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INTRODUCTION

This PhD-thesis consists of the five papers

e On the Hochschild (co)homology of quantum exterior algebras, to appear in
Comm. Algebra,

e Complezity and periodicity, Coll. Math. 104 (2006), no. 2, 169-191,
o Twisted support varieties,
o Modules with reducible complexity, to appear in J. Algebra,

o On support varieties for modules over complete intersections, to appear in
Proc. Amer. Math. Soc.

These papers are roughly divided into two groups; the first three study modules
over Artin algebras using techniques from Hochschild cohomology, whereas the last
two papers study modules over commutative Noetherian local rings, in particular
modules over complete intersections. In what follows we give a brief introduction
to the central topics in this thesis.

Hochschild cohomology. Motivated by his study of derivations of associative
algebras and Lie algebras in [Hol], and by the Eilenberg-Mac Lane approach to the
cohomology theory of groups, Hochschild introduced in his 1945 paper [Ho2| the
cohomology theory now known as Hochschild cohomology.

Let k£ be a commutative Artin ring and A an Artin k-algebra, that is, as a k-
module A is finitely generated. For a A-A-bimodule B, the Hochschild complex
C*(A, B) is the cochain complex

o= A B) S o (A, B) £ O (A B)
of k-modules and maps in which the k-modules are defined by

0 for n <0,
C"(A,B)=< B for n =0,
Homy, (A®™, B) for n >0,

(tensor products over k) and whose differential is defined by d°(b)(\) = A\b — b for
be B,X € A and

A" (M Q- ®@At1) = Mf(A2® @ Apy1)
+ DD @ @A @ @ Ang)
i=1

+ (D" M @ @ An) At

for n > 0,f € C"(A,B) and A} @ --- ® A1 € A®"FD . The nth Hochschild
cohomology group of A with coefficients in B, denoted HH" (A, B), is the cohomology
group Ker d"/Imd"~! of C*(A, B). When B = A the Hochschild cohomology group
HH"(A, A) is denoted by HH"™ (A) and simply called the nth Hochschild cohomology
group of A.

The low dimensional Hochschild cohomology groups may be interpreted explic-
itly. It follows immediately from the definition that HH(A, B) is the set of all
b € B such that Ab = b\ for every A € A, in particular we see that HHO(A) coin-
cides with the center of A. As for HH' (A, B), let Derg(A, B) be the k-module of
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ii INTRODUCTION

all k-derivations (or crossed homomorphisms) of A on B, i.e.
Derk(A,B) = {d € HOI’Ilk(A, B) | d()\1>\2) = )\1d)\2 —+ (d)\1)>\2}

Let Der (A, B) be the submodule of Derg (A, B) consisting of all inner derivations
(or principal crossed homomorphisms), i.e. the set of all d € Dery (A, B) such that
there exists an element b € B with d\ = \b — b\ for all A € A. Then H'(A, B) =
Dery (A, B)/ Dery (A, B). Note that Dery (A, A) = 0 if and only if A is commutative.

Now suppose A is projective as a k-module, and denote the enveloping algebra
A®A°P of A by A°. Following [CaE, IX.6] and [Hap], for each n € NU {0} let Q,
denote the n-fold tensor product of A (with Qo = k), and define P, = Qpni2 =
A® 2 We give P, a A°-module structure (that is, a A-A-bimodule structure) by
defining

AN N ® @ XAt1) =A@+ @ A1 N,

a scalar action under which P, actually becomes a projective bimodule. Now for
each n > 0, define d,,: P, — P,_1 by

A® @ Apy1 Z(_l)iAo ® @ ANAip1 @ @ Apy,
i=0

where P_; = A. The sequence
Si- Py Bp2p Bp N 0

is exact, and is therefore a A®-projective resolution of A. It is called the standard
resolution (or Bar-resolution) of A. Now for any bimodule B the Hochschild com-
plex C*(A, B) is isomorphic to the complex Hompe(Sp, B), where Sy denotes the
truncated standard resolution of A. Therefore the Hochschild cohomology group
HH" (A, B) is isomorphic to Ext}t.(A, B).

Support varieties over Artin algebras. In [Car| Carlson introduced the notion
of cohomological support varieties for modules over a group algebra of a finite
group. These varieties are defined in terms of the maximal ideal spectrum of the
group cohomology ring, a ring Evens showed in [Eve] is finitely generated. More
precisely, the variety of a module is the set of all maximal ideals in the cohomology
ring containing the annihilator ideal defined by the Ext-algebra of the module.

In [SnS] Snashall and Solberg developed a theory of support varieties for arbitrary
Artin algebras, using Hochschild cohomology instead of group cohomology. Let k
be a commutative Artin ring and A an Artin k-algebra which is projective as a k-
module. As HH"(A) is isomorphic to Extic (A, A), the graded k-module HH*(A) =
@22, HH"(A) is a ring under the Yoneda product, called the Hochschild cohomology
ring of A. This ring is graded commutative, and for every left A-module M the
tensor map

—®p M: Exthe(A,A) — Exti(M,M)
no @M

induces a homomorphism HH*(A) — Ext} (M, M) of graded rings. The support
variety of M is the set of all maximal ideals in the commutative ring HH**(A)
containing the annihilator ideal of Ext} (M, M).

Given certain finite generation hypotheses introduced in [EHSST], the support
varieties defined in terms of Hochschild cohomology to a large extent behave pre-
cisely as the group cohomological support varieties. For example, the varieties
detect modules having finite projective dimension, i.e. the support variety of a
module is trivial if and only if the module has finite projective dimension. More-
over, every closed homogeneous variety in the maximal ideal spectrum is realizable
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as the variety of a module, and if a module decomposes then its variety decomposes
accordingly. These properties are desirable in any variety theory.

Strictly speaking, the support variety of a A-module is defined relative to some
commutative subalgebra H of HH*(A), not necessarily the “even” subalgebra
HH?**(A). However, in [Sol] Solberg gave a completely elementary argument show-
ing that the finite generation hypotheses mentioned hold for some H C HH*(A)
if and only if they hold for HH?*(A). Thus the underlying geometric object may
be taken to be the commutative algebra HHQ*(A), the advantage being that the
varieties are defined relative to an object known a priori.

Complexity. The notion of complexity was introduced by Alperin in [Alp] as a
means of studying minimal projective resolutions of modules over group algebras.
However, the definition applies to all rings for which it makes sense to speak of
minimal projective resolutions of modules, in particular Artin algebras and com-
mutative Noetherian local rings.

Let k be a commutative Artin ring and A an Artin k-algebra. Then every finitely
generated left A-module M has a projective cover Py — M which is unique up to
isomorphism, and hence also a unique minimal projective resolution

= P> P —FPp— M — 0.

For each n > 0 the well defined integer ¢;(P,) is called the nth Betti number of M,
and denoted by (,(M). The complexity of M, denoted cx M, is defined by

ex M ¥ inf{c € NU{0} | 3a € R such that 8,(M) < an®"! for n > 0}.

Thus the complexity of M measures how the sequence So(M), f1(M), B2(M),. ..
of Betti numbers behaves with respect to polynomial growth. From the definition
we see that M has complexity 0 if and only if it has finite projective dimension,
and that it has complexity less than or equal to 1 if and only if its sequence of
Betti numbers is bounded. Over commutative Noetherian local rings every finitely
generated module has a minimal free resolution, hence in this case the complexity
of a module is defined in terms of the ranks of the modules in its minimal free
resolution.

The importance of the notion of complexity is emphasized by the result of Carlson
in [Car| saying that the complexity of a module over a group algebra is equal
to the dimension of its cohomological support variety. This is also the case for
the support varieties defined in terms of Hochschild cohomology, given the finite
generation hypotheses introduced in [EHSST]. Moreover, the same holds for the
cohomological support varieties defined for modules over complete intersections.

Support varieties over complete intersections. Let (4, m, k) be a commuta-
tive Noetherian local ring. If the completion A of A with respect to the m-adic
topology is the residue ring of a regular local ring modulo an ideal generated by a
regular sequence, then A is called a complete intersection. The terminology origi-
nates from algebraic geometry; the coordinate ring of an affine variety V over an
algebraically closed field is a complete intersection if the defining ideal is generated
by the least possible number of elements, namely codim V', the codimension of the
variety. The ideal is then generated by a regular sequence, and the variety is the
intersection of codim V' hypersurfaces, each corresponding to one of the elements
in the regular sequence.

Let ¢ be the codimension of A, i.e. ¢ = dimg(m/m?) — dim A. As shown in
[Avr], there exists a polynomial ring A\[Xl, ...y Xe) In ¢ commuting cohomological
operators of degree 2 (the Fisenbud operators, see [Eis|), satisfying the following:
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for every finitely generated A-modules X and Y there is a homomorphism

Alx, .- xe] = Ext (X, X)
of graded rings under which Ext%(X,Y) is a finitely generated A\[Xla ey Xe)
module. Consequently Ext}(X ,Y) ® 3 k is a finitely generated graded module over

the polynomial ring k[x1, ..., X.] via the canonical isomorphism A\[Xl, c Xe) ®7
k ~ E[x1,...,Xc]. Denote this polynomial ring by H. The support variety of a
finitely generated A-module M is the algebraic set

{ack®| f(a)=0forall f e Anng (Ext}(]/\/[\,]/\i) ®3z k‘)},

where k is the algebraic closure of k£ and M is the m-adic completion of M.

Support varieties for modules over complete intersections were introduced by
Avramov in [Avr|, and in their paper [AvB] Avramov and Buchweitz showed that
these varieties share many of the properties of varieties over group algebras. For
instance, the dimension of the variety of a module equals the complexity of the
module, hence the varieties detect modules of finite projective dimension.
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ON THE HOCHSCHILD (CO)HOMOLOGY OF QUANTUM
EXTERIOR ALGEBRAS

ABSTRACT

We compute the Hochschild cohomology and homology of the algebra A =
k(z,y)/(2* zy + qyz,y?) with coefficients in 1A, for every degree preserving k-
algebra automorphism ¥: A — A. As a result we obtain several interesting exam-
ples of the homological behavior of A as a bimodule.

This paper is to appear in Comm. Algebra.



ON THE HOCHSCHILD (CO)HOMOLOGY OF QUANTUM
EXTERIOR ALGEBRAS

PETTER ANDREAS BERGH

INTRODUCTION

Throughout this paper, let k be a field and ¢ € k a nonzero element which is not
a root of unity. Denote by A the k-algebra

A = k{z,y)/(2®, 2y + qyz, y°),

and by A¢ its enveloping algebra A°? ®j A. All modules considered are assumed to
be right modules.

During the last years, this 4-dimensional graded Koszul algebra, whose module
category was classified in [Sch], has provided several examples (or rather counterex-
amples) giving negative answers to homological conjectures and questions. Among
these are the conjecture of Auslander on local Ext-limitations (see [Aus, page 815],
[JoS] and [Sma]) and the question of Happel on the relation between the global di-
mension and the vanishing of the Hochschild cohomology (see [Hap] and [BGMS]).

We shall study the Hochschild cohomology and homology of A. More pre-
cisely, for every degree preserving k-algebra automorphism ¢: A — A we com-
pute HH* (A, 1A,) = Exthe (A, 1Ay) and HH, (A, 1Ay) = Tor (A, 1 Ay), that is, the
Hochschild cohomology and homology of A with coefficients in the twisted bimod-
ule 1A, (the action of A® on 1A, is defined as A(A1 ® A2) = A1 Ap(Az2)). As a result
we obtain several interesting examples, both in cohomology and homology, of the
homological behavior of A as a bimodule.

1. THE HocHSCHILD HOMOLOGY

Denote by D the usual k-dual Homyg(—, k), and consider the map ¢: y A —

D(Ay) of left A-modules defined by
o(1)(a+ B +y + dyz) 8.

It is easy to show that this is an injective map and hence also an isomorphism
since dimy A = dimy D(A), and therefore A is a Frobenius algebra by definition.
Now take any element A € A, and consider the element ¢(1) - A € D(A) (we
consider D(A) as a A-A-bimodule). As ¢ is surjective, there is an element A € A
such that A - ¢(1) = ¢(X) = ¢(1) - A, and the map A — X defines a k-algebra
automorphism v~': A — A whose inverse v is called the Nakayama automorphism
of A (with respect to the map ¢). Straightforward calculations show that z - ¢(1) =
(1) - (—q~tx) and y - (1) = ¢(1) - (—qy), hence since x and y generate A over k
we see that v is the degree preserving map defined by

z——q 'z, y— —qy.

The map ¢ induces a bimodule isomorphism 1 A,,—1 ~ D(A), which in turn gives
an isomorphism (,,y)-1 Ay -1 ~(,y)-1 D(A); for any automorphism ¢ of A. Further-
more, since (,,)-1 A, -1 is isomorphic to 1 Ay and ()1 D(A)1 = D(1Ayp)-1), We

1



2 PETTER ANDREAS BERGH

get an isomorphism 1 Ay ~ D(1A(,4)-1) of bimodules. Now from [Cak, Proposition
VIL.5.1] we get

HHn(A, 1A¢,) = EXtXe (A, 1Aw)
EXtXe (A, D(lA(m[;)—l))

D (’TOI‘,Qe (A7 1 A(m/})*l))
= D (HHu (A1 Apy)-1))

thus when computing the (dimension of the) Hochschild cohomology
group HH"(A,1Ay) we are also computing the Hochschild homology group
HH,, (A1 A(yy)-1). Moreover, as ¢ ranges over all degree preserving k-algebra
automorphisms of A, so does (vi))~L.

¢

1

2. THE CoHOMOLOGY COMPLEX

We start by recalling the construction of the minimal bimodule projective reso-
lution of A from [BGMS]. Define the elements

fo=1 fo=z fi=y,

fri=0=fy,, foreachn >0,

and for each n > 2 define elements { "} C A®y --- ®; A inductively by
—_————
n copies
=5 ey+dfi o
Denote by P" the A®-projective module @, A @y f* @y A, and by f[‘ the element
1@ fr®1e P (and f§ =1®1). The set {f}, generates P" as a A°-module.
Now define a map 6,,: P — P"~! by
fin — xfin—l + (71)nqiﬁn—1x} + [qnfiy‘fin_—ll + (71)nfin_—11y )
It is shown in [BGMS] that
(P,5): -+ — P! i1 pn On pn-1

is a minimal A®-projective resolution of A. Denote the direct sum of n copies of 1Ay

by 1A}, and consider its standard k-basis {e?fl, ze ye?fl, yren ! ?;01. Define

[ 7

a map d : 1AZZ — 1AZ+1 by
Aep Th fad + (1) M (@)] eff + [¢"T T IyA + (1) M (y)] el
Applying Hompe(—,1Ay) to the resolution (P,d), keeping in mind that

Hompe (P™, 1Ay) and 1AZ+1 are isomorphic as k-vector spaces, we get the com-
mutative diagram

I 5
-+ —— Hompe (P, 1 Ay) —— Hompe (P", 1 Ay) ——> - -

| iz

dn “+1
1A, AT

dn+t1

of k-vector spaces.

In order to compute HH" (A, 1Ay) = Ext)c(A,1Ay) for n > 0 we compute the
cohomology Kerd,,+1/Imd, of the bottom complex in the above commutative di-
agram. We do this by finding dimg Imd,,; once we know dimy Imd,,, we obtain
dimy, Ker d,, (and therefore also dimy, Ker d,,11) from the equation

dimy, Ker d,, + dimy, Im d,, = dimy, 1 A7, = 4n.
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We then have
dimy HH" (A, 1Ay) = dimy, Ker d,, 41 — dimy Im d,,.

Now let ¢ be a degree preserving k-algebra automorphism of A. Then there are
elements o, as, 1, B2 € k such that (x) = ayz+asy and ¥ (y) = Sz + P2y. Since
P(a?) = P (y?) = Y(zy + qyz) = 0, we have the relations ajag = 3182 = az3 = 0.
If ag # 0, then @y = (1 = 0, implying ¢ Im+. Similarly, if 8; # 0, then
ag = (2 = 0, implying y ¢ Im+. Therefore ag = $; = 0, and this forces oy and
(B2 to be nonzero. Thus the degree preserving k-algebra automorphisms of A are
precisely those defined by

T aor, Yy By

for two arbitrary nonzero elements «, 8 € k. For such an automorphism, the result

of applying d,, to the basis vectors {e?‘l,me?_l,ye?_l,yxe?_l ?:_01 of 1A} is

et - 1+ (—1)"qi0z] xel + [q"_i_l + (=1)"3] ye},,
wep ™t g (1) ] ywely
ye; 7t = [—q+ (=1)"¢'a] yze]
yrel ™' — 0

for 0 <i <n — 1. Note that the inequality dimy Imd,, < 2n + 1 always holds.

3. THE HocHSCHILD COHOMOLOGY

We start by computing HHO(A, 1/Ay). Rather than computing this vector space
directly using the identifications

HH(A,1Ay) = {z€1Ap|A-z=2z-Aforall A€ A}
= {ze€1Ay | Az =29()) for all A € A}
= (s €Ay | 2 = (), y7 = 2(y), yoz = (yn))}
= {z €Ay |22 = azx,yz = fzy,yzz = afzyx},

we use our cohomology complex and the isomorphism HH (A, 1Ay) ~ Kerd;. From
the above we see that the map dy is defined by

68 — [1— a]xe(l) +[1- mye%

ze) — [+ qflyre;
yeg — —lg+ a]yace(lJ
yre) — 0,
and so calculation gives
3 whena=—¢,f=—q¢!
2 whena=1,0=1
dimy HH(A,1Ay) ={ 2 when a = —q,8 # —q¢*

2 whena # —q,f=—q¢!
1 otherwise

when the characteristic of k is not 2. In the characteristic 2 case we replace —q, —g !

and 1 in the above formula by +q, £¢~! and £1, respectively.

Now we turn to the cohomology groups HH" (A, 1Ay) for n > 0. To compute
the dimension of Imd,,, we distinguish between four possible cases depending on
whether or not « and § belong to the set

Y = {£q'}iez.



4 PETTER ANDREAS BERGH

3.1. The case «o,( & X:

This is the easiest case; d,, (e} "), d,(zel ') and d,,(ye}~') are all nonzero for
0 <i<n-—1, hence dimy Imd,, = 2n + 1 for all n. Then dimy Kerd,, = 2n — 1,
implying dimy, Kerd,,+1 = 2n + 1 and therefore that HH" (A, 1Ay) = 0 for n > 0.

Remark. We can relate the vanishing of cohomology to the conjecture of Tachikawa
stating that over a selfinjective ring the only finitely generated modules having no
self extensions are the projective ones. Namely, let M be a finitely generated A-
module such that A has no bimodule extensions by Homy, (M, M). Then from [CaE,
Corollary IX.4.4] we get

Ext? (M, M) ~ HH" (A, Homy, (M, M)) = 0

for n > 0. Since Tachikawa’s conjecture holds for A (see [Sch, Proposition 4.2]),
the module M must be projective and therefore (A is local) isomorphic to A’ for
some t € N. This gives

Homy, (M, M) ~ (A@,D(A))" ~ (A9,

In particular, if HH™ (A, 1Ay) = 0 for n > 0 then there cannot exist a A-module M
such that Homy (M, M) is isomorphic to 1Ay, since this would imply the contra-

diction 1Ay ~ (A°)".

3.2. The case a € X,5 ¢ >

Since [¢"7"t 4+ (=1)"8] and [¢" "'+ (—1)"T'gB] are nonzero, we have
dn(el™) # 0 and d,, (ze? ™) # 0 for 0 < i < n—1. Therefore dimy Imd,, > 2n, and
the problem is now whether or not the basis vector yxej belongs to Imd,,. This is
the case if and only if d,,(yef ") # 0, that is, if and only if

(1) —qg+(-1)"a £0
holds. We now break down this case into three cases.

(i) The case o # +q:
Since (C1) holds we have dimyImd, = 2n + 1, and so HH"(A,1Ay) = 0 for
n > 0.

(i) The case a = q:
When the characteristic of k is not 2, the condition (C1) holds if and only if n

is odd. Therefore

. m for n even
dimy Imd,, = { 2n+1 for n odd,

and so
2n+1 for n even

2n + 2 for n odd.
This gives dimy, HH"(A,1Ay) = 1 for n > 0.

When £ is of characteristic 2 we see that (C1) never holds, hence dimy Imd,, =
2n. Then dimy Ker d,,+1 = 2n + 2, giving dimy HH" (A, 1Ay) = 2 for n > 0.

dimk Ker dn+1 = {

(iii) The case a = —q:
As in the previous case, we get dimy HH"(A,1Ay) = 1 for n > 0 when k is not of
characteristic 2, and dimy HH™ (A, 1Ay) = 2 for n > 0 in the characteristic 2 case.

Remark. From this case we obtain an example showing that symmetry in the van-
ishing of Ext over A® does not hold. Namely, define ¢ by

z—q e,y Py
for some element ( not contained in 3. For n > 0, case (i) above gives
Ext}e(A,1Ay) = 0, whereas from case (ii) we see that dimy Exti{c(A,1A,-1) is
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either 1 or 2, depending on the characteristic of k. Now it is easy to see that
Ext}e (A, 1Ay-1) is isomorphic to Ext}e (1A, A).

3.3. The case a € X, 3 € >
The algebra A is isomorphic to the algebra k{u,v)/(u?,uv + ¢~ tvu,v?) via the
map

[L'}—)’U7 y}_)Uq

hence this case is symmetric to the case a € 33, 8 ¢ X treated above. Namely, when
B # 4q~ 1 the result is as in (i), whereas when 3 = £¢~! the result is as in (ii) and

(ii).

3.4. The case a € X, € X

The basis vectors yzreg and yze] can only be the image of yeg_1 and xeﬁj,
respectively, whereas for 1 < ¢ < n — 1 the basis vector yxe} can be the image of
both ye ! and zel~!. Therefore we break this case down into four cases, each

depending on whether or not & = +¢ and 3 = +¢~ .

(i) The case o = +q,3 = £q*:
We have

dn(e?fl) = [1 + (—1)”qi+1] xey + [q"7i71 + (—1)"(]*1] yei 1,

and since ¢ + 1 > 1 the term [1 + (—1)"qi+1} must be nonzero. Therefore
dy(e™") # 0. Applying d,, to ze] " and ye ' gives [¢" 77! £ (—1)" 1] yxe?,
and [—q + (—1)”q”1] yxe], respectively, hence when the characteristic of k is not

2 we get,

0 fori=mn—1,8=q"!,neven
dn(xe?_l) = 0 fori=n—1,8=—q¢ ', nodd
# 0 otherwise,

0 for i =0, = ¢,n even
dn(yel ) = 0 fori=0,a = —¢,n odd

# 0 otherwise.

There are four possible pairs (, 3) to consider. If @ = ¢ and 3 = ¢!, then the
above gives
2n —1 for n even

dimy Imd,, = { 2n+1 for n odd,

and therefore
2n+1 for n even
2n + 3 for n odd.

This implies dimy HH"(A,1Ay) = 2 for n > 0. Similar computation gives
dimy HH" (A, 1Ay) = 2 for n > 0 also for the other three possible pairs.
When £ is of characteristic 2 then

dimk Ker dn+1 = {

acly 0 fori=n-—1
dn(xei ) = { # 0 otherwise,
0 fori=0
# 0 otherwise,

and so dimy Im d,, = 2n — 1 for all n > 0. Consequently dim; HH" (A, 1Ay) = 4 for
n > 0.

Remark. Note that, in this particular case, we have computed the (dimension of
the) Hochschild homology HH,(A) = Tor (A, A) of A. Namely, it follows from
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Section 1 that for each n > 0 the k-vector spaces HH"(A,; A,-1) and D (HH,(A))
are isomorphic, where v is the Nakayama automorphism

z——q 'z, y— —qy

of A. Then v~ ! is defined by
z— —qr, Yy —q 'y,

hence 1A,-1 is precisely the sort of bimodule we have just considered in terms
of Hochschild cohomology. Consequently dim; HH,, (A) = 2 for n > 0 when the
characteristic of k is not 2, whereas dimy, HH,,(A) = 4 for n > 0 in the characteristic
2 case.

(ii) The case o = +q,3 # +q~1:

As in (i) the element d,, (e’ ') is nonzero for 0 < i < n — 1. Moreover, since
B # 4q~! the basis element yze” always lies in Im d,,, as does the basis elements
yzel for 1 <4 <n —1. Therefore dimImd,, > 2n, and the question is whether or
not yxej belongs to Imd,, i.e. whether or not d, (yeg_l) is nonzero.

When the characteristic of k is not 2, then from (i) we see that

0 for a = ¢,n even
dn(yeg ) =< 0 for « = —¢,n odd
# 0 otherwise,

and computation gives dimy HH"(A,1Ay) = 1 for n > 0. However, when the char-
acteristic of k is 2 then d,,(yef ') = 0, giving dimy Imd,, = 2n and consequently
dimy HH" (A, 1Ay) = 2 for n > 0.

(iii) The case a # +q,3 = £q~*:

Using the isomorphism A ~ k(u, v)/(u?, uv+q~tvu, v?) from the case a« € 3, 3 €
Y, we see that the present case is symmetric to the case (ii) above. Thus when
the characteristic of k is not 2 then dimy HH™(A,1Ay) = 1 for n > 0, whereas
dimy HH™ (A, 1Ay) = 2 for n > 0 in the characteristic 2 case.

1

(iv) The case a # +q,3 # +q~':

We now have a = +¢* and 8 = +q" where s € Z \ {1} and t € Z\ {—1}, and
therefore the basis elements yzeg and yze] both lie in the image of d,,. To compute
the dimension of Im d,,, we must find out when dn(e?_l) =0forsome0<i<n-—1
and when yze] € Imd,, for some 1 <47 <n —1. We have

{dn(e;“l) =0 for some 0<i<n— 1}
(%) i
{14+ (-1)"¢'a =0and ¢""""' 4+ (-1)"B =0}
and
{yzel ¢ Imd,, for some 1 <i<n-—1}
() )
{=¢+ (-1)"¢'a=0and ¢" " + (-1)" g8 = 0},
and when the characteristic of k is not 2 this happens precisely when we have the
following:
(C2) 5<0, t>0, a=(-1)""%¢ pB=(-1)"*¢
In the characteristic 2 case we may relax this condition; in this case (%) and (xx)

occur precisely when we have the following:

(C3) s<0, t>0.
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However, both when the characteristic of k& is not 2 and (C2) holds, and in the
characteristic 2 case when (C3) holds, we see that (%) occurs for n =t — s + 1,
whereas (%) occurs for n =t — s + 2.
Therefore, when the characteristic of k is not 2 the dimension of Imd,, is given
by
2n when (C2) holds and n =t —s+1
dimy Imd,, =< 2n when (C2) holds and n =t — s + 2
2n + 1 otherwise,

implying the dimension of Kerd,, 41 is given by
2n+2 when (C2) holds and n =1t — s

dimg Kerd,, 1 =< 2n+2 when (C2) holdsand n=t—s+1
2n + 1 otherwise.

Consequently , the dimension of HH" (A, 1Ay) for n > 0 is given by

when (C2) holds and n =1t — s
when (C2) holds and n =t —s+1
when (C2) holds and n =t — s + 2
otherwise.

dimk HH" (A, 1Aw) =

O~ N

When the characteristic of k is 2, we obtain the exact same formulas, but with (C2)
replaced by (C3).

Remark. (i) In the case considered above, we see that the cohomology is zero
except possibly in three degrees, depending on what conditions s, t, « and g satisfy.
As a consequence, we construct a counterexample to the following conjecture by
Auslander (see [Aus, page 815]): if M is a finitely generated module over an Artin
algebra I', then there exists a number nj; such that for any finitely generated
module N we have

Exth(M,N) = 0 for i > 0 = Exth(M, N) = 0 for i > ny,.

The first counterexample to this conjecture appeared in [JoS], where the algebra
considered was a finite dimensional commutative Noetherian local Gorenstein alge-
bra. A counterexample over our algebra A = k(z,y)/(2?, zy + qyz,y?) was given
in [Smal].

As for a counterexample using Hochschild cohomology, define for each natural
number ¢ an automorphism ¢ : A — A by x — ¢ 'z and y — ¢'y, and denote the
bimodule 1Ay by M;. Then condition (C2)/(C3) is satisfied (with s = —t,a = ¢~ *
and 8 = ¢*), and so

#0 forn=2t+2

EXtAe(AyMt) = { 0 fOr n > 2t + 2.

(ii) Even though the above conjecture of Auslander fails to hold in general,
Auslander himself proved (unpublished, see [Aus, page 815]) that if the conjecture
holds for the enveloping algebra I'® of a finite dimensional algebra I' over a field,
then the finitistic dimension

sup{pdr X | X finitely generated I-module with pdr X < oo}

of I is finite. In view of the above remark, we see that the converse to this result does
not hold; our algebra A, being selfinjective, trivially has finite finitistic dimension,
whereas the conjecture of Auslander does not hold for A°.

(iii) The computation of the Hochschild cohomology HH*(A) = Ext}.(A, A) of
A is covered by the last of the above cases. When ) is the identity automorphism
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we have s =t = 0, and the condition (C2)/(C3) is satisfied. This gives

2 forn=1
dimy HH"(A)=¢ 1 forn=2
0 forn >3,

and so our algebra A is a counterexample to the following question raised by Happel
in [Hap]: if the Hochschild cohomology groups of a finite dimensional algebra vanish
in high degrees, does the algebra have finite global dimension? The counterexample
above first appeared in [BGMS], where it was shown that the generating function
oo oHH™(A)t"™ of HH"(A) is 2 + 2t + 2.

The converse to the question of Happel is always true when the algebra modulo
its Jacobson radical is separable over the ground field. More specifically, if T is a
finite dimensional algebra over a field K with Jacobson radical t, and the semisimple
algebra I'/ v is separable over K, then by [EIN, §3] the implication

gl.dimI’ < oo = pdp.I' < o0

holds. In particular the Hochschild cohomology groups HH"(T') = Extp.(T',T") and
the homology groups HH,,(T') = Torge (T',T) of T vanish for n >> 0 when the global
dimension of T' is finite. It is not known whether the vanishing of the Hochschild
homology groups in high degrees for a finite dimensional algebra implies the global
dimension of the algebra is finite.

(iv) Because of the equality dimy HH"(A,1Ay) = dimy HH, (A, 1 A¢y)-1) which
follows from Section 1, the somewhat strange behavior in Hochschild cohomology
revealed in the last case considered above can also be transferred to Hochschild
homology. When the automorphism  is given by (x) = +¢°x and ¥ (y) = +q'y,
then the automorphism 6 def (vp)~1, where v is the Nakayama automorphism, is
given by

T Fq 0T,y Ty
Thus for such an automorphism 6, when s € Z\ {1} and t € Z \ {—1} we get

1 when (C2)/(C3) holds and n =t — s

—(t+1)y,

. ~J 2 when (C2)/(C3) holds and n =t —s+1
dimy, FH, (A, 1A9) = 1 when (C2)/(C3) holds and n =t — s + 2
0 otherwise.

when n > 0. In these formulas condition (C2) applies when the characteristic of &k
is not 2, and condition (C3) applies in the characteristic 2 case.
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II.

COMPLEXITY AND PERIODICITY

ABSTRACT

Let M be a finitely generated module over an Artin algebra. By considering the
lengths of each module in the minimal projective resolution of M, we obtain its
Betti sequence. This sequence must be bounded if M is eventually periodic, but
the converse fails to hold in general. We give conditions under which this holds,
using techniques from Hochschild cohomology. We also provide a result which
under certain conditions guarantees the existence of periodic modules. Finally, we
study the case when an element in the Hochschild cohomology ring ” generates” the
periodicity of a module.

This paper has been published in Coll. Math. 104 (2006), no. 2, 169-191.



COMPLEXITY AND PERIODICITY

PETTER ANDREAS BERGH

1. INTRODUCTION

This paper is devoted to investigating connections between periodicity and com-
plexity for modules over Artin algebras, as was done in [Eis| for modules over both
group rings of finite groups and commutative Noetherian local rings. More specifi-
cally, let M be a finitely generated module over an Artin algebra. By considering
the lengths of each module in the minimal projective resolution of M, we obtain
its Betti sequence. If M is eventually periodic, i.e. if its minimal projective reso-
lution becomes periodic from some step on, then the Betti sequence of M must be
bounded. The converse, however, fails to hold in general, that is, it need not be
true that M is eventually periodic even though its Betti sequence is bounded. We
give conditions under which this holds, using techniques from Hochschild cohomol-
ogy. In addition we provide a result which under certain conditions guarantees the
existence of periodic modules.

One reason for restricting our attention to Artin algebras is that we need to
make sure that every finitely generated module has a unique minimal projective
resolution. Therefore, throughout this paper, we let £ be a commutative Artin
ring and A an Artin k-algebra with Jacobson radical v. We fix a finitely generated
A-module M with a minimal projective resolution

(P,d): - 2 Py 2 pp 4 py 2o 0 0,

ie. Kerd; C v P;. The integers (§,(M) = £, (P,) are called the Betti numbers of
M, and they are all finite since a module is finitely generated over k whenever
it is finitely generated over A. Moreover, these integers are well defined since any
minimal projective resolution is unique up to isomorphism. Thus, we may associate
the infinite sequence

60(M)751(M)a52(M), -

to M, and this sequence is called the Betti sequence of M. Over a commutative
Noetherian local ring it is customary to define the Betti numbers of a finitely gen-
erated module as the ranks of the modules in its minimal free resolution. However,
this would not make sense in our setting since projective modules need not be free.

We say that M is periodic if there is an integer p > 1 such that M is isomorphic
to Q8 (M) (the p’th syzygy in the minimal projective resolution P), and the least
such integer p is the period of M. Furthermore, M is eventually periodic if one of
its syzygies (in the minimal projective resolution) is periodic. Clearly, if M has
this last property, then its Betti sequence is bounded. The converse is not true in
general. A counterexample was given by R. Schulz in [Sch, Proposition 4.1], where
he considered finite dimensional algebras of the form k(z,y) /(2% 2y + qyz, y?), for
k a field and ¢ € k a nonzero element.

In [Eis] D. Eisenbud proved that the converse does hold over group rings of finite
groups, and that it also holds in the commutative Noetherian local setting when
the rings considered are complete intersections. In fact, it was shown that over
a hypersurface (that is, a complete intersection of codimension one) any minimal

1
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free resolution eventually becomes periodic. In the same paper it was therefore con-
jectured that over a commutative Noetherian local ring a module having bounded
Betti numbers must be periodic.

However, as in the case of Artin algebras, the conjecture fails to hold in
general. An example of this was given in [GaP]. Here V. Gasharov and I
Peeva considered the commutative local finite dimensional k-algebra (R, m,k) =
klx1, 22,23, x4, x5]/ a, where a is the ideal generated by the quadratic forms

2 2 2
Z7, Lo, Ty, T34, r3Ts, TyT5, T1T4 +£L’2.’£4,

2 2
Ty — ToTs + 15, ar1T3 + T2x3, T3 — ToTs + QX1T5

for a nonzero element @ € k having infinite order in the multiplicative group k\ {0}.
They constructed the free resolution

d d d d,
SRS RS RS M -0,

where the maps are given by the matrices

d — ( 1 a"xr3+ x4 )
m 0 X9
for n > 0, and M = Imdy. The module M has a constant Betti sequence, but is
not eventually periodic.

We now briefly describe the contents of the three main sections of this paper.
The first section is devoted to constructing a certain chain endomorphism on the
minimal projective resolution of a module, given a finite generation hypothesis
similar to the one used in [EHSST]. This chain map eventually becomes surjective,
and we use this to prove the main result; whenever the finite generation hypothesis
holds, a module has bounded Betti numbers precisely when it is eventually periodic.
In some cases (Theorem 2.5) we may also determine what the period is.

In the second section we develop a method for "reducing” the complexity of
a module. More precisely, given a module M satisfying certain conditions (and
having finite nonzero complexity), we construct a new module closely related to M
and having complexity exactly one less than that of M. Iterating this procedure, we
end up with a module having complexity one (i.e. having bounded Betti numbers),
and this module must be periodic in view of the main result in the first section.

Finally, in the third section we study the case when the period of an eventually
periodic module is ”generated” by an element in the Hochschild cohomology ring.
As with many other concepts, the inspiration comes from the group ring case, where
one uses the group cohomology ring instead of the Hochschild cohomology ring.

2. PRELIMINARY RESULTS

The existence of eventually periodic modules of infinite projective dimension -
and therefore of nonzero periodic modules - is far from obvious in general. In the
next section we prove a result which under certain circumstances guarantees the
existence of such modules. The proof is based on the main result of this section,
which for a module gives a sufficient condition under which having a bounded Betti
sequence is equivalent to being periodic.

The following proposition is the key to the main results. It guarantees regular
elements for graded modules, provided we go ”far enough” out in the grading.

Proposition 2.1. Let A = EB;'ZO A; be a commutative Noetherian graded k-algebra
of finite type over k (that is, each A; is a finitely generated k-module), generated
as an Ag-algebra by homogeneous elements ay,...,a, of positive degrees. If N =
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@fio N; is a finitely generated graded A-module, then there exists a homogeneous
element n € A of positive degree, such that the multiplication map

n
Ni = Nigpy)

is a k-monomorphism for i > 0. Moreover, we can pick this n such that for some
J, the degree of a; divides |n|.

Proof. Consider the graded ideal A™ = @;° | A; of A and the graded submodule
0:y ATy ={z e N| ATz =0}

of N. Since N is Noetherian, this submodule is finitely generated. Moreover, since
it is annihilated by AT it is a finitely generated Ag-module (4g = A/AT). Now Ay,
being finitely generated over k, is Artinian, hence (0 :y AT) has the descending
chain condition on submodules. Therefore there exists an integer w such that
(0:x5y AT); =0 for i > w.

Consider the graded A-submodule N>,, = @~ N; of N. Since this is a finitely
generated module, its set of associated prime ideals is finite and consists of graded
ideals each of which is the annihilator of a homogeneous element (see, for example,
[BrH, Lemma 1.5.6]), and whose union is the set of zero-divisors on N»,,. If AT
is contained in any of these primes, then AT annihilates a nonzero homogeneous
element of N>, a contradiction. Therefore, by the graded version of the ”prime
avoidance” lemma (see, for example [BrH, Lemma 1.5.10]), there exists a homoge-

neous N>,-regular element 7 in AT, obviously of positive degree. Since ay,...,a,
generate A1, a slight modification of the proof of [BrH, Lemma 1.5.10] shows that
7 can be chosen so that the degree of a; divides that of i for some j. O

From now on, we assume that A is projective (or, equivalently, flat) as a k-
module. We denote by A° its enveloping algebra A ®; A°?, and by HH"(A) its
Hochschild cohomology ring. Since A is projective as a k-module, we have

HH*(A) = @5 Ext). (A, A)
i=0

with Yoneda product as multiplication. For two A-modules X and Y we denote
the graded k-module @:°, Ext) (X,Y) by Ext} (X,Y), and this is a left and right
HH*(A)-module via the ring homomorphisms

—®aY: HH*(A) — Ext) (Y, Y)

—®p X: HH*(A) — Ext) (X, X)
followed by Yoneda composition. The left and right scalar multiplications on this
module are closely related as follows (see [SnS, Corollary 1.3]): for homogeneous
elements n € HH*(A) and 6 € Ext} (X,Y) we have nf = (—1)!"1%19n, where |n| and
|6] denote the degrees of these elements. In particular, we see that Ext} (X,Y) is
finitely generated as a left HH*(A)-module if and only if it is finitely generated as
a right HH*(A)-module.

In view of the counterexamples provided by Schulz, Gasharov and Peeva, we
need to impose some restrictions in order to be able to prove that M is eventually
periodic whenever its Betti numbers are bounded. The assumption we introduce
is a "local variant” of those used in [EHSST] to develop the theory of support
varieties for Artin algebras, and it enables us to use well known techniques from
commutative algebra to obtain our results.

Assumption (Fg). Given the finitely generated A-module M, there exists a com-
mutative Noetherian graded subalgebra H = @fio H' of the Hochschild cohomol-
ogy ring HH*(A), with the property that H® = HH"(A) (the center of A) and that
the module Ext} (M, A/ ) is finitely generated over H.
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Now we apply Proposition 2.1 to H and the graded H-module Ext} (M, A/ t).
This we can do because H, being Noetherian, is generated as an algebra over H° by
a finite set of homogeneous elements of positive degrees. We obtain from the homo-
geneous element granted by Proposition 2.1 a negative degree chain endomorphism
{€0,&1,...}: P — P (where P is the minimal projective resolution of M) which
eventually becomes surjective, that is, the map &; is an epimorphism for ¢ > 0.

Proposition 2.2. Assume Fg holds. Then there exists an integer n > 1 with a
map &: QR(M) — M and a chain map {&o,&1,...}: P — P over £ of degree —n,
such that &; is surjective for i > 0.

Proof. From Proposition 2.1 we see that there exists an integer w and a homoge-
neous element 7 € H"l, with || > 1, such that the multiplication map

Exty (M, A/t) 5 Exti " (M, A/ v)

is injective for ¢ > w. Moreover, since (P,d) is a minimal projective resolution we
have Imd; C v P;_q, implying that the differential in the complex Homy (P, A / t)
is zero. Therefore Ext’ (M, A /t) = Homy(P;,A/t). Now consider the element
n and the maps it induces. The action on Ext’ (M, A /t) is via the map — @,
M: HH*(A) — Ext} (M, M), followed by Yoneda composition. Let & denote the

image of ) in Ext} (M, M). It can be interpreted as a A-linear map QX"(M) N

M, and so by the Comparison Theorem there exist A-linear maps {&p,&1,&2,... }
making the diagram

Ayl 4it1 din|+i P
Inl

= Plyjrits —— Py Qi) —0

L

0

P P; e P M 0

commute. We show ¢&; is surjective for ¢ > w.

An element 6 € Ext)(M,A/t) can be interpreted as a A-linear map P; LN
A /¢ (having the property 6 o d;1; = 0), and then scalar multiplication by 7 is
given by 0n = 0 o & Py, — A/v. Thus the map 7 - (—): Homa(P;,A/t) —
Homp (P 4y, A /) is simply given by

f;:f’_)fogh

and we know it is injective for ¢ > w. Applying Homy (—, A/ t) to the exact sequence

Piyjs <5 P, — Coker & — 0

therefore shows that Homy (Coker&;, A/t) = 0 for i > w. Now if X is any finitely
generated nonzero A-module, then X/t X is nonzero by Nakayama’s Lemma. This
factor module is semisimple, and since every simple A-module occurs as a direct
summand of A /¢, there exists a nonzero map X — A /t. This shows Coker¢; =0
for i > w. By taking n = |n|, we are done. O

We now prove the main result of this section, which gives sufficient (and neces-
sary) conditions for a module to be eventually periodic. Having Proposition 2.2 at
hand, the proof is only a formality, as it reduces to simply comparing lengths in
the minimal projective resolution of a module.

Theorem 2.3. If Fg holds, then M has bounded Betti numbers if and only if it is
an eventually periodic module.
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Proof. From the previous proposition, there exist integers w > 0 and n > 1 such
that we have n sequences of surjective maps
5'w 2 n gw i+n gw i .
tee % Pw—i—i+2n ’Jr—t_) w+i+n —i_’ w1 O S 1< n.

Considering the lengths of these modules over k, we see that we have non-decreasing
sequences Byti (M) < Bytitn(M) < --- for 0 < i < n. Now if the Betti numbers of
M are bounded, then these sequences must all eventually stabilize. Thus there is an
integer ¢ such that ¢; is bijective for ¢ > ¢, and diagram chasing in the commutative
diagram

dnytt1 ¢
Pottr1 —= Py —= QT (M) ——0

lftﬁ—l lﬁt
diy

Pi 1 Q)(M) —0

with exact rows provides an isomorphism v: Q¥ (M) — Qf (M). O

From this result we obtain some insight into the structure of the sequence of Betti
numbers of M. Determining how these sequences grow is a problem which has been
studied for a long time in the commutative Noetherian local setting. In [Avr], L.
Avramov asked whether the Betti sequence (bg,by,bs,...) of a finitely generated
module over such a ring is eventually non-decreasing, whereas a somewhat weaker
question was asked by M. Ramras in [Ra2]; is it true that either (bg,b1,b2,...) is
eventually constant, or lim; .., b; = c0? With these questions in mind, we include
the following corollary to Proposition 2.2 and Theorem 2.3. The result shows that
we can split the ”tail” of the sequence of Betti numbers of M into a finite number
of sequences, each of which is either eventually constant or strictly increasing,
depending on whether M has bounded Betti numbers or not.

Corollary 2.4. Let the setting be as in the theorem. There exist integers w > 0
and n > 1 such that the n sequences

(Buitin(M))520 0<i<n

are non-decreasing. In fact, these sequences are all eventually constant if the Betti
numbers of M are bounded, and strictly increasing if not. In particular, if the Betti
numbers of M are unbounded, then lim; . B;(M) = oco.

Proof. The n non-decreasing sequences were given in the proof of the theorem. It
is clear that if the Betti numbers of M are bounded, then the sequences are all
eventually constant. In the case when there is no bound on the Betti numbers, the
module M is not eventually periodic, and then &; cannot be bijective for any i > w.
For if £ was bijective for some ¢ > w, then since & 11 is surjective we would (as in
the proof of theorem) have an isomorphism Q3™ (M) ~ Qf (M). O

Although Theorem 2.3 provides a tool for determining whether or not a module
M is eventually periodic, it does not indicate when the minimal projective reso-
lution of M becomes periodic, nor what the period actually is, contrary to the
commutative local case. In [Eis, Theorem 4.1] it is shown that over a commutative
local complete intersection A any minimal free resolution whose Betti sequence is
bounded becomes periodic of period 2 after at most dim A 4+ 1 steps.

Question. Given the assumptions of Theorem 2.3, does there exist a computable
integer s such that the minimal projective resolution of M becomes periodic after
at most s steps?
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As to determining the period, the degree n of the element 7, which we obtain
from Proposition 2.1, is of course a candidate, but all that is certain is that the
(eventual) period must divide n. However, imposing moderate restrictions on the
rings k and H, we get a much stronger result.

Theorem 2.5. Suppose k contains an infinite field, and let H be generated as

an algebra over H° by homogeneous elements a1, ...,a, of positive degrees. Then
if Fg holds and M has bounded Betti numbers, the eventual period of M divides
lem(|aq], ..., |ar]).

In particular, if la;| = 1 for all i then the eventual period of M is 1, and if
la;| <2 for all i then the Betti sequence of M is eventually constant.

Proof. From Proposition 2.1 we know there exists an integer w and a homogeneous
element 7 € H, of positive degree, such that n is regular on the H-module E>,, =
@2, Exti (M, A /x). Now let {p;};_; be the (finite) set of associated primes of
E>., and denote lem(|aq], ..., |ar|) by u. Then a suitable power of each a; belongs
to H", and so if H* C p; for some j, then each a; belongs to p;. This implies that
the ideal HT = @f; H' is contained in p;, contradicting the fact that 7, which is
an element of H*, is regular on E>,,. Therefore H* ¢ p; for 1 < i < s, implying
H"Nyp; C H* (strict inclusion). In particular, if £’ is an infinite field contained
in k, then H* N p; is a proper k’-subspace of H*. Since over an infinite field no
vector space can be written as a finite union of proper subspaces, we get the (strict)
inclusion

(H*Npy)U---U(H Nps) C HY,

and so H* must contain an element 1" which is not contained in p; U---Up,. This
union is the set of all zero-divisors on E,,, hence i’ is regular on this module. In
the proofs of Proposition 2.2 and Theorem 2.3 we may replace i by ', thus proving
the first statement.

Suppose |a;| < 2 for all i. Clearly, if each a; is of degree 1 then the eventual
period of M is 1, and the sequence of Betti numbers of M is eventually constant.
If one of the generators is of degree 2, then the eventual period is either 1 or 2. If
it is 2, then for some integer N > 0 we have Q (M) ~ Q4"*(M) for i > N. By
taking the alternate sum of the k-dimensions in the exact sequence

0— Q3 (M) = Piyy — Py — Q4 (M) — 0,

and recalling that this sum has to be zero, we get 5;(M) = 5;11(M) for i > N.
Therefore the sequence of Betti numbers of M is eventually constant also in this
case. (|

The results we have proved in this section (and also the main result in the
next section) depend on the assumption that Ext} (M, A /t) is finitely generated
as a module over H, and therefore also as a module over HH*(A). As the ac-
tion of the Hochschild cohomology ring on this module factors through the rings
Ext}y (M, M) and Ext) (A /¢, A /t) via ring homomorphisms, the assumption forces
Ext) (M, A /t) to be finitely generated as a module over both these latter rings.
In which situations this happens has been studied in the commutative case. Let
(A, m, k") be a commutative Noetherian local ring, and N a finitely generated A-
module whose so-called complete intersection dimension (this was first defined in
[AGP2]) over A is finite (as happens for example when A is a complete intersec-
tion). Then L. Avramov and L.-C. Sun proved in [AvS] that the graded mod-
ule Ext (N, k') is finitely generated over Ext’ (k',k’), whereas L. Avramov, V.
Gasharov and 1. Peeva proved in [AGP2] that the module is also finitely generated
over Ext (N, N).
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Question. When is Ext} (M, A /t) finitely generated over (one of) Ext} (M, M)
and Exty (A /v,A/v)?

It is not difficult to see that Ext}y (M, A /v) is finitely generated over Ext} (M, M)
whenever M is periodic; suppose QF (M) = M and let 4 denote the extension

0—-M-—-P, 14— --—FP—-M-—=0.

If n > p, say n = gp + ¢ where 0 < i < p, then an element of Ext} (M, A /t) can be
written as fu? where f € Ext) (M, A /t). Since Ext’ (M, A /t) is finitely generated
over k for 0 < i < p, the result follows.

As to the finiteness of Ext}y (M, A /t) as an H-module, a criterion for when this
always happens was given in [EHSST, Proposition 1.4]. This result is actually much
stronger, as it states that Ext} (X,Y) is finite over H for all finite A-modules X
and Y if and only if Ext} (A /v, A /) is finite over H.

3. REDUCING COMPLEXITY

We can use Theorem 2.3 to construct eventually periodic modules - and therefore
also periodic modules - of infinite projective dimension (the modules having finite
projective dimension are not very interesting in the context of eventual periodicity).
This is done by considering an (almost) arbitrary module and from it obtain a new
module whose minimal projective resolution behaves ”nicer”.

Let X = @, , X, be a graded k-module of finite type. The rate of growth of
X, denoted v(X), is defined as

v(X) = inf{t € Ny | Ja € R such that £4(X,,) < an'"! for n > 0},

and it may be finite or infinite (here Ny denotes NU{0}). Now consider our module
M with the minimal projective resolution (P;, d;). The complexity of M, denoted
cxp M, is defined as the rate of growth of the graded k-module @, P,, that is

cxp M = inf{t € Ny | 3a € R such that 3, (M) < an'~! for n > 0}.

Thus the complexity of M indicates how the sequence of Betti numbers behaves with
respect to polynomial growth. From the definition we see that M has complexity
0 if and only if it has finite projective dimension, and that it has complexity less
than or equal to 1 if and only if its sequence of Betti numbers is bounded. The
main result of this section gives the existence of a new module whose complexity is
exactly one less than that of M. The proof uses the identity

cxp M = ~v(Ext) (M, A /),

which provides a method for computing the complexity of a module. This identity
follows from the identities (see the paragraphs following [Ben, Definition 5.3.3])

v(Exti(M,A/v)) = max{y(Ext}(M,S)) | S simple A-module}
_ i (Ps) n
Bn(M) = sgplc A omy (5.5 (e(EXA(M,5)),

where Pg denotes the projective cover of the simple module S.

Given a homogeneous element 7 in HH*(A) of positive degree, we can interpret
it as a A°-linear map 7: QXQ‘ (A) — A, where Q4.(A) denotes the i’th syzygy in
the minimal projective A°-resolution of A. Let @; denote the i’th module in this
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resolution. By taking pushout we obtain the exact commutative diagram

0—=all(a) Qi1 Q= (A) —=0
o
0 A K, Q= A) —=0

of A°-modules, whose bottom row we denote by ¢,. Since QXIJ_l(A) is projective

as a right (and left) A-module, the exact sequence ¢, splits when considered as a
sequence of right (and left) A-modules. Applying — ®x M therefore gives the exact
commutative diagram

0—= QM (A) @y M —— Q-1 @ M —— Q" (A)y @y M —0
0 M Ky ©a M ——— Q7' () @p M —>0

of left A-modules, whose bottom row we denote by (, ® M. Even though ¢, splits
when considered as a sequence of left A-modules, this is not necessarily the case for
the new sequence. In fact, from [EHSST, Proposition 2.2] we see that the sequence
splits if and only if 7 annihilates Ext} (M, M).

The module K, ®5 M is going to be the one having complexity one less than that
of M. However, as the above shows, the element 7 cannot be chosen arbitrarily,
for if (;; ®a M splits then the complexity of K, ®a M equals that of M. To see
this, note that in a split short exact sequence the complexity of the middle term
equals the maximum of the complexities of the end terms, and that the complexities

of the end term modules in {, ®5 M are equal since QK’J_l(A) ®pa M is a syzygy

of M (it does not matter that Ql[?el_l(A) ®a M in general is not a syzygy in the
minimal projective resolution of M, since projectively equivalent modules are of
equal complexity). Thus we must pick an 1 not annihilating Ext} (M, M).

Let N be any A-module. Applying the functor Homy (—, N) to {, ®a M gives
the long exact sequence

Homa (M, N) 22 Extl! (M, N) — Ext) (K, ®x M, N) — Exti (M, N) 22

0, i — i 7 o
2 Ext TN (M, N — Extl (K, @4 M, N) — Ext) (M, N) —%

for Ext (we shall refer to this sequence as ES(M, N,7)), where we have replaced

Ext} Q07 (A) @4 M, N) by Exti"" =1 (M, N) for i > 1 using dimension shift. By
. By
making these replacements, the new connecting homomorphism Exty (M, N) —

Exti\ﬂm(M7 N) is just multiplication by (—1)*n, a fact which is vital for the proof
of the main theorem. To see this, note that applying Homy (—, N) to the above
commutative diagram gives rise to a commutative diagram of long exact sequences
in Ext. Tracing the connecting homomorphism 0, then gives the desired result.
Whenever we refer to the exact sequence ES(M, N,n), we shall drop the sign (—1)*
in front of the multiplication map induced by 7, as it is of no relevance.
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Note that if Fg holds, then Ext} (K, ®x M,A/t) is a finitely generated H
module, regardless of the choice of 1. To see this, consider the exact sequence

@E tz+\n\ LM, A /) @ExtA @AM,A/t)H@EXtR(M7A/t)

i=1

induced by ES(M, A /t,n). Both the end terms are finitely generated over H, hence
so is the middle term because H is Noetherian. Since in addition Homy (K, ®x
M, A /v) is finitely generated over k (which sits inside H?), the claim follows.

In addition to giving us an important tool for computing the complexity of a mod-
ule, the equality cxy M = v(Ext} (M, A /t)) implies that the modules we work with
have finite complexity. For if Fg holds, then the rate of growth of Ext} (M, A /t) is
not more than that of H, since it is a quotient of a finitely generated free H-module.
Now as in the proof of Proposition 2.2, there is a finite set {aj,...,a,} in H of
homogeneous elements of positive degrees, generating H as an algebra over H°.
By the Hilbert-Serre Theorem (see [Ben, Proposition 5.3.1]) and [Ben, Proposition
5.3.2], we have that v(H) equals the order of the pole at t = 1 of a certain rational
function g(¢)/ [[;_; (1 — tlel), where g € Z[t]. Hence the rate of growth of H is not
more than 7, implying cxx M < r.

The aim is now to pick an 7 such that the rate of growth of Ext} (K, ®a M, A /t)
is one less than the rate of growth of Ext) (M, A /t). That such an element exists
is a consequence of the following result.

Proposition 3.1. Let A = @ioio A; be a commutative Noetherian graded k-algebra
of finite type over k, generated as an Ag-algebra by homogeneous elements ay, ..., a,
with |a;| =n; > 0. Let N = @20 N; be a finitely generated graded A-module, and
pick a homogeneous element n € A as in Proposition 2.1. Let w € N be an integer
such that n: Ni — Ny 18 injective for i > w, define Vi_,, to be the cokernel of
this map, and denote by V the graded k-vector space @iy Vi. If v(N) > 0, then
A(V) = 4(N) — 1.

Proof. Consider the Poincaré series P(N,t) = 32 £ (N;)t" of N. By the Hilbert-
Serre Theorem we have

Q)
P(N7 t) = T 2\ ?
[Tiei (1 —17)
for some f(t) € Z[t], and from [Ben, Proposition 5.3.2] we see that v(N) equals the
order of the pole of P(N,t) at t = 1. By assumption this integer is strictly greater
than zero.
Now consider the exact sequences

0 — Ni = Nigpy = Vicw — 0

for i > w. Taking k-module lengths we get £x(V;) = £k (Nijw+in|) — lk(Nigw) for
1 > 0, giving

(o) (o) o0
) =Y e (Vi)t' = le(Nigwring)t" = Y le(Niga)t'.
i=0 i=0 i=0
Multiplying this equation by ¢+l gives

t’u’+‘77‘P(‘/7 t) = ka(Ni+w+|n|>ti+w+|77l — t\"\ ZEk(Nq,+w)tl+w
i=0 =0

= (I— M P(N,t) + g(t),
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where g(t) is some polynomial in Z[t], and therefore

(L—t"MP(N, ) g(t)
tw+inl tw+Inl
(1=t f(t) 9(t)
FTTT, (1= ) et
Thus the order of the pole of P(V,t) at ¢ = 1 is one less than that of P(N,t),
showing y(V) = v(N) — 1. O

PVt =

We now return to the setting given at the beginning of this section. With
Proposition 3.1 at hand, the main theorem is merely a corollary.

Theorem 3.2 (Reducing Complexity). Assume Fg holds and that M does not
have finite projective dimension. Then there exists a homogeneous element n € H
of positive degree such that cxp (K, @y M) =cxy M — 1.

Proof. We use the previous proposition with A = H and N = Ext) (M,A/t).
There is an integer w € N and a homogeneous element 17 € H of positive degree
such that the multiplication map Exty (M,A /t) 5 Extj\H"'(M,A/t) is injective
for ¢ > w. From the long exact sequence ES(M, A /t,n) we then get short exact
sequences

0 — Extiy (M, A /t) L Ext' " (M, A /v) — Exti (K, @4 M,A/t) — 0
for ¢ > w. Using Proposition 3.1 we now get

exa(K, @x M) = ~(Bxth(K, ®x M,A/x))

= W @ Exti(K, @1 M,A/x))
i=w+1
= y(Extjy(M,A/v) -1
CXAMf 1.

O

As a corollary we get a result which under certain conditions guarantees the ex-
istence of nonzero periodic modules. As mentioned in the beginning of the previous
section, the existence of such modules is not obvious. For example, in [Ral], M.
Ramras introduced a nonempty class of commutative Noetherian local rings called
BNSI rings (short for ”Betti numbers strictly increase” rings), which are rings for
which every non-free module has a strictly increasing sequence of Betti numbers.
There exist a lot of finite dimensional algebras which are BNSI rings, for exam-
ple regular local rings of dimension at least two modulo any positive power of the
maximal ideal. Clearly, such rings cannot have nonzero periodic modules.

Corollary 3.3. Suppose Fg holds and that M has infinite projective dimension.
Then A has a nonzero periodic module.

Proof. Let d denote the complexity of M (by assumption d > 0). If d = 1 then
M is eventually periodic by Theorem 2.3, whereas if d > 1 the previous theorem
provides homogeneous elements 7y, ...,m74—1 € H having the property

CXA(K,H ®A"'®AKm ®AM):d—i

for 1 <7 < d—1. Denote the module K,, , @ --- Qx K, ®x M by X. This
module has complexity one, and from the discussion prior to Proposition 3.1 we
see that Ext) (X, A /t) is a finitely generated H-module. Using Theorem 2.3 once
more, we get that X is eventually periodic.
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Now if we take an eventually periodic A-module of infinite projective dimension,
one of its syzygies is a nonzero periodic module. O

Remark. (i) The existence of a periodic A-module implies the existence of a periodic
module having period 1; if M is isomorphic to Q4 (M), where p > 1, then the module
@f;ol Qi (M) is periodic of period 1 (here Q} (M) = M).

(ii) Suppose A is a BNSIring. Then there cannot exist a non-free A-module M for
which Fg holds, i.e. Ext} (M, A /t) is not finitely generated over any commutative
Noetherian graded subalgebra of HH*(A); if such a module did exist, then the
corollary would imply the existence of a nonzero periodic A-module.

4. GENERATING PERIODICITY

In this section we consider the case when the period of an eventually periodic
module is ”detected” by a homogeneous element in the Hochschild cohomology
ring. We start by recalling the group ring case.

Assume k is an algebraically closed field and let G be a finite group. A nonzero

homogeneous element 0 € HI/(G, k) = Ext‘,f(l;(k,k) can be interpreted as a sur-

jective kG-homomorphism 6: Q‘,fcll(k) — k, the kernel of which it is customary to
denote by Ly. The cohomological variety of Ly is easily computed; from [Car,
Lemma 2.3] we have that Vg(Lg) equals Vg (0), i.e. the set of maximal ideals in
the group cohomology ring H (G, k) containing 6. Now let N be a finitely gener-
ated kG-module. If V5 (0) N Vg (IN) = {0}, then from the above and the equality
V(X ®1Y) =Va(X)NVg(Y), which holds for all finitely generated kG-modules
X and Y, we get V(Lo ®; N) = {0}. This is equivalent to Ly ®j N being projec-
tive, and it follows from the proof of [Ben, Theorem 5.10.4] that N is isomorphic
to Q‘:Cl; (N) @ P, where P is a projective module. This gives

QL) ~ QL (V) @ P) ~ 20 (V),

showing Qf(l;(N ) is periodic and therefore that N is isomorphic to a direct sum of
a periodic module and a projective module. If N contains no nonzero projective
summand we must have N ~ QLGC‘,(N ), with the period of N dividing |6|, and in
this case the element 6 is said to generate the periodicity of V.

Returning to the setting given in the previous sections, with k£ a commutative
Artin ring, A an Artin k-algebra (assumed to be projective as a k-module) and
M a finitely generated A-module, let 7 be a nonzero element in HH*(A) of posi-
tive degree. Instead of considering the kernel of the corresponding A°-linear map
n: QlA"el (A) — A (which is not necessarily surjective), we look at the pushout K,
and the tensor module K, @ M, as we did in the last section.

Proposition 4.1. If the A-module K, @5 M has finite projective dimension, then
M s eventually periodic with period dividing |n|.

Proof. Denote the projective dimension of K, ®x M by d. From the long ex-
act sequence ES(M,A /t,n) we see that scalar multiplication by 7 induces k-
isomorphisms

Ext) (M, A /t) 5 Ext\™ (M, A /v)

fori > d. Now let --- — P, LN Py Do, M — 0 be the minimal projective resolution
of M, and recall the proof of Proposition 2.2. If we denote by £ the image of 7

in Ext} (M, M), represented by a map QII?I(M) AN M, then in the commutative
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diagram (obtained from the Comparison Theorem)

d ; d i
[n|4+i+1 |n|+i
- —— Py —— Py - Py, o M) —=0

lful lfi lfo lf
dri+1 d; dO M

Py P; — Py

0

we have that &; is surjective for ¢ > d. Applying Homy(—, A /t) to the exact
sequences

0 — Ker&; — Plyjyi = P, — 0
(for ¢ > d) then gives Homy (Ker&;, A /t) = 0, hence Ker¢; = 0. This shows ¢&;

is bijective for i > d, and as in the proof of Theorem 2.3 we see that Qi (M) ~
Q) for i > d. O

The proposition motivates the following definition of an element generating the
periodicity of a module:

Definition 4.2. Let M be a A-module of infinite projective dimension. A nonzero
homogeneous element n € HH*(A) of positive degree generates the periodicity of M
if the A-module K, ®x M has finite projective dimension.

Note that in the special case when K, ®, M is projective, all but the end terms
in the exact sequence

O—>M—>K77®AM—>QW,2®AM—>---—>QO®AM—>M—>O

are projective, hence M is isomorphic to Qlﬁ‘(M ) ® P, where P is a projective A-
module. As in the group ring case above, this implies that QK” (M) ~ Qilnl (M), and
therefore M is isomorphic to the direct sum of a periodic module and a projective
module. In particular, if M contains no nonzero projective summand then it is
periodic.

Also note that, whenever there exists an element 7 generating the periodicity of
M, for every A-module N we see from the long exact sequence ES(M, N,n) that
multiplication

Exth (M, N) L Exti " (01, N)

is an isomorphism for ¢ > 0. From the proof of the previous proposition we see
that the converse is also true, hence the following result.

Proposition 4.3. A nonzero homogeneous element n € HH"(A) generates the
periodicity of M if and only if scalar multiplication by n induces k-isomorphisms

Exth (M, N) 2 Exti " (01, V)
for every A-module N and i > 0.
As an immediate corollary we obtain the following finite generation result.

Corollary 4.4. If there exists an element n generating the periodicity of M, then
Ext) (M, N) is a finitely generated HH*(A)-module for every A-module N. In par-
ticular Exty (M, M) and Ext) (M, A /t) are finitely generated.

Proof. Denoting pd, (K, ®r» M) by d we see that the k-bases of
Homp (M, N),Ext} (M, N),..., Ex‘cXﬂer(M7 N) together form a generating
set. t
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Remark. We actually obtain a stronger result, namely that for every A-module
N the k-module Ext} (M, N) is a finitely generated module over the commutative
Noetherian graded subalgebra of HH*(A) generated by HH’(A) and 7 (in partic-
ular Fg holds). As the element 7 is not nilpotent, this subalgebra is actually the
polynomial ring in one variable over HH’(A) (the center of A).

It is natural to ask whether an element generating the periodicity of M always
exists when M is a periodic module. The following two examples show that this is
not the case. In the first example the algebra is selfinjective, whereas in the second
it is commutative local.

Example 4.5. Let k be a field, and consider the 4-dimensional algebra

A =k(z,y)/(2*, 2y + qyz,y?)

where 0 # ¢ € k is not a root of unity. Let M be any 2-dimensional k-vector space
having a basis {u, v}, say. Straightforward computation shows that defining

zu=0,2v =0

yu=7v,yv =0
gives a A-module structure on M (this module was also studied in [Sch]). Define
a A-linear map p: A — M by 1 — wu. This is a surjective map, and as a vector
space Kerp has {z, zy} as a basis. Therefore Ker p is contained in the radical of A,
showing p is the projective cover of M. Define a k-linear map f: M — Kerp by

u +— x and v +— xy. This is an isomorphism, and direct computation shows it is
A-linear. Hence M ~ Q} (M), and so M is periodic of period 1.

Suppose 0 # n € HH"! (A) is an element generating the periodicity of
M. Then from Proposition 4.3 scalar multiplication by 7 induces isomorphisms
Ext) (M, M) ~ Extj\H"l(M , M) for i > 0. Therefore multiplication by any power
of 7 also induces isomorphisms. However, from [BGMS] we have that HH"(A) =0
for n > 3, in particular 7 is nilpotent. Hence Ext} (M, M) = 0 for i > 0, and since
for each ¢ > 1 we have

Exty (M, M) ~ Exty (1 (M), M) ~ Ext} (M, M),
we get Ext) (M, M) = 0. Therefore M is projective, since it is periodic of period
1, and this is a contradiction.

Example 4.6. Let k be an algebraically closed field of characteristic different from
2, and let k[xq,xo, x3, x4 be the polynomial ring in four variables over k. Denote
by R the finite dimensional local k-algebra k[x1,zo, x3,z4]/a, where a is the ideal
generated by the quadratic forms

r3, mwe — T3,  T1T3 — ToXy,
L1y, x% + z374, Tox3, xi.
Define two R-endomorphisms ¢,1: R? — R? by the matrices
o=(mm) e=(m )
and let M = Im. In [AGP1] it is shown that Im¢ = Ker¢ and Im ¢ = Ker ),
hence M is periodic of period 2 and has the minimal free resolution

SRLRLRLR Y M.
As a k-vector space M is 8-dimensional, and the elements
vr=(15,) v =(3),

3 = (g, )04 = ("5%) 05 = (2432) ve = ("5) ,vr = (F5557) 1 vs = ()
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form a basis. Furthermore, as a graded R-module M consists of two nonzero graded
components My and My, with {v1,v2} as a basis for My and {vs,...,vs} as a basis
for My. The elements v, vo generate M as an R-module.

Denote by p the extension 0 — M — R? SRS M -0 Ext% (M, M).
Then for all n > 0 every element of Ext®"(M, M) is of the form fu™ for some
f € Hompg(M,M). Now suppose 0 # n € HH'"'(R) is an element generating
the periodicity of M. Then |n| is an even number (since M is of period 2, i.e.
QL(M) # M), and so the image of 1 in Ext}, (M, M) under the ring homomorphism
—®pr M can be written as fu”, where f is an R-endomorphism of M and n = |n|/2.
Since M = My® M as a graded module, we can write f as h+ g, where h and g are
homogeneous endomorphisms of degree 0 and 1, respectively (see the paragraphs
following [BrH, Theorem 1.5.8]). Therefore the element fu™ is the sum of two
elements hyu™ and gu™ of different internal degrees in Extllgl (M, M). Since the map

—®r M: HH"(R) — Ext‘};” (M, M) preserves internal grading we must have that
hu™ and gu™ both lie in the image of — ®p M.

Suppose h is nonzero. Since the degree of this map is zero, we must have that
h(v1) = c1v1 + cavg and h(ve) = czvy + c4vs for elements ¢; € k. As vg = x3v1 =
—x4vy and h is R-linear, direct computation of h(vg) gives

C1Vg + C2U7 = €3V8 + C4Vg.

Thus cs = c3 = 0 and ¢; = ¢4, and we see that h is nothing but a scalar ¢ € k times
the identity on M. Therefore the element cu™ belongs to the image of — ®g M,
and multiplying with the inverse of ¢ we get that u™ also lies in this image. From
[SnS, Corollary 1.3] we see that every element of Im(—® g M) belongs to the graded
center of Exty (M, M), and so ™, which is of even degree, is a central element. We
show that this is not the case.

An element of Ext(M, M) can be considered as an R-linear map 6: R?> — M
such that 6 o ¢ = 0. Define three such elements 61, 65,605 by

61 :(é)va,(?)HO,
02 1 (§)—0,(9) = v,
05 :(3)—0,(9)— vs.
It is easy to check that these elements are linearly independent, and when they are

multiplied on the right by any power of u they stay linearly independent. Direct
computation (lifting maps along the minimal free resolution of M) gives

u&l = (91/2—024—03/2)/1
ph2 = Oap
phs = (—61/2— 0, +3603/2)p,

and so by induction we get u"6; = ([1 — n/2]0; — nbs + [n/2]03)u™ for all n > 1.
This shows that ™ is not a central element, implying A must be zero.

As a consequence, the image of 7 in Extp(M, M) is gu™, where g is a homo-
geneous degree one R-endomorphism of M. In particular, since M only lives in
two degrees, we must have g> = 0. From Proposition 4.3, the element 7 induces
isomorphisms

Ext (M, M) L Ext'F " (0, M)
for i > 0, and in particular there is an i > 0 such that n-gu® # 0 (because gu™ # 0
implies gu’ # 0, since the element p/ is not a zerodivisor for any j). But gu”, being
the image of 7, is a central element, giving n - gu® = (gu™)gu’ = g(gu™)u* = 0, a
contradiction. Therefore there does not exist a nonzero homogeneous element of
positive degree in HH*(R) generating the periodicity of M.
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These examples show that an element generating the periodicity of an eventually
periodic module does not exist in general. However, when dealing with ”suitably
nice” algebras, such an element always exists. Suppose M is an eventually periodic
A-module satisfying Fg. Then Theorem 3.2 implies the existence of a homogeneous
element n € HH*(A) of positive degree with the property that K, @, M has finite
projective dimension over A, and so this n generates the periodicity of M.

The following example shows that it may be difficult to decide whether or not
there exists an element generating the periodicity of a module, even when the
algebra is commutative local and selfinjective.

Example 4.7. Let k be a field of characteristic different from 2, and let
klx1, 2,23, x4, 25] be the polynomial ring in five variables over k. Denote by R
the finite dimensional local k-algebra k[zy, 22, x3,24,25]/ a, where a is the ideal
generated by the quadratic forms

2 2 2 2 2
Xy, Ta, T5, T34, 35, T4Ts5, T3 — Ty,
2
T1T3 + T3,  T1X4 + TaX4, X3 — T2T5 + T1T5.

It is shown in [GaP] that R is graded selfinjective with Hilbert series 1+ 5¢+5t%+13,
and that the R-endomorphism d: R? — R? defined by

d= ( xr1 X3+ x4 >
0 i)
satisfies Imd = Kerd. Letting M = Imd, we have that M is periodic of period 1,
with minimal free resolution

SRLRL R .

Denote by p the extension 0 — M — R? LM —0in Exty (M, M). Then for all
n > 0 every element of Ext's (M, M) is of the form fu™ for some endomorphism f
of M.

Now suppose 0 # 1 € HH'"'(R) is an element generating the periodicity of M.
Then the image of 77 in Ext%, (M, M) can be written as fu!"!, and as in the previous
example this implies that u!7”l belongs to the image of — @z M: HH'"'(R) —
Extllgl(M7 M) (in this case M is graded and "lives” in three degrees, i.e. M =
My @ M, @ My). In particular "l belongs to the graded center of Ext’y (M, M).

An element of Ext (M, M) can be considered as an R-linear map 6: R?> — M
with the property fod = 0. In our case we have that EX‘L%(M , M) is 12-dimensional,
and the maps

91:€1H(%1),62|—>(I3ztz4) 97:61*—>0,€2'—>(I20r5)
Oy :e1— (P2) e — 0 Os :e1— 0,60 — (272)
O5:e1— (P ),ea— 0 Oy :e1— 0,60 — (270)
94161I—>(x10x2),€2l—>0 GlozelH(“”?‘B““),egb—»O
05 :e1— 0,60 — (wlfﬂs) 011 :e1— 0,62 — (")
O :e1 — 0,e9 — (wlom) f12:e1 — (wlw49w1w3) ,ea — 0

represent a basis (here e; = () and es = (9)). Direct computation shows that
ud; = 0 for j = 1,...10, while p8; = —0;p for j = 11,12, and therefore p”
cannot belong to the graded center of Exty (M, M) when n is odd. However, the
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element ;12 does belong to the graded center, hence it is possible that a homogeneous
clement of even degree in HH"/(R) generates the periodicity of M.

We end with a result providing a positive answer to the following natural ques-
tion: if the product or the sum of two homogeneous elements in the Hochschild
cohomology ring generates the periodicity of a module, do the elements themselves
(or one of them) generate the periodicity? As a corollary, we obtain a result anal-
ogous to [Ben, Corollary 5.10.6], which states that if the group cohomology ring
of a finite group G is finitely generated over a subring generated by homogeneous
elements z1,...,z;, and N is a periodc kG-module (where k is an algebraically
closed field), then one of the x; generates the periodicity of N.

Proposition 4.8. Let n; € HH™!(A) and 1, € HH™!(A) be nonzero homogeneous
elements of positive degrees.

(i) If 0 # mina generates the periodicity of M, then n; and ne both generate
the periodicity.

(ii) Suppose A is Gorenstein and k is an algebraically closed field. If |n| = |02,
and the sum 11 + n2 generates the periodicity of M, then either 1y or 1
generates the periodicity.

Proof. (i) From Proposition 4.3 we have that multiplication
Eth\(M,A/t) mnz, Eth\HmHan‘(M,A/t)

is a k-isomorphism for ¢ >> 0, and since HH*(A) is graded commutative the element
12m1 also induces isomorphisms. Therefore the map
Ext) (M, A /t) ™ Ext 1" (M, A /¢)

is injective for i > 0, whereas the map

Exti (M, A v) 225 Bxt TRl A )
is surjective for ¢ > 0. It follows from the long exact sequence ES(M, A /t,n) that
Extj{'r‘mH_l(K,72 @a M,A/t) =0 for i > 0, hence K,, ®x M has finite projective
dimension. Similarly K, ®a M has finite projective dimension.

(ii) Denote m1 + m2 by 7, and let H be the commutative Noetherian graded
subalgebra of HH*(A) generated by HH(A) and 7. As mentioned in the remark
following Corollary 4.4, the graded k-vector space Ext) (M, A /t) is a finitely gen-
erated H-module, and consequently Fg holds. We may therefore apply the theory
of support varieties from [EHSST].

Recall that if X is a finitely generated A-module, then the support variety
Vg (X) is defined to be the variety in MaxSpec H defined by the annihilator of
Ext}(X,A/t) in H. Denote the annihilator ideal associated to M by a. Since
cxpa M =1 and cx (K, @ M) =0, it follows from [EHSST, Proposition 1.1] that
the variety V(M) = Vg (a) is one dimensional, whereas Vg (K, ®x M) is zero di-
mensional. By [EHSST, Proposition 3.3] the latter variety equals Vg (n) NV (a) =
Vu({n)+a) (note that in order to apply [EHSST, Proposition 3.3] both Fg and the
assumption that A is Gorenstein is needed, as a substitute for the stronger finite
generation hypothesis used in that paper).

Suppose neither of the inclusions v/a C 1/ (1;) + a is strict for 4 = 1,2. Then

Va= ) +a= /) +va=y/im)+ Vi) +a = + ) + o,

and since

VaC /) +a< /) + () +a
we get the equality v/a = 1/(n) + a. Since the variety defined by any ideal equals
that defined by the radical of the ideal, we get V(M) = Vg (K, ®x M), which is
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impossible. Therefore /a C /(n;) + a (strict inclusion) at least for one j € {1, 2},
and as k is algebraically closed and H is a finitely generated k-algebra, Hilbert’s
Nullstellensatz gives the strict inclusion Vg (K, ®x M) C Vg(M). The variety
\% H(Knj ®a M) is then zero dimensional, and éonsequently K, ®x M has finite
projective dimension. O

Corollary 4.9. Suppose A is Gorenstein and k is an algebraically closed field, and
that HH*(A) is generated over a subalgebra by homogeneous elements x1,...,zy. If
M is an eventually periodic module and there exists an element in HH*(A) gener-
ating the periodicity, then one of the x; generates the periodicity. In particular, the
period of M divides the degree of one of the x;.

Remark. Proposition 4.8 enables us to strengthen Theorem 2.5 in the case when
A is Gorenstein and k is an algebraically closed field; when Fg holds and H is
generated as an algebra over H° by homogeneous elements aq,...,a, of positive
degrees, then if M has bounded Betti numbers it is eventually periodic with period
dividing one of |a;|.
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II1.

TWISTED SUPPORT VARIETIES

ABSTRACT

We define and study twisted support varieties for modules over an Artin algebra,
where the twist is induced by an automorphism of the algebra. Under a certain
finite generation hypothesis we show that the twisted variety of a module satisfies
Dade’s Lemma and is one dimensional precisely when the module is periodic with
respect to the twisting automorphism. As a special case we obtain results on D Tr-
periodic modules over Frobenius algebras.

This paper is work in progress.



TWISTED SUPPORT VARIETIES
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1. INTRODUCTION

In this paper we define and study a new type of cohomological support varieties,
called twisted support varieties, for modules over Artin algebras, varieties sharing
many of the properties of those defined for Artin algebras in [EHSST] and [SnS]. In
those papers the underlying geometric object used to define support varieties was
the Hochschild cohomology ring of an algebra, whereas our geometric object is a
“twisted” Hochschild cohomology ring, the twist being induced by an automorphism
of the algebra.

By introducing a finite generation hypothesis similar to the one used in [Bel] we
are able to relate the dimension of the twisted variety of a module to the polynomial
growth of the ranks of the modules in its minimal projective resolution. In particular
Dade’s Lemma holds, that is, the twisted variety of a module is trivial if and only if
the module has finite projective dimension. This property is highly desirable in any
cohomological variety theory. Moreover, the modules whose twisted varieties are
one dimensional are precisely those which are periodic with respect to the twisting
automorphism, a concept defined in Section 4. As a special case we obtain results
on D Tr-periodic modules over Frobenius algebras.

Both when studying the twisted Hochschild cohomology ring and twisted sup-
port varieties we illustrate the theory with examples taken from the well known
representation theory of the four dimensional Frobenius algebra

k{z,y)/ (2%, zy + qyz, y?),

where k is a field and g € k is not a root of unity. Indeed, detecting the D Tr-periodic
modules over this algebra by means of support varieties was the motivation for this
paper in the first place.

2. PRELIMINARIES

Throughout we let & be a commutative Artin ring and A an indecomposable
Artin k-projective k-algebra with Jacobson radical t. Unless otherwise specified
all modules considered are finitely generated left modules. We denote by mod A
the category of all finitely generated left A-modules, and we fix a nonzero module
M € mod A with minimal projective resolution

P: - — Py 2 pp B gy 2o 0.

Let F': mod A — mod A be a k-functor. It follows from a theorem of Watts (see
[Rot, Corollary 3.34]) that there exists a bimodule @ having the property that F is
naturally equivalent to the functor Q ®, —, and that @ may be chosen to be F(A).
Since @ is in mod A it has finite k-length and is therefore finitely generated also as
a right module, and this implies that @ is projective as a right module (it is flat).
Suppose @ is projective also as a left module (but not necessarily as a bimodule).
Then if P is a projective A-module the functor Homy (F(P), —), being naturally
isomorphic to Homp (P, Homy (Q, —)), is exact, hence F(P) is projective.

1
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For such a functor F' and a positive integer ¢ € N, define a homogeneous product
in the graded k-module

Ext}y (F* (M), M) = @ Exty (F" (M), M)

n=0

as follows; if ) and 6 are two homogeneous elements in Ext4*(F*(M), M), then

0 < o FIN/ (),
where ”0” denotes the Yoneda product. In other words, if 7 and 6 are given as
exact sequences

1:0—>M— Ay 17— — Ag— F'(M)—0
0:0— M — Byp_1— -+ — By — F™(M) — 0,
then nf is given as the exact sequence obtained from the Yoneda product of the
sequence 71 with the sequence

F™"(0): 0 — F"(M) — F"(Byy_1) — -+ — F"(Bg) — F™™™(M) — 0.
Furthermore, for a A-module N, define a homogeneous right scalar action on
Ext’y (F*(M), N) from Exty (F*(M), M) as follows; if u € Ext}y'(F*(M),N) and
n € Exty (F*(M), M) are homogeneous elements, then pun ef o Flel/t(n).,

Lemma 2.1. FEaxtending the homogeneous product and scalar product defined
above to all graded elements makes Exty (F*(M), M) into a graded k-algebra and
Exti (F*(M), N) into a graded right Exty (F*(M), M)-module.

Proof. The product in Ext}(F*(M), M) is associative, and the right distributive
law holds; if 01,60, and 1 are homogeneous elements such that 6; and 65 are of the
same degree tn, then

(01 4+ 02)n = (01 4+ 02) o F™(n) = 010 F"(n) + b2 0 F" (1) = 611 + b21).

Now suppose the degree of 1 is tm. We can represent 6; as a map
QR (F(M)) 25 M,

and since the functor F™™ preserves direct limits (in particular pushouts) and pro-

jective resolutions (though it may not preserve minimal resolutions), we see that
the map

m(Otn( mon £ (fo;) m

FMQE(F" (M) ——— F™ (M)

represents F(6;). As F™ is additive we have F™(fo, 4+ fo,) = F™(fo,)+F™(fo,) as

elements of Homy (F™(QY(F™(M))), F™(M)), and this implies that F™ (6, +6,) =

F™(01)+F™(02). Therefore the left distributive law also holds for the homogeneous
product;

n(0y +062) = no(F™(01+02)) =no (F™"(61)+ F™(62))
= o F™(01) +no F"(02) = nby + nba.
Extending this homogeneous product in the natural way we see that

Exti (F*(M), M) becomes a graded k-algebra, and similar arguments show that
Exti (F*(M),N) is a graded right Exty (F*(M), M)-module. O

Example. Suppose k is a field and A is selfinjective, and consider a bimodule B
in the stable category mod A° of finitely generated A°-modules modulo projectives.
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The Auslander-Reiten translation 7pe = D Tr is a self-equivalence on mod A¢, and
we can endow the graded k-vector space

A(B,7xe) = Hompe(B, B) & @) Hom,. (4. (B), B)
i=1

with a product as follows; for two homogeneous elements f € A(B,7Tac), and
g € A(B, Tae)n, we define fg to be the composition f o 7{t(g) € A(B,TAc)m+n. In
this way A(B,7pe) becomes a graded k-algebra. Now for any selfinjective Artin
algebra I' the functors 7 and Q#N" are isomorphic by [ARS, Proposition IV.3.7],
where A is the Nakayama functor D Homrp(—,T"). Therefore the orbit algebra
A(B, Tae) of the bimodule B has the form

Homy. (B, B) ® @) Hom,. (3. (V'B), B),
=1

giving an isomorphism
A(B,7pe) >~ @Ext% (N'B, B)
i=0

of graded k-algebras.

The algebra A(A,7pe) is called the Auslander-Reiten orbit algebra of A, and
these algebras have been extensively studied by Z. Pogorzaly. In [Pol] it was
shown that they are invariant under stable equivalences of Morita type between
symmetric algebras; if I" and A are finite dimensional symmetric K-algebras (where
K is a field) stably equivalent of Morita type, then A(T,7pe) and A(A,Tae) are
isomorphic K-algebras. This was generalized in [Po2] to arbitrary finite dimensional
selfinjective algebras. In [Po4] the Auslander-Reiten orbit algebras of a class of finite
dimensional basic connected selfinjective Nakayama K-algebras were computed.
Namely, it was shown that if I is such an algebra of 7re-period 1, then A(T, 7pe) ~
K[z] if I is a radical square zero algebra, and if not then there exists a natural
number ¢ such that A(T, 7re) =~ K|[z,y]/(y!). In [Po3] T-periodicity was investigated
using similar techniques as was used in [Sch] to study syzygy-periodicity.

3. TwWISTED HOCHSCHILD COHOMOLOGY

The underlying geometric object used in [EHSST] and [SnS] to define sup-
port varieties was the Hochschild cohomology ring HH*(A,A) = Extj.(A,A) =
D, Extiye (A, A) of A (where A® is the enveloping algebra A ®; A°P of A). For an
Artin k-algebra I and any pair of A-T'-bimodules X and Y the tensor map

— @A X BExtie(A,A) — Ext} o por (X, X)

is a homomorphism of graded k-algebras, making Ext} o po» (X,Y) a left and right
Extie(A, A)-module via the maps — ®, Y and — ®4 X, respectively (followed by
Yoneda product). Now since A is projective as a k-module, it follows from [Yon,
Proposition 3] that for any two A-A bimodules B and B’ which are both projective
as right A-modules, and for any homogeneous elements n € Ext).(B, B’) and 6 €
Ext} o, ror (X,Y), the Yoneda relation

(t) (n®aY) o (Bwab)=(~1)"(B @r0) o0 (n©sX)

holds (see also [SnS, Theorem 1.1]). By specializing to the case I' = A and B =
B'= X =Y = A we see that the Hochshild cohomology ring HH*(A, A) of A is
graded commutative, whereas the case I' = k and B = B’ = A shows that for any
pair of A-modules X and Y the left and right scalar actions from HH*(A, A) on
Ext} (X,Y) are related graded commutatively.
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Denote the commutative even subalgebra @°° ,Ext3+(A,A) of HH*(A,A) by

HeV. The support variety of the A-module M is the subset
V(M) 2 {m € MaxSpec H*" | Anngev Ext} (M, M) C m}

of the maximal ideal spectrum of H®". As shown in [EHSST] and [SnS], the theory
of support varieties is rich and in many ways similar to the theory of cohomological
varieties for groups, especially under the hypothesis that H°¥ is Noetherian and
that Ext} (X,Y) is a finitely generated H®’-module for all A-modules X and Y.

In order to obtain a partly similar theory of twisted support varieties, the under-
lying geometric object we use is a “twisted” version of the Hochschild cohomology
ring. Let I' be any ring and let p, ¢: I' — T be two ring automorphisms. If X is a left
I'module and B is a I'-I'-bimodule, denote by 4X and 4B, the left module and bi-
module whose scalar actions are defined by v-x = ¢(y)z and 1 -b-v2 = ¢(71)bp(72)
for v,71,7 € I', x € X, b € B. The functor assigning to each I'-module X the
twisted module , X is exact and isomorphic to the functor ,I'y ®r —, and it preserves
projective modules and minimal resolutions when the latter makes sense.

Fix a k-algebra automorphism

v A— A

and a positive integer ¢t € N, and consider the graded k-module

HH" (- Ay, A) = Extie (y- A1, A) = QD Extie (ye Ar, A).
n=0

By the above and Lemma 2.1 the pairing
Exti? (ym Ay, A) x Exti (A, A) —  Bxt! " (i Ay, A)
(n,8) — mnoymb

defines a multiplication under which HH** (A1, A) becomes a graded k-algebra,
i.e. if n and 0 are homogeneous elements given as exact sequences

N:0—=A—FEyp1— - — Ey—ymA —0
0:0>A—Ty1— - —Typ— yn Ay =0,

then their product nf is given as the Yoneda product of the sequence n with the
sequence

wmei 0— pm A1 — wm(Ttn,1)1 — s wm(TQ)l 7 pmtn A1 — 0.

Before giving an example, recall that a finite dimensional algebra I" over a field
K is Frobenius if rT" and D(I'r) are isomorphic as left I'-modules, where D denotes
the usual K-dual Homg(—, K). For such an algebra T, let ¢;: rI' — D(I'r) be
an isomorphism. Let y € I' be any element, and consider the linear functional
vi(1) -y € D(T), i.e. the K-linear map I' — K defined by v — ¢;(1)(y7). Since ¢;
is surjective there is an element = € I having the property that ¢;(z) = ¢i(1) -y,
giving x - (1) = (1) - y since ¢; is a map of left I-modules. It is not difficult
to show that the map y — =z defines a K-algebra automorphism on I', and its
inverse vr is called the Nakayama automorphism of T' (with respect to ¢;). Thus
vr is defined by ¢;(1)(yz) = ¢i(1)(vr(z)y) for all v € T'. This automorphism is
unique up to an inner automorphisms; if ;: rI' — D(I'r) is another isomorphism of
left modules yielding a Nakayama automorphism v}, then there exists an invertible
element z € I" such that vp = zyliz_l. Note that ¢; is an isomorphism between
the bimodules 1FU;1 and D(T"), and since 1/1?1: vl —1 Fyl:l is an isomorphism of
bimodules we see that ,.I'1 ~ D(T").

As D(T'r) is an injective left I'-module, we see that a Frobenuis algebra is
always left selfinjective, but in fact the definition is left-right symmetric. For
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if o;: rI' — D(I'r) is an isomorphism of left T-modules, we can dualize and
get an isomorphism D(p;): D?(Tr) — D(rI') of right modules, and composing
with the natural isomorphism I't =~ DQ(I‘F) we get an isomorphism ¢,: I't —
D(rI') of right I'-modules. Moreover, we can view this last map as an isomor-
phism ¢, : per P — D(I'P%,) of left I'°P-modules, thereby giving an isomorphism
o1 @@ Tk TP — D(I't) ®x D(I'Eh,) of I-I-bimodules. As D(I't) ® ¢ D(T'Ehs)
is isomorphic to D(I'® g T'°P) as a I'-I-bimodule, we see that the enveloping algebra
I'* =T ®g I'°P of T is also Frobenius.

Example. Suppose k is a field and A is Frobenius. Recall from the example in
Section 2 that for a bimodule B in the stable category mod A® the orbit algebra

A(B,7pe) = Homye (B, B) © @D Hom,. (74« (B), B)
=1

is isomorphic to the algebra
P Ext3.(V'B, B),
i=0

where A is the Nakayama functor D Hompe(—, A®). This functor maps the projec-
tive cover of a simple A°-module to its injective envelope, and is therefore isomorphic
as a functor to D(A®) ®pe —. As A is a Frobenius algebra, so is A®, and we know
that D(A®) is isomorphic to ,,. A®; as a A°-A°-bimodule, giving an isomorphism

A(B,Tpe) ~ @ Extiie(,,}'\eB, B)
i=0

of graded k-algebras.

Next we address the question of graded commutativity in HH"* (A, A). For
two homogeneous elements

N0—=A—=FEyp_ 11— —=Ey—=ymnh —0
0:0 = A—=Ty1— - —=Tog—yn A1 —0
the Yoneda relation (}) gives the equality

o (ymA1@r0) = (1) 0 (n@A yn A1),

in which the left hand side is the product nf (we can identify ym A; @26 with ,m6).
However, the extension on the right hand side is in general not the product 0n; it is
the Yoneda product of § with 7,-», and although we have bimodule isomorphisms
1Ay >~ yn Ay and ym Ay—n =~ ymin Ay we cannot in general identify 7,,-» with
yn7 unless n = 0. For reasons to be explained in the next section, we make the
following definition.

Definition 3.1. A commutative graded subalgebra H C HH"™ (y« A1, A) is strongly
commutative if ny-1 = yn for all homogeneous elements n € H.

In light of the Yoneda relation all we can say about graded commutativity in
HHt*(w*Al, A) is that a homogeneous degree zero element commutes with every-
thing, which is not unexpected since HH"(4oA1, A) = Ext.(A,A) = Z(A) (the
center of A). The next result gives a criterion under which commutativity relations
hold, but first recall the following from [CaE, page 174-175]: for each n > 0 let @,
denote the n-fold tensor product of A over k (with Qo = k), and define

Bn:Qn+2:A®k‘"'®kA'
—_———

n—+2 copies of A
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We give B" a A°-module structure by defining
)\()\O Q- )\TH»I))\/ = )\)\O - )\n+1)‘/a

and as A°-modules we then have an isomorphism B"™ ~ A°®:Q,. Note that B"
is A°-projective since the functor Hompe(A® ®;Q,, —) is naturally isomorphic to
Homy (Q,, —) by adjointness. Now for each n > 1, define d: B® — B"~! by

Ao ® - ® Ant1 »—>Z(—1)i)\o®~-~®)\i)\i+1®~-~®)\n+1~
i=0

The sequence

B:--—pB3%4p2d gt 4ok \ o,
where p is the "multiplication map”, is an exact A°-projective resolution called the
standard resolution (or Bar-resolution) of A.

Proposition 3.2. Letn € HHt*(WAl,A) be a homogeneous element of degree tm
represented by the map f,: ym B{™ — A. If for some n > 1

@™ (A0) @ @Y (M) @1) =97 (Ao ® - @ A @ 1)
for all \g @ -+ ® Mgy @ 1 in ym B{™, then ny—n = yn1, and consequently nf =
(=1)1"1 0y for every homogeneous element 6 € HHt*(w*Al, A) such that tn divides
|0]. In particular, if

Fo@ 7 0) @ @Y Aun) @) =97 (A0 ® - @ Ay ® 1)
or all Ao ® -+ @ Agy, ® 1 2n ym BY™, then n belongs to the graded center o
f A A 1 in 4mB™, th bel h ded f
HH" (A, A).

Proof. Suppose the given condition on f, holds for n. When viewing 7,-» as
a tm-fold extension of y» Ay by ym+n A;, we use the bimodule isomorphisms
YT yman Ay —ygm Ay—n and Y7 | Ay-n —yne Ay, A lifting of the former along
pm+nBy is given by the maps
(2 i BE = ym B,
M@ @At = P (Ro) @ @ YT (Ait)

for i > 0, giving the commutative diagram

e ymin BI™ *d>¢m+anm71 L>...*>¢m+n Al —>0
(pmmerme? l(w—%@f”“ U
> ym B, 4. meff:l d | WA —
fn
1Ay—n
o
yn A

with exact rows. Therefore the extension 7,,-» is represented by the map composite
map
wn o f77 ° (w—n>®tm+2: mernBim —sym A17
under which the image of an element Ao ® - -+ ® Agyy1 € ymtn Bi™ is easily seen to
be (Ao ® -+ ® Atmy1) because of the assumption on f,.
This shows that we may identify the extensions 7,-» and y»n, and by induction
we see that 7y-jn = yinn for all j > 1. Consequently, if § € HH"(y«Aq, A) is
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a homogeneous element such that tn divides |0], say |f| = tnj, then the Yoneda
relation gives

n0 = (1) oy 50 = (—1)MG 0 s = (—1)1%9p.
O

We end this section with an example of a Frobenius algebra for which the twisted
Hochschild cohomology ring with respect to the Nakayama automorphism and ¢t = 2
is strongly commutative.

Example. Let k be a field of odd characteristic and ¢ € k a nonzero element which
is mot a root of unity, and denote by A the k-algebra

A = k(z,y)/(2®, zy + qyz, y°).

Denote by D the usual k-dual Homy(—, k), and consider the map ¢: o A — D(Ap)
of left A-modules defined by

o(1)(a + Bx + vy + dyz)

It is easy to show that this is an injective map and hence also an isomorphism
since dimy A = dimy D(A), and therefore A is a Frobenius algebra by definition.
Straightforward calculations show that z - ¢(1) = (1) - (—¢'z) and y - p(1) =
©(1) - (—qy), hence since = and y generate A over k we see that the Nakayama

automorphism v (with respect to ¢) is the degree preserving map defined by

def
= 4.

z— —q e,y —qy.

In [Be2] the Hochschild cohomology of this 4-dimensional graded Koszul algebra
was studied, and for every degree preserving k-algebra automorphism ¢: A — A the
cohomology groups HH"(A,1Ay) = Extj.(A,1Ay) were computed. In particular,
from [Be2, 3.4(iv)] we get

1 for n even

. 2n =
dimy, EXtAe (A7 1Au”') - { 0 for n odd

when n > 0, whereas Ext.(A,1A,0) = Z(A) is two dimensional (the elements
1 and yx form a basis for the center of A). Moreover, it is not difficult to
see that Ext3%(A, A,») is isomorphic to Ext3%(,»A;,A). Therefore the algebra
HH" (2« A1, A) = @°%  Exty%(,2n A1, A) is two dimensional in degree zero and one
dimensional in the positive degrees.

We now recall the construction of the minimal bimodule projective resolution of
A from [BGMS]. Define the elements

=1 fo==z fi=y
fry=0=fr, foreachn >0,
and for each n > 2 define elements { "}, C A®y --- ®; A inductively by
—_———

n copies
fr=nTeytd e

Denote by F™ the A®-projective module @, A @ f* @ A, and by fi" the element
1®ffoleF" (and f§ =1®1). The set {f"}", generates F™ as a A®-module.
Now define a map §: F* — F*~! by

e e G e R U e C VR
It is shown in [BGMS] that
(F,8): - — Ftt O pn O pn=t
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is a minimal A°-projective resolution of A.
For each m > 1 consider the A°-linear map

gam : V2mF14m — A

FAm 1 fori=2m
froe {o for i # 2m.

The only generators in ,2m F{LmH which can possibly map to fé‘;{} under the map

8 p? . ..
Jom F14m‘"1 S em FE™ are 24;’1“'1 and f;lﬁill, and so it follows from the equalities

9am 0 8(fom™) = gum(xfam — " fam)
gim ([*" @) - Jams — Jiue - 4]
= 0

and

Gam 0 0(fam D) = gam(PMyfam — famy)

= Gim (y’féf#*fﬁﬁ-y)
— 0

that g4, belongs to the kernel of the map 6*: Hompe(yom Fi™,A) —
Hompe(,2m F14m+1, A). Moreover, there cannot exist a A°-linear map ,2m F/™ ! —
A making the diagram

[ —
V?mF14m e VZmF14m !

=

commute, since ¢ is a map of graded degree 1, whereas the degree of g4, is
0. This shows that g4, represents a generator for the one dimensional space
Ext}7(,2m Ay, A). Note that if we multiply this map with yz, then there does
exist a map making the above diagram commute, hence whenever we multiply
any homogeneous element of positive degree in HH4*(V2*A1,A) with the element
yr € HH®(LoA;, A) we get zero.

For each 0 < i < 4 define A°-linear maps Gup,4i: V2<7,L+1>F14m+i —,2 F} by

- '
= fam fo fori=2m

Gam: [T { 0  otherwise

™ j:& for i = 2m

fi fori=2m+1
0 otherwise

— . f4dm+1
gam+1: fz

1z fori =2m+2
0 otherwise
q4mff fori =2m+1

fimts @ f3 fori=2m+2

0 otherwise

G4m+3':

Gamaa: fAmTa q4mf§ for i = 2m
mtd g 0 otherwise.

q4mf‘3 for i = 2m
g 2m £2 -
Gam2: fi™T - @™ fori=2m+1
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Then for each 1 < i < 4 the diagram

Am+i g Am—4i—1
1,2(m+1)F1 mti o V2(m+1)F1 -

lg41n+i l§41n+i 1

bl ——— 2 F17'71
commutes, hence the maps gym4; for 0 < 4 < 4 provide a lifting of
L2+ FET v29im ,2 Ay along the projective bimodule resolution ,2¢m+1)F; of
L2(m+1) A1. Moreover, the composition g4 0 gum 44 equals the map ¢*™ g4+ 4. There-
fore, if we denote by 6 the extension in Extj’{e(uzAl,A) corresponding to the map
g4, we see that for each m > 2 the element 6™ is the (nonzero) extension in
Ext}7(,2m A1, A) corresponding to the map ¢*(1+2++m=1g
As a result, we see that we have an isomorphism

HHY (2« A1, A) ~ k[z] x k

of graded k-algebras, with z of degree 4, and in particular HH** (y2« A1, A) is com-
mutative. Moreover, it is easily shown that we may identify the extensions 6,2
and ,20, and so HH** (L2« A1, A) is actually strongly commutative.

4, TWISTED SUPPORT VARIETIES

As mentioned, in order to obtain a theory of twisted support varieties the un-
derlying geometric object we shall use is the twisted Hochschild cohomology ring
HH™ (4« A1, A) = Ext}:(4+ A1, A) studied in the previous section (where A YA s
an automorphism and ¢ € N). Similarly as for HH* (- A1, A), the graded k-module
Ext (p« M, M) = @57 Ext}*(yn M, M) is a k-algebra, and for each A-module N
the graded k-module Ext}(4«M,N) = @>7, Exty"(y» M, N) becomes a graded
right Ext’ (p+M, M)-module by defining

¢ Coymp
for ¢ € Exty"(ym M, N) and p € Ext}"(y» M, M). Moreover, the tensor map
— @ M: HH"(p«A1,A)  —  BExt}(y-M, M)
no= @M
is a homomorphism of graded k-algebras, thus making Extf\* (=M, N) a graded
right HH" (A1, A)-module.  Similarly Ext}(4«M, N) becomes a graded left
HH" (A1, A) via the homomorphism
—®@p N: HH" (4«A1,A) —  Exti (4N, N)
no= neAN

of algebras.
We now make the following assumption:

Assumption. Given the automorphism A Y, A and the integer t € N, the graded
subalgebra H = @, , H'™ of HH" (4 A1, A) is strongly commutative with H® =
HH(A,A) = Z(A).

Why do we restrict ourselves to strongly commutative algebras instead of
“ordinary” commutative algebras? The answer is that we want the bifunc-
tion Ext}*(y-—,—), which maps the pair (M, N) of A-modules to the H-module
Extf\*(w*M ,N), to preserve maps. Consider two homogeneous elements ( €
Exty™"(ym M, N) and n € Extit(y» A1, A). By definition ¢ - 1 is the extension
Coym(M®a M) = (o (ymn @y M), and if ymn = ny-m we get ymn @x M =
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Ny—m @x M = 1 ®p ym M. Hence in this case we may identify the right scalar
product ¢ -n with (A®a¢) o (n®a ym M), and then by the Yoneda relation (}) from
the previous section we get

¢-n=(A®xC) o (@ ymM) = (1)l (@5 N) o (yn Ay @4 Q).

However, the extension (n ®a IN) o (y» A1 @4 () is precisely the left scalar product
n-(, and so if H is strongly commutative we see that

C-n= (_1)|Cllnl,7 ¢
for all homogeneous elements n € H and ¢ € Extf\* (p=M,N).

The fact that the left and right scalar multiplications basically coincide is
what makes Ext}*(y«—,—) preserve maps. To see this, let f: M — M’ be a
A-homomorphism. This map induces a homomorphism f : Bxty (=M, N) —
Ext} (4« M, N) of graded groups, under which the image of a homogeneous ele-
ment

0:0—>N— Xy, ==Xy = ynM —0

is the extension 6 f given by the commutative diagram

6f: 0 N Xon X, Y o M 0
L
6:0 N th XQ X1 wnM/ 0

in which the module Y is a pullback. For a homogeneous element € H*™ we then
get

fo-m) = (=n)"fm-0)
(=1)!F ((n @4 N) 0 ymb)
= ()" @a N) o ym (0F)
= (1)l f(o)
showing f is a homomorphism of H-modules. Similarly Extfx*(w*f, —) preserves

maps in the second argument.

Remark. Tt should also be noted that in many cases considering only strongly com-
mutative algebras is not a severe restriction. For example, let H be a commutative
Noetherian graded subalgebra of HH" (;« Ay, A), as will be the case in most of the
results in this section. Then by [Bel, Proposition 2.1] there exists an integer w
and a homogeneous element n € H of positive degree, say |n| = tn, such that the
multiplication map
Hti 77_) Ht(i+n)

is injective for ¢ > w. Now for any homogeneous element § € H*™ the product 0 -n
is by definition the extension foymn = (0@a A)o(ym A1 ®@a7n), which by the Yoneda
relation () from Section 3 equals the extension (—1)"?/(A®n) o (0 @4 yn A1) =
(71)“7”9‘7; o 0y-n. However, the extension 7 o f,-» corresponds to the product
7+ y-nby-n in H, and so since H is commutative we get

- 9 = 9 N = (—l)lnllg‘n . d)fne,lpfn.

Now if |0] > tw then 6 = (—1)%l .6, due to the injectivity of the multiplica-
tion map induced by 7, and twisting both sides in this equality by ™ from the left
we get yn6 = (—1)"1019,, ..
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The algebra H, being Noetherian, is generated over HY by a finite set of homo-

geneous elements, say {xo,...,z,}. Suppose now that k contains an infinite field.
Then from the proof of [Bel, Theorem 2.5] we see that we may choose the ele-
ment 1 above such that |n| = lem{|zg|,...,|z,|} In particular, if all the generators

To,...,x, are of the same degree, i.e. |z;| = ¢, then the subalgebra H* & ;-  H"
of H is strongly commutative.

Having made all the necessary assumptions, we are now ready to define twisted
support varieties. For two A-modules X and Y, denote by AI'/’{(X ,Y) the ideal
Anng Ext} (4 X,Y), ie. the annihilator in H of Ext}{ (4«X,Y). This ideal is
graded since Ext}’ (¢p+X,Y) is a graded H-module. As for ordinary support vari-
eties, the defining ideal for the twisted support variety of M is A}/}(M A /).

Definition 4.1. The twisted support variety V%(M) of M (with respect to the
automorphism 1, the integer ¢ and the ring H) is the subset

VY (M) % {m € MaxSpec H | A% (M, A /t) C m}

of the maximal ideal spectrum of H.

Note that since M and therefore also Ext}"(y«M, A /t) is nonzero, the degree
zero part of A}p{(M ,A /t) must be contained in the radical rad H° of the local ring
H° = Z(A) (if not then Aﬁ (M, A /) contains the identity in H). Hence the twisted
variety V}/}(M ) always contains the unique graded maximal ideal

my=radH o H' ¢ H* @ - -

of H, and we shall say the variety is trivial if it does not contain any other element.
The following proposition lists some elementary and more or less expected prop-
erties of twisted varieties.

Proposition 4.2. (i) The ideal A}/}(M, M) is also a defining ideal for the
twisted variety of M, i.e.

VY(M) = {m € MaxSpec H | A%, (M, M) C m}.

(i) If Ext{(yn M, M) =0 forn >0, then V% (M) is trivial. In particular, the
twisted variety of M is trivial whenever the projective or injective dimension
of M 1is finite.

(i) Given nonzero A-modules M' and M" and an exact sequence

0— M — M— M —0,
the relation
Vi (M) € Vi (M) UV} (M)
holds. Moreover, if Qf(l(M’) # 0, then the relation
Vi (M) € Vi (M) UV (97 (M)
holds, and if M" = Q' (M") for some module M"", then the relation
V(M) € Vi (M) UV (0 M)

holds.
(iv) If M' and M" are nonzero A-modules such that M = M' & M", then
Vi (M) = Vi (M) UV (M),
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Proof. For a A-module N, denote by V%(M , N) the variety whose defining ideal is
A%(M, N). To prove (i), we must show that Vﬁ(M, A /v)and V}Z (M, M) are equal,
and we start by proving by induction on the length of N that V}/} (M, N) is contained
in VY (M, A /). For any simple A-module S the ideal A%, (M, A /t) is contained in
A}/}(M, S) since S is a summand of A /¢, hence V%(M, S) C V%(M,A/t). If the
length of N is greater than 2, take any simple submodule S C N and consider the

exact sequence
0—-S8—N-—N/S—O0.

This sequence induces the exact sequence

Exty (4« M, S) — Exti (4« M, N) — Ext’ (4« M, N/S)
of H-modules, from which the inclusion

Ay (M, S) - Ay (M, N/S) € A} (M, N)

follows. This implies that VY (M, N) C VY (M,S) U VY (M,N/S), and since
both V% (M, S) and VY% (M, N/S) are contained in VY% (M, A /t) by induction,
we get VU (M,N) C V}{}(M,A/t). In particular VY (M, M) is contained in
V}f{ (M,A /t). The reverse inclusion Vlf[(M, AJr) C qul(M, M) follows from the
inclusion A;fl(M7 M) C A;fl(M7 A /t) of ideals in H, thus proving (i).

Now suppose Ext}y"(yn M, M) = 0 for n > 0, let m C H be a maximal ideal
containing Aﬁ(M, A/x),and let z € HT = @, H'™ be a homogeneous element.
As the scalar action from H on Ext%(,- M, A /t) factors through Ext}" (M, M),
some power of x must lie in Aﬁ(M ,A/t). Therefore x must be an element of m,
implying m is a graded ideal. But my is the only graded maximal ideal of H. This
proves (ii).

Next suppose we are given an exact sequence as in (iii). The sequence induces
the exact sequence

Exti (e M", A [ t) — BExt} (p« M, A/ t) — Exti (y-M', A /%)
of H-modules, giving the inclusion
AG (M A /) - A (M7, A [t) € Ay (M, A /)

of ideals of H. The relation VY (M) C VY, (M') U V}b{(M”) now follows.
The original exact sequence also induces the two exact sequences

0 — Hompa (M, A /t) — Homp (M, A /)
Ext" ™ (yn M/, A [ t) — Exti(yn M", A [ t) — Exti(yn M, A /)
for ' m > 1, in which we may identify Exty '(y»M’,A/t) with
Extf\("_l) (pn—1 Q5 (4 M"), A /t). Consequently the inclusion
Ay (M, A fe) - AR (7 (M), A/ v) S AR (M, A /)

holds whenever Q4"1(M’) # 0, giving VY, (M") C V4 (M) U VY QL (,M')).
Finally, the short exact sequence induces the exact sequence

Bt (g M, A /) — Bt (o M7, A/ ¥) — Bt (g MY, A /)
for n > 0. If M" = Q4 ' (M"") for some module M"’, then we may identify
Ext{" ! (yn M”, A / t) with EXt%n+l)(,¢,n+l (p-1M"), A /x), and the inclusion
AY (M A Je) - A (- M" A Jt) CAG (M, A/ ¢)

holds. This gives VY (M') C V(M) U Vl}[){(w—lM///), and the proof of (iii) is
complete.
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To prove (iv), note that by (iii) the inclusion V% (M) C V% (M’) U V' (M")
holds, whereas the inclusions A% (M, A /t) C AY(M’,A /¢) and A% (M,A/t) C
AY(M" A /) give V4 (M) C VY (M) and V¥ (M”) C VY% (M). 0

As a corollary, we obtain a result whose analogue in the theory of support vari-
eties says that varieties are invariant under the syzygy operator.

Corollary 4.3. If Q4 (M) is nonzero, then V', (M) = V¥ (Q4 (, M)).
Proof. The exact sequence
0— Q\(M)— Py — M —0

gives V%(M) C V}g (Po) U V}g (Q4 (0L (M))), and since V%(PO) is trivial we get
VY(M) C V}@(QR@,M)) On the other hand, the exact sequence

0— Q4 (M) — y Py — Q7 (yM) — 0

gives V4 (4 (4 M) C VY (yPro1) UV (-1 (pM)), and since Vi (,P;—1) is trivial
we get VU (Q4 (4, M)) C VY (M). O

We illustrate this last result with an example.

Example. Suppose k is a field and A is a Frobenius algebra, let v = vj be the
Nakayama automorphism of A, and take t = 2. We saw in the example following
Lemma 2.1 that the Auslander-Reiten translation 7 = D Tr is isomorphic to Q3N
where N is the Nakayama functor D Homp(—, A). Moreover, in the example prior
to Proposition 3.2 we saw that the latter is isomorphic to , A; ®,—. Therefore,
from the corollary above we get

Vi (M) = VE(QR (M) = Vi (QR (A1 @1 M) = Vi (m(M))
whenever Q3 (M) is nonzero.

A fundamental feature within the theory of support varieties for modules over
both group algebras of finite groups and complete intersections is the finite gener-
ation of Ext*(X,Y) (where X and Y are modules over the ring in question) as a
module over the commutative Noetherian graded ring of cohomological operators
(see [Ben] and [Car] for the group ring case and [Avr| and [AvB] for the complete
intersection case). In order to obtain a similar theory for selfinjective algebras in
[EHSST], it was necessary to assume that the same finite generation hypothesis
held, since there exist selfinjective algebras for which it does not hold.

We now introduce a finite generation hypothesis similar to that used in [Bel],
where instead of assuming finite generation of Ext*(X,Y") for all modules X and
Y, a local variant focusing on a single module was used.

Assumption (Fg(M, H,1,t)). Given the automorphism A Y, A and the integer
t € N, there exists a strongly commutative Noetherian graded subalgebra H =
@2, H™ of HH™ (A1, A) such that H® = HH(A,A) = Z(A), and with the
property that Ext}(,-M, A /t) is a finitely generated H-module.

As mentioned in the remark prior to Definition 4.1, considering only strongly
commutative algebras instead of “ordinary” commutative algebras is not a severe
restriction. In fact, the following result shows that if Fg(M, H,,t) holds for a
commutative Noetherian graded algebra H which is not necessarily strongly com-
mutative, then there exist a positive integer s and a strongly commutative Noe-
therian subalgebra H' C H for which Fg(M, H',¢*,ts) holds.
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Proposition 4.4. Let A Y, A be an automorphism and t € N an integer, and
suppose there exists a commutative Noetherian graded subalgebra H = @, H'™
of HH™ (= Ay, A) such that H® = HH°(A,A) = Z(A), and with the property that
Extf\*(d,*M,A/t) is a finitely generated H-module. Then there exist a positive
integer s and a strongly commutative Noetherian graded subalgebra H' of H for
which Fg(M, H' ,14*,ts) holds

Proof. From the remark prior to Definition 4.1 we see that there exist two positive
integers n and w such that yn = 6,-» for every homogeneous element 6 € H
with |0 > tw. Let n1,...,m. € H be homogeneous elements of positive degrees
generating H as an algebra over H?, and denote the integer wn by s. Then the
subalgebra H' = H[n$,...,n] of H is strongly commutative with respect to the
automorphism °, and Extgs)* ((s)=M, A/ t) is a finitely generated H'-module. [J

We now show that introducing the above finite generation hypothesis enables us
to compute the dimension of the twisted variety of a module. Recall first that if
X =@, X» is a graded k-module of finite type (that is, the k-length of X, is
finite for all n), then the rate of growth of X, denoted (X), is defined as

7(X) def inf{c € NU {0} | Ja € R such that £,(X,,) < an°"! for n > 0}.

For a A-module Y with minimal projective resolution --- — Q1 — Qo — Y — 0,
we define the m-complexity of Y (where m > 1 is a number) as the rate of growth
of @,y Qmn, and denote it by cx™Y. Note that the 1-complexity of a module
coincides with the usual notion of complexity, and that the identity
ex™Y = (Exti*(Y,A/v))

always holds (the latter can be seen by adopting the arguments given in [Bel,
Section 3]).

The following result allows us to compute the dimension of VI‘Z}(M ) in terms of

the t-complexity of M provided Fg(M, H,,t) is satisfied. In particular Dade’s
Lemma holds.

Proposition 4.5. If Fg(M, H,v,t) holds, then dim V;{’I(M) =cx' M. In partic-
ular VId}(M) is trivial if and only if M has finite projective dimension.

Proof. Adopting the arguments used to prove [Ben, Proposition 5.7.2] and [EHSST,
Proposition 2.1] gives dimVﬁ(M) = v (Ext} (=M, A /r)). For any A-module Y

and any k-automorphism A 2, A there is an isomorphism Y =~ ,Y of k-modules,
and so if --- — @1 — Qo — Y — 0 is a minimal projective resolution we see that
the m-complexity of Y equals the rate of growth of @Zozo on (Qmn). In particular
the equalities

ext M =+~ <EB gm (Pm)> = (Ext}y (yp«M,A /)

n=0
hold, where
P:o— Py 2P A 0
is the minimal projective resolution of M. O

Note that whenever Fg(M, H,1,t) is satisfied the dimension of VY, (M), and
therefore also the t-complexity of M, must be finite; since H is commutative graded
Noetherian it is generated as an algebra over HY by a finite set {zq,...,2,} of
homogeneous elements of positive degrees, giving ~y (Extfx*(w*M JA/T)) < v (see
the discussion prior to [Bel, Proposition 3.1]). It then follows from the proof of the
above proposition that cx! M < 7.
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The next result gives a sufficient and necessary condition for the variety to be one
dimensional. Recall that a A-module Y is periodic if there exists a positive integer p
such that Y ~ QF (Y'), whereas it is eventually periodic if 0y (Y') is periodic for some

i > 0. For a k-automorphism A 2, A we define Y to be ¢-periodic if there exists
a positive integer p such that Y ~ QF (,Y), and eventually ¢-periodic if Qi (V) is
¢-periodic for some i > 0.

Proposition 4.6. If Fg(M, H,v,t) holds, then dimV}/}(M) = 1 if and only if
M is eventually " -periodic for some i > L. Moreover, when this occurs there is a
positive integer w such that Q5 (M) ~ QI (4w M) for some j > 0.

Proof. If M is eventually 1*-periodic, then the sequence
Ek(Po),fk(Pl), Ek(PQ), c.

must be bounded, that is, the 1-complexity of M is 1. But then the sequence
i (Po) i (Py), Uk (Pay), . . .

is also bounded, that is, the t-complexity of M is also 1, and consequently
dim VY (M) = 1.

Conversely, suppose the latter of the above sequences is bounded. By [Bel,
Proposition 2.1] there exists a homogeneous element 1 € H of positive degree, say
|n| = tw, such that the multiplication map

Extf (i M, A /t) 2 Exti™™) (i M, A /¥

is injective for i > 0. Represent the element n @y M € Ext (,, M, M) by a map
fn: QW (pwM) — M. Then for each i > 0 there is a map f;: yw(Pruyyi) — P
making the diagram

diw diw
o (Prura) =% i (P 1) — g (Pry) —— Q8 (yw M) —— 0

R A

P, 2 P, ! Py 2 M 0

with exact rows commute. If 6 € Ext}(4«M,A/t) is a homogeneous ele-
ment, say |0] = tn, and represented by a map fp: yn(Piy) — A /v, then 0n €
Extf\(w'm) (pw+nM, A /) is represented by the composite map

”ftn
vt (Petarsn)) 2 g (Pon) 22 A J v

For any ¢ > 0 the complex [P is a minimal projective resolution of ,: M, and
therefore Ext} (M, A /t) = Homa (y:(Py),A/t). Moreover, the multiplication
map

Extf (i M, A /t) 5 Exti™™) (400 M, A /¥
is just the map

(pifei)™
Homp (i (Pi), A/t)  —2s Homp (yisw (Pigitw))s A/ )

g = g Oqi Jtis
and since the exact sequence

pi fti
Qpitw (Pt(ier)) 7J—> Pl (Ptz') — W(Coker fti) — 0
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shows that the kernel of the multiplication map 1is isomorphic to
Homp (yi (Coker fy;),A/t), we see that Cokerf;; = 0 for ¢ > 0. Conse-
quently, for each i > 0 there exists a surjective map Q%wﬂ)(ww M) — QY(M) and
therefore also a sequence

= QP (o M) — QT (o M) — QD (4 M) — QE (M)
of surjections. However, by assumption the sequence
U(Po)s Ci(Fr), Le(Pat), - - -

is bounded, and therefore Qf\((q+1)w+i)(w<q+1>wM) must be isomorphic to
Q%qwﬂ) (paw M) for large ¢ and i. By setting j = qw + ¢ and twisting with the
automorphism 1~9 we see that QY (M) ~ Qf\(ﬁw)(lﬁw M) for j > 0. O

As a particular case of the proposition we obtain the following result on D Tr-
periodicity over a Frobenius algebra.

Proposition 4.7. Suppose k is a field and A is a Frobenius algebra, and let A % A
be a Nakayama automorphism. If M does not have a nonzero projective summand
and Fg(M, H,v"™, 2n) holds for some n > 1, then dim V(M) = 1 if and only if
M ~ 7P(M) for some p > 1.

Proof. By the previous proposition the variety V' (M) is one dimensional if and
only if there is a positive integer w such that Q2"(M) ~ Q") (... M) for
some j > 0. Taking cosyzygies we see that the latter happens precisely when
M ~ Q3" (,nw M), that is, when M ~ 7% (M). O

We illustrate this last result with an example.

Example. Let k be an algebraically closed field of odd characteristic and g € k a
nonzero element which is not a root of unity, and denote by A the k-algebra

A = k(z,y)/(2®, zy + qyz, y°).

We saw in the example following Proposition 3.2 that the Nakayama automorphism
v of A is defined by
T =g T,y —qy,
and that HH**(,2. A1, A) is isomorphic to k[f] x k with # of degree 4. In particular
HH4*(V2*A1, A) is strongly commutative, and we denote this ring by H.
For elements , 3 € k, denote by M, gy the A-module A(ax+ By) (see [Sma] for
a counterexample, using the module M, 1), to a question raised by Auslander, a

question for which a counterexample was first given in [JoS]). Consider the module
M = M gy for 3 # 0, and for each 7 > 0 let P; = A. The sequence

(z+4°By) (z+4°By) (z+4By) -(z+By)

P: - = Py M —0

P

Py &)

is a minimal projective resolution of M, hence since ,-»IP is a minimal projective
resolution of ,» M for any n > 1 we see that Ext2"(,» M, k) = Homy (,» A, k) is one
dimensional. We shall prove that Fg(M, H, v, 2) holds.

Recall from the example following Proposition 3.2 the minimal bimodule projec-
tive resolution

(F,8): - — Frtt & pn O =1

of A, where the set {f'}, generates F™ as a A®module and the differential
§: F* — F™1 is given by

e e G e R U e S C N
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The element § € H* represented by the map

ga: 2 F — A

4 1 fori=2
i {0 for i # 2

generates H as an algebra over H°. The resolution F ®, M is also a projective
resolution of M, and defining A-linear maps

hp: P, — F"QaM
- WD o 7y
1 - (Zq 2 ﬁﬂ-) ® (« + fBy)
i=0
gives a commutative diagram

P, (z+4>By) P, (z+4qBy) P, -(z+By) M 0

e 2 8L 8L o oA
Fropa M Froa M F'@a M M 0

with exact rows. Consequently, the element §@x M € Ext} (,2 M, M) is represented
by the composite map

— 1)oh
Forve(Py) ZEVM Ao M~ M
1 — ¢’ 0% (x + By).

Now for each i > 0 define f;: ,2(Pi14) —,2 (P;) by 1 +— ¢**33%. We then obtain
a commutative diagram

(z+q" By) (z+¢°By) (z+4°By)

v2 (P7) V2 (PG) — > 2 (P5) v2 (P4) e
lfs lfz \Lfl lfox
(x+q° (z+q° (z (zx
Py (z+4¢°By) P, (z+q~By) Py (z+49By) P (z+By M 0

with exact rows, hence if u € Ext3"(,n M, k) = Homyp(,n(Pay), k) is an ele-
ment represented by a map f,: ,n(Pan) — k we see that the element u -6 €

Extf\(nH)(V(nH)M, k) is represented by the composite map
v(n+42) (P2(n+2)) M} vm (P2n) fl’

Moreover, this composition is nonzero whenever p is nonzero, since fo, is just

multiplication with ¢*"+332. Therefore, since Ext3"(,» M, k) is one dimensional for

each n > 1, the H-module Ext3*(,- M, k) is finitely generated; it is generated as

an H-module by any k-basis in Ext{ (,0M, k) = Homa (M, k) together with any

nonzero elements i, € Ext3 (,M, k) and po € Ext} (,2 M, k).

The above shows that Fg(M gy, H,v,2) holds for § # 0, and since the 2-
complexity of M, g) is obviously 1 we see from Proposition 4.5 that the variety
V% (M p)) is one dimensional. From Proposition 4.7 we conclude that M g) ~
T%(M1,5)) for some w > 1. Indeed, in [LiS] it is shown that M g is isomorphic
to T(M(l,[;)).

Recall that each nonprojective indecomposable A-module is annihilated by yzx,
and is therefore a module over the algebra A /(yx) (see [Sch, Section 4]). The
latter is stably equivalent to the Kronecker algebra, an equivalence under which
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the representation

corresponds to the module M, 5). Denoting M, 5) by M(lm g)» it follows from the
well known representation theory of the Kronecker algebra (see, for example, [ARS]
and [ASS]) that the indecomposable 7-periodic A-modules are divided into distinct
countable classes {M(,, 5 }7<,, one for each pair (o, 8) € {(0,1)}U{(1, 8)}gex, such
that for each ¢ > 1 there exists a short exact sequence

) i—1 i+1 )
0 — M, gy = M, 5 &M 5 — M, 5 — 0,

(e,

where M, (Oa g = 0. Now each such exact sequence induces an exact sequence
Ext} (o« ML, k) — Ext} (o, MEH k) @ BExty (,« M k) — Ext}* (o M2, k)

of H-modules, and so since H is Noetherian and Ext3* (V*M%Lﬂ),k) is a finitely
generated H-module whenever (3 is nonzero, an induction argument shows that
Ext3* (v My gy, k) is a finitely generated H-module for any i 2‘ 1 and 8 # 0. We
conclude that Fg(M(, ), H,v,2) holds for all the modules {M(, 5 }72; when f is
nonzero.

However, there are two more classes of indecomposable 7-periodic A-modules,
namely {M (il 0)}2‘?20 and {M (io 1)Yizo- Do these modules satisfy the finite generation
hypothesis? The answer is no, and to see this, consider the module M o) = A .
Letting P; = A for each i > 0 we see that the sequence

=Py 5 PS5 PS5 Py Mg — 0
is a minimal projective resolution of M ¢y, and defining A-linear maps
hnipn — Fn ®A M(I,O)

1 — flou
gives a commutative diagram
P = Py = M1,0) 0
| |
1 OB 10
= I @p M1 0) — F7 ®x M(1,0) Mq,0) 0

with exact rows. Since the map hy does not “hit” the generator fél Rz € F*®,)
M1 0y, we see that the element 6 @5 M € Extjl\(l,z M, M) is represented by the zero
map. This shows that Ext?\*(u* M 2170), k) cannot be a finitely generated H-module,
and a similar argument shows that the same is true for the module M 1).

Note also that the finite generation condition cannot hold for any nonzero inde-
composable nonprojective A-module which is not 7-periodic; if X is such a mod-
ule and Ext%* (,+X, k) is finitely generated over H, then the rate of growth of
Ext3*(,+ X, k) is not more than that of H. However, the latter equals the Krull
dimension of H, thus 7 (Ext3*(,-X,k)) < v(H) = 1. Since X is nonprojective
we conclude that the rate of growth of Ext3*(,X, k) is 1, and so by Proposition
4.5 the variety V7;(X) is one dimensional. But then Proposition 4.7 implies X is
T-periodic, a contradiction.

Returning to the general theory, we now impose the finite generation hypothesis
on both M and Q}(M). The following result shows that, in this situation, if
the variety of M is nontrivial (that is, when M does not have finite projective
dimension) then there exists a homogeneous element in H “cutting down” the
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variety by one dimension. Recall first that if € HH* (A1, A) is a homogeneous
element, say 1 € Ext{"(ym Ay, A), then it can be represented by a A°-linear map
I Q42 (ypm A1) — A. This map yields a commutative diagram

00— Q42 (pm A1) — ym (P™71) —— Q1 (i Ay) — 0

3 |

0 A Kn QXZLil(l/,mAﬂ —0

with exact rows, in which we have denoted by P! the ith module in the minimal
projective bimodule resolution of A. Note that up to isomorphism the module K,
is independent of the map f, chosen to represent 7.

Proposition 4.8. If both Fg(M, H,,t) and Fg(Q4 (M), H,,t) hold and M does
not have finite projective dimension, then there exists a homogeneous elementn € H
of positive degree such that dim VY (QL.(K,) ©x M) = dim V¥ (M) — 1.

Proof. By assumption the H-modules Exty (- M, A /t) and Ext} (4« Q4 (M), A /x)
are finitely generated, hence by slightly generalizing the proof of [Bel, Proposition
2.1] we see that there exists a homogeneous element 1 € H of positive degree, say
n € H™ C Ext{"(ym A1, A), such that the multiplication maps
Extf(yiM,A/t) 5 Exth\™™ (iim M, A /¢)
Exti(y: Q8 (M), A /) L Bxt!OT™ (L QL (M), A /¢)
are both k-monomorphisms for 7 > 0. Consider the short exact sequence

0—A— K, — QW (ymAy) — 0

obtained from 7. As Qf{’j*l(wmAl) is right A-projective, the sequence splits when
considered as a sequence of right A-modules, and consequently the sequence

0—-M— K, @\ M — QRT71(¢m,A1) QA M — 0

is exact. For each ¢ > 0 the latter sequence induces a long exact sequence

Ext} (s (K, @1 M), A /t) — Bxtf (M, A /) 25

EXti\(ier) (¢i+mM7 A/t) — Eth\iJ’_l(wi (Kn ®A M), A/‘c) —
Ext! ! (o M, A /1) Orit1, Ext! T (i ML A Y
in  which we have replaced Ext} (i (N2 (ypm A1) @4 M), A /t)  with
Exti\+t7”_1(¢i+nLM, A/x), due to the fact that ,i(QWP '(ymAr) @4 M) is a
(tm — 1)th syzygy of yi+m M. By [Mac, Theorem II1.9.1] the connecting homo-
morphism 9; is then the Yoneda product with the extension (—1)7,i(n®a M), in
particular we see that d;; is scalar multiplication with (—1)%.

Now consider the connecting homomorphism ;1. Applying the Yoneda rela-
tion (f) from Section 3 to n and the short exact sequence

0:0— Q\(M) — Py — M — 0
gives the relation
(1 ®x Q) (M) 0 (ym Ay @4 0) = (=1)"™(A®40) 0 (n @4 M),
which we may twist by ¢! to obtain the relation

pi (7] KA Q}\(M)) ¢} wi+7n0 = (—1)tm,¢}i9 O yi (77 XA M)
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This gives a commutative diagram

pi?

]'__“1)(455\1(1/}1Szll\(.1\4)7 A/t) _— Extf\i-l‘l (wiM, A/t)

i'(_l)t(i+7'L)+ln \Laf/i+1

. itm@ .
Ext ™ (i QL (M), A [ v) = Ext 0™ H (L M A /v

in which the horizontal maps are isomorphisms, hence the connecting homomor-
phism 0y;41 is also basically just scalar multiplication with 7, as was the case with
0y;. Consequently they are both injective for i > 0, giving a short exact sequence

(1) 0 = G M, A /) 25 5™ (o MU A J6) — G (i (K @a M), A 1) —
for large ¢ (in which we have used the short hand notion f\(—, —) for
Exti(—, —)).  Note that we may identify Ext{ ™ (,: (K, ®s M),A/t) with
Ext} (i (Q4e (K,)) ®a M), A /t); since K, is right A-projective the projective bi-
module cover
0 O4u(Ky) — Q — Ky — 0

of K, splits as a sequence of right A-modules, and therefore stays exact when
tensored with M. In addition, the A-module Q ® M is projective, hence

EXtX+1(wi (K, @A M),A/v) ~ Extf\i(w (Qhe (K,) @ M), A /).

Consider now the H-module Ext} (y«(Q4c(K,) ®s M),A/t), and let w
be an integer such that the sequence (ff) is exact for ¢ > w. Then
the submodule @2, Ext (4 (Qhe(K,;) ®a M), A /t) is finitely generated over
H, being a factor module of the submodule ;- EX‘L%Hm) (pitm M, A /x) of
the finitely generated H-module Ext} (,M,A/t). But then the H-module
Ext}y (- (Qhe (K;y) @A M), A /t) must be finitely generated itself, since each graded
part Extﬁ\j (i (pe (Ky) @A M), A/ t) is finitely generated over HY. Also, from [Bel,
Proposition 3.1] we get

(@ Exty (i (Qhe (K)) @4 M), A /¢ ) = (@ Ext! ™ (i M, A /t)> —_

and since for any A-module X the rate of growth of Ext} (X, A /t) equals that
of @52, Exti (4 X, A /) we get

3 (Bt (e (Qhe (K,) @4 M), A/ ¥)) = 7 (Bt (4 M, A /) —
Therefore the equality cx? (Q/l\e (Ky) ®a M) = cx! M —1 holds, and so from Propo-
sition 4.5 we conclude that dim V?{(Q}\e (Ky) @a M) = dimV}/’{(M) -1 O

Finally we turn to the setting in which Fg(X, H,1,t) holds for all A-modules
X, and derive two corollaries from Proposition 4.8. Observe first that if
Fg(A /v, H,4,t) holds, then Fg(S, H,v,t) holds for every simple A-module S,
and so by induction on the length of a module we see that Fg(X, H,,t) holds
for every A-module X; namely, if £(X) > 2, choose a submodule Y C X such that
(Y) =£(X) — 1. The exact sequence

0-Y—->X—->X/Y—0
induces the exact sequence
Exti (4« (X/Y), A /t) — Exth (- X, A /t) — Exthy(4-Y, A /¢)

of H-modules, and since the end terms are finite over H, so is the middle term.
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Corollary 4.9. IfFg(A /v, H,¢,t) holds and dimV}ﬁ,(M) =d > 0, then there ex-

ist homogeneous elements 11, ...,n4—1 € H of positive degrees such that the module
Q}\e (Knd—l) TR Q/l\e (Km) @A M
is eventually 1*-periodic for some i > 1.

Proof. This is a direct consequence of Proposition 4.6 and Proposition 4.8. O

Corollary 4.10. Suppose k is a field and A is a Frobenius algebra, and let A % A
be a Nakayama automorphism. If Fg(A /v, H,v™, 2n) holds for some n > 1 and
dim VY, (M) = d > 0, then there exist homogeneous elements n1,...,nq—1 € H of
positive degrees such that every nonzero nonprojective indecomposable summand of

Qe (Kipa 1) ® -+ ©n Qpe (K,) @4 M
is T-periodic.

Proof. This is a direct consequence of Proposition 4.7 and Proposition 4.8. (]
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IV.

MODULES WITH REDUCIBLE COMPLEXITY

ABSTRACT

For a commutative Noetherian local ring we define and study the class of modules
having reducible complexity, a class containing all modules of finite complete inter-
section dimension. Various properties of this class of modules are given, together
with results on the vanishing of homology and cohomology.

This paper is to appear in J. Algebra.



MODULES WITH REDUCIBLE COMPLEXITY

PETTER ANDREAS BERGH

1. INTRODUCTION

The complexity of a finitely generated module over a commutative Noetherian
local ring is a measure on a polynomial scale of the growth of the ranks of the
free modules in its minimal free resolution. Over a local complete intersection
every finitely generated module has finite complexity. In fact, it follows from [Gul,
Theorem 2.3] that this property characterizes a local complete intersection, and
that it is equivalent to the complexity of the residue field being finite.

In [AGP] a certain finiteness condition was defined under which a module behaves
homologically like a module over a complete intersection. Namely, a module M over
a commutative Noetherian local ring A has finite complete intersection dimension if
there exist local rings R and @ and a diagram A — R « @ of local homomorphisms
(called a quasi-deformation of A) such that A — R is faithfully flat, R « @Q is
surjective with kernel generated by a regular sequence, and pd, (R®4 M) is finite.
There is of course a reason behind the choice of terminology; it was shown in [AGP]
that a local ring is a complete intersection if and only if all its finitely generated
modules have finite complete intersection dimension, and that this is equivalent to
the finiteness of the complete intersection dimension of the residue field. Moreover,
it was shown that if the projective dimension of a module is finite, then it is equal
to the complete intersection dimension of the module.

We shall study a class of modules whose complexity is “reducible” (defined in
the next section), a class which contains all modules of finite complete intersection
dimension. In particular, we investigate for this class of modules the vanishing of
homology and cohomology, and generalize several of the results in [ArY], [ChI],
[Jol] and [Jo2].

2. REDUCIBLE COMPLEXITY

Throughout this paper we let (A, m, k) be a commutative Noetherian local ring,
and we suppose all modules are finitely generated. We fix a finitely generated
nonzero A-module M with minimal free resolution

Fy: > —>F —Fy—M—0.

The rank of F),, i.e. the integer dimy Ext’y (M, k), is the n’th Betti number of M,
and we denote this by 8, (M). The complexity of M, denoted cx M, is defined as

cx M = inf{t € Ny | 3a € R such that 3, (M) < an'~! for n > 0},

where Ny = NU{0}. In general the complexity of a module may be infinite, whereas
it is zero if and only if the module has finite projective dimension.

We now give the main definition, which is inductive and defines the class of
modules having reducible complexity as a subcategory of the category of (finitely
generated) A-modules having finite complexity. However, before stating the defin-
ition, recall that the n’th syzygy of an A-module X with minimal free resolution

'—>P2—>P1—>P0—>X—>O
1
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is the cokernel of P, 11 — P, and denoted by Q% (X) (note that Q% (X) = X), and
it is unique up to isomorphism. For an A-module Y and a homogeneous element

n € Ext’ (X,Y), choose a map f,: QL?'(X) — Y representing 7, and denote by K,

the pushout of this map and the inclusion Q‘Z‘ (X) < Pjy—1. As parallel maps in
a pushout diagram have isomorphic cokernels, we obtain an exact sequence

0—=Y —=K,— ngl_l(X) — 0.

Note that the middle term K, is independent (up to isomorphism) of the map f,
chosen to represent 7.

Definition 2.1. Let C4 denote the category of all A-modules having finite complex-
ity. The subcategory Cy C Ca of modules having reducible complexity is defined
inductively as follows:

(i) Every module of finite projective dimension belongs to C7y.

(ii) A module X € C4q with cxX > 0 belongs to C'y if there exists a homo-
geneous element n € Ext’y(X,X) of positive degree such that cx K, <
cx X, depth K,, = depth X and K, € C’y. We say that the element 1) reduces
the complexity of M.

Remark. The condition depth K,, = depth X is not very strong; suppose for example
that depth Q% (X) < depth A for all 4 (this always happens when A is Cohen-

Macaulay). Then we must have depth X < depth Q‘X‘_l(X ), implying the equality
depth K, = depth X.

Note the trivial fact that if every A-module has reducible complexity, then A
must be a complete intersection since then by definition every module has finite
complexity. The following result shows that the converse is also true, in fact every
module of finite complete intersection dimension has reducible complexity. More-
over, if A is Cohen-Macaulay and M has reducible complexity, then so does any
syzygy of M.

Proposition 2.2. (i) Every module of finite complete intersection dimension
has reducible complexity.

(ii) If A is Cohen-Macaulay and M has reducible complexity, then so does the
kernel of any surjective map F — M when F is free. In particular, any
syzygy of M has reducible complexity.

(iii) if B is a local ring and A — B a faithfully flat local homomorphism, then
if M has reducible complexity, so does the B-module B @4 M.

Proof. (i) If M has finite complete intersection dimension, then from [AGP, Propo-
sition 5.2] it follows that the complexity of M is finite. We argue by induction on
cx M that M has reducible complexity, the case cx M = 0 following from the defini-
tion. Suppose therefore that the complexity of M is nonzero. By [AGP, Proposition
7.2] there exists an eventually surjective chain map of degree —n (where n > 0) on
the minimal free resolution of M. This chain map corresponds to an element 7 of
Ext’y (M, M), giving the exact commutative diagram

0 — Q4(M) Fna QM) —0
\Lfn i
0 M K, QN M) —0

of A-modules.
Now consider the exact sequence involving K,. Since M and Q% '(M) both
have finite complete intersection dimension, then so does K,. The exact sequence



MODULES WITH REDUCIBLE COMPLEXITY 3

gives rise to a long exact sequence
. . E) . .
- — Bxt’y (K, k) — Ext’y (M, k) —5 Exty " (M, k) — Ext’ (K, k) — -+,

where Ext’y (%1 (M), k) has been identified with Ext’;™ (M, k). It follows from
[Mac, Theorem IT1.9.1] that the connecting homomorphism 9,: Ext% (M, k) —
Ext’"™(M, k) is then scalar multiplication by (—1)%n (we think of Ext% (M, k) as
a graded right module over the graded ring Ext% (M, M)), and reversing the argu-
ments in the proof of [Ber, Proposition 2.2] shows that this is an injective map for
i > 0. Consequently the equality 3;11(K,) = Bitn(M) — B;(M) holds for large
values of i. By [AGP, Theorem 5.3] the complexities cx M and cx K, equal the
orders of the poles at ¢ = 1 of the Poincaré series ) 3, (M)t"™ and " 3, (K,)t",
respectively, thus cx K, = cx M — 1.

It remains only to show that depth K, = depth M, but this is easy; from [AGP,
Theorem 1.4] we have 0 < CI-dim Q% (M) = depth A —depth Q% (M) for each i > 0,
and this implies the inequality depth Q% (M) < depth ijl(M). In particular we
have depth M < depth szl(M ), and therefore depth K, must equal depth M.

(ii) Let L denote the kernel of the surjective map F — M. Again we argue
by induction on cx M. If the projective dimension of M is finite, then so is the
projective dimension of L, and we are done. Suppose therefore cx M is nonzero,
and let n € Ext’ (M, M) be an element reducing the complexity of M. By the
Horseshoe Lemma we have an exact commutative diagram

0 0 0

where F” and F” are free modules, and @ is a free module such that ngl (M)sQ ~
nglfl(L). If M and K, are maximal Cohen-Macaulay, then so are L and K @ @,
and if not then depth L = depth M +1 and depth(K & Q) = depth K, + 1. In either
case we see that depth L equals depth(K @ Q). Moreover, we have cx(K © Q) =
cx K, < cxM = cx L, and so by induction we are done.

Note that the upper horizontal short exact sequence in the above diagram cor-
responds to an element 6 in EXt‘Z‘(L,L) reducing the complexity of L. A map
fo: lel (L) — L representing 6 is obtained by lifting a map f, representing 1 along
the minimal free resolution of M, as in the diagram

0 — QI (A1) — Fy —= !l () —0
QA lfn

\ \
0 L F M 0
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In this way we obtain a map Qa(f,): QIXI'H(M) — L, and adding to Q‘X‘H(M) a
free module @’ such that Q‘X‘H(M) OQ ~ Q‘X‘(L), we obtain a map QZ”(L) — L
representing 6.

(iii) If X is any A-module with a minimal free resolution Fx, then the complex
B ®4 Fx is a minimal free B-resolution of B ® 4 X, giving the equality cx4 X =
cxp(B®a X). Moreover, if YV is another A-module then from [Mat, Theorem 23.3]
we have depthy X — depth, Y = depthz(B ®4 X) — depthg(B ®4 Y). Hence if
n € Ext’ (M, M) reduces the complexity of M, the element B®4 7 € Extp(B ®4
M, B ®a M) reduces the complexity of B ®4 M. O

Thus the class of modules having finite complete intersection dimension is con-
tained in the class of modules having reducible complexity. However, the following
example shows that the inclusion is strict in general; there are a lot of modules
having reducible complexity but whose complete intersection dimension is infinite.

Example. Suppose M is periodic of period p > 3 (i.e. Q5 (M) is isomorphic to
M), and that depth M < depth Qﬁfl(M ). Then we have an exact sequence

0—M— F, , — QY (M) — 0,

and we have 0 = cxF,_; = cxM — 1 and depth Fj,_; = depth M. Therefore M
has reducible complexity, and it cannot be of finite complete intersection dimension
since then by [AGP, Theorem 7.3] the period would have been two.

An example of such a module was given in [GaP, Section3]; let (A, m, k) be the
commutative local finite dimensional k-algebra k[z1, 22, x3,24]/ a, where a is the
ideal generated by the quadratic forms

2 2 2 2
ri, T3, T3, Ty, T3T4, T1T4+ Tak4, QXT1T3+ T2T3

for a nonzero element o € k. The complex
Cs A2 A2 G g2 Doy,

where the maps are given by the matrices

d = T, o"x3+ x4
n — 0 T )
is a minimal free resolution of the module M := Im dy, and so if « has finite order
p we see that M is periodic of period p.
It is worth mentioning that there do exist examples of modules over Gorenstein

rings whose complete intersection dimension is not finite but which have reducible
complexity (see [GaP, Proposition 3.1] for an example similar to that above).

Now let X and Y be arbitrary A-modules, and 6; € Ext (X, X) and 6, €
Ext% (X,Y) two homogeneous elements. The following lemma, motivated by
[EHSST, Lemma 7.2], links Ky, and Ky, to Ky,e,, and will be a key ingredient
in several of the forthcoming results.

Lemma 2.3. If 0; € Ext(X,X) and 02 € Ext}(X,Y) are two homogeneous
elements, then there exists an exact sequence

0 — Q%(Ky,) — Koo, ® F — K, — 0

of A-modules, where F' is free.
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Proof. Denote |0;| by n; for i = 1,2. The element 6; gives rise to an exact commu-
tative diagram

0 ——= Q3 (X) —> Qno1 — = QLX) —>0

o,k

0 X Ko, ——= Q71 (X) —>0

where @), denotes the n’th module in the minimal free resolution of X. Letting
Q % X be a surjection, where Q is free, we can modify the diagram and obtain

0 0
Ker(h, jg) === Ker(h, jg)
- (69) (70)  ni_1
0—= P (X) e Q-1 Q1 0Q "% gu-l(x) — >0
(For,9) (h,jg)
0 X d Ky, Q= (X) —>0
0 0

Since Ker(h, jg) is isomorphic to QY (Kp,) ® Q' for some free module @', the left
vertical exact sequence yields an exact sequence

(foq,9)
_—

0 — Q) (Ke,) ®Q — QP (X) @ Q X =0

on which we can apply the Horseshoe Lemma and obtain an exact sequence

n ni+ng—1 (02271(1%1)’8) na—1
10— QU (K, ) — @t (x) g p A U gnastxy g

where F is free and F % Q27! (X) is a map.

The definition of cohomological products and the pushout properties of Ky,g,
give a commutative diagram

0 % K0201 w QzlJrnzfl(X);)()

[ e

0 Y Ko, s QT HX) ——0
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with exact rows. Adding F to Kp,g, and Q%27 1(X) in the right-most square,
we obtain the exact commutative diagram

0 0
922(‘[{91) — QZQ(KGJ
(76)(1)) ni+ng—1
0——=Y — Kp9, ®F 25 Qutm"Y(X) g F ——>0

(t,r) Q%27 (fo,)9)

0 Y Ko, QX))

- 0
0 0
in which the right vertical exact sequence is p and F - Ky, is a map with the
property that s = wr. The left vertical exact sequence is of the form we are
seeking. O

We end this section with two results on modules over complete intersections.
Recall that a maximal Cohen-Macaulay (or “MCM” from now on) approzimation
of an A-module X is an exact sequence

0—>Yx—>CX—>X—>O

where C'x is MCM and Yx has finite injective dimension, and that a hull of finite
injective dimension of X is an exact sequence

0-X—->Y¥=>0CcX¥X=0

where CX is MCM and Y¥ has finite injective dimension. These notions were
introduced in [AuB], where it was shown that every finitely generated module
over a commutative Noetherian ring admitting a dualizing module has a MCM
approximation and a hull of finite injective dimension. The following result provides
a simple proof of the complete intersection case, using a technique similar to the
proof of the main result in [Bak] and the fact that over a complete intersection
every module has reducible complexity.

Proposition 2.4. Suppose A is a complete intersection.

(i) Ifn € Extlj"l(M, M) reduces the complezity of M, then so does nt fort > 1.
(ii) Ewvery A-module has a MCM approximation and a hull of finite injective
dimension.

Proof. (i) Using Lemma 2.3 it is easily proved by induction on t that cx K, <
cx K.
(i) Fix an exact sequence

0—-Y—-C—M-—0

where C' is MCM (the minimal free cover of M, for example). If the complexity of
Y is nonzero, let i € Extljf"l(Y, Y) be an element reducing it, and choose an integer

t > 1 with the property that Qﬂ"l_l(Y) is MCM. The element 7! is given by the
exact sequence

0—-Y = Ky — Qi“"‘_l(Y) — 0,
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and by (i) it also reduces the complexity of Y. From the pushout diagram

0 0
0 Y Ky Ql"=ty)y——=0
0 c c’ Ql"=ty)y——=0
M=—=M
0 0

we obtain the exact sequence
0—-Y —-C' - M—0

(with Y = K,;+), where C" is MCM and cxY’ < cxY. Repeating the process we

eventually obtain a MCM approximation of M, since over a Gorenstein ring a mod-

ule has finite injective dimension precisely when it has finite projective dimension.
As for a hull of finite injective dimension, fix an exact sequence

0O—-M—-Y—-C—0

where C' is MCM (obtained for example from a suitable power of an element in
Ext’ (M, M) reducing the complexity of M). If the complexity of Y is nonzero,

choose as above an element 1 € Ext‘j‘ (Y,Y) reducing it, and let ¢ > 1 be an integer
such that Qﬂ"lfl(Y) is MCM. From the pushout diagram

0 0
M=—=M

0 Y Ky Ql"=tyy——=0

0 C c’ Ql"=tyy——=0
0 0

we obtain the exact sequence
0—-M—=Y —-C' —0

(with Y = K,;+), where C" is MCM and cxY’ < cxY. Repeating the process we
eventually obtain a hull of finite injective dimension of M. O
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3. VANISHING RESULTS

This section investigates the vanishing of cohomology and homology for a module
having reducible complexity, and the following is assumed throughout:

Assumption. The module M has reducible complexity, and N is a nonzero A-
module. If ex M > 0, then there exist A-modules K1, ..., K. and a set of cohomo-
logical elements {n; € Extln‘l(Ki_l, K;_1)}5_; given by exact sequences

0—-Ki 14— K;— Ql,gilfl(Kiq) -0
fori =1,...,¢ (where Ko = M), satisfying depth K; = depth M, cx K; < cx K;_1
and cx K, = 0 (such elements 7; must exist by Definition 2.1).
For an A-module N, we define (M, N) and p4(M, N) by
GNM,N) = sup{n | Tord (M, N) 0},
pA(M,N) = sup{n | Ext(M,N) # 0}.
The definition of modules having reducible complexity suggests that when proving
results about q(M, N) and p? (M, N), we use induction on the complexity of M.
The first result and its corollary (which considers a conjecture of Auslander and

Reiten) consider the vanishing of cohomology, and generalize [ArY, Theorem 4.2
and Theorem 4.3].

Theorem 3.1. The following are equivalent.

(i) There exists an integer t > depth A —depth M such that Ext’;"" (M, N) =0
Jor0<i<[m[+--+[nc| —c.
(ii) pA(M,N) <
(iii) pA(M, N) = depth A — depth M.

Proof. We only need to show the implication (i) = (iii), and we do this by induc-
tion on cx M. If the projective dimension of M is finite, then by the Auslander-
Buchsbaum formula it is equal to depth A —depth M. Since N is finitely generated,
we have N # m N by Nakayama’s Lemma, hence there exists a nonzero element
x € N\mN. The map A — N defined by 1 — z then gives rise to a nonzero
element of Extid M(M, N), and therefore pA(M, N) = depth A — depth M.

Now suppose the complexity of M is nonzero, and consider the exact sequence

(1) 0— M — K, — Q"= - o.

The vamshlng interval for Ext’ (M, N) implies that Ext’" (K, N) =0 for 0 <i <
In2| + -+ + [ne] — (¢ — 1), and so by induction p4(K;, N) = depth A — depth K.
Since we have equalities p? (M, N) = p? (K1, N) and depth M = depth K, we are
done. t

Corollary 3.2. pA(M, M) =pd M.

Proof. Suppose p?(M, M) < co. If the projective dimension of M is not finite,
ie. if cx M > 0, then consider the exact sequence (7) representing 7; (from the
proof of Theorem 3.1), where K; = K,,,. Since 7 is nilpotent there is an integer
t such that n} = 0, and therefore cx K pt = cx M. But using Lemma 2.3 we see
that ex K,; < cx Ky, for all i > 1, and since cx K, < cxM we have reached
a contradlctlon Therefore the projective dimension of M is finite and equal to
depth A — depth M by the Auslander-Buchsbaum formula, and from Theorem 3.1
we see that p*(M, M) = pd M. O

The next result is a homology version of Theorem 3.1, and it is closely related
to [Jol, Theorem 2.1].
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Theorem 3.3. The following are equivalent.
(i) There exists an integer t > depth A — depth M such that TortA_H(M, N)=0
Jor 0 < <m|+---+nef —ec.
(i) q*(M,N) < oo.
(iii) depth A — depth M — depth N < q(M, N) < depth A — depth M.

Proof. We only need to show the implication (i) = (iii), and we do this by induction
on cx M. The case pd M < oo follows from the Auslander-Buchsbaum formula and
[ChI, Remark 8], so suppose therefore cx M > 0, and consider the exact sequence
(1) from the proof of Theorem 3.1. Since Torflﬂ-(.K'l7 N)=0for0<i<|no|+ -+
[ne| — (¢ — 1), we get by induction that the inequalities hold for K7 and N. But as
in the previous proof we have q4(M, N) = q*(K1, N) and depth M = depth K1,
hence the inequalities hold for M and N. O

The following result contains half of [ChI, Theorem 3] (and a version of the first
half of [ArY, Theorem 2.5]) and the main result from [Jo2] for Cohen-Macaulay
rings, which says that the integer q*(M, N) can be computed locally. It also es-
tablishes the depth formula provided N is maximal Cohen-Macaulay.

Theorem 3.4. (i) If ¢*(M, N) is finite and depthTor(’fA(M’N)(M, N) =0,
then
q*(M,N) = depth A — depth M — depth N.
(ii) If A is Cohen-Macaulay and g™ (M, N) is finite, then the equality
q*(M, N) = sup{ht p — depth M, — depth N, | p € Spec A}

holds.
(iii) If ¢*(M,N) = 0 and N is mazimal Cohen-Macaulay, then the depth for-
mula holds for M and N, i.e.

depth M + depth N = depth A + depth(M & N).

Proof. (i) We argue by induction on c¢x M, the case pd M < oo following from [Aus,
Theorem 1.2] and the Auslander-Buchsbaum formula. Suppose therefore that the
complexity of M is nonzero, and consider the exact sequence () from the proof
of Theorem 3.1. Since Tor(‘;‘A(MyN)(M, N) is a submodule of Torg‘A(MyN)(Kl,N),

the latter is also of depth zero, hence by induction and the equalities q (K1, N) =
(M, N),depth K; = depth M we are done.

(ii) Suppose q? (M, N) is finite, and let p C A be a prime ideal. If M has finite
projective dimension, so has M, and from Theorem 3.3 we get q?r (M, Ny) >
ht p — depth M, — depth IV,,. If cx M > 0, consider the exact sequences

0—-K;i1—K;— Q',ZZ”’I(KH) -0
fori =1,...,c (where Ky = M), satisfying depth K; = depth M, cx K; < cx K;_1
and cx K, = 0. Localizing at p, we see that depth(XK;), = depth M, (as in the
remark following Definition 2.1), and that q* ((K;)p, Np) = g ((K;—1)p, Np). As
K has finite projective dimension we get
q® (My, Ny) = ™ ((Kc)p, Np)
> htp—depth(K.), — depth N,
ht p — depth M, — depth IV,
hence since q (M, N) > g (M,, N,) the inequality

q*(M,N) > sup{ht p — depth M, — depth N,, | p € Spec A}

holds.
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For the reverse inequality, choose any associated prime p of TorﬁA( M, N)(M ,N).
A
Then q*(M, N) = g% (M,,, N,) and depth Torq)"p (Mp,Np)(MP’ N,) =0, and a small
adjustment of the proof of (i) above gives
q* (M,, Ny) = htp — depth M, — depth N,,.

(iii) Again we argue by induction on c¢x M, where the case pd M < oo follows
from [Aus, Theorem 1.2]. Suppose cx M > 0, and consider the exact sequence
(f). We have q*(K;, N) = 0, hence by induction the depth formula holds for
K7 and N. Since depth K7 = depth M, we only have to prove that the equality
depth(M ® N) = depth(K; ® N) holds. For each ¢ > 0 we have an exact sequence

0—- Q' (M)®@N - F,®@N — Q4(M)® N — 0,

and as N is maximal Cohen-Macaulay we must have that depth (QQ(M )N )
is at most depth (Q;H(M) ® N). In particular the inequality depth(M ® N) <
depth (Q‘Xl‘_l (M)® N ) holds, and therefore when tensoring the sequence () with
N we see that depth(M ® N) = depth(K; @ N). O

The next result deals with symmetry in the vanishing of Ext. It was shown
in [AvB] that if X and Y are modules over a complete intersection A, then
Ext%4 (X,Y) = 0 for « > 0 if and only if Ext4(Y,X) = 0 for ¢ > 0. This was
generalized in [HulJ] to a class of local Gorenstein rings named “AB rings”, a class
properly containing the class of complete intersections. Another generalization ap-
peared in [Jgr], where techniques from the theory of derived categories were used

to show that symmetry in the vanishing of Ext holds for modules of finite complete
intersection dimension over local Gorenstein rings.

Theorem 3.5. If A is Gorenstein then the implication
pA(N, M) < 0o = p(M,N) < oo

holds. In particular, symmetry in the vanishing of Ext holds for modules with
reducible complexity over a local Gorenstein ring.

Proof. Define the integer w (depending on M) by
w = depth A —depth M + |m |+ -+ |n.| — c.

If for some integer i > 1 we have Tory (M,N) = --- = Torﬁ_w(M, N) = 0, then
Tor{*(M,N) = 0 for all i > 1 by Theorem 3.3. The result now follows from [Jor,
Theorem 1.7 and Proposition 2.2]. (]

The final result deals with the vanishing of homology for two modules when A is
a complete intersection. Namely, in this situation the homology modules are given
as the homology modules of two modules of finite projective dimension, due to the
fact that every module over a complete intersection has reducible complexity.

Theorem 3.6. Suppose A is a complete intersection, and let X andY be A-modules
such that Tor{(X,Y) = 0 for i > 0. Then there exist A-modules X' and Y, both
of finite projective dimension, such that depth X = depth X', depthY = depthY”’
and Tor{(X,Y) =~ Tor (X', Y") fori > 0.

Proof. If the complexity of one of X and Y, say X, is nonzero, choose a homo-
geneous element 1 € Ext% (X, X) reducing the complexity. By Proposition 2.4(i)
any power of 77 also reduces the complexity of X, so choose an integer ¢ such that
Torf(Qﬂ"l_l(X),Y) = 0 for ¢ > 0. The element 1’ is given by the short exact
sequence

0— X — K, — Q"1 (X) =0,
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therefore by the choice of ¢ we see that Tor:' (X,Y) and Torf(Knt ,Y') are isomorphic
for 4 > 0. Since A is Cohen-Macaulay we automatically have depth X = depth K,
and repeating this process we eventually obtain what we want. O

This result has consequences for the study of the rigidity of Tor over Noetherian
local rings. This study was initiated by M. Auslander in his 1961 paper [Aus],
in which he proved his famous rigidity theorem; if X and Y are modules over
an unramified regular local ring R, and Torf(X ,Y) = 0 for some n > 1, then
Tor®(X,Y) = 0 for all i > n (recall that a regular local ring (S, mg) is said to be
ramified if it is of characteristic zero while its residue class field has characteristic
p > 0 and p is an element of m%). In 1966 S. Lichtenbaum extended Auslander’s
rigidity theorem to all regular local rings (see [Lic]), and subsequently Peskine
and Szpiro conjectured in [PeS] that the theorem holds for all Noetherian local
rings provided one of the modules in question has finite projective dimension. A
counterexample to the conjecture was provided by Heitmann in [Hei], where a
Cohen-Macaulay ring R together with R-modules X and Y were given, for which
pd X = 2 and Torf(X,Y) = 0, while Tor}(X,Y) # 0.

However, whether the rigidity of Tor holds for Noetherian local rings provided
both modules involved have finite projective dimension is unknown. If this holds
over complete intersections, then Theorem 3.6 shows that the conjecture of Peskine
and Szpiro also holds for such rings (i.e. rigidity of Tor holds provided one of the
modules involved has finite projective dimension). In fact, the theorem shows that
if rigidity holds over a complete intersection R provided both modules have finite
projective dimension, then rigidity holds over R for all modules X and Y satisfying
Torl(X,Y) = 0 for i > 0.

4. A GENERALIZATION

In this final section we discuss a situation which slightly generalizes the con-
cept of reducible complexity. Instead of letting M have reducible complexity as in
Definition 2.1, we make the following assumption:

Assumption. The complexity of M is finite, and if it is nonzero then there exist
local rings {R;}{_; such that for each i € {1,...,¢} there is a faithfully flat local
homomorphism R, — R; (where Ryp = A), an R;-module K, an integer n; and
an exact sequence

0— R;®r, , Ki-1 — K; —» QF (R; ®p, , Ki—1) = 0
(where Ko = M) satisfying depthp, K; = depthp (R; ®r, , Ki_1),cxp, K; <
cxg,_, Ki—1 and pdp K. < 0.

Of course, if M has reducible complexity then by choosing each R; to be A
we see that the assumption is satisfied. Now let S — T be any faithfully flat
local homomorphism, and X and Y any (finitely generated) S-modules. If Fx
is a minimal S-free resolution of X, then the complex T' ®gs Fx is a minimal
T-free resolution of T'®g X, and by [EGA, Proposition (2.5.8)] we have natural
isomorphisms

Homp (T ®s Fx, T ®sY)

(TwsFx)or (TRsY)

Therefore we have isomorphisms
Exti(T ®s X, T®sY) ~ T®gExthy(X,Y),
Tor! (T ®s X, T ®sY) T 5 Tor’ (X,Y),

1

T®s HOmS(Fx,Y),
T'®s (Fx ®sY).

1

1
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and as T is faithfully S-flat we then get
Exth(T®s X, T®sY)=0 < Exty(X,Y)=0,
Torl (T®s X, T®sY)=0 & Tor?(X,Y)=0
We then get the equalities

cxg X = cxp(T®sX)
p’(X,Y) = p'(TesX,TesY)
FXY) = "(TesX,TesY)
depthg X —depthgY = depthy(T ®s X) — depthy (T ®sY),

where the one involving depth follows from [Mat, Theorem 23.3].

Using the above facts it is easy to see that both Theorem 3.1 and Corollary 3.2
remain true in this new situation, as does Theorem 3.3 if we drop the left inequality
in (iii).

Suppose now that M has finite complete intersection dimension. Then [AGP,
Proposition 7.2] and an argument similar to the proof of Proposition 2.2(i) show that
M satisfies this new assumption and that n; = 1 for each 1 < i < ¢. Consequently,
the vanishing intervals in Theorem 3.1(i) and Theorem 3.3(i) are of length cx4 M +
1, as in [AvB, Theorem 4.7] and [Jol, Theorem 2.1]. Moreover, we obtain [AvB,
Theorem 4.2], which says that M is of finite projective dimension if and only if
Ext¥"(M, M) = 0 for some n > 1. To see this, note that when cxa M > 0 the
extension

O—>R1®AM—>K1—>Q}31(R1®AM)—>O
corresponds to an element 6 € EXt%l (Ry ®a M, Ry ®4 M). Tf Ext¥"(M, M) = 0

for some n > 1, then Exti{i (Ry ®a M, Ry ®4 M) also vanishes, hence 62" = 0. As
in the proof of Corollary 3.2 we obtain the contradiction

cxaM = cxp,(R1®4M)
= cxp, Kg2n
< cxp, K1
< cxa M,

showing that we cannot have Ext%"(M, M) = 0 for some n > 1 when M is of
positive complexity.
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V.

ON SUPPORT VARIETIES FOR MODULES OVER COMPLETE
INTERSECTIONS

ABSTRACT

Let (A, m, k) be a complete intersection of codimension ¢, and k the algebraic
closure of k. We show that every homogeneous algebraic subset of k¢ is the co-
homological support variety of an A\—module, and that the projective variety of a
complete indecomposable maximal Cohen-Macaulay A-module is connected.

This paper is to appear in Proc. Amer. Math. Soc.



ON SUPPORT VARIETIES FOR MODULES OVER COMPLETE
INTERSECTIONS

PETTER ANDREAS BERGH

1. INTRODUCTION

Support varieties for modules over complete intersections were defined by
Avramov in [Avr], and Avramov and Buchweitz showed in [AvB] that these va-
rieties to a large extent behave precisely like the cohomological varieties of modules
over group algebras of finite groups. Further illustrating this are the two main re-
sults in this paper, the first of which says that every homogeneous variety is realized
as the variety of some module (over the completed ring). The second is a version of
Carlson’s result [Car, Theorem 1] on varieties for modules over group algebras of
finite groups. Namely, we prove that if the variety of a module decomposes as the
union of two closed subvarieties having trivial intersection, then the (completion of
the) minimal maximal Cohen-Macaulay approximation of the module decomposes
accordingly.

Throughout this paper we let (A, m, k) be a commutative Noetherian local com-
plete intersection, i.e. the completion A of A with respect to the m-adic topology
is the residue ring of a regular local ring modulo an ideal generated by a regular
sequence. We denote by ¢ the codimension of A, that is, the integer p(m) — dim A,
where p(m) is the minimal number of generators for m. All modules are assumed
to be finitely generated.

We now recall the definition of support varieties for modules over complete in-
tersections; details can be found in [Avr, Section 1] and [AvB, Section 2]. Let M
be an A-module and M = A @4 M its m-adic completion, and let A\[Xl, ce Xe
be the polynomial ring in the ¢ commuting Eisenbud operators of cohomologi-
cal degree 2 (where the integer ¢ is the codimension of A). There is a homo-
morphism Afx1, ..., e — Ext}(]\//f, ]\/Z) of graded rings under which Ext%(l\/j, N)
is a finitely generated graded /T[Xl, .+« XeJ-module for any A-module N , making
Ext}(]/w\ ,N) ®3 k a finitely generated graded module over the polynomial ring
k[x1,- -, Xc| via the canonical isomorphism A\[le o Xel ® 3k~ kX1, ... x| We
denote k[x1,. ., Xc] by H and EXt%(Z\/Z, N)®zk by E(Z/W\, N). The support variety
V(M) of M is the algebraic set

V(M) = {a = (a,...,a.) €k | f(o) =0 for all f € Anny E(M, M)},

where k is the algebraic closure of k. This is equal to the algebraic set defined by
the annihilator in H of E(M, k).
For an ideal a of H we denote by Vg (a) the algebraic set in k¢ defined by a, i.e.

Vi(a) = {a=(a,...,a.) € k| f(a) =0 for all f € al}.

Note that the variety V(M) of M is the set Vg (AnnH E(M, Z/M\)), and if f is an

clement of H then Vg (f) is the set of all elements in k¢ on which f vanishes.
1
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2. REALIZING SUPPORT VARIETIES

Before proving the main results we need some notation. Let R be a commutative
Noetherian local ring and X an R-module with minimal free resolution

=P =P —-FP—X =0,

and denote by QF(X) the n’th syzygy of X. For an R-module Y, a homogeneous

element 7 € Extp(X,Y) can be represented by a map f,: Qllgl(X) — Y, giving the
pushout diagram

0—all(x) Piyj—1 o=t (x)—=o0
ifn i
0 Y K, Q=N (x)—0

with exact rows. The module K, is independent, up to isomorphism, of the map
fn chosen as a representative for 7. If § € Extr(X, X) is another homogeneous
element, then their Yoneda product nf € Exty(X,Y") is a homogeneous element of
degree || + |0|. The following lemma links K, and Ky to K,¢ via a short exact
sequence, and will be a key ingredient in the proof of the decomposition theorem
in the next section.

Lemma 2.1 ([Ber, Lemma 2.3)). If 0 € ExtRp(X,X) and n € Extp(X,Y) are two
homogeneous elements, then there exists an exact sequence

O—)QL?'(K@) —KpoF — K, —0
of R-modules, where F is free.

Now suppose R is Gorenstein and X is a maximal Cohen-Macaulay (or “MCM”
from now on) module. Then there exists a complete resolution

P... =P =P =P %P, 5Py

of M, i.e. a doubly infinite exact sequence of free modules in which Imd is iso-
morphic to X. For an integer n € Z the stable cohomology module Extp(X,Y)

N

is defined as the n’th homology of the complex Hompg(P,Y). If X and Y are A-
modules and X is MCM, then E}R}(X, Y)=d.2 E/b?ch(X, Y') is a module over

K3
the ring ﬁ[xl, ..+, Xc] of cohomology operators, and the exact same proof as the one
used to prove [EHSST, Lemma 4.2] shows that for any prime ideal q # (x1, .- -, Xc)
of A[x1,...,xe] the A[x1, ..., xc]-modules Ex\t}(X, Y)q and Ext%(X,Y), are iso-
morphic.
We are now ready to prove the first result, whose corollary shows that every
homogeneous algebraic set is the variety of some A-module

Theorem 2.2. Letn € H™ = (x1,.-.,Xc) be a homogeneous element, and let
7€ Alxi,- .-, Xe) be a homogeneous element such that T ® 1 corresponds to n when
viewing the latter as an element of Alx1,...,Xc] ® ;3 k. Furthermore, let Y be an

A-module, and denote the image of T in Ext5(Y,Y) by nY. Then we have an
inclusion

V(K,») S V(Y)NVu(n),
and equality holds whenever Y is MCM.

Proof. Consider the exact sequence

0—Y — Ky — Q7 (y) =0
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representing n¥. Since varieties are invariant under syzygies we have V(K,v) C
V(Y'). Moreover, a proof similar to the proof of [EHSST, Proposition 4.1(b)] shows
that (n¥)?2 Ext3(K,»,k) = 0, and therefore the element n? € H is contained in
Anng E(K,v, k). This gives the inclusion V(K,v) C Vg (n®) = Vg(n), proving
the first half of the lemma.

Now suppose that Y is MCM, and let p # H™ be a prime ideal of H containing n
and Anng E(Y, k). This prime ideal corresponds to a prime ideal p # (x1,- .-, Xc)
of ﬁ[xl, -+ +s Xc] containing 77 and the annihilator of Ext%(Y, k). Suppose p does not
contain the annihilator of Ext*g(Kny,k). The exact sequence from the beginning
of the proof induces a long exact sequence

—n —n Y _—nit+ —n+1
- — Extz(K,v, k) — Extz(Y, k) 2 Exty lnl(Y,k:) — Exty (K,v,k)—---
in stable cohomology, which in turn gives the exact sequence
—— %+ —1 ——%—1 %
0— Bxty " (Y, k)Y Bxty (Y,k) — Ext3(K, v, k)
of Alx1,...,XeJ-modules. Now recall from the discussion prior to this theorem
that Extz(W, Z)y ~ Ext%3(W, Z); for any A-modules W and Z with W MCM.
Since p does not contain the annihilator of Ext% (K, , k), we see by localizing the
above exact sequence at p that E/)X\t}(Y7 kg = nYE/]X\t}(Y, k)y. But Ex\t}(Y, kg,
being isomorphic to Ext%(Y, k), is finitely generated over A[xi,..., x|y, hence
Nakayama’s Lemma implies Ext%(Y, k)s = 0. This contradicts the assumption

that p contains the annihilator of Ext%(Y,k), and therefore p must contain the
annihilator of Ext% (K, v, k). But then Anny E(K,y, k) C p, giving the inclusion

\/AnnH E(K,v,k) € /(n, Anng E(Y, k))
of ideals in H, and consequently we get V(Y) N Vg(n) C V(K,x). O

Corollary 2.3. FEvery closed homogeneous variety in ke is the variety of some
MCM A-module.

Proof. Let n,...,n; be homogeneous elements in H+, and let Y be an MCM A-
syzygy of k. Then V(Y) = V(k) = k¢, hence by the lemma we have V(K,y) =
V)N Vg(m) = Vu(m). Repeating the process with 9, ...,7; we end up with
an MCM module K such that

V(K)=Vg(m)n---0Vun) =V, ...,n).

3. DECOMPOSITION

Before proving the next result, recall that an MCM-approzimation of an A-
module X is an exact sequence

0-Yyx—Cx L Xx—0

where C'x is MCM and Yx has finite injective dimension. The approximation is
minimal if the map f is right minimal, that is, if every map Cx < C'x satisfying
f = fgis an isomorphism. This notion was introduced in [AuB], where it was shown
that every finitely generated module over a commutative Noetherian ring admitting
a dualizing module has an MCM-approximation. Moreover, it follows from the
remark following [Mar, Theorem 18] that every finitely generated module over a
commutative local Gorenstein ring has a minimal MCM-approximation, which is
unique up to isomorphism. In particular this applies to our setting, where A is
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a local complete intersection. Furthermore, since A — Ais a faithfully flat local
homomorphlsm an A-module Z has finite projective dimension if and only if the
A-module Z has finite projective dimension, and it follows from [Mat, Theorem
23.3] that Z is MCM if and only if Z is MCM. Therefore, by [Mar, Proposition
19] and the fact that over a Gorenstein ring the modules having finite injective
dimension are precisely those having finite projective dimension, we see that

0—-Yxy —Cx ER X -0
is a minimal MCM-approximation if and only if

0— f’x = 5'e i» X =0
is a minimal MCM-approximation.

We are now ready to prove the second main result. It is the commutative com-
plete intersection version of Carlson’s famous theorem (see [Car]) from modular
representation theory; if the variety V of a kG-module L (where k is an alge-
braically closed field and G is a finite group) decomposes as V = V; U V5, where
V1 and Vs are closed varieties having trivial intersection, then L decomposes as

L = Ly ® Ly where the variety of L; is V;. Our proof follows closely that of Carlson,
but with some adjustments.

Theorem 3.1. If for an A-module M we have V(M) = Vi UV, where Vi and V3
are closed homogeneous varieties having trivial intersection, then the completion

GM of the minimal MCM-approximation of M decomposes as éM = C & Cy with
V(C;) =V,.

Proof. Let

0-Y—>C—->M-—0
be the minimal MCM-approximation of M. Since Y has finite injective dimension
(or equivalently, finite projective dimension), it follows from [AvB, Theorem 5.6]
that V(Y) is trivial and that we therefore have V(M) = V(C). Moreover, by
definition the equality V(X) = V(X) holds for every A-module X, and therefore
we may suppose that A is complete.

We argue by induction on the integer dim V; 4+ dim V5. If one of V; and V5, say
V5, is zero dimensional, then V5 is trivial, and the decomposition C = C' @ P,
with P being the maximal projective summand of C, satisfies the conclusion of the
theorem. Suppose therefore that dim V; is nonzero for i = 1, 2.

Let a; and ay be homogeneous ideals of H = k[x1, ..., x| defining the varieties
Vi and Vs, i.e. V; is the algebraic set Vg (a;) in k¢ defined by a; for i = 1,2. We
then have equalities

{0} =VinVe=Vg(a1) N Va(az) = Vg (ar +az),

and so it follows from Hilbert’s Nullstellensatz that for each 1 < 7 < ¢ we have
Xi € vai +as. Therefore y/a; +ay is the graded maximal ideal H+ of H, i.e.
Var+az = (X155 Xe)-

Pick a homogeneous element § € H* with the property that dim H/(az,0) <
dim H/ as (this is possible since dim H/ ay = dim V2 > 0). By the above there is
an integer n > 1 such that 8™ belongs to a; + as, i.e. " = 61 + n where 6, € a;
and 7) € as. Then dim H/(as,60;) < dim H/ as, which translates to the language of
varieties as dim (Vg (az) NV (01)) = dim Vg (az+(601)) < dimVg(az). Similarly
we can find an element 65 € as having the property that it ”cuts down” the variety
defined by a;. Hence the two homogeneous elements 6; and 05 satisfy

01 € a;, dim (Vé OVH(Gl)) < dim V3,
0, € as, dim (V1 ﬂVH(Gg)) < dim V3.
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Now since Vg (0103) = Vg(61) U Vg(8:) D V3 UV, = V(CO), it follows once
more from Hilbert’s Nullstellensatz that 6102 € \/Anng E(C,C'), where E(C,C) =
Ext (C,C) ®4 k. Replacing 67 and 62 by suitable powers, we may assume that
6102 € Anny E(C,C). Viewed as elements in A[x1,. .., Xc]®ak we have 0; = 0;®1,
where 0, and 6, are homogeneous elements of positive degrees in A[x1, ..., x| with
the property that 6,05 € Annypy, . Exty (C,C). To see the latter, note that
0 = 6105 (Ext},(C,0) ®a k) = 0,102 Ext’y(C,C) ®4 k for every i > 0, and since
010, Ext'y(C,C) is a finitely generated A-module (6,05 commutes with elements in
A), the claim follows.

Now consider the images 6 and 6 of 6, and 05 in Exty (C,C). Since 66§ =0,
the bottom exact sequence in the exact commutative diagram

0 — QI I () —— Qiog 4105 -1 — QT+ 1L () —0

ifefeg i

0 e, Ky g QT+ (o) —— 0

splits, where @, denotes the n’th module in the minimal free resolution of C.

c c_
Therefore Kycge is isomorphic to C' @ Qljl I+ ] 1(C), and from Lemma 2.1 we
see that there exists an exact sequence

(1) 0— Qi (Fye) — Caf 1 O e F - Ky — 0

for some free module F'. From Theorem 2.2 we have V(Kyc) = V(C) N Vg (6;),
hence the equality V(C) = V3 UV; and the inclusion V; C Vi (6;) give the equalities
V(Kye) = ViU (VanVp(61)),

V(Kye) = VaUVinVy(6s)).

By induction there exist A-modules X1, X5, Y] and Y5 such that Kglc = X; ® Xy

and Qflc‘(Kezc) =Y; ® Y5, and such that

V(X1) = W,
V(Xs) = VanVg(6y),
V(Y1) = VinVg(6s),
V(Y,) = Vi

Now since V(X1) N V(Y2) and V(X2) N V(Y1) are contained in Vi N Vz, which is
trivial, we see from [AvB, Theorem 5.6] that Ext’ (X1, Y2) and Ext’; (X2, Y1) vanish
for i > 0. But Kpye is MCM, implying X; and X5 are both MCM, and so it follows

from [ArY, Theorem 4.2] that Ext%(Xy,Y2) and Ext’ (X5, Y;) vanish for i > 1.
Therefore

C
Ext)y (Koo, 21" (Ko )) = Ext)y (X1,Y1) @ Extly (X2, Y2),

and this implies that the exact sequence (}) is equivalent to the direct sum of two
sequences of the form

0—-Y, —-2,—-X;,—0
. . |6€|+16S |—1
for i = 1,2, where Z; is an A-module. Then C' @ Q' """ (C) @ F must be

isomorphic to Z; @ Z3, and since V(Z;) C V(X;) U V(Y;) C V; and the Krull-
Schmidt property holds for the category of (finitely generated) modules over a



6 PETTER ANDREAS BERGH
complete local ring, there must exist A-modules C; and Cs such that C = C; & Cy
and V(C;) = V(Z;). Since
V=V(C)UV(C) CVhuW=V
we must have V(C;) = V;, and the proof is complete. O

Corollary 3.2. The projective variety of a complete indecomposable MCM A-
module is connected.

ACKNOWLEDGEMENTS

I would like to thank Dave Jorgensen and my supervisor @Jyvind Solberg for
valuable suggestions and comments on this paper.
REFERENCES

[AuB] M. Auslander, R.-O. Buchweitz, The homological theory of mazximal Cohen-Macaulay
approzimations, Mém. Soc. Math. France 38 (1989), 5-37.

[Avr] L. Avramov, Modules of finite virtual projective dimension, Invent. Math. 96 (1989),
71-101.

[AvB] L. Avramov, R.-O. Buchweitz, Support varieties and cohomology over complete inter-
section, Invent. Math. 142 (2000), 285-318.

[ArY] T. Araya, Y. Yoshino, Remarks on a depth formula, a grade inequality and a conjecture
of Auslander, Comm. Algebra 26 (1998), 3793-3806.

[Ber] P.A. Bergh, Modules with reducible complezity, to appear in J. Algebra.

[Car] J. Carlson, The variety of an indecomposable module is connected, Invent. Math. 77

(1984), 291-299.

[EHSST] K. Erdmann, M. Holloway, N. Snashall, @. Solberg, R. Taillefer, Support varieties for
selfinjective algebras, K-theory 33 (2004), 67-87.

[Mar] A. Martsinkovsky, Cohen-Macaulay modules and approzimations, in Trends in Math-
ematics: Infinite Length Modules, H. Krause and C. Ringel (edts), Birkduser Verlag
(2000), 167-192.

[Mat] H. Matsumura, Commutative ring theory, Cambridge University Press, 2000.



