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Abstract

We study the effect of an impurity potential on spin-memory loss in graphene.
Various general methods for finding the spin-orbit related effect of a slowly
varying impurity potential on a semiconductor have been examined. We have
also revisited problems concerning electronic properties and spin relaxation in
graphene. To this end, the bandstructure for graphene has been calculated
through analytical and computational methods. The following results have been
reproduced: Low energy excitations behave like massless relativistic particles
with an effective speed of light at roughly 10° m/s. Intrinsic spin-orbit coupling
splits the bands at the Fermi level. The importance of the d orbitals for this effect
is also shown. Extrinsic spin-orbit coupling induced by a perpendicular electric
field give rise to a Rashba type Hamiltonian. Our novel results are related to
extrinsic effects from an impurity. We have calculated the renormalised impurity
induced spin-orbit coupling due to mixing of the conduction bands and the other
bands. This renormalisation is at most comparable to the vacuum term, and

thus cannot explain the experimental results on spin relaxation.
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Sammendrag

Vi ser pa effekten av et urenhetspotensial pa spinnlevetid i grafen. Ulike generelle
metoder for a finne den effektive spinn-bane-relaterte virkningen av et langsomt
varierende urenhetspotensial pa en halvleder er blitt undersgkt. Vi har ogsa sett
pa lgste problemer angaende elektroniske egenskaper og spinnlevetid i grafen.
Med dette for gye har vi funnet bandstrukturen til grafen ved analytiske og
numeriske metoder. De fglgende resultatene har blitt reprodusert: Lavenergi
eksitasjoner oppfgrer seg som masselgse fermioner med en effektiv fart pa 106
m/s. Den intrinsiske spinn-bane-koblingen splitter bandene ved ferminivaet.
Betydningen d-orbitalene har pa denne effekten har blitt vist. Den ekstrinsiske
spinn-bane-koblingen indusert av et ortogonalt elektrisk felt gir en Rashba-type
Hamilton-operator. Vare nye resultater er relatert til de ekstrinsiske effektene av
en urenhet. Vi har regnet ut den renormaliserte urenhetsinduserte spinn-bane-
koblingen pa grunn av miksing av ledningsbandene og de andre bandene. Denne
renormaliseringen er hgyst sammelignbar med vakuumleddet, og kan dermed

ikke forklare de eksperimentelle resultatene pa spinnlevetid.
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1. INTRODUCTION

1 Introduction

Carbon is the building block of life on earth. It is the fourth most abundant
element in the universe. Carbon is a nonmetal with four valence electrons avail-
able to form covalent bonds. This opens up a world of chemical compounds
and allotropes, with a wide range of properties. Diamond, a cubic structure of
carbon, is the hardest material found in nature and it does not conduct elec-
tricity. Graphite on the other hand is one of the worlds softest materials, and it
conducts electricity. Synthetically made allotropes, such as spherical fullerenes
or buckyballs [1] and carbon nanotubes [2] have been a hot topic in physics and
chemistry for more than twenty years. In 2004, a breakthrough in the field of
nanomaterials was made. Graphene, the world’s first free-standing 2D material,
was discovered by mechanical exfoliation of graphite [3][4]. It has since been the
subject of intense research activity. Geim and Novoselov, graphene’s discoverers,
were awarded the 2010 Nobel Prize in Physics "for groundbreaking experiments

regarding the two-dimensional material graphene” [5].

Graphene can be imagined as a single layer of graphite and in that capacity
it has been known as a theoretical construct for calculating the bandstructure
of graphite since Wallace first investigated so called "monolayer graphite” in
1947 [6]. It was long held as an absolute that a free-standing two-dimensional
material was a physical impossibility; Peierls and Landau argued that such a
material would be thermodynamically unstable and would collapse into a three-
dimensional structure [7][8]. The impossiblity of two-dimensional crystalline
long-range order was further reinforced by Mermin [9]. So it caused no small
amount of commotion when Geim and Novoselov announced the discovery of
graphene, the experimental realisation of Wallace’s model two-dimensional sys-
tem. Other early theoretical work was done by McClure [10] and Slonczewski
and Weiss [I1]. The spin-orbit coupling in graphite was examined by Slonczewski
[12] in 1955, McClure and Yafet [13] in 1960 and Dresselhaus and Dresselhaus
[14] in 1965, while the relativistic behaviour at the Dirac points was described
by DiVincenzo and Mele [15] and Semenoff [16] in 1984.



Bilayer graphene has its own exotic properties, but this is outside the scope of our

investigation and thus bilayer graphene will not be treated in this thesis.

As mentioned, graphene was first isolated using mechanical exfoliation of graphite,
in what has been dubbed the ”"scotch tape” method. An adhesive tape was used
to split the graphite crystal and remove layer after layer until a single layer was
left [4]. This technique can be automated by using ultrasonic cleavage [17][18].
This is however not the only way to make graphene; graphene can also be pro-
duced by a variety of methods, including epitaxial growth on silicon carbide by
thermal decomposition, where silicon carbide is heated to evaporate Si [19], soni-
fication and reduction of graphite oxide [20], and chemical vapor deposition on
metal substrates [21]. In 2010, a method for producing arbitrarily large graphene
sheets was discovered [22]. In this roll-to-roll "printing press” method, chemical
vapor deposition on copper was preformed and if done at very low pressure the

growth automatically stops after a single layer.

A wide variety of extraordinary properties have been reported for graphene.
Graphene is the thinnest known material in the universe, one atom thick [17].
It is the strongest material in terms of the Young’s modulus ever measured
[23] [I7]. At the same time, it is one of the softest materials [24]. The optical
transmittance is independent of the frequency and is very high with a value
of & 1 — ma =~ 97.7%, where « is the fine structure constant [25]. The heat
conductance surpasses that of any other material [17]. It has the highest mea-
sured carrier mobility at room temperature [26]. A graphene oxide membrane
is impermable to gasses even as elementary as He, Hy, Ny and Ar, however,
surprisingly water evaporates through the membrane unimpeded as if it was
an open container [27]. Following this experiment, Geim et al. sealed a bot-
tle of vodka with a graphene membrane and returned later to find the solution
stronger than they had left it, hinting at possible room-temperature distillation
or filtration applications for graphene in the future [28]. Graphene exhibit phe-
nomena associated with quantum electrodynamics, such as the Klein tunneling

[29]. An anamalous half-integer quantum Hall effect has been observed at room
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temperature [30][31]. In addition, the fractional quantum Hall effect has been
observed at low temperatures [32][33]. Spin injection has been demonstrated at

room temperature [34].

Graphene display promising electronic properties. A 100GHz graphene transis-
tor was produced by IBM in 2010 [35], a performance much higher than that of
a silicon transistor [36]. In 2011, the first graphene integrated circuit was made
by IBM, a broadband radio-frequency mixer unaffected by temperatures up to
400 K [37]. Graphene’s optical transmittance also means that it can be used for

transparent electrodes in for instance LCD screens or solar cells.

Spintronics

The electron spin is an intrinsic form of angular momentum [3§]. In 1924,
Pauli postulated a new two-valued degree of freedom for the electron without a
classical analogy and used it to formulate the Pauli exclusion principle [39]. The
following year, seeking to explain the anomalous Zeeman effect, Kronig proposed
to Pauli the idea of a spinning electron, who outright rejected it on the grounds
that the electron would have to rotate many times faster than the speed of light
to produce the necessary angular momentum. Kronig then abandoned his idea,
and it would be Uhlenbeck and Goudsmit under the supervision of Ehrenfest
later that year who first published a theory of the electron spin [40][41]. They
correctly proposed that this could explain both the anomalous Zeeman effect
and deviations from Sommerfeld’s theory of the atomic fine structure observed
in emission spectra at the time. While the theory of spin did qualitatively explain
these deviations, Heisenberg was quick to point out there was a discrepancy of
a factor of two from the experimental result [42]. The following year, Thomas
showed [43] that this was due to the use of an incorrect rest frame for the
electron, the rest frame should be rotating relative to the laboratory frame of
reference, and introduced what is now called Thomas precession. Convinced
by this breakthrough, Pauli then developed a quantum mechanical theory of

the spin with the spin matrices that bear his name, and Dirac later showed



that this can also be seen as a direct result of his relativistic description of
quantum mechanics. The first direct experimental evidence of the electron spin
oddly enough happened before the events described above. This was the famous
Stern-Gerlach experiment in 1922 [44], where silver atoms were passed through
a magnetic field, resulting in a splitting of the beam into two. At the time, it
was thought that this was due to the orbital angular momentum of the silver
atoms, an incorrect assumption. After the discovery of the electron spin, these

results could be explained.

Spintronics is the detection and manipulation of the spin degree of freedom
[45]]46]. While the term spintronics is a recent invention, it was coined in 1996 by
Wolf as a portmanteau of spin transport and electronics [4T]|[46], the theory be-
hind it is much older. Lord Kelvin first discovered what is now called anisotropic
magnetoresistance (AMR) in 1857 [4§][49], namely that the resistance increased
when the current was flowing in the same direction as the magnetic field and
decreased when it was perpendicular to the magnetic field. However, that this
was due to the spin-orbit interaction was of course not realised until much later
by Bloch and Gentile [50], after the discovery of the electron spin. Another ef-
fect, tunneling magnetoresistance (TMR), was discovered by Juliere in 1975 [51],
where a tunneling barrier was inserted between two ferromagnetic conductors.
By individually controlling the magnetisation of the ferromagnetic conductors to
be parallel or antiparallel of each other, this allows switching the device between
two states of different electrical resistance. The big breakthrough, however, came
with the discovery of the giant magnetoresistance (GMR) in 1988 by Griinberg
et al. [52] and Fert et al. [53], for which Griinberg and Fert recieved the 2007
Nobel Prize in Physics. In GMR, the ferromagnetic layers are seperated by a
non-ferromagnetic metal. It was soon realised that GMR could be used to im-
prove read heads in modern hard disk drives for the personal computer [54] ;
the first GMR read heads were developed by Parkin at IBM and reached the
market in 1997 [55]. This caused a manyfold increase in the area density of
storage media. The last decade TMR based read heads have begun replacing
read heads based on GMR [3§].
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Magnetoresistive random-access memory (MRAM) is a new spintronics-based
non-volatile type of memory, non-volatile meaning it retains its information
even when the power is turned off. It is predicted to be a candidate for a
"universal memory”, that is, a replacement for the multiple different memory
technologies currently in use [56]. Commercially available MRAM are made
from magnetic tunneling junctions using TMR, however using this method for
writing to the memory suffers greatly when the size of the device is reduced
[57]. A possible solution to this problem is using spin-transfer torques (STT)
where a spin current transfers a torque on the magnetisation of the ferromagnetic
material that stores the information. STT was first discussed by Slonczewski
[58] and Berger [59].

A parallel line of inquiry for spintronic devices came with the experimental
demonstration of spin injection by Johnson and Silsbee in 1985 [60]. In 1976,
Aronov and Pikus proposed [61] spin injection into semiconductors, which was
not achieved until 1999 by groups lead by Molenkamp [62] and Awschalom
[63]. Spin injection is the injection of a nonequilibrium spin ensemble into a
nonmagnetic material, e.g. a paramagnet or semiconductor [64]. By using spin
injection in combination with spin detection and spin manipulation in the form
of a gate-controlled spin-orbit coupling, it is possible to envision a spin field-
effect transistor (SFET). This was first proposed by Datta and Das in 1989 [65]
and has motivated a huge interest in the field, but still has not seen experimental

realisation [46].

The lifetimes of the spin accumulations are important for many spintronic de-
vices. Spin relaxation is a process that reduces the spin accumulation. There
are four major mechanisms of spin relaxation: Elliot-Yafet, D’yakonov-Perel’,
Bir-Aronov-Pikus and the hyperfine interaction [46] [38].

Elliot-Yafet: As we shall later see, Bloch states, i.e. solutions of the Schrédinger
equation for a periodic potential, are not necessarily spin eigenstates [38]. In-
stead, the states are a combination of opposite spin states. For each wavevector,

there are two mutually orthogonal spin orientations; however, spin orientations



from different wavevector are not necessarily paralell or anti-parallel, but may
have any angle between them. This means that a momentum scattering event
caused by for instance an impurity, boundary or phonon changes the spin ori-
entation along with the momentum. In other words, the spin relaxation time is

proportional to the momentum relaxation time, Ty o< 7.

D’yakonov-Perel’: As mentioned, the spin-orbit interaction induces a momentum-
dependent effective magnetic field. This effective magnet field causes the spin
to precess in an analogy to Larmor precession. This precession does not by it-
self cause spin relaxation; it changes the direction of the spin polarisation, but
not the magnitude of the ensemble averaged spin [38]. However, momentum
scattering causes the magnetic field to change direction and magnitude [46].
This again changes the precession of the spin, and the spin phase experiences a
random walk. Frequent collisions slows down the electrons, which reduces the
effective magnetic field and thereby suppress the D’yakonov-Perel” mechanism.
Thus, for the D’yakonov-Perel” mechanism, the spin relaxation time is typically

inversely proportional to the momentum relaxation time, Tpp o 1/,

Bir-Aronov-Pikus: The Bir-Aronov-Pikus mechanism is important when there
is a big overlap between the electron and hole wavefunctions. This causes an
electron-hole exchange interaction, which means that a spin-flip for the hole
induces a spin-flip for the electron. This effect is due to the Pauli exclusion

principle [38].

Hyperfine interaction: The hyperfine interaction is a result of the magnetic field
created by nuclear spins. This field interacts with the spin of the electrons and

may cause spin relaxation [38].

Spintronics offer exciting opportunities for the future, and a full understanding
of spin relaxation in materials proposed as a basis for spintronic devices is vital.
Graphene is one of the materials proposed since its small intrinsic spin-orbit
coupling should generate the long spin lifetimes necessary for practical usage
[66]. However, experiments have shown a much shorter lifetime than predicted

[67][68]. The reason for this discrepancy is still not fully understood from a
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theoretical point of view. With this as motivation, we will investigate the effects
of impurites on the spin-orbit coupling in graphene and seek to elucidate the

mechanism responsible for spin relaxation in graphene.






Part 1






2. MULTIPLE-SCALE ANALYSIS

11

2 Multiple-scale analysis

Multiple-scale analysis [69] is an effective method to find approximate solutions
to problems involving large variations in length or time-scales. We will apply this
method to find how the electronic states are affected by an impurity, when the
impurity potential is assumed to be slowly varying compared to the variation of
the periodic potential due to the lattice. We will first consider a one dimensional
case and later extend the model to three dimensions and include the spin-orbit

coupling.

2.1 One dimension

Let us consider an infinite chain of atoms with a lattice spacing a. This gives
rise to a periodic potential V(z) = V(z + a). The Schrédinger equation for an

electron on this chain is

where 1, are the Bloch functions and n denotes the band. These states form a

complete basis with the normalisation
/dxwzkwn/k/ = 5<k — k'/)ann/, (22)

We are now interested in the effect of a slow-varying potential, U(x), caused by
an impurity. To solve this we use multiple-scale analysis, following the method
presented by Pedersen [70]. The Schrodinger equation is then
n* o2

[_Q_m()@ +V(z)+U(x)| Y(z) = EY(z). (2.3)
A natural energy scale for the unperturbed Hamiltonian is the typical kinetic
energy Ex = h?/(2mga?), and in the same way the impurity potential will
have an energy which is proportional to the inverse square of some length scale

L > a. We use the smallness parameter ¢ = a/L as a measure of how slowly
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the impurity potential varies. Dividing the Schrédinger equation by Ex to get
it on a dimensionless form and introducing the dimensionless variable £ = z/a,
we have that
U(x)
Ex
and by defining the second length scale, n = €€, we find

= U (e¢), (2.4)

— (&) + [V(€) + UMW (E,n) = Ev(E,n). (2.5)

We now seek to find a perturbative solution to Eq. (2.3) by expanding ¢ in

terms of €

v=vy(&n) =vOEn) + e (En) + YD (En) +O?),  (26)

and the same for the energy,

E = Ey+ €Ey + €Ey, + O(€). (2.7)

Using the chain rule, we find

B 321/,(0) e (252¢(0) (921/)(1)) e (a2¢(0) 252¢(1) a2¢(2)

" 3
= e dean | oe o aean T o )*O(E )
(2.8)

Neglecting terms of order three and higher in €, Eq. (2.5)) becomes

a2¢(0) a2¢(0) 3%(1) ) 32¢(0) a%(l) a2¢(2)
_[ o2 “(20&% T oe )“ ( o T aean T oe ﬂ
+V(6) (B + e + @) + Ty @ (29)

— Egp©® + ¢ ( Eyp© 4+ EW@)) 12 < Egb® + By + Em“”) .

Separating the terms by order of €, we find

(Ho — Eo)y™ =0, (2.10)
~ o

(Ho — Eo)ytV) = 2%2;”8; + B, (2.11)

(Hy — Eo)y® OV Y (B © 4 Fgp® 2.12

o= B = S5 o+ 250+ (B = Uln) )0 + B, (212)
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with
T 2.13
Hy=—— .
0=~ 7O (2.13)
Eq. (2.10)) is the Schrodinger equation without an impurity. It is solved by
P& 1) = Yur(E)F (), (2.14)

where 1,(£) are the solutions to the unperturbed problem with the correspond-
ing eigenvalues EO = €u, and F(n) is an arbitrary function of n. We now de-
mand that the solutions to Eq. do not contain any secular terms, that is,
terms growing without bound. This is done by setting the inhomogeneity of Eq.
, the right-hand side, to be orthogonal to the solutions of the homogenous
equation .[69] We assume that El = 0; since the perturbing potential is
quadratic in €, any correction to the energy must be at least of the second order
in €. Because of the periodicity of the Bloch functions, ¢,x, we integrate only

over a unit cell. This leads to the condition

where
—on [ devi, o (2.16)
Prnt =21 cell ko 1 85 who '

is the dimensionless momentum matrix element. This gives us a restriction
on which wave vectors we allow, a restriction which is actually equivalent to
demanding that €,; has a minimum at & = k;. We will prove this for a system
of arbitrary dimensions in Section Expanding the solution about the band
minimum is of course the favourable choice, as conduction electrons with energies
close to the minimum energy dominate the low temperature electronic properties

which is the subject of our investigation. We thus have

W =2iF' () I (€). (2.17)

In €lko — €nko

Inserting Eqs. (2.14) and (2.17)) into Eq. we get
(Ho — E)v® = { F"() + | B2 = U ()] F(n) } uno (&)

eyl Pin 8 (218)
F _ .
+4iF" (n) l%rén: —— 8£¢lko (&)
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Demanding again that the right-hand side is orthogonal to the solutions of the

homogeneous equation, ¥,, we get

(1 —4y M) F"(n) + [EQ - U(nﬂ Fin)=0.  (2.19)
1#

- €lko — €nko

With dimensions restored and by defining X = ex = an, this may be written

as

-—ég;EWLX)+CKX3FKX)::EbFLXL (2.20)

which we can see has the form of a Schrodinger equation for F(X) with an

effective mass

L_ 125 Il (2.21)

* 2 _ '
m mo my 4 Zn €lko — €Enko

The effective mass is determined by the matrix element of the momentum op-
erator and the energies at k = ky. This result can easily be generalised to three

dimensions so that x — x.

2.2 Spin-orbit coupling

By introducing the spin-orbit coupling we get an additional term to the Hamil-

tonian of the form

Ao - (VVi(x) X p), (2.22)
where
h
A= ——— 2.2
4mac? (2.23)

is the spin-orbit coupling constant for vacuum and Vit (x) = V(x) + U(x) is the
total potential. As in the preceeding section we rewrite everything in dimension-
less form. With p = —i(Ve 4 €V,), Vier(€,m) = V(&) 4+ 2U(n) and X = /a2,



2. MULTIPLE-SCALE ANALYSIS 15
Eq. yields
o (VHialem) x ) Ao [(F0©) xp) + Vel @ xp0)
+6 (VU (m) X Pe) + ¢ (Vy U (m) x py)] |
=Xo - (VeV(€) x pe) + Ao - (VeV(€) x py) + O(e).
(2.25)

The Hamiltonian to the second order in € is then
H = P2+‘Zot(€,"7)+XU-(V‘Zot(5, N)Xp) = Ho—l—e%-pn—l—er,,—l—eQﬁ(n), (2.26)
where we have introduced the dimensionless velocity operator,
= —2iVe 4+ Ao x VeV (£), (2.27)

and

Hy = pg + V() + Ao - (VeV(€) x pe). (2.28)

Separating the dimensionless Schrédinger equation by order of e

(Ho — Eo)y® =0, (2.29)
(Ho — By = — 7 - pp©), (2.30)
(Ho — E)p® = = pj® — 7 - pyup™ + (B, — U(m)p . (2:31)

Eq. (2.29) is again the unperturbed Schrodinger equation. It is solved by

WO (€& m) = vu(§)F(n), (2.32)

with corresponding eigenvalues €, and where n now runs over the different spin

and orbital states.

Demanding that the right-hand side of Eq. (2.30]) should be orthogonal to the
solutions of Eq. (2.29) requires that

Topn - Py =0, (2.33)
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where 7r,,,, are the matrix elements of the velocity operator evaluated at k = ko,

%nn/ = (27T>3/ dngkoﬂwn/ko, (234)
cell
We then get
T - Pnk
g0 = -3 T Palm) gy (2.35)
I#n €k — €nk

Inserting this into Eq. , we get
(Ho — Eo)p® = [—p2F(n) + (By = U(m)) F(m)] (&)
+ ;l' . pn Z <7Tln : pn) F(77>wlk(£)

€k — €
I#n lk nk

(2.36)

By demanding that the right-hand side is orthogonal to ¥,

- T 77 n-P Tpl - P
0= ~riFlm-+ (B D) P+ 35 5o Pl o
we obtain the following effective Schrodinger equation for F'(X) with dimensions
restored
h2
aﬁ
where we have introduced the effective mass tensor

— 5 VxaVx P (X) + UX)F(X) = BoF(X), (2.38)

7
_ L2 e 2.39
m:w mo or Z €k — €nk ( )
with 7 = mEy 7. Thus, the only change we get when introducing the spin-orbit
coupling is that the velocity operator takes the place of the momentum operator,
i, — moms. Eq. (2.38) is analogous to the result of the one dimensional case,
Eq. (2.20), however, by introducing three dimensions, we have to use an effective

mass tensor instead of a scalar effective mass, as was to be expected.

When it comes to finding the lowest order correction to the Scrédinger equation,
the method we have employed is simple and efficient. As can be seen from Eq.
(2.24) the third and fourth order corrections will include a coupling of spin

and the impurity potential, a so called extrinsic spin-orbit coupling. Terms like
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these could prove interesting, even though we expect them to be small. However,
we will let this conclude our treatment using multiple-scale analysis, since we
identify that the method becomes increasingly cumbersome when higher order
corrections are to be included. For this purpose, the other methods we will

include are superior.
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3 Luttinger-Kohn

We will now present the Luttinger-Kohn model. The Luttinger-Kohn model is
widely used in the study of the electronic properties of semiconductors. Our
treatment follows closely the seminal paper Motion of Electrons and Holes in
Perturbed Periodic Fields by Luttinger and Kohn, published in 1954 [71]. This
model will be our main tool for calculating the electronic states in the presence
of slowly varying impurity potentials. For the sake of simplicity, we have set
h=1.

3.1 Non-degenerate bands

We first consider a semiconductor with a band minimum at the center of the
first Brillouin zone, k = 0. The Schrodinger equation for an electron in the
periodic potential is

Hoytbnk = €x¥nk, (3.1)

where Hy = 2oy V', V is the periodic potential due to the crystal, €,y is the

2myg

eigenenergy and 1, are Bloch functions. Our interest is in how an impurity,
described by an additional potential U, modifies the electron states. In other

words, we want to solve the Schrédinger equation
(Ho+ U)Y = ex). (3.2)
Instead of expanding the solution of this equation in the Bloch functions,
Ui = € e, (3.3)
we choose the Luttinger-Kohn basis,
Xnk = € . (3.4)

Here unx(r) is a function with the same periodicity as the crystal potential.

Before proceeding we shall show that the Luttinger-Kohn basis is complete. To
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this end, we consider an arbitrary function, f(r), which can be expanded in

wnk’a
6= 3 [ a0

=y / dk g, (K) €™ 1wy, (3.5)

Because u,, is a complete basis with respect to the periodic functions we can

expand any of the u, functions in this basis,
Unk = Y by (K)o (3.6)
Combining this with Eqs. and (3.4)), we get
£6) =3 [ kg k. (3.7)
with ’
(k) = D gn (k)b (K). (3-8)

Eq. (3.7) implies we can expand an arbitrary function in terms of the Luttinger-

Kohn basis. The Bloch functions form an orhonormal basis,

<wnkwn/k’> = 5nn’(5<k - kl)' (3-9)
We shall now see that this is also the case for the Luttinger-Kohn basis.
<Xnk|Xn’k’> = /ei(k’_k)ruzounlodr. (310)

First, we note that the product w,u, has the same periodicity as the lattice
potential, which means we can Fourier-expand it using only the reciprocal lattice

vectors, K,,,
s .
Uy Ui = E B e Kmr (3.11)

m

where B are coefficients that depend on the indices n and n’ as well as the
reciprocal lattice vector K,,. We then get

<Xnk|Xn’k’> = /drei(k/k)'r ZBan’efz‘Km.r

m

= (2m)* ) B (k' —k — K,). (3.12)



20

Here we have used the fact that the d-function can be expressed as

5(k) = (271T>3 / e rdr. (3.13)

In the sum appearing in Eq. (3.12)), only the term with m = 0 is non-zero, since
k and k’ both are in the first Brillouin zone. This implies that k' —k—K,, = 0 is
only fulfilled when K,, = 0. Multiplying Eq. (3.11)) with ¢’ =T and integrating

over the unit cell with a volume 2 we get

| ,
B = —/ dre™m Ty’ w0, (3.14)
Q cell
so that we may insert
B = L / * trod L 5 (3.15)
= A UpoUn/0dY = —-—%0nn/, .
0 Q cell "0 ° (27T)3

into Eq. (3.12). This means
<Xnk|Xn’k’> = 5(k, - k)(snn" (316)

We have now shown that the Luttinger-Kohn basis is complete and orthonormal.

These properties are important for what follows.

Now, expanding ¢ in the Luttinger-Kohn basis, we get
=) / Ak’ A, (K') X e (3.17)

This expansion inserted into the Schrodinger equation (3.2) results in the fol-
lowing equation for A, (k)

> / dK'(nk|Hy + U|n'K) Ay (K') = €A, (k). (3.18)
Note that
, k- k2
Hoxnk = GZk'r(Ho + =P + —)uno
m 2m
k-p Kk?

ik-r
_eikr(e 4 2P 3.19
e (e + + 5 Vno ( )
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where €, = €,(k = 0) is the energy at k = 0. Therefore, the matrix elements of

H, are

.y K - p ]{3/2
(nk|Ho|n'K') = / etk kg x (en + - ) Uprodr. (3.20)
mo 2m0
Since u, (en + I:Tf)’ + %) uno has the lattice periodicity, we may expand in
terms of the reciprocal lattice vectors in the same way as before. We then find
that

(27‘()3 k' - p k,lz

k| Ho|n'K') = 5k — K < (e od
(k| Hol'K) 0c=1) [ oo+ =2k S
k'2 kp /
— 0k —K) | e, + — ) 6, L 3.21
( )Ke +2m0> T e } (321)

where we have used Eq. (3.15]) so that (2;;)3 .ot Uhotinio = 1 and we have intro-

duced the momentum matrix elements

2 3
P = ( g) / ) U o PUwodr. (3.22)

We will now derive an expression for the expectation value of the velocity oper-
ator and use this to find the intraband momentum matrix elements, p,,,. By a

canonical transformation, we introduce

~ . . k 2
Hy = e fgeier — KTP) 2;;’) +V, (3.23)

so that
Hottnie = € (K) i (3.24)

Multiplying by u;, Vi and integrating, we get
/druflkvk [ﬁoun/k} = /dru;kvk [€n (K)tUprg] - (3.25)
The left hand side is then
/dru;k(vkﬁo)un/k+/dru2kﬁo(vkun/k) =

/ dra? (Vi Ho s + / dra e, (k) (Victtorr), (3.26)
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where we have used that ]:70 is Hermitian. The right hand side is
/dru;;kvk [€n (K)uni] =
Onn' Vi€n (k) —I—/druflken/(k)(vkun/k), (3.27)
SO
Bt Vicen () + e (K) — 0 (K)] / i (Vi) = / s (VieHy Y
k
— /dru:k( ntp)un/k

0

E3 p
_ / ey v,

(3.28)

which means that we may express the intraband momentum matrix elements

as

P (K) = moVien (k) + molew (k) — en(K)] / dre (Viwws),  (3.29)

which is zero at the bottom of a band, i.e. p,, = 0. The matrix elements of U

might be found in a similar fashion, with the use of the representation of Eq.

(3-11),
(nk|U|n'K') = / dre' ™ Ty

=> / dre! KT grn’ o=kt (3.30)

With the use of the Fourier transform of U,

— 1 —ikr
Uk) = Ok /dre Ulr), (3.31)
we may write this as
(nk|U|n'k') = (2m)* > Bp't(k — K + K,,). (3.32)

m

By assumption, the impurity potential U is slowly varying in space. It is then a

good approximation to keep only the terms with m = 0. Any term with m # 0
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would lead to high frequency components in the Fourier transform, which would

be small. This approximates the matrix element to

(nk|U|n'K') = (27)° B U(k — K)
= Spld(k — K). (3.33)

With this approximation of the impurity potential, Eq. (3.18) may then be

written as

(6” " %) Al 4 32 A 0+ [ U= 1) A,06) = e )
0 n'#n
(3.34)

This is a set of coupled equations for the expansion coefficients A, (k). The only

approximation in deriving this equation is that U (k) varies slowly.

We can now get rid of the terms linear in k by carrying out a canonical trans-
formation. We may view Eq. (3.34)) as a matrix equation, of the form

HA = €A. (3.35)
By letting
B=c¢A, (3.36)
we can transform the equation to
-SIr.Sp _ . — 17
e "He’B=¢B=HB. (3.37)

We are interested in the eigenstate to the second order in the wave-vector k. It
will become clear that S'is linear in wave-vector k to the lowest order. Expanding

H to second order in S , we get

ﬁ:HﬂHﬂ+@maﬂ+m. (3.38)

With
H=H9+HY 41, (3.39)



24

where
k2
(nk]H(O)\n’k> = (en + —) S0 (k — K'), (3.40a)
2m0
D) (7 k- Pnn/ ’
(nk|HW|n'k) = ik -k, (3.40Db)
m
(nk|U|n'k) = Uk — K)o, (3.40¢)
we get
~ 1 1
H = HO+U+HO[H, SHHY, S)+5[H, 8], S1+[U, S]+5[[U, 8, S+
(3.41)
We now choose S so that
HY 4+ [H® 5] =0, (3.42)

and thus all first order terms in k are eliminated. This is equivalent to choosing

the matrix elements of S to be

_Kpyy Sk —k), n#n,
(nk|S|n'k’) = O0@nn! (3.43)

0, n=n,
where w,,» = €, — €,». With this choice, we also get that
1

Expressing the identity in our basis, I = [dk " |nk)(nk|, we find

1 kok N 1 1
5 (k| [HY, S]jn'K) = T [ > pm,,pfj,,n/( + )] 3k — '),

O [y Wontt Wyt

(3.45)

where there is an implicit sum over the spatial coordinates «, 8 € (z,y,2).
Similarly we find that

Uk — k) &K P gt
(nk|[U, S]|n'K") = ( ) 10%nn! 7

0, n =n.

(3.46)
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Admittedly these elements arising from the impurity potential are of first order
in k. However, omitting them is a good approximation; the ratio between a
typical Fourier component of U and the typical interband separation is very
small. Also the off-diagonal matrix elements of H which are of second order can
be neglected, as they would only give higher order contributions when projected
onto the lowest energy bands. The result is a diagonal matrix equation for
B, (k).

K2 koks <= P2l
nt— = —mnenn ) Bk dk'U(k — K')B, (k") = eB(k).
(6+2mo+m%n%:n 2 ) )+ [ Ui = 1) B,(0<) = eB(K)

(3.47)
By using the f-sum rule from Appendix [A] we see that the expression in the

bracket on the left hand side is the second order expansion of ¢, (k), so that
en(K) B, (k) + / AKU(k — KB, (K) = eB,(k), (3.48)

where €, (k) is to be expanded to second order in wave-vector k. We can now

do a Fourier transformation to real space coordinates. We therefore introduce a

function
Fo(r) = / dke™* B, (k), (3.49)
or equivalently q
_ —ik R
B, (k) = Ok Zm: e Fo(R,,). (3.50)
We then get
len(—iV) + U(r)] Fo.(r) = eF, (). (3.51)

Note that as a zeroth order approximation we have B, (k) ~ A, (k) so
ey / dk B, (K)e™ ™ u,,0(r)
= Fu(r)uno(r). (3.52)

Because there is no coupling between the states F,(r) we can now choose to look

at a single band, for example the conduction band, which takes the form

= F(r)ge(r), (3.53)
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where 1).(r) is the Bloch function at the band minimum, and F'(r) is an envelope

function centered at the impurity.

3.2 Degenerate bands

If the bands are degenerate we will have to modify the procedure slightly. For
reasons of simplicity we consider a crystal which has inversion symmetry about
some point. Let us assume an r-fold degeneracy at the band minimum, which
is assumed to be located at k = 0. We denote the degenerate states ¢;, where
Jjel,r]

Hyp; = €09, (3.54)

All the other bands are denoted by ¢; where i ¢ [1,7]. For a crystal with a center
of symmetry, the parity operator, P, commutes with the Hamiltonian, which
means that unless there is some accidental degeneracy the degenerate states, ¢;,
have the same parity. The momentum matrix elements between states of same
parity are zero [71],

pjy =0, (3.55)

where « denotes the spatial coordinate. Again we expand the solution of the
Schrodinger equation in the Luttinger-Kohn basis of Eq. (3.17]), which leads to
the same equation for the expansion functions A, (k) as Eq. (3.18):

> / dK/(nk|Hy + U’k A,y (K') = €A, (k). (3.56)

We then follow the same steps as in the case of non-degenerate bands, and with

n set to one of the degenerate bands j, we get

(4 3 ) 41000+ > 00+ [ aKuh - KA, () = ). (357)

myo mo
The canonical transformation we use is then slightly modified and becomes

— KBt 5k — k'), Wy # 0,
(nk|S|In'k’) = 0%nn! (3.58)

0, W = 0,
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which means the matrix elements of S are zero for two states in the degenerate
bands. For n = j, this yields to second order in k

2 [y —
Z (605jj’ + 2—%5jj/ + m% XZ: o B]/(k)

s/

J

(3.59)
+ / Uk — K)B;(K)dk' = eB; (k).

Note that all off-diagonal terms represent coupling between j and j’ states,
coupling between j and ¢ states are neglected as they would lead to higher order
terms when eliminated. We let € be the energy measured from the bandedge by
setting the energy to be zero at ¢,

T

> (D$kaks) By (k) + / Uk — K')B;(K)dk' = eB;(k), (3.60)
=1
with s
DY = 2—71%%-,5@[; + mi% Z foj—_pje (3.61)
Again, introducing the Fourier transformation of B;(k)
Fi(r) = / ™™ B;(k)dk, (3.62)

we arrive at the effective equation for the degenerate case

T

3 [D;"ﬁ (lva) (%vﬁ) + U(r)éjj/} Fi(r) = eFj(x). (3.63)

j'=1 ¢

This set of equations are completly analogous to Eq. (3.51)), but as we can see the
fact that the bands of interest are degenerate greatly increases the complexity

of the problem.

3.3 Spin-orbit interaction

We now include the spin-orbit coupling to the Hamiltonian

1
HSO = W(O’ X VV) P, (364)
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where o = (0,,0,,0.), and V is the periodic potential. The modified Hamilto-
nian,

}_[0 - HO + HSO: (365)
still has Bloch waves as eigenfunctions. We denote these spin-dependent Bloch
waves as Unx = eXT,, and the corresponding energy €,x. We note that ,x

now is a two-component spinor. In the same way as before we choose to expand

the solutions in the basis given by
= _ _ikr=
Xnk = € Uno, (366)

so that

b= / dk A, (k) X (3.67)

We now proceed in the same way as in the previous sections, the only difference
being that the matrix elements p,, are replaced by a spin-dependent velocity

operator 7, given by

3
—— @/ drit’, (,1 V4 —(ox VV)) To. (3.68)
cell

2.2
Q 1my Am§c

Following the same steps as in Section we may easily show that
Ton = VkG(k)|k:07 (369)

which is zero at the band minimum. The effective mass equation then takes the
same form as Eq. (3.63) with p,, — mom,..

3.4 Renormalised impurity induced spin-orbit coupling

We need to carry out a more careful inspection of the effect of the canonical
transformation on the impurity potential. It is this term which gives rise to a
renormalisation of the extrinsic spin-orbit coupling at impurities. To this end,

we re-consider the term

%[[U, S], 8] = %(USS + SSU - 25US), (3.70)
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which is a result of the canonical transformation. This term was neglected by

Luttinger and Kohn [71]. Let us consider the first term on the right hand side

of Eq. (3.70)

(nk|USS|n'K') = b/dq/lm.ij7mﬂﬂmqﬂmq5%nq>hﬂqLﬂnk3

o w0(a— @) dbd(d — K)
d d Uk e
/q/qZ 0 S
B
qaﬂ'a /5((1 — k,) klﬁﬂ_m/n/

= [dqy Uk — q)TTnm

/ 4 %,: ( q) Wnm! Wm/n!

/ k, k,é’ﬂ-nm Erm

=> Uk-K) — . (3.71)

We can now use that S is anti-Hermitian and that U is Hermitian, so that with

«
nm

(r& )" =7, we have

(nk|SSUn'K') = (W'K'|USS|nk)!

e
— Zu (k — k’)% (3.72)

wnm wmn

Finally, the last term on the right hand side of Eq. (3.70)) is

(nk|SUS|K) /dq/dq Z (nk|S|ma) (ma|U]m’q’y (m'q(| S |n'K)

7Tﬁ 1/
/dq/ Zkﬁ SIS P PR s Sk

Wim/n!
kaﬂgmé k—q Kyl
——/dq E ( ).7/1(q—k’)—”8

nm Wmn!

P nm mn (3.73)

Let us now look at the contribution to the effective Schrédinger equation of

Eq. (3.51) from these terms. We again keep only terms which correspond to
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intraband coupling. The total contribution is
1 .
[ i [ S0, )% By <) (3.74)
jl

To simplify the calculations we look only at the k,k’ dependent part of the

terms, starting with the matrix element of SSU.

/ dk / dk'U(k — K )koksB(K)e™™
=— / dk / dk'U(k — K)B(K)V,Vgecr

=—V.Vs[U(r)F(r)]. (3.75)
We continue in the same way for SUS,

/ dk / KU (K — K )kok, B )
=—1Va [U (r) / dk’kgeik/'rB(k’)l

=—V,[U(r)VzF(r)], (3.76)
and finally for SSU,

/ dk / dk'U (k — Kk, k;B(K )e™”
—U(r) / KK, K™ T B(K)

=~ U(r)V.VsF(r). (3.77)
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We may then write down the total contribution from the term in question to

Eq. (3.51).
! . 1 -1,/ N ik-r
[t [ i S5 (051, 811%) By 0<) e
j/

-3 S~ U VaVaEy (r) — V¥ [U () Fy (r)]

+ 2V, [U(r)VsFy(r }Z T

WimWmj

—Z L VLU )] F(r)

+ [VoU(r)] VaEp(r) — [VU(r) }Z iy (3.78)

WimWmj’

Because V,Vg = V3V, the first term is symmetric with respect to exchange to
a and [, and with

[VoU(0)] VaFy(r) = [VaU(r)] Vo Fy(r) =

(3.79)
— VU @) VaFy (r) = [VoU(r)] Vs Ey(r)},

we see that the two other terms form an anti-symmetry part. The contribution
will no doubt be very small, but depending on the momentum matrix elements it
could be qualitatively important in that it renormalises the spin-orbit coupling

at extrinsic impurities.

3.5 Germanium

The germanium crystal has a diamond structure. The choice of coordinate
axes are shown in Figure [Il If we neglect the effect of the spin-orbit coupling,
germanium has a three-fold degeneracy in the highest valence bands at k = 0.
Because of the diamond structure symmetry, the eigenfunctions corresponding
to these bands contain only p orbitals, and the conduction band only s orbitals.
We will first show how the effect from a single impurity in absence of spin-orbit

coupling on the valence band can be calculated using the method presented.
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Secondly, we will show how the splitting of the valence bands due to the spin-

orbit coupling affects the conduction band (see Figure .

Figure 1. Unit cell of germanium lattice with coordinate axes. It has a diamond
structure, or equivalently a face centered cubic lattice with a basis (0,0,0) and
1(1,1,1).

Valence bands in the absence of the spin-orbit coupling

First we now will look at the form of the equations of the valence bands, thus
giving a coupled set of equations to describe the holes, disregarding the effect of
the spin-orbit coupling. We also here follow the method outlined by Luttinger
and Kohn [71]. The three degenerate valence states are denoted by the index
j and the conduction band s state by i. Finding the equations for the three

valence bands is now just a matter of finding the matrix D, defined by

Djjy = kaks D55, (3.80)
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We choose our basis to be (X,Y, Z) where X contains only p, orbitals and so
on. Let us first look at the (X, X) element.

Dxx =k kﬁ(_5XX5aﬁ +— Z szij)- (3-81)
€0 — €

Because of cubic symmetry
p €0 — € . €0 — €

pfli will only be non zero if state ¢ is anti symmetric in both a and 3, and

symmetric in v # «, 3, from this it follows that
Pepix = 0. (3.8

We can then write down a simple expression for the matrix element of Eq.
(13.81)),

Dxx = Ak, + B(k} + k2), (3.84)
where
1 1 PxiDix
A= — + — =i s 3.85
2mg—’—mgzi:eo—ei7 (3.8%)
szsz
B = 3.85b
Z P (3.85b)

And for the (X,Y’) component by using the same arguments we find that

Dxy = Ck;k,, (3.86)
where
szsz +szsz
C = Z p— (3.87)

The other matrix elements now easﬂy follow from cyclic change of coordinates,

and we get
Ak? + B(k:§ + k?) Ckyk, Ckk,
D= Ckyky Ak; + B(k? + k?) Ckyk, , (3.88)
Ck.k, Ckyk, Ak? + B(k? + k;;)

which determines the equation for the functions Fj,.



34

Effect of an impurity on conduction band with the spin-orbit cou-

pling

We will now look at how the valence band affects the conduction band when the
spin-orbit coupling is included, neglecting the effect of the other bands as in the
Kane model [72][73], and also how the term presented in Section [3.4] give rise to

an impurity-induced effective spin-orbit coupling.

Conduction band

Figure 2. Illustration of the effective bandstructure of germanium. The spin-
orbit coupling splits the valence bands.¢, is the bandgap and A is the spin-orbit
splitting. The two valence bands named heavy-hole and light-hole due to the

curvature give a fourfold degeneracy at k = 0.

The spin-orbit Hamiltonian in a basis (|p. 1), |py 1), P2 1), P2 4): 2y 4)5 102 1))
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1S
0 - 0 0 01
i 0 0 0 0 4
Al 0O 0 0 =14 0
Hyo == ' , (3.89)
310 0 -1 0 i 0
0 0 —i —i 0
1 i 0 0 00

A
3

in the absence of spin-orbit coupling at k = 0, we simply need to diagonalise

where 2 is the spin-orbit coupling constant. Because the p states are degenerate

Hso to diagonalise the entire Hamiltonian of the previously degenerate states.

This is done by a unitary transformation, so that

Hso = Ut HgoU (3.90)
is a diagonal matrix. We find
% 0 -% 0 0 =
% 0 0 0 0 2
v=| " v 0 E w O , (3.91)
0 & 0 0 /2 0
0 % 0 & % 0
% 0 5 0 0 =
and
2000 0 0
0 £ 00 0 0
Hyo = 0050 0 / (3.92)
000% 0 0
0000 =2 0
0000 0 -2

3
As can be seen from Eq. (3.92)), we now have a quadruplet and a doublet,
where the doublet has an energy A lower than the quadruplet, see Figure

The conduction band is of course not affected by the spin-orbit coupling since
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it only contain s orbitals, and remains a doublet, |s 1), |s |). We proceed to
discuss the electronic properties at finite wave-vectors. We will now look at
the contribution from the valence band to the sum. Let the energy difference

between the conduction band and the quadruplet be denoted ¢,. We may then

write
P, . ..
pgvpfc, — mg:; , if the v state is in the quadruplet, (3.93)
—_— e = g
2 = o B :
MyWepWoe! —% , if the v state is in the doublet,
o\*g

where the subscript ¢, ¢ denotes states of the conduction band, and v, v" the
valence band. We now insert the eigenfunctions defined by the transformation
matrix given in Eq. and define the matrix element of the momentum
operator between a state containing only p, orbitals, |x), and a state containing

only s orbitals, |s), to be

P = (z]=2|s). (3.94)

Using a computational tool like Mathematica we get the explicit form of Eq.
(13.93)),

a B
pcvpvc’ _
E —— =
v myeoWye!

|PP 2 1 , , 11
3 dap €2+(69+A)2 +2i€0p,(c|S5|c) CrAE )|

g g

(3.95)

where S, is the v component of the spin operator S. We may then write the

term

/ dk / 'y jk%[[U, S, 117K By (K )™ (3.96)
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in matrix form,

_E ) 24_; + 27 S ;_l
3 " \e@ (g +a2) T\ ¥Ar @

g

x %{ - [vavﬁU(rﬂF(r) . [VBU(r)}VQF(r) + [VQU@)}WF@)}

:g [v2U(r>}F<r) (% + W;A)?)

_ @ s x VU] - vF@) <; ! )

(eg +A)? - %

V2U(I‘) g* .
- { s, 2 |57 VU0 HV)} F(r), (3.97)
where
egleg + A)(3ey + 2A)
b= 3e2 + degA + 242 (3.98a)
_ egleg +A)
b= TA (3.98b)
1 1 2[PPf 3¢ +A
% - mo + 3 {Eg<€g + A) ) (398C)
4m0|P]2 A
T=00 - 3.08d
g 90 3 Eg(eg“‘A) ) ( )

and F(r) is a spinor. The definitions of Ej, Es, the effective mass and the effec-
tive g-factor is the same as in Ref. [74], detailed in the next section. The first
term is not that interesting, as it will only give some overall change to the po-
tential. The second term is on the other hand very interesting as it renormalises
the spin-orbit coupling at the extrinsic impurity, so that the coupling constant
for vacuum is replaced, 1/4m2c* — g*/2mgE5. In germanium this renormalised

coupling constant is much stronger than that of vacuum.
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4 The method of Nozieres and Lewiner

To get a different notion of how the Luttinger-Kohn method works, and also
how time dependence may be introduced, we will work out the theory in an
alternate way. To this end, we follow a method first presented by Nozieres and
Lewiner [74].

4.1 (General approach

We still consider a semiconductor, and we are interested in the behaviour of elec-
trons in the conduction band near the band minimum at k = kq. An arbitrary
state, ¥ = 11 + 1), has components of both the conduction band wavefunc-
tion
v= 3 [ i) (41)
jee
and the other bands

=Y / ke Ay () (r). (4.2)

U satisfies the time dependent Schrédinger equation,
iU = HU. (4.3)

Before employing the Luttinger-Kohn model we will look at how we may acquire
an effective equation for the conduction bands. The Schrédinger equation may
be written as two coupled equations, where h,h' is the coupling between the

conduction band states and the other band states,
ithy = Hyby + hd, (4.4a)
ithy = hiepy + Hathy. (4.4b)

H, is a sum of two components, one which gives us the energy gap measured
from the conduction band at the band minimum, H,, and one which describes

any coupling between the other bands, H), resembling Hj,

H, = H, + H),. (4.5)
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H, is considered to be large compared to the other components of H. To elimi-

nate 1y from Eq. (4.4a)), we solve Eq. (4.4b)) for 15 by using an iteration scheme
up to second order in 1/Hs,

1 7 -
S ——— —
(25 , 1+ HZ%

1 .
= ——nhly, — -

¢ i 1
i H22 <h 1+ h wl) + (9(H3). (4.6)

Expanding Eq. (4.6 in the inverse of the bandgap, 1/H,, up to second or-
der

1 1 1 i . 7 .
B DN I (O X S ') VLIS S
¥ m" e, T e ]wl H? 1+ 0O

1
)

g

(4.7)

We can now eliminate 9 by inserting the expression for 1y from Eq. (4.7)) into

Eq. (4.4a)) and get

i(14 A)ihy = Huy, (4.8)
with
1
A= hmm, (4.9)
g
and
H = Hy — heo b 4 hee Hy-o b — i (4.10)
= — N— —Hs—h' —1n—n'. .
YT, H, ?H, H?

We thus have a Schrodinger-like equation for ;. Due to normaliasation of ¥ and

the orthogonality of ¢, and 1», we have to the second order in 1/H, that

1= () + (Waltds)
— (1 |(1 4 A)|¢n). (4.11)

We now introduce an effective wave function for the conduction band

Ve = (1 + %)¢17 (4.12)

which as we can see from Eq. (4.11]) is normalised.
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Taking the time derivative and using Eq. (4.8]) to second order in 1/H,

ZZ}eff: <1+%) lbl +é1/11

=—<1+§) i(1— A)Hiy + wl

= —i (1 — %) Hiy + 3 (hﬁhT hth) U

= —i (1 — é) H ( ) Veft + (h—hT + h—h*) (1 — —) Vit
2 H? H?

=—i (H _Ap_gd gy h—hT> s (4.13)
2 2 2 H? 2 H?

This gives us the following effective Schrodinger equation

ilbeff - Heffl/}effa (414)
with
Hyg=Hy+0H, (4.15)
where .
Hy=H, — h—~h' 4.1
0 1 Hg ) ( 6)
and
AHy + HyA .1 1 .
H=—"— —H’—T —ht— h—=—hnt|. 4.1
0 5 hH Hh Q{hth hHth ( 7)

Now that we have found the desired effective equation for the conduction bands,

we again look to the Luttinger-Kohn model. Introducing the functions
Gn(r) = / dkA, (k)e™ ™, (4.18)

Egs. (4.1) and (4.2)) takes the form

= Gu(r) i, (4.19a)
nec
= G(r)tn,- (4.19D)

nev
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The Hamiltonian for the functions G, (r) are readily obtained by Fourier trans-

forming Eq. (3.34)).

h2k?
H=E&+ + hk -, (4.20)
mo
where k = —1V, £ is a diagonal matrix with elements ¢, and 7 is a matrix with
elements
(k| — v+ g YV k) (4.21)
T = (nko| — — — n'ko), )
0 mo 2mic? 0

where S = o/2 is the spin operator. By letting €, be the energy measured from
the bottom of the conduction band we have that H, = £. We then have all the

components necessary for finding the effective Hamiltonian.

4.2 Germanium with time dependent electric and mag-

netic field

For a better illustration we again turn to germanium. We now make the system
time dependent by turning on a spatially uniform, time dependent E and B

field. The Hamiltonian for the envelope functions is

W k?
H=¢&+5

+ goBS-B + hk - 7, (4.22)
mo

where we get an extra term due to the coupling between the magnetic moment
caused by spin and the surrounding magnetic field, with the free space g-factor
for an electron g ~ 2, and the Bohr magneton 5 = eh/(2my). Also the canonical
wavevector is modified, and now includes an additional term due to the vector
potential A(r,t),

eA

k=—iV+—~, (4.23)

which means its components no longer commute,
e
[/Ca, /Cg] = —EEQ[;VB,},. (4.24)

The matrix elements of the velocity operator 7w at k = 0 are
ih

/
) \V/ o \VAY4 4.2
T hn (n0| - + Qm%CQS X |n 0>, ( 5)
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but we disregard the spin-dependent part as this is a very good approximation

for germanium [74], and write
MOT i — P = (00| — AV |n'0). (4.26)

Since we are doing an expansion in the inverse of the bandgap, neglecting con-
tributions from other bands than the valence bands is a good approximation.

Because

S T, v is in the quadruplet,
(v] ) = (<o) (4.27)
1, 5UV’(76£,+A)M v is in the doublet,
we get the following relation by inserting the identity, [ = > |n)(n|, and com-

paring with Eq. (3.95)),
1 1 P2 2 1
—{c|pa=—ps|cd) =— [6a { + }
mg " Hp 3 L7 (=) (—eg— A

g +2i€apn (c|S,|c) { = 1_ Ay (—ig)" H ’

where as before P = (z|p,/mg|s). Since the momentum operator has no ele-

(4.28)

ments coupling between the conduction bands or between the valence bands we

recognise Hy and H/ to be

R N
H,=H, = S-B 4.2
and the coupling
hk -
h="""P (4.30)
mo

Using Eq. (4.28]), we may then with ease calculate Hy defined by Eq. (4.16)),

h2 k2 h? 1
Ho — S -B— —k,po—nsk
0 = 3o + gof3 m2 P ngﬁ 3

R2k2 | P2 2 1
= +gﬁs.B—h2kak—[5a{ + }
2mg IR (R CEND B

)
+2i€0p,S, { (_691_ A) (—169) H '
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Because the Levi-Cevita tensor is anti-symmetric in all indices, €,p kaks =
€apy(kakp — kgks)/2. Using this and the commutation relation Eq. (4.24), we
get

Hy

h?k? |P)? [ 2 1
= S B+ Akokglos—— 3 — + ———
2m0+gOB * plebT g {eg+eg+A}

h2|P|2 ,Ea/g,y(kakg - kﬁka) 1 1
24 S, —— .
3 2 (e, +A) ¢

R i_'_ 2|P [ 3e,+ A
2 |mg 3 (€, + A)

+

4.32
|P|? e ( )

—-A
S-B— —ieapy—€apsBsS s ———— ¢ | »
+{QOB 3 R 7{‘gg(eg'*'A)}}
which, by using the relation e,g,€qap5 = 2045, results in Hy given in the neat

form

21.2
HOI

“4S - B 4.33
5 79 9SB, (4.33)

with an effective mass and g-factor given by

11 2PP( 3¢,+A
_— = — 4.34
m* mg T3 {eg(eg +A) [’ (4:34)
4m0|P]2 { A }
=g — . 4.35
g = 3 €g(€g +A) (4:35)

For germanium |g*| > go and m* < myg, so we may neglect go and 1/mg. Using
the same procedure, Eq. (4.9) may then be written as

h? 1
N =—=kopa =08k

o, PP p 1
=h ok {5“6{<—eg>2+<—eg—m2

+2i€0p,Sy { (e 1_ A2 (_19)2 H

h2k.2 *
- L 9Bg g, (4.36)

N 2m*E1 EQ
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with as in Section [3.9]

€g(€g + A) (35 + 24)

B = 4.
"7 32 44, A+ 2A2 (4.372)
€s(e,+ A)
B, =29 =/ 4.37b
? 2¢g + A (4:37b)

We note that Eq. (4.17) contains the time derivative of h. This gives rise to
terms that are dependent on the electric field, E = —0A /0t:

h Ok -p e 0A cE-p
— e . 4.38
mgo Ot mg Ot p myo ( )

We disregard terms of order k* since it is irrelevant for the spin-related effects
that are the subject of our investigation. The constant term (B -S)? = B?/4 is
also ignored. Since we here only consider spatially uniform E and B fields, k?
will commute with both B and E. Eq. then becomes

AHy + HoA 12 11
Ao R L A e H—psk
2 g Mebe g Mo Pats
ieh 1 1
N B po—=paliks — Bkope——=psE
omg [Pzt T el aba e

2
g

0H =

ih%e 1

= — AHO + AH; — Wpaﬁpﬁ[
0 g

Eoks — koEs]. (4.39)

The second term in Eq. (4.39) will be negligible compared to the first in the
limit m* < my and [g*| > go.

21.2 * 21.2
(SH:—[hk +gBS-B} [hk +g*ﬂs-B}

2m*E1 E2 2m*
ieh?| P|2 (3¢, + 24) A
_ : — %iens S—— | [Buks — ko E
6 { Pesleg t AVE PN (e, + AVEy [Eaks sl
n*k* g*p g Bh
=— ‘B- k x E)- 44
o By E, KxE)-S, (4.40)

where 1/Ey =1/E, + 1/E,.

As in Section [3| we now introduce the impurity potential U(r), which is assumed

to be spin independent and slowly varying in space. To keep track of the origin
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of the terms, we distinguish between the potential in H; and Hs, even though

they are the same,

The contribution from this impurity to the effective Hamiltonian will according

to Eq. (4.15]) reduce to

U =U; — w + Uil kapa]_} Uzgpﬁkﬂ
—U, + ZHQSZU];)I K higgf) ~ Uy ;jk ; - U, gEf S-B .
oL .
With U; = U,, this reduces to
Uwg =U, (1 - ~"Eﬁ S B) hz(xg D iizheamsvkamﬂ (4.43)
+ %eaﬁvsw(VU2)akﬁv

where we have commuted k, with U, and again used the relation €, ,koks =
€apy(kakp — kpka)/2 together with the commutation relation from Eq. (4.24).
We then get

R (V2Uy) g "0 9" Bh
= B - (k . 4.44
U =U; + Ty E2 S - (U2 Ul) + oF, <VU2) ( X S) ( )
Discarding the non-spin-dependent correction and again with U; = U, this re-
duces to .
Ut = Us + 9'b (V) - (k x S). (4.45)
6E2
The total effective Hamiltonian becomes
n’k? g* 8 g*Bh g*Bh
Hyg=Hy———=—=—S-B+ kxS)-E+U k x S)-VU,. (4.46
O S g E2< )+1+E(X)V2()

This is the same result as in Section but with additional terms due to the

electric and magnetic field.
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By introducing a scalar electrostatic potential, ¢ = —E-r and an effective

position operator

Teg =T + P, (4.47)
with sh
g*
= k xS 4.48
p="g kxS (4.48)
we can see that the effective Hamiltonian, Eq. (4.46)), reduces to
h2l€2 g*ﬁ
Hyg=Hy— -B+cE- . 4.4
eff 0 I EO S +e Yo + U(reff) ( 9)

Here U(reg) is to be expanded to the first order in p. The correction to the
position operator due to the spin-orbit coupling may then be considered as an

electric dipole moment, g = —ep, as can clearly be seen from Eq. (4.46]).
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5 Bandstructure of graphene

Graphene is a one-atom-thick two-dimensional layer of carbon atoms arranged in
a honeycomb structure. Carbon atoms have four valence electrons. In graphene,
three of these, namely the 2s, 2p,, and 2p, orbitals, are used to make chemical
bonds to the three nearest neighbours through a sp? hybridisation. These are
called the o bands and are responsible for the strong chemical bonds in graphene
and the exceptional mechanical properties. The remaining 2p, orbital form
the m bands which govern the electronic properties of graphene. We will first
concentrate on the m bands and later investigate what effects the o bands as

well as the d orbitals have on the 7 bands.

5.1 7 bands

The honeycomb structure of graphene is equivalent to a system of two interlock-
ing triangular sublattices, which we will label as A and B, respectively. We use

the primitive lattice vectors

a, = 3(1,\/5), (5.1a)
a, = g(—1,¢§), (5.1b)

where a = |a;| = |ay| = 2.46 A is the lattice constant of the triangular sublat-

tices, i.e. the next-nearest neighbour distance of graphene.

We find the reciprocal lattice vectors, G;, by using the well-known relation
a; Gj = 271'57;]',

G, - ?a(\f 0, (5.2a)

\/_a( V3,1). (5.2b)

Gy =



90

Figure 3. The graphene lattice has a honeycomb structure. The A sites (red)
and the B sites (blue) each form a Bravais lattice with the primitive lattice
vectors a; and ap. The grey parallelogram is a unit cell with a basis of two

carbon atoms.

The nearest neighbour vectors for the A sites in the honeycomb lattice depicted
in Figure [4] are

1 = (0.1, (5.32)
a \/§ 1

0y = %(77 3) (5.3b)
a \/3 1

by = =) (5.3¢)

The second quantised form of the tight-binding Hamiltonian in the nearest neigh-
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ol

Figure 4. The nearest neighbour vectors in graphene for an A atom, corre-

sponding to Eq. (5.3).
bour approximation for the 7 bands is

(1)
T

where a, (a;) creates (anihilates) an electron at site i of sublattice A, b} (b))
creates (anhiliates) an electron at site j of sublattice B and ¢t = 3.033 eV is the

hopping integral. We use the Fourier transformation

1 .

al = TN Z ek Rigl (5.5a)
| BZ

al = — Z e~k Righ (5.5b)

and similarly for the operators b;, where R; is the position of the ith lattice

site and N the number of lattice sites of the sublattices. Since we are consid-
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Figure 5. The first Brillouin zone is a hexagon. The points of high symmetry
have been marked. In the center of the hexagon (I') we have k = 0. The top
right corner is the K point, and the left corner is the K’ point. In between K
and K’ we have M.

ering an infinitely large graphene sheet, any expression containing N should be
understood in the limit N — co. We may express Eq. (5.4) as

t —ik-R; ik R;
He= =5 > ¢ *Male by + He. (5.6)

(i) kK

We now choose there to be no phase difference for hopping to nearest neighbour
1, e.g. for hopping from an A site to the nearest neighbour 8, from Eq. (/5.3al).
This is just a simple unitary transformation and does not change the physics.

By introducing R; = R,; +6; — 6, and summing over nearest neighbours, j, this
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1s
t Z .. ! Z /., L
He= =+ Z DTRG0 gl by 4 Hc (5.7)
(ij) kK’
t iR;-(k'— ik’ aq ik’-as
= — WZZQR’ W=k (] 4 ek gk anyglp, + He o (5.8)
i KK
(5.9)
Using that + >, e®r =1 = 54, we get
Hy= =t Gao(l+e™™ +e™)alb + He.
I K/
= — tZ(l + etk g pikazy Ty 4 Hoe, (5.10)
K

or in a matrix form

B 0 —tf(k) ax
Hﬂ—;<a}; bL)(_tf*(k) ; )(m)’ (5.11)

where f(k) = 1+ etk 4 eikaz — 1 4 2675 ke cos %" Diagonalising, we obtain

the eigenenergies

& ==t f(k)|
3 1
=+ t\/?) + 2cos (kya) + 4 cos (\/T—k:ya) cos (§k‘xa> : (5.12)
This has been plotted in Figure [6l The corresponding eigenfunctions are

1 ( —1 )
+
e |
V2 \ Frag

given in a basis of (|p,A), |p.B)).

The two energy bands touch at the so-called Dirac points,

2 2w 47

K= (5 o) K' = (5-.,0). (5.14)



o4

kya -4 -4 kxa

Figure 6. Bandstructure of the 7 bands in the first Brillouin zone as a function
of the momentum k. At the K and K’ points where the bands touch they form
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and are characterised by a linear (conical) dispersion relation close to these
points. There are actually six points like these in the first Brillouin zone, but
only two of them are unique; the remaining are connected to K and K’ by the

reciprocal lattice vectors by, and bs.

Expanding around the K point, we get for small momenta q =k — K

flq)=1- 9¢1 5 ave cos(z + @)

3 2
=1-2(1+ i\/—gqya + (9(615))(1 - igqaga +0(q3))

2 2 4
\/S%qz —ig,) + O(q). (5.15)

In the limit |aq| < 1, Eq. (5.11]) can then be approximated to linear order in
q,

\/5 0 Qe — 1q axK
_ E T T x Y +a

H(K) = 2 ta (“K+q bK+Q> ¢ +iq 0 bk +
x Yy q

lal<1/a
V3
__v- P
i ta E Ul - qV, (5.16)

lal<1/a

where o = (0,,0,) are Pauli matrices acting on the sublattice A/B pseudospin

v %) (5.17)
bk +q

Eq. (5.16]) describes a coupling of momentum to the pseudospin degree of free-

space and

dom. Similarly for small momentum about k = K’ |

HW(K’)Z‘/;m > Viot-ql. (5.18)

lal<1/a

We then get the linear dispersion in the vicinity of the Dirac points,

e(q) = +hvr|q|, (5.19)

where we have introduced a Fermi velocity vp = ‘?ta/ h =~ 10°m/s. Thus,
the low energy excitations behave as massless fermions described by the Dirac

equation.
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Table 1. Slater-Koster hopping integrals, t**, where | = x/r = cos¢, m =
y/r =sing and n = z/r = cosf. n = cosd = 0 since we are only considering

flat graphene. [75][76]

e Viso

oo WVope

£ ¥ Vopo + (1= 1) Vpr
i ImVype — ImVppr
"z InVype — InVppr

Table 2. Hopping parameters taken from [77][78].

Parameter Energy (eV)

€s -8.868

€p 0
Viso -6.769
Vipo +5.580
Viopo +5.037
Vopr -3.033

5.2 o bands

Up until this point, we have just considered the p, orbitals that generate the =
bands. We will now consider the effect of the s, p, and p, orbitals that form the
o bands. We use the same procedure as for the 7 bands, but we now have to
distinguish between the on-site atomic energies of the s orbitals, €, and the p

orbitals, €,. Also the hopping integrals depend on the relative angles, see Table
and Figure [7]

As can be seen from Table [I, because we are only considering flat graphene,

there is no hopping between p, and s, p,, or p, orbitals. The 7 bands and the
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= N

>y

Figure 7. The relative angles which enters into the calculation of the hopping

matrix elements for hopping from orbital 1 to orbital 2.

o bands can then be treated separately,
H=H,+H,. (5.20)

The Hamiltonian for the ¢ bands can be split into an on-site atomic part and a
hopping part,
H,=H,,+ H,, (5.21)

where, using the same convention as before by labelling the states for the A and
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B lattices independently,

Hoa = Z Z € (a;’[uxaiﬂx + b;‘ruxbiux) ) (5.22&)

iowx="m4

Hah - Z Z t%VaIqujVX + H'C' ) (522]3)

(i) mvsx=14

where p,v € (s,ps,py) and x denotes spin. Our Hamiltonian, H, is an 8 x 8
matrix. agux(aiux) denotes the creation (annihilation) operator for a p orbital
with spin y on the ¢th atom of sublattice A. tfj” is the hopping integral for an
electron going from the state v on site j to the state p on site i. Eq. has
been calculated in Mathematica using the two-center Slater-Koster approxima-
tion [76][79], with the general hopping integrals given in Tables [I] and 2] The
bandstructure of the 7 and o bands has been plotted in Figure [§

Ek/ eV

10

-10

=20

K r M K

Figure 8. Energy of the o bands (blue) and the 7 bands (red) in the near-
est neighbour approximation as a function of momentum k between the high
symmetry points K, I'; M and back to K. See Figure .
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Evaluated at the K-point, the Hamiltonian for the o-bands is
€s 0 0 0 +ia «
0 €p 0 Fia —p Fif
0 0 — '
Hox = @ T FEP : (5.23)

0 =+ —a € 0 0
Fia -0 +8 0 €p 0
a +if B 0 0 €p

where a = 3/2V;,, and 8 = 3/4(Vypo — Viprr)-

As mentioned there is no coupling between the 7 and ¢ bands when neglecting
the spin-orbit interaction. Thus, the s, p, and p, orbitals do not directly con-
tribute to the low-energy electronic properties of graphene. Furthermore, this
also means that any effective contribution from the spin-orbit coupling from
the ¢ bands on the m bands will consequently have to be be quadratic in the

spin-orbit coupling constant.

5.3 x bands with d orbitals

Since the p, orbitals do not hybridise with s orbitals or the other p orbitals, one
may be inclined to stop here and be satisfied with the result obtained above for
the m band. However, it was shown by Slonczewski et al. [I1] using group theo-
retical arguments that the p, orbitals hybridise with orbitals of a higher principal
quantum number than 2, most importantly 3d orbitals. We will therefore extend

our model to include the effect of these orbitals.

We will now consider the 7 bands to be formed by p., as well a small contribution
from d,, and d,. to be determined [77].

The Hamiltonian at k = K for the © bands with d orbitals has an on-site part

and an inter-atomic hopping part,

HTI' = H7ra + H7rh7 (524)
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Table 3. Slater-Koster hopping integrals t*" where | = x/r = cos¢, m =
y/r = sin ¢, as before. The terms containing n have been dropped since n =
z/r = cos @ = 0 for flat graphene. [77][76]

1212 Vo
poe WVoar
A mVopdr
$rZz l2Vdd7T + mQVdCM
e m*Vaar + *Vaas
vz ImVagr — ImVygs

with

H7TCL - Z Z 6“ (azuxaiﬂx + bjﬂxbiux> 9 (525&)

tox="m4

H,), = Z Z tal, bi, + Hec., (5.25b)

(tg) wvsx="1.4

where p, v € (p,,dy.,d,.). By using the hopping integrals in Table [3| we get the
following Hamiltonian for the p, orbitals and the relevant d orbitals, evaluated at

the Dirac points and given in a basis of (p, 4, duz 4, dyz 4, D28y duz B,y dyz.B):

€p 0 0 0 Ty Y
0 €4 0 —ity O 1o
0 0 — T —0
T , (5.26)
0 Ty = €p 0 0
—ity 6 —itd 0 €4

vy —itd =0 0 0 ¢

where v = %V},dﬂ, 0= %(Vdd(; — Viar), and 7 = 1 for K and —1 for K’. The

two lowest eigenvalues of this matrix correspond to two degenerate states which
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form the 7 bands,
1 y .
1) ~ i p2,a) + — (i7|doz,5) — |dyz.B)) | (5.27a)
P
1 v .
2% [lpe) 4 = irlden) + s (52)
p
where we have used that v < (e4—¢,). The corresponding eigenvalues are
2 2
(2R e~ s —. (5.28)
4

Including hybridisation of p, and the d orbitals gives a small overall shift of the
eigenenergies of the m bands at the Dirac points. We see that the correction to

the energies with respect to €, is quadratic in the p.-d hopping 7.

The remaining d orbitals, d.2, d,, and d,2_,2, hybridise with s, p, and p,, but
not with p, in flat graphene. The effect of these three d orbitals will be neglected
hereafter. The Slater-Koster tight-binding parameters for s, p,, py, d.2, d,, and

dy2_,2 are given in Table {4 for reference.
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Table 4. Slater-Koster hopping integrals, t** for the ¢ band with d orbitals

where | = x/r = cos¢, m = y/r = sin¢, as before. The terms containing n

have been dropped since n = z/r = cos @ = 0 for flat graphene. [70]

2

5%
5%y
ts’$2_y2

2

1557
tm7xy

tz,foyQ

o=
1Yy
ty7x2 _y2
t35%
tzz,xy
tz2,a:2—y2
1Y,y

tya®—y?

thfyz’mzfyz

—3 (P +m?) Vo
V3ImVia,
—3V3(12 — m*)Vygo
=%+ m?) Vo
VBEMVyay + m(1 = 20%) Vpgr
5V3IU(I? = m*) Voo + 1(1 = 12+ m?) Vyar
—5m (I +m*) Vo
V3Im* Vg + 11 — 2m%)Vpin
SV3UI = m*)WVpso — m(1+ 1% = m®)Vyur
[_%(12 + mQ)]QVddg + %(F + m2)2‘/dd6
—1VBIm(1? + m?)Vaao — 33/3ImVss
—LVB3(1% = m*) (12 + m?)Vaao + 2V3(12 — m?)Vyas
3m* Vo + (12 + m? — 4Pm*) Vagr + Pm*Viygs
3Im(1% — m*)Vago + 20m(m? — 1*)Vage + $3/3Im(12 — m?)Vyas
(

312 —m®) Vo + [P +m? — (12 = m?)H Vagr + (12 = m?)* Vs

6 Spin-orbit coupling in graphene

6.1 -0 spin-orbit coupling

We will now consider the spin-orbit coupling between the 7 and ¢ bands, or

more specifically between the p orbitals. This gives rise to a new term in the
Hamiltonian of the form

HSO = )\(S X VV) ' P, (61)
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where s are Pauli matrices acting on the electron spin; o is in this section
reserved for pseudospin. Assuming the periodic potential to be spherically sym-
metric in the vicinity of each atom, and that the electron-atom distance does

not vary much, we may approximate this to an on-site effect with
Hso = AL - S, (6.2)

where A is the coupling constant with dimension energy, and L and S = s/2

are the dimensionless angular momentum and spin operator respectively.

The spin-orbit coupling leads to a partial splitting of the degenerate m bands
at the Dirac points. We expect the new 7 bands to be doubly degenerate at
the Dirac points when considering intrinsic spin-orbit coupling; according to
Kramers theorem, inversion symmetry gives Eyy = E_yx4 and time-reversal sym-

metry gives Eyy = E_y |, which put together yield Eyxy = Fy,.
The s and p orbitals expressed by the orbital and magnetic quantum numbers
are

|s) =€ =0,m; = 0), (6.3a)
(l=1,my=-1)—|0=1,my=1)), (6.3b)
(=1mg=-1)+[t=1,m,=1)), (6.3¢c)
p:) = |€=1,m¢ = 0). (6.3d)

Letting the spin-orbit operator AL - S act on the s and p states, Eq. (6.3]), we
get the following addition to the Hamiltonian

0 —iS, S,
0 0 0 0
iS, 0 0 —iS,
—iS, 0 iS. 0
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which acts on W,

)
)
pz)
py)

where the elements of U are spinors, e.g.

=)
p.) = ( o 1) ) : (6.6)

Because A is small compared to the typical matrix elements of the tight-binding

U —

Hamiltonian, we will treat the spin-orbit part as a perturbation. We then use
a canonical transformation to find the effective contribution from the spin-orbit
coupling to the 7 band Hamiltonian. The procedure is then as follows, let H
be the diagonalised Hamiltonian and H; the perturbation. With a change of
basis using the unitary tranformation matrix e, where C is anti-Hermitian we

get

e“(Hy + Hy)e ™ = Hy+ H, + [C, Hy) + [C, H\] + % [C[C,Hp)] +.... (6.7

To get rid of the first order term we choose C' so that

The elements of C are then
H nn'
Cor = () (6.9)
€n — €Ep/

We then arrive at the effective Hamiltonian,

1
Heﬁ:H0+§[C,H1]+.... (610)

The spin-orbit coupling between the 7 and ¢ bands thus gives an effective con-
tribution to the m bands. This can be seen as a result of virtual hopping between

the two bands. The first correction to the m band Hamiltonian is then a result
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of a virtual process where the electron hops to the ¢ bands and back again via
the spin-orbit coupling. This correction is therefore necessarily quadratic in the
spin-orbit coupling constant, and is of the form 7Agp0.s,, where 7 is +1 and —1
for the K and K’ points respectively, Aso = 1—18A2|E€/_+”‘ and o0;, s; are the Pauli

spo

matrices acting on the pseudo spin and the electron spin respectively.

By applying an external perpendicular electric field, £, the inversion symmetry
of graphene is broken and an extrinsic Bychkov-Rashba spin-orbit coupling is
induced through the atomic Stark effect. This couples the s and p, orbitals,

giving the following contribution to the total Hamiltonian
(s|Hl|p.) = eEzsp, (p.|H|s) = eEzg. (6.11)

With the spin-orbit coupling this leads to an additional contribution to the

effective Hamiltonian,

0 0 0 elbzg
o 00 O
Hep = , (6.12)
o 00 0
ebzy, 0 0 0

which further splits the bands by Ag(70,s, — 0ys,) where A\ = %% and
zep = (s|2[ps) ~ 0.15A [77].

The results we have obtained for the intrinsic and the extrinsic effects agrees
with the results of Konschuh et al. [77] and Min et al. [75] taking different
definitions of A into account. The form agrees with the results obtained by
Kane and Mele [80] and Huertas-Hernando et al. [81]. Using the values in Table
2, we find that Aso ~ 1lpeV and A\g =~ 5.4ueV for a typical electric field of
E =1V /nm.

The effective Hamiltonian in the vicinity of the Dirac points may then be written

as

Hret = —Thvpo (T) - 4 + Ag(T048y — 0ySz) + TAs00:S, (6.13)
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where o(7) = o,0* for K and K’ respectively. The eigenvalues evaluated at

the Dirac points are

€x1 =(1 = 7)Ar + TAs0, (6.14a)
€xa =— (1 —T)Ar + T As0, (6.14Db)
€r3 :(1+T))\R—T)\so, (614C)
€xa =— (1 +7)A\r — TAs0, (6.14d)
with the coresponding eigenvectors
1
1 =——=(4,0,0,1), 6.15a
e =75(0.0,0.1 (6.152)
1
o =——=(—1,0,0,1), 6.15b
1
3 =—=(0,1,1,0), 6.15¢
1
ra =——=(0,—17,1,0), 6.15d

in a basis A 1, A |, B 1, B |. By changing the electric field strength, we can
tune Agr, which in turn means we can directly tune the band gap of graphene
through the extrinsic spin-orbit interaction. There are four interesting cases [82]:
for Ag = 0 we get two doubly degenerate states with a gap of 2Ago as posited
initially; for Ag < Ago the degenaracy of the two lowest bands is lifted, that
is, €x3 # €74 for K and €, # €9 for K'; for A\p = Ago three of the bands are
degenerate, namely 1, 2 and 3 for K and 1, 3 and 4 for K’, and the energy gap
to the last band is 4\gp; and finally for Ag > Ago we have the same degeneracy
as for Ag < Ago, but now €,3 > €,1 = €90 > €4 for K and €1 > €,3 = €4 > €10

for K'. These four cases are plotted in Figure 9.
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Figure 9. Plot of bandstructure of the 7 bands in the vicinity of the Dirac points for

different values of the electric field strength.



68

6.2 Spin-orbit coupling with d-orbitals

By including d orbitals the full Hamiltonian takes the form

H.x O
Hy = + Hso, 6.16
K ( . ) S0 (6.16)

where H is now given in a basis of (p,, d,.,d,.) and H,k in a basis of
(Sap:wpya d227 dxy, de_y2>.

The d orbitals written in terms of the orbital and magnetic quantum numbers

are
) = 0= 2,my = 0), (6.17a)
d,.) = % (6=2,my= 1)+ |0=2,m=1)),  (6.17b)
) = (0=2m=—=[f=2m=1),  (617)
) = % (6=2my= =2 —|=2,me=2),  (6.17d)
o) = —(0=2my=—2)+|(=2,m=2)).  (6.17¢)

S

By using Eq. (6.17)), we again find the matrix elements for the spin-orbit op-
erator L - S, this time for the d orbitals. We use a different coupling constant,

A and Ay, for the p and d orbitals respectively. The results are given in Table

As can be seen from Eq. (6.16), even taking d orbitals into account, there is
no coupling between the 7 and o bands other than the spin-orbit interaction,
since all the hopping terms coupling these states are proportional to n = z/r
which is zero for flat graphene. This means that any effective contribution
to the m bands arising from spin-orbit coupling with the ¢ bands will still be
quadratic in A at most and thus comparable to the results already obtained
above. However, spin-orbit coupling between the d,. and d,, orbitals in H g
may lead to processes that are linear in A;. This would dominate the intrinsic

spin-orbit coupling.
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Table 5. Matrix elements for the spin-orbit operator L - S for the s, p and d

orbitals.

Orbital D2 Da Dy S
P- 0 —iS, S, 0
Da iS, 0 —iS, 0
Dy —1.5, 1.9, 0 0

S 0 0 0 0

Orbital d,2 dy. dy. Aoy — dy2_yp2
d. 0 iv3S, —iv3S, 0 0
dy. —-iv3S, 0 iS, —iS,  —iS,
do iv/3S,  —iS, 0 iS,  —iS,
ay 0 iS, —iS, 0 25,

dyz_ 2 0 iS, iS,  —2iS. 0

Using a Lowdin transformation (see Appendix [B| for details), we find that the

effective Hamiltonian for the 7 bands is

9V 2

Hy ~ \go.q0.5, — ——PIm 1
0 S0,d0 =S 2ea—e,) (6.18)
with
9V2
Neq g — - pdm A 1
S04 = Jre e (6.19)

The spin-independent term in Eq. (6.18)) is the correction already found in Eq.
(5.28). With 3V,4r/2(eq — €,) =~ 0.0871 [77], Aso.qa ~ 24ueV. This does indeed

dominate the intrinsic spin-orbit coupling.

When applying an extrinsic perpendicular electric field, the d orbitals would give
an additional coupling of the 7 and ¢ bands, more specifically between the d.»
and p, orbitals. The effective contribution from this will be linear in the electric

field strength and linear in spin-orbit coupling constant for d orbitals at most
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and is thus negligible compared to the result obtained for extrinsic spin-orbit

coupling for just s and p orbitals.

6.3 Spin relaxation

To get a better insight in spin-relaxation in graphene we have studied articles
dealing with both the theoretical [66][68][83][84][85] and experimental [67][]6]
aspects of this. The in-plane spin relaxation rate for the Elliot-Yafet mechanism
due to the intrinsic spin-orbit coupling is [68]

LMol

(6.20)

TeY|  €F Tm
where 7gy| is the in-plane Elliot-Yafet spin relaxation time, ep is the Fermi

energy and 7, is the momentum relaxation time. The Fermi energy is

2
€p = hUFk‘F = h"UF)\—W = FL’UF\/ 27m, (621)
F

where kp is the Fermi wavevector, A\p = \/M is the Fermi wavelength and
n is the carrier density [83]. Using the Aso we have found (=24 peV) and a
typical value for the carrier density, n =~ 3.6 x 10'® m~2 [83] the Elliot-Yafet
relaxation time is estimated to be of the order 10? ns, comparable to other
estimates [68]. Since the effective intrinsic spin-orbit interaction commutes with
S,, the out-of-plane spin should not relax, i.e. gy, — oo [68]. Experiments
[67][86] have shown that the spin diffusion length is proportional to the elastic
mean free path, as is expected for the Elliot-Yafet mechanism, however the same
experiments also show a spin lifetime of the order 10? ps and that the out-of-
plane spins relax much faster than the in-plane spins, contrary to the theoretical

estimates.

For the D’yakonov-Perel’ mechanism we expect the out-of-plane spins to relax
faster than the in-plane spins [83], as experiments show, but the spin relax-
ation time should be inversely proportional to the momentum relaxation time
[83][68]

1

— X = Tm- 6.22
TDP h? k ( )
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Thus neither the intrinsic spin-orbit coupling nor a typical Rashba extrinsic
spin-orbit coupling can explain the experimental results. This motivates the

study of impurity effects.

Furthermore, assuming weak scatterers, the momentum relaxation time scales

as T, o € [83][85]. This means that

1 A2
— x 29 (6.23)

TEY|| €F

thus the Elliot-Yafet spin relaxation time scales linearly with er. Again, as-
suming weak scatterers, the spin relaxation rate due to the D’yakonov-Perel’

mechanism is )
1 A
o 2R

TDP €r

: (6.24)

which means the Elliot-Yafet and D’yakonov-Perel” mechanism scale with
er X /n in the same way. This might make it difficult to distinguish between

the two mechanisms [85].
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7 Impurity effect in graphene

We are now interested in how an impurity located above the graphene plane
influences both the electronic and spin related properties. We will then use the
Luttinger-Kohn k - p perturbation theory, as presented in Section [3] First we
investigate the impurity problem without any relativistic effects present, and

later extend this treatment to include also the spin-orbit interaction.

7.1 Effective Hamiltonian in the absence of relativistic

effects

As a first attempt to solve this problem, we use the eigenbasis of the unperturbed
Hamiltonian from Eq. (5.13) for the 7 bands. Our Luttinger-Kohn basis is
then

Xnk = eik~r(eiK~runK) — eik‘rwnlg (71)

where ¢,k is the Bloch function at k = K. We denote the two eigenstates for
the 7 bands with n = j € {+, —}, using the notation from Eq. (5.13]), and for
the o bands n = 7 # j. With this choice of basis we arrive at the following

equation for the m band envelope functions
lex(—iV + K) + U(r)] Fo.(r) = €F,(x), (7.2)

where €,(—iV 4+ K) is to be expanded to the first order in —iV, which of course
poses a problem since the derivative of €, is singular at k = K. A possibility
would be to do a change of coordinates to exploit the rotational symmetry of the

problem, but also this will yield equations which are difficult to work with.

A more natural choice of basis for the 7 bands is Bloch functions located at the
two sub-lattices, A and B [15]. Because of the degeneracy at the K points also

this will be an eigenbasis of the unperturbed Hamiltonian. We denote the two
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Bloch waves 14 and ¢5 | so that
2ic(r) = e Tug (r), (7.3)
mc(r) = e Tug (r). (7.4)

The Luttinger-Kohn basis is then the same as before for the ¢ band, and for the

7 bands we have

X;?k = eik'r(eiK'ruﬁK) = eik'r@be, 7.5
ka = eik'r(eiK'rUfK) = eik'rlbe- (7.6)

In the absence of the spin-orbit coupling there is no coupling between the 7
and ¢ bands, which means the momentum operator has no elements connecting

these bands. For now, it is therefore sufficient to look at the equation

[Hr + U(r)] ¢r = €br, (7.7)

where H, is the Hamiltonian from Eq. (5.11). Expanding in terms of the

Luttinger-Kohn basis we may write the general solution as

Ua(r) = / ak {g (v (r) + 0P )y (r)} (78)

We then follow the rather straightforward steps as presented in section [3} Pro-
jecting Eq. (7.7) on x4, and xB_, we find the equation for the coefficient func-

tions to the first order in momentum k,

Ak Ak Ak

Mo PsA PBB g9- (k) g9 (k') g9° (k)
(7.9)
where pay = @ o V5 (r) p1ik (r)dr and so on for AB, BA and BB. To find

the momentum matrix elements we use the fact that, when neglecting relativistic

corrections (such as the spin-orbit coupling), we have the relation

P = S VicH (k), (7.10)
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where H (k) is the Hamiltonian in & space. So in our case we have that

( Paa PaB ) _ @Vk < 0 —tf(k) ) e
PB4 PBB h —tf*(k) 0 -

_ _my V3ta ( 0 &-4 ) . (7.11)
h 2 T+ig 0
Inserting this into Eq. we get
_ﬁm( 0 kx—z’ky> (gA(k )
2 \ ky+ik, 0 95k o)

+/dk’u(k _X) ( g (K

By Fourier transforming to real space, we get

Z,\/gta 0 Oy — 10, G4(r) U@ G4(r) _. G4(r)
2 Oy + 10, 0 GB(r) GB(r) GB(r)

(7.13
or equivalently
[ihvpV - o+ U(r)] G(r) = eG(r), (7.14)
where
GA(r) per [ 97(K)
G(r) = = [ dke' . 7.
) ( G (r) ) / ( #7(K) ) T

The resemblance between Eq. (7.14) and Eq. (5.16) is of course no surprise.
If the effect of orbitals of a higher principal quantum number is neglected the
higher order corrections are zero. This is due to the fact that the 7 and ¢ band

do not mix in the absence of relativisic effects.

7.2 Renormalised impurity induced spin-orbit coupling

If we now include the spin-orbit interaction, we replace the momentum operator

with the spin-dependent velocity operator, p — mgm. The equation for the
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coeflicient functions is then
h2k2 [e]] / ! !
&+ g ) 9500 + > hkamgn(k) + | dKUk —K)g;(K') = eg;(k), (7.16)

where the sum runs over both the 7 bands and the ¢ bands, and j € {|z 1) 4,
|z Lya, |2 DB, |2 4)B}. We may now do the transformation given by Eq. (3.58)),
to get rid of the coupling to the ¢ bands. The equation for the transformed

coefficient functions, h; = e s gj, is then

. h%2 renl,
Z <€O5jj’ + hkaﬂ'jj/ + 2_77’L05jj/ -+ thakﬁ Z E;ﬁ) hjz<k)

jlem

+ / kU (k — K )y (k) + / dk’Z(jk%[[U, S, 117K Yhy () = el (K).

jler

(7.17)

What we now are interested in is to see if the last term on the left hand side
of this equation give rise to any significant impurity induced spin effects. First,
we observe that the additional term in Eq. due to the coupling to the
o bands is quadratic in momentum k and quadratic in the interband velocity
matrix elements ;. Looking at Eq. , we see that we need simply to find

the values of the tensor

£ (7.18)

for the different combinations of j,j" and «, 3. For graphene the spin-orbit
splitting is very small, so assuming the spin-orbit coupling leaves the energy
gap between the m bands and any of the ¢ bands unchanged is a very good
approximation. This is different from the case of germanium, where the change
in the velocity operator is negligible, but the change in the energy gap is not.

Defining a set of 4 x 4 matrices, II*” with elements

(%) = 3T (o) 4 (o)
i e oy i’ e
1co

(7.19)
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where S and A denotes the symmetric and antisymmetric part respectively, so

that

% 4 11

S = + (7.20a)
Haﬂ o Hﬁa

A = 5 (7.20D)

We then need to know the spin-orbit correction to the elements of the velocity
operator between the 7 bands and the o bands. We will follow the procedure
presented by Lew Yan Voon and Ram-Mohan [87]. Using the definition of the

velocity operator,

m="1[Hn1], (7.21)
h
and the relation
(nk|r|mk) = ——— (nk|Vi H (k)|mk), (7.22)
€mk — €nk
we find that
1
(nk|m|mk) :ﬁ(nk|VkHo|mk>
1 Z (nk|Hso|n'k) (n'k| Vi Ho|mk)
n'#m €mk — €n/k
1 Z (nk|VHy|n'k) (n'k| Hso|mk)
h n'#n €nk — €n’k
+ O((\/w)?). (7.23)

Here @ is a typical energy gap between the m and o bands, and \ = h/(4m?c?)
is as before the spin-orbit coupling strength for vacuum. The matrix elements
of the velocity operator which enters into II*? are only between the 7 and o
states. Since the only coupling between these two bands are through the spin-
orbit coupling, the first term of Eq. is zero for the matrix elements in
question. We calculate I1*# using Mathematica, for details see Appendix |C| We
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then arrive at the following result
A™ = —jaoc, — ibs, — 1co,S,, (7.24a)
S™ = —doy, (7.24b)
S* = —e+ fo, — go.s., (7.24c)
SYW =—h—jo, — ko.s., (7.24d)

where o; and s; are Pauli matrices acting on pseudospin and electron spin re-
spectively. By adding the terms from Eq. to the correction of the velocity
operator of Eq. we get also the effect of an extrinsic perpendicular electric
field. We then get the additional contribution, I1%2 = 5% + A%? where we find

ext T Mext ext»

Ay = iao, —id'o.s,, (7.25a)
SH = —bo, — Vs, + ¢ (0452 — 0y5,), (7.25b)
S¥ = —¢—do, —d'sy — €(0,8, + 0,5,) — [/ (008, — 0y52), (7.25¢)
Sey = —¢€+ fo. + g'sy + W (ozsy + 0yss) — j' (048, — 0ySs). (7.25d)

The coefficents a, b, c... are proportional to A2, the primed coefficients are pro-
portional to AeE 'z, and the ones marked with tilde are proportional to (eEz,)>.
The signs are chosen so that all these coefficients are positive, see Tables [0}, [7]
and [8| for numerical values. The asymmetry between the x and y direction is a
consequence of our choice of coordinates. We have chosen the coordinate system
so that the the matrix elements of the tight-binding Hamiltonian at the K points
are either strictly real or strictly imaginary. At the cost of loosing this property,
we could make the impurity corrections completely symmetric with respect to
x and y; a rotation of 45° makes S = S% and S** = SYY. For the sake of

ext ext*

simplicity we refrain from doing this rotation.

Because what we are looking at now is just a correction to the Hamiltonian we
neglect any term which is not spin-dependent. These terms are small, and would
only give rise to a small overall contribution which treats all spin states in the

same way. If we then first look only at the intrinsic part, noting that g ~ k and
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¢ > b, we may write the contribution to our Hamiltonian as

Hiy = —ico,s,(VU x V), — #(VQU)O'ZSZ. (7.26)
If we then compare Eq. to the vacuum term As- (VU X p), we see that ¢
plays the role of a renormalised A. With A = 6meV we have that ¢/h\ =~ 2-1072,
that is to say the effective impurity driven spin-orbit coupling is much smaller
than the corresponding vacuum term. The second term in Eq. is of
the same order of magnitude as the first one, which means also this term is

negligible.

Looking at the contribution from the external electric field, there is as expected
no terms containing s, due to the inversion symmetry being broken. The form
of this Hamiltonian is very interesting, as the spin flip terms would contribute
to the D’yakonov-Perel’ and Elliot-Yafet mechanisms. The magnitude of these
terms are determined by the coefficients listed in Table [7] note that they are a
factor (eFzg,)/A larger than that of the intrinsic impurity effect. For a typical
electric field of £ = 1V /nm, this ratio can be estimated to be (eEzy,)/A ~ 3
[77]. In conclusion, this is not nearly sufficient to give rise to any significant
spin related effects since ¢/A\ ~ 1072. Comparing e.g. the spin-dependent term

af

ext

@We have that o' [VU x V| _/Ag ~ 1073(a/L)*U /eV, where U is the value of

the impurity potential at some typical distance from the impurity center.

stemming from the antisymmetric part of II.; to the Rashba term from Section

For the conventional spin-orbit interaction we found the d orbitals to dominate
the intrinsic effect. In the same way we expect the d orbitals to give some
contribution to II*# which will be at most three orders of magnitude larger than
that we have found using only the s, p,,p, orbitals. The numerical values of
the parameters which enters into this calculation are not readily available, and
finding them have proven to be difficult. Any analytic calculation is out of
the question due to its complexity. This said, we know that even a increase of
1% by three orders of magnitude would be far from sufficient to make these

terms significant. In the same way as before the d orbitals would not give any
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important contribution to the effects due to the applied electric field, so the spin

flip terms stay the same.

Table 6. Values of the A? coefficients.

Coefficient\Units  a?A2107%/(eV)?

a

b

SR

> .

2.06
0.110
3.01
1.17
5.21
1.39
1.11
7.94
1.82
1.23

Table 7. Values of the A(eEz,,) coefficients.

Coefficient\Units a?A(eFz,)107*/(eV)?

a/

b/

Cl

d/

2.40
2.69
4.17
3.37
3.77
2.62
4.72
2.96
5.38
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Table 8. Values of the (eEz,)? coefficients.

Coefficient\Units  a?(eEz,,)?107%/(eV)?

a 2.44
b 3.49
¢ 9.13
d 0.689
é 17.3
f 9.04

8 Conclusion

In this thesis we have reviewed two models for calculating the effect of a slowly
varying impurity potential on a semiconductor. The multiple-scale analysis is
an excelent method for finding the lowest order correction to the effective mass
theory. However, when higher order corrections are to be included this method
becomes increasingly complicated, and defies analytical evaluation. We therefore
found it necessary to look to another method, namely the Luttinger-Kohn model.
The model is by far more rigorous than the multiple-scale analysis, and it is
superior when the aim is to calculate higher order corrections. Applying this
method on an impurity problem in germanium gives a good illustration of the
dynamics of the model, and we also see how the higher order contributions induce
an effective impurity induced spin-orbit coupling. The method of Lewiner and
Nozieres is a flavour of the Luttinger-Kohn model. This method is a good aid to
illuminate the physics of the problem, and evidently it yields the same results
as that of Luttinger and Kohn. It also demonstrates how an external time

dependent electro-magnetic field modifies this result.

The bandstructure of graphene has some remarkable properties. In the absence
of the spin-orbit coupling it is a zero gap semiconductor. The low energy exci-
tations are governed by the zero mass Dirac equations for two dimensions where

the Dirac spinor has been replaced by a pseudospinor. Thus these quasiparticles
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behave as massless fermions with an effective speed of light vp ~ 10°m/s. This
makes graphene suitable for experiments on quantum electrodymanical effects,
previously only attainable in high energy experiments. When the spin-orbit cou-
pling is included the degeneracy at the Fermi level is lifted. The s and p orbitals
contribute to a gap of 2 g0 ~ 1.1ueV. By taking into account the effect of the d
orbitals, we find a gap of 2Ag0 4 ~ 24peV, which by far dominates the intrinsic
spin-orbit coupling. Because the spin-orbit effect in graphene is so small the
dependence on the spin-orbit coupling constants is essential. This is the origin
of the quantitative difference between Ago and Aso.4: Aso o A? and Ago g o< Ay.
When an external perpendicular electric field is applied, the inversion symmetry
is broken, which together with the spin-orbit coupling between the p orbitals
gives rise to a Bychkov-Rashba effect. The magnitude of this effect is propor-
tional to the electric field strength, which means the gap is tunable. Here the

effect of the d orbitals is negligible in comparison.

By applying the method of Luttinger and Kohn, we investigated the effect an
impurity has on the electronic states of graphene. Here we found the choice of
basis to play an important role in the simplification of the equations. Choosing
a Luttinger-Kohn basis from Bloch functions located on the A and B sublattice
proved to give rather simple equations, avoiding problems due to the singularity
of Vikenk. If relativistic effects are neglected, there is no coupling between the
m and o bands, meaning any higher order correction is zero. By including the
spin-orbit correction to the velocity operator, we were able numerically calculate
the effective impurity induced spin-orbit coupling due to the coupling to the o
bands. These contributions are roughly 102 smaller than the impurity vacuum
term, making them negligible. We expect that in the same way as for the
intrinsic effect the d orbitals would give a contribution at most 10® larger. This
would at most make it comparable to the vacuum term, which is considered
negligible. A perpendicular electric field breaks the inversion symmetry, giving
rise to impurity induced spin-flip terms in the effective Hamiltonian. Analogous
to the impurity-independent Bychkov-Rashba effect previously mentioned these

terms are proportional to the product of the electric field strength and the spin-
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orbit coupling constant, and the d orbitals are expected to have a diminutive
effect. This effect is a factor (eEz,,)/A larger than the calculated impurity
induced spin-orbit terms. This makes it too small to give any interesting spin
related effects, even for relatively large electric fields. One of the main objectives
of this thesis was to try to shed some light on theory of spin realated impurity
effects in graphene, and thus help explain the discrepancy between the existing
theories and the experimental results. The corrections due to coupling of the
impurity potential and the spin-orbit interaction are thus found to play a limited
role in this, even when the effect of an perpendicular external electric field is

included.

Outlook: Even though we expect that the contribution from the d orbitals to
the impurity induced spin-orbit coupling is negligible, it would be interesting to
do a DFT calculation to find the relevant hopping parameters, and so find the
actual significance of these orbitals. Moreover, there are other effects of impuri-
ties which deserve a closer examination. For example we have not discussed the
effect of impurity induced curvature, leading to locally non-zero momentum ma-
trix elements between the m and the ¢ bands. This could result in an impurity
induced spin-orbit coupling which is linear in the coupling constant, and it could

therefore be several orders of magnitude larger than what we have found.



Appendix A
f-sum rule

Here we derive the f-sum rule as presented in the paper of Luttinger and Kohn
[71]. With spin-orbit, the Schrodinger equation, Eq. (3.24) takes the form

_ k2

0

Using the definition of the velocity operator, we have that the a-component
is
5 Pa 1
o = i[Hy,20) = — + —5(@ x VV)4 o, (A.2)

mo  4mg

where Hy is the Hamiltonian from Eq. (3.65). The matrix elements of the

commutator are

7 ey — L Pa 1 e
(nk|[Hy, xo]In'K') = Z(nk[ e + 2 (0 x VV), ¢ |n'k")
= lﬂf{n,é(k —k'). (A.3)

?
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Using the explicit form of the matrix element we may calculate another form of

the commutator,

(nk|[Hy, zo]|n'K)
= (en(k) — € (K')) (nkl|zo[n'k’)

= (En(k) - en’(k/)) /drei(k/_k)‘ru:;kmaun’k/

~ (el — e () [ an (13;7)) i
= (enlk) — e (K) {1 aiﬂk K)o / dre«k'—k»ru;k@g;:'}
— (ea(k) — e (X)) {% aigé(k 1)+ i — 1) 22 / ) dra;k%a—]::‘} ,
(A.4)
Thus, combining Egs. and for n # n/, we then have
E:ﬁ";n, = —(2;;)3 / ) dra;kag—]::‘. (A5)

Multiplying by Wf,n and summing over n' £ n we get

a B 3\ 2 U
E 7.‘—717L’7T7’L’TL § (27T) — % — _x 8unk
_— = — <T> /C;H dI’lunkﬂ'aU,n/k / drun,ka—kﬁ. (AG)

€En — €p cell

n'#n n'#n

For a crystal with a center of symmetry, we have that [71]

aank
dra*, —— =0 AT
/ rin g = 0 (A7)

so the sum on the right hand side of Eq. (A.6) can be extended to include

n' = n, which allows us to use the completeness of i,

Zan’k@'/)arﬂk(r) = (2%)36(1' - I‘), (AS)
where r and 1’ are in the same cell. Eq. (A.6) then becomes

a B 3 m
VT 2 Oty
T Mo, —( ) / drﬂ;kﬂ'a—u k (A.9)

€En — €n Q

n'#n
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We now seek to simplify the expression on the right hand side of Eq. (A.9). To
that end, it is convinient to note that it is symmetric in a and 3 for crystals
where 70, = 7%, . Eq. (A.9) may then be written as

Wnn/ﬂg/n 1 (27T)3 / drﬂ* 8ank
—_— = — 7‘('a—
Z, €n — €n 2 Q e K Okg

8ank
d — %
" /cell Fink A aka }

The right hand side can now be simplified by noting its relation to a differ-

entiation of the Schrodinger equation for #,x with respect to k, and kg. We

have

o 0 _ K\ g 0 _
8_/%8_/{25 ({Ho—i—k'ﬂ'—i-Q—Tno}unk) = a—]%a—l%<€n<k>unk)- (A'll)

The left hand side becomes

o 0 _ K Otk Ot 1 ~
a—kaa—kﬁ ({Ho + k-m + Q_TI’L()} unk) =T ak}ﬁ + T3 a/{?a + Eoéalgunk
k‘2 62unk
+ {H0+k'71'+2—7no} akaakﬁ,
(A.12)
and the right hand side
o 0 0?e, (k) Oen (k) Ot O€y(k) Oty 0?1y

—(en(K)tpk) = u :
Tk, kW) =g e e ks T ok ok ) Ghoak;
(A.13)

Multiplying Eq. (A.11)) by @}, and integrating over the cell, we obtain

_ al_tnk 8ﬂnk Q 1 Q 82€n(k)
; by = 2 (A1
/Ceu i {”O‘ ks " Ok } e e T @ oty 1

. . I k2 .
where we have used Eq. (A.7) and that the Hamiltonian Hy + k - 7 + s 18
Hermitian. We can then readily see that Eq. (A.10) becomes

Z ne 1 5 %en (k)
€ — €, 2Mp of Oakaakg (A.15)

n'#n

which is the f-sum rule.
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Appendix B
Lowdin Transformation

Combining Eq. (5.26]) and the spin-orbit coupling given by Table [, we find the
total tight-binding Hamiltonian for the = bands to be

€p 0 0 0 1y v
€ 1y —y 0 0
—1 —1A4S, o 0
Hpx = s e ' , (B.1)
0 - iAdSZ €q 10 —0
—Z"Y 0 (5 —7,5 €q —iAdSZ
Y 0 —10 —0 lAdSz €d

here given in the basis (p, 4, p:.B, duz,a, dyz 4, dyz B, dy. ). We denote the 2x2
p. part of the matrix Hy,, and the 4x4 d part H.q, so that

H. T
H o = b : (B.2)
T H.,

T and T' is then the coupling between p, and d orbitals. Making use of the
Lowdin transformation as presented by Konschuh et al. [77] with a unitary

anti-Hermitian matrix S,

S

Hﬂ-K = € SH,.-KG

1
~ HﬂK+[HﬂK7S]+§HH7rK’S]7S]’

N
T
B~ o
S—"
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where

0 M
S = .
—Mt 0
We then set H., = 0 by subtracting ¢, from the diagonal and get

~TM" — MT? —MH g
(Hrr, S] = .

—H M TTM+ M'T
Setting M so that H,x + [H,k, S| has a block-diagonal form,
T—-—MH,;=0

= M=TH_,

wd

the effective Hamiltonian from Eq. (B.4]) for the p, orbitals is
~ 1
Hyp~ Hypp — TH_ [TV — 5{TH;jTT, H.p},
where higher-order terms in H_ dl are neglected. Inserting Hy, = 0,

H,, ~ —TH T

2% 0
~ ed_5p+SzAd
202 ’
0 €g—ep—S2Ag

Assuming A; < (¢4 — €,) and expanding,

_ 2% (ﬁsz _ 1) 0
H » ~ Ed—Ep Ed—Ep
g 20 A
0 €d—€p <_6d:lep SZ B 1)

where we have neglected terms of a higher order in Ay.

As S, = s,/2, this has the form,

~ 202
Hﬂ‘p ~ )\SO,dazsz - ;
€4 — €
with
2
«
Asod = ——Ad
(€4 — ep)
912
pdm
= Ag.

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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The Bandstructure
First we state some assumptions
$Assumptions = {x € Reals, y € Reals, z € Reals, Vg, € Reals,
Vspo € Reals, Vp, € Reals, Vp,; € Reals, € € Reals, €, € Reals, s € Reals};

The high symmetry points are

2nx 2w
K1l .={T, _\/_?}
47
K2 :={T, 0}
K1 + K2
M:=
2
r:=0

where K1 is the K point, and K2 the K' point. The angles between nearest neighbours from an A atom are

T
6, := -—
2
7T
6y 1= —
6
5
63 1= —
6

We will now first find the tight binding Hamiltonian for the o
bands and 7 bands. We start by defining a 8 x8 matrix, H, with elements h; ;,

where we will use the basis (Ap, Bp, As Ap, Ap, Bs Bp, pr), where Ap, is the p, state on a A site.

H := Table|h; ;, {i, 8}, {j, 8}]
The phases from a B site to an A site, in the direction 1, 2, 3 is
ph, :=1; ph, :=eéi(x+ﬁy) ——;i(x—'\/B_y);

We already know the elements between the p, states

; phy :=e

3 -
hy;,1 :=€p; hy2 i=€p; hy 2 1= Vppr Zi:l ph;; hy ; := Conjugate[h; >];

And in the absence of the spin-orbit coupling there is no coupling between the o bands and the 7 bands
For[i=3,1i<9, i++,
For[j=1, 3<3, j++,
{hi,; :=0, hy,s := 0}

]

The elements for hopping between s states is similar to that of the p, states
h3,6 := Vsso * (Ph; + Ph, +ph;) ; hg 3 := Conjugate[hs 6]’
Hopping between s states and py or py states is a linear combination of V- and Vg,
the latter being zero. Hopping between A and A is of course also zero.
First hopping from B to A,

b
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First hopping from B to A, py and py tos,
h3 7 1= Vepo Zil Cos[6; + 7] * ph,

3 .
h3 g 1= Vgpo Zi:l Sin[6; + 7] * ph;

then Ato B
h;,3 := Conjugate[hs 7]
hg,3 := Conjugate[hs g]

Hopping from B to A, s to px and py,

3
hg,6 := -Vgpo Zi=l Cos[6; + it] * ph;
3
hs,6 := - Vapo Z‘hl Sin[6; + n] * ph,
then A to B

hg,4 := Conjugate[hy ¢]
hg,5 := Conjugate[hs ¢]

Hopping from A to A and B to B
he,s :=0; hg,¢ :=0; hz,5 :=0; hs,3:=0; hg,7=0; hy; 6=0;

Hopping from p, to py and and back is a linear combination of V ;- and V.
The hopping from B to A, py to py is
hy,8 1= Vppo Zi_l Cos[6; + 7] Sin[6; + ;1] * ph; + Vo, * 2—1 (-Cos[6; + 1] Sin[6; + 7] » ph;)
Bto A, pxtopy
hs 7 1= Vppo Zj_l Cos[6; + 7t] Sin[6; + ;1] * ph; + Vpp, * Z:_l (-Cos[6; + 7t] Sin[6; + 7] * ph;)
AtoB, pytopy
h7,5 := Conjugate[hs, 7]
AtoB, pytopy
hg,4 := Conjugate[hy g]

Hopping from A to A and B to B is zero in the nearest neighbour approximation,
hy5 :=0;hs,4 :=0;hy,3 :=0; hg7:=0;h34=0;h4,3=0;

Bto A, pxtopx
. 3 A 3 s 2
he,7 i= Vppo ) COS[6: + 7] "2 % Ph; + Vepr p . Sin[6; + 7] » ph;
BtoA, pytopy
hs,s = Vppo » o Sin[0; + 7] "2 % phy + Vepr Y Cos[0; +71% » phy
AtoB, pxtopy

h7,4 := Conjugate[hy 7]

AtoB, pytopy
hg,5 := Conjugate[hs, g]
The diagonal elements are

h3 3 :=€s; hy,4 :=€y; hs 5 :=€,; hg6 :=€s; hy 7 :=€,; hg,g := €7

’

Hnum := H /. {Vego > -6.769, Vepo » 5.580, Vppo = 5.037, Vppr » -3.033, €5 » -8.868, €, - 0}

We then make a parametrisation from K1 to I' to M and back to K1, so that we get an informative plot.
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G[t_] := ((HeavisideTheta[t] - HeavisideTheta[t -1])

Eigenvalues[Hnum /. x> (1-t) *K1[[1]] /. y~> (1 -t) *xK1[[2]]] +

(HeavisideTheta[t - 1] - HeavisideTheta[t - 1 - Norm[M] / Norm[K1]])

Eigenvalues[Hnum /. x » (t-1) * M[[1]] * Norm[K1] / Norm[M] /.
y-> (t-1) *M[[2]] * Norm[K1] / Norm[M]] + (HeavisideTheta[t - 1 - Norm[M] / Norm[K1]] -
HeavisideTheta[t - 1 - Norm[M] / Norm[K1] - Norm[K1 - M] / Norm[K1]]) Eigenvalues[Hnum /.

x> (M[[1]] + (t-1-Norm[M] / Norm[K1]) % (K1[[1]] -M[[1]]) * Norm[K1] / Norm[K1l -M]) /.

y - (M[[2]] + (t-1-Norm[M] / Norm[K1]) (K1[[2]] -M[[2]]) * Norm[K1] / Norm[Kl1 -M])])

Plot[Sort[G[u]],
{u, 0, 1 +Norm[M] / Norm[K1l] + Norm[K1l - M] / Norm[K1]}, Ticks -» {None, Automatic}]

10 -

20

30l
MatrixForm[Simplify[H /. {x - K1[[1]], y » K1[[2]]1}]]

€ O 0 0 0 0 0
0 e 0 0 0 0 0
3 i Vepo 3 Vspo
0 O €s 0 0 0 5 2
3iVeps 3 3,
0 o0 0 € 0 -== < (Vppr = Vopo) L i (Vpr = Vepo)
3Veo 3 . 3
0 o 0 0 € -2 =i (Vepr =~ Vepo) -7 (Vepr - Vepo)
o0 o 2 e -2 €. 0 0
31 Vepo 3 3 .
0 - 3 (Vepr = Vepo) -5 (Vepr - Vppo) 0 € 0
3 Vspo 3 . 3
00 == -2i (Vepr = Vopo) -3 (Vppr = Vepo) 0 0 €
Which may be simplified to
00 0 0 0 © 0 0
00 0 0 0 0 0 0
00 s 0 0 0 ia a
g o..|00 0 0 0 -dia -p -if
¥“loo o 0 0 -a -if B
00 0 ia -a s 0 0
0 0 -ia -B &8 O 0 0
00 a 48 B O 0 0
3V 3
po
Wheres =€, —¢,, a = L B = :1 (Vpp(r - Vppﬂ).

The normalised eigenvectors given as rows are
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1 0 O 0 0 O 0 0
01 O 0 0 O 0 0
00 -8 O 0 0 -X1i X
00 0 Xi X & 0 0
EigenV := ([0 0 & 0 0 0 -Qi Q
00 0 -Qi -Q T 0 0
i 1 i 1
oo 5 30 3 3
i 1 i 1
00 O -3 - 0 3 3
1 S 1 ]
where ¢=2 |[--——— X=- [14—m |,
8 2
84/ s2+8a? \/sz+802
2a 1
¥ = ,=—

2

\/52+8a/2—5\/52+802

with the corresponding eigenenergies

€1 =0;

€2=0;
1

e;;:—(s— sz+8a2);
2
1

e4=—(s— sz+8a2);
2
1

E5=—(S+ sz+8a2);
2
1

es=—(s+\/sz+8a2);
2

€7 =-2f;

€g =2 f;

The momentum matrices and numerical values for the matrices 1?8

The momentum matrices in the absence of the spin-orbit coupling are
Px := Evaluate[FullSimplify[D[FullSimplify[H], x] /. {x > K1[[1]], y > K1[[2]]1}]]
Py := Evaluate[FullSimplify[D[FullSimplify[H], y] /. {x » K1[[1]], y > K1[[2]]}]]

Defining the Pauli matrices and the eigenvectors,

oy = PauliMatrix[1]

oy := PauliMatrix[2]

0, := PauliMatrix[3]

I, := IdentityMatrix[2]

For[i=1,1i<9, i++, {|1) := Evaluate[EigenV[[i]]1], (1| := Evaluate[EigenV[[i]]"]}]

To simplify the expressions we make a function which gives the numerical values with a decent presicion
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Presentable[a_] :=

Return [Chop [SetPrecision [

1 s 1 s
Rationalize[Simplify[N[a /. {§ ->2 |- , X ->- 1+y— ,
8 g+vVs?+iga? 2 Vs?2+8a?
2a 1 s
T -> y0-> = [1-———1}/ {a->3/24V5,
2 2 2
Vs?rsa?-sVsZr8a® Vs*+8a
1 1

B ->3/4 (Vopo - Vopr) s T->g«/?(vpp,,+3vppo), §->-;«/?(3vpp,,+vppo)}/.
{Vsso » -6.769, Vepo » 5.580, Vppo » 5.037, Vppr » -3.033,
€. »-8.868, ¢, > 0} /. s> -8.868]]], 3], 10~-5]]

The spin - orbit Hamiltionian with an extrinsic field is

0 0 A -1AS;, 1AS, O 0 0
0 0 0 0 0 A -LASy 1LASy
A 0 0 0 0 0 0 0
iASy 0 0 0 -iAS, O 0 0
HSO :=
-1 A Sy 0 0 1AS, 0 0 0 0
0 A 0 0 0 0 0 0
0 iAS, O 0 0 0 0 -1AS,
0 -1AS, O 0 0 0 1AS, 0

where A = eEzg,. We then get the following corrections to the momentum elements,

SPx[i_, j_] :=

-Z::l If[simplify[ej = e],
0 * Iz,
(i| .HSO. |1) (1| .Px. |j)

/. {Sx—>cx/2,Sy—>ay/2,A—)Iz)L},
ej—el

(1] .mso.|1) (1].px.|3)

/. {Sx—>cx/2,Sy—>oy/2,A—>Iz)L}]
ej—el

- le If[simplify[ei =e1],
0* Iz,
(i].px.|1) (1].ms0.]|3)

/. {Sxaox/Z, Sy—>ay/2,A—>Iz)t},
€; - €31

<i| .Px. |1) (1| .HSO. |j)

/. {Sx—>cx/2, Sy—>cy/2,A—>Iz)L}]
€; - €1
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6Py[i_, 3_] :=

‘2:1 If[Simplify[e- - el
0xI,,
(i| .HSO. |1) (1| .Py. |J>

/. {Sx—>cx/2, Sy—>cry/2,A—>Iz)(},
€y - €1

(1| .mso.|1) (1|.Py.|3)

€y -€1

/. {Sx—>cx/2, SY—>ay/2,A—>Iz)(}]

- Z‘Z:l If[Simplify[ei =el],
0 I2I
(i]-ey.|1) (1].Hs0.|3)

/. {Sx»>0x/2,8,»0,/2,A>1I1},

€; - €31

i|.Py.|1) (1]|.HSO.|]

(#] -2y |2) (1] 5) I {Sc»0x12, 8y 0,/2, 8> 12)]
€; - €1

And we get the following results for [1% = S% + A%,

Axy := Evaluate [ArrayFlatten [Ta.ble[

Presentable [N [2:3 [

6Px[i, r].6Py[r, j] - 6Py[i, r].6Px[r, j]

2 (ei-e;) (er-e;)

Sxy := Evaluate [ArrayFlatten [Table[

Presentable [N [2:3 [

6Px[i, r] .6Py[r, j] +86Py[i, r] .é6Px[r, j]

2 (ei - er) (er - ej)

Sxx := Evaluate[

6Px[i, r].6Px[r, j]

ArrayFlatten[Table[Presentable[N[Zzzs [ ]” (i, 1,2}, (3, 1, 23]]]

(€1 -€r) (ex-e5)

Syy := Evaluate[

6Py[i, r].6Py[r, J]

ArrayFlattenI:Table[Presentable[N[Z:=3 [ ]]] , {1,1,2}, {3,1, 2}]]]

(ei - e1:) (er - ej)

Style[MatrixForm[Axy], FontSize - 9]

-0.0002171 A% + 0.000244 i 2? -0.000240A -0.000301 1 A? 0
0.000240A 2 -0.0001951 A% + 0.000244 i 22 0 0.000301 i A%
-0.000301 i A? 0 0.0001951i A% - 0.000244 i A? 0.000240 A A
0 0.000301 i A? -0.000240 A2 0.0002171 4% - 0.000244 1 A?
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Style[MatrixForm[Sxy], FontSize -» 9]

0 ~0.000269A X 0.00011721 A% +0.000349 1 A2 0.000834 4
~0.000269A X 0 0 0.0001172 i A% + 0.000349 i A2
-0.0001172 1 A% - 0.000349 i A2 0 0 -0.000269A A
0.000834 A X -0.00011721 A2 - 0.000349 1 A? -0.000269A A 0
Style[MatrixForm[Sxx], FontSize - 9]
0.000632 A% - 0.000913 22 0.0003371 A2 0.00013942 - 0.0000689 A2 0.0007531 A2
-0.0003371i42 -0.000410 A2 - 0.000913 A2 -0.0005241i A2 0.0001394% - 0.0000689 A2
0.000139% - 0.0000689 A? 0.000524 1 A -0.000410 A% - 0.000913 2? 0.0003371i A2
-0.0007531i A2 0.0001394% - 0.0000689 A% -0.0003371 A2 -0.000632 A2 - 0.000913 22
Style[MatrixForm[Syy], FontSize -» 9]
~0.000917 4% - 0.00173 X2 ~0.0004721 A X ~0.000182 4% + 0.000904 A? ~0.000592 1 A X
0.000472 1 A X ~0.000670 A% - 0.00173 A? ~0.0010761 A ~0.000182 A% + 0.000904 A2
-0.000182 A2 + 0.000904 22 0.0010761 A -0.000670 A2 - 0.00173 A2 ~0.000472 i A X
0.0005921 A A -0.000182 A2 + 0.000904 A2 0.000472 1 A X -0.000917 A2 - 0.00173 A2

It is then just a matter of reading off the values. A good trick is to multiply the matrices with (O'iSj)/4 and

taking the trace. We then get the coefficient corresponding to the matrix o s; (where i and j €{x,y,z}).
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