

and closed loop and according to the IEC 60193 standard for model tests [17]. 

3. Description of the solution procedure and modelling of the runner losses  

The calculation of efficiency for the operating points used to construct the hill charts is done by 

modelling the incidence and residual swirl losses in the runner, as well as the friction losses in the 

runner and draft tube. These losses are modelled as a function of vector components from the inlet and 

outlet velocity triangles on the shroud streamline of the runner. Iterative procedure is than constructed 

using MATLAB in order to find the needed velocity triangles that will satisfy both the efficiency 

models and the Euler equation for each operating point. The Euler equation for hydraulic turbines, 

representing the hydrodynamic work exchanged between the fluid and the runner blades, is given by: 

                   (1) 

where indices 1, 2 denote the location at the inlet and outlet of the runner respectively,   – 

gravitational constant,    – net head,    - hydraulic efficiency,   – circumferential velocity at specific 

location,    – projection of the absolute velocity in the circumferential direction at specific location. 

 For a given rotational speed of the runner –   and for given turbine discharge –  , the 

components of the outlet velocity triangle can be calculated (see figure 2). The circumferential 

velocity    , needed for the second term on the right hand side of equation (1), is calculated from the 

velocity triangle for infinite number of runner blades corrected by the approximated slip factor    

[18]: 

 |   ⃗⃗⃗⃗⃗⃗ |  √  
     

           ⃗⃗  ⃗    ⃗⃗⃗⃗     ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗     
⃗⃗⃗⃗         |  

⃗⃗⃗⃗ |  
        

  
            

  

    
  (2) 

where     – meridional component of the absolute velocity  ,    - theoretical relative velocity in the 

rotating frame of reference for infinite number of blades,   – blockage coefficient at the outlet of the 

runner due to the thickness and angle of the runner blades, usually in the range of 0.9-0.85 [18, 19]. In 

the present work, the upper limit value is used for the F99 while the lower limit value is used for the 

RPT. 

 At the inlet, calculation becomes a bit more complicated due to the fact that efficiency is 

unknown. The available hydraulic energy of the fluid (         ) will produce total circulation of 

   ∮        
 

         at the inlet of the runner, which will, also from the Euler equation, result 

in: 

     
  

    
 

           

  
 (3) 
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where       ⁄ . Again, due to the relative whirl that exists between the finite number of blades at 

the inlet of the runner, this velocity component will be corrected by the approximate slip factor 

calculated as: 

 |  
⃗⃗⃗⃗ |  

        

  
          ⃗⃗  ⃗    ⃗⃗⃗⃗     ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗     

⃗⃗⃗⃗          (4) 

 Hence, even for the BEP point, this will result in a misalignment, between the blade angle at the 

runner inlet and the fluid flow angle, which can be reduced by increasing the number of runner blades, 

by reduction of circumferential velocity or by decreasing the blade angle. 

 

 
Figure 2. Illustration of velocity triangles for finite and infinite number of blades 

 

 Together with equation 3, another equation is needed for the calculation of efficiency. Simple 

efficiency models for the losses in the runner and draft tube are introduced hereafter. 

 

Incidence loss at the inlet of the runner 

 Incidence loss is caused by the difference between the direction of the fluid flow and the fixed 

blade angle at the inlet of the runner (see figure 2). The fluid that is about to enter the runner will have 

a relative velocity  ⃗⃗  
  that is a function of the rotational speed  , available energy     and the 

discharge  , while the fluid that has already entered the runner will quickly align to and follow the 

surfaces of the runner blades (i.e. relative velocity at optimum incidence  ⃗⃗     ). Assuming that the 

vector difference between the relative fluid velocity and the optimum incidence for the same discharge 

is lost (  ⃗⃗⃗⃗  ⃗   ⃗⃗  
   ⃗⃗     ), a simplified incidence loss model can be established by writing [10]: 

             
|  ⃗⃗ ⃗⃗  ⃗| 

    
 (5) 

Swirl loss at the outlet of the runner 

 Swirl loss is a kinetic energy loss due to the residual whirl being created at the outlet of the 

runner from the mismatch of the rotational speed to the turbine discharge. The draft tube is than unable 

to transform this kinetic energy into pressure and this energy is lost in the lower reservoir. Depending 

on the type of draft tube and its stream wise increase of the draft tube cross section area, free-vortex-

flow effect will reduce this kinetic energy before the fluid leaves the draft tube [1]. Nevertheless, 

assuming that 90% of the whirling kinetic energy at runner outlet is lost, a simplified swirl loss model 

can be established as: 

             
   
 

    
 (6) 

Friction loss between runner blades 

 Friction loss in the blade channel of the runner is due to the shear forces in the boundary layers 

attached to the wetted surfaces. In analogy with the friction factor for calculation of pipe losses, using 

the average of the squared relative velocity at the inlet and outlet of the runner  ̅  (  
    

 )  ⁄ , 
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and the average hydraulic diameter between the inlet and the outlet of the blade channel  ̅  
(       )  ⁄ , a simplified model may be determined as: 

                 
  

 ̅ 

 ̅ 

    
 (7) 

where    – skin friction coefficient. For the analysis in this paper, a constant value of the skin friction 

coefficient was assumed for both runners         . 

 

Friction and diffuser losses in the draft tube 

 Due to skin friction, secondary flow in the elbow and decelerating flow in the draft tube, 

pressure recovery will be done with some losses. For best elbow draft tubes installed in vertical 

turbines, Raabe [1] suggests using of the following model: 

          
   
 

    
 (8) 

 Finally, combining all aforementioned losses yields the simplified loss model in the runner that 

is also used to model the total hydraulic efficiency in the Euler equation. This will introduce error in 

the results because total efficiency should include distributor losses, leakage losses, mixing losses, 

blade loading losses, disk friction losses, recirculation losses etc. However, for operation close to the 

BEP and in case of only examining the general shape of the hill chart, this simplified analysis should 

give a first clue on the expected performance of the runner and make an educated guess in case of a 

thorough optimization of the turbine. 

                                             (9) 

 The solution of the system of two equations (3) and (9) will give the values of circumferential 

component of the absolute velocity at the inlet of the runner    , the hydraulic efficiency    and the 

angle of the fluid stream before entering the runner       (this angle should not be confused with the 

guide-vane opening angle    ), for each combination of the rotational speed of the runner –   and the 

turbine discharge –  . Net head    is assumed to be constant in the full range of the hill chart. 

Substitution of equation (9) into (3) will result into a transcendental equation that contains 

trigonometric functions of the dependent variable, requiring a special mathematical treatment that 

makes it difficult or most often impossible to solve analytically. Hence, an iterative procedure was 

employed to approximate the solution for each combination of   and  . The iteration procedure 

turned out to be extremely stable and, in order to achieve a rather remarkable convergence criteria of 

    , it requires only 20-40 iterations at each operating point and less than 5 seconds to compute the 

full hill chart, making it perfect for fast full-factorial optimization of the global parameters of the 

turbine [10].  

4. Results and discussion 
The calculation method described in section 3 was used to calculate a rather broad range of operating 

conditions for the two runners described in section 2. Side by side comparison of the measured and 

calculated hill chart for the F99 runner is given in figure 4, while the same is done for the RPT runner 

in figures 5 and 6. Regarding the general shape and the trend of the hill charts in figure 3, similarities 

can be observed with a close agreement for the position of the BEP. Also, for the theoretical 

calculation, the characteristic curves of zero incidence and zero swirl were precisely located and 

plotted on the right hand side hill chart. The zero swirl curve has a relatively low curvature for both 

runners and it passes through the origin of the         coordinate system. The slope of the zero 

incidence and zero swirl curves at the intersection point is governed by the geometry of the runner 

blades at the inlet and outlet respectively. Moving away from those two curves in the hill chart will 

increase the respective losses, and this effect, combined with the friction and draft tube losses at each 

point in the hill chart will yield the general shape of the efficiency isocurves. Single losses predicted 

for the F99 runner are presented on figure 3 for the four main losses modeled and used in equation (9). 

The arrows represent the direction of loss increase. 
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Figure 3. Efficiency decomposition into the four main losses for the F99 runner, with the arrow 

showing the direction of loss increase. a) contours of incidence losses, b) contours of swirl 

losses, c) contours of draft tube losses, d) contours of runner friction losses. 

 

 Comparing the curves of constant guide vane openings (measured) and constant flow angle at 

the inlet of the runner for the F99 (predicted), a significant difference can be seen for their locations in 

the hill chart area, with similar negative slope along the curves. This can be explained by (1) the 

expected nonlinear relation    (    ) and, (2) the losses in the circular cascade of guide vanes were 

not included in the analysis. If this was included in the calculation, despite the correction of the 

constant guide vane opening lines, prediction of absolute values of efficiency will also improve, 

especially in the zones away from the BEP. 

 

 
Figure 4. Hill charts of efficiency for the F99 runner.  

Left side – measurements, right side – theoretical calculation 
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 When comparing the result for the RPT runner shown on figure 5, a larger difference between 

measurements and theoretical calculation are observed. Comparable agreement for the general shape 

of the hill charts can be observed only on the right half of both hill charts (for     larger than 0.22), 

while for the left half there is almost no agreement at all. The efficiency isocurves of the RPT are 

stretched in one direction that has a positive slope with reference to the     axis. After careful 

examination of the possible reasons for the observed difference and comparing the measured data with 

data from previous measurements on the same models, it was concluded that the RPT runner is 

unexpectedly more sensitive to the Reynolds number than the F99 runner. Namely, the model test data 

used for this paper was obtained for open loop configuration of the test rig and at head          , 
resulting in Reynolds numbers (        ⁄ ) lower than       for the left half of the graph, and 

lower than       for the entire range. This is well below the recommended value of             

in the IEC standard [17]. 

 

 
Figure 5. Hill charts of efficiency for the RPT runner.  

Left side – measurements, right side – theoretical calculation 

 

 Efficiency measurements in a closed loop on the RPT model and for heads           were 

previously reported by Olimstad [15]. These results are presented in figure 6, where the improvement 

in the Reynolds number effect is clearly visible for the left half of the hill chart previously mentioned. 

Additionally, the general shapes of the hill charts are more comparable to the theoretical calculation 

than previously seen in figure 5. 

 

 
Figure 6. Hill charts of efficiency for the RPT runner.  

Left side – measurements [15], right side – theoretical calculation 
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 In the theoretical calculation, the position of the BEP is predicted to be at a lower     value 

when compared to the experimental results, while the     value is pretty close in both cases. Similarly 

as for the F99 runner, there is an expected difference in the position of the curves of constant     and 

      with a similar negative slope along the curves. 

5. Conclusions 

The theoretical analysis for the general shape of the hill chart presented here gives promising results 

using minimal geometric information for the turbine as the input. The turbine models selected for the 

analysis represent a rather special and interesting case since the only difference is the blade geometry 

of the runner, which nevertheless, gave large differences in the measured hill charts. The models used 

for predicting the losses in the runner and draft tube are extremely simple and intuitive and yet this 

was enough to give a comparable prediction for the hill chart shape of both runners and have provided 

a better understanding on which parameters are responsible for it.  

 The geometry of the shroud profile of the blade was used to simplify the complex three 

dimensional geometry of the runner where velocity triangles at the inlet and outlet of the runner were 

sought to satisfy the system of the Euler equation and the efficiency model. The numerical method 

used is also simple and stable, providing calculation of the full hill chart in less than 5 seconds. Based 

on the presented calculation and side-by-side comparison with experimental results, it was 

demonstrated that the shape of the hill charts is greatly dependent and driven by the geometry at the 

inlet and the outlet of the runner, namely the channel width, runner diameter and blade angle at the 

inlet and runner diameter and blade angle at the outlet. This is also characterized by the position and 

shape of the zero-incidence and zero-swirl curves in the hill charts, representing the joint 

hydrodynamic contribution from the inlet and outlet geometry of the runner. 

  The observed difference between absolute values of efficiency and guide vane opening at 

different operating conditions is expected and strongly dependent on the sophistication of the loss 

models used. Results can always be improved if more accurate models are used and more loss sources 

are simultaneously analyzed, such as the losses in the guide and stay vanes, blade loading losses, 

recirculation losses, disk friction and clearance gap leakages, etc. For prediction of the constant guide 

vanes opening curves, geometric relations and loss model is also needed. Using the free vortex flow 

and the radius of the trailing edge for the guide vanes, calculated values of       can be extrapolated 

and used as an input for such model. 
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