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Abstract

The goal of this project was to implement a model to describe the evolution
of precipitate distribution during precipitation that could be used for all
aspect ratios of the precipitate needles. The first step consists of solving the
diffusion equation in cartesian coordinates using the finite elements method
to calculate the concentration at each point of the matrix. The concen-
tration gradient at the interface is used to calculate the flux through the
cuboid/matrix interface, which is in turn related to the growth/dissolution
rate through mass conservation. However the diffusion equation becomes an
unsolvable singular equation at some of the boundary conditions, because
some of the terms of the diffusion equation become equal to zero. An approx-
imation was made to find a solution, and the concentration profile through
the transformed volume was calculated. The flux was also calculated for a
number of different aspect ratios of the needles and described qualitatively.



1 Introduction

Heat treatment of aluminium alloys is used to enhance the hardness proper-
ties of the alloy. Precipitates form in the alloy during the heat treatment that
inhibit the motion of dislocations through the material. The microstructural
morphology of the precipitates is governed by the interfacial and strain en-
ergies of the precipitate/matrix system [?]. The precipitates that are mainly
responsible for the enhancement of the hardness properties in Al 6xxx al-
loys, 8", are cuboid needles. As the Al 6xxx alloys are widely used it is of
great interest to desbribe the precipitation process as accurately as posssi-
ble. Precipitate growth takes place by diffusion. In this project the goal was
to implement a model to predict the evolution of precipitate distribution
during precipitation in aluminium alloys, that could be used for all aspect
ratios of the precipitate needles. The first step of the model is to solve the
diffusion equation at each point of the transformed volume, to find the con-
centration profile through the volume. This is done by solving the diffusion
equation numerically using the finite elements method. The concentration
gradient at each point of the interface of the cuboid is then calculated to
find the flux through each point. The flux is in turn related to the growth
or dissolution rate of the precipitate through mass conservation, and the
growth /dissolution rate describes the evolution of precipitate distribution.
However the diffusion equation becomes an unsolvable singular equation at
some of the boundary conditions, because some of the terms of the diffusion
equation become equal to zero. An approximation was made to find a so-
lution, and the concentration profile through the transformed volume was
calculated. The flux was also calculated for a number of different aspect
ratios of the needles and described qualitatively.



2 Theory

We want to study the evolution of precipitate distribution during precipita-
tion. The evolution of precipitate distribution is given by:

dN dN
= =0 1
a " Var M)
2.1 Finite difference approximations to derivatives

If a function U and its derivatives are single-valued, finite and continuous
functions of x, then by Taylor’s theorem [?],

U(x +h) =U(x) + hU'(z) + %h2U”(x) + éh3U"’(x) + ... (2)
U(x — h) =U(x) — hU'(z) + %h2U”(x) — éh3U”’(x) + ... (3)

Addition of these expansions gives
Uz +h) + Uz — h) = 2U(x) + h2U" (z) + O(h*)

where O(h*) denotes terms containing fourth and higher powers of h.
Subtracting these two expansions gives:

Uz +h) —U(x — h) = 200" () + O(h?)

where O(h?) denotes terms containing third and higher powers of h.
Assuming that O(h*) and O(h?) are negligible in comparison with lower
powers of h it follows that

U” (z) ~ % (U +h) — 20(x) + Uz + )

with an error order of A% , and that

Uuwzcg):;JMm+m—Um—m>

with an error of order h%?. These equations are called central-difference
approximations. By using only equation 2 or 3 we can also derive a forward-
difference formula

LU+ h) - U2)) (4)

Ul(x) ~ 7



or a backward-difference formula

1
U'(e) = 1 (U@) ~ Uz — 1)) (5)
The leading errors in these forward and backward formulae are both O(h),
which is substantially higher than the leading error in the central difference
formula.

2.2 Diffusional Transformations in metals

The precipitation reaction modelled in this project is a diffusional transfor-
mation induced by a change of temperature in a alloy of fixed bulk compo-
sition. Understanding the mechanisms behind the precipitation reaction is
important to be able to model it. Consider for instance the binary phase
diagram presented in figure 1 below. This could be the phase diagram for
the Al-Mg system, or the Al-Si system for example. The « phase to the far
left and the 5 phase to the far right represent supersaturated solid solutions,
whereas the phase in between them is composed of both a and 3 phases. We
want to study the rection that occurs when quenching the alloy from a high
temperature, where it is in a supersaturated solid solution, to a temperature
below the solvus line. The red arrow in the figure illustrates this process.
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Figure 1: Quenching / growth

Homogeneous nucleation in pure metals:
Consider figure 2 below.
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Figure 2: Homogeneous nucleation in a pure solid. Based on [?]

Let us define G as the free energy per unit volume of liquid, and G?
as the free energy per unit volume of solid. Vi, and Vg are defined as the
volumes of liquid and solid in system b). Agy, is defined as the solid/liquid
interfacial area and gz, as the solid/liquid interfacial free energy. We can
calculate the free energy of system b) [?]:

Gy = ViGY + VsGy + As * st
and the free energy of system a):
Gi= (VL +Vs) x Gl

Hence the fomation of a solid volume in a liquid, as in b) , results in a free
energy change :

AG =Gy — Gy = —VsAGy + Asryst (6)
and
AG, =GL -3 (7)
For and undercooling AT, AGy is given by
Ly AT
AGy = =~ (8)
Ty

where L, is the latent heat of fusion per unit volume. Below the melting
temperature AT is positive, thus —V;AGYy is negative. Therefore the free
energy per unit volume associated with the formation of a small volume has



a negative contribution due to the lower free energy of the bulk volume, and
a positive contribution due to the creation of a solid/liquid interface. This
interfacial free energy can be minimized by the correct choice of particle
shape. If gy, is isotropic, the shape that will minimize the interfacial free
energy is a sphere of radius 7 . The particles that form in Al 6xxx alloys are
not spheres, but needles, hence the interfacial energy is not isotropic, and
the needles represent the shape minimizing the interfacial free energy.

Precipitation in age-hardenable alloys

The theory of nucleation presented in previous section forms the basis for
understanding the transformations in age-hardenable alloys, and we will here
look at the Al-Mg-Si system. If the alloy is heated to a temperature above
the solvus line the solute atoms will dissolve into the Al matrix. By quench-
ing the sample rapidly into water, there is no time for a transformation to
occur and the metal will remain in supersaturated solid solution. Now if
the alloy is held at room temperature for a period of time, precipitation of
Mg- and Si-rich coherent GP-zones will occur. Let us try to understand
why. The 8 phase is incoherent with the « phase, and therefore has a high
interfacial energy term. The GP zones, on the other hand, are coherent with
the o phase and therefore they have a much lower interfacial energy term,
and thus a lower activation barrier. That is the reason for why the first
precipitate to nucleate is not 8 but GP zones.

Precipitation of transition phases usually follow precipitation of GP zones.
They form because, like GP zones, they have a lower activation barrier of
formation than the equilibrium phase. Each new transition phase is more
stable than the preceding one and therefore has lower free energy. The equi-
librium phase has lowest free energy and this is the driving force for the
transfomations. The lower energy barriers are achieved because each new
transition phase is partly coherent with the previous one, which results in a
low interfacial energy contribution to the free energy (which means a lower
activation barrier). The equilibrium phase is incoherent with the matrix and
therefore has a very high interfacial energy contribution to the free energy
(which means a high activation barrier of formation)[?].

Precipitation sequence in the Al-Mg-Si system
The precipitation sequence of the Al-Mg-Si system is given by [?] :

Supersaturated solid solution (SSSS) — Atomic clusters — GP zones —
8" — B, Ui, U2, B’ — B/Si



ﬂ” precipitates

The 8 precipitates (sometimes called GP-II zones) are semicoherent, larger
needles with a typical size of 4x4x50 nm3. Their unit cell is monoclinic, space
group C2/m, with unit cell parameters a=1.516 nm, b=0.405 nm, ¢=0.674
and 8 = 105.3 degrees . The needles are elongated along the (100) direc-
tion of aluminium, and their orientation relationships can be expressed as
(010) g / /100 41, [100] g / /{310) as, and [100] 57 //(230) 4;. These precipitates
are the main responsible for the hardening effect in Al-Mg-Si alloys.

2.3 Gibbs Thomson effects in phase transformations

Nucleation and growth during precipitation depend strongly on interfacial
effects [?]. The corrected solubility limit X.,, of B atoms in a o matrix in
equilibrium with 8 phase occurring as spherical particles of radius r is given
as [?]:

29V,

where T is the temperature, v the surface energy, R the molar gas constant
and V,, is the molar volume.

2.4 The model

The model used to predict the evolution of precipitates in the alloy is char-
acterized by:

e The continuous time evolution of the particle distribution is considered
in terms of discreet time steps

e A nucleation model that calculates the number of stable nuclei that
form at each time step, using classical nucleation theory

e The mean matrix concentration is calculated and updated at each time
step, using mass balance

e A rate law calculating the growth or dissolution rate of the particles,
assuming diffusion-controlled growth/dissolution

e The particle size distribution and volume fraction is updated at each
time step

e A continuity equation

10



2.4.1 Nucleation rate

Classical nucleation theory is used to predict the number of stable nuclei that
form at each time step. The steady-state nucleation rate j can be expressed

as [?]
by (250 e (2 "

And the energy barrier for heterogeneous nucleation is given by the following
equation [7]
" (49)?
AG; ., = =
"t (RT)?[In(C/Ce)?

(11)

Where C is the mean solute content in the matrix, and Cy is the equilibrium
solute content at the particle/matrix interface (given by the phase diagram).
Because AGx*p,; is defined on a mole basis, the parameter Ay has the same
dimension as the activation energy for nucleation. The nucleation rate can
be expressed as a combination of equation 10 and 11:

This equation implies that the nucleation rate j starts to drop off when the
matrix is depleted with repect to solute. The nucleation process eventually
stops when C approaches C.

2.4.2 Precipitate growth

When a spherical particle of radius r and solute concentration C), is embed-
ded in a super-satursated solid solution of a mean concentration C' , it will
either dissolve or grow, depending on whether the particle/matrix interface
concentration C; exceeds C or not. The rate at which this occurs can be
expressed as [?] -

dr - C - CZ D
dt B Cp — Cz T
The interface concentration C; is, in turn, related to the equilibrium value
C. through the Gibbs-Thomson equation, equation 9

20V,
rRT

V=

(13)

C; = Ceexp (

where o is the particle-matrix interface energy, and V,,, is the molar volume
of the particle.

11



To illustrate this we will derive the growth rate in 1 D.

Growth rate - 1D

Consider figure 3 below. A slab of solute-rich precipitate has grown from
zero thickness. Since the solute concentration in the precipitate Cg is higher
than the concentration of solute in the bulk, C, the matrix is depleted with
solute at the interface. Also, since equilibrium at the interface can be as-
sumed, the concentration of solute in the matrix at the interface will be the
equilibrium concentration C.. The flux of B through a unit area in time dt
is given by D(dC'/dx)dt, where D is the interdiffusion coefficient. For a unit
area of interface to advance dx, a volume 1 % dx of material must be con-
verted from a to B . (Cg — Ce)dz moles of B must be supplied by diffusion
through « . Using mass balance, these two quantities can be equated, which
yields

(Cp— Cp)da = D%dt (14)
dx D dC

v = (15)

T dt Cs—C.dx

(b} X ——

Figure 3: Growth of a particle in 1 D
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2.4.3 Mean solute concentration in matrix - Continuity equation

Relating the amount of solute in the particles to the amount of solute drained
from the matrix through mass balance, the mean solute concentration in the
matrix can be expressed as

_ =~ 4
C=0Cy—(Cp—0) / gwr?’godr (16)
Where ¢ is the size distribution function. The mean solute concentration is
calculated at each time step and used to calculate the growth or dissolution
rate from equation 13.

2.4.4 Evolution of particle distribution

The particle distribution is divided into a series of small "radius” elements,
each with a size Ar. As in the diffusion problem in subsection above, the
growth or dissolution of particles that occur during a small time increment
At is also a flux of matter in or out the particles. Let J denote the particle
flux, while N is the number density of particles within Ar. The evolution of
particle distribution can be expressed as

ON _ aJ

- 7Y 1
ot = or 7° (17)

through mass conservation, where S describes the formation of new particles
at each time step. The particle flux can be expressed as

J = Nv (18)

where v is the growth or dissolution rate of the particle, given by equation 13.
Inserting equation 18 into equation 17, the evolution of particle distribution
is given by the following equation

ON  O(Nw)

ot or

+5 (19)
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2.5 Diffusion problem
2.5.1 Poisson’s equation

Poissons’s equation is an elliptic partial differential equation, often written
as V2¢ = f . In three-dimensional cartesian coordinates this takes the form:

? 97 9
(8w2+3y2+ a) Pl = I3

When f is equal to zero this equation becomes the Laplace’s equation
V3o =0

The Poisson’s equation is also known as the diffusion equation.

2.5.2 Diffusion problem for spherical particles
Vo =0

The diffusion equation in polar coordinates is given by:

'y 2dp _
dr2  rdr
We define 7:
s_R & _ R_
7 dr 2 R
Thus
d¢ _dgdi _ d¢i?
dr  dfdr  d# R
And

2o d (dp? 2% 5 dp, 5\ 1
_ TN _i2)_ 9,92
dr? ~ " dr <de> ( Pa ) 2 T)>R2
Insert into the diffusion equation:

2
<+2f3d¢ 1l ¢> + 2f(—f2)dqf =0

dr dr? dr
d?p
4
7 =0
dr
This equation has an analytical solution:
R
¢ = f = —
r

The boundary conditions are given by

dp(r=0)=0 and ¢(f=1)=1

14



2.5.3 Diffusion problem for cuboid particles

Consider the cuboid in figure 4

!:
X,
> X,
A
l,

Figure 4: Cuboid

The diffusion problem is given as

de_ e
dat Ox?
At steady-state
i
dt

Hence
9*C n 0*C n 0%*C
0x2  0y? = 022

=0

The boundary conditions are given by: C = Cy at z; — o0

eV at w =+l |y <
c= Ci(z) at y =il |z| <
c® at 2= :i:%lz, |z| < %lm, [y

7

3y 17|
%lm, ||

15

<
<
<

(20)



=57

lx=1/2

Figure 5: The cuboid included in our model represents only 1/8 of the actual
volume of the cuboid This is represented in 2D in this figure.

Initial condition: c=Cyatt =0

We define o C
—Co
= 21
Thus
C = (C; —Co)o + Co (22)

Since this problem is linear, the general solution can be built from unit
solutions for each type of surface.

b= ¢(1) + ¢(2) + ¢(3)

The boundary condition for each such basis problem is

Right and left surface
¢(1) =0 at z — o0

16



1 at x::t%lx,yg %ly,|z| < %lz
¢(1) = 0 at y= %lyv ‘$| < %lmalz < %lz
0 at z=23l, 2] < 3l |l < i1,

Front and back surfaces:

¢ =0 at y - oo

0 at z= i%laca ’y| < %lya ‘Z‘ < %lz
o@D =01 at y==E1l,|2] < Sl |2] < SL
0 at z=d3l, 2] < 3l |ly| < 3l

Top and bottom surfaces:

¢(3):0 at z — o0

0 at o=l |yl < 3y l2l < 4.
¢ =< 0 at y==£3ly, || < 3l |2 < 3.
1 at z=250, 2] < 3l |yl < 3l
2.5.4 Flux
Ly,ls oo Loyly Ao 1 oo
( // d dz—// — dxdz—// — dxdy)
,2z=0 al‘ x,2=0 ay y=ly zy=lg,l» 0z z=l,
(23)

Having obtained the basis solution the fluxes through the particle surfaces
can also be compiled as:

ly,l> (1) ly,lz (2) ly,lz (3)
i(’ﬁ):_//y 99 dydz—//y 09 dydz—//u 09 dy dz
y,z:O 8'7; I‘:lx y,z:(] 8%’ iU:l:c y,z:O ax (E:lx
lz,lz (1) lz;lz (2) lz’lz (3)
// ¢ dxdz—// 9¢ d:zdz—// ¢ dx dz
x,2=0 8y y=ly x,2=0 ay x,2=0 8y y=ly
ol (1) lgl (2) Izl (3)
_// v ¢ dxdy—// v 99 dmdy—// v 99 dz dy
z,y=0 0z z=l, z,y=0 0z z=l, z,y=0 0z z=l,

So that the total flux through the particle surface is:
i = 8% (i® 4+ i 4 ()

17



Dimensionless variables

By using dimensionless variables, the solution is not specific to a particular
problem, but general enough to be applied to all sets of problems.

A T
e T T
- I
=", ly="2,1,=-
LT L

18



3 Experimental

3.1 Calculating the equivalen flux through a sphere

In order to predict the flux through the interface of the cuboid we calculated
it analytically for a sphere, as this will give us an idea of the order of
magnitude of the flux through the cuboid. The flux I is given by

B oC B 9 N 87¢
I = AE - = —47r° * (CrL C()) ar
_ 4mR%(Ci — Co) dp di 9
=TT m grar  RG-Cogg
As
R O o Opdi 09 72
P O=G=Cogn and o= =% TR

The derivative at the interface is given as

0¢ _1

OF |,y

Hence
- A 3
I =R(C; — Cp)i, where i = 477(4—)1/3 ~ 7.8
T
Therefore we should expect a flux around 8 through the cuboid.

3.2 Transformation

In this project the goal is to solve the diffusion problem for cuboid particles,
hence we must turn to cartesian coordinates. As described in previous sec-
tions, the diffusion equation for cuboid particle in three dimensions is given
by the following equation

( 0? 0? 0?

+o

922 942 822) P(x,y,2) =0

Unlike the diffusion problem for spherical precipitates this equation does

not have an analytical solution, hence it must be solved numerically. The
goal is to model the concentration outside the cuboid, which is from a finite

19



=

Cuboid

N

Figure 6: In the xy-plane figures the cuboid, and the area ouside it where we
want to model the concentration. Hence we want to model the concentration

from the cuboid/matrix interface to ”infinity”.

boundary (the cuboid interface) to infinity. This is not possible to model
numerically, hence we need to introduce a transformation which makes us
model/simulate from a finite boundary to another. Initially we used the

tranformation given by

S| =

€T = 7y ,Z:

K[| =
|

(24)

Figure 7 illustrates this transfomation. Using this transformation follows

that

d@ dpdz 1 1
do  dide (@2 I
dj dgdy 1 1
dy ~djdy (52 b
d@  dzdi 1 1
& didz (G2l

[\~
o

!
RO e 3

‘

8



>

1/2 /

1

Figure 7: Transformed volume. We want the entire chopped area in figure
6, the area ouside the cuboid, to be included in the chopped area in this

figure.

And therefore
do _dods _ o do_dodi _ i _d

dr  didr I, di dy dgdy L dg

52
dp _ 27 99

dz 1l d3

The second-derivative becomes

Fo_ 009 0o ( 00\ @[ 2 0o () 0%
or2  Oxdr 0O dx I, 0% ) 1 l. O . 032

_2i39¢ 24 0%

T2 9x 12 042

21



Similarly

52¢_53¢_33Q< 3923¢)_ 3,72[ 2y 3¢+< 3)2) 32¢>}
__E — *

y? ydy  0§oy \ L 0g 0y

2000 91 0°¢
20y Bop

And

2% 909 90z (_22a¢>_ 22{ 2 9¢ <z2> a%]
_—lm — *

922 920z 020z \ I, 02 I, 95
2900 , 40P
2 0z 12022

Inserting these derivatives into the diffusion equation becomes, it becomes
0 .3 40

D%y (9% Af?so 9¢ .,

2 LY 3, 5 3\ _

Vio=p ( 922 T2ot T gae TRyt F g t2gF ) =0
(25)

Problem

However the transformation describes above turned out to be insufficient.
Take a look at figure 8 below. To illustrate this point a figure is used in 2D,
but the principle remains the same for 3D. The brown rectangle represents
the cuboid, thus the area for which we want to model the concentration is
all the area outside this rectangle, limited by the xy-axes. The grey/shaded
rectangle represents the transformed volume, hence all the area ouside the
cuboid should be included in the transformed volume after transformations.
But using the transformation described above, only the chopped area is
included in the transformed volume after the transformation. Look at the
point A (2,0.1): A’(0.5, 10). A’ does not belong to the transformed volume!
Only the chopped area is included in the transformed volume. Thus we had
to introduce a new transformation.

22
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o Area included in the transformed volume

. PP PP

32

1 Cuboid

Transformed volume

>

X

Figure 8: Insufficient transformation

3.3 New transformation

To overcome this problem we used a new transformation, which is given by:

z

Il
1
d
<
Il
R
N>
Il
2

=N
+
—_
N4
-+
=~
IS
+
&

Therefore
dz 1
= N2
d (:% + l;,,,)

23
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Figure 9: New transformation

and as with the previous transformation

dp _ @*de de _ §Pde do _ :2dg

dv Iy di’ dy Iy dg dz 1, d?

B

+2

0% 1 A482<,0
0%2 0T

92—z \*

Op.3\ 0% 1 [ 0%  _0p. 3\ 0% 1 (.,0%  _0p.4
x) o 20 ) e T \F e Tt

Thus we see that the diffusion equation remains the same as for the
previous transformation and is given by:

1 2 2 2
V6= <:i"4g;§ + 239;@3 +:e4g;§ + 2?;@3 +24g;§ + 2‘3‘523) =0

Figure 10, 11 and 12 show the untransformed cuboid, the transformed
volume sketched from side, and the transformed volume sketched from the
front respectively. The figures below show the transformed volume, / trans-
formed cuboid.



Figure 10: Illustration of the cuboid shape we used for the transformation.
Ix=ly=lz=1, thus we have a cube.

3.4 Finite elements

00ijk i1k — Pi-1jk

0t; Tip1 — Tj1
Oijk _ Pijrik — Pij—1k
07; Uj+1 — Yj—1
Oijk _ Pijk+1 — Pijh—1
0z Zk11 — Zk—1
And
D% Biji _ Pitijk + i1k — 20ijk
07 (i)
biji _ Pijrik + bij1k — 20ijk
8@]2 (??j+1—42§!j—1)2
D*Piji _ Pijk+1 + Dijk—1 — 20ijk
82,% (2k+1—42k—1)2

25



Figure 11: The transformed volume, sketched from the side in this illustra-
tion.

Insert into the diffusion equation:

+ 2A3 ¢z+1]k ¢z 15k +4A4¢ZJ+1k + sz] 1k — 2¢z]k

2 1 (4504 itk + Pim1jk — 2045k
la

‘ (iﬂ_l — Zii_l)Q xz—i—l - xz 1 (yj+1 yj 1)
+2A?¢Zj+1k <f5z‘j—1k +4A4¢ij+1 + Gijr—1 — 22¢ijk: +2A3¢Zj/€+1 ?ijkq) _0
Yj+1 — Yj-1 (Zk+1 — Zr—1) Zk+1 — Zk—1
Thus
V2 =4t ¢z+1](k + Gi—1jk )22¢ijk n 2A3¢Z+1]k Di—1jk 4 498 ¢zg+1(k: + Gij—1k )2¢ijk:
Tit1 — Ti—1 377,-1—1 — i1 Yj+1 — y] 1
+ 2A§, ¢’Lj+1k (?ijflk 4A4 ¢2]k+1 + ¢zyk 1= 22¢l]k + 2A3 ¢’ij+1 (?ijkfl -0
Yj+1 — Uj—1 (Zk+1 — Zk—-1) Zh1 — Zk—1
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Figure 12: The transformed volume, sketched from the front in this illustra-
tion.

Which means

1

ik = 157 1z (26)
(Big1—Ti-1)? (Jj+1—0j-1)? (Zkr1—2K—1)>
R . . _l’_ s 1 R .. _l’_ S R .. _l’_ cer
(256;1 ¢Z:F1jk A¢2 1]2]€ + 2y;1 ¢1Aj+lk szy 12k + 22; ¢?k+1 szgk 21
(ig1 — Ti—1) (?Jj+1 - yjfl) (Zkt1 — Zk—1)
(27)
a3 Gix1jk — Pi—1jk n Qj’ Dij+1k — Pij—1k 453 Dijkt1 — ¢ijk—1) (28)

PN - = = kT < IS
Tit1l — Ti—1 Yj+1 —Yj-1 Zk4+1 — 2k—1

3.5 New problem

At the boundary condition where x,y, or z = oo thus where &,gor 2 =0, ¢
is given as

¢ =0
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But when & = 0 the derivatives with respect to § and Z are zero, and the
diffusion equation becomes

A4¢2+1]k‘+¢1 1jk — 2Pijk A3¢’L+1jk‘ Di—1jk

V2 =4i 0 + 2% s -0
(Tig1 — Ti-1) Tip1 — Tim1
Similarly, when ¢ = the diffusion equation becomes
20 4A4¢z3+1k + Pij—1k — 204k +2A3¢Zj+1k Pij—1k _
(Fj41 — §j-1)° Ui Uj+1 — Uj—1
And when z =0
2 4A4¢z3k+1 + Gijk—1 — 205k Y Pijh+1 — Pijh—1 _ 0
(Zky1 — Zk_1)2 Zry1 — Zp-1

These are singular equations, and the solutions are on the form

by ==

__&
o) ==
o) = -2

where C7 , Cy , (3 are constants. These solutions can never be equal to
zero, hence the diffusion equation is unsolvable at the boundary conditions
where z,9 or 2 = 0.

Hence we had to find a way where the diffusion equation did not become
singular at the boundary condition. We chose to solve the equation from
T, Yy, 2= i, niy, - instead of 0 , where 4,j,k = 1 instead of 0. This
means that the solution we get is an approx1mat10n, as the condition where
z,y or z = oo isn’t modelled, but we consider &, ¢, z = nlx, nly, nlz to be
small enough to be considered as the transformation of infinity.

The flux out the cuboid is approximatively the same as the flux out of

a sphere with equivalent volume, calculated in section xx. In addition, the

concentration profile out of the cuboid can be considered a sphere, when x,

y and z are very large. Through Stoke’s theorem, the flux of solute from

a spherical precipitate is constant as the distance from the interface of the

precipitate changes if we assume no loss of material. Hence the flux at
11

T, 9, 2=, ng ne should be equivalent to the flux through the surfaces
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of the cuboid.

From section 3.1:

¢
=1 29
o/5 P (29)
[—4xR(C,— Cy), R= L
= aT i 0)» - Ar
because C; — Cy =~ 0
qﬁ%% and 72 = 322 + % + 22 (30)
I
thus ¢1jk = — — — (31)
471'\/:6(1) +y(j) +z(k)
I
E = 32
Pitk 4\ /202 + 9(1)2 + 2(k)? (32)
I
Gij1 = (33)

Am\/2(1)% + §(i)2 + 2(1)2
O1jk , Pitk > ij1 is calculated using equations 31, 32, and 33 at each each
iteration, and inserted at these boundary conditions. ¢ is then calculated
numerically at each point of the matrix using equation 28.

3.6 Calculating (¢) through the transformed volume

The concentration profile out of the cuboid was modelled by calculating ¢;
numerically at each point of the matrix. The method used is characterized
by the steps listed below:

® ¢;ji is set to zero at all th epoints in the matrix, so that all the points
have a value

e The boundary conditions are set
® 01k , ik, and ¢ijl are calculated using equations 31 , 32, and 33

® ¢;ji is calculated numerically at all points of the matrix using equation
(28), starting from i, j, k=2 — &, gy, £ =2/nz, 2/ny, 2/nz.

e The old ¢;;; is substracted to the updated ¢;;; at each point, so that
the error through the matrix is calculated

e Until the error gets smaller than a defined boundary, this is repeated.
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Boundary conditions

=57

Ix=1/2

Figure 13: This illustration in two dimensions illustrates that only a frac-
tion of the real cuboid is modelled in this model. In two dimensions this
corresponds to 1/4 of the real cuboid, whereas in three dimensions this cor-
responds to 1/8 of the cuboid.

There are three boundary conditions in our problem. The two first cor-
respond to the situation where x, y or z is at the surface of the cuboid, or
very far away: z, y, z = lz, ly, lz or x, y, z = oo , whereas the last
one sets a symmetry constraint alon the three axes x =0, y =0, z = 0.
This boundary condition is illustrated in figure 13. This means that the first
two constraints define the concentration at the corresponding surfaces in the
transformed volume, whereas the last boundary condition sets a constraint
inside equation 28.

e I, Yy, Or z = 00.
This boundary condition corresponds to the situation where x, y,or z =
oo, in which case the concentration is zero.

—~

at x =00, 0<y,z<00+2=0, 0<f i<tk b
6=0{aty=oo, 0<mz<oc—j=0, 0<i i<k b
atz=o0, 0oy <oo+2=0, 0<&§< b

30



Figure 14: The transformed volume. The shaded surfaces are the surfaces
where the concentration is zero.

o 1, y, or z=Ilx ly lz.
This boundary condition corresponds to the situation where x, y,or z =
Iz ly Iz, in which case the concentration is one.

Figure 15: The transformed volume. The shaded surfaces represent a bound-
ary condition and they correspond to the surfaces where the concentration

is one.

atz =1y, 0<y,z<lyl.»i=3 4 <§i<pE
¢p=1qaty=1, 0<w,z2<ll.>j=g, 5 <&EZ<p
at z=1., 0< 2,y <lply = 2= 4, gTygxygﬁ—y
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Figure 16: The transformed volume. The shaded surfaces represent a bound-
ary condition, they correspond to the symmertry faces.

e Symmetry surfaces:
This is the case that corresponds to the situation where x=0 or y=0 in
figure 13. This is not a boundary condition that defines the concentra-
tion at these points, as the two previous ones, but it set a constraint
on the derivatives in equation 28. These constaints will be included
when calculating the concentration at each point in the matrix.

> =0 — <8¢> _ Pivijh = Pizijh _ 0 : Qit1jk = Pi-1jk

i=1 Tit+l — Ti—1

=0 : Qijr1k = Pij—1k

(o))

(5

<(9¢> 0 o <3¢> _ Gij+1k — Pij—1k
Jy

g=1 Yi+1 — Yj-1

<g¢> —0 — <8¢> _ ¢1]k+1 ¢ij—1 —0 - (z)ijk—i-l _ ¢ijk:—1

2/ lz=0 2=1 Rk+1 — Rk—1

e Edges between two symmetry surfaces:
This is a special case in the symmetry face boundary conditions. It
corresponds to the edge between to symmetry faces, meaning that
there are two constraints on the derivatives in equation 28.
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(a) (b) (c)

Figure 17: The transformed volume. The highlighted edges correspond to
boundary conditions, they correspond to the edges between two symmetry
surfaces.

1 @) @ G
<8x o Ny ) o \aa) [ N )

D Div 1k = Dim1jk> Pijrik = Pij—1k

LG - G-
<3y y=0 \02 /) |._ - 09 ) ly=1' \02) |1

D Qijr1k = Dij—1k> Pijk+1 = Pijk1

¢ ¢ B ¢ o [00 B
<8$> x:O’ <8Z> z:O_O - <8i‘> i:l_o’(a’g) 2:1_0

D Qi 1k = Pi1jks Pijk41 = Pijk—1

Calculating ¢;;, at all points in the matrix

¢ijk 1s then calculated at every point of the transformed volume using equa-
tion 28.

General solution

Below figures an extract from the code that shows how ¢ is calculated
through the surfaces. It is extracted from the code of my supervisor Bjgrn
Holmedal, as my code did not give correct results.
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C Beregner konsentrasjon i det transformerte volumet
c indre pkt:
do i=2,nx-1
do j=2,ny-1
do k=2,nz/2-1
tmp=C(i,j,k)

tmpl= x(i+1)*C(i+1,jk)/(x(i+1)-x(i))
tmp1 = tmp1 + x(i-1)*C(i-1,j,k) /(x(0)-x(i-1))
C(,jk) = x(1)**3*tmp1/(x(i+1)-x(i-1))

tmpl= y(+1)*C(ij+1,k)/(y(j+1)-y()))
tmp1=tmp1 + y(j-1)*C(ij-1,k)/(y(j)-y(-1))
C(,jk) = C(i,jk) +y(j)**3*tmp1/(y(j+1)-y(j-1))

tmpl= z(k+1)*C(ijk+1)/(z(k+1)-z(k))
tmp1 =tmp1 + z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(i))/ (x(1)-x(i-1))
tmpl = tmp1l +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/ (z(k)-z(k-1))

C(i,j,k) = C(i,j,k)/tmp1l

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
enddo

do i=2,nx-1
do j=2,ny/2-1
do k=nz/2,nz-1
tmp=C(i,j,k)

tmpl= x(i+1)*C(i+1,j,k)/(x(i+1)-x(1))
tmp1 =tmp1 + x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
C(ij,k) = x()**3*tmp1l/(x(i+1)-x(i-1))

tmpl= y(+1)*C(ij+1k)/(y(i+1)-y())
tmpl=tmp1 + y(j-1)*C(ij-1.k)/(y(j)-y(-1))
C(,jk) = C(ijk) +y()**3*tmp1/(y(+1)-y(j-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmpl = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))



tmp1 = x(i)**4/(x(i+1)-x(i)) / (x(1)-x(i-1))
tmp1 =tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k)) /(z(k)-z(k-1))

C(i,j,k) = C(i,j,k)/tmp1l

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
enddo

do i=2,nx/2-1
do j=ny/2,ny-1
do k=nz/2,nz-1
tmp=C(i,j,k)

tmpl = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmpl = tmp1 + x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
C(i,j,k) = x(@{)**3*tmp1/(x(i+1)-x(i-1))

tmpl= y(+1)*C(ij+1k)/(y(j+1)-y())
tmp1=tmp1 + y(j-1)*C(ij-1,k)/(y(j)-y(-1))
C(,jk) = C(i,jk) +y()**3*tmp1/(y(+1)-y(j-1))

tmpl = z(k+1)*C(ijk+1)/(z(k+1)-z(k))
tmp1 = tmp1 + z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(K)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(i)) / (x(1)-x(i-1))
tmpl = tmp1l +y(j)**4/(y(j+1)-y())/ (v ()-y(G-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

C(i,jk) = C(i,j,k)/tmp1

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
enddo



At the symmetry surfaces
These points had to be treated separately, as there is a constraint on on the
derivatives in equation (28), namely:

Git1jk = Gi—1jk when i = nx

Gij+1k = Pij—1k When j = ny
Git1jk = Pi—1jk When k = nz

For each of these cases, this constraint had to be specified before calculating

?.
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¢ Symmetriflatene:

C

dC/dx = 0:
i=nx
do j=2,ny-1

do k=2,nz/2-1
C(i+1,j,k)=C(i-1,j,k)
tmp=C(i,j,k)

tmpl = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1l =tmp1 + x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
C@,j,k) = x(1)**3*tmp1l/(x(i+1)-x(i-1))

tmpl= y(j+1)*C(ij+1k)/(y(j+1)-y())
tmpl=tmp1 + y(j-1)*C(ij-1.k)/(y(j)-y(-1))
C(,jk) = C(i,jk) +y()**3*tmp1/(y(+1)-y(j-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1l = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(ij,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(1))/(x(0)-x(i-1))
tmp1 =tmp1l +y(j)**4/(y(+1)-y())/(y()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

C(i,j,k) = C(i,j,k) /tmp1
err=err+abs(C(i,j,k)-tmp)

errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo

enddo



At the edges between two symmetry surfaces
These points also had to be treated separately, as there are two constratints
on the derivatives of equation 28, namely

Giv1jk = Pi—1jks Pij+1k = ¢ij—1k When i = nx and j = ny

Git1jk = Qi-1jk, Pijk+1 = Pijk—1 when i = nx and k = nz
Gijr1k = Pij—1k, Pijk+1 = Pijk—1 When j = ny and k = nz

Below figures an extract from the code that shows how ¢ is calculated
through the edges.
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c Kanter mellom symmetriflatene
¢ Kanten hvor dC/dx=0 og hvor dC/dy=0
i=nx
j=ny
do k=2,nz/2-1
C(i+1,j,k)=C(i-1,j,k)
C(i,j+1,k)=C(i,j-1,k)
tmp=C(i,j,k)

c
tmpl = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1 =tmp1 + x(i-1)*C(i-1,j, k) /(x(i)-x(i-1))
Cjk) = x(1)**3*tmp1/(x(i+1)-x(i-1))
c
tmpl= y(+1)*C(ij+1,k)/(y(j+1)-y()))
tmpl=tmp1 + y(j-1)*C(ij-1k)/(y(j)-y(-1))
C(,jk) = C(ijk) +y(j)**3*tmp1/(y(j+1)-y(j-1))
c
tmpl = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1 = tmp1 + z(k-1)*C(i,j, k-1)/(z(k)-z(k-1))
C(ij,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))
c
tmp1 = x(1)**4/(x(i+1)-x(1))/(x(1)-x(i-1))
tmpl =tmp1 +y(j)**4/(y(j+1)-y())/(y()-y(-1))
tmp1l = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))
C
C(ij,k) = C(i,j,k)/tmp1
C

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo



Error

The difference between the old and the new ¢ at each point was calculatd,
then summed over all the points. This is the error , and corresponds to the
difference between the old and the new values of ¢ through the entire matrix
at each simulation. This error decreases for each simulation, and eventually
converges to zero. The simulation is run again and again, until the error
gets below a certain barrier.

3.7 Flux

From equation 23:

- (- f[L 3,

Izl lz,
dydz—// % dxdz—// —
x,2=0 8y y=ly z,y=0 82 2=l

by Lz g 1 ple .o
— 8%, * /l“/lw z 8? dz}dé+//lz Y991 4z dz
o Jo 9232 0% |._1 1w 3232 091
2ly ¥ 21, =3 2 Y2, ¥=3
1 ple 4o
+//ly Kl dﬁ;dgj)
1w 225% 0%, 1
2 Y2l 2
Or, the flux can be calculated using the basis solutions ¢, ¢, ¢ .
Iyl Lyl Iyl
(A e [ e [ )
=0 Ox r=ly =0 Ox x:lz =0 Ox z=lg

t [ 22 9 £orE g2 9¢?
= 8%l * </ly/l Ly = g dj dz + /l”/l Ly —— gA dg dz
e 22 9B
oy [ 0 o
+ /lJ/l v 353 g dg dz)
s e VTR O =g
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Iy L 1 lz 1z 8¢(2) Iz l.
( / / dxdz—/ / dxdz—/ / dx
=0 J2=0 ay y=1/2 x=0 Jz=0 8y y=1/2 =0 Jz=0 ay y=1/2
I 52 (1) T -2 (2)
= 8l * ( /l L P P / /l L 907 g
Ll @02 oy =1 1 T a2 Y =1
1 2 9063
+/ /l Ly —— g di dé)
1 ﬁ xrez Y 9=2
Lol (1) el (2) o fl (3)
2(2)8*<—/ /y 99 dxdy—/ /y 99 dxdy—/ /y 99 dz
=0 Jy=0 0z 2=1/2 =0 Jy=0 0z 2=1/2 z=0 Jy=0 0z z=1/2
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3.8 Calculating the flux numerically

f(i,7,k) is calculated at all points of the three surfaces where ¢ = 1 of the
transformed precipitate, and then summed over all the points. This sum is
multiplied with 8 to get the flux through the entire precipitate.

Concentration beyond surfaces

In order to calculate the concentration gradient using the central difference
formula, we need to calculate the concentration at one point beyond the
surface. We want to use the central difference formula as this gives us
a higher precision than the forward or backward difference formulas. To
calculate the concentration at the points beyond the surfaces we solve the
diffusion equation with respect to ¢;11 j k, ®ij+1% and ¢;jx+1. From equation
28

42} % gitji _ 2831k
N 2 & -
(Zig1 — &im1)”  Titr — i

— 45 Pi—1jk — 20ijk 23 d%elek n 4%; Gijr1k + Pij—1k — 205k

N O\ 2 Y N 2
(Ziv1 — Tiz1) Litl = Ti-1 (941 — 9j-1)
4 Pijht1 + Pijk—1 — 2045k

.3 Pijr1k — Pij—1k 3 Qijkt1 — Pijk—1

+ 2y + 4z + 2%
J 5. ~ k N R P} k= <
Yi+1 — Yj-1 (Zk+1 — Zk—l) Zky1— 2k — 1
Thus
1 4 Pic1jk — 20ik .3 Gi-1jk
Pit1jk = — 5 5 * | 23] — &7 .
2z 9 VAN ~ 2 [ _ A,
2z Z (xi—‘,—l — xi—l) xl+1 Ti—-1

2 P P
~ S Tit1—Ti—1
(Ii+1*1i71)

-4 Pijrik + ij—1k = 20ijk | 3 Pijrik — Pij-1k 4 Pijk1 + Gije—1 — 205k

+ 2y +y;—= - + 22
’ (1 — gj—1)2 T Gi = i * (k41— 5’1{71)2

23 Gijk+1 — ¢ijk—1]

+ 2 — =
Zk4+1 — Zk—1

The concentration at these points need to be modelled even though they
are inside the untransformed precipitate (eq outside the transformed precip-
itate). The concentration at these poins is necessary to be able to model the
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flux at the interfaces. or we could have used a forward difference formula,
but that would have led to less precision.

Also

45 Pij+1k py Pij+1k
- 2 [
(9541 — Gj-1) Yj+1 = ¥j—1

A4¢Z+1jk+¢u 1k — 2¢zgk A3¢Z+ljk i—1jk 4 Pij—1k — 2045k

=4z + 2z . +4y; - 3
(l‘z+1 - ﬁvz—l) Tit1 = i1 (Z/J+1 - yj—l)
N 2A3 (bij 1k 4A4 ¢7,jk‘+1 + ¢Z_]k 1= 2¢zgk + 2A3 ¢7,jk‘+1 Qbijkfl
yj+1 - y] 1 (Zk—i—l — Zp_ 1) Zht1 — Zh—1
Thus
Gijatk = — 1 o |9z Giv1jk + Pij—1k — 2055k
/\3 f[/ N N 2
WU (#it1 — @i1)
(Qjﬂfyjq) Jj+1—Uj—1
4 3Pit1jk — Di—1jk N 2A4 Gij—1k — 2Pijk
T o ~ 2
1’7,4-1 $’L 1 (y]+1 — Z/j—l)
A3 Gij—1k Y Gijk+1 + Pijk—1 — 2045k 433 Dijk+1 — Pijk—1
_ g3 Yig—lk : 23
T i1 — i1 (Zkt1 — 26-1) Zk+1 — Zk—1
Also
4 Pijkt1 3 Pijk+1
— 4Zk N - 3 22:]4: = N
(Zk+1 — Zlc—l) P+l — k-1

A4 ¢z+1]k + szg 1k — 2¢zgk

A3¢Z+1]k i1k 4A4¢2j+1k+¢z] 1k — 203k

=4z + 22 3
(xz—l-l - 33@—1) Tit1 — Ti-1 (%—&-1 Uj— 1)
g 9 g
+ 2}3 ¢l]+1k ¢z] 1k + 4A4 (b'ij 1= ¢'le€2 _ 2&5%
yJJFl - y] 1 (Zk—l—l — Zk 1) Zk:+1 - Zk 1
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Thus

1 4 Pit1jk T Pij—1k — 2055k
Dijht1 = — 23 3 * | 24, (i " )2
+ 3 Tit+1 — Ti—1
(§k+1—2§k71)2 b1~ Fh-1

A3¢H—1]k Di—1jk +2A4¢2j+1k+¢1] 1k — 2055k

14
Tir1 — Ti-1 (yj+1 - yj—1)2

3 Pijr1k — Pij—1k 4 Pijk—1 — 20k .3 Pijk—1
+ yj ~ ~ + 2 N 2 - Zk; ~ '~
Yj+1 — Yj—1 (zk_H — Z5-1) Zk1 — Zk—1

Flux through surfaces

The flux through the surface i = nx/2 is calculated numerically as

|:ny1 nz—1

Z Z H—ljk ¢z 1k, s2 1 (g1 — 95-1) (g1 — Zk—1)

i ~2 22
= nU ] k=2 Tit1 — Ti1 4 Y5 Zk
ny—1 nz—1 (2) ~ ~ ~ ~
H—ljk =0Tk o 1(Gi41 — Gj-1) (kg1 — Zk—1)
+ E E * T %
_ A ity ~2 22
= k= 1 Tip1 — i1 4 Ui %
ny—1 nz—1 (3) _ (3) A s
+ Z Z z+1jk ¢z>1jk v 52 % 1 (Z/y+1 — Yj— 1)(Zk41 — Z-1)
A i * -2 22
]_ny+1 k_n22+1 xl+1 ':L'l*l 4 y] Zk;
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The flux through the surface j = ny/2 is calculated numerically as

nr—1 nz—1 (b(l)

(y) _ ij+1k
N IDYRDY Gj+1 —

=12 4] k=121

nr—1 nz—1 ¢(

2)

(1) " . 5 5
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e
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The flux through the surface k = nz/2 is calculated numerically as

nr—1 ny—1

PIRpS
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nr—1 ny—1

+ZZ
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Below figures an extract from the code that shows how the flux is calculated

through the surfaces.
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c
cNB
c flux beregnes her fgrst for Ix=(c_i-c_0)=1
c og kun for en attendedel av kuben.
c
C Beregner flux gjennom flatene som tilsvarer overflatene
c i den utransformerte kuben
c bruker ligningen til & beregne fiktivt punkt
c utenfor flata (fysisk inni kuben).
c
c for flatenormal i x-retning.

fluxx = 0.
c
¢ Flux indre flatepunkt

i=nx/2

do j=ny/2+1,ny-1

do k=nz/2+1,nz-1

c
tmpl =" x(i)**4/((x(i+1)-x(D))*(x(1)-x(i-1)))
tmpl = tmp1 +y(j)**4/((y(+1)-y())*(v()-y(G-1))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i+1,j,k) = C(i,j,k)*tmp1

c

tmp1 = x(i)**3*x(i-1)*C(i-1,j,k)/

& ((x(i+1)-x(i-1))*(x(1)-x(i-1)))
C(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = y(j+1)*C(ij+1,k)/(y(j+1)-y())

& +y(-1)*C(i,j-1Lk)/(y()-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1l = z(k+1)*C(i,j, k+1) /(z(k+1)-z(k))

& +z(k-1)*C(i,j, k-1)/(z(k)-z(k-1))
tmp1l = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(i+1,j,k) = C(i+1,j, k) *(x(i+1)-x(i-1))*(x(i+1)-x(i))
& /(x(1)**3*(i+1))

C
£(3,,K)=(C(i+1,jK)-C(i-1,1K)) /(x(i+1)x(i-1))
F(11K)=F(L k) *x()**2/y (1)**2/2(K)**2
F(3,K)=F(1)*0.25*(2(k+1)2(k-1))* (v (+1)-y (1))
C

fluxx=fluxx+£(i,j,k)
enddo
enddo



Flux through edges
The flux through the edge where i = nz/2 and j=ny:
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The flux through the edge where j = ny/2 and i=nx:
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The flux through the edge where j = ny/2 and k=nz:
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The flux through the edge where k = nz/2 and i=nx:
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Below figures and extract of the code that shows how the flux is calculated
through the edges. Note that the edges belong to the symmetry face bound-
ary conditions, hence the constraint on the derivative has to be specified in

the code.
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c kanter
c
i=nx/2
k=nz
doj=ny/2+1,ny-1
C(i,j,k+1) = C(i,j,k-1)

C
tmpl= x(1)**4/((x(i+1)-x(1))*(x())-x(i-1)))
tmp1 =tmp1 +y(j)**4/((y(i+1)-y())*(v()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i+1,j,k) = C(i,,k)*tmp1

C

tmp1 = x(i)**3*x(i-1)*C(i-1,j,k)/
& ((x(i+1)-x(i-1))*(x(1)-x(i-1)))
C(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 =y(j+1)*C(i,j+1,k)/(y(G+1)-y(j))

& +y(-1)*C(i,j-1LK)/(y()-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1) /(z(k+1)-z(k))

&  +z(k-1)*C(ij,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(>i+1,j,k) = C(i+1,j,K)*(x(i+1)-x(i-1))*(x(i+1)-x(i))
&  /(x(1)**3*x(i+1))

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(i,j,k)=f(1,j,k)*x(1)**2 /y (j)**2/2(k)**2
f(1,j,K)=f(1,j,k)*0.25%(z(k)-z(k-1))*(y(j+1)-y(-1))
fluxx=fluxx+f(i,j,k)

enddo



Flux through corners

Below figures and extract of the code that shows how the flux is calculated
through the corners. Note that the corners belong to the symmetry face
boundary conditions, and that the constraint on the derivative has to be
specified in the code.
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¢ hjgrner
c
i=nx/2
j=ny/2
k=nz/2

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) /(x(i+1)-x(i-1))
f(1,5,K)=f(i,,K)*x(1))**2 /y (j)**2/z(k)**2
f(1,5,k)=f(1,,k)*0.25%(z(k+1)-z(K))*(y (;+1)-y (i)

fluxx = fluxx + f(i,j,k)

i=nx/2
j=ny
k=nz/2

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
£(i,j,K)=£(i,j,K)*x(1)**2/y ()**2/z(k)**2
£(i,j,k)=f(i,j,k)*0.25%(z(k+1)-z(k)) *(y(i)-y(-1))
fluxx = fluxx + f(i,j,k)

i=nx/2
j=ny
k=nz

C(i,j+1,k) = C(i,j-1K)
C(ijk+1) = C(i,jk-1)

tmpl = x(i)**4/((x(i+1)-x(1))*(x())-x(i-1)))
tmpl =tmpl +y(j)**4/((y(+1)-y())*(v()-y(-1)))
tmp1 =tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i+1,j,k) = C(i,j,k)*tmp1

tmp1 = x(i)**3*x(i-1)*C(i-1,j,k)/
& ((x(i+1)-x(i-1))*(x()-x(i-1)))
C(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 =y(j+1)*C(i,j+1,k)/(y(+1)-y(j))
& +y(-1)*C(1,j-1.k)/(y()-yG-1)
tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
& +1z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(i+1,j,k) = C(i+1,j, k) *(x(i+1)-x(i-1))*(x(i+1)-x(i))
& /(x(i)**3*x(i+1))



f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
£(i,j,K)=£(i,j,K)*x(1)**2/y ()**2/z(kK)**2

f(i,j k)=f(i,},k)*0.25*(z(k)-z(k-1))*(y ()-y(-1))
fluxx = fluxx + f(i,j,k)

i=nx/2

j=ny/2

k=nz

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(1,5,K)=f(i,},k)*x(1))**2 /y (j)**2/z(k)**2
f(1,,k)=f(1,,k)*0.25* (z(k)-z(k-1))*(y (+1)-y ()
fluxx = fluxx + f(i,j,k)



4 Results and discussion

4.1 Concentration profiles

The concentration profile through a transformed volume in which l, = lNy =
[, (a cube) is plotted in figure 18, using a 3-D shaded surface plot in Matlab.
The concentration is plotted at different heights, corresponding to different

values of k. The concentration was modelled using nx=ny=nz=120.
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Figure 18: k=2, 30,60, 90, 120

The concentration profile through the transformed volume is plotted in
figure 19, using a contour plot displaying isolines in Matlab. The concen-
tration is plotted at different heights, corresponding to different values of k.
The concentration was modelled using nx=ny=nz=120.
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4.2 Flux
4.2.1  flux(N)

The flux is plotted against N in figure 20 below for a precipitate in which
Ix/lx=ly/l1x=lz/1x, a cube. As N increases the flux seems to converge. The
green dots show the flux obtained when the program is run until the error
gets smaller than le-7, the red dots show the flux obtained when the program
is run until the error gets smaller than 1e-8. Hence we can see that the flux
hasn’t converged completely yet when the error is le-7.

Flux(N)
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Figure 20: Flux versus N for a precipitate in which lx/lx=ly/lx=lz/lx.
N=nx=ny=nz.

4.2.2 Needles

The flux is plotted against the aspect ratio 1z/Ix in figure 21 below. N was
set to be 70 and the error le-7, even if we can see from figure 21 that the flux
hasn’t converged either at N=70 or at error le-7. We chose these values for
N and the error because of lack of time, as running the program for many
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points and a smaller error takes much time. Hence the figure below can
be used to understand the evolution of the flux qualitatively. We see that
the flux initially decreases distinctively when the aspect ratio increases, and
then it starts to increase from an aspect ratio of approximatively 20. The
reason for which the flux initially decreases could be related to the fact that
the precipitate is stretched. As the aspect ratio increases, the total surface
area of the precipitate increases, so that could be the reason for why the
flux starts to increase again.

Flux(1z/1x)
7.5 T T T T

65[ \
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Figure 21: Flux versus lz/Ix for precipitate needles. nx=ny=nz=70 and the
error is le-7.

4.2.3 Plates

The flux is plotted against the aspect ratio lz/lx=ly/Ix for plates in figure
21 below. N was set to be 70 and the error le-7 again, for the same reason
as for the needles. We see that the flux initially decreases steeply when the
aspect ratios increase, and then it decreases slower. The reason for why the
flux decreases is most probable to the new shape.

56
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flux(ly/x=lz/x)
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Figure 22: Flux versus ly/Ix=lz/Ix

5 Conclusion

In this project we did the first step to implement a model to describe the
evolution of precipitate distribution during precipitation that could be used
for all aspect ratios of the precipitate needles. We solved the diffusion equa-
tion in cartesian coordinates using the finite elements method to calculate
the concentration at each point of the matrix. The concentration gradient at
the interface is used to calculate the flux through the cuboid/matrix inter-
face. The flux was calculated for different number of points N, for different
aspect ratios and for different errors. The results could be used to study the
flux qualitatively, but for more accurate results the program should be run
until the flux has converged completely.
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6 Further work

The results of this project open for further work:

e To study the evolution of the flux more precisely the program should be
run with parameters for which the flux converges completely, N=120
and error=1e-8 for example.

e In this project, we chose to keep nx=ny=nz. As the needle are stretched,
it could be beneficial to increase the number of points in the axis in
which the neelde is stretched. If the needle is stretched along the z
axix for example, nz could be larger than nx and ny.
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Appendix

The code used to calculate the flux figures below. This code is coded by my
supervisor Bjgrn Holmedal, as my code did not give the correct results.
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¢ Programi 3D
program laplaceNytrans

implicit none

Integer i, j, k, nx, ny, nz, NxMax, NyMax, NzMax, count

Integer Stopp,itmax

Double precision Lx, Ly, Lz, LO

Parameter (NxMax=200, NyMax=200, NzMax=200)

Double precision C(NxMax,NyMax,NzMax), err, tmp, flux

Double precision x(NxMax), y(NyMax), z(NzMax)

Double precision aa(NxMax), bb(NyMax), cc(NzMax), dd(NzMax)
Double precision f(NxMax,NyMax,NzMax)

Double Precision tmp1, fluxx, fluxy,fluxz, errmax,minerr,pi

¢ NBratio-er
Lx=1.
Ly=1.
Lz=5.

c Nx, Ny og Nz ma veere partall!!
nx=70
ny=70
nz=70
pi=3.141592654
minerr = 1.0E-7
itmax = nx*ny*nz

c farstegjetning for flux
flux=7.

c Definerer partisering

do i=1nx+1
x(i)=i*Lx/Nx

enddo

do j=1,ny+1
y(j)=j*Ly/Ny

enddo

do k=1,nz+1
z(k)=k*Lz/Nz

enddo

c Gjetter initialfelt
do i=1,nx
do j=1,ny
do k=1,nz
tmp = y(j)**2*z(K)**2+x(i)**2*z(K)**2+x (1) **2*y (j)**2
C(i,j k) =flux*x(1)*y(j)*z(k)/ (4. *pi*sqrt(tmp))
C(i,j,k)=min(tmp,1.)
C(i,j,k)=0.



enddo
enddo
enddo

count=0
stopp=0

open(16,file="err.txt")

100 continue
err=0.
errmax=0.

C Definerer concentrasjon pa grensebetingelsene
c Flatene hvor C=analystisk asymptotisk Igsning:
i=1
do j=1ny
do k=1,nz
c C(i,j,k)=0.
tmp = y(j)**2*z(K)**2+x(i)**2*z (k) **2+x (1) **2*y (j)**2
C(ij,k)=flux*x(1)*y (j)*z(k) / (4.*pi*sqrt(tmp))
enddo
enddo

j=1
do i=1,nx
do k=1,nz
c C(i,j,k)=0.
tmp = y(j)**2*z(K)**2+x(i)**2*z(k)**2+x (1) **2*y (j)**2
C(i,jk)=flux*x(1)*y(j) *z(k) /(4. *pi*sqrt(tmp))
enddo
enddo

k=1
doi=1,nx
do j=1,ny
c C(i,j,k)=0.
tmp = y(j)**2*z(k)**2+x(i) **2*z(k)**2+x (1) **2*y (j)**2
C(i,jk)=flux*x(1)*y(j)*z(k)/ (4.*pi*sqrt(tmp))
enddo
enddo

c Flatene hvor C=1:
j=ny/2
do i=nx/2,nx
do k=nz/2,nz
C(i,j,k)=1.
enddo
enddo



k=nz/2
do i=nx/2,nx
do j=ny/2,ny
C(i,j,k)=1.
enddo
enddo

i=nx/2
do j=ny/2,ny
do k=nz/2,nz
C(i,j,k)=1.
enddo
enddo

¢ Symmetriflatene:
¢ dC/dx=0:
i=nx
do j=2,ny-1
do k=2,nz/2-1
C(i+1,j,k)=C(i-1,j,k)
tmp=C(i,j,k)

c
tmp1 = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1 = tmp1 + x(i-1)*C(i-1,j, k) /(x(i)-x(i-1))
C@,j,k) = x()**3*tmp1l/(x(i+1)-x(i-1))
C
tmpl = y(j+1)*C(i,j+1,k)/(y(+1)-y(j))
tmpl=tmpl + y(j-1)*C(i,j-1,k)/(y(j)-y(-1))
C(ijk) = C(ij.k) +y()**3*tmp1/(y(j+1)-y(j-1))
c
tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1 = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))
c
tmp1 = x(i)**4/(x(i+1)-x(1))/(x(1)-x(i-1))
tmp1 =tmp1 +y(j)**4/(y(+1)-y(5))/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))
c
C(i,j,k) = C(i,j,k) /tmp1
c
err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
i=nx

doj=2,ny/2-1
do k=nz/2,nz-1



C(i+1,j,k)=C(i-1,j,k)
tmp=C(i,j,k)

tmp1 = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmpl = tmp1 + x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
C(i,j,k) = x(@{)**3*tmp1/(x(i+1)-x(i-1))

tmpl= y(+1)*C(ij+1k)/(y(j+1)-y()))
tmpl=tmp1 + y(j-1)*C(i,j-1.K)/(y(j)-y(-1))
C(,jk) = C(i,jk) +y(j)**3*tmp1/(y(j+1)-y(j-1))

tmpl = z(k+1)*C(ijk+1)/(z(k+1)-z(k))
tmp1 = tmp1 + z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
C(i,jK) = C(i,j,k) + z(K)**3*mp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(1)) /(x(i)-x(i-1))
tmp1 = tmpl +y(j)**4/(y(+1)-y())/ (v ()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-2(K))/(2(K)-z(k-1))

C(i,j,k) = C(i,j,k)/tmp1

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo

c dC/dy= 0:

j=ny

do i=2,nx-1

do k=2,nz/2-1
C(i,j+1,k)=C(i,j-1,k)
tmp=C(i,j,k)

tmpl = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1 = tmp1 + x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
C@jk) = x()**3*tmp1l/(x(i+1)-x(i-1))

tmpl=" y(+1)*C(ij+1K)/(y(j+1)-y(j))
tmp1=tmp1 + y(j-1)*C(i,j-1,k)/(y(})-y(-1))
C(,jk) = C(LjK) +y()**3*tmp1/(y(j+1)-y(j-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmpl = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(0)) /(x(i)-x(i-1))
tmpl = tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(K))/ (z(K)-z(k-1))



C(i,j,k) = C(i,j,k)/tmp1l

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo

j=ny
do i=2,nx/2-1
do k=nz/2,nz-1
C(i,j+1,k)=C(i,j-1,k)
tmp=C(i,j,k)

c
tmpl= x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1 = tmp1 + x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
C(ijk) = x(1)**3*tmp1/(x(i+1)-x(i-1))
c
tmpl = y(j+1)*C(ij+1,k)/(y(+1)-y())
tmp1=tmpl + y(j-1)*C(ij-1,k)/(y())-y(-1))
C(ijk) = C(ijk) +y()**3*tmp1/(y(j+1)-y(j-1))
c
tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1 =tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))
C
tmp1 = x(i)**4/(x(i+1)-x(i))/(x(i)-x(i-1))
tmp1 = tmp1l +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1l = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))
c
C(i,j,k) = C(i,j,k)/tmp1
c
err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
cdC/dz=0:
k=nz
do i=2,nx/2-1
do j=2,ny-1
C(i,j,k+1)=C(i,j,k-1)
tmp=C(i,j,k)
c

tmp1 = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1l = tmp1 + x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
C@,j,k) = x(1)**3*tmp1l/(x(i+1)-x(i-1))



tmpl =" y(j+1)*C(ij+1,k)/(y(+1)-y())
tmp1=tmp1 + y(j-1)*C(ij-1,k)/(y(j)-y(-1))
C(ijk) = C(ijk) +y()**3*tmp1/(y(j+1)-y(-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1l =tmp1 + z(k-1)*C(i,j, k-1) /(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(i)) / (x(1)-x(i-1))
tmp1 =tmp1l +y(j)**4/(y(+1)-y())/ (v ()-y(-1))
tmpl = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

C(i,j,k) = C(i,j,k)/tmp1

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo

k=nz
do i=nx/2,nx-1
doj=2,ny/2-1
C(i,j,k+1)=C(i,j,k-1)
tmp=C(i,j,k)

tmp1 = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmpl = tmp1 + x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
C@,j,k) = x(1)**3*tmp1/(x(i+1)-x(i-1))

tmpl= y(j+1)*C(ij+1k)/(y(j+1)-y())
tmpl=tmp1 + y(j-1)*C(ij-1.k)/(y(j)-y(-1))
C(,jk) = C(ijk) +y(j)**3*tmp1/(y(+1)-y(j-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1l = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(ij,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(i)) / (x(1)-x(i-1))
tmp1 =tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 =tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

C(i,jk) = C(i,j,k)/tmp1

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo



c Kanter mellom symmetriflatene
¢ Kanten hvor dC/dx=0 og hvor dC/dy=0
i=nx
j=ny
do k=2,nz/2-1
C(i+1,j,k)=C(i-1,j,k)
C(i,j+1,k)=C(i,j-1,k)
tmp=C(i,j,k)

c
tmpl= x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmp1 =tmp1 + x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
C(ijk) = x(1)**3*tmp1/(x(i+1)-x(i-1))
c
tmpl= y(j+1)*C(i,j+1k)/(y(+1)-y(j))
tmp1=tmp1l + y(j-1)*C(ij-1,k)/(y()-y(-1))
C(ijk) = C(ij.k) +y()**3*tmp1/(y(j+1)-y(j-1))
c
tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1 =tmp1 + z(k-1)*C(i,j, k-1)/(z(k)-z(k-1))
C(ijk) = C(ij,k) +z(k)**3*tmp1/(z(k+1)-z(k-1))
c
tmp1 = x(i)**4/(x(i+1)-x(i))/(x(i)-x(i-1))
tmp1 =tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 =tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))
C
C(i,j,k) = C(i,j,k)/tmp1
C

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo

¢ Kanten hvor dC/dy=0 og hvor dC/dz=0
j=ny
k=nz
do i=2,nx/2-1
C(i,j+1,k)=C(i,j-1,k)
C(i,j,k+1)=C(i,j,k-1)
tmp=C(i,j,k)

c
tmp1 = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmpl = tmp1 + x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
C@,jk) = x(1)**3*tmp1l/(x(i+1)-x(i-1))

c

tmpl= y(j+1)*C(ij+1k)/(y(j+1)-y())
tmpl=tmp1 + y(j-1)*C(ij-1.k)/(y(j)-y(-1))
C(,jk) = C(ij k) +y()**3*tmp1/(y(+1)-y(j-1))



tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1l = tmp1 + z(k-1)*C(i,j, k-1) /(z(k)-z(k-1))
C(ij,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(1))/(x(Q)-x(i-1))
tmp1 =tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

C(i,j,k) = C(i,j,k) /tmp1
err=err+abs(C(i,j,k)-tmp)

errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo

¢ Kanten hvor dC/dx=0 og hvor dC/dz=0

i=nx

k=nz

doj=2ny/2-1
C(i+1,j,k)=C(i-1,j,k)
C(i,j,k+1)=C(i,j,k-1)
tmp=C(i,j,k)

tmp1 = x(i+1)*C(i+1,j,k)/(x(i+1)-x(i))
tmpl = tmp1 + x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
C@,jk) = x()**3*tmp1l/(x(i+1)-x(i-1))

tmpl= y(j+1)*C(ij+1k)/(y(j+1)-y())
tmp1=tmp1 + y(j-1)*C(ij-1.k)/(y(j)-y(-1))
C(,jk) = C(ij k) +y(j)**3*tmp1/(y(j+1)-y(j-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmp1l = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
C(i,j,k) = C(i,j,k) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = x(i)**4/(x(i+1)-x(1))/(x(1)-x(i-1))
tmp1 = tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

C(i,j,k) = C(i,j,k) /tmp1
err=err+abs(C(i,j,k)-tmp)

errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo

C Beregner konsentrasjon i det transformerte volumet
c indre pkt:

do j=2,ny-1



a0

O o0 o0 o000

do k=2,nz/2-1
bb(1) = 1.
cc(1)=0.
dd(1) =c(1,j,k)
do i=2,nx-1
tmp=C(i,j,k)

tmp1 = x(i)**3/(x(i+1)-x(i-1))
aa(i) = -tmp1*x(i-1)/(x(i)-x(i-1))
cc(i) = -tmp1*x(i+1) /(x(i+1)-x(i))

tmp1l = x(i)**4/(x(i+1)-x(1))/(x(1)-x(i-1))
tmpl = tmp1 +y(j)**4/(y(j+1)-y())/ (v ()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

bb(i) = tmp1l

tmpl= y(+1)*C(Lj+1K)/(y(+1)-y(j))
tmp1=tmpl + y(j-1)*C(i,j-1,k)/(y(j)-y(-1)
dd(i) = y(j)**3*tmp1/(y(j+1)-y(i-1))

tmpl= z(k+1)*C(ij,k+1)/(z(k+1)-z(k))
tmp1 = tmp1 + z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
dd(i) = dd(i) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 =aa(i)/bb(i-1)
bb(i) = bb(i)-tmp1*cc(i-1)
dd(i) = dd(i)-tmp1*dd(i-1)

c(i,j,k)=(dd(i)-aa(i)*C(i-1,j,k)-cc(i)*C(i+1,i,k))
C(i,j,k)=C(ij,k)/bb(i)

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
dd(nx-1)=dd(nx-1)-cc(nx-1)*C(nx,j,k)
tmp=C(nx-1,j,k)
C(nx-1,j,k)=dd(nx-1)/bb(nx-1)
err=err+abs(C(nx-1,j,k)-tmp)
errmax=max(errmax,abs(C(nx-1,j,k)-tmp))
do i=nx-2,2,-1
tmp=C(i,j,k)
C(i,j,k)=(dd(i)-cc(i)*C(i+1,j,k))/bb(i)
err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
enddo



a0
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doj=2,ny/2-1
do k=nz/2,nz-1

bb(1) = 1.
cc(1) =0.
dd(1) = c(1,j,k)
do i=2,nx-1
tmp=C(i,j,k)

tmp1 = x(0)**3/(x(i+1)x(i-1))

aa(i) = -tmp1*x(i-1)/(x(i)-x(i-1))
cc(i) = -tmp1*x(i+1)/(x(i+1)-x(i))

tmpl= x(i)**4/(x(i+1)-x(1))/(x(i)-x(i-1))
tmp1 = tmp1 +y(j)**4/(y(+1)-y())/(v()-y(-1))
tmp1 = tmp1 + z(k)**4/(z(k+1)-z(k))/(z(k)-z(k-1))

bb(i) = tmp1

tmpl = y(j+1)*C(ij+1k)/(y(j+1)-y())
tmp1=tmp1 + y(j-1)*C(ij-1k)/(y(j)-y(-1))
dd(i) = y()**3*tmp1/(y(j+1)-y(-1))

tmpl = z(k+1)*C(ijk+1)/(z(k+1)-z(k))
tmp1 = tmp1 + z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
dd(i) = dd(i) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1 = aa(i)/bb(i-1)
bb(i) = bb(i)-tmp1*cc(i-1)
dd(i) = dd(i)-tmp1*dd(i-1)

c(i,j,k)=(dd(i)-aa(i)*C(i-1,j,k)-cc(i)*C(i+1,j,k))
C(i,j,k)=C(ij,k)/bb(i)

err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
dd(nx-1)=dd(nx-1)-cc(nx-1)*C(nx,j,k)
tmp=C(nx-1,j,k)
C(nx-1,j,k)=dd(nx-1)/bb(nx-1)
err=err+abs(C(nx-1,j,k)-tmp)
errmax=max(errmax,abs(C(nx-1,j,k)-tmp))
do i=nx-2,2,-1
tmp=C(i,j,k)
C(i,j,k)=(dd(i)-cc(i)*C(i+1,j,k)) /bb(i)
err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))



o
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enddo
enddo
enddo

do j=ny/2,ny-1
do k=nz/2,nz-1
bb(1) =1.
cc(1)=0.
dd(1) =c(1,j,k)
do i=2,nx/2-1
tmp=C(i,j,k)

tmp1 = x(1)**3/(x(i+1)-x(i-1))

aa(i) = -tmp1*x(i-1)/(x(i)-x(i-1))
cc(i) = -tmp1*x(i+1) /(x(i+1)-x(i))

tmp1l = x(1)**4/(x(i+1)-x(1))/(x(1)-x(i-1))
tmp1 = tmp1 +y(j)**4/(y(j+1)-y())/ (v ()-y(-1))
tmp1 =tmp1 + z(k)**4/(z(k+1)-z(k)) /(z(k)-z(k-1))

bb(i) = tmp1

tmpl = y(j+1)*C(ij+1k)/(y(j+1)-y())
tmp1=tmp1 + y(j-1)*C(ij-1,k)/(y()-y(-1))
dd(i) = y()**3*tmp1/(y(j+1)-y(-1))

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
tmpl = tmp1 + z(k-1)*C(i,j,k-1) /(z(k)-z(k-1))
dd(i) = dd(i) + z(k)**3*tmp1/(z(k+1)-z(k-1))

tmp1l = aa(i)/bb(i-1)
bb(i) = bb(i)-tmp1*cc(i-1)
dd(i) = dd(i)-tmp1*dd(i-1)

c(i,j,k)=(dd(i)-aa(i)*C(i-1,j,k)-cc(i)*C(i+1,,k))
C(i,j,k)=C(ij,k)/bb(i)

err=err+abs(C(i,j,k)-tmp)

errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
dd(nx/2-1)=dd(nx/2-1)-cc(nx/2-1)*C(nx/2,j,k)
tmp=C(nx/2-1,j,k)
C(nx/2-1,j,k)=dd(nx/2-1)/bb(nx/2-1)
err=err+abs(C(nx/2-1,j,k)-tmp)
errmax=max(errmax,abs(C(nx/2-1,j,k)-tmp))
do i=nx/2-2,2,-1

tmp=C(i,j,k)



C(i,j,k)=(dd(i)-cc(i)*C(i+1,j,k))/bb(i)
err=err+abs(C(i,j,k)-tmp)
errmax=max(errmax,abs(C(i,j,k)-tmp))
enddo
enddo
enddo

count=count+1

if(count.gt.itmax) then
Stopp=1
Goto 300
EndIf
if(err/(nx*ny*nz).LT.minerr) then
Stopp=1
Goto 300
Endif
¢ If((count/50)*50.eq.count) Goto 300
goto 300
Goto 100

300 Continue

c
cNB
c flux beregnes her fgrst for Ix=(c_i-c_0)=1
c og kun for en attendedel av kuben.
c
C Beregner flux gjennom flatene som tilsvarer overflatene
c i den utransformerte kuben
c bruker ligningen til & beregne fiktivt punkt
c utenfor flata (fysisk inni kuben).
c
c for flatenormal i x-retning.
fluxx = 0.

c
¢ Flux indre flatepunkt
i=nx/2
do j=ny/2+1,ny-1
do k=nz/2+1,nz-1

tmpl = x(i)**4/((x(i+1)-x(1))*(x(1)-x(i-1)))
tmp1 =tmpl +y(j)**4/((y(i+1)-y())*(v()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i+1,j,k) = C(i,jk)*tmp1

tmp1 = x(i)**3*x(i-1)*C(i-1,j,k)/

& ((x(i+1)-x(i-1))*(x(1)-x(i-1)))
C(i+1,j,k) = C(i+1,j,k) - tmp1



tmp1 =y(j+1)*C(i,j+1,k)/(y(G+1)-y(j))

& +y(-1)*C(ij-1.K)/(y()-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))

& +z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(>i+1,j,k) = C(i+1,j,K)*(x(i+1)-x(i-1))*(x(i+1)-x(i))
& /(x(1)**3*x(i+1))

c
f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) /(x(i+1)-x(i-1))
f(i),K)=f(i,j,K)*x(1)**2/y () **2/z(kK)**2
£(i,j,k)=f£(1,j,k)*0.25%(z(k+1)-z(k-1))*(y(j+1)-y(j-1))
c
fluxx=fluxx+£(i,j, k)
enddo
enddo
c
c kanter
c
i=nx/2
k=nz

doj=ny/2+1,ny-1
C(ij,k+1) = C(i,j,k-1)

C
tmpl= x(i)**4/((x(i+1)-x(D))*(x(1)-x(i-1)))
tmp1 = tmp1 +y(§)**4/((y(+1)-y(i))*(y()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(kK)-z(k-1)))
C(i+1,j,k) = C(i,jk)*tmp1

C

tmp1 = x(i)**3*x(i-1)*C(i-1,}k)/

&  ((x(+1)-x(-1))*(x(1)-x(i-1)))
C(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = y(j+1)*C(ij+1,k)/(y(+1)-y())

& +y(-1)*C(ij-1K)/(y(j)-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1l = z(k+1)*C(i,j, k+1) /(z(k+1)-z(k))

&  +z(k-1)*C(ij,k-1)/(z(k)-z(k-1))
tmp1l = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(i+1,j,k) = C(i+1,j, k) *(x(i+1)-x(i-1))*(x(i+1)-x(i))



& /(x(D)**3*x(i+1))

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(1,j,K)=f(1,),K)*x(1)**2/y (j)**2/z(k) **2
f(3,,k)=f(1,j,k)*0.25%(z(k)-z(k-1))*(y (+1)-y (-1))
fluxx=fluxx+£(i,j,k)

enddo

i=nx/2

k=nz/2

doj=ny/2+1,ny-1
f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(1,5,K)=f(i,j,k)*x(1)**2 /y (j)**2/z(k)**2
f(i,j,k)=f(i,j,k)*0.25* (z(k+1)-z(K))*(y (j+1)-y(-1))
fluxx=fluxx+£(i,j, k)

enddo

i=nx/2

j=ny

dok=nz/2+1,nz-1
C(i,j+1,k)=C(i,j-1,k)

tmpl= x(1)**4/((x(i+1)-x(1))*(x())-x(i-1)))
tmp1 =tmp1 +y(j)**4/((y(+1)-y())*(v()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i+1,j,k) = C(i,j,k)*tmp1

tmp1 = x(i)**3*x(i-1)*C(i-1,j,k)/

& ((x(i+1)-x(i-1))*(x(1)-x(i-1)))
C(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = y(j+1)*C(i,j+1,k)/(y(+1)-y())

&  +y(-1)*C(,j-1k)/(y()-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))

&  +z(k-1)*C(ij,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(i+1,j,k) = C(i+1,j, k) *(x(i+1)-x(i-1))*(x(i+1)-x(i))
&  /(x(1)**3*x(i+1))

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(i,j,k)=f(1,j,k)*x(1)**2/y (j)**2/z(k)**2
f(i,j,k)=1(1,j,k)*0.25%(z(k+1)-z(k-1))*(y (j)-y (-1))
fluxx = fluxx + f(i,j,k)

enddo



i=nx/2
j=ny/2
do k=nz/2+1,nz-1
f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(1,j,K)=f(1,).K)*x(1)**2/y (j)**2/z(k) **2
f(1,j,K)=1(1,j,k)*0.25%(z(k+1)-z(k-1))*(y (+1)-y (j))
fluxx = fluxx + f(i,j,k)
enddo
C
c hjgrner
C
i=nx/2
j=ny/2
k=nz/2

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) /(x(i+1)-x(i-1))
f(1,,K)=f(1,,k)*x(1))**2 /y (j)**2/z(k)**2
f(1,,k)=f(1,,k)*0.25*(z(k+1)-z(K))*(y(+1)-y (i)

fluxx = fluxx + f(i,j,k)

i=nx/2
j=ny
k=nz/2

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) /(x(i+1)-x(i-1))
f(1,j,K)=f(i,},k)*x(1)**2 /y (j)**2/z(k)**2
f(3,,k)=f(1,,k)*0.2 5% (z(k+1)-z(K))*(y () -y (-1))
fluxx = fluxx + f(i,j,k)

i=nx/2
j=ny
k=nz

C(i,j+1,k) = C(i,j-1,k)
C(ij,k+1) = C(i,j,k-1)

tmpl = x(i)**4/((x(i+1)-x(1))*(x(1)-x(i-1)))
tmp1 =tmp1 +y(j)**4/((y(+1)-y())*(v()-y(-1))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i+1,j,k) = C(i,j,k)*tmp1

tmp1 = x(i)**3*x(i-1)*C(i-1,j,k)/

& ((x(i+1)-x(i-1))*(x(1)-x(i-1)))
C(i+1,j,k) = C(i+1,jk) - tmp1

tmp1 = y(j+1)*C(i,j+1,k)/(y(+1)-y(j))
& +y(-1D*C(,j-1k)/(y()-y(-1))



C
C

tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
& +z(k-1)*C(ij,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i+1,j,k) = C(i+1,j,k) - tmp1

C(i+1,j,k) = C(i+1,j, k) *(x(i+1)-x(i-1))*(x(i+1)-x(i))
& /(x(i)**3*x(i+1))

f(i,j,k)=(C(i+1,j,k)-C(i-1,j,k)) / (x(i+1)-x(i-1))
f(1,5,K)=f(i,),k)*x(1))**2 /y (j)**2/z(k)**2
f(3,1,k)=f(1,j,k)*0.25%(z(k)-z(k-1))*(v(j)-y(-1))
fluxx = fluxx + f(i,j,k)

i=nx/2

j=ny/2

k=nz

f(1,j,k)=(C(i+1,3,k)-C(i-1,j,K)) / (x(i+1)-x(i-1))
f(1,5,K)=f(i,j,k)*x(1))**2 /y (j)**2/z(k)**2
f(1,j,K)=1(1,j,k)*0.25%(z(K)-z(k-1))*(y(j+1)-y(j))
fluxx = fluxx + f(i,j,k)

c for flatenormal i y-retning.

C

fluxy = 0.

¢ Flux indre flatepunkt

j=ny/2
do i=nx/2+1,nx-1
do k=nz/2+1,nz-1

tmpl= x(i)**4/((x(i+1)-x(1))*(x())-x(i-1)))
tmp1 = tmp1 + y(j)**4/((y(i+1)-y())*(y()-y(i-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i,j+1,k) = C(i,j,k)*tmp1

tmp1 = y(j)**3*y(j-1)*C(i,j-1,k)/
& (vG+1)-yG-1))*(v(G)-y(-1)))
C(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))

& +x(i-1)*C(i-1,j,k) /(x(i)-x(i-1))
tmp1 = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = z(k+1)*C(i,j k+1)/(z(k+1)-z(Kk))
&  +z(k-1)*C(ijk-1)/(z(k)-z(k-1))



tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

C(j+1k) = C(ij+1Lk)*(y(i+1)-y(-1))*(y(+1)-y())
& /(y()**3*y(j+1))

f(i,j,k)=(C(1,j+1,k)-C(i,j-1.k))/(y(i+1)-y(-1))
f(i,),K)=F(i,j,K)*y () **2/x(i)**2 /z(k)**2
f(i,j,k)=f(i,j,k)*0.25*(z(k+1)-z(k-1))*(x(i+1)-x(i-1))
fluxy = fluxy + f(i,j,k)
enddo
enddo
C
c kanter
j=ny/2
k=nz
doi=nx/2+1,nx-1
C(i,j,k+1)=C(i,j,k-1)

c
tmpl = x(i)**4/((x(i+1)-x(D)*(x(1)-x(i-1)))
tmpl =tmp1 +y(j)**4/((y(+1)-y())*(v()-y(-1))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(K)-z(k-1)))
C(i,j+1,k) = C(i,j,k)*tmp1

c

tmp1 = y(j)**3*y(j-1)*C(i,j-1.k)/
&  ((y(G+1)-y(G-1)*(v()-y(G-1)))
C(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))

&  +x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
tmp1l = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))

&  +1z(k-1)*C(i,j,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

C(,j+1k) = C(ij+LR)* (y(+D-y(-D)*(y(+1)-y())
& /(y()**3*y(j+1))

f(1,j,k)=(C(1,j+1,k)-C(i,j-1,k))/ (y (j+1)-y(j-1))
f(1,3,K)=1(1,),K)*y (5)**2/x(1)**2/z(k) **2
f(i,j,k)=£(i,j,k)*0.25*(z(k)-z(k-1))*(x(i+1)-x(i-1))
fluxy = fluxy + f(i,j,k)

enddo

j=ny/2
k=nz/2



doi=nx/2+1,nx-1
f(1,j,k)=(C(1,j+1,k)-C(i,j-1,k))/ (y (j+1)-y (-1))
f(1,,K)=f(1,1,k)*y (1) **2/x(1)**2/z(k) **2
f(i,j,k)=f(i,j,k) *0.25* (z(k+1)-z(k))*(x(i+1)-x(i-1))
fluxy = fluxy + f(i,j,k)

enddo

j=ny/2

i=nx

do k =nz/2+1,nz-1
C(i+1,j,k)=C(i-1,j,k)

tmpl= x(i)**4/((x(i+1)-x(1))*(x(1)-x(i-1)))
tmp1 =tmp1 +y(j)**4/((y(+1)-y())*(y(-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i,j+1,k) = C(i,j,k)*tmp1

tmp1 = y(j)**3*y(j-1)*C(i,j-1,k)/
&  ((y(G+1)-y(G-1)*(v()-y(G-1)))
C(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))

&  +x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
tmp1 = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1l = z(k+1)*C(i,j, k+1) /(z(k+1)-z(k))

&  +z(k-1)*C(ij,k-1)/(z(k)-z(k-1))
tmp1l = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

C(j+1k) = C(ij+LK)*(y(i+1)-y(-1))*(y(+1)-y())
& /(y()**3*y(j+1))

f(1,j,k)=(C(1,j+1,k)-C(i,j-1,K))/ (y (j+1)-y(-1))
f(1,3,K)=£(1,),K)*y (5)**2/x(1)**2/z(k) **2
f(i,j,k)=f(i,j,k)*0.25* (z(k+1)-z(k-1))*(x(i)-x(i-1))
fluxy = fluxy + f(i,j,k)

enddo

j=ny/2

i=nx/2

do k=nz/2+1,nz-1
f(i,j,k)=(C(1,j+1,k)-C(i,j-1,k))/ (y (j+1)-y(-1))
f(1,3,K)=1(1,),K)*y (5)™*2/x(1)**2/z(k) **2
f(i,j,k)=f(i,j,k)*0.25*(z(k+1)-z(k-1))*(x(i+1)-x(i))
fluxy = fluxy + f(i,j,k)

enddo



c hjgrner
j=ny/2
i=nx/2
k=nz/2

f(i,j,k)=(C(1,j+1,k)-C(i,j-1,k))/(y(+1)-y(-1))
f(1,3,k)=f(1,},k)*y ()2 /x(1)**2/z(k)**2
f(i,j,k)=f(i,j,k)*0.25*(z(k+1)-z(k))*(x(i+1)-x(i))
fluxy = fluxy + f(i,j,k)

j=ny/2
i=nx
k=nz/2

f(i,j,k)=(C(1,j+1,k)-C(i,j-1,k))/(y(i+1)-y(-1))
f(1,,K)=f(1,1,k)*y (1) **2/x(1)**2/z(k)**2
f(i,j,k)=f(i,j,k) *0.25* (z(k+1)-z(k))*(x(i)-x(i-1))
fluxy = fluxy + f(i,j,k)

j=ny/2

1=Nnx

k=nz
C(i+1,j,k)=C(i-1,j,k)
C(i,j,k+1)=C(ij k-1)

tmpl= x(i)**4/((x(i+1)-x(1))*(x()-x(i-1)))
tmpl =tmpl +y(j)**4/((y(i+1)-y())*(y()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(K))*(z(k)-z(k-1)))
C(i,j+1k) = C(i,j,k)*tmp1

tmp1 = y(j)**3*y(j-1)*C(i,j-1.k)/
& (y(+1)-y(-1)*(y()-y(-1)))
C(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))
& +x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
tmp1 = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

tmp1 = z(k+1)*C(i,j,k+1)/(z(k+1)-z(k))
& +z(k-1)*C(ij,k-1)/(z(k)-z(k-1))
tmp1 = tmp1*z(k)**3/(z(k+1)-z(k-1))
c(i,j+1,k) = C(i,j+1,k) - tmp1

C(ij+1k) = C(ij+1Lk)*(y(i+1)-y(-1))*(v(+1)-y())
& /(y()**3*y(j+1))

f(i,3,K)=(C(i,j+1,k)-C(i,j-1.K))/(y(j+1)-y(-1))
f(i.3,)K)=f(1),k)*y ()2 /x(i)**2/z(k)**2



£(i,j,k)=f(i,j,k)*0.25*(z(k)-z(k-1))*(x(i)-x(i-1))
fluxy = fluxy +£(i,j,k)

j=ny/2
i=nx/2
k=nz

f(i,j,k)=(C(1,j+1,k)-C(i,j-1,k))/(y(+1)-y(-1))
f(1,j,K)=f(i,},k)*y ()2 /x(1)**2/z(k)**2
£(i,j,k)=f(i,j,k)*0.25*(z(k)-z(k-1))*(x(i+1)-x(i))
fluxy = fluxy + f(i,j,k)
C
c
c for flatenormal i z-retning.
c
fluxz = 0.
¢ Flux indre flatepunkt
k=nz/2
do i=nx/2+1,nx-1
do j=ny/2+1,ny-1

C
tmpl = x(i)**4/((x(i+1)-x(1))*(x(1)-x(i-1)))
tmpl = tmp1 +y(j)**4/((y(i+1)-y())*(v()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(ijk+1) = C(i,j,k)*tmp1

C

tmp1 = z(k)**3*2(k-1)*C(i,j,k-1)/
& ((z(k+1)-z(k-1))*(z(k)-z(k-1)))
C(ijk+1) = C(i,j,k+1) - tmp1

tmp1l = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))

& +x(i-1)*C(i-1,j,k) / (x(i)-x(i-1))
tmp1l = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

tmp1 = y(j+1)*C(i,j+1,k)/(y(+1)-y())

& +y(-1)*C(1,j- LK) /(y(§)-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

C(i,j,k+1) = C(i,j, k+1)*(z(k+1)-z(k-1))*(z(k+1)-z(k))
& /(z(k)**3*z(k+1))

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1)) /(z(k+1)-z(k-1))
f(j,K)=f(i,),k) *2(K)**2 /x()**2 /y (j)**2
f(,j,k)=f(1,j,k)*0.25* (y (j+1)-y (j-1))* (x(i+1)-x(i-1))
fluxz = fluxz + f(i,j, k)
enddo
enddo



C

c kanter

k=nz/2

j=ny

doi=nx/2+1,nx-1
C(i,j+1,k)=C(i,j-1,k)

tmpl= x(i)**4/((x(i+1)-x(1))*(x())-x(i-1)))

tmpl = tmp1 + y(j)**4/((y(i+1)-y())*(y()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i,jk+1) = C(i,j,k)*tmp1

tmp1 = z(k)**3*z(k-1)*C(i,j k-1)/
&  ((z(k+1)-z(k-1))*(z(k)-z(k-1)))
C(ijk+1) = C(i,jk+1) - tmp1

tmp1 = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))

&  +x(i-1)*C(i-1,j,k) /(x(1)-x(i-1))
tmp1 = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

tmp1 =y(j+1)*C(i,j+1,k)/(y(G+1)-y(j))

&  +y(-D)*C(ij-1.K)/(y()-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

C(i,j,k+1) = C(i,j, k+1)*(z(k+1)-z(k-1))*(z(k+1)-z(k))
& /(z(K)**3*z(k+1))

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1)) / (z(k+1)-z(k-1))
f(1,j,K)=f(1,j,K)*2(K)**2 /x(1)**2/y (j)**2
f(1,j,k)=£(1,j,k)*0.25*(y (j)-y (- 1)) * (x(i+1)-x(i-1))
fluxz = fluxz + f(i,j, k)

enddo

k=nz/2

j=ny/2

doi=nx/2+1,nx-1
f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1))/(z(k+1)-z(k-1))
£(i,j,K)=£(i,j,K)*z(k)**2 /x(1)**2/y (j)**2
£(i,j,k)=£(1,j,k)*0.25*(y (i+1)-y () *(x(i+1)-x(i-1))
fluxz = fluxz + f(i,j, k)

enddo

k=nz/2

i=nx

doj=ny/2+1,ny-1
C(i+1,j,k)=C(i-1,j,k)



tmpl= x(1)**4/((x(i+1)-x(1))*(x())-x(i-1)))
tmp1 = tmp1l +y(j)**4/((y(i+1)-y())*(v()-y(-1)))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i,j,k+1) = C(i,j,k)*tmp1

tmp1 = z(k)**3*z(k-1)*C(i,j,k-1)/
&  ((z(k+1)-z(k-1))*(z(k)-z(k-1)))
C(i,j,k+1) = C(i,j,k+1) - tmp1

tmp1 = x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))

&  +x(i-1)*C(i-1,j,k) / (x(i)-x(i-1))
tmp1 = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

tmp1 = y(j+1)*C(i,j+1.k)/(y(+1)-y(j))

&  +y(-1)*C(i,j-1.k)/(v()-y(G-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(j-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

C(i,j,k+1) = C(i,j, k+1)*(z(k+1)-z(k-1))*(z(k+1)-z(k))
& /(z(k)*3%z(k+1))

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1)) /(z(k+1)-z(k-1))
f(1,j,K)=f(1,),K)*2(K)**2/x(1)**2/y (j) **2
f(1,j,K)=£(1,j,K)*0.25*(y (j+1)-y (-1))*(x(1)-x(i-1))
fluxz = fluxz + f(i,j,k)

enddo

k=nz/2
i=nx/2
doj=ny/2+1,ny-1
f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1)) /(z(k+1)-z(k-1))
f(1,j,K)=f(1,j,K)*z(K)**2 /x(1)**2/y (j)**2
f(1,j,k)=£(1,j,k)*0.25*(y (j+1)-y(j-1))*(x(i+1)-x(i))
fluxz = fluxz + f(i,j, k)
enddo
c
c hjgrner
k=nz/2
i=nx/2
j=ny/2

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1))/(z(k+1)-z(k-1))
f(1,j,k)=f(i,},k)*z(K)**2 /x(1)**2/y (j)**2
f(1,1,k)=f(1,1,k)*0.25*(y (+1)-y () * (x(i+1)-x(1))
fluxz = fluxz + f(i,j, k)

k=nz/2



i=nx
j=ny/2

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1)) /(z(k+1)-z(k-1))
f(i,3,K)=f(1,),k)*2(K)**2/x(1)**2 /y (j)**2
f(1,,k)=f(1,j,k)*0.25*(y (+1)-y () * (x(1)-x(i-1))
fluxz = fluxz + f(i,j, k)

k=nz/2
i=nx
j=ny

C(i+1,j,k)=C(i-1,j k)
C(i,j+1,k)=C(i,j-1k)

tmpl = x(i)**4/((x(i+1)-x(D)*(x(1)-x(i-1)))
tmp1 =tmp1 +y(j)**4/((y(+1)-y())*(v()-y(-1))
tmp1 = tmp1 + z(k)**4/((z(k+1)-z(k))*(z(k)-z(k-1)))
C(i,j,k+1) = C(i,j,k)*tmp1

tmp1 = z(k)**3*z(k-1)*C(i,j, k-1)/
& ((z(k+1)-z(k-1))*(z(k)-z(k-1)))
C(i,j,k+1) = C(i,j,k+1) - tmp1

tmp1 =x(i+1)*C(i+1,j,k) /(x(i+1)-x(i))
& +x(i-1)*C(i-1,j,k)/(x(i)-x(i-1))
tmp1 = tmp1*x(i)**3/(x(i+1)-x(i-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

tmp1 = y(j+1)*C(i,j+1,k)/(y(+1)-y()))
& +y(-1)*C(,j-1k)/(y()-y(-1))
tmp1 = tmp1*y(j)**3/(y(j+1)-y(-1))
c(ij,k+1) = C(i,j,k+1) - tmp1

Clijk+1) = C(i,j,k+1)*(z(k+1)-z(k-1))*(z(k+1)-z(K))
& /(z(k)*3*z(k+1))

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1)) / (z(k+1)-z(k-1))
f(i,3,K)=f(1,),k)*2(K)**2/x(1)**2 /y (j)**2
f(1,,k)=f(1,,k)*0.25*(y () -y (- 1)) * (x(1)-x(i-1))
fluxz = fluxz + f(i,j, k)

k=nz/2
i=nx/2
j=ny

f(i,j,k)=(C(i,j,k+1)-C(i,j,k-1))/(z(k+1)-z(k-1))
f(1,,K)=f(i,j,k)*2(K)**2 /x(1)**2/y (j)**2
f(1,3,k)=f(1,},k)*0.25*(y (j)-y (-1))* (x(i+1)-x(1))



fluxz = fluxz + f(i,j, k)

c
¢ symmetrifaktor 8 og 1x=0.5:
flux=8.%0.5*(fluxx+fluxy+fluxz)
write(*,'(i7,1p,6E10.2)")
& count, err/nx/ny/nz, errmax, fluxx, fluxy, fluxz, flux
write(16,'(i7,1p,6E14.4)")
& count, err/nx/ny/nz, errmax, fluxx, fluxy, fluxz, flux
If(stopp.ne.1) Goto 100

c
c utskrift
c
open(10,file="LaplaceNytrans.txt")
write(10,*)nx,ny,nz
do i=1,nx
do j=1ny
do k=1,nz
if((i.gt.nx/2).and.(j.gt.ny/2).and.(k.gt.nz/2))
& C(ij,k)=1.
write(10,'(1p,4E14.4)") C(i,j,k)
enddo
write(10,*)
enddo
write (10,*)
enddo
write (10,*)
close(10)
close (14)
end



