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wide range of conditions, and good mechanical integrity.

Because ion conduction is a thermally activated process and

its magnitude varies widely from one material to the next,

the type of electrolyte, which may be either liquid or solid,

determines the fuel cell’s temperature of operation. State-

of-the-art fuel cell electrolytes are listed in Table 1, along

with the mobile ionic species, temperatures of operation, 

and the fuels that are typically utilized. For reasons of

electrode activity (which translates into higher efficiency 

and greater fuel flexibility), higher temperature operation is

preferred, but for portable (intermittent) power 

applications, lower temperature operation is typically

favored. In addition, solid electrolyte systems obviate the

need to contain corrosive liquids and, thus, solid oxide and

polymer electrolyte fuel cells are preferred by many

developers over alkali, phosphoric acid, or molten carbonate

fuel cells. Nevertheless, each of the fuel cell types listed in

Table 1 has been demonstrated in complete fuel cell 

systems, with alkali and phosphoric acid the most mature

technologies, and polymer electrolyte membrane (PEM) fuel

cells the most recent. 

Critical to the function of a fuel cell are the

electrodes/electrocatalysts. Within the electrodes, transport

of gaseous (or liquid) species, ions, and electrons must all be

facilitated, and at the points where all three meet, the so-

called triple-point (or triple-line) boundaries, the

electrocatalysts must reduce the O2 and oxidize the fuel, at

the cathode and anode, respectively. Thus, the electrodes

must be porous, electronically and ionically conducting,

electrochemically active, and have high surface areas. It is

rare for a single material to meet all of these requirements,

especially at low temperatures and, consequently, a

composite electrode, of which the electrocatalyst is one

component, is often utilized. Desirable characteristics of fuel

cell electrodes include not only high activity towards the

reaction in question, but also chemical and thermo-

mechanical compatibility with the electrolyte, chemical

stability under reducing (anode) or oxidizing (cathode)

atmospheres, resistance to poisoning by impurities in the fuel

or oxidant stream, and architectural stability over long

periods of operation. 
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Table 1. Fuel cell types and selected features1,2.

Type Temperature Fuel Electrolyte Mobile 
°C Ion

PEM*: 70-110 H2 Sulfonated (H2O)nH+

polymer CH3OH polymers
electrolyte (Nafion™)
membrane

AFC: alkali 100-250 H2 Aqueous KOH OH-

fuel cell

PAFC: 150-250 H2 H3PO4 H+

phosphoric 
acid fuel cell

MCFC: 500-700 hydrocarbons (Na,K)2CO3 CO3
2-

molten CO
carbonate 
fuel cell

SOFC: 700-1000 hydrocarbons (Zr,Y)O2−δ O2-

solid oxide CO
fuel cell

* also known as proton exchange membrane
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Fig. 1 Schematic of a conventional fuel cell employing a proton conducting electrolyte. Electro-oxidation of H2 occurs at the anode, creating protons that then migrate across the
electrolyte and participate in the electro-reduction of O2 at the cathode. Electric power generation results from the flow of electrons through an outside circuit, necessary for charge
balance. The overall reaction is H2 + ½ O2 → H2O, for which there is a strong chemical driving force.



!"

#$%&'()"*+",'-(.#,"*$'%/"01#,1"2'%#)'%"3*0'-",*%&%"($)"'(%#'-"+(2-#,(2#3#&4/"(3%*"1(5'"&1'"

()5($&(6'" *+" 1#61'-" 1'(&" ($)" '3',&-#,(3" ,*$)7,&#5#&4" 89:;" <&" 3(%&/" =-*&*$>,*$)7,&#$6"

'3',&-*34&'%"1(5'"0(&'-"=-*)7,&#*$"*$"&1'"*==*%#&'"%#)'"&*"01'-'"&1'"+7'3"#%"%72.#&&')"

?,(&1*)'@"($)"&17%"(5*#)#$6"+7'3")#37&#*$"8A:;""

"

B1'"1#61"&'.='-(&7-'"=-*&*$",*$)7,&#$6"*C#)'%"1(%"(" 3*0'-",*$)7,&#5#&4",*.=(-')"&*"

*C#)'"#*$",*$)7,&*-%"($)"2',(7%'"*+"&1#%"&1'"'3',&-*34&'"&1#,D$'%%"#$"=-*&*$",*$)7,&*-%"

1(%"&*"2'"#$"&1'".#,-*$"-($6'"&*"-'(,1"(,,'=&(23'"EF>GHIF"='-+*-.($,'%8J:;"F*$%#)'-#$6"

&1(&"&1'"63*2(3"(#."#%"&*"-'(,1"(",'33"3#+'&#.'"*+"KL"LLL"1*7-%"8!/"M:",1'.#,(3"%&(2#3#&4"($)"

.',1($#,(3"%&-'$6&1"*+"&1'"&1#$"'3',&-*34&'"#%"*+",-7,#(3"#.=*-&($,';"

"

E-'5#*7%"-'%'(-,1"#$&*"GHIF"'3',&-*34&'%"1(%"+*,7%')".(#$34"*$"+37*-#&'>"($)"='-*5%D#&'>"

&4='" *C#)'%/" 01#,1" (-'" )*=')"0#&1" (,,'=&*-" #*$%" &*" #$&-*)7,'" *C#)'" #*$" 5(,($,#'%" 8N:;"

E'-*5%D#&'>" &4='" *C#)'%" 3#D'" O(F'HP" ($)" O(Q-HP" %1*0%" 1#61" =-*&*$" ,*$)7,&#5#&4" 27&"

%7++'-"+-*."=**-",1'.#,(3"($)".',1($#,(3"%&(2#3#&4"7$)'-"&4=#,(3"*='-(&#*$",*$)#&#*$%"8K/"

RL:;"G&(2#3#&4"&'%&%",3'(-34")'.*$%&-(&'"&1(&"O(F'HP"#%"?#@"&1'-.*)4$(.#,(334"*$34"%3#61&34"

%&(2#3#S')"0#&1" -'%=',&" &*" &1'" 2#$(-4" *C#)'/" ?##@" #&" -'(,&%" &*" ,(-2*$(&'" '5'$"0#&1" %.(33"

3'5'3%"*+"FH!"($)"#&"?###@"+*-."O(?HT@!"($)"F'H!"(&"1#61"0(&'-"(,&#5#&#'%8RL:;"O(Q-HP"*$"&1'"

*&1'-"1($)"%1*0%"($"'C,'33'$&"%&(2#3#&4"(6(#$%&"-'(,&#*$"0#&1"FH!"#+",*.=(-')"&*"O(F'HP;"

T*0'5'-/" O(Q-HP" #%" 5'-4" -'+-(,&*-4" 01#,1" .(D'%" #&" 1(-)" &*" =-*,'%%" #$&*" )'$%'"

'3',&-*34&'".'.2-($'%;8!/" RR/" R!:" U(-'>" '(-&1" *C#)'%"0#&1" +37*-#&'>" -'3(&')" %&-7,&7-'" 3#D'"

V(W2HK"%1*0%"1#61"%&(2#3#&4"#$"FH!"($)"T!H"(&.*%=1'-'%"27&"&1'"*C46'$"%72"3(&&#,'"#$"

&1'%'"%&-7,&7-'%".(D'%"&1'"=-*&*$",*$)7,&#5#&4".')#*,-'"8K/"RP/"RK:;"

"

F*$%'X7'$&34" &1'-'" #%" (" $'')" +*-" $'0" '3',&-*)'" .(&'-#(3%" 0#&1" %7++#,#'$&" 1#61"

&'.='-(&7-'" =-*&*$" ,*$)7,&#5#&4" ($)" ,1'.#,(3" %&(2#3#&4" &*0(-)" 14)-*,(-2*$"

)'-#5(&#5'%;" V($&1($7." &7$6%&(&'" 1(%" (&&-(,&')" (&&'$&#*$" )7'" &*" &1'#-" -'3(&#5'" 1#61"

=-*&*$",*$)7,&#5#&4;"8R9:"<3&1*761"V(AYHR!"#%"=-*5#)#$6"&*"2'"($"#$&'-'%&#$6",($)#)(&'"(%"

(" =-*&*$>,*$)7,&#$6" '3',&-*34&'" #$" GHIF%" 8RK:/" +7-&1'-" %&7)#'%" *$" &1'" %&(2#3#&4" ($)"

(==-*=-#(&'"'3',&-*)'"=(-&$'-".(&'-#(3%"$'')"&*"2'"+*7$)"&*"6#5'"("+#-."'5(37(&#*$"*+"&1'"

(==3#,(2#3#&4"*+"&1'%'"*C#)'%;"B1'"(#."*+"&1#%"0*-D"0#33"&1'-'+*-'"2'"&1'"#$5'%&#6(&#*$"*+"

,1'.#,(3" %&(2#3#&4" ($)" ,*.=(&#2#3#&4" &*0(-)%" *&1'-" ,'33" ,*.=*$'$&%;" B1'" ,1'.#,(3"

,*.=(&#2#3#&4"0#33"2'"&'%&')"0#&1"&0*"=*%%#23'",(&1*)'".(&'-#(3%/"V(F*HP"($)"V(!W#HK;"



!"

"

!" #$%&'(%)'&*'&+$&,*

!"-" .(/01'2)34*(34*5'&+$2)6*72'0*

#$%" &'()$*(*+" )*(,-)')%" -).*/)*.%"01)$" '" 2'34" ')5+1/" .')15" 6%)0%%(" 789" '(:" ;" $'-"

6%%(" 1(<%-)1,')%:" 6=">',.'-?" %)" '&8" @ABC" #$%" -'+D&%-"0%.%" D.%D'.%:" *-1(," )$%" E.%%F%G

:.=1(," 0%)G/$%+1/'&" D.%/*.-5." +%)$5:8" #$%" .%-*&)-" -$50%:" )$')" /5+D5*(:-" 01)$" '"

2'34" .')15" 6%)0%%(" B8!" '(:" B8H" I#JABKKLMN" 56)'1(%:" -1(,&%" D$'-%8" O*)-1:%" )$1-"

/5+D5-1)15('&".%,15(P"-%,.%,')15("5E"%1)$%."2'QO!"5."2';4QOAB"0'-"E5*(:8"R%(-%"/%.'+1/"

+')%.1'&-" 0%.%" 56)'1(%:" ')" A7KK" LM8" S5." '" 2'34" .')15" 5E" B8;" )$%" /5+D5-1)15(" 0'-"

.%D5.)%:")5"6%"2';8;!4A8AHOA!87!"01)$"/'&/*&')%:":%(-1)="%T*'&")5";8!UB",3/+!"'(:"'"&'))1/%"

-1F%"D'.'+%)%."5E"'J"AA8A9H"V8"#$%"-D'/%",.5*D"0%.%":%)%.+1(%:")5"6%"

! 

F4 3m "6="WXR"

'(:" Y%*).5(" Z50:%." R1EE.'/)15(" IYZRN8" @ABC" [50%<%." [',%" @A;C" .%D5.)%:" )$')" )$%"

/5+D5*(:" /.=-)'&&1F%" 1(" '" T*'-1G" S:!+" -D'/%" ,.5*D" 6=" *-1(," M5(<%.,%()" \%'+"

R1EE.'/)15("IM\]RN8"^%&%/)%:"_.%'"R1EE.'/)15("I^_RN"D'))%.(-"1(:1/')%:"'"D.1+1)1<%"/*61/"

&'))1/%"0$%.%")$%":G,&1:%"D&'1("-=++%).="6.%'`-":50(8"#$%":1-',.%%+%()" 1(")$%"M\]RP"

^_R" '(:" WXR3YZR" .%-*&)" +1,$)" 6%" %aD&'1(%:" 6=" -+'&&" -).*/)*.'&" :1-5.:%.P" 6*)" )$1-"

0'..'()-"E*.)$%."1(<%-)1,')15(8"@A;C""

"

2';4OAQ"$'-"6%%(".%D5.)%:")5"%a$161)"'".%&')1<%&="$1,$"D.5)5("/5(:*/)1<1)="01)$"<'&*%-"

1(")$%"5.:%."5E"!GB!AK"G!"^3/+"1("0%)"')+5-D$%.%"*(:%."UKKLM8"_)"$1,$")%+D%.')*.%")$%"

+')%.1'&-" %a$161)"(G" )=D%"%&%/).5(1/" /5(:*/)15("*(:%." .%:*/1(," /5(:1)15(-"'(:"DG" )=D%"

/5(:*/)15("*(:%."5a1:1F1(,"/5(:1)15(-8"@AHC""

"

b)"1-".%D5.)%:")$')")$%"$1,$%-)"/5(:*/)1<1)="1-"56-%.<%:"E5.")$%"*(:5D%:"2';4OAQ8"

_&15<'&%()"-*6-)1)*)15("5E"M'Qc"5("'"2'!c"-1)%":%/.%'-%")$%".%&')1<%"/5().16*)15("5E" 15(1/"

/5(:*/)1<1)="*(:%."5a1:1F1(,"'(:".%:*/1(,"/5(:1)15(-"01)$" 1(/.%'-1(,"/5(/%().')15("5E"

M'Qc":5D1(,8"_)")$%"-'+%")1+%")$%"%()$'&D="5E"D.5)5("+561&1)="1(/.%'-%-P"0$1/$"-*DD5.)-"

)$')")$%":%/.%'-%"1("/5(:*/)1<1)="+'="6%"'"/5(-%T*%(/%"5E").'DD1(,"5E"D.5)5(-P"&50%.1(,"

)$%"+561&1)=8"@AHC"#$%"D.%<15*-"05.`":5(%"6="['*,-.*:"@A7P"AHP"A9C"$'-"&%':")5"'("1(/.%'-1(,"

*(:%.-)'(:1(,"5E"$50"<'&*'6&%"D'.'+%)%.-"-*/$"'-"5a=,%("D.%--*.%P"0')%."D.%--*.%"'(:"



!"

#$%&$'(#)'$" *+,-)$+.$/" #0$" .1+2).#*3*#45" 6)#" #0$'$" ('$" /#*--" 7)$/#*1+/" '$8('2*+8" #0$"
.1+2).#*3*#4"2$.'$(/$")&1+"(..$&#1'"21&*+8"#0(#"+$$2/"#1"9$")+2$'/#1125""
"
:0$" ()#01'" 0(/" &'$3*1)/-4" '$&1'#$2" #0$" /#(9*-*#4" (+2" .1%&(#*9*-*#4" 1," #0$" ;(<=>?@"
$-$.#'1-4#$"A*#0" &1#$+#*(-" 1B*2$" .(#012$/5":0$"&1#$+#*(-" &('#+$'"%(#$'*(-/" ;(C1>D" (+2"
;(@E*>!" A$'$" *+3$/#*8(#$2" 3*(" #0$" '$(.#*1+" 1," ,*+$F8'(*+$2" &1A2$'/" (+2" /1-*2F/#(#$"
2*,,)/*1+" .1)&-$/5"G$+/$" .$'(%*." 1," ;(<=>?@"A$'$"%(2$" (+2" .1(#$2"A*#0" #0$" .(#012$"
%(#$'*(-"#1",1'%"("2*,,)/*1+".1)&-$5":0$/$".1)&-$/"A$'$"#0$+",*'$2"(#"0*80"#$%&$'(#)'$5"
:0$" 2*,,)/*1+F.1)&-$/" .'1//F" /$.#*1+" A(/" .0('(.#$'*/$2" )/*+8" /.(++*+8" $-$.#'1+"
%*.'1/.1&$" HIJKL" (+2" $+$'84" 2*/&$'/*3$" MF'(4" /&$.#'1/.1&4" /&$.#'1%$#$'" HJGIL5"
I(%&-$".1%&1/*#*1+/"A$'$"(+(-4/$2"3*("$-$%$+#"%(&&*+8N"/&1#"(+2"-*+$"/.(+5":1"(//$//"
&0(/$".1%&(#*9*-*#4N"%*B#)'$/"1,"%*.'1F,*+$"&1A2$'/"A$'$"8'1)+2"#18$#0$'N"&'$//$2"*+#1"
#(9-$#",1'%"(+2",*'$2"(#"0*80"#$%&$'(#)'$5":0$"'$(.#*1+"&'12).#/"A$'$"#0$+"(+(-4/$2"3*("
&1A2$'" MF'(4" 2*,,'(.#*1+" HMOGL5" 61#0" /#)2*$/" 1," ;(C1>D" A*#0" ;(<=>?@" /01A$2" ("
/$.1+2('4" &0(/$" 1," ;(@>D5" P+" (22*#*1+" (" 0*80" #0$'%(-" $B&(+/*1+" .1$,,*.*$+#" 8(3$"
&'19-$%/" A*#0" &11'" .1++$.#*3*#45" P+" #0$" .(/$" 1," ;(@E*>!" +1" /$.1+2('4" &0(/$/" A$'$"
19/$'3$2"94"MOGN"9)#"JGI"(+2"IJK"(+(-4/*/"*+2*.(#$2"/%(--"(%1)+#/"1,";(@>D5""
"
:0$".(#012$"%(#$'*(-/";(K>D"HKQ"K+N"R$N"C1L"(+2";(@E*>!"0(3$"(-/1"9$$+"*+3$/#*8(#$2"
A*#0"'$/&$.#" #1"/#(9*-*#4"(+2".1%&(#*9*-*#4" #1A('2/"#0$";(E9>!"$-$.#'1-4#$5":0$"'$/)-#/"
/01A$2"8112".0$%*.(-".1%&(#*9*-*#4",1'";(E9>!"A*#0"#0$"&$'13/S*#$"#4&$".1%&1/*#*1+/"
H;(K>DLN"9)#"+1#"A*#0";(C1>D"(+2"#0$";(@E*>!"&0(/$5"T!U""
"
V'$3*1)/" '$(.#*3*#4" /#)2*$/" 9$#A$$+" ;(@E*>!" (+2" #0$" %1/#" A*2$-4" )/$2" I>RC"
$-$.#'1-4#$/N"4##'*("/#(9*-*W$2"W*'.1+*(" HXIYL"(+2"8(21-*+)%F21&$2".$'*)%"1B*2$"HCZ>LN"
*+2*.(#$2" ,1'%(#*1+"1," /$.1+2('4"&0(/$/"/).0"(/"O)22$+F"V1&&$'"/$'*$/";(+[?E*+>D+[?N"
;(E*>D"(+2"E*>5"T?\U"P+"#0$".(/$"1,";(C1>D"(/".(#012$"%(#$'*(-N"#0$'$"A$'$"/$3$'(-"*//)$/"
'$8('2*+8"#0$")/$"*+"XIY"$-$.#'1-4#$".$--/N" *+.-)2*+8"#0$*'"#0$'%(-"$B&(+/*1+".1$,,*.*$+#"
(+2" .0$%*.(-" '$(.#*3*#4N" A0*.0" '$/)-#$2" *+" /$'3$" 2$8'(2(#*1+" A*#0" *+.'$(/*+8" #*%$" 1,"
1&$'(#*1+5" ]-#01)80" 21&$2" .$'*(" $-$.#'1-4#$" /01A$2" -$//" '$(.#*3*#4" A*#0" ;(C1>D"
.1%&('$2" A*#0" XIYN" #0$" 0*80" #0$'%(-" $B&(+/*1+" .1$,,*.*$+#" '$%(*+$2" #0$" %(*+"
2'(A9(.S",1'"*#/")/$T?U5""



!"

"

!"!" #$%&'()*+

#$%&'()*" +'," *'-.(" '/.()" +0)-" 1)--*" &$2)" %'" 3'**)**" 4$56" 3,'3),%.)*" .51-0(.57" &.7&"

1$%$-6%.1"$1%.2.%6" +',"'/67)5"4'-)10-)"(.**'1.$%.'5"$5("'/67)5",)(01%.'58" 1&)4.1$-"$5("

(.4)5*.'5$-" *%$9.-.%68" &.7&")-)1%,'5.1" $5(" .'5.1" 1'5(01%.2.%68" %&),4$-" )/3$5*.'5"4$%1&"

:.%&" '%&)," 1)--" 1'43'5)5%*8" $5(" 1'43$%.9.-.%6" $5(" 4.5.404" ,)$1%.2.%6" :.%&" %&)"

)-)1%,'-6%)" $5(" %&)" .5%),1'55)1%',;" <%" -$*%8" %&)" 1$%&'()" 40*%" &$2)" $" *%$9-)8" 3','0*"

4.1,'*%,01%0,)"%&$%"40*%"$--':",$3.("4$**"%,$5*3',%"'+",)$1%$5%*"$5("3,'(01%"7$*)*;=>8"?@"

"

A&)"3),'2*B.%)"*%,01%0,)*"%&$%")/&.9.%"4./)(".'5.1"$5(")-)1%,'5.1"1'5(01%.2.%6"$,)"2),6"

$%%,$1%.2)"$%" .5%),4)(.$%)"%)43),$%0,)*"*.51)"%&)"3'-$,.*$%.'5"'+"%&)"1$%&'()".51,)$*)*"

*.75.+.1$5%-6"$*"%&)"CDE#"%)43),$%0,)" .*" -':),)(;" =?@"A&)"3'-$,.*$%.'5"4$B)*"%&)"4./)("

.'5.1F)-)1%,'5.1"1'5(01%',*"'5)"'+"%&)"9)*%"1&'.1)*"+',"1$%&'()*"9)1$0*)"'+"%&)")/%)5()("

$1%.2)" $,)$*" +'," '/67)5" ,)(01%.'5" =GH@;" I%" .*" .5" 1)--*" '3),$%.57" $,'05(" J!H" K#" %&$%" %&)"

$(2$5%$7)*"'+"0*.57"4./)("1'5(01%.57"'/.()*"9)1'4)"$33$,)5%;""

"

,-./'*%/0.%0/)+$1(+2/'2)/%-)*+'3+4$#'56+

L$5%&$504" 1'9$-%.%)*" $,)" 3),'2*B.%)*" :.%&" &.7&" )-)1%,.1$-" $5(" .'5.1" 1'5(01%.2.%.)*"

M4./)(".'5.1F)-)1%,'5.1"1'5(01%',N;"O)1$0*)"'+"%&).,"&.7&"1'5(01%.2.%.)*"%&)6"$,)"0*)("$*"

1$%&'()"4$%),.$-*" .5" CDE#8" '/67)5" 3),4)$9-)"4)49,$5)*8" $5(" $,)" $1%.2)" 1$%$-6*%" +',"

'/.($%.'5"'+"#D;"P0,)"L$#'DQ"&$*"$" ,&'49'&)(,$-" *%,01%0,)"$%" ,''4" %)43),$%0,)"$5("

,)4$.5*",&'49'&)(,$-"03"%'"%)43),$%0,)*"1-'*)"%'"%&)"4)-%.57"3'.5%;=G>@"R':)2),8" %&)"

,&'49'&)(,$-" (.*%',%.'5" +,'4" 109.1" *644)%,6" .*" -.5)$,-6" ()1,)$*.57" :.%&" .51,)$*.57"

%)43),$%0,)" =GG@;" <" +.70,)" (.*3-$6.57" %&)" *%,01%0,)" '+" $" *%$5($,(" 109.1" 3),'2*B.%)" .*"

3,)*)5%)(".5"E.70,)"G;>;"



!"

"
!"#$%&'()*'+,-./-%/'0$1"0'2&%3456",&'7(89)'

"

#$%&'(")*"+,&-,".&"/0"1,*.$/20"),"30415),6"$.7&*89030*:";90,"#$%&'(")*"830*0,."$*"$"

8&-403<"-9030"*13=$50"30$5.)&,"-)22"830>$)2<" .90"30415.)&,"*.$3.*"$."$" 2&-".07803$.130"

-).9"=&37$.)&,"&="70.$22)5"%&"$,4"#$?'("$."!@@"A%:"B,".90"/12+"=&37<"#$%&'("1,4036&0*"$"

*03)0*"&="0C8$,*)&,*"$,4"5&,.3$5.)&,*"410".&"89$*0".3$,*=&37$.)&,*:""

"

D,403" &C)4)E),6" 5&,4).)&,*" $" *)6,)=)5$,." ),530$*0" &=" .90" .9037$2" 0C8$,*)&," 5&0==)5)0,."

FGH%I"&5513*"/&.9"413),6"90$.),6"$,4"5&&2),6:"#$%&'(J*"9)69".9037$2"0C8$,*)&,"$*"-022"

$*"*.315.13$2<"7059$,)5$2"$,4"89$*0" ),*.$/)2).K" 2)7).*" .90"1*0"&="#$%&'(" ),"$882)5$.)&,*"

*159"$*"=102"5022*<"&CK60,"80370$/20"707/3$,0*"$,4"*0,*&3*:"L?MN""

"

!"#$%&'$(#'($)*+,-*.$%.)$'")&*%/*0+12"34*

G90" 53K*.$2" *.315.130" &=" .90" O14420*40,PQ&8803" .K80" 89$*0" #$?R)'M<" )*" 40*53)/04" $*"

*.$5+04"803&>*+).0"F#$R)'(I"2$K03*"$2.03,$.),6"-).9"3&5+P*$2."F#$?'(I"2$K03*"$2&,6".90"5"

4)305.)&,"L?@N:" B."9$*"$"9)69P.07803$.130".0.3$6&,$2"89$*0"FGS!T@"UI"$"2&-".07803$.130"

&3.9&39&7/)5" 89$*0<" $,4" $" 2&-P.07803$.130" .0.3$6&,$2" 89$*0" FGVW@" UI" L?XN:" Y" =)6130"

4)*82$K),6".90"*.315.130"&="$"*.$5+04"803&>*+).0")*"830*0,.04"),"Z)6130"?:?:"



!"

"
!"#$%&'()('*$++,&-./0'1.22&%'234-&'5(67'

"

#$%&'()" *+,-*" .'/01" ',2'34" 050367,2'3" 3,21836',2" $21" '*" $" 9,,1" 3$21'1$60" :,7" '26074"

.01'$60" 60.;07$6870" 050367,10*" <%=>?" @2" $11'6',2A" 6+0" #$%&'()" ;+$*0" +$*" $" *'92':'3$265B"

5,-07" 6+07.$5" 0/;$2*',2" 3,0::'3'026" 6+$2" 6+0" 3,C$56'60D*" 6+$6" $70" 3,..,25B" 8*01" '2"

'26074.01'$60" 60.;07$6870" 050367,5B60*?" E+,89+" #$%&'()" *+,-*" +'9+" ,/B902" C85F"

1'::8*',2" $21" *87:$30" 0/3+$290" 3,0::'3'026A" '6*" 5,-07" 050367,2'3" 3,21836'G'6B" 5'.'6*" 6+0"

;7$36'3$5"8*0"$*"H(IJ"3$6+,10?"E+0"050367,2'3"3,21836'G'6B"3$2"+,-0G07"C0"'.;7,G01"CB"

1,;'29"6,";7,1830"0/67$"3+$790"3$77'07*?<%K>"



!"

!"#" $%&'()*+,-,.*('//0+'%1*2%03&.*

#$" %" &'(()*'+$" ,+)-./0" 12+"3%1/4'%.*" +(" &'((/4/$1" ,+3-+*'1'+$" %4/" 5+'$/&" 1+6/17/4" %$&"
*)8*/9)/$1.:"7/.&" (+4"%",/41%'$" 1'3/"%1"%$"/./;%1/&"1/3-/4%1)4/<"='(()*'+$",+)-./*"%4/"
2'&/.:" )*/&" 1+" *1)&:" '$1/4&'(()*'+$" -7/$+3/$%" %$&" 1+" &/1/43'$/" '*+17/43%." -7%*/"
&'%64%3" */,1'+$*<" >?@A" B7/" )$&/4*1%$&'$6" +(" '$1/4&'(()*'+$" '$" *+.'&*" %4/" '3-+41%$1" '$"
3%1/4'%." *,'/$,/" *'$,/" &'(()*'+$" -4+,/**/*" %4/" %--/%4'$6" '$" *+.'&" 3%11/4" %1" /./;%1/&"
1/3-/4%1)4/*<"='(()*'+$"-.%:*"%"C/:"4+./"'$"17/"C'$/1',*"+("3%$:"3',4+"*14),1)4%.",7%$6/*"
17%1" +,,)4" &)4'$6" 7/%1" 14/%13/$1" +(" &'((/4/$1" 3%1/4'%.*<" B:-',%." /D%3-./*" +(" *),7"
,7%$6/*" %4/" $),./%1'+$" +(" $/2" -7%*/*0" &'(()*';/" -7%*/" 14%$*(+43%1'+$*0" -4/,'-'1%1'+$"
%$&" &'**+.)1'+$" +(" %" */,+$&" -7%*/0" 4/,4:*1%..'E%1'+$0" 7'67F1/3-/4%1)4/" ,4//-0" %$&"
17/43%." +D'&%1'+$<" B7/" C$+2./&6/" +(" '$1/4&'(()*'+$" 8/12//$" 3%1/4'%.*" )*/&" '$"
1/,7$+.+6',%." %--.',%1'+$*" .'C/" GHIJ*" '*" ,4),'%." 27/$" ,7++*'$6" 17/" -4+-/4" -%41$/4"
3%1/4'%.*<>?!A""
"

!"4" $%&'()*+,-,.*('//0+'%1*

#$"-)4/"3%1/4'%.*",+$1%'$'$6";%,%$,'/*0"%1+3*"3+;/"+4"K5)3-L"(4+3"+$/".%11',/"-+*'1'+$"
1+" %$+17/4<" B7'*" -4+,/**" '*" C$+2$" %*" */.(F&'(()*'+$0" %$&" ,%$" 8/" &/1/,1/&" 8:" )*'$6"
4%&'+%,1';/"14%,/4*<""M.17+)67"*/.(F&'(()*'+$"+,,)4*",+$1'$)%..:"'$"%.."3%1/4'%.*0"'1*"/((/,1"
+$"17/"3%1/4'%.*"8/7%;'+)4"'*"$+1"*'6$'(',%$1<">?NA"
"
='(()*'+$"+(")$.'C/"%1+3*"'$"&'((/4/$1"&'4/,1'+$*"'*"C$+2$"%*"'$1/4&'(()*'+$<"#("17/"*%3-./"
%4/"7/.&"%1"%$"/./;%1/&"1/3-/4%1)4/"+$/"2'.."/D-/,1"17/"%1+3*"1+"&'(()*/"(4+3"17/"7'67"
,+$,/$14%1'+$"*'&/"1+"17/"1+"17/".+2",+$,/$14%1'+$"*'&/<"B7/"4%1/"%1"27',7"%1+3*"&'(()*/"
'$"%"3%1/4'%." ,%$"8/"3/%*)4/&"8:" 17/" (.)D" O<"M1" *1/%&:F" *1%1/",+$&'1'+$*"I',C*" ('4*1" .%2"
/D-.%'$*"17/"(.)D"+("%1+3*P"
"

"

! 

Ji = "Di
dci
dx
" " " " " " " " " " Q?<RS"

"
27/4/"O'"'*"17/"(.)D"+("%1+3*"+("1:-/"'0"='"'*"17/"&'(()*'+$",+/((','/$1"+("%1+3"+("1:-/"'0",'"'*"
17/",+$,/$14%1'+$"+("%1+3*"'"%$&"&D"'*"17/"-+*'1'+$"'$"17/"*+.'&<>?NA"
"



!"

#$"%&'()*(+,")-+".)+'/01.)')+"(2$/*)*2$."('$$2)"23)+$"4+"+.)'45*.-+/"/6&*$7"+8%+&*9+$)."

/6+" )2" 32&" +8'9%5+" )*9+" (2$.)&'*$.:" ;"9')+&*'5" 4'5'$(+" *$" )-+" <2569+" +5+9+$)" 23" )-+"

.0.)+9")-+$"4+(29+."6.+365:"=-+"32552>*$7"+8%&+..*2$"*$"2$+1/*9+$.*2$"('$"4+"/+&*<+/"

3&29"?*76&+"@:A:BACD"

"

! 

"C"x = (Flux  in # Flux  out)"t
"C
"t

= D
" 2C
"x 2

" " " " " " " E@:@F"

"

=-+" .256)*2$" )2" )-*." +G6')*2$" /+%+$/." 2$" )-+" 426$/'&0" (2$/*)*2$." 32&" '" %'&)*(65'&"

.*)6')*2$B@!,"ACD:"

"
!"#$%&'()*'+,&-."/&,0"1,23'/200'4232,5&'",'2,'",6","7&0"/23'0807&/9*:;'

""

;)29." ('$" /*336.+" )-&267-" )-+" 9')+&*'5" <*'" .+<+&'5" 9+(-'$*.9.:" ;55" )0%+." 23"

.64.)*)6)*2$'5"/*336.*2$"-'<+"4++$" .-2>$" )2"2%+&')+" )-&267-"'"<252,58'/&5=2,"0/)" #$"

)-*.")0%+"23"9+(-'$*.9,"'$"')29"5+'<+."*)."5'))*(+".*)+")2"3*55"'"$+'&40"<'('$(0:"H2>+<+&"

<'('$(*+." *." $2)" &+G6*&+/" 32&" /*336.*2$" )2" -'%%+$:" I-+$" '" .9'55" *$)+&.)*)*'5" ')29" *."

%&+.+$)" *$" )-+" -2.)"9')+&*'5," )-+" ')29" ('$"92<+" 3&29"2$+" *$)+&.)*)*'5" .*)+" )2" '$2)-+&:"

=-*." )0%+" 23" /*336.*2$" 9+(-'$*.9" *." ('55+/" ",7&%07"7"23' ."66$0"1,:" ;" )-*&/" 9+(-'$*.9,"

",7&%07"72358' ."66$0"1,>" *." (2$.*/+&+/" )2" 4+" '" (294*$')*2$" 23" )-+" .64.)*)6)*2$'5" '$/"

*$)+&.)*)*'5" 9+(-'$*.9:" =-+" %&*$(*%5+" 23" )-+" *$)+&.)*)*'5(0" 9+(-'$*.9" *." )-')" '$"

*$)+&.)*)*'5" ')29" /*.%5'(+." '$2)-+&" ')29" 3&29" *)." 2&*7*$'5" .64.)*)6)*2$'5" .*)+" *$)2" '$"

'/J'(+$)"%2.*)*2$:"=-+"/*33+&+$)"9+(-'$*.9."'&+".699'&*K+/"*$"?*76&+"@:L:"

"



!"#

#
!"#$%&'()*'+",,$-"./'0&123/"-0-4'536'"/7&%-7"7"389'5:6';313/1<9'516'"/7&%-7"7"381<'=(>?'

#
$%&'()*#&+&',-#)../01)2&3#412%#)2/(.5#1/+.#&206#0)7.&#2%&#')+3/(#(/8&(&+2#/9#)2/(.#
).# 1**7.2')2&3# ):/8&6# ;2# )# (10'/.0/<10# .0)*&# 2%&# 2%&'(/3-+)(10# 3'181+,# 9/'0&# 9/'#
31997.1/+# 1.# 0/+0&+2')21/+# ,')31&+26# =9# 24/# 3199&'&+2#()2&'1)*.# ;# )+3#># )'&# /<</.&3# 2/#
&)0%#/2%&'#)#+&2#/'#)+#/:.&'8):*&#9*7?#1.#0'&)2&35#4%10%#3&<&+3#/+#2%&#2&(<&')27'&#)+3#
0/+0&+2')21/+# ,')31&+26@ABC# $%&# 0/+0&+2')21/+# ,')31&+2# .%/4.# %/4# 2%&# 0/(</.121/+# /9#
2%&#()2&'1)*#8)'1&.#412%#31.2)+0&6#;+#1**7.2')21/+#/9#2%&#0/+0&+2')21/+#<'/91*&#4%&+#24/#
3199&'&+2#()2&'1)*.5#;#)+3#>5#)'&#<*)0&3#1+#0/+2)02#1.#,18&+#1+#D1,7'&#A6E6#
#

#
!"#$%&'()@'A88$-7%37"./'.,'"/7&%B",,$-"./'1./1&/7%37"./'C%.,"8&':&7D&&/'1.0C./&/7'E'3/B'F)''



!!"

"

!"#" $%&'()*+,-,.*/.-0,'%1*

#$" %" &'%()*+," -').''," )/'" ).+" 0*$$'&',)" 1%)'&*%23" 4" %,0" 5" 0+'3" ,+)" +((6&" %,"

*,)'&0*$$63*+,".*22")%7'"82%('"%3"0'3(&*-'0"%-+9':"#$")/'3'"1%)'&*%23"0+"&'%();"%")/*&0"%,0;"

8+33*-2<;"%23+"$+&)/"%,0"$*$)/"8/%3'3"%&'"$+&1'0"+,")/'"*,)'&$%('"-').'',")/'"&'%()%,)3:"

=>?@"

!"#$%&'())*%++%,-*

A+,3*0'&" )/'" 0*$$63*+," (+682'" *2263)&%)'0" *," B*C6&'" D:E" -').''," 4" %,0" 5;" ./'&'" )/'"

0*$$63*+,"&%)'3"+$" )/'").+"38'(*'3"%&'"0*$$'&',)"FG5"H"G4I:"J*,('")/'"0*$$63*+,"$26K'3"%&'"

0*$$'&',);")/'"+&*C*,%2"*,)'&$%('"FL*&7',0%22"82%,'I"-').'',")/'"1%)'&*%23"1+9'3"06&*,C"

)/'" 'K8'&*1',)=>?@:" M/*3" (%," +,2<" /%88'," *$" 0*$$63*+," *3" -<" 9%(%,(<" 1'(/%,*31=>!@:" #,"

+&0'&")+")&%(7")/'"8+3*)*+,"+$")/'"*,*)*%2"*,)'&$%('"*)"*3")/'&'$+&'",'('33%&<")+"82%('"*,'&)"

1%&7'&3"-').'',")/'"1%)'&*%23"-'$+&'"/'%)")&'%)1',):"M/'"1+9'1',)"+$")/'"1%&7'&;"9L;"

*3" %" $6,()*+," +$" )/'" *,0*9*06%2" (/'1*(%2" 0*$$63*+," (+'$$*(*',)3" %,0" *3" C*9'," -<" )/'"

L*&7',0%22"'N6%)*+,"

"

"

! 

vK = (DA "DB )
#XA

#x
" " " " " " " " " FD:>I"

"

./'&'"

! 

"XA

"x
*3")/'"(+,(',)&%)*+,"C&%0*',)"%)")/'"L*&7',0%22"82%,':=>?@"

"



!"#

#
!"#$%&'()*'+,,$-.%/."01'02'.3&'4"%5&16/,,'&22&7.89:;'

#

!"##$%"&'()"'*+",%(-'.(+/*(0-1-2&3",(1-+*(3-4(

$%&#'()*+%#,-.&+-/0#)1#2#0-.'3&#/)45)6.7#328&(#-0#7&+&(4-.&7#98#2#/)49-.2+-).#)1#+*)#
+85&0# )1# 5()/&00&0:# .24&38# 98# ;-<# +%&# 6"22$-"01# )1# 42++&(# 2/()00# +%&# /)45)6.7# 328&(#
*%&(&# +%&# 7-1160-).# 136=# 03)*0# 7)*.# *-+%# -./(&20-.'# 328&(# +%-/,.&00:# 2.7# 98# ;--<# +%&#
%&/%%/1#&<&1.')1#+%&#2+)40#2+#+%&#-.+&(12/&0#(&>6-(&7#1)(#'()*+%#)1#+%&#/)45)6.7#328&(#
*%-/%# 428# -.?)3?&# 2# (&2/+-).# 92((-&(@A"BC# D1# +%&# 7-1160-).# 5()/&00# -0# (2+&# 3-4-+-.'# 2.7#
/).+()30# +%&#'()*+%:# +%&#/)((&05).7-.'#,-.&+-/0# -0# +&(4&7#7-1160-).#/).+()33&7#2.7# +%&#
328&(#+%-/,.&00#-./(&20&0#5()5)(+-).23#+)#+%&#0>62(&#())+#)1#+-4&#.C#$%-0#+85&#)1#,-.&+-/0#
-0#230)#,.)*.#20#52(29)3-/C# D1# +%&# -.+&(12/-23# (&2/+-).#92((-&(0#/).+()3# +%&#,-.&+-/0:# -+# -0#
+&(4&7# -.+&(12/&# /).+()33&7# ;)(# 9)6.72(8# )(# (&2/+-).# /).+()33&7<# 2.7# +%&# +%-/,.&00#
-./(&20&#3-.&2(38#*-+%#+-4&C#$%&#+*)#5()/&00&0#2(&#-3360+(2+&7#'(25%-/2338#-.#E-'6(&#"CFC#
E6(+%&(:#).38#+%&#52(29)3-/#(2+&#32*#*-33#9&#7-0/600&7C##
#

!
Fig. 4.3 "##$%&'(&)*+!*,! &-.!/)'0.+1(##!.,,.2&! )+!(+!)+&.'31),,$%)*+!2*$4#.!2*54*%.1!*,!&6*!
4$'.!5.&(#!7!(+1!89!
!
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