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Abstract— This paper presents an observer backstepping
approach to the variable speed control of wind turbines for
maximizing wind power capture when operating between cut-in
and rated wind speeds. The wind turbine is modeled as a two-
mass drive-train system controlled by generator torque. The
nonlinear controller relies on output feedback backstepping to
regulate the generator torque such that a constant tip-speed-
ratio can be obtained. The rotor speed is fed back while torsion
angle and generator speed are estimated using a linear observer
based on the dynamics of the system. The proposed scheme
shows smooth and asymptotic tracking of the rotor speed as
illustrated by simulation results.

I. INTRODUCTION

In order for wind energy to gain further attention by
governments worldwide, the cost of the produced energy
must match other competing sources, e.g. coal and gas
power. The environmental awareness has only increased, and
many countries are showing a large interest in deploying
offshore wind power plants. Due to the high risk and capital
investment needed to build offshore wind power, the energy
produced is supported locally through various regulations,
often subsidiaries. When the deployment of offshore wind
parks reach an industrialized state, the subsidiaries will be
out phased, but the maintenance cost will not be reduced. The
challenging task of controlling wind turbines for maximum
energy output while minimizing drive train stress is therefore
of high interest.

The complexity of wind turbine models is a great chal-
lenge due to the many degrees of freedom needed to include
the most important dynamic effects. The main focus in this
article is controlling the drive-train as it is the part which
has the most wear, and is a limiting factor in maximizing
wind energy capture. The focus of wind turbine control is
divided into two regions as a function of the wind speed
as shown in Fig. 1. The goal in the region between cut-in
and rated is to maximize energy capture. In case of wind
speeds in the operational range between rated and cut-out,
the goal is to keep a constant angular velocity to limit
generated noise, stress and vibrations on mechanical and
structural components while maintaining the maximum rated
power generation. When the power is below rated value, the
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system should maintain its pitch angle at the optimal value
and control the generator torque to achieve optimal tip-speed
ratio(TSR) which is a function of the pitch angle. The pitch
angle of the rotor blades determine the relative angle with
respect to wind direction and thereby turbine speed, and is
assumed kept constant such that the turbine speed solely
is regulated indirectly by opposing the aerodynamic torque
using generator torque control. Achieving optimal tip-speed
ratio then simplifies to keeping the rotor blades spinning at
a rotational frequency related to that of the incoming wind.
The choice of operating at the optimal wind tip speed ratio
is based on the turbulent wake a blade makes when passing
through an air stream. Extracting power from turbulent wind
is less efficient and will subject the blades to high vibration
stress, i.e. the angular speed of the rotor must match the
settling time of the wind for optimum power capture.

The modeling of drive-trains varies with regard to assump-
tions of stiffness in the shafts, damping, inertia assessment
and efficiency. The drive-train used is modeled as a two-
mass system which compared to the traditional one-mass
model includes torsional effects. Further increasing model
complexity adds an unnecessary level of detail, and there
is a major consensus that a two-mass model is sufficient
for representing the important dynamics in power system
stability studies from which this study originates. The aero-
dynamic torque affecting the high-speed shaft is nonlinear,
thus making the resulting system nonlinear and challenging
to control in an optimum manner.

The control strategies proposed for variable speed wind
turbines in literature includes adaptive back-stepping con-
trol [5], feedback linearization [4], non-linear control using
exact model knowledge and one adaptive type [8]. The
conservative nature of the industry and commercial aspect of
wind turbines have limited the implementation of advanced
non-linear control, and methods such as gain-scheduling for
classical controllers [1] and bump-less transfer in between
local robust controllers [6] have been favored. Wind turbines
are time varying with respect to efficiency, mechanical and
electrical systems, making LPV based control [7] and adap-
tive robust methods viable as they guarantee stability in a
large range of model perturbations.

This paper proposes an observer backstepping controller
for the variable speed wind turbine in order to maximize
wind power capture. The output backstepping controller fully
exploits the nonlinear two-mass drive-train model of the wind
turbine through the combination of a globally exponentially
stable (GES) observer for the estimate of the torsion angle
and of the generator shaft speed, and a globally asymp-
totically stable (GAS) controller that guarantees asymptotic
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Fig. 1. Output power in different operating regions

tracking of the desired rotor speed and uniform ultimate
boundedness (UUB) of the torsion angle.

II. MODEL
A. Wind power capture

The efficiency of a wind turbine is described using a power
curve which is taken as a function of the pitch angle
and tip-speed-ratio A. The power coefficient C), is the ratio
between aerodynamic rotor power P and the power available
from the wind P,, defining the ratio of power possible of
capturing,

Cp = 75 (1)
The power available is
1
P, = ipAv3 (2

where p is the air density, v is the wind speed and A is
the swept area of the rotor which is given by 7R2, where
R, is the blade tip radius. From the definition of the power
coefficient, the power captured by the wind turbine is,

1

Py = 5Cp(N, B)pAv?. 3)
The tip-speed ratio A is defined as
R,
A= (4)
v

and it can be seen from (3) that operating at a fixed pitch
angle makes the power coefficient C},, a function of only
A such that an optimal point on the power curve can be
obtained by keeping A constant. From the definition in (4)
it is clear that A is a function of the non controllable wind
speed v, but also of the controllable rotor speed w. In order
to sustain maximum power output, the rotor speed must as a
consequence be adjusted according to wind speed variation.
The relationship between captured wind power, rotor speed
and rotor torque is derived from (3) and (4) [8]

P(w) = kypw?® (5)
T, = L kypw? (6)
w

where the constant k,, is given from the optimal value of C),

and A\
1 R?

The rotor torque is applied to the low-speed shaft of the
drive-train and the dynamics of the two-mass drive train
system can now be set up.

B. Two-mass drive-train model

The two-mass drive-train model consists of two shafts
interconnected by a gearbox. The aerodynamic torque drives
the low-speed shaft at the rotor speed w, while the gearbox
increases the angular speed of the high speed shaft to w,
while lowering the torque. The drive-train thereby converts
wind energy to mechanical energy and through the generator
to electrical energy.

The inertia of the rotor and generator is respectively
lumped into J, and J,, and T}, T} and T;; denote low speed
shaft torque, high speed shaft torque and generator torque.
The stiffness of the shafts are modeled through damping and
torsional coefficients B,,B,, K4 and By. The inertia of the
low speed shaft includes the inertia of the rotor, while the
friction component includes bearing frictions. The dynamics

of the low speed shaft is
Jrw =T, —Tis — Brw (3

while the high speed shaft has similar dynamics which
includes the inertia of the gearbox and generator and adds
the friction from bearing and gears,

Jyg = Ths — Ty — Bywy. )

The drive train torsion is modeled by a torsion spring and a
friction coefficient,

Tis = Kby + Baby
O = 0r — eg/Ng

(10)
(1)
where N, is the drive train gear ratio. The low speed and
high speed shaft are interconnected by the gearbox such that
T wy

N — = — 12
g Ths Wis ( )

Combining equations (8) to (12) results in the following
ODE:s for the dynamics of the two-mass drive-train model

. 1
0 =w— Fgwg (13)
1 B
= — (—Kdﬁk + kypw? — (Bg + B,) w + Fdwg
r g
(14)
. 1 (K4 By By
s g (o s (334 ) 0 -1) 09

ITII. OBSERVER BACKSTEPPING CONTROL

Given the third order nonlinear system (13)-(15) the con-
trol objective is to design a controller capable of dynamically
varying the rotor angular velocity w such that a desired speed
reference can be tracked. This must be achieved assuming
that the only available measurement is w.

The strategy chosen is an output feedback controller
based on the observer backstepping control [3]. First an
observer is designed for the subsystem (6, w,), which has an



exponentially stable estimation error dynamics. Then, a new
system is considered where the unmeasured states dynamics
is replaced with the observer dynamics. Hence backstepping
is applied using the state estimates as virtual control inputs
and considering the estimation errors as disturbances whose
behavior must be dominated.

Since the control objective is reference tracking the system
(13)-(15) is rewritten in terms of the tracking error e, =
w—wg where wy(t) € C? is the bounded reference trajectory
with bounded derivatives. By inserting e, into Egs. (13)-(15)
the following dynamics is obtained

. 1
0, = e, +wqg — FQWg (16)
1 B,
e, = 77 < — K401 + ky (ew +wd)2 + szg
— (Bgq + By) (e, +wd)> 17)
1 By
S L[ Bay y
o Jq <N9 b Ng (€0 )
By
<N2 + B ) Tg> (18)

A. Observer Design

The observer is built as a copy of the (6, w,) dynamics,
that is
1

ék =€, twg— —w (19)
N, ?

: Kg - By

N = — 70 w

Wy Jg< gk+Ng(e + wq)

By
<N2 + B > Tg>. (20)
The estimation error dynamics is hence given by the
following linear system

é, = Ae,

0 _
Lﬁ(ﬁg 4 (8 5,)
- T
where g = [Qk, (Z)g] . Due to linearity, exponential stability
of the estimation error can be easily assessed by checking
if the matrix A is Hurwitz; however the Lyapunov based
analysis is here preferred.
Proposition 1: The origin of the estimation error dynam-
ics (21) is GES.
Proof: Consider the Lyapunov function candidate

€ 21

Vo(e,) = el P,e, (22)
where
N3By+Ba B1Eat+pB2Jy _ JgNg
2K 41 26152<Bg+%§> 261 K4
P= JyN, ' B2J2+B17yKa '
251 Kd

26182 K4 (Bﬁ%)
g

P, = P! > 0, is the solution of the Lyapunov equation
P,M + M'P, = —Q, with Q = diag{1/31,1/32} and
Bi > 0. The derivative along the trajectories of (21) results
in

V,(e,) = e, (PoA+ATP,)e
_eEQeo
< A (Q) [leo I3

(23)

Hence the origin e, = (0,0)" is GES [2, Theorem 4.10],
and the estimation error is always bounded

llea(®) < ke lleq(to)l| FmexMDE=t) e > ¢y (24)

where k. > 0 and R{\.x(M)} < 0. [ |

Remark 2: Tt is worth noting that if a faster observer
dynamics is needed then a standard reduced order observer
could be used instead

(25)
(26)

X9 =w + Ly
w = Mw + N7, + Ry
where Xy = [ék,c&g}T, y = x1 = w is the measured output,

the matrices M, N, and R are design parameters, and L is
the observer gain matrix.

B. Output Feedback Backstepping Controller

An output feedback backstepping controller is now de-
signed for the system

) 1 5o 2
Cw = jr Kd (ak + ek) + kw (ew + wd)
By, . .
— (Ba + By) (ew +wa) + N (Wg + wy) — Wd
g
(27)

By
(6w+wd)<N2+B) T,

(28)

Jy N,

. 1K By
by = [dek + 2
g

where the estimate w, is used as virtual control to stabilize
(27), and T, is the physical control input.
Proposition 3: Consider the system (27)-(28), and the

reference vector Qg = [wa(t),wa(t),q(t)]T. The output
feedback backstepping control law
Ty = T_t] (éka Cw,y 2, Qd)
with
fr1>0 (29)
B2 >0 (30)
2
K2 NZKS + N2K3 (R461 + K36 )
2 31
3 2
12+ (R461 + K33, )
Ba > > (32)

472



B3
NyKg4 (N*Zgﬁ + K§ﬁ2) 2k, Ny K4

R . K, .
T, <9k, €ws 2, Q) = J, TN, 7B, T By (ew +wa) | Ok
B3
+J, Ba _Nng_Ng(Nig’ﬁl—i_Ks”Bz)(Bd—kBr) (ew +waq)
9\ J,N,  Ba Jr By v
3
Ky 2y (%49 + K32
+J, BQ%L(%+W%4gjf47 z
K 51 + K382 2% .
+J, Bj_( > ) Tw(€w+wd) a(9k76w,9d)
2k2 N, 3 kN, B3 2
+J9(JBg<ew a)? - B ( (Ba+5) — (o + K3 ) ) e’
B3 NgJ, ..
Jy Ny dﬁ + K3By+ By + B, | g+ 204 ) 2
By By
+J, (85 + 8 )(1+(ew+wd))z 31)
A~ A Ng 2 A . Bg 2
! (9k,€w, Qd,) =B, ( kw (ew +wa)” + (Ba + Br) wa + Kaby + Jywq — (]\7361 + Kdﬁ2> €w> (32)
g

renders GAS the origin of the (e, z,€,) system, where
T, (ék,ew,z,ﬂd) is shown in (31),

25O, — (35)

« (ék, €w, Qd)

and o (ék, €w, Qd) is shown in (32).
Proof: The first step is to stabilize the tracking error

dynamics (27) through the virtual control @,. Consider the
control Lyapunov function (CLF) candidate

J,
T2 4V,

Vi (ewaeo)_ 9 ‘w

(eo) (36)

whose derivative along the trajectories is given by

Vi = ew<Kd (ék +(§k) — (Bg+ B,) (ey, + wyq)

By
+ kw (60 + wa)® + =2
Ny

(@ + @) — erd>
(37)

renders GAS the

The virtual control @, = « (ék,ew,ﬂd>
origin of the (e,,e,) system. In fact by inserting (32) into

(37) Vi (ew, €,) reads

. By
Vi=—(Bs+ B ) — Kge 0 + — ey
N, :
B2 ) 1, 1.,
+K | S
( 21 152 B * Byt

—(Bd—i-BT)ef) - 51 (d lew| — =—
Ny

1o\ 2
B (Kdew%)ek\) —rifle? @38)

which is negative definite for (31, 82) as in (29)-(30), and

where k1 = max

3 3
T 4B 4B

Introducing the error variable z as in (35) the design of the
real control input Ty is undertaken. The z-dynamics reads

o * oa . O

gag, - 0re, O
90, Den T 09y

and the detailed expression can be found in Appendix A.
Then consider the following CLF

Wg —

b= Qq (39)

1
V2 (Z, 6wveo) = ‘/1 (6w7 eo) + 522 + Vo (eo) (40)
whose derivative along the trajectories reads as
) By 2
Vo < —(Ba+ Br)el — B (Ng lew| — 25, |wg|)
1 2
7] 2
- (Kaleo = 5 |1] ) = rleal?
1 .5, 14
— —w; — —0; + 22 (41)
Bs ¢ Byt



The control input T, = T, <ék, €wy 2, Q) renders GAS the
origin of the (e, 2,€,) system; in fact by inserting (31) into
(41) V5 (2, e,,€,) reads

. . 1/(B
V2<V1—JQ(N‘;+BQ>Z2
g
JeBafs 1"
3
NyKgy (%ﬁl + K§52) ;
2., BB ’ ’“‘

6 (1 (e ) -

k 2
e, +wy)z| — —2 &
ew ) 2] = - 1]

3
%51 + K352

_/84 |Z‘_ 2(]7-/84 |w9‘
3 2
K2N2K? Ny K3 (%51 + Kiﬂz) _
1— w g rd 9 9 2
J2B3fs 4T B} ps *
B 2, )2
k2 (Wﬂl + Kdﬁz)
— 11— e @2 42)
J2p, 4J2 By 7
]

which is negative definite for (83, 84) as in (31)-(32).

C. Boundedness of the 0y, Dynamics

As last step in the design of the output tracking controller
it is important to prove that the dynamics of the torsion angle
0. remains bounded. Towards this end consider the candidate
Lyapunov function

1
Vs (k) = 50% 43)
whose derivative along the trajectory of (13) is
. 1
Vi =0y, [ew + wg — B—d( — ky (€4 +wd)2
+ (Ba+ Br)wq + Kq (gk + ék)
+ Jroa = (B + Bo) ew) | (44)

K kw
<2202 1 |(ew + wa) | 161] + 22 (ew +wa)® Ok
Bd Bd

By + B, Kg |~

_— 0 —’9‘9
+ 5 |wd||k|+Bd | |0k

Jr . ﬂ1+62

— 0 ol 108! - 45
4 ol 0]+ 2 e o s)

The desired trajectory wq (t) is a class C? bounded func-
tion with bounded first derivative, that is

(46)
47

|wd (t)| S Wd, max < o0
|d)d (t>| < wd,max < o0

Moreover the dynamics of the tracking error e, (t) was
shown to be asymptotically stable hence

lew ()] <7 (Jew (to)] ¢ = to) ,

where v (1, s) is a class L function; whereas the dynamics
of the estimation error e,ns was shown to be exponentially
stable therefore

6 (8)] < ke

YVt >t (48)

A (to)’ Amax(A)E—t0) >4 (49)
By replacing these upper bounds into (45) we obtain

: K, K
%g—(1—5)§392—5§302

+ ( <1 + 61];;52) 7 (lew (o)1, 0)

By + B,
+ (1 + d) wd,max) ‘9k|
By

+ (g: (v (|ew (to)] , 0) + W max)®

Ky o Jr .
+ BidkS ak (tO)‘ + Bdwd,max) ‘9k|
Kq 5
<—(1-46)—=10 50
< —( ) B,k (50)
for all |0x| > i
Ba B1+ B2
= — 1 o (t ,
"5&((* 252 o e (0], 0
Bd+Br
1 - max
+ ( + B, )wd’
kw 9
+ F (ry (|ew (t0)| ao) + wd,max)
d
Kd A Jr .
—k t ‘ =y max 1
+Bde9k(o)+Bdwd,a> (51)

whit 0 < 0 < 1. Hence 6y (t) is globally uniformly
ultimately bounded.

IV. CONTROL STRATEGY TESTING
A. Operating point

The system is designed to operate in the partial load
region, i.e the the interval of wind speeds ranging 5m/s
to 12.3m/s for this particular wind turbine. A wind-speed
(v) and a tip-speed ratio (M) is selected and the state of the
system is calculated. Using (4) the angular velocity of the
rotor can be calculated and through (12) the angular velocity
of the generator shaft w, can be found. Inserting (4) into (6)
yields

_ 1 B
To = 55 pATCy(M, B) (52)

and utilizing (12) gives

_ 1
T, = w7 Lo (53)



TABLE I
SIMULATION PARAMETERS

Sm/sl | BF] [ TalMNw]
10.33 8.00 0.00 2.17
Ty hNm] | 0:m°] | Cp(nB)
22.86 80.42 0.46

1.6

155
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Fig. 2. Rotor speed tracking

The steady state torsion angle ), can be found by inserting
(10) into (8) which gives the following
g ::TLA—BT@

k K,
Equations (52)-(54) enables the non-linear simulation model
to be initiated in an operating point. The tip-speed-ratio value
selected for simulations reflects an initial condition of being
in an position for maximum power generation. The values
used in simulation are shown in Table I.

(54)

B. Testing

The rotor speed tracking of a square wave with a frequency
of 0.06 radians per second and an amplitude of 10 percent
of the operation point is shown in Fig. 2. It is clear that
the proposed control scheme achieves smooth and precise
asymptotic speed tracking.

V. CONCLUSIONS

Maximizing wind power capture in wind turbines is a
major challenge given the constant evolution of the technolo-
gies involved and measurements available. In this work an
output feedback backstepping approach has been proposed
for the variable speed control of the wind turbine. Due to
the challenges in measuring the torsion angle and generator
speed a linear observer was designed and the estimation error
dynamics was shown to be globally exponentially stable.
Then an output feedback backstepping controller was de-
signed exploiting the measured and estimated states and the
closed-loop system was shown to be globally asymptotically

stable. Finally, it was also proven that the dynamics of
the torsion angle remains bounded under the action of the
controller; in particular it was shown that it is uniformly
ultimately bounded. Simulation results have confirmed the
effectiveness of the proposed approach.

APPENDIX
A. Dynamics of the Error Variable z

The error variable dynamics is given by

. Oa » Oa da .
=Wy — ——0p — —¢é, — ——N
TR T 00, 0e, ™ 0y
Kd Nng (ﬁl + ﬂZ) 2kngKd A
(JgNg T B JoBy (et ) O
By NyK4
(JgNg Bq ) (ew +Wd)

[ () el

N‘? Bg 2 . NgJT .
-2 == K B, + B,
B, [(Ngg,éﬁ—i— abB2 | + Ba+ wq + B, @y
Ny B3
- _2k’w w - =2 K2
JrBd[ (€ + wa) <N§61+ dﬂ?ﬂ
% [ku (6w + wa)> = (Bat By) (ew +wa)|
1 B3
A [—ka (ew +wa) — (1\;54,51 + K§62>:|
X [z + « (ék, ewwd,wdﬂ
N, Ky (Zig, + K2
2kwN, Ky oKa | 5601+ K3B2) _
779(60., +wd)9k7 g 0y,
JTBd JrBd
Bj 2
2k, ~ (Tgﬂl + Kd52) ~ 1
+ A (ew + wd) Wy + J—ng — ngg
(55)
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