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Since their discovery in 1963 the hexagonal manganites have consolidated their role as ex-

otic ferroelectrics with astonishing functionalities. Their introduction as room-temperature

device ferroelectric1 was followed by observations of giant flexoelectricity2, multiferroicity

with magnetoelectric domain and domain-wall coupling3,4, protected vortex domain struc-

tures5,6, topological domain-scaling behaviour7 and domain walls with tunable conductance8

and magnetism9. Even after half a century, however, the emergence of the ferroelectric state

is a subject of fierce debates. We resolve the interplay of electric polarization, topological

trimerization and temperature by direct access to the polarization up to 1400 K. Nonlin-

ear optical experiments and piezoresponse force microscopy, complemented by Monte-Carlo

simulations, reveal a single phase transition with ferroelectricity determined by topology

rather than electrostatics. Fundamental properties of the hexagonal manganites, including

an explanation for the two-phase-transition controversy as a finite-size scaling effect, are de-

rived from this and highlight why improper ferroelectrics are an inherent source of novel

functionalities.
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The emergence of the spontaneous polarization in the hexagonalRMnO3 system (R = Sc, Y,

In, Dy - Lu) is one of the singular properties and, at the same time, one of the greatest mysteries

of this class of compounds. Taking YMnO3 as reference compound for the series (see Methods),

Curie temperatures inexplicably spreading from 910 K to 1250 K have been reported10–16,18,19. In

some of these cases ferroelectricity has been claimed to emerge together with a trimerizing lattice

distortion in a single-step transition16,18,19. In other cases these two features have been proposed

to occur separately10–15. On the theoretical side, the two-transition scenario has initially been sup-

ported by density-functional-theory calculations20. A more detailed analysis, however, suggests

improper ferroelectricity triggered by the lattice trimerization in a single-step transition21,22, in

which secondary anomalies are yet possible due to the breaking of residual symmetries23. Direct

measurement of the spontaneous polarization as function of temperature would clarify this puz-

zling situation. This was done once in a pyrocurrent measurement which pointed to an onset of

ferroelectricity at 933 K16. All attempts to reproduce this experiment failed, however. Thus, in

spite of 50 years of research, the emergence of the polar order in the hexagonalRMnO3 multi-

ferroics is surrounded by contradictions. This uncertainty extends to the universality class of this

ferroelectric transition, as this basic question depends on the precise nature of the state undergo-

ing the polar instability. The universality class and the corresponding critical behavior determines

important physical properties from the macro- to the nanoscale. Understanding such functional-

ities is infinitely more difficult if the emergence of the ferroelectric order itself is unclear. Thus,

for putting the intense research on the unusual properties of ferroelectric order in the hexagonal

RMnO3 system2,3,5,8,9onto a solid basis, this situation must be resolved.
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Here we present nonlinear optical experiments in which the electromagnetic field of a fre-

quency-doubled light wave couples directly and linearly to the spontaneous polarization of YMnO3.

They reveal a polarization emerging atTC ' 1259K with a subdued increase in amplitude show-

ing no anomalies or discontinuities. Piezoresponse force microscopy (PFM) confirms that the

ferroelectric domain pattern is seeded right belowTC. Monte-Carlo simulations reveal how topo-

logically created vortex-like defects in the MnO5 tilt pattern determine the ferroelectric state and

many of its unusual properties. In particular, we show that the “second transition” belowTC is not

associated to a phase transition, but caused by a finite-size scaling effect.

At room temperature, the spontaneous polarizationPs = 5.6 µC/cm2 of YMnO3 is observed

together with unit-cell-trimerizing tilts of the MnO5 bipyramids and Y displacements along thec

axis. The tilt is parameterized22,23 by the observable amplitudeQ and angleΦ in Fig. 1a. The

resulting domains typically form three-dimensional patterns with vortex-like meetings of all six

possible domain states5. These vortices are topologically protected; they and the associated do-

mains cannot be destroyed by electric-field poling6.

An established method for probing ferroelectric order is second harmonic generation (SHG):

emission of light at frequency2ω from a crystal irradiated with light at frequencyω. In the leading

order, a SHG signalISHG ∝ |E(2ω)|2 is observed only if inversion symmetry is broken24, e.g. by

a ferroelectric polarizationPs as in YMnO3. SHG can thus probePs directly with linear coupling

E(2ω) ∝ Ps. In addition, SHG measurements are highly sensitive with a detection limit down

to25 < 1 nCcm−2 and they are performed contact-free and thus not obstructed by artifacts from
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contact resistance or increased leakage at high temperature. Since SHG has never been used for

probing ferroelectric order at temperatures> 1000K we first scrutinized the relation between the

SHG amplitude and the spontaneous polarization of ferroelectrics in this range. These reference

experiments and various error sources in SHG are discussed in the Supplementary Material. All

our tests confirm thatE(2ω) in YMnO3 is scaling exclusively withPs up to at least 1400 K.

Figure 1b shows the temperature dependence of the SHG amplitude of YMnO3 up to 1400 K.

Dilatometric measurements on the sample reveal a transition temperature of(1266± 5) K. The

SHG amplitude shows a gradual and continuous decrease towards this value. FittingPs ∝ (TC−

T)βPs above 600 K reveals a transition atTC = (1259±24) K andβPs = 2.04±0.12. This temper-

ature dependence is strikingly different from that extrapolated from other measurements10,16, and

there is no sign of any secondary anomaly.

In order to understand the emergence of ferroelectricity on a local scale, we then applied

piezoresponse force microscopy (PFM). Figure 2 shows the ferroelectric domain pattern at room-

temperaturebeforeandafter heating the sample to 1230 K (. TC) and 1270 K (& TC). After the

cycle through 1230 K the observed changes are minimal even though the spontaneous polarization

Ps drops to 0.7% according to the fit in Fig. 1b. In contrast, after the cycle through 1270 K, the

pattern and the size of the domains7 are completely different. The similarity of Figs. 2a and 2b

hence reveals that the distribution of ferroelectric domains is predetermined by some primary order

parameter that is already large at 1230 K. Here, the trimerization order parameter(Q,Φ) is a likely

candidate.
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We therefore scrutinize the temperature dependence ofQ andΦ and their the relation toPs

by Monte-Carlo (MC) simulations. For this, we consider a discrete six-state clock model26 on a

three-dimensional hexagonal lattice as in Ref. 27. This model is derived directly from the general

expression for the free energy of the hexagonal manganite series used in Landau theory22,23. It

represents the strong-coupling limit of a continuous XY model in which the coupling betweenQ

andPs generates theZ6 anisotropy terms that allow us to introduce the six-state clock model23. The

clock variablesj = eiφ j is associated to the trimerization states (φ j = n j ·60◦ with n j = 0,1, . . .5).

The secondary variablep j = cos(3φ j) represents the electric polarization so thatp j =±1 becomes

an Ising-like variable at each lattice sitej. As customary in MC simulations, the macroscopic

quantitiesQ andPs are obtained from the statistical average of the microscopic variablessj andp j

respectively. Details on the relation between the “physical” XY model for the hexagonalRMnO3

system and the clock model and on the technical aspects of the Monte-Carlo simulations are given

in Methods.

The resulting temperature dependencies are shown in Fig. 3. The computed polarizationPs

bears an extraordinary resemblance to the measured data (see Fig. 2), and in fact is described by

the same critical exponentβPs = 2.00± 0.02. In contrast,Q shows a steep increase belowTC.

This is well described by the critical exponentβQ = 0.348as in the XY universality class, which

confirms the emergent continuousU(1) symmetry of our model. The six-fold anisotropy becomes

relevant away fromTC and eventually establishes the discreteZ6 symmetry. We thus investigate

the “discreteness parameter”Φ6 = 〈cos(6φ)〉, which becomes different from 0 when the average

phaseφ is distributed in a discrete fashion. As we see in Fig. 3,Φ6 reveals that the emergentU(1)
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symmetry is effectively preserved only within the intervalT∗C . T ≤ TC.

The role ofT∗C is further highlighted by Fig. 4, which shows MC snapshots of non-thermalized

distributions of the six clock states and the associated projection onto two polarization states. At

T > T∗C , polarization domains are not yet visible, which is in agreement with theΦ6 behaviour in

Fig. 3. We note, however, a non-random distribution ofφ j as soon asT < TC. This is quantified by

the local valueq je
iφ j obtained by averaging locally across a small number of sites in the MC lattice

(see Methods). We see thatφ j varies continuously throughout the sample and, in particular, around

vortex cores that are already visible without domains. In contrast, atT < T∗C the familiar domain

pattern with six domain states of either polarization and discrete values ofφ j has been established.

Note that the continuous distribution ofφ j atT∗C . T . TC predetermines the ferroelectric domain

structure belowT∗C and preserves it in heating cycles close to (but always below)TC. This was

verified in a MC heating cycle and explains the similarity of the domain structures in Figs. 2a and

2b.

The MC simulations thus provide additional insight into the local nature of the trimerization

transition. Continuous vortices with smooth variations of the trimerization angleΦ are topologi-

cally created when going belowTC. At T∗C they evolve into discrete vortices of ferroelectric do-

mains upon further cooling7. Since topology rather than electrostatics determines their formation,

their distribution is isotropic and statistical, and they turn out to be quite immobile (see Figs. 2 and

4). The emergence of the ferroelectric domains is predestinated by the continuous vortices. For

example, the vortex section with−30◦ < φ j < 30◦ at high temperature will preferentially convert
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into the ferroelectric domain state withφ j = 0 at low temperature, as Fig. 4 indicates22.

Importantly, the MC simulation offers a natural explanation for the two-phase-transition con-

troversy in the literature and the large spread in values reported forTC. As can be seen in Fig. 3,

criticality in our system is displayed differently byQ andΦ. WhereasQ emerges right atTC, Φ

locks into discrete values in a range centered aroundT∗C < TC. This is a finite-size scaling effect

related to the universality class of the six-state clock model28. It is associated to the length scale

ξΦ ∼ |T−TC|−νΦ diverging faster than the length scaleξQ∼ |T−TC|−νQ (νΦ/νQ > 1). In order to

recognize long-range order forQ andΦ and separate it from mere statistical fluctuations of these

parameters we thus require the temperaturesT∗C andTC, respectively, for a system of finite sizeL

with T∗C approachingTC for L→ ∞. Thus,T∗C is caused by a finite-size effect. This isnot a conse-

quence of sample inhomogeneity, however: Even in perfectly homogeneous YMnO3 samples the

perception of the long-range order in an experiment is determined by the coherence lengthL of the

technique that is employed to probe the system and, furthermore, on the explicit dependence of the

experimental observable onQ andΦ. Even though the actual phase transition temperature isTC,

an experimental probe may therefore simulate an apparent secondary transition atT∗C . The only

real phase transition temperature, however, isTC. The actual order parameter of the ferroelectric

state,Ps, only shows a single transition atTC in the MC simulations. This is mirrored by the SHG

measurement because SHG probesPs directly. In additionPs and, hence, SHG are only weakly

dependent onL (see Supplementary Fig. S2) and thus largely insensitive to the finite-size scaling

effects a more indirect probing technique would suffer from.
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This perfectly explains the long-standing “two-phase-transition controversy” and the appar-

ent discrepancy between, for example, neutron diffraction experiments and the present results.

Specifically, the concomitant loss of long-range structural coherence aboveT∗C is not easily cap-

tured by reciprocal space diffraction. This meso-scale disorder does not hamper the SHG measure-

ments and, as mentioned, the system size dependence of SHG is very weak.

In summary, the interplay of electric polarization, topological trimerization and temperature

was resolved for the multiferroic ferroelectric YMnO3. SHG couples directly to the spontaneous

polarization and reveals its emergence atTC = 1259K, i.e., in a single transition along with the

unit-cell-trimerizing lattice distortion. PFM and MC simulations reveal an isotropic network of

trimerization vortices around which, sufficiently close toTC, the trimerization phase varies in a

continuous fashion. The temperatureT∗C < TC around which the lock-in of the trimerization into

discrete polarization states becomes observable depends on the coherence length of the experi-

mental probe that is applied. This explains claims of a “second transition”. The distribution of the

six trimerization states and the corresponding ferroelectric domains is seeded by the network of

continuous vortices nearTC. Their distribution is determined by topology rather than electrostatics

which explains the isotropic distribution of the ferroelectric domains in this anisotropic crystal and

the presence of unfavorable ferroelectric domain walls perpendicular to the polarization and with

highly anisotropic conductance.

Our work thus explains some of the most puzzling aspects of ferroelectricity in the hexag-

onal manganites, and five decades of contradictory results are resolved into a coherent overall
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picture of dielectric long-range order in this system. This will prove indispensable in the con-

tinuing exploration of magneto-dielectric functionalities in this archetypal class of multiferroics

with independent magnetic and ferroelectric order. It furthermore highlights that improper ferro-

electrics are an inherent source of novel functionalities. If properties other than the dielectric ones

determine the manifestation of ferroelectric order, domain configurations normally avoided may

occur and entail exotic behavior within the domains and at the domain walls, like in the hexagonal

RMnO3 compounds.
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Methods

Samples and setup: The entire hexagonalRMnO3 series (R = Sc, Y, In, Dy - Lu) displays

trimerization-driven ferroelectric order with the radius of theR ions correlating to the Curie temperature29
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(the magnetic difference between the rare-earth and transition-metal ions manifests in the magnetic

properties below the Ńeel temperature of∼ 100K only). We therefore chose the most intensely in-

vestigated compound, YMnO3, as our reference compound for the series. YMnO3 single-crystals

grown by the floating-zone technique were cut and polished into platelets with in-plane orientation

of the spontaneous polarization and a thickness from 30 to 90µm. For temperature control the

sample is placed either in a cryostat or a split-tube furnace. This allowed us to cover the entire

range in two uninterrupted scans from 100 K to 400 K and from 400 K to 1400 K. The furnace

is purged with N2 in order to promote chemical self-poling30 which brings the sample close to a

single-domain polarization state as we verified in PFM scans. This minimizes destructive inter-

ference of SHG contributions from opposite domain states31 and thus maximizes the SHG yield.

Manganites are known to for their sensitivity to stoichiometry, and the resulting fluctuations of the

valence state could affect the phase transition investigated in our work. Here, thermogravimetric

studies17 have shown that YMnO3 can only accomodate a small oxygen deficiency of delta=0.037

at 1473 K. In line with this, our high-temperature x-ray diffraction studies in N2 and O2 across the

ferroelectric transition of YMnO3 and HoMnO3 did not reveal differences in crystal structure or

the manganese valence state.18

For SHG we used 120-fs laser pulses of∼ 150 µJ emitted at 1 kHz repetition rate from a

frequency-tunable fs-laser system. As detailed in Ref. 3, the frequency-doubled light was gener-

ated in transmission via the susceptibilitiesχzzz, χzxx, andχxxz. As SHG photon energy we chose

1.96 eV, where the SHG susceptibilities are reasonably large3 and black-body radiation from the

heated sample is negligible.
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PFM was carried out as detailed in Ref. 34. Here chemical self poling had to be avoided so

that annealing experiments were were performed under O2 atmosphere. Annealing to temperatures

above∼ 1000K induced a surface reconstruction with a rms roughness of typically 5 nm. We thus

polished the samples after completion of the annealing cycle in order to re-establish proper PFM

imaging conditions.

Monte-Carlo (MC) simulations:

Our model is based on the general expression for the free energy of the hexagonalRMnO3

series obtained from group theoretical considerations21–23 and confirmed by DFT.22 More specifi-

cally, DFT reveals that theK3 mode nearly displays a continuousU(1) symmetry (see Ref. 22 for

the specific case of YMnO3, although the same holds for the rest of the family). Thus, one can

initially consider the XY model

H =−J ∑
〈i, j〉

cos
(
φi−φ j

)
, (1)

where complex variablessj = eiφ j are associated to the localK3 distortions. At this level, the

angleφ j can take any value between0 and 2π at each sitej = 1. . .L3 of the lattice of lateral

extensionL. However, DFT also shows that the coupling between theK3 mode and the polarization

(Γ−2 ) plays a crucial role, as it eventually generates a strongZ6 anisotropy in theK3 sector that

determines the actual trimerized states that are realized experimentally. In terms of the XY model

this coupling readsHint = −g∑ j p j cos(3φ j), wherep j is the (local) polarization. We make use

of these DFT results for YMnO3 and restrict the angleφ j to φ j = n j · 60◦ (0≤ n j ≤ 5) in our

MC simulations. Effectively, we thus introduce a six-state clock model. We formally integrate
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the electric polarization and consider the “strong coupling limit” revealed by DFT. The electric

polarization then becomes an Ising-like variable:p j ∝ cos(3φ j) =±1.

The MC simulations were performed by application of a hybrid algorithm combining a paral-

lelized implementation of the standard Metropolis algorithm32 and an adapted version of the Wolff

cluster algorithm33. As customary in MC simulations, the macroscopic order parameter is obtained

asQ = 〈|q|〉 = 〈|qeiφ |〉, where〈. . .〉 denotes the statistical MC average andqeiφ ≡ L−3∑ j sj . The

electric polarization is derived from the MC simulation asPs = 〈|p|〉 wherep= L−3∑ j p j with the

Ising variablep j = cos(3φ j). Thus, the six clock states are projected onto two polarization states.

For determining the temperature dependence ofPs, Q andΦ6 we used a lattice withL3 cells

(with L as given in the figure captions). The relative temperatureT/TC was increased in steps of

0.033. At each temperature step multiple MC sweeps through the full lattice were performed. The

initial sweeps were discarded to ensure thermal equilibration. ThenQ, Ps andΦ6 were derived as

an average across the remaining MC sweeps.

Domain images were simulated by a non-equilibrium temperature run on the three-dimensional

lattice. For this calculation, the temperature was decreased fromT = 1.2·TC in steps of6.8·10−4,

performing a single MC sweep at each step. The local phaseφ j was calculated as averageq je
iφ j ≡

`−3∑`3

j=1sj across a small small cube of extension`¿ L. Here we chosè = 5 andL = 256. All

the MC-simulated domain images show a cross-section in the basal plane.
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Figure 1 Direct probing of the spontaneous polarization by optical SHG. a , Fer-

roelectric order in hexagonal YMnO3. The side and top views of the unit cell show the

distribution of tilted MnO5 bipyramids in the unit cell. The MnO5 tilts can be parametrized

as η1cos(q · r) + η2sin(q · r), where q = (1/3,1/3,0) is the trimerization wavevector and

(η1,η2)≡ (QcosΦ,QsinΦ) the corresponding order parameter. Exemplarily, we show the

associated displacement for one of the three bipyramids constituting the tilt. b, Tempera-

ture dependence of the SHG amplitude from the x-face of an YMnO3 single crystal (data

points) and power-law fit (red solid line) applied to the range above 600 K. Corroborated

by the inset, the fit (red line) reveals a single transition at TC = (1259±24) K with no fur-

ther phase transition or discontinuities and a critical exponent βPs = 2.04±0.12. Integrated

pyrocurrent measurments (blue line) confirm the proportionality between the SHG ampli-

tude and the spontaneous polarization. For comparison, all SHG datasets were scaled

with respect to Ps. Data in the inset above 1150 K are not shown because they begin to

scatter into the negative range so that P0.5
s can be no longer derived.

Figure 2 Effect of annealing on the ferroelectric domain structure. a , Room-tem-

perature PFM scan of a region on the x-face of the YMnO3 sample from Fig. 1. b, Room-

temperature PFM scans of the same region after annealing to 1230 K close below TC.

The annealing has almost no effect on the domain pattern. c, Room-temperature PFM

scans of the same region after annealing to 1270 K close above TC. The domain pattern

has changed completely. The higher density of the domains is related to the lower cooling

rate during the annealing cycle7.
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Figure 3 MC simulation of the ferroelectric phase transition in YMnO 3. Temperature

dependence of the spontaneous polarization Ps in comparison to the MnO5 tilt parameter

Q and the discreteness parameter Φ6. The data were derived by a three-dimensional MC

simulation of the six-state clock model for a lattice with L = 64 (Q and Ps) and L = 16 (Φ6)

as described in Methods. Lines show fits to the MC data.

Figure 4 Emergence of ferroelectric domains in YMnO 3. a, Spatial distribution of the

six YMnO3 clock states at T/TC = 0.9 derived by a non-equilibrium MC simulation as in

Fig. 3. b, Spatial distribution of the two polarization domain states calculated as projection

from (a). c, Angular distribution of the local average value φ j of the azimuthal MnO5 tilt

across the sample. d – f, Like (a-c), but at T/TC = 0.1. The distribution at T/TC = 0.9

is dominated by vortex cores with a continuous variation of φ j around them whereas

domains are absent and Ps≈ 0. Towards T/TC = 0.1 this structure evolves into the familiar

vortex-like ferroelectric domain pattern of YMnO3.
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1 High-temperature SHG measurements on ferroelectrics

SHG has never been used for probing ferroelectric order at temperatures as high as 1400 K. At

first, we therefore verified the relation between the SHG amplitude and the spontaneous polariza-

tion Ps on LiNbO3, an archetypal ferroelectric with a Curie temperatureTC = 1403K1. For this

intensely investigated ferroelectric it is well established that the spontaneous polarizationPs fol-

lows the classical relationPs ∝ (TC−T)0.5 obtained from Landau theory2. Figure S1 shows the

temperature dependence of the SHG amplitude on a bulk single crystal of LiNbO3 in comparison

to this scaling law. The agreement is excellent, including the valueTC = (1404±1) K. In this ref-

erence ferroelectricE(2ω) is thus scaling exclusively withPs across the entire temperature range.

There is no “unspecific” decrease of the nonlinear conversion efficiency with temperature.
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2 High-temperature SHG measurements on hexagonal YMnO3

A variety of tests and reference measurements accompanied the determination of the temperature

dependence of the spontaneous polarization of YMnO3 by SHG.

• Figure 1a in the main text shows the SHG amplitude|E(2ω)| for YMnO3 in comparison to

the spontaneous polarization obtained by an integrated pyrocurrent measurement. The ex-

periment ranges from 100 K, below which SHG from the antiferromagnetic order interferes

with the ferroelectric signal3, to 400 K, above which the conductivity of the sample impedes

pyrocurrent measurements. This range is large enough to reveal the correspondence between

|E(2ω)| andPs, in contrast to a scaling with other order parameters such asQ, which would

in addition be incompatible with symmetry.

• Repeated SHG-versus-temperature scans did not reveal any drifts as they might be caused

by accumulating chemical or structural changes in the high-temperature environment.

• The temperature dependence of the linear transmission was taken into account by normaliz-

ing the SHG intensity accordingly.

• The frequency-tripled signal (3ω) is allowed at all temperatures without any order-parameter

dependence. Up to 1400 K, we observed no decrease of the normalized THG intensity with

temperature.
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All these auxiliary experiments confirm that, in agreement with the reference measurement

in Fig. S1, there is no “unspecific” decrease of nonlinear conversion efficiency with temperature.

The SHG amplitude in Fig. 1b in the main text gives an accurate account of the spontaneous

polarization in YMnO3 up to 1400 K.

3 Error sources in SHG

Domain walls may lead to systematic errors in the relation between the SHG amplitude and the

spontaneous polarization. Because of their lower symmetry the ferroelectric domain walls might

lead to additional contributions to the SHG yield. In spatially resolved SHG experiments at room

temperature, however, such contributions were not detected. Likewise, we excluded that shifts of

the domain distribution with temperature affect the SHG yield. First, the PFM scans in Fig. 2

show that even very close toTC the domains, respectively the underlying trimerization vortices,

do not visibly move. Second, self-poling towards a single-domain state as mentioned in Methods

suppresses the effect of destructive interference of SHG contributions from opposite domains in

the first place.

Aside from domain walls, the reduced symmetry at the sample surface can lead to a SHG

background signal not coupling to the spontaneous polarization4. Such contributions would be

equally present above and belowTC. Their contribution is negligible according to the SHG data in

Fig. 1b.

On the other hand, the sensitivity of SHG is limited when it comes to non-polar phase
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transitions. Violation of inversion symmetry is required for obtaining the leading-order electric

dipole contribution to SHG4,5. In the non-polar phase higher-order magnetic-dipole or electric-

quadrupole contributions are allowed but, according to the absence of a SHG signal aboveTC, to

weak to be detected. Thus, any non-polar phase transitions that might occurabovethe trimer-

ization temperature are not resolved by our SHG experiments. Likewise, isosymmetric phase

transitions belowTC would not lead to new polarization components in the SHG signal. Yet prob-

ably, the intensity of the already existing components are changed by such a transformation so that

an isosymmetric phase transitions would be resolved by SHG after all. No such transition was

detected, however.

4 Coherence length in the SHG measurements

A main result of this work is that the perception of long-range order theRMnO3 system depends

crucially on the coherence length of the experimental technique that is employed to probe the

system. As explained in the main text, this isnot a consequence of sample inhomogeneity (like

nano-clustering or a relaxor-like structure) but of the amount of sample volume that is required

to recognize long-range order. In this respect, SHG offers two advantages. First, the SHG wave

couples linearly to the spontaneous polarization of the hexagonalRMnO3 compounds. As Fig. S2

shows, the system size dependence of the spontaneous polarization is very weak compared to

that of, e.g.,Φ6 = 〈cos(6φ)〉. Second, SHG has a relatively large coherence length in the order

of 10 µm which is determined by the interference of the homogeneous and the inhomogeneous

solution of the wave equation at the doubled frequency5. These two criteria explain why finite-size
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effects in the SHG experiment are negligible.

Care has to be taken that the sample is homogeneous throughout the volume coherently

probed by SHG (as by any other technique; see the discussion on the neutron diffraction data in

the main text). Homogeneity is perturbed by domain formation. Because of this we worked with

samples close to a single-domain polarization state and suppressed domain wall movements as

described above.
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Figure 1 Relation between SHG and ferroelectric polarization at high tempera-

ture. Temperature dependence of the SHG amplitude from a LiNbO3 single crystal in

comparison to the expected scaling of the spontaneous polarization2 Ps ∝ (TC−T)0.5. The

excellent match shows that the SHG amplitude is scaling solely with the spontaneous

polarization.

Figure 2 Comparison of finite-size effects. MC-simulated temperature dependence

of the discreteness parameter Φ6 and of the spontaneous polarizetion Ps. Systems of

two different sizes, L = 8 and L = 24, are compared, where L can be associated to the

coherence length of the experimental technique used for probing the system. Φ6 shows a

pronounced dependence on the system size L and reveals its strongest changes around

T∗/TC = 0.8 (L = 24) and T∗/TC = 0.6 (L = 8). In contrast, Ps and the associated SHG

amplitude are almost independent of L and reveal the actual phase transition temperature

at T/TC = 1.
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