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ABSTRACT i

Abstract

Some theory of real and stochastic analysis in order to introduce the Path Integration
method in terms of stochastic operators. A theorem presenting sufficient conditions
for convergence of the Path Integration method is then presented. The solution of
a stochastic Lotka-Volterra model of a prey-predator relationship is then discussed,
with and without the predator being harvested. And finally, an adaptive algorithm
designed to solve the stochastic Lotka-Volterra model well, is presented.
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Notation
e N: The set of all non-negative integers
e 7: The set of all integers

e (Q: The set of all rational numbers

R: The set of all real numbers

e C: The set of all complex numbers

R*: The set of all non-negative real numbers

R": the Cartesian product R x R x --- x R

n times
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Chapter 1

Preliminaries

1.1 Basic real analysis and probability theory

In this section, we shall review some of the basis concepts of real analysis, that will
be used later in defining and deriving other concepts.
We start by first defining o-algebra.

Definition 1.1. Let X be a set, and denote by P(X) the power set of X. Then
A C X is called g-algebra, if it satisfies the following conditions.

e A is non-empty
e if Ac A, then A° € A, where A¢ denotes the complement of A in X.
o if the sets Ay, As,... arein A, then |J, 4; € A

A probability space is a triplet (2, A, P), sometimes denoted simply by €2, where
Q) is a set, A is a g-algebra of subsets of {2, and P is a probability measure on A.

Definition 1.2. A real-valued function P : A — [0, 1] is a probability measure on
A of the triplet (2, A, P) if the following conditions are satisfied

e P(0)=0
e P()=1

e If {E;} is a countable collection of pairwise disjoint sets in .4, then
P (U E) => P(E)

For all practical purposes for this thesis, the set {2 will be R™ for some n € N,
and the o-algebra we use will be M(R"), the collection of all subsets of R™ that
satisfies the Carathéodory criterion.

Definition 1.3. A set £ C R" is said to satisfy the Carathéodory criterion if
N(W) =X (WNE)+X(WnNE° (1.1)

for all subets W of R", where \* is the Lebesgue outer measure.

1
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Let ¢; < d; for i« = 1,2,...,n be a collection of pairs of real numbers, and
define an open box in R™ as the set I,, = f(c1,dy, ..., cn,dy) ={z €ER" : ¢; < 1; <
d;, for i = 1,...,n}, and define the volume of the open box as V(I,,) = [ [\, (d; — ),
then the Lebesgue outer measure on R” is defined as:

Definition 1.4. For each subset A C R™ the Lebesgue outer measure of A, denoted
by A*(A), is defined by

mf{ZV (I1) : {V,'}; open boxes, UW DA}

Said in another way, the Lebesgue outer measure of a subset A of R" is the
volume of the smallest covering of open boxes of A.

Theorem 1.5. M is a o-algebra and M(R™) D B(R"™), where B(R™) is the Borel

set, the smallest o-algebra containing all open sets in R"

Denote by (R", M(R™), A) or simply R™ the basic measure space. Here, A is the
Lebesgue measure, which is simply the Lebesgue outer measure restricted to M(R").
A function f : R"™ — R is said to be Lebesgue-measurable if f~1(S) € M(R") for
all S € B(R).

Definition 1.6. A Lebesgue-measurable function f : R™ — R is said to be of class

et (1/p)
1= | [ rad <o 12)

for p € [1,00) and of class L>°(R") if it is bounded almost everywhere, that is:

[flloe = nf{C" >0 p({|f] > C}) = 0}} < o0 (1.3)

where y is the Lebesgue-measure. The families of functions LY (R"), p € [1, 00| are
normed spaces with norms || - ||,.

In the case of L*(R™), the space has an inner product that induces the norm on
(1
LP(R™) defined by| fll, = [ fy | £7 da] "

Definition 1.7. L*(R") is an inner product space with inner product

(fr9)=[ fgda (1.4)

R

We also mention the very useful Cauchy-Schwartz inequality for this inner product
space

Theorem 1.8. For any pair of functions f,g € L*(R™), the following inequality
holds

Lol < (1 f2llgll2
This inequality is valid for any inner product space, and thus in particular for
L*(R™).
We also introduce the C'* space
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Definition 1.9. A function f : R® — R is said to be of class C*(R") for some
a € N if its partial derivates
of -
here | = l;
@)1 (Da) . (D)l e 2

exists, is continuous and is bounded for all 0 < [; < n such that [ < a.

We now turn our attention more to stochastic analysis and define the stochastic
variable and the Markov chain.

We define the filtered probability space (€2, F,F;, P), where Q is a set F is a
o-algebra of (2, while F; is an increasing family of sub-o-algebras with the properties
F; C F for all t € [0,00) and in addition satisfies for all ¢t € [0,00): F, C F; for all
s € [0,t]. P is as before a probability measure satisfying the basic axioms mentioned
above.

A stochastic variable X is formally a mapping X : (Q, F) — R"™ that is meas-
urable with respect to (Q, F), that is, X 1(S) € F for all S € B(R™). A family
of stochastic variables { X}, is called a stochastic process if it is indexed by either
t € [0,00) or t € N. The stochastic process is adapted to the filtration F; if X, is
measurable with respect to (€2, ;) for all ¢ € [0, 00). Next, we define what it means
for a stochastic variable to have a probability density.

Definition 1.10. A stochastic variable X is said to have a probability density if
there exists a function dx : R™ — R such that for all S € B(R") we have

PlweQ: X(w) € S}) = /SdX(x) dz. (1.5)

One very important density, which will also be important for the derivation of
Path Integration is the Gaussian density

Definition 1.11. A random variable X : (2, F) — R” is said to be Gaussian or
Normal if there exists a vector u € R™ and a symmetric positive-definite n x n matrix
>’ such that

1x(0) = s o (30— WS - ). (16)

where |X| is the determinant of 3.

Definition 1.12. The expectation operator E applied on a stochastic variable X is
defined as

BIX] = /QX dp (1.7)

When X has a probability density dyx, the expected value takes on the more
familiar form

BIX] = / () du.

A mapped stochastic variable f(X) has an expected value defined as

E[f(X)] = [ f@x()d. (1)
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The concept of Markov processes will be very important for this thesis, as it will
turn out that the numerical approach we will use to derive Path Integration results
in a Markov process.

Definition 1.13. A stochastic process is called a Markov process if for times 0 <
b <ty <--- <ty <tni < oo with corresponding spatial points x1,xs, ..., T, €
R™ we have the the equality

P(Xy,.., € S|Xy, =i -NXy, = 2p) = P(Xy,,, € S|Xy,, = 2m), for all S € B(R").
(1.9)

In a similar manner, we call the stochastic process X; a Markov chain if the same
property holds, but for non-negative integer times.

Definition 1.14. Let X; be a Markov Process. Define the measure K(S,z',t, 1)
with ¢ > t by

K(S,Z’,t/,t) = P(Xt/ € S|Xt = 33) (110)

We call K(S,z,t',t) the transition measure of X;. In addition, if there exists a
function k(y,z,t',t) such that

K(S,x,t' t) = /k(y,x,t',t) dy, for all S € B(R"), (1.11)
s

then we call k(y,x,t',t) the transition kernel of X;.

Sometimes the transition kernel will not depend explicitly on the times ¢ and ¢’,
but rather, on At = ¢ —¢. In this case we call the transition kernel time-invariant,
which is defined more precisely below

Definition 1.15. If the transition kernel is time-invariant, that is
k(y,z,t',t) = k(y,z,t' + h,t + h), for all h € [0, 0). (1.12)

We say that the Markov process is time-homogeneous and write k(y,z,t’ —t) =
k(y,x,t',t).

One important consequence of a Markov process being time-homogeneous, is that
Chapman-Kolmogorov equation is valid for the transition kernel of these processes.
We mention this equation briefly, as it will be used later

Theorem 1.16. (Chapman-Kolmogorov Equation): The transition kernel of a time-
homogeneous Markov process satisfies

k(y,z,t +t) = / k(y,z, t)k(z,z,t") dz, for all t,t' > 0. (1.13)

n
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1.2 The stochastic differential equation

The class of SDE that we will consider here is of the type
dXt = Q(Xt,t) dt+b(Xt,t) dm, (]_]_4)

where Y; is an n-dimensional state space vector, and W; is an m-dimensional Lévy-
process, a(Xy, t) : R" x [0,7] — R™ is a vector function and b(X;,t) : R* x [0,T] —
MAT(n,m) is a matrix function. A Lévy-process is characterized by the following
properties

e Wy =0, almost surely

e 1V, has independent increments
e IV, has stationary increments

o t — W, is almost surely Cadlag.

The independent increments property means that if 0 < t; < 5 < t3 < oo, then
W, — W, and W, — W,, are independent. The stationary increments property
means that for t > s, W, — W, distributed as W;_s. The Cadlag property means
that for any 0 < t < oo, the limit lim,_,,- W, exists, and lim,_,;+ W, = W, almost
surely.

A lévy process is quite general, and has been studied quite extensively for use
with Numerical Path Integration in (Kleppe). In this thesis however, a specific Lévy
process will be used, namely the Wiener process, which is perhaps better know under
the name Brownian motion.

Definition 1.17. A Wiener process B, is characterized by the following properties
e By=0
e [3, is, almost surely, continuous
e B, has independent increments with B, — By ~ N(0,t —s) : 0 <s <t

For the purposes of this thesis, B; always denotes a Wiener process.
We shall throughout this report, interpret equation (1.14) as a symbolic way of
representing the integral equation

t
Xt:Xt/+/a(Xt,t)dt+b(Xt,t)th (1.15)
t/

where the last integral is an [to Stochastic Integral, which is explained in the next
section. Furthermore, we shall sometimes, for typographical reasons write a(y) and
b(y) instead of a(y, t) and b(y, t), but all the below results are still valid for functions
a and b depending explicitly on time.

The term a(Xy,t) is often referred to the deterministic term, and b( X, t) is often
referred to the diffusion term. One way to explain this, is by observing that in
the absence of the term b(Xy,t), the solution X; would have a purely deterministic
behavior, and in the absence of the term a(Xy,t), X; — Xy would be a pure white-
noise process.
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1.3 Ito6 Calculus

On a probability space (€2, A, P), let {A;,t > 0} be an increasing family of sub-o-
algebras of A. Let W; be a Brownian motion process such that W, is A;-measurable
with

E(Wi|Ap) = 0, and E(W; — W|A,) =

Denote by £2 the set of functions f : Q x [0,7] — R that satisfies
e F'is jointly £ x A-measurable
3 fo ) dt < o0
o E.(f(x,t)*) <ocoforall 0 <t <T
e g(z) = f(x,t) is A;-measurable for all 0 <t < T.

Let S2 denote the subset of all step functions in £2, then it can be proved that S2
is dense in £2 under the norm

||f||2T—\// f(z,t)2dt,

that is, any function in £2 can be approximated arbitrarily well by a sequence of
step functions in SZ. Let 0 =ty < t; < --- < t,_1 < t, =T be a partition of [0, 7],
and let the corresponding step function that converges to f be represented by the
random variable f;(x) at time ¢; for 0 < j < n, then the It6 stochastic integral of f
is defined as

| res aw = i 3 )W (@) = W )

The Ito stochastic integral has a couple of useful properties, which will be listed here,
but not proved. Supposing that the above conditions are satisfied and f,g € L2,
and «, f € R then

T
/ f(z,s) AW, is Ap-measurable,
0

E(/Tf(a:,s)dWS):O
[(/ (@, s) dW)] /E(f(x,s)2)dt

/af(xs)+ﬂg(a:s)dw_a/fa;sdw+5/ x,s) AW,

0

E |:</ f(x,s)dWs> |At0:| = O, for 0 S t() S t S T
to

Zi(x) = / f(z,s) dW; has an, almost surely, continuous stochastic path
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We shall, throughout this report, assume that these conditions are true, so that the
above properties can be used.

Another interesting application of the It stochastic integral answers the ques-
tion; if X; is governed by the equation

t t
Xt:Xt0+/ ad$+/ des
to to

and if Y; = U(Xy,t) is a transformation of X; can we say something about the

behavior of Y;? It turns out that, if U has continuous partial derivatives %—g, %—g,

2
and 27[2], then

POU(X,,s)  OU(X,,s) 1,,0°U(X,,s) L OU(X, s)
Y;—}/t()‘i‘/t ot +a aXS +§b a—)(gdS‘i‘/tba—X,des

In [1], this is called The Ité Formula.

0 0

1.4 Existence and uniqueness of solution

The following theorem, which will be stated without proof, gives sufficient conditions
for existence and uniqueness of a solution of a SDE.

Theorem 1.18. Suppose that the functions a,b : R™ X [tg,T] — R"™ satisfies the
following conditions

e a(xz,t) and b(z,t) are jointly L*-measurable in (z,t) € R™ X [to, T
o There exists a constant K > 0 such that
la(z, t) — aly, )| < Klz =yl
16(z, 1) = by, D < K|z = y]|
for allt € [ty,T] and x,y € R"

o There exists a constant D > 0 such that
la(z, t)[|* < D*(1 + [|z]|*)
1b(z, )]|* < D*(1 + [|]|?)

and in addition, the random variable X, is Ay, -measurable with E(||X,,]|) < oo,
then the stochastic differential equation

dXt = G(Xt, t) dt ‘I— b(Xt7 t) th
has a pathwise unique solution X; on [ty, T'| with

sup B(|| X||*) < oo
to<t<T

The second and third requirement puts severe restrictions on the functions a
and b, but in many cases the solution will with a high probability be contained in
some bounded closed subset of R™. If that is the case, then if ¢ and b are bounded
continuous functions with bounded derivatives on this compact subset, then a and
b satisfies all the requirements. We shall throughout this thesis assume that a and
b are sufficiently regular, such that an unique solution to the SDE exists.
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1.5 The Kahan Summation Algorithm

In exact arithmetic, calculating a sum

S=>a (1.16)

=1

is a straightforward process. When calculating the sum on a computer however,
we can run into problems due to the finite representation of digits on a computer,
and round-off error when adding small numbers to big numbers. This can especially
become a problem when n is a very large integer, where we can end up with very big
relative round-off errors. This section assumes some knowledge of the finite precision
and round-off error in computer arithmetics.

The naive way to add up a large sum on a computer, can be given by the
algorithm

Input: {aj,as,...,a,}

Output: S, the sum of the inputs.

S:=0
foreach i € {1,2,... n} do
S+ S+ a;
end
Algorithm 1: Naive summation algorithm
If S is the sum of the terms {ag,a,...,a,} calculated on a computer, it can be

shown [2] that the relative error of summation is bounded by

S yad [0 Dlaa] + S0~ + Dlas]
|Z?:1 ai|  — |Z?:1 ai

(1.17)

where € is the machine epsilon, that is, the upper bound for the relative round-off
error for the data type the terms {ay,...,a,} are stored in. For a double precision
number, the machine epsilon is approximately 107!6. Thus the relative error is in
the class of O(en), and in the worst case scenario, the relative round-off error grows
linearly with n.

Round off-error is not something that we can prevent on a computer, we can,
however, employ a balancing strategy which severely reduces the round-off error. If
we define t = S + a;, then ¢ = (t — S) — q; is always zero, in exact arithmetics. In
computer arithmetics, however, t—S only represents the digits of a; that was not cut
off by round-off, in short, it recovers the high-order parts of a;. When subtracting
a; from (t — 5), we obtain the low-order part of a;, that is, the rounding error we
obtained by adding a; to S, up to rounding error. Balancing this round-off error, by
subtracting ¢ from the next term a;y; to be added to the sum, should thus provide
better results.

The Kahan summation algorithm is given as follow
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Input: {aj,as,...,a,}
Output: S, the sum of the inputs.

S:=0
c:=10
foreach i € {1,2,... n} do
Yy a; —c
t+— S+vy
c—(t—=98)—y
St
end

Algorithm 2: The Kahan summation algorithm
It can be shown that for the result of using the Kahan summation algorithm, the
following is valid

S — 22;1 a;| < [QE—I— O(neZ)} M (1.18)

Lol XL

where (370 |ail)/| Doy ai] is called the condition number of the sum. We see that
here, the relative error is in the class of O(2¢ + ne?), which is a considerable im-
provement over O(ne). The round-off error can be quite bad, also for the Kahan
summation algorithm, if the sum is badly conditioned. That means that the condi-
tion number (3, |ai|)/| Y i, a;] is very large in magnitude. But note that if all the
terms {ay, ..., a,} share the same sign, then the condition number is 1, which is the
lowest possible condition number we can obtain. The Kahan summation algorithm
will work very well in these cases.

This algorithm will be used in some calculations to improve accuracy, when
adding relatively large numbers of positive numbers.
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Chapter 2

Path Integration

2.1 Pathwise numerical approximation of Stochastic
Differential Equations

In this section, as an introduction to Path Integration, we shall look at the most
intuitive and simple method of approximating the path of a SDE. Consider the SDE

dXt = G(Xt, t) dt + b(Xt, t) dBt (21)

Where B is a Brownian motion process as usual, X; is a state vector in R™ and
a,b:R" x [0,7] — R". Or written in its equivalent form

% %
Xt/ = Xt + / a(XT, ’7') dr + / b(XT, 7') dBT (22)
t ¢

We make the simple assumption that a(X,,7) ~ a(X;,t) and b(X,,7) = b(Xy, 1) in

T € [t, 1], thus we get
Xt’ ~ Xt + (Z(Xt, t)At + b(Xt, t)ABt (23)
where At =t —t and AB;, = By — B;. This approximation is known as the Euler
Scheme, as it uses the same idea Euler used to approximate ordinary differential
equations in his time. The Euler Approximation belongs to a more general class of

approximations called Runge-Kutta methods. Where in general, the explicit Runge-
Kutta method takes the form

=1
where

kl = a’(Xt7 t)
k’g = CL(Xt + a271Atk1, t+ CgAt)

ks = a( Xy + as 1 Atky 4 a5 20Atky + - - + a5 51 Atks_1,t + csAl).

where {b;}; and {a;;};; are appropriately chosen sequences of real numbers such
that the methods are consistent and converge. We make the notion of convergence
precise in the next definition.

11
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Definition 2.1. Given the Ordinary Differential Equation

dr = a(x,t)dt

(2.5)
z(0) = xg 2

(2.6)

and some time interval [0, 7], with a corresponding set of times 0 =t < t; < -+ <
tn—1 < t, = T. Denote by x(T') the exact solution of the above ODE at time ¢t = T,
and by xr the approximate solution achieved from the RK-method by iterating over
X = X, + (tng1 — tn) iy bik;, then we say that the RK-method converges at
time T if

lim ||z(T) — zr| = 0. (2.7)

h—0t

where h = max{t,41 — t,}.

Definition 2.2. A convergent RK-method is of order k if we have the relationship
between the exact solution X (7T') at time T, the approximate solution zr at time T
and h = max{t,41 —t,}

n

|2(T) — 22| < Ch* (2.8)

Denote the term > 7, bik; by r(a, X3, t) for short, then by replacing the vector
a(Xy,t) by r(a, At) we obtain a higher order approximation for the deterministic
term,

Xy = Xy +r(a, Xy, t) At 4+ b( Xy, t) AB;. (2.9)

It is also possible to obtain a higher order approximation for the diffusion term
b(X;,t), and we shall also look at a higher order scheme, known as the Milstein
scheme later in this thesis.

It is interesting to know whether an approximation like in equation (2.9) con-
verges, and in what sense. We would at last want the approximate solution to
approximate the expected value and the variance of the exact solution arbitrarily
well as At — 0, as well as any pth moment. A notion of convergence that captures
all of these properties, is the notion of weak convergence, which is given below

Definition 2.3. A pathwise scheme X, approximating the solution of X, of a given
stochastic differential equation at discrete equidistant times 0 <t; < --- <t, =T,
is said to have a weak convergence of order ¢ if there exists a number C), < oo
independent of §t = t;,1 — t; such that

|E[A(Xr)] = E[M(X1)]| < Ch(At)° (2.10)
for all h € 6’123(5“). The subscript P denotes that h has at most polynomial growth.

The author has not been able to find any general hard results on the weak
convergence of the approximation type of equation (2.9), however theory exists and
is well known [1][3] that when r(a, Xy, t) = a(Xy,t), that is, the approximation is an
Euler Scheme, then the following result exists

Theorem 2.4. Suppose that r(a, X, t) = a(Xy,t), and that there exists constants
K, D > 0 such that for allt € [0,T], the following properties holds
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o lla(z,t) —aly, )| < Kz =yl
o [[b(z,t) = bly, V)] < K|z —y]]
o [la(z,0)II* < D*(1+ ||z]*)

1b(z, )] < D*(1+ [|=]|*)
a(Xy,t),b(X, t) € C*
h(z) € C,

Xo has finite 4th moment.

Then there exists a constant C' independent of At such that the approzimation X,
of Xy att =T, given by equation (2.9) satisfies

|E[h(X7)] — E[h(X7)]| < CAt (2.11)

In particular, this means that the method converges weakly of order 1. It seems
reasonable to assume that similar results will also hold, when r(a, X;,t) is a higher
order method

Consider now the stochastic process { X;a:}5°, where (2.9) is the governing equa-
tion, we observe that by conditioning X,a; on its past, and using the independent
increment property of the Wiener-process, we obtain

(X(n+1)At|XnAt = Tn N---N XO = IO)
=2, +r(a,x,,t) + b(x,, ) (ABuad Xonar =z, 0 -+ N Xo = x0)
=, + r(a, T, t) + b(CC, t)ABnAt = (X(n—i-l)At‘XnAt = xn) (212)

Since ABpa; ~ N (0, AtI), then X(,11)a; should similarly also be Gaussian distrib-
uted under certain conditions.

If zero-rows in the n x m matrix b(X;,t) exists, say r < n rows, then rearrange
the state space vector X; and b(Xy,t) such that

bij(Xy,t)=0fori=1,....,rand j=1,...,m

and such that the remaining n — r rows are not zero rows. Then by defining the
diffusion matriz g(z,t) as the matrix product g(x,t) = b(x,t)b(x,t)T, we see that
this matrix takes the form

0 g(z,t)

where 0 represents appropriate O-matrices and g(x, ) is the (n—r)x (n—r) submatrix
corresponding to the product b(x, t)b(z, t)”, where b(x, t) is the (n—r) xm submatrix
of b(z,t) of non-zero rows. For reasons we shall see later, we would like the sub-
matrix g(z,t) to symmetric positive definite, the next lemma provides a nice criterion
for just that.

gl t) = {O 0 ] (2.13)

Lemma 2.5. Suppose that the n X m matriz b(t) has r < n zero-rows, then the
(n—r) x (n—r) sub-matriz §(t) of g(t) as defined in equation (2.13) is symmetric
positive definite if and only if b(t) has rank n —r
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Proof. Let b(t) be defined, as before, as the (n—r) x m sub-matrix of b(t) consisting
of the non-zero rows, then the rows E(t) must be linearly independent, as the rows
remaining r rows of b(t) are zero-rows and the rank of b(t) is n — r, thus the sub-
matrix b(t) also has rank n — r.

g(t) = b(t)b(t)T is positive definite if and only if 27 §(t)z > 0 for all (z # 0) €
R™" this product can be rewritten

2" g(t)z = 2T (b()b(t)")z = (b(t)T2)" (b(t) ") = [1b(t) 13- (2.14)
From the last equality, we can see that x7g(t)z > 0 for all z € R"™" and that
2T §(t)z = 0 if and only if b(t)"x = 0. Now we have already noted that b(t) has rank
n —r so b(t)Tz = 0 if and only if z = 0, thus 27 g(t)x > 0 for all (z # 0) € R*".
§(t) is symmetric as (1) = (H(HHHT)T = HOBHT = 3(¢).
Suppose that §(t) is positive definite, then b(t)Tz = 0 if and only if 2 = 0, which
implies that b(t) has rank n — 7, which in turn implies that b(t) has rank n —r [

Note that it is necessary to have m > n — r for g(t) to be positive definite.

Suppose now that B(t) with r zero-rows has rank n — r, then by looking at
equation (2.12), it is clear that X(,41)a; has a degenerate multivariate Gaussian
distribution with mean value p(z,t,t') = = + r(a,z,t)At and covariance matrix
Y(x, t, ') = b(z, t)(AtDb(x, )T = Atg(x,t), as long as g(wx,t) is symmetric positive
definite, given by:

dX(n+1)At|XnAt a/ t ) L, t H 5 JJ — i — (CL, Li, t)At) ’ JX(n+1)At|XnAt ($/7 t/> €, t)

(2.15)
where § denotes the Dirac delta function and

1
(2rAL)=r2 gz, 1)/

exp Z Z wf — x; —ria, 2, ) A) gz, ) impjr (2 — 25 — 75(a, z, t) At)

i=r+1 j=r+1

7 !yl .
dX(n+l)At|XnAt<x st @, t) =

(2.16)

where [g(z,t)7'];; denotes the element in the ith row and the jth column of the
inverse matrix of g(z,¢). What has been discussed in this section can be nicely
summarized in the following theorem.

Theorem 2.6. The stochastic process {X;at}32, governed by
Xt’ = Xt + T(CL, Xt7 t)At + b(Xt, t)ABt (217)

is a Markov chain with transition kernel k(x', z,t' t) = AX 1yae Xna ('t x,t) as
n (2.15) and transition measure

K(S,2,t',1) = / Ky, 1) dy (2.18)
S

if the n x m matriz b(x,t) with r zero-rows has rank n — r for all values of x and
t>0

This result will be very central in deriving Path Integration.



2.1. PATHWISE NUMERICAL APPROXIMATION OF STOCHASTIC DIFFERENTIAL EQUATIO.

2.1.1 The Milstein Scheme

We shall here briefly discuss the Milstein scheme, which in a certain sense is a higher
order approximation for the diffusion term than the Euler scheme.
The idea of the scheme, starting with the stochastic differential equation

¢ ¢
Xy =Xy + / a(X,,7)dT + / b(X,,7)dB;, (2.19)
t ¢

is to apply Itd’s formula on the mapping X;,— > B(X,t), which gives
t t
Xt/ = Xt + / CL(XT, 7') dr + / [b(Xt, t)
t t
T(O0b(Xs,s) 0B(X,,s) 1 ,0?B(Xy, 5)
s 2) X, g\ Th(X Z2\Ps 0]
+/t ( 95 T b(Xs, s) X + 2(b( 5:5)) 52 ds

+ /t Tb(Xs,s)% dB,]dB, (2.20)

It can be shown, that in a certain sense, in terms of order of convergence, dB; ~
Vdt[4], so applying this logic we have dtdB; ~ (dt)®/?. As the double integral
with dtdB,, heuristically speaking, is the highest order term, we neglect this double
integral, which leaves us with.

t t T
Xy ~ X, —I—/ a(X,,7)dr +/ [b( X, t) + / b(Xs, 3)% dBs]dB, (2.21)
t t t s

By assuming, as before, that the integrands are approximately constant over the

integration interval, then

Ob( Xy, t)
0X;

this is known as the Miller scheme. By replacing a(Xy,t) with a Runge-Kutta ap-

proximation r(a, Xy, t), we get what we shall refer to as the Runge- Kutta-Milstein(RKMI)
approximation, given by

Xo ~ X; 4+ a(Xp, ) At + b(Xs, ) AB; + %b(Xt, ) (AB)? — At), (2.22)

Ob( Xy, t)
0X;
Theorem 2.6 is still valid for the stochastic process that arises from this approx-
imation, however, the transition kernel changes. By conditioning on X;, it can be
shown[5], by observing that the right hand side of (2.23) is simply a quadratic poly-
nomial of the N (0, At)-distributed variable AB;, that the transition kernel is given

by, assuming that the noise only enter through the last dimension

e, — 72§ [

e
24/ 2w At o

Xu & X, + r(a, X, ) A+ b(Xp t)AB, + %b(Xt, ) (AB)? — Ab). (2.23)

k(2 ¢, x,t) H(Sx —x; — r(a, z;, t)At)

(2.24)
c=ap +1rp(a, Tn, )AL — koAt — k2 kg

abnn mny t -

1 Obyy (T, 1)
kQ = §bnn($n,t)a—xn



16 CHAPTER 2. PATH INTEGRATION

This expression is valid if ¢ < 2'n, if it is not, then z(z/, ¢, z,t) = 0.

It can be shown [1][4] that the approximation given in (2.22) converges weakly of
order 1, which is exactly the same as the order of convergence for the Euler scheme,
but with a more complicated expression. So how exactly is the Milstein scheme
better than the Euler scheme? The answer lies in the concept of strong convergence

Definition 2.7. A pathwise scheme X, approximating the solution of X, of a given
stochastic differential equation at discrete equidistant times 0 <ty < --- <t, =T,
is said to have a strong convergence of order « if there exists a number K independent
of At =t;,1 —t; such that

E ( sup | X; — 5{4) < K(At)" (2.25)

t€[0,T]

Strongly, the Euler scheme only converges of order (1/2)[1][4], the Milstein ap-
proximation can be shown to converge of order 1, however, and is better in this
regard.

We shall also explore later in an example, if the solution can be improved with
the RKMI-approximation when b( Xy, t) takes on values close to zero, on the relevant
grid.

2.2 Generalized Cell Mapping

Before deriving Path Integration, we will introduce the technique of Generalized
Cell Mapping (GCM). It builds on the discussion of the previous section, and the
result of theorem 2.6, which states that the approximation given in equation (2.9).

The basic idea is very simple, we divide the state space into a countable number
of cells C;, which are generally boxes, and assign some probability p;(n) for the
system to stay in cell C; at time step n. The governing equation that gives the
probability for the cells at the next time step, is simply the law of total probability

ZP”” "pi(n—1) (2.26)

The transition probabilities Pl(] are generally calculated from the transition
kernel, but the computation can be quite tricky. It is possible, and usual, to ap-
proximate by assigning the probability of cell j to its center ¢; and then use the
transition kernel defined in theorem 2.6, to approximate the transition probability

to cell 7 by

Pi(j"’”_l) ~ /Cp(:c, nAt, z;, (n — 1)At) dx (2.27)
Not surprisingly, the more cells that we divide a bounded subset of R™ into, the more
we expect the approximate distribution of the solution to follow the distribution of
the exact solution of the SDE.
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2.3 Derivation of Path Integration

Now that we have had a brief review of path-wise numerical approximation of the
SDE and the GCM method, we are ready to derive Path Integration.

The basic idea, and the governing equation is similar to the one used in deriving
Generalized Cell Mapping. But instead of first dividing the state space into subsets,
we look at the we look at the approximation in equation (2.9), which is valid for any
value of x € R", and instead use the integral version of the law of total probability

p(a' t') = / p(a’ ' |z, t)p(x, t) da. (2.28)
We shall look at Path Integration in terms of Stochastic Operators. We first define

what we mean by the Path Integration Operator (PIO).

Definition 2.8. The Path Integration Operator is a mapping PI;, : L'(R") —
L'(R™), defined for each probability density ug by

up = Py yug = / k(y, z, ¢, t)ug(x) dz (2.29)

where £ is the transition kernel, given in theorem 2.6.
If transition kernel is time-invariant, we define the Time-Homogeneous Path
Integration Operator as

Uy = PIAtuo/ k(y, x, At)ug(x) dx (2.30)
Typically, we find an approximation for the distribution of the solution at time 7',

by dividing the set [0, T'] into subsets between the points 0 =ty < t; < --- <t, =T,
and iterate

Ut = Pjtiﬂfi—luti—l (231)
Now it should be noted that if the points are equidistant, that is ¢;,1 — t; = At for
alli =0,2,...,n—1, and if the functions a and b in equation (2.9) do not depend on

time explicitly, then the PI-operator becomes time-homogeneous, and in particular,
it means that we only need to calculate the transition kernel once, and can use it
at every iteration. For a SDE not depending explicitly on time, this can be very
useful, and will be explored in later chapters

As it stands, we have said very little about the PI-operator other than stating
what it is. But there are properties the PI-operator is desired to have. For example,
if f is some distribution, we would like the PI-operator to preserve this property.
In particular, the function must be everywhere non-negative, and its norm must be
one.

Definition 2.9. Let (X,F,u) be a measure space, then a linear operator P :
LYX) — L'(X) is said to be a Markov Operator if the following properties are
satisfied

o Pf>0forall fe LYR") satisfying f >0
o |Pflly=f|l: for all f € L*(R™) satisfying f >0
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Theorem 2.10. The PI-operator is a Markov Operator

Proof. By linearity of an operator, we mean that for any functions f,g € L'(R"),
P(f+ag)=Pf+aPg, foralla € C (2.32)

e The linearity property follows directly from the fact that function multiplica-
tion and integration are linear mathematical operators.

o If f(x) > 0, then k(y,z,t',t)f(x) > 0, and a basic property of the Lebesgue
integral is then that Ply, = [, k(y,,t',t)f(z)dz > 0.

e Note first that k(y,z,t',t) € LLR" for all y € R" and ¢ # ¢, so from Fubini’s
theorem[6], we can exchange the order of integration:

1PLeafl = [ kot () dedy (2.3)

_ /nf(x) </nk(y,x,t’,t) dy> dz, (2.34)

note that the mapping y — k(y, z,t',t), where k is as defined in theorem 2.6,
is a distribution for all values of x € R™ and ¢’ # t, so [p. k(y,z,t',t)dy = 1,
thus

1Lt = [ fa)de= £l (2.35)

]

So the PI-operator does preserve distributions, and in addition we also saw that
it is linear. This is a very nice property, that allows us to divide the state space into
subsets and use the Pl-operator separately on each subset. To see this, let {C;}
be a countable family of Borel-measurable subsets of R", then we can represent the
function f by f(z) =), 1¢,(x)f(x), where 1 is the indicator function

le(v) = { (1) i Z g (2.36)

Denote by f,,(x) the sequence of partial sums f,(z) = > . | 1¢, () f(z), then clearly
fo(z) = f(z) as n — oo,fu(z) < f(x) € LY(R™) with f > 0 for all n € Z, and
fn(z) € LY(R") for alln € Z as 1¢, € L'(R™) for all Borel-measurable sets C;. Thus,
by the Dominated Convergence Theorem we have

P[t’,tf = PIt’,t (hm fn) (237)
n—oo
= lim P]t’,tfn (238)
n—o0

= 3 Pleae(@)f@) = Y /C Kynot,0f(n)de. (240

In particular, for each time-step we can calculate each term in the sum independently
of each other, which is great for parallel-computing.
The concept of semi-groups is slightly more general, and can be defined as
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Definition 2.11. Let (X, F, i) be a measure space. The family of stochastic oper-
ators P, : L'(X) — L'(X) is said to form a Stochastic Semi-Group, if the operator
P, is a Markov Operator for each ¢ > 0 and in addition

Piyvf = P(Pyf), for all f € L*(X). (2.41)
If in addition
lim |P.f = Py flls = 0 (2.42)

the family of operators is called a Continuous Stochastic Semi-Group.

The time-homogeneous PI-operator forms a stochastic semi-group. We have
already shown that it is a Markov operator, the property that Pl v f = PI,(Ply f)
follows directly from the Chapman-Kolmogorov equation, and by using Fubini’s
theorem once again to exchange order of integration

Plovf= [ kgt t) f(z)de = / < / nk(y,z,t’)k(z,x,t)dz) F@)de (2.43)

Rn

_ /nk(y,z,t') (/nk(z,x,t)f(x) daj) dz = PL.(PLf). (2.44)

No that we have derived the Pl-operator, the governing equation and seen that
the operator behaves as we want it, we take a look at the practical challenges of
implementing Path Integration numerically on a computer.

2.4 Implementation of Path Integration

Now that the theoretical groundwork the Path Integration has been laid, we will
discuss more practical consideration when implementing this method on a computer
which have finite memory and finite computation speed.

2.4.1 Calculating integrals of unbounded sets on a computer

We start by looking at the Pl-operator

Plyf = | k(y,z,t',t)f(x)da. (2.45)

Rn

To be able to compute this in finite time on a computer, we need to restrict the
above integral to some subset of R", ideally we want to have a manageable subset
that covers most of the area where k(y,x,t',t) f(x) > € for some small value of e.

If we consider the case where there is noise in only one dimension, that is, the
dimension of the matrix g(z,t) in equation (2.13) is 1 x 1, then the transition kernel
for the corresponding Markov chain becomes

n—1

k(x',x,t' t) = H 8(x! — x; — ri(a, xy, t)AL) - cZXer)M‘XnAt(x/,t’,x, t) (2.46)

=1
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where

~ 1 (2!, =z — 1p(a, z,t)At)?
d / t/ t — . n n n ) Ly
Xnt1)atlXnat (x y U @y ) QWAtg(.r,t) €xp QAtg(x, t)

(2.47)

We see that dNX(nJrl)At'XnAt (2/,t',x,t) is Gaussian with variance o? = g(x,t)At. If
g(z,t) is independent of x and t, say g(z,t) = C' < oo, then we can say by looking
at a standard table giving probabilities for normal distributions that

P(|X — p| < 30) ~ 0.998 (2.48)

In other words, the error when calculating I = [* +30dX( )dz as opposed to the
exact integral I = [pdx(x)dx is

I — I| =~ 0.002, (2.49)

which should be small enough for most practical considerations.

We assume that k(y, z,t',t) f(z) does not decay much slower to zero than k(y, x,t', t),
which will most of the time be true for Path Integration, as the solution at the pre-
vious time step often is bounded and has exponential decay at the tails. To be even
more sure, we can make the length of the integration interval 10 times the variance
of k(y,x,t’,t), rather than 6.

Thus, as a rule of thumb, the integration interval [ — 50, p + 50] will be used
when calculating the integral given in the Pl-operator, when there is noise in one
dimension, and the variance of the normal distribution part is constant.

Suppose that §(z,t) is not independent of x and ¢, but that sup, |g(x,t)| exists
for each ¢, and is finite. Then we can set o? = sup, |g(z,t,)| for each time-step t,
and apply the same integration interval as above.

If g(z,t) is not a 1 x 1 matrix, but is diagonal, and for each diagonal element
gii(z,1), sup, |gii(z,t) exists and is finite for each . Then we can set the o? =
sup, |gii(x,t)|, and let the integration area be the smallest box that contains the
n-ellipsoid with radii r; = 50;.

The other cases gets more complicated, and will not be discussed in this thesis.

2.4.2 Numerical Integration

Just as we can not consider the whole space R™ when calculating a computer, we
can not consider non-finite subsets of points of R™ either. When we have chosen
an appropriate bounded subset to integrate over, we must choose some appropriate
finite set of points {x'} to represent the bounded subset. Typically, we divide the
bounded subset, which will often be a box, into a grid, and choose the set of points
{z;} where the lines intersects appropriately.

Consider now the transition kernel

k(y, z,t' 1) Hé:c —a; — ri(a, 2, ) A) - dprnya(@, 2, t) (2.50)

where CZ(n+1)At(£E/, t',x,t) is as in equation (2.16) as before. The distribution of the
solution at the next timestep ¢’ given the distribution of the solution p(z,t) at the
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previous time step then becomes

p(2',t") = Plyp(x,t) = / 1dginyac(@' ¥z, t)p(x, t) da, (2.51)
D

where D = {(2,41,...,2,) € R"": there exists (z1,...,2,) € R" such that 2, =
xi+ri(a, z,t)At) for each i = 1,...,r} . But to find the the set D is very impractical,
difficult, and in some cases impossible. A better approach, is to do a substitution
T =x 4 r(a,x,t)At, which removes the dependency of the integrals, and gives

p(a’ 1) = / d(nﬂw(a:’, 3, Op(g (2, oy T By, T), t)|J,-1| de,

(2.52)
where g~ (2, @y, ..., 2., T 41, Ty) is the unique vector z = (x1, s, . .., x,) such that
(@}, 25, ..., 2, Bpy1, Ty) = x+1(a,z,t)At, |J;-1] is the determinant of the Jacobian
of g7 (&, ..., 2, Try1, ..., Ty),t), where the Jacobian is defined as

'8g;1 89171 89171 7
oz Oxo ot OTn
Jy1 = (2.53)
9gn* 9gn*
- 8;(;1 8£En -
and

Czn 1A($/,t,,.f,t): — —
renat @rA)E=DR]g(g7 (), . @ T, ), )]

1 n n R R B R B ~
S VIR ED DI CEE ) CE AN I R RV ECARE

i=r+1j=r+1
(2.54)

The main advantage of this substitution is to remove the dependency of the integra-
tion area that the delta functions enforce, by making the {Z;} independent of each
other in the delta function, which the {z;} were not, such that we do not need to
integrate over the arbitrary, problem dependent set D. The second advantage is a
transition which has a simpler form, which becomes easier to use if one wants to
choose quadrature points, according to the transition kernel.

This substitution makes clear another challenge. We need to calculate
plg (2, oy . 2l By, .. By), t) where g N (@), 2. X, Brge, - .., Ty) generally
is not in the grid, for which we store function values for p. A method to solve this,
would be to approximate g~ '(x},x) ..., 2., Z,11,...,T,) by choosing the point in
the grid which is closest to g~ (2}, 2% ..., 2., Tr41,-..,Ty) in the || - ||-norm sense.

Let {#'} denote the set of points that solve 2 = z+7(a, #*,t) At for each z"%. In
order to integrate, we need p(z', t) for each i. These points will generally not lie in the
chosen grid however, and unless we choose a really dense grid, then approximations
by p(7',t) ~ p(a?,t) where 27 is the closest point in grid, will generally be poor.

A better approach, is to use the values we already have for p at time ¢ at the
points {2’} to interpolate p at {Z'}. The interpolation method we will use, is basis
splines (B-splines), which will be discussed in section 2.4.4.
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2.4.3 Methods of integration

As noted earlier, we cannot in general calculate the integral

p(a' 1) = / ci(nH)At(m', 2, Op(g (2, a2 B, - B0, )| | da,

(2.55)
analytically. We need to restrict the integral to a bounded subset of R"™" and even
then we cannot calculate the integral analytically, because we only know the function
value at a finite number of points within the bounded subset.

We therefore generally use quadrature rules, which given points a < z; < --- <
x, < b approximate the integral of f(z) from = = a to x = b, by the sum

b n
/ f(z)dz ~ sz‘f(xi) (2.56)

where w; are finite weights, which generally have the property ", w; = b — a.

There are many different ways of both choosing the weight and the quadrature
points in order to obtain different degrees of precision, but for ease we will stick with
equidistant quadrature points and a couple of basic quadrature rules. In particular,
the quadrature we will be looking at, are all based on polynomial interpolation.

The first, and simplest rule of interpolation, is to simply assume that f(z) is
approximately equal to f(a) over the interval [a,b], which leads to the quadrature
rule

b b
/ f(z)dz ~ / fla)dx = f(a)(b—a) (2.57)

if the function f(z) actually is constant of the interval [a, b] that is, it is a 0-degree
polynomial, then naturally, the above formula calculates the integral of the function
exactly, but if f is not constant over the interval, the above formula does not ne-
cessarily give the exact value of the integral. We therefore say that this quadrature
rule is of precision 0.

The second rule, which is commonly known as the trapezoidal rule, and it is
derived from approximating the function f by linear interpolation between f(a) and

f(b), that is
z—>b T —a
fla) 2= ) + T

which leads to the quadrature rule

f(b) (2.58)

b b.. b _
[ r@ae [T @)+ T )

-5 |+ =]
=22 )+ 50)). (2.59)

As a linear function is uniquely defined by two function values, the polynomial
interpolation of any linear function, that is, first order polynomial is exact. Thus,
the above formula also exactly integrates any first order polynomial over [a, b]. But
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it does not necessarily integrate exactly a polynomial of any higher degree, therefore
we say that this quadrature rule is of precision 1.

The third and final rule which will be presented here, is commonly known as
Simpson’s rule. This rule is based on interpolation of the the function f by a second
order polynomial, using f(a), f((a+ b)/2) and f(b) by

—atby( _p _ _ — _ atb
(x — ) (z —b) 4(1: a)(x b)f a+b +2(9c a)(x — 4 )
(a —b)? (b—a)(a—Db) 2 (b—a)?
(2.60)
With an easy but longer calculation, it can be shown that this leads to the quadrature
rule

/a ’ f(z) da

L et @)@ —b)  fatb o @oa) -t
~ [ f”+4<b—a><a—b>f(2>” b-ap 4

fa+ar (S5 4 10) (2.61)

fla) +

_b—a
6

2

It can be shown that, not only does Simpson’s rule integrate second degree polyno-
mials, as one might expected, but it also integrates third degree polynomials exactly.
But it does not necessarily integrate exactly polynomials of degree 4 or higher, so
Simpson’s rule is said to be of precision 3.

These quadrature rules are good, but become imprecise when b —a > 1, we
therefore often divide the interval [a,b] into smaller sub-intervals restricted by the
points a = ;1 < x5 < --- < x, = b, where they are equidistant: x;,; — z; = h for
1=1,...,n— 1 and we preferably have that h << 1. We can thus write

/a bf () da = 2 /x jm f(x)da (2.62)

By applying the quadrature rules on each of these sub integrals, we get composite
quadrature rules. For the first mentioned rule, it becomes

b n—1
[ f@ae~ny ) (2:63)

For the trapezoidal rule, we get

[ 1) ar = Bs) 25 25w oo 2 ) 4 ) 260

And finally, for Simpson’s rule, we get, provided that [a, b] is divided into an even
number of sub-intervals

/ F(o) o & 2 (7(@) + 47 () + 2f (1) + 4 (20) 4 -+ A (rar) + Fa)) (26

Note that h in (2.65) corresponds to 2h in (2.61), we therefore get 3 in the denom-
inator instead of 6 in the composite rule of Simpson’s rule.
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Because of no added cost of calculation, and the high precision, we will stick
with Simpson’s rule for calculating the integral in equation (2.55). In the following
example we will present a rule of thumb for the amount of quadrature point for a
certain type of SDE

Example 2.12. Consider the SDE
dXt = al(Xt, }/;5, t) dt (266&)
dY; = as( Xy, Vs, t) dt + /Ded By (2.66b)

where Dy is a positive constant. The solution at time ¢’ then becomes, according to
equation (2.55)

( /_~)2
A Y oxXp <_ gAt%& )
p(',y,t') = p
R \/QWAth

where g~ is, as usual, the inverse of the transformation (z,9) = (z+7(z, y, t) At, y+
ro(x,y,t)), where r is the RK-step vector for the SDE, and |J,-1] is the determinant
of the Jacobian of the inverse of the transformation.

Assuming that the assumption that the transition kernel dominates the behavior
of the integral, we earlier presented the rule of thumb for the integration interval,
where we chose the length of the integration interval to be 10 times the size of the
variance. In other words, we integrate over [y' — 5,\/AtD¢,y’ + 5,/AtD¢| where
AtDy in this case is the variance. In a similar manner, we want to find a rule of
thumb for the number of equidistant points when numerically integrating over this
interval.

By introducing the linear transformation y = (y' — ¢)/+/AtDy¢, we obtain from
the integral

(g_l(‘rlvg?t)”‘]g*q dg (267)

y’+5\/FD§ 1 (y/ _ y)2 5 1 y2
/ ——————exp (——> dz :/ exp (——> dz (2.68)

?/'_5\/FDE \/ 27TAtD§ QAth -5 \/% 2
which is the standard normal distribution with mean value 0 and variance equal to
1. Since the transformation this transformation only translates and magnifies the
solution, we do not change any of the basic properties of the function, and finding
a good number of quadrature point for the standard normal distribution, should
therefore be equally good for any other normal distribution unless \/AtD; is a very
small number.

Since the value of the integral in equation (2.68) ideally should be close to 1,
we define the integration error in calculating the numerical approximation using the
composite trapezoidal rule with a number n of equidistant quadrature points, as the
absolute value of the difference of the calculated approximation and 1.

Table 2.1 shows the progression of the error when using an increasing number
of quadrature nodes on the standard normal distribution, while integrating on the
interval, and as can be seen, for n > 25, not much is gained in terms of accuracy by
having more quadrature points. So as to not use an excessive amount of quadrature
points, choosing n = 25 quadrature points seems to be a good rule of thumb, which
at the same time provides high accuracy.
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n Error

9 0.028

13 5.48-1074
17 2.88-107°
25 6.12-1077
29 5.96-107"7
33 5.87-1077

Table 2.1: The table shows integration error in example 2.12 as a function of the
number of quadrature points, used for the numerical integration. The error is repres-
ented by the absolute value difference between the calculated values of the integral
from the composite Simpson’s rule and 1.

2.4.4 B-splines

In one dimension, a basis spline is formally constructed from a set of points zy < 1 <
...z, € Rcalled knots. Associated to these knots, we have numbers { Py, Py, ..., Pryn_1
called control points. A B-spline is then a function

m—n—1

(@)= 3 Pbin() (2.69)

where b; ,, is the basis polynomial-spline associated with P; of degree n, given by the
recursive formula

I R S N AN
bio = { 0 . otherwise (2.70)

t—t; Titntl — T
bip = ———bj —— b1 2.71
T lign =t o)+ Titntl — Tip1 (@) (2.71)

given a uniform sequence of knots —mAz < —(m+1)Azz < --- < (n—1)Az < nAxz,
it can be seen that the cubic basis-splines with n = 3, becomes

%(2—1—(%))3 (i —2)Ar <z < (i—1)Azx
; z 4—6(%)2—3(”_1?””)3 (i —1D)Axr <z <ilAx (2.72)
e % 4—6(%)2—%3(11?’”)3 iAr <z < (i+1)Ax ‘
1(2— (2fh))? i+ 1Az <z < (i +2)Ax

For ease of notation, and since we shall only use cubic splines, we shall henceforth
denote b;(z) = bi_23(x).

Suppose that for a function f(z) we have sampled the points { f(—mAz), f((—m+
DAz),..., f((n—1)Az), f(nAz)} and want S(z) to interpolate f(z) at the sampled
points, then it becomes clear from the definition of S(z) and b;(z) that we need to
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solve a linear system of equations
P_pb_p(—mAZ) + P_ppi1b_yi1 (—mAz) = f(—mAx)

Ppiibomii((=m + DAZ) + Popi1bomia ((—m + 1) Ax)
+ Poobomia((—m + 1)Az) = f((—m + 1)Ax)

P, b, —o((n —1)Azx) + Py_1b,—1((n — 1)Az) + P.b,((n — 1)Az) = f((n — 1)Ax)
P,_1b,_1(nAzx) + P,b,(nAz) = f(nAx)

Evaluating the function b;(z) at knots, and representing the system of equations as
a matrix, we get:

4 1 0 -0 e Q P C fem) T
1 4 o - P f(=m+1)
1 . : .
Mp— 1 O 1 4 1 _
6 0 o0 : :
T | 4 1 Po f(n—1)
0 - - 0 1 4 Pl L fn)

Since A is strictly diagonal-dominant, it can easily be established from Gershgorin’s
theorem that M is positive definite, and thus invertible. Thus we can find an unique
set control points for the cubic B-spline S(z), such that S(z) interpolates f(x).

2.4.5 Implementation of Basis-splines in R?

It is not immediately obvious, how to extend the interpolation of cubic B-splines from
R to R? in a sensible way: We should find a way to compute the spline coefficients
from function data, without too much computations. Chapter 17 in [7] provides
a quite long exposition of this, by generalizing and making abstract the notion of
interpolation. We will, however, only need one result from this chapter, which is
explained in the following paragraph.

Given some knots defined in the grid y; X o, where y; is a vector, defined
element-wise by vy (i) = iAx for i = —my, —my +1,...,n; — 1,ny and ys is a vector
defined element-wise by yo(i) = iAx for i = —mg, —mo +1,...,n9 — 1,09, with a
corresponding (my +ny + 1) x (mg + ng + 1)-matrix I' of spline coefficients. Let the
cubic B-spline on these knots be defined by

S(y1,2) = Z T(i,)b; @ by = Zr<z’7j>bi<yl>bj<y2> (2.73)

where b;(x) are the cubic basis-splines defined in the previous section. Furthermore,
let A and B be matrices defined by A(4,7) = b;(y1(2)) fori,j =1,...,m; +ny + 1
and B(i,j) = bj(y2(7)) fori,7 = 1,...,mao+ns+1, and let Lg be the matrix of values
of equation (2.73) at the knots. Then we have the following relationship between
the matrix I and the matrix Lg

Lg = ATBT
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This can be shown directly by writing up

Lg(r,s) = S(y (r ZF i, 1)bi(y1(r))b;(y2(s))
:ZFZ,] (r,1)B(s,j)

= (A'BY)(r, s), for all r, 5.

The last equation needs some thought to see, but can easily be verified by con-
structing the matrix-product. In particular, we can retrieve the spline coefficients
from the values we wish the B-spline to have at the knots, simply by calculating:
I' = A" LgB~T, if such inverse matrices exists.

For simplicity, let m = my +n; + 1 and n = my + ny + 1, we see that A and B,
such that they are defined, for the basis-splines defined in the previous section, are
simply m x m and n X n versions, respectively, of the matrix M also defined in the
previous section. That is, the tri-diagonal matrix with the value % on the diagonal,
and the value % on both the sub-diagonal, and 0 elsewhere. As we noted earlier, this
matrix is always positive definite, so A~! and B! naturally exists.

The matrix ' can be calculated from Ly = AI'BT in the following way: Set
X =TBT, and let L(] and X be the jth column of Lg and X, then we can obtain

the matrix X by solvmg
AXW = LS,forj—l

After we obtain X, we have BT = X, or equivalently: BI'" = X7, so by letting
X(;) and I';) be the ith row of X and I', then we finally obtain I' by solving

Br(l) = X(l)’ for i = ].,...,m

There is much to gain by calculating the spline matrix in such a manner, as
opposed to calculating them the ”brute-force” method by solving the linear system
of equations

ZFZ] (r)bj(ya(s)) = Lg(r,s), forr=1,...,m,s=1,...,n.

This is a system of nm equations with nm unknowns, which results in a nm x
nm-matrix, which, in order to solve using Gauss-elimination, requires O((nm)?)
operations. In contrast, the above calculations, requires us to solve a m X m system
of equations n times, and then a n X n system of equations m times, which leads
to a total cost of O(m3n + n®m), which is substantially better. This is not even
the best we could do, we could produce an LU-factorization of the matrices A and
B, which costs O(m? + n?), however for the subsequent calculations, we only need
O(m?n + n*m) calculations, which brings us up to a total cost of O(m? + m?n +
n*m + n?).

2.5 Implementation of Runge-Kutta

In calculating the Pl-operator we need to calculate g~ '(a), 2h, ..., Zri1,. .., Tn),
which is the unique vector x = (x1, 23, ..., x,) such that x+r(a, z, t)At = (2}, 2h, ..., 20, Tpyr, .o, Tn)

Y T
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for the relevant SDE. x can be approximated by using a root finding algorithm,
such as Newton’s method for example. It is however important to note, that even
if we find x exactly, then this is still just an approximation to the stochastic path
governed by the SDE that begins in some point z” € R™ at time ¢, and end in
(), 2%, ... ZTpi1,. .., Ty) at time t'. If the order of the Runge-Kutta method used is
p, then the error is in the order of O((At)P*).

We can however do better than this, by exploiting the simple fact, that for the
general explicit Runge-Kutta method of order p:

l’/ = T4 At = Ty + Atz biki(ZEt, At, k?l, ey ki—l) + O((At)p—H)

=1

the above equation is valid for any At. In particular, it is valid for negative time-
steps, so by replacing y; with y and At with —At, we obtain

T=Tppn =2 — Atz biki(2', —AL Ky, ... ki_1) + O((A)PT).
i=1

This gives a method that is implicit for steps forward in time, but explicit for 3/, thus
we retain the same order of convergence, without the need to solve any non-linear
system of equations! Two different RK-schemes have been implemented, which are
given below, in where we in both cases assume a standard SDE with deterministic
term a(x,t).

2.5.1 FEuler’s method

Euler’s method, which is the simplest RK-method, becomes when we step backwards
in time
Ty = Tpy1 — A(Tpy1, topr) AL + O(AL?)

2.5.2 RK4

RK4 is perhaps the most used RK-method, and is very accurate, as it is a fourth
order method. The idea is to first calculate the slope at the known solution, suc-
cessively get to estimates for the slope in the middle of the interval time interval
between the known solution and the unknown solution from this, and then finally
get an estimate for the slope at the unknown solution. From this slopes, an weighted
average is produced, where extra weight is given to the two mid-point estimates. For
the backwards-stepping method, we calculate

kl - a(xn—i—l; tn—l—l)
1

1

kg = a/(anrl — §]€1At,tn+1 — §At)
1 1

k‘g = a(xn+1 — §k2At7tn+1 - §At)

]{74 = CL(ZEn_H - k3At, tn)

At
Yn = Tny1 — F(kl + 2k2 + 2kS + k4)
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2.6 The Fokker-Planck Equation

The Fokker-Planck equation describes physically the probability density of the ve-
locity of a particle, and is due to Adriaan Fokker and Max Planck. The equation is
also known under the name Kolmogorov forward equation.

In one spatial dimension x, when the particle is driven by an It6 drift D;(z, 1)
and diffusion Dy (z,t), the Fokker-Planck equation can mathematically be given by

0 0 0?
5/ (@ 8) = =5 [Dil@, ) f(2,8)] + 55Dz, 1) f(2,1)]. (2.74)
This can be extended to more dimensions, when x = (xq,...,2,) € R™ and the
equation is given by
0 L) ARGERNY
el — 2
il (00) = =3 PN + 33 o D@l (2

where D' : R® — R" is the drift vector and D? : R™ — MAT(n,m) is the diffusion
matrix.

One great advantage of the Fokker-Planck equation is that it can be used to
compute the probability density for a stochastic process described by a stochastic
differential equation (interpreted in the It6-sense)

dXt = G(Xt, t) dt + b(Xt, t) dBT (276)

where the solution X, if the problem is well posed, satisfies the Fokker-Planck
equation with drift and diffusion terms

Dj(z,t) = ai(x t) (2.77a)
Di(x,1) szk z, )b (2, 1), (2.77b)

so the time-depended distribution of the solution can sometimes be directly cal-
culated from the Fokker-Planck equation. It is mainly used to calculate time-
independent (stationary) solutions, however, which is readily given by the Fokker-
Planck equation by setting atf(m t) = 0.

In the examples that follows, we shall look at some of the stationary solutions as
well as explicit time dependent solutions that exists for various stochastic differential
equations

Example 2.13. A well known 1-dimensional SDE that models the velocity X; of a
particle submerged in fluid, is calles the Langevin equation, and is given by

dX, = —aX,dt +bdB;, X,€R, abecR* (2.78)

This equation does in fact have a well known exact analytical solution[1]. We can
find this heuristically by assuming that X; = exp(—at)Y; and that the common
product rule for differentiation applies to this term. We then obtain, by plugging
into the equation:

— a(exp(—at)Y;) + exp(—at)Y; = —a(exp(—at)Y;) + bB,+ (2.79)
= dY; = gexp(at)dB, (2.80)
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integrating the last integral, yields Y; = Yy +0b fg exp(as) d B, which, with the initial
condition Yy = x € R gives the exact solution

X, = exp(—at) (x +b /0 texp(as) st> (2.81)

Since the integrand in the above expression is non-stochastic, then the resulting
random variable is Gaussian, with expected value and variance that can be found,
by using properties of the Ito stochastic integral:

t
E[X;] = exp(—at)z + exp(—at)bE {/ exp(as) dBS} = exp(—at)z (2.82)
0
t t bZ
Var(X;) = e **b*Var {/ e’ dBS} = e_2atb2/ E([e*]*)ds = 2—(1 )
0 0 a

(2.83)

Thus as the solution of a stochastic differential equation forms as stochastic process,
an explicit expression for the exact analytical is at hand which is also the SDEs
analytic transition kernel, and is given by

1 r_ —aA))?
k(' z, At) = exp (— gx rexp(—ait)) ) )
V212 (1 — exp(—2aAt))/(2a) b*(1 — exp(—2aAt))/a
(2.84)
We can confirm by using the Fokker-Planck equation that this is indeed the distri-

bution of a time-dependent solution for the SDE by calculating

Ok(x',x,t) o 1 2aqxe™(x' —xe™ ) 2a(x’ — re ) /
ot —ae (1 — e—2at) b2(1 — e—20t) + b2(1 — e—2at)2 k:((x =95)7 t)
2.85
o, , , 201 (' — xe™™) ,

o\ =\1- 2.

oz (2" k(2', 2,1)) ( (1 — e 20) ) k(' x,t) (2.86)
an((L’/, Z, t) 2a 4@2(1’/ — xe_at)Q ,

0x'? - (_52(1 — e—2at) + (b2(1 — e—20t))2 ) k(@' z,1) (2.87)

By combining fractions, it can be seen (we omit the calculations here, as the expres-
sions become very large) that

o.,, o , b? 02
ak(:{; L, t) — (a%(x k(2 x,t) + 3 907

We see on letting ¢ — oo that

k(z',x,t)) = 0. (2.88)

fly) = lim k(y, z,t) = (2.89)

By calculating (yf(y)) and f”(y), it can readily be shown that

0 v? o2
a5, W W)+ 555/ =0 (2.90)
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showing that f(y) is a stationary solution for the Langevin equation. In particular,
this shows us that starting at any distribution of the type px,(z') = d(2’ — x), the
solution always reaches this stationary solution as t — oo. Which shows that this
stationary solution is stable in some sense.

As noted in [8], a stationary solution for a SDE can often be found if a analytical
expression for the transition kernel k(z’, z, At) is at hand, by letting At — oo.

Example 2.14. A Stochastic Oscillator with damping is simply a modification of
the 1-dimensional classic oscillator with driving force F(t)

i+ ai +w’r = F(t) (2.91)

where « relates to the damping of the system, and w is the natural oscillation
frequency of the system. By setting the driving force F'(t) = £(t), where £(t) is a
Gaussian white noise process with (£(t)) = 0 and (£(t)&(t + 7)) = DZd(7), where
D¢ is a positive constant, the equation becomes a coupled stochastic differential
equation given by

dX, =Y;dt (2.92a)
dY; = —(aY; + w?X;) dt + D dB;. (2.92b)

The PDE for the joint stationary distribution f(x,y) of X; and Y; becomes by the
Fokker-Planck equation

d d , 0 D o
= _- - — =0. 2.
Y@ y) +Oéay(yf(x,y)) +w xayf(fc,y) 30 (z,y)=0.  (2.93)
One can readily see that if a%f(x, y) = —23yf(x,y), then the fourth term in the
3
above equation cancels the second one, and the PDE is reduced to the system
0 20uw?
0 20
- - ) 2.94

Integrating the first equation with respect to x gives f(x,t) = h(y) exp(—“D—wjﬁ).
¢
Substituting this into the second equation gives h/(y) = —25yh(y), with the solution
¢
h(y) = Cexp(—£zy°). Thus a stationary solution for the SDE becomes
¢

f(z,y) = Cexp <_Di§<W2x2 + y2)> , (2.95)

where C' is some appropriate normalization constant. Note that for the distribution
to make sense, it must be in L!'(R?), which in particular implies that we must have
a > 0, for the stationary solution to exist.
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Example 2.15. We shall now look at a SDE that can be written on the form

- oOH
‘ oH oH :

where H(X,Y) is a differentiable continuous function. The PDE for the joint dis-
tribution of the solution becomes, according to the Fokker-Planck equation

0 [0H 0 [0H 0 [0H D 9?
_ | = | Z= E— | 2= ez -
. {&y f(fv,y)} * oy [3x f(x,y)} ++3, {&y f(w,y)} 3 o (z,y) =0
(2.97)
By letting a%f(x, y) = —]23—’“2%—2] (x,y) the fourth term cancels the third term, and
£
by applying the product rule of differentiation on the two remaining terms, we get
O*H 0OH 0 0*H 2k OH OH
- axayﬂx’y) - Fy%f(%y) + ax—ayf(“”y) “DIor ay (z,y) =0
0 2k OH
— %f(%y) = _D_E%f(x’y)’ (2.98)

Thus, we are left with the following set of partial differential equations

2k OH

0
%f(a:,y) = —D—ggf(ﬂ%y) (2.99a)
0 2k OH

Integrating the first equation with respect to z, gives

f(z,y) = Cexp <—12)—];;H(a:,y)> (2.100)

where C' is some appropriate normalization constant. We see that f(z,y) also sat-
isfies (2.99b), so f(x,y) is a stationary solution for the system. As before, f(x,y)
must be in L'(R?), therefore, it is necessary for H(z,y) to satisfy

lim H(z,y) = o0 (2.101)
(Izl,]y[)—(o0,00)
Example 2.16. We shall in this example return to the SDE introduced in example
2.14, but with specific parameters @ = 5, w? = 4 and D¢ = 1. We shall, by
introducing a transformation to obtain two seperate Langevin equations and derive
an explicit time solution.

Originally, the time-dependent solution derived for this equation was intended
to benchmark the order of convergence of the PI-method in a separate chapter.
But this later turned out to be outside the scope of this thesis, and the author
wanted to concentrate more on the Lotka-Volterra equation. It is nonetheless a nice
illustration of how we can use the explicit time solution for the Langevin equation,
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obtained from the Fokker-Planck equation, to derive explicit time solutions for more
complicated problems.

We start by noting, that with the parameters a = 5, w? = 4 and D¢ = 1, the
system can be rewritten in matrix form as

dX;] _ [0 1]]X 0 0] [dB}] ,[X, dB!
£ N S O e e

We want to introduce a transformation (Xy, ¥;)T = U(V;, W;)! where U is a invert-
ible 2 x 2 matrix, such that when we multiply the equation from the left with U !,
U1 AU becomes a diagonal matrix. With an spectral decomposition, we can do pre-
cisely this. A has eigenvalue Ay = —1 and Ay = —4 with corresponding normalized
eigenvectors u; = (1,—1)T/v/2 and uy = (—1,4)7/+/5. So by letting U = [u; us],
we obtain, by inserting (Xy, ;)T = U(V;, W)

-1 e g e

The inverse of the matrix U is given by

U= Eg i\/g (2.104)
We obtain the two seperate Langevin equations
dV, = =V, dt + \/?5 dB;} (2.105)
dW, = —4W, dt + \/?5 dB; (2.106)
With the solutions assuming the initial conditions (Vo, Wp)T = (vg,wp)? =

U~ (0, 90)
Vi = exp(—t) (’Uo + g /Otexp(s) st> (2.107)
W, = exp(—4t) <w0 + g /texp(éls) st> (2.108)

transforming back to the original variables with (X;, Y;)" = U(V;, W,)*, we get

X, = (etﬂ - e‘”@> 41 / et _ s 4 (2.109)
V2 V5 3 Jo ’
_ydwo 4 g L[ g _
Y, = (e WD et ) o | 4eM7Y et B, (2.110)
Vb v2) 3o

and finally, we obtain the solution, as we transform the initial conditions back with
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1 t
X; = F(t) + = / e*~t — et 4B, (2.111)
3 Jo
1 t
Y, = Go(t) + 3 / 46270 — 57t aB, (2.112)
0
1
xo(t) = 3 [(4e™" — e )zo + (e — e ")yo] (2.113)
1
yo(t) = 3 [4(e™™ — ez + (4 — e )yo] (2.114)

As with the Langevin equation, the integrand in the stochastic integral is non-
stochastic, so the distribution of is Gaussian. As a Gaussian distribution is uniquely
defined by its expected value and covariance matrix, we calculate these values, and
obtain

=
s
S—
I
ISk
()
—~
~

~

(2.115)
(2.116)

™
—~
ny
S~—

Il
<
S
—~

~

e?(sft) . 265(57t) + eS(sft) ds

=
—
e
|
I
o
~
N—
N—
N
|
NN
O\H—

1 1
= 51— (207 —16e7 +5¢7)) (2.117)
1 t
El((Xe = 2o()(Ye = mo(8))] = 3 / 4e50D st _ 4eBs=t) | o5(s=t) g
0
1
= g2 —e =) (2.118)
1 T
E[(X; — mo(t))Z] =5 1686 _ 8eB(s—1) 4 o2(s—1) g
0
1 1
= 51— 5™ = 16e7 +20e7))  (2.119)

Let ¥ be the corresponding covariance matrix, then the joint distribution of the
solution of the solution, which also is the analytical transition kernel for the problem,
is

plz,y,t) =

exp (—% o — 20(t) y—yo(t)] = [“” - 9”0“)]) (2.120)

2m/[2] Yy — yo(t)

We can see, by looking at the expressions for the expected value and the covariance
matrix, that in the limit t — oo

10
lim p(z,y,t) = — exp (—5(4a” + y*)) (2.121)
t—o0 T

We obtain precisely what is the stationary solution for this SDE with the parameters
a=5,w=4and D¢ = 1.

It should be noted, as a final remark on this example, that the method presented
to get an analytical solution is not limited to this example, but can be used for any
linear system of SDE if A has n distinct real eigenvalues. If there are n distinct
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complex eigenvalues, then we generally get a complex solution as well. It should
however in most cases be possible to find a workaround, to obtain a real solution,
typically with sinusoidal terms.

In theory, we should be able to approximate the time evolution of the distribution
of the solution of a SDE, by applying the finite difference method or the finite element
method to the Fokker-Planck equation, in order to compare results to PI. In reality
however, there is a problem with this approach: We must choose a bounded subspace
of the space R™ in which the state vector X, lies in, and must apply boundary values
to this subspace for the distribution of the solution. These boundary values are
generally unknown and generally non-zero and non-constant however. One solution
is to choose a very large subspace, and set the boundary value to some low constant
value, but this becomes an unreliable solution, unless we have a very large number
of grid nodes, which quickly increases computation time. On the contrary, PI does
not explicitly require boundary conditions, and is therefore more advantageous in
this regard.

2.7 Convergence

In this section we will look at the convergence of the PI-method. A thorough
exposition of the convergence of the PI-method is given in [8], we shall however only
present the most central theorems, and mostly without proof here.

It should first be noted that Path Integration does in general not converge as
(h, At) — (0,0), in particular if we let h be positive and fixed and let At — 0 while
evaluating the solution on a non-degenerate time-interval then the error will diverge
to infinity. This has to do with interpolation error and the non-exact numerical
evaluation of transition kernel.

To see this, suppose that we can calculate the exact transition kernel for each
step, that is, we ignore any error that arises from the time discretization of the SDE,
the spline interpolations and so forth, then in evaluating the PI operator (2.29) in
order to calculate p(z,y,t), we will need to use a numerical method, which will
generally not be exact. Depending on the order of the method, we will typically
have an error each time we evaluate this integral of order O(h?) where p is an
integer that represents the order of the method. This error accumulates with each
time step, and if IV; is the number of time-steps over the time interval [0, ], then
the global error will be of order

I6e.3:0) ol )l = Ot = 0 (15 )

where p(z,y,t) is the approximate solution and p(z,y,t) is the exact solution.
From this expression, it is clear that even if we get an exact representation of
k(z',y', t'x,y,t) for each step, the approximate solution will still diverge if A is fixed
and positive while we let At — 0, this error will of course accumulate even more
if we take interpolation error and the error from evaluating A} and A, numerically
into consideration.
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Figure 2.1: Plot of error for the stationary solution from example 2.14 with o = 0.5,
v =1 and w? = 0.1, with different values for At with the fixed number of 20 grid
points in - and y-direction on the mesh [—10, 10] x [-10, 10]. The initial distribution
was the stationary solution. The error was measured at ¢t = 1

Figure 2.1 illustrates this divergence for the SDE used in example 2.14, and as
we see the error decreases until At ~ 0.05, but then takes a sharp turn when At
becomes smaller, and increases quickly, exactly as expected.

2.7.1 Convergence of the forward time discrete transition
kernel
We will first look at the behavior of the mapping 2’ — k(2’, x,t) which we shall call

the forward transition kernel, for an autonomous SDE of the type

t/
th = Xt + / G(Xt) dzx + bABt (2122)
t

with the Euler approximation
Xt’ = Xt + CL(Xt)At ‘I— bABt (2123)

we get a forward transition kernel, that we shall in this section refer to as the forward
time discrete transition kernel, that is given by

flo) = k(o' o, At) = [ [ (2 — 2 — as(a, 1) A1) - el3(@~a-ale )T (@ —2-a()A0)]
i=1

(2.124)
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where & = (Zp41,..., &), a(z,t) = (a,41(2,1), ..., an(z,t)) and § = b7b, where b is
the submatrix of b, containing all the non-zero rows of b. Suppose that we an exact
forward transition kernel is obtainable, then the following result provides conditions
for the forward time discrete transition kernel to converge

Theorem 2.17. Let 1 > € > 0, and suppose that
o [la(z,t) —aly,t)|| < K|z —y||
(

o [lo(z,t) = b(y, )| < Kllz =yl
o la(z, D)l < D*(1+ [|z]*)
o [[b(z, )| < D*(1 + ||=[|*)

)
a(X,,t),b(X,,t) € C*

The ezact and time discrete transition kernel x — k(z', x, At),z — k(z',z, At) €
Cp

Then there exists a constant K. independent of At such that

k(2! x, At) — k(2 2, At|| o < KNAE for all At > € (2.125)

Proof. Given the five first conditions, we know by theorem 2.4 that the exact solution
X, and the Pathwise Euler approximation of the solution X; satisfies

|E[h(Xr)] = E[M(X7)]| < Chldt (2.126)

We know that px, (x,t) = [g.k(z,y,t)po(z, At) dy and pg, (z,t) fRn x,y, At) dy,
for some initial dlstrlbutlon po(z,t). Fix an € > 0 and a pomts xo € R™, then the
initial distribution becomes po(z,t) = d(z — x¢) = [, 0(x; — ip), and we can
calculate

BloCa0)] - Bl =| [ ) | (602,80 K., 801300 — o) o
(2.127)

=| [ sit0. 80 - Ky 0y (2229

Since x — k(a2',2,At),r — k(z',z,At) € Cb, then so is  — [k(2/, 7, At) —
k(x', x, At)], and we can set hai(y) = [k(y, x, At) — k(y, x, At)]. Moreover by setting

K?= sup (Kpy, ) <0 (2.129)
Ate(e,1)
then we finally obtain
k(2" 2, At) — k(2 2, At||2 , < K2At (2.130)



38 CHAPTER 2. PATH INTEGRATION

It should be noted that the above theorem does not guarantee that the forward
time discrete transition kernel converges as € — 0: The time discrete forward trans-
ition kernel given in (2.124) is, if a(z, t) and b(x, t) is sufficiently well behaved, in C'*>
and for all At € [e,1), the expression is bounded, and thus of polynomial growth.
however, with At = ¢ the resulting expression when ¢ — 0% becomes unbounded,
and not of polynomial growth, making the above theorem invalid in this limit.

However, as long as K. = O(e™") with r < 1, then the above result shows us
that we can at least make the error very small, by choosing At to be small. We
shall illustrate this with the Langevin equation from example 2.13, where we found
the exact analytical transition kernel given by

k(x' x, At) =

1 (¢ — zexp(—at))? ) |

exp [ —

V2102 (1 — exp(—2at))/(2a) P < b*(1 — exp(—2at))/a
(2.131)

The corresponding time discrete transition kernel, if we use the Euler scheme on

-2 T T T T T T -2

—— Improved Euler's method
-~ -RK4

log(error)

log(error)

-7 -6 -5 -4 -3 -2 -1 0 = - s -2 - E

-4 -3
log(at) log(a 1)

(a) log(error)= In(||k(z’, z, At) — kg(z', 2, At)|j2../) (b) The  blue  solid line  gives

In(||k(z’,z,At)  — k(@' 2, A)|2),
while  the dashed red line gives
ln(Hk'(x/7$7At) - kRK4(]"/7$7At>H21$/)’

both with x =4

Figure 2.2: The figures displays log-plots of the error of the time discrete transition
kernel in terms of the || - ||2 norm, for different approximation methods for the
deterministic term — [aX;dt of the Langevin equation. The parameters used were
a=0bandb=1

the SDE; is

kg(2',x, At) = (2" — (1 — aAt)z)?

1
— - 2.132
VarEat T ( 202 At ) (2152

This allows us to test the bounds found in the above theorem, by computing
k(2 2, t) — k(2/, ,t)|| with an appropriate numerical method and integration in-
terval.

This has been done with MATLAB and the results are displayed in figure 2.2(a)
which gives the error in terms of the || - ||2 norm of the forward transition kernel
against the time discrete transition given in equation (2.132). The plot displays,
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more or less, straight lines and fitting the given curves with a linear polynomial in
the least square sense, gave 0.74 In(At) —2.16 which seems to indicate a convergence
of order O((At)*%), indicating that the bound found in theorem 2.17 might be
slightly conservative.

It is also interesting to find out if the order of convergence changes if we improve
the approximation of the deterministic term ftt/—aXt dt. We will try this with the
improved Euler method and RK4. The corresponding transition kernels become,
respectively

/%IE(.T/, x, At) =

( (' — (1 — aAt + %(aAt)z)x)2) (2.133)

1
NI 202t
1

(2 — (1 — aAt + %(aAt)Q — %(aAt)g + i(aAt)‘l)ac)2

Xp | —
kRK4(J’J7 L, At) = —=CXP (_ 22\t

V22 At
(2.134)

Figure 2.2(b) shows the calculated error for these transition kernels as a function of
At, and goes to show that the improvement, if any, is very slight by using higher
order approximation for the deterministic term. Just as was the case with Euler’s
method, the error seems to decay in the order of O((At)**). This might seem
surprising, but it should be noted that while we improve the approximation of
the expected value of the exact Gaussian transition kernel, we retain the same
approximation for the variance, which is not better than an Euler approximation.

2.7.2 Convergence of the backward time discrete transition
kernel

We shall look at the convergence of the the backward time discrete transition kernel,
that is the mapping z — l;:(:p’,x, At). The author has not been able to find any
concrete results on this, as was the case with the forward transition kernel, however
we shall continue to look at the example of the Langevin equation.

Figure 2.3 gives the error in a log-plot in terms of the numerical calculated
|| - |lo-norm of the difference between the exact backward transition kernel and the
time discrete transition kernel. The results are very similar as the results obtained
with the forward transition kernel, and the slope of the line fitted to the curves in
the least square sense, for sufficiently small At, was approximately % which agrees
with the results found in the previous section, and indicates a convergence of order
O((At)*/*). This also indicates that there might exist similar bounds on the error,
as presented in theorem 2.17.

Under sufficient regularity conditions on the deterministic term a(Xy,t) and the
diffusion term b(X;,t) of the SDE (that is, such that a unique solution of the SDE
exists) , it seems reasonable to assume, following this example, that we should have

k(2! z, At) — k(2', 2, At)||2., — 0 for all 2/ € R™ as At — 0.

Interestingly, just as with the forward time discrete transition kernel, any differ-
ence in the error observed in the Langevin equation example when using different
approximations for the deterministic term is only visible for large values of At. In
the heuristic discussion that follows, we shall attempt to explain this.

)
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Euler's method
- — — Improved Euler's method

log(error)
&
T
|

-~ RK4
6k i
7t i
-8 | | | | | |

-7 -6 -5 -4 - -2 -1 0

log(At)

Figure 2.3: log(error)= |k(z/,z, At) — k(2',z, At)|2., where k(z/,z,At) =
kg(x', x, At) in (2.132) for the brown solid curve, k(z/,z, At) = kig(z/,z, At) in
(2.133) for the dashed blue curve, and l;;(a:’,x,At) = l;;RK4(x’,x,At)for the red
dashed and dotted curve. The parameters used were o = 0.5, 5 =1 and 2/ = 4

In order to do this, for ease of notation, we first introduce

f(At) = exp(—aAt) (2.135)

g(At) = S—a(l — exp(—2aAt)) (2.136)

Let us at first ignore all error from the exponential function in the time discrete
transition kernel, thus ||k(z’, z, At) — k(2/, x, At)||2,.» becomes

1 _ 1 €<_W7;(J+?)t))2> _ 1 N 1 O((At>1/4)
V22 At \/2mg(t) 2 V22 At \/2mg(t)
(2.137)
The above calculation can be seen by noting that
g(At) = O(At) = B*At + O((At)?) (2.138)

and by computing the integral

\/ / RS g = @:0(&)1/4). (2.139)

(_ (' zngt))2
2
e g(At)
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Next, by expanding (27b?At)~ /2 = (2mg(t) + O((At)?))~1/2) in a Taylor series
around x = 2mg(t), we get

1 1 O((AL?)  O((ADY) 1

= — e = 1/2
VarPAE | 2rgl) | @gt) 2 (2rg(t)i? J2ma® +O((A1)77).

(2.140)
Thus, by inserting this Taylor expansion into equation (2.137), we get that the error
between the exact and time discrete transition kernel, when we ignore error from
the exponential function, is in the order of O((At)**). This means that an error
in the order of O((At)**) is the best we can achieve with the current transition
kernel for this example, no matter how good the RK-approximation of the drift-
term —aX; of the original SDE. This also teaches us the important heuristic lesson,
that a numerical approximation is only as good as its weakest link, so improving
stronger links, does not help very much.

t k@2 t) — k@ 2, )low kG 2,8) = k(@ 2,0 20 [k, 2,8) — k(2 2,1) 20
(Euler’s method) (IE method) (RK4)

3 435-10~* 740-107° 23-107°

i 1741071 146 - 107° 1.1-107°

5 71-107* 29-107° 5.88-10°%

% 29-107* 6.2-107° 3-107°

% 12107 1.2-107° 1-1071

= 52-107* 0.2-107° 8.2-107"

o 2.1-10* 0.05-107° 4.3-107"

Table 2.2: Convergence rate of the time discrete transition kernel given in equation
(2.141) with parameters a« = 0.5 and b = 1.

The same result, that the error is bound from below for the backward trans-
ition kernel, can be shown by writing exp[(z’ — f(t)z)?/(2¢9(t))] = exp[f(t)*(z —
2/ f(t))/(2g9(¢))], as f(t) = O(1), we get the same bounds on the error when taking
the || - ||o-norm with respect to z.

It should be interesting to see what kind of error we could expect if the variance
of the gaussian transition kernel was exact, while we had a RK-approximation for
the determinstic term, that is, a transition kernel of the form

. . )
i m AL = — e [ 2@ DAY
V2mg(t) 29(t)
where x 4 r(a, z)At is a RK-approximation of = f(t), that is x +r(a, z)At = x f(t) +

O((At)PT1) where p is the order of the RK-method. Focusing first at the argument
of the exponential function we get

(2.141)

(@' — 2 —r(a,x)At)? (2" —af(t))® — (2’ — af (1) O((A)"*) + O((At)**?)

29(t) - 29(t)
_ - ;gr(gf; DAV oAty —2f(1)  (2142)
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(z' —x—r(a,x)At)?

5900 ] around its taylor series (centered at x=0) yields

expanding exp [—

(@' — 2 — r(a, z) AL)? (2 — 2f(1))? O((A) (2" — z(2))
29(1) } B {‘ 29(1) 1 (1 - 2
(2.143)

thus, for the error of the forward transition kernel, we get the following expression
for Hk(a: z, At) — k(2! 2, A) |20

o(an™) [ (@ —af0)
\// R T G

OB T (@ —af())
\// il ey p[ ) ] (2.145)

—O((At)p1/4)\/ /R (2 -z f(t))Q\/ﬂ;g_(w exp {—%} (2.146)

we recognize the integral under the square root of the second central moment of a
Gaussian distribution, which is equal to its variance g(t)/2 = O(At), we thus get

o |-

[k(2!, x, At) — k(2', x, At)||g. = O(APVH)/O(AL)) = O((AH)PT4) (2.147)

The data given in table 2.2 confirms these calculations, as plotting the data in
log plots gives more or less straight lines, with the slope of the line fitted to the
logarithm of the data in the least square sense were 1.27, 2.26 and 4.29 for Euler’s
method, improved Euler’s method and RK4, respectively.

2.7.3 Convergence of Path Integration

We shall in this section present a theorem, that was given a lengthy exposition and
proof for in [8]. As proving the convergence is not one of the main goals of this
thesis, we shall only give the theorem, without proving it.

We shall first introduce some concepts. In particular, in order to prove the
convergence, we need to make sure that the Pl-operator preserves smoothness of
the density, that it does not suddenly introduce singularities or discontinuities in
the solution. We make this concept precise by introducing the space DD, the space
of smooth densities

Definition 2.18. A function f : R — R € L'(R) is said to be of class D if the
following condition are satisfied

e f=0.

° fRfdle.

o [ €C*R)

+ ...
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Furthermore, in implementing the PT operator PIasug = [pk(a', x, At)ug(x,t) dx
we must limit the integration interval to one with finite length. We can do this form-
ally by replacing the transition kernel by a truncated transition kernel kiz, g (2, x, At)
defined by

kg (2!, x, At) = k(' x, At) 1 g (2.148)

Furthermore, we evaluate the the path integration solution only at discrete points
within a bounded interval [L, R] C R on a computer. We denote this bounded
interval and the bounded interval in the truncated transition kernel as truncations
limits (L, R).

We look at a 1-dimenisional autonomous well-posed (a unique solution exists)
SDE of the type

Let u} = px,(z,T') for the exact solution X;. Let M € N and define At =T /M. Let
u denote the ith timestep corresponding to t; = iAt of the numerical PI solution
density represented as a spline, resulting from the time discrete transition kernel

k(z',x, At).

Theorem 2.19. The numerical path integration error, of the problem presented in
equation (2.16), in terms of the 2-norm ||y — uj,||l2 can be made arbitrarily small,
provided that the following conditions are satisfied:

o The time discrete transition kernel has the backward convergence property

lim ||k(2', 2, At) — k(2', 2, At)||z2 = 0, for all 2’ € R. (2.150)

At—0

uf €D for allt € [0,T].

All truncation limits (L, R) — (—o00, 00).

The spatial grid step Ax — 0.

The quadrature grid step AI — 0.
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Chapter 3

Lotka-Volterra system with
harvesting

3.1 The basic equation

The basic equation that we shall consider is given by the pair of differential equations

U= —mU+ kpUV (3.1a)
V =aV[l+h(t)] - BUV —yV? (3.1b)

which describes the dynamics of the population of two interacting species. We group
these species into two groups: predators/parasites and prey/hosts, and denote by
U(t) the population of predators/parasites and V' (¢) the population of prey/hosts.
The function h(t) essentially modifies parts of the reproduction rate o according
to temporal variations of the prey’s environment. m and k£ denotes the death rate
and growth rate of the predator, respectively. (§ is a parameter that relates to the
response of the predator to the prey, while % governs the carrying capacity of the
population of prey in the presence of the self-limitation term V2.

As h(t) simulates temporal variations in the growth of prey, we might expect
periodic annual variations due to the seasons. However, there might also be more
complex factors involved, that are better modeled by random components. We shall
consider two different random processes for h(t)

h(t) = £(1) (3.2)

where £(t) is a Gaussian white noise process in the Stratonovich sense, with (£(t)) =
0 and (£(£)&(t + 7)) = Ded(t), where Dy is a constant related to the strength of the
diffusion process, and d(¢) is the Dirac delta function. This model only accounts
for purely random variations, and in case we want to take seasonal varations into
account, it is appropriate to study a model of h(t) with some underlying periodicity.
Adding a sinusoidal to (3.2) gives such a model, and gives

h(t) = Asin(vt) + &(t) (3.3)

where £(t) is as given in (3.2). These are the two models which will be discussed.

45
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3.2 Harvesting

Harvesting is a way to to control population dynamics and avoid unwanted popu-
lation dynamics. One such technique is called Treshold Policy (TP), which works
in the following simple way: When the population of a species is above a certain
level of threshold, harvesting starts, and when the population falls below that level,
harvesting stops. If u denotes the population of the species, then a simple function

that models TP would be
0 :u<T

o ={ 0 us]

where T is the population threshold and € is the harvesting rate. This is not a model
that is very usable for real-life applications however, as the function is discontinuous
at u = T, time delays and capital constraints preventing a sudden start of harvesting
makes it difficult to follow this in practice. An alternative continuous threshold

policy give a gradual increase in harvesting rate as the population increases above
the threshold:

(3.4)

0 u<T
P(u) = % T<u<a (3.5)
€ U >

where € represents the maximal harvesting rate, and « represents the threshold
where the maximal harvesting rate starts if the population goes above it.

A slightly more practical function, and which captures the idea of a gradual
continuous increase is one given in is

Hu) 0 u<T (3.6)
u) = h(u—T) . .
ey uzT

where h is the upper limit of harvesting rate, this is the representation that shall be
used in this thesis. Figure 3.1 illustrates how the harvesting rate as a function of u
increases.

We will study the effects of controlling the population of predators, so the modi-
fication of the basic model becomes

U= —mU + kBUV — H(U) (3.7a)
V =aV[l 4 h(t)] — BUV —4V? (3.7b

where the function H is as given in (3.6).

3.3 Equilibrium points and stationary solutions

We will first make a brief analysis of the equilibrium points of equations (3.1) and
(3.7). The deterministic system corresponding to equation (3.7) is

U= —ulm — kpv] — H(u) (3.8a)
0 = v[a — Pu — Y] (3.8b)
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Figure 3.1: The harvesting function H(u) with T'=h =1

if we constrain v < T, then the above equations represents the corresponding de-
terministic system of equation (3.1). In this case, we see immediately that (u,v) =
(0,0) and (u,v) = (0, %) are two equilibrium points where one or both of the species
are extinct. For the purposes of this discussion, however, we are more interested in
equilibrium points where both species remain alive. In addition, we also want to
make sure that the population sizes u and v are physically acceptable i.e. u,v > 0.
Since the mapping = — exp(z) is a bijection from R to (0,00), the logarithmic
transformation

r=Inu, y=Inv (3.9)
will do nicely for these purposes. Inserting this into (3.8) gives
i =—m+kBexp(y) — H(z) (3.10a)
y=a—Bexp(z) — yexp(y) (3.10b)
where .
- 0 rx <In
H(&T) = { h}g_l’_zg{g?((i’)(:_;))) x> IHET; (311)

Still constraining = < In(7"); the system given by equation (3.10) has a single equi-
librium point (ln(% — ]Z—g;), ln(%)) By linearizing the system at this equilibrium

point, we get
; 0 m —In(g — 2
HE o | [ (312)
Y —(Oé—m> %3 y—ln(%)
The characteristic equation for the above matrix is A> + X2\ +m(a — 2%) = 0, with
roots

2
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Cleary, if the equilibrium point is physically acceptable, that is % > 0 and (% —
%) > 0 and and all parameters are positve then the two eigenvalues of the above
matrix satisfies Re(\12) < 0, which makes the equilibrium point stable. We should
therefore expect to see, in any stationary solution of the corresponding stochastic
system when the term H(U) is not present, a global maximum of the probability
distribution near this point.

Indeed, by stating the SDE that arises in the absence of the term H(z), and
h(t) = &(t), where £(t) is a Gaussian white noise process with (£(¢)) = 0 and
(E)E(t + 7)) = Ded(1), we get by applying Itd’s formula to the transformations
Xr =In(U;) and Y; = In(V;)

dX; = (—m+ kBexp(Y:))dt (3.14a)
dY; = (@ — fexp(X;) —vexp(V;)) dt + a/De d By, (3.14b)

where & = o — %O{2D§. This set of equations can, when

G(v,y) = kBexp(y) — my + Bexp(z) — (& —ym/kpB)z, (3.15)

be rewritten as

_0G(X,,Yy)
0G(X.,Y)) v 0G(X,Y,)
Vo _ _ Y 9ut A ) B,. 1
a1y, ( X oY dt + o\/de dB, (3.16b)

As we have previously shown by using the Fokker-Planck equation, such a SDE has
a stationary solution given by the function

pxy (z,y) = Cexp|—(27/kBDea®)G(z,y)]. (3.17)

As long as k,m, 3, (o« — ym/kB) > 0, then the above equation is valid as a distribu-
tion. As Pxy(z,y) — 0 as (|z],|y|) — (00, 00), the global maximum of must be at
a critical point of G(X,Y). Setting % =0 and % = 0 gives

r—In (%(a - %&Dg - %)) (3.182)
m
y=In (ﬁ) (3.18b)

this point is close to the equilibrium point that was found in equation (3.10) when the
constraint x < In(7") was put on z, as predicted, in the sense that the y-component
is equal to the equilibrium point, while the argument of the log-function in x is the
same as for the argument of the z-component of the equilibrium point, but shifted
with the factor —%aQDf. That the z-component of the maximum of the solution
shifts in such a way, compared to the equilibrium point found in equation (3.10) is a
strange peculiarity of It6 stochastic calculus, but nonetheless, if D¢ is not big, they

should still be close.



49

3.3. EQUILIBRIUM POINTS AND STATIONARY SOLUTIONS

VPP N

N

e N N —————
e S
o e e -

e I TN NN

e B NN NN N NN N e N N AR Y

////////////////
//////

[l

1111

!

1111111

il

7777777 INN
////////?///////»

\\\\\\\\\\\
ﬂ%\\\\\\\\\
s S S LS
S
S S S S s
S S

S PP PPy

NN NN NN
NN NN N S =3
NN N NN N S
NN NN S
NN N N S
\\\\\\\\\\\\\\\\&f//

e e N N

o NN N NN N R D N

AR R R R R R RN
N NN
\

[ [/~

[ !

l

11111

//////{///////

i
|

777
111

NN N~

/
/
/
/
s
7

<
eSS S
\\\\\\\\\
[—— S S S
|~ S
S PP PP P4
|~ S
[~ S
<SS
S S PP PP Y YYYi

/
y
4
/
/
/
/
/
7
7
7
7
7/
s

NN
NN NN N NN N S
NN NN N NN NN S
NNNANN N NN NN S e~

(b) Harvesting term present, with In(7) =0

and h =1

(a) No harvesting term present

T e e

I

e B e

S N e e i e

e I T T TN
B e N e N N

T T VNN N N e N N N NN
////////////////

—
—

—4—

S S S
| S S
[ S
ﬂ%\\\\\\\\\
s S S S SSS
S
S S LS
S S

S PP PPy

NONN NN NS

NN NN NN N N
ROV NN NN N
N N NN
ROV NN NN N N S
AN NN

o s s

e N N NN N Y

b BN NN NN T D N N NN

‘,////////////

\
/

—
—

4

S S
—— S S S
[ S S

A e
NONNNNN NN N =3

[~
e s S SSSSSS
|—— S S
S S
<SS S
S S PP PP Y Y YYYi

A N N
AN NN

/
/
/
/
/
7
/s
7
7
7/
s

(c) Harvesting term present, with In(T) = (d) Harvesting term present, with In(7T) =

—land h=1

—land h =2

B =a=1and vy =0.05.

k=

Figure 3.2: Phase diagram for (3.10) with m

_= (a —_
the stationary solution in the absence of the term

U

m
kB’

H(z), becomes, in terms of the equilibrium point:

By denoting by the shifted arguments of the equilibrium points:

a’De — 3%) /8 and vy

1
2

(3.19)

C exp|—(27/Dea?)((exp(z) — uox) [k 4 exp(y) — voy)].

pxy(z,y)

By taking into

7).

(

the analysis of equi-

b

)

zero when z > In(T

and drop the restriction x < In

3.10)
becomes non-

librium becomes much more complicated

by looking at an example.

(
)

X

1(

We now return to equation
account the the term H

and we shall only discuss this qualitatively

)

Numerical calculations of the phase portrait of (3.10) can be quite useful for
making hypotheses of how the dynamics of the system changes when introducing
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Figure 3.3: Expected value for X; and Y; in (3.14) calculated on ¢ = [0, 30] using PI
with At = 0.001 on the mesh [—6, 3] x [—6, 3] with 80 grid points in each direction.
The parameters used were m = K = f =a =1, v = 0.05, In(T) = -1, h = 2
and D¢ = 0.05, with the corresponding stationary solution given in (3.19) as initial
distribution.

the harvesting term H(x). Four phase portraits of equation (3.10) are shown in
figure 3.2, with m =k = = a =1 and v = 0.05. It is quite interesting to see that
the introduction of the harvesting term, does not seem to change the nature of the
dynamics: There is seemingly still just one real-valued equilibrium point, and that
equilibrium point seems to remain a stable spiral point.

As seen in figure 3.2 (b) the position of the equilibrium point does not change
much by introducing a harvesting threshold at the equilibrium point In(ug) = 0,
this is not that surprising as with > In(ug) and y > In(vg) the solution declines
very rapidly towards the equilibrium point as long as x,y, v, up < In(a/7y) (if y >
In(a/7), then x — —oo as t — oo, and the predator will eventually becomes extinct
[9].

However, when harvesting starts at In(7) = —1 as in figure 3.2(c) and 3.2(d),
then there is a noticeable shift of the equilibrium point, where the value for x
decreases and y increases. As exp(x) denotes the population of the predator, and
the predator is the species that is being harvested, this is not surprising: When the
predator is being harvested, the state of the system where the predator and the prey
is in will naturally shift in a way that favors the prey. By increasing the maximal
harvesting rate h, the equilibrium point is further shifted in the same direction, as
seen in figure 3.2(d).

Following this discussion, it might be reasonable to conjecture that a station-
ary solution exists when the harvesting function is present in this example in the
neighborhood of the stationary solution with no harvesting function present. Fig-
ure 3.3 shows the expected value for a simulation of this example starting at the
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Y]

Figure 3.4: Marginal distribution for X; and Y; in (3.14) calculated at ¢t = 30 using
PI with At = 0.001 on the mesh [—6, 3] x [—6, 3] with 80 grid points in each direction.
The parameters used were m = K = =a =1, v = 0.05, In(T) = -1, h = 2
and D, = 0.05, with the corresponding stationary solution given in (3.19) as initial
distribution. The solid blue line represents the solution when the harvesting term
was present, the dashed red line represents the solution when it was not.

corresponding stationary solution when no harvesting term is present, this figure
provides additional evidence that a stationary solution exists when a harvesting
term is present, as there is a clear trend that the expected value seem to stabilize
at a time-independent value.

Figure 3.4 shows the marginal distributions of the same simulation at 7" = 30
against the marginal distributions of the stationary solution, that the simulation
was started at. Assuming that this is indeed a good approximation of the stationary
solution of this example, if it exists, then there are a couple of interesting facts that
can be read from this graph: First of all the global maximum of the the distributions
corresponds to the equilibrium point found in the phase diagram of figure 3.2(d)
with the same parameters. This is exactly as expected, and further reinforces the
conjecture that a stationary solution exists.

What is slightly more surprising however, is that introducing a harvesting term
seems to decrease the variance, and thus the uncertainty of the population size of
both species, which is clearly seen by the sharper peak of the distribution in both
X; and Y;. In retrospect however, since we are essentially directly manipulating and
controlling the size of the population of one of the species, this might be expected.

Going back to the stationary solution given in equation (3.19), we find the cor-
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responding distribution for U; = In(X;) and V; = In(V}), by calculating

pov(u,v) = 8§8UPXY(IH(U)’1H(U)) = u—lvpxy(ln(u),ln(v)), (3.20)

where Pxy(z,y) = [*_[” pxv(z,y)dzdy is the joint cumulative distribution of
X; and Y;.

On applying the normalization condition on the first quadrant of the (u, v)-plane,
we thus obtain the stationary distribution of the solution pyy (u,v) = py(u)Py(v)
where it turns out that U; and V; are independently I'-distributed [9], with distri-
butions given by

pu () = [(6/k)%u0/Fydu/k =L exp(—su/k)] /T (Suo k) (3.21)
pv(v) = [(6)°0v? L exp(—dv)] /T (dvy) (3.22)

where I'(+) is the Euler Gamma function, ug = (v — 102 D¢ —ym/kpB) /8, vo = m/kj3
and § = 2v/a*D.

It can readily be verified by insertion into the Fokker-Planck equation, that this
is indeed a stationary solution for (3.7), when A(t) is Gaussian white noise. In fact,
we can show that this is the only integrable stationary distribution of the form

puv(u,v) = uFr~wk2"Lexp(—uf; — vby), by calculating

0
—%[(—m + kBv)upyy (u, v)] =mk; — kBkiy — mbix + kB61yx (3.23)
0
—%[(a — pu — yv)vpyy (u,v)] = — aks + (1 + ko)y + aby)y + Bkox
— BOyy — Y02y (3.24)
0% 1

1
ﬁboﬂDgﬁpU‘/(u, v)] = 5042D§(/€2 + k3 — 2(1 + ko)bay + 0597). (3.25)

By setting — 2= [(—m~+kBv)upyy (u, v)]— 2 [(a—Bu—yv)vpyy (u, v)|+ 2z (o> Devpov (u, v)] =
0, and collecting terms of equal power, we get the following set of equations

1

mk; — aky + §a2D§(k2 +k3) =0 (constant term) (3.26)
kB0, — by =0 (zy) (3.28)
1

50 DO; =16 =0 (). (330)
The last equation gives that either: 6, = 0 or 6, = 2vy/a?De = 4§, the first option
gives from the second and third equation that ky = #; = 0, inserting this into the
first and fourth equation however, gives two equations for k; that does not agree
unless 7 = 0, but in this case, we obtain the solution pyyv (u,v) = (uv)™' which is
not integrable, thus, we must have 0, = §.

Proceeding with 6, = 9, we obtain uniquely from the second and the third
equation that 6, = d0/k, ks = 6(m/kp) = dvp, inserting this into the first and
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fourth equation, gives two equal expressions for k;, which gives uniquely that k; =
(6/k)(o — 3a*Deym/kB) /B = duo k-

We shall conclude this section on stationary solutions with an example, showing
how PI performs with equation (3.7).

Example 3.1. Consider the SDE

dV; = (aV; — BUV;, — V) dt + a/D,V; dB; (3.31b)
where U, V; > 0. Implementation of this SDE requires some extra care, as the

diffusion term a/D¢v — 0 as v — 0. By writing up the transition kernel that
results from an Euler approximation, we get

(v —v—ra(u,w)At)?
exXp ( 202 Dev? At

V/2ma? Dev? At

By doing the usual transformation (@, ) = (u+ 71 (u, v)At, v+ ro(u, v))At = g(u,v)
we obtain

k(u' o' u,v, At) = §(u — u — 11 (u, v)At)

(3.32)

exp ( (v~ 9)* )
;- 202 D¢ (g (1,3))2 At

-1 :

V2ma?De (g, (a,0))2 At
where v = g, (1, ) is the unique real number such that together with u = g, (i, v)
we have (@, 0) = g(u,v), we approximate v by (u,v) = ¢~ (4, 0) ~ (a—ry(a, 0)At, 01—
ro(t, 0)At). The probability density of the solution at the next time step then
becomes

k(u', v u,v, At) = 6(u (3.33)

(v =0)2
&P <2a2Ds(ﬁ—T2(u’ﬁ)At)2At> L
’ L, 9))| ] 1| do 3.34
Rﬂmmg(ﬁ—m(u’,@)At)?Atp(g (', 9)) g (3.34)

p(“’? ’0/7 t/) =

where |J,-1| is the determinant of the Jacobian of the inverse transformation. One
quickly realizes that the transition probability, which can for small At be approx-
imated by exp((v' — 0)%/2a2D¢0?At) / /27 De0? At is highly localized and peaked
around 0 = v’ as shown for some sample functions in figure 3.5(a), but is not in-
tegrable over RT as the function is asymptotically bounded from below by C'/v as
0 — oo for some constant C' € R*.

That the transition probability is non-integrable is not a problem in terms of
evaluating equation (3.34) as the integrand is dominated by p(u,v), which is integ-
rable. It does however present a challenge in terms of choosing quadrature points
for the numerical integration. Due to non-integrability of the transition probability,
we must integrate over the entire interval v € [Viuin, Vinax] in which we represent the
distribution of the numerical solution in order to keep reasonable bounds on the
error due to truncating the function: We can not simply choose quadrature points
around the peak of the transition probability, as we can in the case of the diffusion
term being constant.

Due to the peaked nature of the transition probability however, we should choose
quadrature points densely around the peak. Having uniformly distributed quadrat-
ure points chosen dense over the interval [Viin, Vinax| 18 not prudent however, as it
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quickly leads to excessive computation time: As we do not need densely distributed
quadrature points at the tails of the transition probability, a better idea would be
to choose a non-uniform grid with a dense distribution around the peaks: More pre-
cisely, we would like to implement an algorithm that chooses the quadrature points
adaptively according to the nature of the transition probability function.

The algorithm which will be used, and which will shortly be described is based
on a step-size control which is commonly implemented for Runge-Kutta methods:
It is an idea due to Fehlberg [10], and for a more thorough explanation, the reader
is referred to [10].

The basic idea in this case is to choose two different quadrature rules, one of
order p,and one of order p+ 1 to approximate f;+m f(z) dz for some function f(z).
If we let fi and f, denote the value of the approximate value for the first and the
second quadrature rule, such that

=Y s = [ s+ o) 3:3)
p=Yousto= [ s 0w (3.36)

then |f; — fo| should be a pth order approximation of the error, that is
|fi = fo| = e+ O(A?), (3.37)

where e is the true difference in absolute value between the exact and the approxim-
ate integration for f; and fy. If e; = |f; — f2] and ez is the bound which we do not
want the error to exceed when integrating over [z, x + Az]. Then we should expect
to have approximately the following relationship between the current step size Ax
and the desired step size Az, where the error should be approximately e

e Azy\P

2= (—2) (3.38)

€1 AZL’l
Suppose now that we for some step size Ax; calculate the error e; < ey, then
naturally we want to keep the current step size, but we also want to increase the
step size for the next step, so that we do not take an unnecessary number of steps.

Conversely, if e; > e;, we want to redo the step with a decreased step size. We
choose the new step size with a slight modification of equation (3.38):

eo 1/p
Axy =P (e_1> Axy (3.39)
where P € (0,1) is known as the pessimistic constant: We want to choose a Ao
slightly lower than the predicted one, in order to not waste too many steps, it is
typically chosen between 0.7 and 0.9.
The function f we integrate, and which we choose the quadrature points from is
a slightly modified version of the transition probability, and is given by

(v —v)?
XD \ 207Dev?At

V2ma? Dev? At '

f(v) = (3.40)
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Figure 3.5: Illustration of the shape of transition probabilities when using the Euler
approximation in (a), and illustration of the distribution of quadrature points, when
using the adaptive algorithm in (b) using e = 1072. The parameters used in all
cases were « =m =k = =1, v = 0.05 and D¢ = 0.01, on the grid [0, 5] x [0, 5].

This function is the same as the transformed transition kernel, but omits the ex-
pensive to calculate RK-step in the denominator of the exponential argument and
the denominator of the transition kernel. For small At, this should be a reasonably
good approximation. The implementation of the algorithm using the first order
Euler’s method

fi=Axf(z1) (3.41)

and the second order trapezoidal rule

_A:z:

fa T(f(%) + f(x2)). (3.42)

Figure 3.5(b) illustrates the distribution of quadrature points using the described
algorithm with the Euler-trapezoidal rule pair. We see that we achieve the distri-
bution of points we desired, with quadrature points densely distributed around the
peak, and a much sparser distribution elsewhere.

In figure 3.6 the results from a simulation using the algorithm just described, and
as can be seen, the computed Pl-solution does not preserve the stationary solution
very well, as a significant deviation can be seen for the computed function at ¢ = 60
from the stationary solution. The computed solution is peculiar, in that it does not
seem to fundamentally change the shape or the expected value of the distribution,
but rather the variance: It seems to stabilize at a stationary solution with a lower
value for .

The author has tried to figure out the reason for this discrepancy, and has worked
with a couple of theories. The first theory was that this perhaps is due to the
singularity of the denominator of the expontential argument in the transition kernel
as v — 0. Since the denominator goes to infinity as O(v™2) there might be a
significant round-off error in the solution. To test out this theory, an implementation
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—— Calculated solution|
— - — Exact solution

—— Calculated solution
-~ — — Exact solution

Figure 3.6: Marginal distribution for U; on the left hand-side and V; on the right-
hand side in (3.31) calculated at ¢ = 60 using PI using an Euler-discretization
and the algorithm for choosing quadrature points described in example 3.1 with
ez = 1073, At = 0.01 on the mesh [0, 5] x [0, 5] with 80 grid points in each direction.
The parameters used were m = K = 8 = a = 1, v = 0.05, D¢ = 0.01, with
the corresponding stationary solution as initial distribution. The solid blue line
represents the Pl-solution at ¢ = 60, the dashed red line represents the stationary
solution.

of this algorithm, using a Milstein scheme for time-discretization rather than the
Euler scheme. The transition kernel in this case becomes

k(' o't w0, t) = 6(u' — v — r(u, v)Atk(u', v, u, v, t) (3.43)

where

B <\/m+(—1>fk1>2}
2At

T o |12 5 |
k ) ’t’ ) 7t -
(v, 8w, 1) 2v/2m At j:1e

c=v+ro(u,v)At — koAt — klky

(3.44)

kl _ Dgl/Q
1
]{32 = §D5U.

Here, there is also a singularity in the denominator term of the exponential argument
at v = 0, but here it only goes to infinity as O(v™!), if the theory of round off error is
correct, we should see a significantly more accurate solution, when using a transition
kernel based on the Milstein scheme.

In using the Milstein scheme, we use an algorithm for choosing the quadrature
points completely analogous to the one we used when using an Euler discretization,
but we use another function f, which we choose the quadrature points from, which
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Figure 3.7: Marginal distribution for U; on the left-hand side and V; on the right-
hand side in (3.31) calculated at t = 60 using PI using the Milstein scheme and
the algorithm for choosing quadrature points described in example 3.1 with ey =
1073 At = 0.01 on the mesh [0,5] x [0,5] with 80 grid points in each direction.
The parameters used were m = K = 8 = a = 1, v = 0.05, D = 0.01, with
the corresponding stationary solution as initial distribution. The solid blue line
represents the Pl-solution at t = 60, the dashed red line represents the stationary
solution.

is given by the expression

_ (' =]
A N X_;e{

J

(V=0 kg +(=1)Tk1)?
2At

(3.45)

where

C:U_kQAt_k%kQ

]’fl _ Dgl/Q
1
k2 = §D5U.

which results once again from doing the usual transformation (@, 0) = (u+rq (u, v) At, v+
ro(u, v)At), and then omitting the expensive to calculate terms r(u,v).

Figure 3.7 the results from using the Milstein scheme are shown, and also here,
there is a significant difference between the stationary solution that the simulation
began with, and the obtained solution at ¢ = 60, though it is visibly closer than
with the Euler discretization.

This leaves us with three possibilities, as far as the author can see. The first
possibility is that the error is indeed due to a large round-off error which could still
be possible: Even though the singularity grows slower in the exponential argument
of the Milstein scheme transition than the singularity in the exponential argument
of the Euler scheme, there is still a singularity in the denominator of the transition
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kernel, which grows us O(v~!) both when using the Milstein scheme, and when using
the Euler scheme.

A second possibility is that this is a an example of an SDE for which the PI-
solution does not converge, an assumption which is made somewhat stronger by the
fact that the PI-solution, while using both the Euler scheme and the Milstein scheme
seemed to diverge when choosing At smaller than 0.01. The SDE does certainly not
satisfy the criteria for convergence of the Pl-solution, as an existence and uniqueness
of the solution is not guaranteed, since the deterministic term of the SDE does not
satisfy the Lipschitz-criterion.

A third possibility, which the author finds more likely than the second possibility,
is that there is simply a bug in the program which was written to simulate the
solution, or an implementation mistake: Even though there is a possibility of a
large round-off error, the grid was intentionally chosen coarse, such that the grid
points with the smallest values for v wouldn’t be too small. In addition, the case
of v = 0 was handled analytically by adding the constraint of the PI-solution that
p(u,0) = 0, which is true for the stationary solution in this example. The author
has looked very carefully throughout the whole code for an implementation error or
a bug, but was unsuccessful in this regard. The entire source code, which can be
run as a stand-alone C++ program has therefor been included in apppendix A.

3.4 Non-stationary solutions

In the previous section we considered h(t) when it was a pure Gaussian white noise
process. We shall now turn our attention to temporal variations with hidden time-
depended periodicity. That is, h(t) of the form

h(t) = Asin(vt) + £(t) (3.46)

where £(t) still is a Gaussian white noise process with (£(¢)) = 0 and ({(¢)E(t+7)) =
D¢6(7). The transformed SDE with no harvesting term thus becomes

dX; = (—m+ kfBexp(Y;))dt (3.47a)
av; = (a(1+ A sin(vt)%Dgaz) — Bexp(Xy) — yexp(Y)) dt + ay/DedB,  (3.47h)

Due to the non-autonomous nature of this SDE, it can be shown quite easily that
the corresponding deterministic ODE (i.e. we set D, = 0) has no equilibrium points.
We should therefore not expect any stationary solution for the SDE to exist, we do
however get periodic non-stationary solutions [9].

A realization of the solution, using PI confirms the existence of the periodic non-
stationary solution. Figure 3.8 shows the time-evolution of the expected value with
respect to X; and Y}, and as can be seen, the expected value seems to be a sinusoidal
oscillation with an oscillating amplitude which asymptotically becomes stable at a
fixed value.

The author counted approximately 24.5 periods for A = 0.05 over ¢ € [0, 150]
and approximately 48.5 periods for A = 0.5 over t € [0, 300], which implies a period
of 6.12 and 6.18 respectively, which is just short of 2. This suggests that the oscil-
lations of the expected values are independent of «, and is driven by the sinusoidal
term.
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(a) A =0.05 on the mesh [—1.5,1.5] x [-1.5,1.5] (b) A = 0.5 on the mesh [—4, 2] x [—4, 2] with 80
with 100 grid points in each direction grid points in each direction

Figure 3.8: Calculated expected value of the Pl-realization of equation (3.47) with
At = 0.01, using the parameters « = m = k = =1, v = 0.05, v = 1 and
D¢ = 0.05. The initial distribution used is given in equation (3.19) with the relevant
parameters

It is also interesting to note that the function seems to oscillate about the function
values which are the maximal value of the Lotka-Volterra equation, with only pure
white noise as the variation of the growth rate of the prey for the same parameters.
That is in figure 3.8, the expected value for X; and Y; oscillates around E(X;) =
In(0.925) ~ —0.078 and E(Y;) = In(1) = 0, which are, respectively, the z- and y-
coordinates of the global maximum of the corresponding stationary solution, when
the variation in the growth rate of the prey is driven only by white noise.

The oscillations in the amplitude may be due to natural oscillations in the system
which occurs when it is not in a state of equilibrium, and when the system eventually
reaches a periodic equilibrium state the large oscillations die out. It also seems that
the oscillations in the amplitude are present longer when A\ = 0.5 than with A = 0.05,
as can be seen in figure 3.8(b) where the big oscillations are quite pronounced, even
when ¢t = 150, the physical reason for this might be a delayed reaction from the
predator in response to the more rapid change of growth of the prey. As a result,
the large oscillations also takes a longer time to die out.

Figure 3.9 shows the time averaged solution on ¢ € [100, 150] for figure 3.9(a) and
on t € [250,300] for figure 3.9(b), for the same calculations used in figure 3.8, and as
the expected value suggested, we see that the solutions typically go in elliptical-like
orbits with bigger radii as « is chosen bigger.

We now return to the transformed Lotka-Volterra equation with harvesting and
random temporal variations in the growth rate of prey

dX; = (—m+ EkBexp(Y;) — H(X,))dt (3.48a)
dY; = (@ — Bexp(X;) — yexp(V:)) dt + ay/De dB;, (3.48b)

where H(z) is given in equation (3.11). We are interested in seeing qualitatively
how the the harvesting term affects the solution of the Lotka-Volterra equation with



60 CHAPTER 3. LOTKA-VOLTERRA SYSTEM WITH HARVESTING

10.1

[ 10.08

1.5 -
1.5 1 0.5 0 0.5 -1 -1.5 -4 -3 -2 -1 0 1 2

X

(a) A =0.05 on the mesh [—1.5,1.5] x [-1.5,1.5] (b) A = 0.5 on the mesh [—4,2] x [—4, 2] with
with 100 grid points in each direction 80 grid points in each direction

Figure 3.9: Time averaged solution of the Pl-realization of equation (3.47) with
At = 0.01, using the parameters « = m = k = =1, v = 0.05, v = 1 and
D¢ = 0.05. The initial distribution used is given in equation (3.19) with the relevant
parameters

random temporal variations in the growth rate of the prey.

We can make some a priori guesses of how the solution will behave. We have
good reasons to believe that we will asymptotically obtain a periodic solution, as
that was the case with the Lotka-Volterra equation with random temporal variations
in the growth rate of the prey. The sinusoidal seemed to be the driving force behind
the small oscillations, and we should expect to at least see them in the solution
when the harvesting term is present.

We should expect to see a noticeable change of the radii of the ellipses and the
focus towards bigger values of y and smaller values for x, because x, which represents
the population of the predator is being harvested.

In figure 3.10(b) the results from simulations of equation (3.48) for the given
parameters can be seen, which is compared side-to-side with the simulation of the
same equation with the same parameters but without the harvesting term in figure
3.10(a). With the parameter A = 0.05 for the temporal variation in the growth rate
of the prey, there is not a large difference between the two graphs: The amplitude
of the expected value, can be seen to be a little more damped, and stabilizes a little
quicker in figure 3.10(b) where the harvesting term is present, but except for that
there are little differences.

In the analog figure 3.11 with the same parameters but where A = 0.5 however,
one can see that there is a significant damping of the oscillation of the amplitude
of the expected values. It is not very surprising that the harvesting term has a
damping effect on the amplitude of the expected values, because the damping term
can essentially be thought of as a force that acts against movement of X; and
thus also Y; towards extreme values, preventing the initial big oscillations in the
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(a) A =0.05 on the mesh [—1.5,1.5] x [-1.5,1.5] (b) A = 0.05 on the mesh [-1.5,1.5] x [-1.5, 1.5]
with 100 grid points in each direction, no har- with 100 grid points in each direction, no har-
vesting term vesting term

Figure 3.10: Calculated expected value of the Pl-realization of equation (3.48) with
At = 0.01, using the parameters a =m =k = =1, v = 0.05, v = 1, D¢ = 0.05,
In(T) = —1 and h = 2. The initial distribution used is given in equation (3.19) with
the relevant parameters.

amplitude.

We also see a slight tendency in figure 3.10(b), but more so in figure 3.11(b) that
when the amplitude of the expected values stabilize at a constant value, that the
minimum values for E(X;) become slightly lower, and the and the maximal values
of E(Y;) becomes higher.

This is in line with what we discovered for the stationary solution and the equi-
librium point analysis for the Lotka-Volterra equation, when the variation in the
growth of the predator is a pure white noise process: When harvesting occurs, there
is a slight shift negative shift in X;, the population of the predator, and a larger gain
in Y}, the population of the prey. The reason for the discrepancy in shift is likely the
following: The prey population was held in check primarily by the population of the
predator, but since the population of the predator is controlled by the harvesting,
there is a gain in the population of the prey. This gain in population in the prey,
results in increased growth of the predator, which balances out much of the negative
effect of the growth of the predator which is introduced by the prey, therefore there
is only a slight net loss in the maximal population of the predator.

Figure 4.6 shows plots of the time averaged solution for ¢ € [100, 150] in figure
4.6(a) and 4.6(b), and the time averaged solution for ¢ € [250,300] in figure 4.6(b)
and 4.6(d), with a corresponding side-by-side comparison of the solution without the
harvesting term in figure 4.6(a) and 4.6(c). We see that introducing the harvesting
term, we get a reduction of the variance of the solution and the path of the orbital
becomes more sharply defined. This is a phenomenon that we also saw in the
stationary solution the Lotka-Volterra equation, when the variation in the growth
of the prey is controlled by pure white noise, when introducing a harvesting term,
and the reasons are most likely the same.

The shape however, remains largely unchanged. We see interestingly that figure
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(a) A = 0.5 on the mesh [—4, 2] x [—4,2] with 80 (b) A = 0.5 on the mesh [—4,2] x [—4,2] with
grid points in each direction, no harvesting term 80 grid points in each direction, with harvesting
term

Figure 3.11: Calculated expected value of the Pl-realization of equation (3.48) with
At = 0.01, using the parameters a =m =k = =1, v = 0.05, v = 1, D¢ = 0.05,
In(T) = —1 and h = 2. The initial distribution used is given in equation (3.19) with
the relevant parameters.

4.6(b) is almost a mirror reflection of figure 4.6(a), and in both figure 4.6(b) and
4.6(d) the maximal values of the solutions shift from high values of y to low values
of y. Except for that, there are not many differences. This shows that the a priori
assumption that the radii of the ellipses would change, increasing in the direction
of y and decreasing in the direction of z was somewhat false.
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(¢) A = 0.5 on the mesh [—4,2] x [—4,2] with (d) A = 0.5 on the mesh [—4,2] x [—4,2] with
80 grid points in each direction, no harvesting 80 grid points in each direction, with harvesting
term term

Figure 3.12: Time averaged solution of the Pl-realization of equation (3.48) with
At = 0.01, using the parameters a =m =k = =1, v = 0.05, v = 1, D¢ = 0.05,
In(T) = —1 and h = 2. The initial distribution used is given in equation (3.19) with
the relevant parameters.
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Chapter 4

An adaptive algorithm

In this section, we will try to develop an algorithm that is fast but also accurate by
exploiting, and building on specific properties of SDE that we will be looking at.
The type of SDE that we will consider, are two dimensional autonomous SDE with
noise in one dimension of the type

dXt = a (Xta }/;) dt (41&)
dY; = as(X,,Y;) dt + /Ds dB, (4.1b)

where we will look at the logarithm-transformed Lotka-Volterra equation

dX; = (—m+ kB exp(Y;))dt (4.2a)
av; = (o — %OJL’Dg — Bexp(X,) — v exp(¥)) df + ar/De dB, (4.2b)

which requires extra care in the space domain, for reasons that will be made clearer
later.

The method developed here, will make strong use of the time-independent nature
of the Lotka-Volterra equation, to show how we can pre-calculate most of the heavy
calculations and greatly reduce the number of calculations for each subsequent time
step. We will also implement adaptive mesh refinements, which is refined according
to the current information of the stationary solution. We will also use the stability
of the stationary solution, that is that we obtain a stationary solution, regardless
of initial smooth condition, to hopefully gain gradually better estimates of the true
stationary solution, by gradually decreasing the time step size.

4.1 PI for an autonomous SDE
Recall that when we apply the PI-operator to the solution p(z,y,t), in order to get

the solution at the next time step p(z’,y’,t') for the equation of the type given in
(4.1), we have to calculate

(/_~)2
e (BR)
p(e' Y t) = | —=———=—==»p
R \/27TD5At

65

(97" (", 9) [ Jg-1| d7 (4.3)



66 CHAPTER 4. AN ADAPTIVE ALGORITHM

where g7 (2, y) ~ (z—7r1(z,y, —A)At, y—ro(x,y, —At)At), where (ri(z,y), ro(x,y)
represents a step with the RK-method chosen, where the time step is done back-
wards, that is, the time step is negative.

Since the position of g7!(x,y) can be arbitrary, we must either choose to ap-
proximate p(¢g~' (2, 7)) by choosing the point (Z, %) in the grid, which is closest to
g1 (2, 7), or represent p(x,y) as a spline. We choose the latter, as it adds relatively
little costs, but increases accuracy quite dramatically. We thus represent

p(z,y,t) szrtlj Vi jn(T,y) (4.4)

=1 j5=1

where I';(4, j) is the control point associated with (z;,y;) in the grid, and b; ;,(z, y)
is the basis function of degree n, associated with (x;,y;). By this representation we
thus get

t
p(x',y' 1) ZZB i,7) | — =00 (97 (2 9)) |y | A (4.5)
i=1 j—1 \/27TD£

As was observed in [11], when the SDE is autonomous (time independent) and At
is constant, the integral in each term of the sum is also time independent, and thus,
only needs to be calculated once. By denoting

Bkl exp <(2le yA)t>
Wi \/27TD§

We thus get for each point (z;,y;) in the grid {z1,... @, } X {y1,...,yn,} that

p(@, yi, ¢ ZIZD (i,4) By, (4.7)

=1 j=1

bijn (9™ (2, 9))| Ty | dg (4.6)

all we need to do at each time step is to calculate the control points I'y(7,7) and
evaluate the above sum.

In this particular section, we will use linear basis functions, which has the basis
properties that it is linear and that b; ;(zg, vi) = 0;x0;;. These basis functions are
also called tent-functions, for obvious reasons. Linear basis functions are preferred
here, because of ease of implementation when we are dealing with non-uniform grids,
and the fact that we don’t have to expensively calculate the control points T';(, j)
from linear systems of equations, we obtain the controls points directly by I';i,j =
p(x;,y;,t), as only the basis function b; ;1(x,y) is non-zero at (x,y) = (z;,y;). The
calculation is then reduced, for each time step to simply adding up the terms in the

Ssum n
Ikvyh Zzp xlvij (48)

11]1

It should be realized that the tensor B has a strongly banded character, with
elements decreasing rapidly towards zero off the main diagonals ¢ = k and j = [. In
fact, since each basis function b; ;1(z,y) is compactly supported in the convex hull
of the nearest points of (x;,y;), most of the terms in the above sum are zero. This
has important implications for the implementation, which will be discussed later.
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4.2 Adaptive mesh refinement

Consider the stationary solution for the logarithm-transformed equation Lotka-
Volterra equation, given by

Pxy(z,y) = Cexp|—(27/kBDea’)G(z,y)), (4.9)

where

G(r,y) = kBexp(y) — my + Bexp(z) — (04 - %aQDg - vm/kﬁ) T. (4.10)

since Pxy (z,y) decreases as an iterated exponential, that is, as exp(— exp(x)) when
xr — 00, and similarly for y, there is a very steep decrease of the function towards
zero for y > In(m/kB) and x > In(a — 1/2a*D¢ — ym/kf3)/3), the global maximum
of the stationary solution.

x10°
18

16

114

112

110

Figure 4.1: Plot of an unscaled version the stationary solution of the Lotka-Volterra
equation on the grid [—4,2] x [—4,2], with parameters k = = m = a = 1 and
v = B = 0.05. The scaling constant C, was set to 1.

This is illustrated in figure 4.1, where you can see that the decrease in the function
value is much more rapid for x,y > 0 than for x,y < 0, where the function is decaying
exponentially. For this reason, a finer grid would be desired around x € [0, 1] and
y € [0,1] to get a more accurate spline representation of the function here. I fine
enough grid to accurately represent the function around the areas of = € [0, 1] and
y € [0,1] would be wasted on other domains of the functions, in particular for large
or small values of x and y, where the function is almost constantly equal to zero.
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Therefore, we should adopt a non-equidistant grid. The question is how we can
do this in a systematic manner without having to make a plot of the analytical
solution, and consider it qualitatively each time we want to do it.

We will base the terminology and the method on a technique of adaptive mesh
refinement often used when forming a finite element method solution of a static
PDE. What we will do, is to start PI from an initial distribution, using a usual
Cartesian equidistant grid, which is quite coarse, and run PI on this grid until we
approximately have a stationary solution for the discrete Pl-operator on this level
of refinement. We then go to each square cell on the grid, and test some criterion
that measures whether the true stationary solution is accurately represented on that
cell, if it is not, then we divide this cell into smaller sub-cells.

Y
Y

Figure 4.2: Illustration of the process of cell refinement.

Figure 4.2 illustrates how the process of cell-refinement is implemented. The 4
by 4 grid is what we start with, where each black node represents a grid-point for
which we calculate a function value for the PI calculation. We then run PI on these
grids on those grid-points, until we reach an approximate solution, and then go to a
finer 7 by 7 grid as illustrated in the middle picture, where we store the value for the
black nodes in every two grid node, such that there is one free grid point between
each grid point, horizontally, vertically and diagonally. We then go over each cell,
which are formed by the thick border, and test whether the cell should be refined.
The final picture shows that the bottom-left, the middle and the top-middle cell
has been tagged for refined, where one black node is added for each free grid point
inside each cell tagged.

We then run PI anew on the new set of black nodes, until we obtain an approx-
imate stationary solution on this level of refinement, and then do the same process
over again. The initial values of the new black nodes which were previously not in
the grid, we simply obtain from linear interpolation of the nearest black nodes which
we have a Pl-solution for.

4.2.1 Criteria for cell-refinement

An easy criterion, and one somewhat common from FEM, is to set some maximum
value for the mass of each cell, that is, the volume under the surface of each cell.
Over cell ¢ with (x;,yx) as the bottom-left corner that covers [ + 1 grid-nodes, we
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have that the mass over that cell is approximately by the trapezoidal rule

Tj+l

Yk+1
M; = / p(z,y,t)dydx
Yk

Zj

w4

lh)? .
O s, ) (e ) + st ) + Pl )] = M, (411)

We then apply the restriction that

M; < 7, for all cells i (4.12)

where 7 represents the maximum mass for each cell. If one of the cells mass exceeds
7, then we divide it into sub-cells as shown in figure 4.2. The idea is then to refine
the grid one level at the time, and then run PI each time until we obtain a stationary
solution that satisfies the above criterion. The hope is that to ensure, ideally, equal
mass over each cell, we get a good representation of the stationary solution on the
non-equidistant grid.

Another criterion that can be applied, is to try to to control the integration error
when we calculate the mass of each cell. We will consider two ways of doing this.
The first one is to calculate the mass of each cell, using methods of different order.
A second order method, which is based on the trapezoidal rule, is already given as

A 1h)?
M, ~ M; = % [p(z5, yx) + (x5, Yrs) + P(Tj10, Yk) + P(Tj00, Yrgr)] - (4.13)

A first order method of integration, would be to assume that the function is con-
stantly equal to some value over the cell, say, p(z;, yx), then

M; ~ M; = (Ih)*p(z;, yr).- (4.14)

With two different schemes for approximating the mass of the cell of different order,
we can approximate the integration error on that cell, by calculating

~ ~ Ih)?
38, = 00 = )+ s, we) (g0 ) — B0yl (415

We then put a similar constraint on this quantity, that is
|M; — M;| < 7 (4.16)

where 7 is the maximal integration error. We proceed to refine the grid in the same
manner with this criterion, as the maximum mass criterion.

Another approach to approximating the integration error, is to use a step-halving
approach. This needs a new approach to how we define the cells, which is illustrated
in figure 4.3. The left picture how we initially divide cells, which covers 9 black nodes
instead of 4. We then follow the same procedure as before to move to a finer grid,
store the value of each black node in every other grid node, and then divide cells
into 4 sub-cells where appropriate. In the case of figure 4.3, only the bottom-left
cell was refined.
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Figure 4.3: Illustration of the process of cell refinement, when one cell covers 9 nodes
instead of 4

If, again, 2] denotes the size of a cell, then the approximate mass of that cell,
using the trapezoidal rule is

M; = (1h)? [p(x;, ) + p(x 5, Yrrar) + D(x 520, k) + D(Tj 120, Ykro1)] - (4.17)

We can, however, also form the approximation of the mass of the cell by seeing that
we can integrate over four cells of size [ and, then add these together, this gives us

~——[p(zj, yx) + (T, Yry1) + 2(Tj10, Yr) + P(Tj50, Yrgr)]
[P(% 305 Yie) + P(Tjgts Yrrr) + 2(T 20, Yi) + P(Tj120, Yir1)]
—— (@, yry1) + 0@, Ykror) + (@40, Ykr) + P(Xj40, Yrro1)]

+

(115 Yhtt) + (20, Yrrt) + (25500, Y1) + P(Tj421, Yiro1)]

4
(Lh)?
= T[P(%w Yr) + 2p(75, Yrgt) + (75, Yrsar) + 20(2 00, Yi) + 4P(Tj40, Yrs1)

+ 20(% 41, Yrr21) + P(Tjg20, Yi) + 20(% 500, Yrrr) + P(T 5420, Ysrot)] (4.18)

approximating the integration error, as before, by |]\A4Z — M;], we get

- ~ lh)?
|M; — M;| = ( 4) | = 3p(25, ) + 2p(25, Yres1) + —=30(25, Yrra) + 20(2j40, Yi)
+ 4p(2j10, Yrr1) + 20(2 40, Yrao1) — 30(@ g0 Yi) + 20(Z 400, Yrt) — 30(Tj121, Yrrar) |

(4.19)

Using the criterion again in (4.16), and the same procedure for refining the cells, we
then obtain a non-uniform grid for the stationary solution based on this step-halving
technique.

Example 4.1. We will take a look at the distribution

pxy (z,y) = exp[—(exp(z) — z + exp(y) — y)] (4.20)

which is based on the stationary solution for the logarithm-transformed Lotka-
Volterra equation, to see how the criteria for cell-refinement performs. Integrating
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Figure 4.4: Plot of the black nodes, along with a plot of the stationary solution of
the Lotka-Volterra equation using the black nodes, starting with 9 x 9 nodes. The
refinement-criterion used here, was the maximal mass criterion given in (4.14), using

=103

this distribution over some subset of R? is quite easy, as when we introduce the

transformation (u,v) = (exp(z),exp(y)), we get

2 x2 v2 u2
/ ! / el —arer—)] 4y gy — / / Eem—— U
Y1 1 v1 ul er ev
v uo
:/ / e () du do
V1 ul
e “?)(e

= (e =)

(4.21)

where u; = exp(z1), us = exp(xq), v1 = exp(y;) and vy = exp(y2). In particular,
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we see that when (z1,z5) — (—00,00) and (y1,y2) — (—00,0), then the integral is
equal to 1, showing that it is indeed a distribution.

We will look at this distribution over grids constrained by [—7, 2] x [—7, 2], which
should be a reasonable representation of the whole solution, as the mass over this
area is approximately 0.99908, and will test each of the criteria to see which one
performs best, in terms of which method gives a distribution of black nodes, which
gives the best approximation of the mass of the distribution over [—7,2] x [-7,2],
when we integrate numerically, using linear elements. This should also give us
a reasonably good measure of how good linear interpolation of the black nodes
approximates the actual function.

In figure 4.4, one can see the process of cell refinement for the maximal mass
criterion, using 7 = 1073, and how the graph of the stationary solution becomes
more detailed as we refine the grid. Notice how the graph of the function in figure
4.4 (c) is represent with black nodes that are only half in number of the grid nodes,
while still getting more or less the same representation, by concentrating the black
nodes around the area of the graph where it is significantly greater than zero.

Number of grid nodes Number of black nodes % of black nodes Error

289 289 100% 0.0018

1089 1089 100% 2.98-1074
4225 4222 99.9% 8.77-107°
16641 16404 98.5% 2.49-107°
66049 62449 94.5% 6.18 - 107
263169 229449 87.1% 1.33-107¢
1050625 788386 75% 3.79-107%
4198401 2396020 57% 5.84-1077
16785409 6506308 38.7% 9.16 - 1077

Table 4.1: Table for the integration error over the function in (4.20) when using
linear interpolation over the black nodes, while using the maximal mass criterion,
where the numerically calculated mass is given in (4.11) for cell refinement, with
7 =107 The calculations were performed on the grid [~7,2] x [-7,2].

Tables 4.1, 4.2 and 4.3 shows how the three different cell refinement techniques,
given in equations (4.11), (4.15) and (4.19) performs, in terms of calculating the mass
under the curve, using linear interpolation, when compared to the exact mass under
the curve, given in equation (4.21) for uy = vy = exp(—7) and us = vy = exp(2).

Note that in all cases, the error actually increases as the number of black nodes
becomes big in all three cases. In table 4.1 and 4.2, this happens after the number of
grid nodes exceeds 1050625, while in table 4.3 this happens when the number of grid
nodes exceeds 4198401. One might think that this is due to the increasing number
of black nodes, and that the round-off error is starting to dominate the error, due to
the large sum that needs to be calculated. This is not very likely the case however,
since the Kahan summation algorithm, introduced in chapter 1, is used on the very
good-conditioned sum, of only positive numbers.

The cause of the increasing error, is much more likely due to the following: The
distribution given in equation (4.20) is both convex and concave. In particular, this
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Number of grid nodes Number of black nodes % of black nodes Error

289 289 100% 0.0018

1089 1089 100% 2.98-107*
4225 4225 100% 1.16- 1074
16641 16596 99.7% 2.59-107°
66049 63330 95.8% 6.19-10°¢
263169 220711 83.8% 1.73-107°
1050625 620869 59% 3.35-1077
4198401 1363903 23.8% 3.78 1077
16785409 1487944 8.8% 8.86 - 1077

Table 4.2: Table for the integration error over the function in (4.20) when using
linear interpolation over the black nodes, while using the maximal integration error
criterion for cell refinement, where the approximate error is given in (4.15), with
7 =15-107% The calculations were performed on the grid [—7,2] x [—7,2]

Number of grid nodes Number of black nodes % of black nodes Error

289 289 100% 0.0018
1089 1089 100% 2,98 -1074
4225 4225 100% 1.16 - 10~
16641 16641 100% 2.70-107°
66049 66037 99.9% 6.31-10°¢
263169 250781 95.2% 1.55-107¢
1050625 773785 73.6% 3.76 - 1077
4198401 1680377 40% 2.2-1077
16785409 2005433 11.9% 7.47-1077

Table 4.3: Table for the integration error over the function in (4.20) when using
linear interpolation over the black nodes, while using the maximal integration error
criterion for cell refinement, where the approximate error is given in (4.19), with
7 =2-1071 The calculations were performed on the grid [-7,2] x [~7, 2]

means that when we use linear interpolation to integrate elements, we will have es-
timates of the integral over the relevant element that overshoots the true value of the
integral, and estimates of the integral over the relevant elements which undershoots
the integral. When adding up the integrals, over the individual elements, these over-
estimates and underestimates cancel out in a rather arbitrary fashion, sometimes
bringing the final integral closer to the true value of the mass, than each individual
part of integration would suggest.

But when the grid becomes finer, these overestimates and underestimates become
less relevant as we get a tighter fit around the distribution, and the actual error
from the sum of the integrals becomes something more in line with the accuracy of
integrating each element. The measure of the accuracy of representing the stationary
solution by linear interpolation by measuring the accuracy of mass-calculation by
linear interpolation is therefore slightly deceptive, and the results for lower number
of grid nodes, generally seem better than what they are.
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Nonetheless the author has used the mesh refinement criterion based on the the
step-halving measure, as it taking into account the curvature of the function over
a cell. Since the function is best approximated by linear basis functions where the
curvature of the function is small.

4.3 Computing the Pl-coefficients

In order to compute the Pl-coefficients

(yi—9)
exp <2D At ) B 3 .
Bjj = bl w9y | G, (4.22)

R \/27TD€AZS

we need to find a good way to represent the basis functions on the non-equidistant
grid. The basis functions are, as previously mentioned, linear “tent”-functions,
with the basic property that b; j1(xx, yi) = 6;x0j;. A good way to represent these
functions, is to split them up in parts by making a triangulation of the grid. For
each triangle element €2, we assign three linear functions defined on the triangle
which is equal to 1 in one corner of the triangle, and zero in the two others.

The question is then, how we can define these functions mathematically on an
arbitrary triangle. The answer, which we borrow from the finite element method,
is that we do not: Instead we only operator on a master triangle with corners in
(0,0), (1,0) and (0,1). And more precisely, we do this by introducing the following
transformation for the arbitrary triangle with corners in (z1,41), (22, y2) and (x3, y3)

|:$:| _ [% (57 77)$1 + ¢2(§, 77)$2 + ¢3(fa 77)5U3 (4 23)
Y V1§ My + (&, m)y2 + ¥3(§m)ys '
where
Vi) =1-&—n (4.24)
P2(€,m) =€ (4.25)
v3(&,m) =1 (4.26)
n
1 Node 2

) \
0 / (1.37 y3)
Master element N Node 3

Figure 4.5: Illustration of the master triangle

This transformation transforms the three corners (z1,41), (22, y2) (x3,y3) in the
xy-plane to (0,0), (1,0) and (0,1), respectively, in the {n-plane, and transforms
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each point within the arbitrary triangle to the corresponding position in the master
triangle. Figure 4.5 illustrates the master triangle and the transformation visually.

Suppose now that we know some point (z,y) within a triangle, say, the triangle
i, then in order to find the corresponding (&, n)-coordinates, we need to write up
the transformation in (4.23) in terms of the variables £ and 7. It can be written in
matrix form in the following way

Sl e
Y2—Y Y3 —Wn] [N hn Y

If the points (x1,y1), (x2,y2) and (x3,ys) are not all on a straight line, then the left
matrix is non-singular, and has an inverse given by

1 Ys—y T1— $3]
4.28

($2 - xl)(y:% - yl) - ($3 - Il)(y2 - y1) [?Jl — Y2 T2 —T1 ( )
Isolating & and 7 on the left-hand side and multiplying with the inverse matrix from
the left, then gives

F} _ 1 {93 -y T - $3] {95 - $1]

= (4.29)
Ui (o —m1)(ys —y1) — (@3 —21) (2 — 1) (W1 — Y2 T2 — 1] Y — W

Once we have calculated £ and n we can calculate the value for the three parts
of the basis functions that belong to that triangle. These are simply (&, 1) =
1 — & —n which corresponds to the part of the basis function that belongs to (z1, 1),
(&, m) = & which corresponds to a part of the basis function belonging to (x2, ys)
and 13(¢,1n) = n which corresponds to a part of the basis function belonging to
(3, Y3)-

In order to calculate the Pl-coefficient Bf ’jl, we integrate the integral in equation
(4.22) by restricting the integration interval to [y, —51/DeAt, y;+51/ D At], and then
subdividing this integration interval into an odd number n of equidistant quadrature
points y; — 54/ DAt = §1 < Yo < -+ < Y = Yy +54/DeAt. Once we have calculated
the integrand at all of the quadrature points we add these up, using the composite
Simpson’s rule. We can break the process of calculating the Bf: j for each fixed (k,1)
into performing the following tasks for each i € {1,2,...,n}

e Calculate (x,y) = g (24, 9;), where g~! as usual is the inverse of the trans-

formation g(z,y) = (#,7) = (¢ + r1(z, y, )AL,y + ra(, y, ) A1)

e Find which triangle element {2, belongs to. The mathematics for doing this,
is not presented here, as the author has simply used a built-in function in
MATLAB called pointLocation, which takes as input a Delaunay-triangulation
of the grid, as well as the point (x,y) and returns the index k of the triangle
in the triangulation in which (z,y) lies.

e Calculate the corresponding value for (£, 7n) by using equation (4.29)

e Suppose for example that b; ;1(x,y), biy2j1(x,y) and b; j431(z,y) are the basis
functions that belongs to the corners (z1,41), (z2,y2) and (x3, y3) respectively
of the triangle element €2, then the final step consists of adding to the PI-
coefficients B;f ’jl, Bﬁlzj and B;f ;-l .3 the integrand of equation (4.22) according
to the composite Simpson’s rule, using the basis functions ¢ (§,7) = 1—-§ —n,

¥2(&§,m) = & and ¢3(&, ) = 1), respectively.
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4.4 Integration over a triangle element

Suppose that the function f is represented by linear basis functions on a grid, then
it can be represented on the triangle €2, by, say

f(l‘7 y) = f(l‘h yl)biajal(x7 y) + f(.l’g, y2>bi+27j,1(m7 y) + f(!L‘g, y3)bi7j+371 (430)

where b; ;1)(z,y), bisoji1(z,y) and b; j151(x, y) are the linear basis functions corres-
ponding to the points (z1,y1), (z2,y2) and (x3,y3). These are not actual grid points,
but are given this way for simplicity.

The integral of the function over this element is then given by

f(z)dz

Qp

= fxr,y)biji(z,y) + f(x2, y2)bitoj1(z,y) + f(xs,y3)bijrsqi(x, y) de, dy.
Qp
(4.31)

By using the transformation in (4.23), the integration area is then transformed to
that of the master triangle, and the basis functions are transformed to the basis
functions for the master triangle, that is, we get

f(z)dx
Qg

:/0 /0 _n(ﬂ"fl’yl)%(&??)+f(:v2,yz)¢z(f,77)+f(xg,ys)ws(f,n))ldet(J)|dgdn,
(4.32)

where det(J) is the determinant of the Jacobian of the transformation, which is
precisely the matrix

J = {“”2 T s xl} . (4.33)
Yo— Y1 Ys— W

An observant reader will see that the absolute value of the determinant of the above
Jacobian, is simply equal to the area of the parallelogram formed by the vectors
[xo — x1,y2 — v1] and [z3 — x1,y3 — y1]. Therefore Ay = |det(J)|/2 is equal to the
area of the triangle. By calculating the above integral, we then get

A

| J(@)de = T [ g) + S (w20) + [ (@5,0)] (4.34)

where Ay = |(xe — x1)(ys — y1) — (3 — z1)(y2 — v1)|. We clearly see from this
formula, that the integral of the function f represented by linear basis functions
over the triangle element {2, is simply given by the area of the triangle multiplied
the average value of the three function values in the corners of the triangle.
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4.5 Results

In order to gauge the results we will use the unharvested transformed Lotka-Volterra
equation

dX; = (—m+kBexp(Y;))dt (4.35a)
1
dY, = (o — 5042175 — Bexp(X;) —yexp(Y;)) dt + ay/ D, dB; (4.35b)

A plot of the solution, where we have gradually refined the mesh and made the time
step smaller in order to try to obtain a better estimate of the stationary solution
of the SDE. There is unfortunately a bug in the program, which causes the scale of
the solution to be wrong. But as can be seen, the refinement of the cells works as
intended, giving a fine mesh around the critical areas of the function, and a much
coarser grid where the function is close to zero.

Unfortunately, the author did not have the time to explore more of the aspects
of the solution using this algorithm.
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Figure 4.6: An approximation of the stationary solution of equation (4.35) using
parameters « = m = k = 3 =1, v = D¢ = 0.05. The initial number of black nodes
was set to 441, and initial time step was At = 0.1, which is reduced by a factor of
10 for each refinement. The algorithm went to the next level of refinement when the
maximal difference in absolute values between the solution at two subsequent time
steps was less than 10~*



Chapter 5

Conclusion

Through the first part of this thesis the mathematical ground work for the Path
Integration method, as well as a discussion of the practical considerations of its
implementation on a computer has been discussed. We have discussed convergence,
and referred to sufficient conditions for convergence of the Path Integration method.
The second part, which uses results from the first part, concerns itself mainly with
the solution of a stochastic model of the Lotka-Volterra equation, where we have
discussed it qualitatively for some chosen parameters, with and without harvesting
on the population of the predator.

We ultimately presented an adaptive algorithm which was designed to be a fast
and accurate method to seek out the stationary solution for an autonomous 2D-
SDE with constant noise entering through the last dimension. It was designed to be
especially well suited to find the stationary solution of the logarithm-transformed
Lotka-Volterra equation, since it requires a precise space-representation around the
critical points of the solution.
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Appendix A

Source code

/*This is the source code used for calculations on PI with fixed time steps.
The code is highly based on code written by Eirik Mo in his Ph.D-thesis, and is converted
from FORTRAN to CH+4 line for line in most lines.

The main function in this program is at the bottom of the source code, where the program is further
explained , above it , are function declerations.

This code has been altered several times during the project, as I never wrote a complete interface to
cover every possible situation. Thus there is not included code for all the calculations done in this
project. The current version of the code, does only support constant values for the noise process for
example.

In the case of non—linear system of equations needing to be solved, a method from the GNU scientific
library has been implemented. It used method of steepest descent to approximate the solution first
and when the solution is close enough, uses Newton’s method to accelerate the solutionsx/

#include <iostream>

#include <vector>

#include <fstream>

#include <cmath>

#include <stdlib .h>

#include <stdio.h>

#include <cstdio>

#include <gsl/gsl_vector.h>
#include <gsl/gsl_multiroots.h>
#include <gsl/gsl_linalg.h>
#include <gsl/gsl_errno.h>
#include <gsl/gsl_matrix.h>
//#include <gsl/gsl_odeiv2.h>

using namespace std;

typedef vector<double> Vector;

typedef vector<vector<double> > Matrise;

double maxnorm(Matrise X, Matrise Y, int nx, int ny) {
//Returns the maximal elementwise difference between the matrix Y and X in absolute value
double max=0;
double test
for (int i = 0; i < nx; i 4= 1)

for (int j = 0; j < ny; j += 1)
test=fabs (X[i][j]-Y[i][il]);
if (test>max)

max=test ;
}
}
}
return max;

}

Vector vector_add(Vector X, Vector Y, double c) {

//Computes X+cx*Y, and returns the result

X[0]=X[0]+cxY[0];

X[1]=X[1]4+c*Y[1];

return X;

}

Vector vector_prod(Vector X, Vector Y) {

//produces the elementwise product of the two vectors X and Y and returns the result as a vector

X[0]=X[0]«Y[O];

X[1]=X[1]«Y[1];

return X;

}

Vector linspace(double min, double max, int nx) {
//Creates a vector of length nx with an uniform grid starting at min and ending at max
Vector x(nx);
double h=(max—min)/(nx—1);
for (int i = 0; i < nx; i += 1) {

x[i]=min+ix*h;
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}

return x;

}
double

double
double
double
double
double
return

Vector
double
Vector
double

milstein (double y, double x, double dt,
PI=3.1415926535;

kl1=1/by;

k2=0.5xby*by*x;

c=x*(1—0.5%kl);

norm_factor=1/(2xsqrt (2« PIxdt*xk2x(y—c)));

norm_factor x(exp(—pow(sqrt (y—c)/sqrt (k2)

partition (double y, double dt,
ymax, double TOL, double n_min) {
P

X3

if (ymin>O0)

x=ymin ;

else
x=0;
double
bool t
double
double
double
double
double
while

PI=3.1415926535;
ry-cont;

err;

fx_old =0;

fx_new;

fx_mid ;

dy=dy_init;
(x<ymax)

fx_new=fx_old;
try_cont=true;

whil

e (try_-cont)

double by ,double dy_init ,

APPENDIX A. SOURCE CODE

double by){

-{—kl ,2)/(2xdt))+exp(—pow(sqrt (y—c)/sqrt (k2)—k1,2)/(2xdt)));

double ymin,

fx_new=exp(—pow (y—(x+dy) ,2)/(2*dt*pow (by=*(x+dy) ,2)))/sqrt (2« PIxdt*pow (by*(x+dy) ,2));
fx_mid=exp(—pow (y—(x+0.5xdy) ,2)/(2*dt*pow (by*(x+0.5%dy) ,2)))/sqrt (2« PIxdt*xpow (byx*(x+0.5xdy) ,2));

er
if

r=dyx*fabs (fx_new —2xfx_mid+fx_old ) /2;
(err>TOL)

dy=0.9xpow (TOL/err ,1.0/3)x*dy;

else

{

}
}

x=x+dy ;

if (x<ymax)
p.push_back(x);

//cout << x << "7

//cin.get ();
if (err>TOLxpow(10,—4))

<< fx_new;

dy=0.9%pow (TOL/err ,1.0/3)*dy;

else
dy=2xdy;
try-cont=false;

p.push_back (ymax);

if (p.
{

size()<n_min)

p=partition (y,dt,by,dy-init /10,ymin,ymax,TOL/3,n_min);

if (p.
{

size () >4000)

p=partition (y,dt,by,dy_init ,ymin,ymax,TOL*2,n_min );

return p;

}

double heval(double x) {
double T=1;
double h=10;

if (
{

exp (x)<T)

return O;

}
return hx(1—Txexp(—x))/(h+(exp(x)—T));

}

Vector aeval(Vector x, double t) {
/*This is the deterministic term in the SDE dX_t
we have used the SDE from example 3 in the
Vector a(2);
a[0]=(—1.0+x[1])*x[0];
a[l]=(1.0—-x[0] —0.05*x[1])*x[1];
return a;

Vector adiffeval (Vector x,double t) {
Vector a(2);
a[0]=—1.04+x[1];

a[1l]=1.0—x[0] —0.1%xx[1];
return a;

Vector RKd4step(Vector x,
/% This

double t,
result of one

double h) {

represents the

step of RK4,

= a(X_t,t) dt + b(X_t,t) dW_t, in this case

reportx/

using the function a(X_t,t) as



the derivativesx/
Vector kl=aeval(x,t);

Vector k2=aeval(vector_add(x,kl,—h/2),t—h/2);
Vector k3=aeval(vector_add(x,k2,-h/2),t—h/2);
Vector kd=aeval(vector_add(x,k3,—h),t—h);

Vector k(2);

k[0]=x[0] —(k1[0]+2%k2[0]+2xk3[0]+k4[0])*(h/6);
k[1]=x[1] —(k1[1]+2*k2[1]4+2xk3[1]+k4[1])*x(h/6);
return k;

}
Vector RK4stepd(Vector x, double t, double h) {
Vector one(2);
one [0]=1;
one[l]=1;
Vector kl=aeval(x,t);
Vector kld=adiffeval (x,t);
Vector k2=aeval(vector_add(x,kl,—-h/2),t—=h/2);
Vector k2d=vector_prod (vector_add (one,kld,—h/2),adiffeval (vector_add(x,kl,—-h/2),t-h/2));
Vector k3=aeval(vector_add(x,k2,-h/2),t—h/2);
Vector k3d=vector_prod (vector_add (one,k2d,—h/2),adiffeval(vector_add(x,k2,-h/2),t-h/2));
Vector kdd=vector_prod (vector_add (one,k3d,—h),adiffeval (vector_add(x,k3,—-h),t—h));
Vector k(2);
k[0]=1—(k1d[0]+2xk2d[0]+2xk3d[0]+k4d [0])*(h/6);
k[1]=1—(k1d[1]+2xk2d [1]+2xk3d[1]+k4d [1])*(h/6);
return k;

void Matrise2matrix(gsl_-matrix* matrix, Matrise matrise,int nx, int ny) {
for (int i = 1; i < nx—1; i 4= 1)
{

for (int j = 1; j < ny—1; j 4= 1)

gsl_matrix_set (matrix,i—1,j—1,matrise[i][j]);
}
}
¥
Matrise matrix2Matrise(gsl_-matrix smatrix,int nx,int ny) {

Matrise matrise(nx, vector<double>(ny, 0) );
for (int i = 0; i < nx—2; i 4= 1)

for (int j = 0; j < ny—2; j += 1)
matrise [i+1][j+1]=gsl_matrix_get (matrix ,i,j);

}

return matrise;
}
Matrise Pathint(int nx, int ny, double t, double dt, int nt, double by, double xmin,
double xmax, double ymin, double ymax,int method, charx filename){

/+This is the main routine in this program, calculating the PI solution after

a chosen number of timesteps from an inital distribtion.

Input:

nx = Number of grid points in x—direction

ny = Number of grid points in y—direction

t = starting time

dt = time step

nt = number of time steps

by = The constant for the diffusion process: dX_t = a(X_-t,t) dt + by dW_t
xmin, xmax, ymin, ymax = defines the calculation domain [xmin,xmax]X[ymin,ymax]
method = number for the method used, explained in the main function
filename = name of the file to write the result to

Output :

Matrix p-new with the numerical solution.

*

/

const double PI=3.1415926535;

Matrise p-new(nx+2, vector<double>(ny+2, 0) );

Matrise avg=p_-new;

Matrise ex(nx+2, vector<double>(ny+2, 0) );

vector < vector <double > > partitions; /xthe number of integration points in order to
calculate equation (2) in the report, in this case it is always chosen

to be twice the number of grid points in y—directionx/

/* Calculates the Diagonal of the U matrix for the LU factorization of the
uniform cubic B—spline. x/
Vector gx=mo-_splinit (nx);
Vector gy=mo_splinit (ny);

/*Precalculate some constants that will be repeatedly used laterx/
double norm_factor;
double norm_exponent;

// Counters
int i, j, k;

//Initializes grid
double mass=0;
Vector x=linspace (xmin,xmax,nx);
double dx=x[1]—x[0];
Vector y = linspace (ymin,ymax,ny);
double dy = y[1]—y[0];
//Construct the inital distribution
for (i = 1; i < nx+1; i += 1) {
for (j = 1; j < ny+1; j += 1) {
//ponew [1]]i]=exp (—(2.0/0.5)x(pow (x[i —1]—2,2)+pow(y [j —1] =2,2)));
/7pomew [i]]§]=pow (x [i —1],0.85)xpow (y[j —1],1)exp(~25(y [j —1]4x[i —1]));
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p-new [i][j]=pow(x[i—1],8.25)«pow(y[j—1],9)*xexp(—10x(x[i—1]4+y[j—1]));
mass=mass+p-new [i][j];
}
}
mass=mass*dxx*dy ;
for ( j = 1; j < ny+1l; j += 1)
{

for ( k = 1; k < nx+1; k += 1)
{

ponew [k][j]=p-new[k][j]/mass;
ex[k][j]=p-new [k][j];

double masstmp=mass;

mass=0;

//Initialize variables that will be used in the following calculations
vector < vector < vector <double> > > x_final;

vector < vector < vector <double> > > y_final;

vector < vector < vector < vector < double > > > > jac;
//allocates memory for the 3D—array x-_final and y_final
x_final .resize (ny);

y-final .resize (ny);

jac.resize (ny);

for(jzo:j<ny;j+:1)

x_final[j]. resize (nx);
y-final[j]. resize (nx);
jac[j].resize(nx);

vector <double> pp_tab;

vector <double> success;

Vector tmp(2);

double xv, yv;

double pyl, py2, py3, py4, pxl, px2, px3, px4;
int kk2, 112;

double pp;

Vector Ex(nt+1,0);

Vector Ey(nt+1,0);

for (i = 1; i < nx+1; i += 1) {
for (j = 1; j < ny+1; j += 1) {
Ex[0]=Ex[0]+x[i—1]*p-new [i][j]*dxxdy;
Ey[0]=Ey[0]+y[j —1]*p-new [i][j]*dxxdy;

Matrise po;

gsl_matrix xpo_c=gsl_matrix_alloc (nx,nx);
gsl_vectorx e=gsl_vector_alloc(nx);
gsl_vectorx f=gsl_vector_alloc(nx—1);
gsl_vector_set_all(e,4.0/6);
gsl_vector_set_all(f,1.0/6);

double ptmp;

double error;

double error_max=0;

double yy;

//Main loop

fstream output( filename ,fstream::out); //open file to write the result to
fstream

graf (" graf”, fstream::out);

// Generates grid

for (j = 0; j < ny—1; j += 1)

partitions.push_back(partition(y[j+1],dt,by,0.001l*xsqrt(dt),y[j]—(by*by*dt)*5,ymax,0.01*sqrt(dt),ny));

cout << "done”;
cin.get ();
for (i = 0; i < nt; i 4= 1) {
//Stores the old density
po=p-new ;
Matrise2matrix (po-c ,po,nx+2,ny+2);
// Calculate B—spline coefficients.
for (int 11=0; 11< ny; 114+4) {
gsl_vector_view b = gsl_matrix_column (po_c,11);
gsl_linalg_solve_symm_tridiag (e, f,&b.vector ,&b.vector );

s
for (int kk=0; kk< nx; kk++4) {

gsl_vector_view b=gsl_matrix_-row (po-c,kk);
gsl_linalg_solve_symm_tridiag (e, f,&b.vector ,&b.vector );

//FILEx koeff=fopen (” koeff” ,”w”
//gsl_matrix_fprintf (koeff, po_c, "%g ”);
//fclose (koeff);
po=matrix2Matrise (po-c ,nx+2,ny+2);
for (j = 1; j < ny; j += 1) {

pp-tab.resize(partitions[j—1].size ());

success .resize (partitions[j—1].size ());

for (k = 0; k < nx; k 4= 1) {

if (i==0)
for (int i_partition = 0; i-partition < partitions[j—1].size (); i-partition 4= 1) {
//cout <<i_partition << 7 7 << tmp[0] << 7 7 << tmp[1l] << endl;

tmp[0]=x[k];
tmp[l]=partitions [j—1][i-partition ];
if (method==1)

//1f Euler’s method was chosen as method
tmp=Estep (tmp,t,dt);
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}

else if (method==2)

//1f Improved Euler’s method was chosen as method
tmp=rstep (tmp,t,dt);
}

else if (method==3)
//1f RK4 was chosen as method
//RKd4step (tmp,t,dt);
jac[k][j].push_back(RK4stepd (tmp,t,dt));
tmp=RK4step (tmp,t,dt);

else if (method==4)

//1f implicit RK4 was chosen as method
tmp=nmet (tmp,t,dt,tmp,pow(dt,5) ,1);

else if (method==5)
//1f Crank—Nicholson was chosen as method
tmp=nmet (tmp,t,dt,tmp,pow(dt,5) ,2);

else if (method==6)

//1f implicit Euler’s method was chosen as method
tmp=nmet (tmp,t,dt,tmp,pow(dt,5) ,3);

}
x_final [k][]j].push_back (tmp[0]);
y-final[k][j]. push_back(tmp[1]);
}
}
p-new [k+1][j+1]=0;
int failures=0;
for (int i_partition = 0; i_-partition < partitions[j—1].size (); i-partition 4= 1)

yy=partitions [j—1][i-partition];

xv=x_final [k][j][i-partition ];

yv=y-final [k][j][i-partition];
error=exp(—2*(exp(yv)—yvt+exp(xv)—0.95%xxv))/masstmp;
/*Find the position of x and y in the reference domainx/
if (yv>y[0] && yv<y[ny—1] && xv>=x[0] && xv<x[nx—1])

{

112=floor ((yv—y[0])/dy);
yv=(yv—y[112])/dy;
kk2=floor ((xv—x[0])/dx);
xv=(xv—x[kk2])/dx;

/*Computing the parts of the uniform cubic B—splinex/
py4=pow (yv,3)/6;

py3=—pow (yv,3)/2+pow(yv,2)/2+yv/2+1.0/6;
py2=pow(yv,3)/2—pow(yv,2)+2.0/3;
pyl=pow(yv,2)/2—yv/241.0/6—py4d;

px4=pow(xv,3)/6;

px3=—pow (xv,3)/24+pow(xv,2)/2+4+xv/24+1.0/6;

px2=pow (xv,3)/2—pow(xv,2)+2.0/3;

pxl=pow(xv,2)/2—xv/241.0/6—px4;
pp=(po[kk2][112]*pxl4+po[kk2+1][112]*px2+po[kk2+2][112]*px3+po[kk2+3][112]*px4)*pyl
+(po[kk2][112 +1]*xpxl4+po[kk2+1][112 +1]*px2+po[kk2+2][112 +1]*xpx3+po[kk2+3][112+1]*xpx4d)*py2
+(po[kk2][112 +2]*xpxl4+po[kk2+1][112 +2]*px2+po[kk2+2][112 +2]*xpx3+po [kk2+3][112 +2]*px4)*py3
+(po[kk2][112 +3]*xpxl4+po[kk2+1][112 +3]*px2+po[kk2+2][112 +3]*xpx3+po[kk2+3][112 +3]xpx4)*py4d;
error=abs(pp—error );

if (error>error_max)

error.max=error ;

/% Corrects , if the value is under zero =/
if (pp<0)
pp=0;
}
if (y-final[k][j][i-partition]==0)

pp-tab[i_partition —failures]=0;
else

double norm_factor=1/(sqrt (2«PIxdt)*xbyxy_final [k][j]

double norm_exponent=1/(sqrt (2xdt)*byxy_final [k][]
pp-tab[i_partition —failures|=pp*norm_factor*exp(—pow
xjac[k][j][i-partition][0]=*jac[k][j][i-partition][1]

[i-partition]);
J[i-partition]);
((y[jl—yy)*norm_exponent ,2))
5

success [i_partition —failures]=partitions[j—1][i_partition];
}

else

failures++;
}

for (int i_partition = 0; i-partition < (int)partitions[j—1].size()—1—failures; i_-partition 4= 1)
{
p-new [k+1][j+1]=p-new [k+1][j+1]+fabs(success[i_partition+1]—success[i_partition])
*(pp-tab[i_partition|+pp-tab[i_-partition+1])/2;
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mass=mass+p-new [k+1][j+1];

//cout << error_max;
mass=mass*dxx*dy ;
for ( j = 1; j < ny+1; j += 1)

for ( k = 1; k < nx+1; k 4= 1)
{

//Scales the distribution such that the total mass is 1.
p-new [k] [ j]=p-new [k][j]/mass;
if (t>10)

avg[jl[kl=avg[j][k]l+p-new[j][k];

}
}
t=t+dt; //updates the time
mass=0;

for (j = 1; j < nx+1; j += 1) {
for (k = 1; k < ny+1; k += 1) {
Ex[i+1]=Ex[i+1]4+x[j—1]*p-new [j][k]*xdxxdy;
Ey[i+1]=Ey[i+1]4+y[k—1]*p-new [j][k]*xdxxdy;

}
for (j = 0; j < nx; j 4= 1)
{

for ( k = 0; k < ny—1; k += 1)
/+*Writes the result to a chosen file in a format MATLAB can read
by using the command dlmread(’filenam ’'). This function returns a
matrix in MATLAB equal to p_newx/
graf << ponew [j+1][k+1] << 7,7

graf << ponew[j+1][ny] << endl;

for (unsigned int j = 0; j < nt+1; j += 1)
{

output << j*xdt << 7,7 << Ex[j] << 7 ,” << Ey[j] << endl;

output.close(); //closes the output file
graf.close ();

cout << maxnorm(ex,p-new ,nx+2,ny+2);
return p_new;

int main(int argc, char =xargv[]) {

/*
argv [1] = number of grid points in x—direction
argv [2] = number of grid points in y—direction
argv [3] = timestep
argv [4] = number of timesteps
argv [5] = number for the method used:

1: Backward Euler’s method

2: Backward Improved Euler’s method

3: Backward RK4

4: RK4 forward, implicitly solved

5: Crank Nicholson, implicitly solved

6: Forward Euler, implicitly solved
argv [6] = name of the file to write the results to

*
Pathint (atoi(argv[1l]),atoi(argv[2]),0,atof(argv([3]),atoi(argv(4]),0.1,0,2,0,2,atoi(argv[5]), argv[6]);
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